Bai toan:

Cho p déng tién trong dé chi c6 mot dong tién gia cé trong lwong khdc (nhe hodc
néng hon) véi cdc dong tién thit cé cung trong luong.

Néu (3" - 3)/2 <p < (3"- 3)/2, thé thi ton tgi n lin cén ta xdc dinh dwoc dong tién
gid va chi ra né gid nhe hodc gid ning so vdi cdc dong tién thit con lgi. (p nguyén >3, n
nguyén > 2)

Diéu nay di dugc chimg minh (CM) va manh hon nita d6 1a s6 lan can “tSt nhat”. Co
tai liéu tiéng Viét noi rang (nhung khong dua ra CM hay thuét toan) ¢ thé st dung co sé 3
va ¢ cach can ma lan can sau khong phu thudc va két qua cia lan can trudc.

Trong phan nay s& “didn ndém” cho d& hiéu, c6 1& khong giéng cac CM ciia nhimng
nha toan hoc chuyén nghiép ! Bai nay viét khoang nam 1985, chua dugc ngudi khac kiém
chung.

Ta can néu mot s6 bd dé va hé qua tir cac bd dé do. Viéc CM chu yéu 1a qui nap.

Dé cho don gian ky hiéu, dién ta trong CM va c6 mot vai tinh chat don gian:

- Pong tién s& goi tit 1a dong. Pong gia 1a nhe hay ndng ta goi twong umg 1a gia nhe
hay gia nang. Trong bai nay chi gia sir c6 1 dong gia.

- Nhom A 14 nhom c6 chira cac dong. Poi khi goi tit 1a A néu khong co6 nham lan.
Néu c6 dong gia nhe (hay ning) trong A, ta goi A gia nhe (hay nang). {x} 1a nhom c6 mot
dong x.

- Ky hiéu A+B c6 nghia la bao gém nhom A va nhém B. Di nhién A, B khong chung
dong nao. A-B 1a nhom goém cic dong ciia nhém A nhung khéng tinh cac ddng cuia nhém B.

- A<B c6 nghia la cac dong trong nhom A nhe hon cac dong ctia nhom B. Tuong tu
cho A>B va A=B néu khong c6 gi nham l4n.

- /A/ 13 s ddng cua A.

- Trong A ta chon dugc nhoém A’ khi /A’/</A/, /A’/ ¢o thé 12 0 hodc /A’/=/A/. Khi A
gia nhe (hay nang) va néu A’ gia thi A’ gia nhe (hay ning).

- Ta c6 thé bo sung A dé c6 /A’/ bang cac dong cua B khac A khi /A/</A’/ va
/B/>/A’/-/A/. A/ va A’/ ¢6 thé bang nhau (bd sung 0 dong). Khi A gia nhe (hay ning) thi
A’ gid nhe (hay ndng).

Bo6 dé 1:
Néu biét dong tién gia cé trong lwong nhe (hodc ndng) hon cdc dong tién thét thi véi
p = 3" ton tai n lan cdn dé xdc dinh dwoc dong nao gia nhe (hodc gia nang) (n > 1).

Vi¢c CM don gian.

Véin=1,CM dé dang.

Gia sir B4 d¢ 1 (BD1) dung dén n-1 (n>1) khi biét gia nhe hodc ning, ta CM BD1
dung dén n vé6i gia nhe hodc gia nang.

Chia p d@)ng thanh 3 nhém A, B, C, mdi nhém c6 dung 3 d@)ng: /Al = /Bl =/C/=
3™ Bao gid ciing thuc hién dugce vi: [3"'+[3™'+[3"']=3"

- Néu A=B, thé thi dong gia thudc C (gia nhe hodc gia ning da biét). Vi/C/=3"" nén
theo gia thiét qui nap, ta co n-1 lan can xac dinh dugc dong gia nhe hay gia ning.

- Néu A<B, thi vi /A/ = /B/ = 3" va d3 biét gia nhe hay gia ning nén theo gia thiét
qui nap ta ciing ¢6 n-1 1an can xac dinh dugc dong gia nhe hay gia nang.

- Néu A>B, 1ap luan tuong tu A<B.

Nhu thé BP1 dugc CM véi moin > 1.



H¢ qua:
Néu blet dong tién gid c6 trong luong nhe (hoac nang ) hon cdc dong tién thit thi véi
3" < p <3" ton tai n lan can d@é xdc dinh diroc dong nao gia nhe (hodc gid ning) (n > 1).

Vi¢c CM ciing don gian.

Véin =1 ta c6 mdt cach can: so sanh 2 ddng trong p déng (p=2 hodc p = 3) va cho
két qua ngay vi da biét gia nhe hodc gia ning.

Gia sir hé qua ding dén n-1 (n>1) cho ca trudong hop gia nhe hodc gia ning, ta CM
dung dén n.

- Néu 3™ < p <2.3"", ta chon nhém A va B khac nhau sao cho sé déng cua A va B
bang nhau va bang phan nguyén cua p/2: /A/ = /B/ = [p/2]. Bao gid ciing thuc hién duoc
diéu ndy vi /A/ + /B/ = [p/2]+[p/2] = p-1 (néu p 1&), /A/ + /B/ = [p/2]+[p/2] = p (néu p
chan). Trong p con lai 1 dong néu p lé.

+ Néu A=B thi mot dong con lai cia p 13 gia khi p 1&, néu p chin s& khong xay ra
A=B vi trong p phai c6 dong tién gia.

+ Néu A<B: Néu ddng gia nhe thi gia trong nhom A, nguoc lai gia ning trong nhém
B.

Ta c6 thé bd sung trong nhom A thanh nhom A’, néu nhém A gia (hodc trong B néu
nhom B gia va nhom A that) mot s6 dong tién (0 dén [p/2]) tir nhém B (hodc A, néu nhom
B gia) sao cho /A’/ = 3"". Diéu nay bao gio ciing thuc hién duoc vi A ( hodc B) c¢6 sb phan
tir 1a [p/2] < 3™ va /B/=[p/2] >/A’/-/A/= 3"" - [p/2] (do p>3"" hay p-1 > 3™" ). Theo gia
thiét qui nap ta c6 n-1 1an can xac dinh dugc gia nhe hay gia ning.

+ Néu A>B: Lap luan tuong tu A<B.

- Néu 2.3™" < p < 3" thi ta c6 thé chon trong p hai nhom khac nhau A, B sao /A/ =
/B/ = 3"". S con lai 1ap thanh nhom C c6 /C/ = p-2.3"" >0. Bao gid ciing thyc hién duoc
diéu nay vi [3"'] + [3™'] =2.3" "] <p.

+ Néu A=B, thi ddng gia thudc nhom C va ta cd thé bd sung vao nhom C thanh nhém
C’ s6 ddng tién that tir nhom A sao cho /C’/= 3" ! ddng. Bao gio cling thuc hién dugc diéu
nay vi /C/ < 3™ va /A/>/C’/-/C/ (do /C’/-/C/=3"" «(p-2.3"") < 3")

Do biét C* c6 3™ ddng va la gia nhe (hay gia ning) nén theo gia thiét qui nap ta c6 n-
1 1an can xac dinh dugce dong gia nhe hay gia ning.

+ Néu A<B, vi s6 dong ciia A hodc B 1a 3" va di biét gia nhe hodc gia ning nén
theo qui nap ta c6 n-1 1an can xac dinh dugc dong gia nhe hay gia ning.

+ Néu A>B, lap luan tugng ty.

H¢ qua 1 dugc CM véin> 1

Bé dé 2:
Co (3 "o 12 dong tién, trong dé chi co mot dong tién gia coé trong lwong khac hon
cac d’ong tién thét dong thoi xdc dinh dwoc 3" dong tién thit ngoai cdc dong tien trén. Thé

thi ton tai n lan cdn ta xdc dinh dwoc dong tién gia dé la dong tién gid nhe hodc gid ndng (n
>1).

Véin=1, ta c6 1 dong that va 1 dong gia. Can hai ddng nay ta biét ngay gia nhe hay
gia nang.
Gia su BD ding té1 n-1 (n>1):



Can lan thi nhit bang cach:

Trong (3" - 1)/2 ddng trén chon ra nhom A gém 3™ ddng. Con lai 1a nhém B ¢6 (3™
-1)/2 ddng.

Bao gio ciing chon duge vi 3™ < (3"-1)2.

Nhom C gdm 3™ ddng that da biét.

Tacan AvaC:

- Néu A=C, Nhom B gia, B c6 (3"'-1)/2 ddng va c6 3" dong that da biét (trong
nhom C) nén theo gia thiét qui nap ta c6 n-1 1an can xac dinh dwgc dong gia nhe hay gia
nang.

- Néu A<C thi A gia nhe. Hon nita A c¢6 3" dong tién nén theo BP1 ta c6 n-1 lin
can xac dinh dugc ddng gia nhe hay gia nang.

- Néu A>C: Ly luan twong tu trudong hop A<C.

Nhu thé BD2 dugc CM véin > 1.

Bo de 3:

Gid sir dia cdn A va dia can B chira cing s6 dong tién va dia can A nhe (hodc ning)
hon dia cén B, sao cho trong dia cin A ¢é (3" +1)/2 dong tién va dia can B ¢6 (3" -1)/2
dong tién va mét dong tién con lai trong dia can B la dong tién thdt da biét. Thé thi ton tai n
lan cdn ta xdc dinh dwoc dong tién gid nhe (hodc nang hon)(n > 1).

Néun =1 dia A c6 2 dong, dia B c¢6 2 dong nhung da biét mot dong that. Ta so sanh
hai dong ciia dfa A. Néu chung thiang bang thi dong gia con lai & dia B va gia ning (hodc
nhe). Néu khong thing bang, dia ndo nhe (hay ning) hon thi dong tién & dia d6 1a gia nhe
(hay gid nang).

Gia sit BD diing d&én n-1 (n>1) cho ca dia A ning hon dia B.

Can lan thir nhat bépg cach: . )
Ta goi B 1a nhém dong trong dia B trir dong that da biét.

a) Gia su dia A< dia B:

Trong dia cin A, ta chon ra 2 nhdém A’ va A”’ khac nhau va /A’/=/A>’/=(3"" + 1)/2.
Nhom con lai 1a A>> ¢6 /A’ /= [(3"+1)/2]-(3™'+1) = (3" '-1)/2

Bao gio ciing chon dwoc vi [(3™ + 1)/2] + [(3™" + 1)/2] < (3" + 1)/2.

Trong dia cAn B, ta chon 2 nhém B’ va B>’ khac nhau cua B va /B’/=/B>’/=(3"" -
1)/2. Nhém con lai 1a B> ¢6 /B>’ /= [(3"- 1)/2]-(3""-1) = (3™ '+1)/2

Bao gio ciing chon duoc vi [(3™' - 1)/2]+[(3™" - 1)/2] < (3" -1)12

Ta can A’+B’ voi A”’+B’’:

- Néu A+B’=A"+B” thé thi dong gid thuoc A hoac B**. Goi x la dong that da

biét.

Ta can B’ v6i A’’+{x}. Vi /B’ /=3"" +1)/2 dong va nhe (hay ndng) hon
A’ +{x}, /A’’/=(3"" -1)2 nén theo gia thiét qui nap ta c6 n-1 1an can xac dinh dugc dong
gia va do la gid nhe hay gid nang.

- Néu A+B’<A”’+B>’: B’ gbém cic dong that vi néu co dong gia trong B’ thi
A+B’>A+B” (vi B+{x} > A). Mau thuan! Tuong tw A”’ gém cic dong that. Nhu thé
ddng gia thudc A’ hay B”".



Néu ddng gia thuoc A’ thi gia nhe, néu thuéc B>’ thi gia niang, /A’/=(3"'+1)/2,
/B /=(3"" - 1)/2.

Ta can A’ va B”+{x}: Theo gia thiét qui nap ta c6 n-1 lan cén xac dinh duoc dong
gia nhe hay gia nang.

-Néu A’+B’>A’+B"’: Lap luan tuong tu truong hop A’+B’<A”’+B”’.

b) Gia su dia A > dia B: CM tuong tu.
Vay BD 3 dugc CM voin >1

Bo de 4:

Néu biét (3" 1)/2 dong tién ¢ nhom A nhe hon (hoac ngng hon) (3" - 1)/2 dong tien
& nhém B va biét it nhdt mét dong tién thit ngodai cdc dong tién ¢ A va B. Thé thi ton tai n
lan cén ta xdc dinh dwoc trong tat cd cdc dong tién do, dong nao la dong gid nhe (hodc
nang hon)

~ Véin=l, taco: Nndm A va B mbi nhém ¢6 1 dong. Can A v6i 1 dong tién that da
bict. Can thang bang: dong gia ¢ B va gia nang. Can khong thang bang: dong gia 1a dong ¢
A va gid nhe. Tuong tu cho A>B.

Gia su BD dang t61 n-1 cho ca truong hgp nhe hon va nang hon (n>1).

a) Giad su A<B:

Can lan thi nhat bang cach:

Trong nhom A ta chon A’ va A’ khac nhau véi /A’/=(3"" +1)/2 va /A”’/=(3"" -1)/2
dong.

Bao gid ciing chon duoc vi [(3™' +1)/2] + [(3™" -1)/2] <(3" -1)/2.

Goi nhom con lai trong A 1a A”*” va /A”/=(3" - 1)/2 - (3" )=(3"" +1)/2 ddng.

Trong nhém B ta chon nhém B’ va B** khéc nhau véi /B’/=/B”’/=(3"" -1)/2 déng.

Bao gi¢ cling chon dugc vi [(3"™ ! -1)2] + [3" L)R1< 3™ -1)2.

Goi mot dong that da biét ngoai cac dong trén 1a x.

Goi nhom con lai trong B 1a B*” va /B>”/=(3"1)/2 - 3"") = (3"" - 1)/2.

Ta can A’+B’ v61 A’ +B”+{x}:

- Néu A’+B’=A’’+B”’+{x} thi dong gia ¢ nhom A’ hoic B>’ va khi dé
A’<B’’+{x}. Hon nita /A>>’/=3"" +1)/2, /B’’/=(3"" -1)/2 va ton tai dong that x nén
theo BD3 ta ¢ n-1 1an cén xéac dinh duoc dong tién gia nhe hay gia ning.

- Néu A’+B’<A”+B”’+{x}: vi A<B nén A”’ va B’ that. Do d6 A’ hodc B’’ chua
ddng gia. Vi A’<B”’+{x}, /A’/=(3""+1)/2, /B>’ /=(3""-1)/2, ngoai ra c6 it nhat 1 ddng that x
nén theo BP3 ta ¢6 n-1 cach can xac dinh dugce dong gia nhe hay gia ning.

- Néu A’+B’>A""+B”’+{x}: Lap luan tuwong ty truong hop A’+B’<A”’+B>’+{x]}.

b) Gia st A>B: Ciing l1ap luan tuong tu A<B.

Nhu thé BD 4 duge CM vé n >1.

Bo dé 5: ‘ ‘ o ‘
Véi p = (3" - 3)/2, khi do ton tai n lan cdn ta xdc dinh dwoc dong tién ndo la dong

tién gid va dé la gia nhe hodc gia nang (n>2).
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Véi n=2 thi p=3 va ta c¢6 cach can don gian sau: Trong p=3 dong ta chia thanh 3
nhom A, B, C mdi nhém c6 dung 1 ddng. Can A va B.

Néu A=B thi A, B that va dong trong C gia. Can dong niy v6i dong that trong A va
xac dinh ngay gia nhe hodc gia nang.

Néu A<B thi C that, can A v&i C. Néu A=C thi B gia ning. Néu A<C thi A gia nhe.
A>C khong xay ra (do A<B).

Néu A>B: Lap luan tuong ty A<B.

Gia sit BD dung t6i n-1 (n>2). Ta CM BD dung dén n.

Ta c6 cach can thir nhat nhu sau:

Trong p dong bao gid ciing chia dwgc thanh 3 nhém A, B, C khac nhau va
JA/=/B/=/C/=(3"" -1)/2.

Bao gio ciing chon duoc 3 nhom nay vi [(3™ -1)/2] + [3™ -1)2]+ [3™ -1)/2] = (3"
-3)2

Ta can A véi B:

- Néu A=B thi C gia. A va B that, dong thoi /A+B/=(3""'-1) > 3",

Vi /C/=(3""-1)/2 ddng va c6 3" ddng that ngoai cac dong cuiia C nén theo BD2, ta c¢6
n-1 14n can xac dinh dugc dong gia nhe hay gia ning.

- Néu A<B thi C that. Trong C c6 it nhat 1 dong that va A hay B c6 clng s6 dong la
(3™"-1)/2 nén theo BP4 ta c6 n-1 1an can x4c dinh duoc gia nhe hay gia ning.

- Néu A>B: Lap luin tuong tu A<B.

Nhu thé BD duge CM véi n>3.

DPinh ly:
. Néu (‘3“'1 - 3)/2 < p < (3" - 3)/2, thé thi ton tai n 1in cAn ta xac dinh duoc dong
tién nao la dong gia va la gia nhe hoic gia nang (n > 2).

Véin=2: 0< p<3. Ta c6 cach cin dé dang.
Do d6 gia su n>2.

-Néu (3" -3)2<p<@3-1):
Trong p dong ta chon ra nhom C véi /C/=(3™" -3)/2 (C c6 it nhat 1 ddng x vi n>2).
Trong s dong tién lai q = [p- - /C/]1> 0, ta phan thanh nhom A va B khac nhau sao cho:
Nhém A va B ¢6 cung s6 dong tién 1a q/2 neu q chan. /A/=/B/=q/2.
Nhém A c¢6 (q+1)/2 va nhém B ¢o (g-1)/2 néu q 1é. IA/=(qt1)2, /B/=(q-1)/2
Bao gio ciing chon dugc hai nhom A va B nay, trong do B co thé khong co ddng nao
khi q 1& va p=[(3"" -3)/2+1]. Trong ca hai trudng hop q chin hay q 1é ta déu co /A/+/B/=q.

Do p<(3™' -1) nén q<(3™' +1)/2.
Ta can lan thir nhdt nhu sau:

Can A voi B, néu A va B co cung s6 dong. Nguoc lai can A v6i B+{x}, trong d6 x 1a
mot dong cua C (chua biét that hay gia).



+ Néu A=B (hodc A=B+{x}) thi C gi. Do /C/=(3""-3)/2 nén theo BD5 ta c¢ n-1 lan
can xac dinh dugc dong gia nhe hay gia nang.

+ Néu A<B (hoic A<B+{x}): Nhém C that. Néu A<B+{x} thi nhém C-{x} that, khi
q 1é. Do n>3, q/2<(3™" + 1)/4 < (3™ - 3)/2 = /C/ va (q+1)/2 < (3™ -3)/2 = /C/ nén trong
nhom C (hodc C-{x}, khi q 1&) tdn tai nhom C’ that va /C’/= q/2 néu q chan hoic
/C’/=(q+1)/2 néu q 1é.

Trong trwong hop nay ta cdn lan thir hai gitta A va C’:

* Néu A=C’: B gia niang (néu q chin) hoic B+{x} gia nang (néu q 18).

Vin>3, g2 < (3™ +1)/4 nén /B/=q/2<3"™ 2 (neu q chén), /B/=(q-1)/2<3"? (neu qlé) va
[A/+/C] >/A/+/Cl-/{x} = 3" . /B/ (suy ra tur 372 >3 v6i n>3). Tir d6 ta c6 thé bd sung mat
s6 dong that cia A va C (khi q chin) hodc tir C-{x} (khi q 1¢) vao B dé c6 nhom B’ va
/B’/=3"%. B’ gia ning, nén theo BP1 ta c6 n-2 lan can xac dinh dwoc ddng gia nhe hay gia
nang.

* Néu A<C’. Nhu thé A gia nhe, B va C that. Vi /2 < (q+1)/2 < 3™ va 3"2 -(q+1)/2
< 3" . g2 <g-1<qnén/B/<3"? va /B/+/C/>3"% -/A/ (suy ra tir 3"2 >3 v6in>3). Tir d6
ta c6 thé bd sung mot sé dong ciia B va C vao A dé c6 nhém A’ c6 3™ ddng. A’ gia nhe,
nén theo BP1 ta ¢6 n-2 lan can xac dinh duogc dong gia nhe hay gia ning.

* Néu A>C’: Lap luan tuong tu truong hop A<C’.

+ Néu A>B (hodc A>B+{x}): lap luan twong tu truong hop A<B (hoic A<B+{x}).

-Néu (3" - 1) <p=(3-3)2:

Trong p ddng tién ta chon ra hai nhém A va B khac nhau va /A/=/B/= (3" -1)/2. Bao
gid ciing chon duge vi [(3™' -1)/2] + [(3™' -1)/2] <p.

Con lai ta goi 1a nhom C. /C/=p- (3" -1).

Ta c4n lan thi nhat nhu sau:

Cén A vo6i B:

* Néu A=B. Thé thi A va B that va dong gia thudc C. Do /C/=p-(3"" -1) =@3" "2
va /A/+/B/ >(3"!-1)/2 - /C/ (suy ra tir /A/+/B/+/C/ = p > (3" -1)/2) nén ta c6 thé bd sung C
thanh nhoém C’ bang cc phan tir cua A va B sao cho /C’/=(3"" -1)/2. Vi s dong that cia A
va B 1a 3™'-1 > 3" nén c6 it nhat 3" ddng that, theo BD2 ta c6 n-1 1an can x4c dinh duoc
ddng gia nhe hodc ning.

* Néu A<B: Nhu thé C that va do /C/=p-(3"" -1) > 0 nén c6 it nhat mot dong that da
biét. Do /A/=/B/=(3""-1)2 va c6 it nhit mot dong that da biét nén theo BD4 ta c6 n-1 lan
can x4c dinh duoc dong gia nhe hay ning.

* Néu A>B: Lap luan tuong tu truong hop A<B.

Nhu thé DL duge CM va bai toan dugc giai quyét.





