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Lo1 ndéi dau

Gido trinh Bdi tdp todn cao cdp nay dwoc bién soan theo Chuwong
trinh Todn cao cdp cho sinh vién cdc nganh Khoa hoc Tw nhién cia
Dai hoc Quoc gia Ha Noi va da dwoc Dai hoc Qudce gia Ha Noi thong

qua va ban hanh.

Muc dich cna gido trinh 1a giip do sinh vién cdc nganh Khoa hoc
T nhién nam virng va van dung dwoc cidc phirong phép gidi todn cao
cap. Muc tiéu nay quyét dinh toan bo cau tric cia gido trinh. Trong
moi muc, dau tién ching t6i trinh bay tém tat nhitng co sd 1y thuyét
va liét ké nhitng cong thirc can thiét. Tiép d6, trong phan Cdc vi du
ching t6i quan tam dac biét t&i viée gidi cdc bai todn mau bang cdch
van dung cdc kién thitc 1y thuyét da trinh bay. Sau cting, 1a phan Bai
tap. O day, céc bai tap dwoc gop thanh tirng nhém theo tirng chu dé
va dwoc sap xép theo thir tw tang dan vé do khé va moi nhém déu
c6 nhitng chi dan vé phwong phdp giai. Ching t6i hy vong rang viéc
lam quen véi 1o gidi chi tiét trong phan Cdc vi du sé giip ngwdi hoc
nam dwoc cic phirong phap giai todn co ban.

Gido trinh Bai tdp nay c6 thé st dung dwdi sy hwéng dan cia
gido vién hodc tir minh nghién citu vi cdc bai tap déu cé ddp s6, mot
s6 ¢6 chi dan va trwde khi gidi cdc bai tip nay da cé phan Cdc vi du
trinh bay nhitng chi dan vé mat phwong phéap giai toan.

Téc gia gido trinh chan thanh cAm on cdc thay gido: TS. Lé Dinh
Phung va PGS. TS. Nguyén Minh Tudn da doc ky ban thdo va déng



Co s& 1y thuyét ham bién phitc

gép nhiéu ¥ kién quy bdu vé cau tric va noi dung va da gép y cho tac
gid ve nhirng thiéu sét clia ban thao gido trinh.

Méi xudt ban Ian dau, Gido trinh khé tranh khdi sai sét. Chiing
toi rat chan thanh mong dwoc ban doc vui long chi b4o cho nhitng

. z ’ ~ ./ N N N N
thiéu sét ciia cudn sdch dé gido trinh ngay dwoc hoan thién hon.

Ha Noi, Mua thu 2004
Tac gia
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S6 phtrc
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1.1 Dinh nghia s phirc

Moi cip s6 thue ¢6 thit tw (a;b) Va € R, Vb € R dwoce goi 14 mot s6
phitc néu trén tap hop cac cap dé quan hé bang nhau, phép cong va
phép nhan dwoc dwa vao theo céc dinh nghia sau day:

(I) Quan hé bang nhau

ap = aa,

<a17b1) = (a’2762> —
bl == bg.

(IT) Phép cong



1.1. Pinh nghia sé phitc

(G/la bl) + (a2, 52) o (a1 + ag, b + 52)-1

(ILI) Phép nhan
(a1, b1) (a2, bs) < (ayag — byba, arby + ashy)

Tap hop s6 phite dwoce ky hiéu la C. Phép cong (IT) va phép nhan
(ITT) trong C c¢6 tinh chét giao hodn, két hop, lién hé véi nhau boi
luat phan bé va moi phan tir # (0,0) déu ¢é phan tir nghich do.
Tap hop C lap thanh mot trweomg (goi 1a trwong s6 phite) véi phan
tir khong 1a cdp (0;0) va phan ti don vi 1a cap (1;0). Ap dung quy
tac (III) ta c6: (0;1)(0;1) = (—1,0). Néu ky hiéu i = (0,1) thi

i =—1

Dadi véi cde cap dang dac biét (a,0), Va € R theo (II) va (I1I) ta

co

(a,0) + (b,0) = (a + b,0),
(a,0)(b,0) = (ab,0).

Tr d6 vé mat dai s6 cdc cdp dang (a,0), a € R khong ¢é gi khac biét
véi s6 thwe R: vi ching dwoc cong va nhan nhw nhirng s6 thwe. Do

vay ta c6 thé dong nhat cdc cap dang (a;0) véi s6 thue a:

(a;0)=a VaeR.

biac biét 1a (0;0) =0; (1;0) = 1.

bai va6i s6 phite 2z = (a, b):

17 S6 thue a diroce goi 1a phan thie a = Re 2, s6 thwee b goi 14 phan
4o va ky hiéu la b = Im z.

2% S6 phite zZ = (a, —b) goi 1a s6 phite lién hop véi s6 phike z

Ldef. 1a céch viét tit cia tir tiéng Anh definition (dinh nghia)



Chwong 1. S6 phitc

1.2 Dang dai s6 cua s6 phiic
Moi s6 phitc z = (a;b) € C déu c6 thé viet dudi dang
2 =a+ib. (1.1)

That vay, z = (a,b) = (a,0) + (0,b) = (a,0) + (0,1)(b,0) = a + ib

Biéu thitc (1.1) goi 1a dang dai s6 ctia s6 phitc z = (a,b). T (1.1)
va dinh nghia sé phitc lién hop ta ¢6 Z = a — ib.

Dudi dang dai s6 cdc phép tinh trén tap hop s6 phitc dwoc thue
hién theo cdc quy tac sau.

Gia st 21 = aq + by, 29 = as + iby. Khi d6

(I) Phép cong: 21 £ 20 = (a1 £ ag) + i(by £ bs).

(IT) Phép nhan: z129 = (ajaz — biba) + i(a1be + asghy).

Zo  ajag+biby  arbs — ashy .

III) Phép chia: — =
(1D Phép chia: =" == e Vi1

CAC Vi DU

Vidu 1. 17 Tinh *. Tir d6 chitng minh rang
a) "+ gt 42 S = (),
b) 2994100 = 1,
2% Tim s6 nguyén n néu:
) (i =0
+\" —1\"
b ( NG )+ ( 7 ) =0

Gidi. 1" Tac6i® =1,it =i, 2= —1, = —i,i* =1, =i va

gid tri Iy thira bat dau 1ap lai. Ta khdi quat héa. Gid sit n € Z va
n=4k+r,re Z,0<r < 3. Khi d6

"= ,L'4k‘+7’ — ,L'4k‘ LT = <Z4>k‘27’ ="



1.2. Dang dai s6 ctia s6 phitc

(vi i* = 7). Tir d6, theo két qua trén ta cé

1 néun =4k,
i néun =4k +1,
—1 néun =4k + 2,

—i néun = 4k + 3.

Tir (1.2) dé dang suy ra a) va b).
27 a) Tir hé thic (1 +14)" = (1 —4)" suy ra

(5=

1—1—2)
1—2

2 1 - 1 1\ 7
b) T dangthfrc( ) < \/_) = 0 suy rang <1i_z) =1
V?adodéi”——1:>n—4k+2 €.

1+

Nhu’ng1 ,zz’nén( =n =4k, k € Z.
— 1

Vi du 2. Chitng minh rdng néu n 1a boi cia 3 thi

(ﬂ) N <7N§) >y
2 2
va néu n khong chia hét cho 3 thi

(F5) () =

Gidi. 17 Néu n = 3m thi

—1 413\ 31m —1 —i/3\31m
=[]+ )]

—1+3iV3+9-3ivV3\» —1-3iV3 iv/3\m
:< 1+3 38+9 3 3) Jr<1 3 38+9+3 3)
=1"4+ 1" =2.
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2% Néu n =3m + 1 thi

= (5 T ) [ ()

2 2 2 2
—14+w/3 —1—-14V3
_ +zf+ Z\/_:—l.

2 2
Twong tw néun =3m+ 2 ta cing c6 S = —1. A

Vi du 3. Tinh biéu thitc

o= () e () 5 1 [ ()]

Gidi. Nhan va chia biéu thite da cho véi 1 —

(Y e

ta co

2n+1

g =

Ta can tinh

2n+1 9N

) = [T - () -

Do dé
1 1
1— o 2<1_27)X1+i
g = —- =
L 1—i 1+
2

= <1— Qin)(l-i—’i) A

Vi du 4. Biéu dién s6 phitc 4 — 3i dwdi dang dai s6.
Gidi. Theo dinh nghia ta can tim s6 phitc w sao cho w? = 4 — 3i.
Néu w = a + bi, a,b € R thi

4 —3i = (a+0bi)* = a® — b* + 2abi.



1.2. Dang dai s6 ctia s6 phitc

11

T dé
a® —b? =4,

2ab = —3.

3 PR
T (1.4) ta cé b = ~o0 Theé vao (1.3) ta thu dwoc
a

4?2 —16u—9=0, u=ad?

C8+VI00 8+10 18 9

(A} —_— = =,

4 4 12
8-VI0 8-10 1
=T T T Ty

9
ViaERnénu}O:Vu:ivédovay

3 1
a=+—=b=F—"
V2 $\/5
Tw d6 ta thu dwoc
i<3 1') A
W9 = — — —1
b2 \/5 \/5

Vi du 5. Biéu dién s6 phitc

V5 +12i — /5 — 12
z =
Vb5 4+ 120 + /5 — 127

véi diéu kién 1a cidc phan thwe ctia /b5 + 12i va /5 — 12 déu am.

Gidi. Ap dung phwong phép gidi trong vi du 4 ta c¢6

VE+12i = 2 +iy = 5+ 12i = 22 — y* — 2yi

$2—y2 :5’

2zy = 12.
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Hé nay ¢ hai nghiém 1a (3;2) va (—3;—2). Theo diéu kién, phan
thwe ciua /5 + 127 am nén ta ¢6 5+ 12i = —3 — 2i. Twong tw ta
tim dwoc /5 — 12¢ = —3 4 2¢. Nhw vay

—3—-2i—(=3+2i) 2,

e = — A
T3 2i+(—3+2) 3

Vi du 6. Gid st z = a +ib, z = +1. Chitng minh rang w = z; 1 1a
s6 thuan 4o khi va chi khi a? + b = 1.
Gidi. Ta c6
C(a—=1)+ib  a*+b*—-1 2

T+ (ar2 1 ariirr

T d6 suy rang w thuan 4o khi va chi khi

a?+b2—1
m:O@GF—FZﬁ:L A
BAI TAP
Tinh
(1+14)—1 15
(1—i)®+1 (BS. 17)
(1420)%+ (1 —24)? 11
2. . ps. ———
@@y P8
4 43)(2 + i
3. 8= 22( >—(3+221(.+2)~ (s, — 14
7 5

1 () G I Cg) 1+ ) )
(DS. 0)
Chi dédn. Ap dung cach giai vi du 3.

5. Chitng minh rang

[E— _ _ - _ _ Z1 El
a) 21 + 22 = Z1 + Z2; b) Z123 = Z1 - Z2; C) <z_) = E_;
2 2



1.3. Biéu dién hinh hoc. Médun va acgumen 13

d) z_”:@n; e)z+zZ=2Rez; g) 22—z =2Imz.
6. V&i gid tri thwee ndo clia x va y thi cde cap sé sau day 1a céc cap
s6 phite lién hop:

Dy —2y+ay—ax+y+ (v +y)ivh —y> + 2y + 11 — 44;

2) z+y*+ 14 4i vaizy? +iy? — 37

BS. D) ax1=1,y1=3;,22=9,y2 =5; 2) x12 = =5, Y12 = £H)
7. Chitng minh rang z; va 2, 1a nhitng s6 phitc lién hop khi va chi
khi z1 + 22 va 2125 14 nhirng s6 thue.
8. Tinh:

1) v/—5— 12i. (DS. £(2 — 3i))

2) /24 + 10i. (DS. (54 1))

3) V24 — 10i. (bS. £(5 —1))

HV1+ivV3+V1—iv3.  (DS. £v6, +iv2)
9. Chitng minh riang

1)1 —Cg+Cs—C§+ C§ = 16;

2)1-C3+4+Cd—C§+ C§ = 16;

3) Cq —C3+C3 — CI+ CF = 16.

Chi dén. Ap dung cong thirc nhi thite Newton déi véi (1+14)2 va
(1+1)°.

1.3 Biéu dién hinh hoc. Médun va acgu-
men

Mbi 86 phitc 2 = a + ib c6 thé dat twong tng v6i diem M (a;b) cla
mit phang toa do va ngwoc lai moi diém M (a;b) clia mit phang deéu
twong tng v4i s6 phitc z = a + ib. Phép twong ing dwoc xéc lap 1a
dom tri mot - mot. Phép twong timg dé cho phép ta xem céc sé phike
nhw 1a cde diém cia mit phang toa do. Mit phang dé dwoc goi la

mét phang phitc. Truc hoanh ctia né dwoce goi 14 Truc thwe, truc tung
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dwoc goi 1a Truc do. Thong thwong sé phitc z = a + ib ¢6 thé xem
nhw vecto O—]\)% Méi vecto clia mat phang véi diém dau O(0,0) va
diém cudi tai diém M (a;b) deu tiwrong ng véi s6 phite 2 = a + ib va
nguoc lai.

Su twong tng dwoc xéc lap gitra tap hop s6 phite C véi tap hop
cic diém hay céc vecto mat phang cho phép goi céc s6 phite 1a diém
hay wvecto.

Vi phép biéu dién hinh hoc s6 phite, cdc phép toan cong va trir
cac s6 phitc dwoc thue hién theo quy tic cong va trir cdc vecto.

Gid st z € C. Khi dé do dai cia vecto twong tng véi sé phite 2
dwoe goi 1a modun cia nd.

Néu z = a + ib thi
r=lzl=va*+ 0 =vzZ.

Géc gitta hiwréng dwong cua truc thue va vecto z (dwoc xem la géc
dwong néu né c6 dinh hwéng ngwoc chiéu kim dong ho) dwoc goi 1a
acgumen cua s6 z # 0. Déi véi s6 z = 0 acgumen khong xdc dinh.
Khéc véi modun, acgumen ciia s6 phite xdce dinh khong don tri, né

xdc dinh vdi s sai khdc mot s6 hang boi nguyén cua 2w va
Argz =argz + 2km, k€ Z,

trong dé argz 14 gid tri chinh cia acgumen dwoc xdc dinh bdi diéu
kien —7 < argz < 7w hoac 0 < argz < 2.
Phan thirc v phan 4o clia s6 phitc 2z = a + ib dwoc biéu dién qua

modun va acgument ctiia né nhw sau

a =17Tcosp,

y =rsingp.



1.3. Biéu dién hinh hoc. Médun va acgumen 15

Nhw vay, acgumen ¢ ctia s6 phitc ¢ thé tim tir hé phwong trinh

a
CoOsp = ﬁ,
) b
SIHQO = W
CAC Vi DU

2% —y? + 2zyi

TyV2 + izt + o .

Vi du 1. Tim modun cta s6 z =

Gidi. Ta c6

VP4 Rey) 24y
Ve« (Vateyty TV

Vi du 2. Chitng minh rang V 21, 22 € C ta déu c6:
(i) [21 + 22| < J2| + [22f; (i) [21 — 22| < [21] + |25
(ili) |21 4 22| = |21] = [22]; (V) 21 — 22| 2 |21] — [22.
Giai. (i) Ta cé

2| =

21+ 22|* = (21 + 22) (21 + 22) = |21]? + | 22]* + 2Re(21%2).

Vi —|z122] < Re(21Z2) < |2122| nén

|21+ 22|* < |z1]? + |22 + 2|21 || 22| = (|21] + | 22])?

= |21 + 22| < 21| + |22
(i) Vi |22| = | — 22| nén
|21 — 20 = |21 4+ (—=22)| < [z1] + | — 22| = [z1] + [22].
(iii) Ap dung (i) cho z; = (21 + 2z3) — 22 va thu dwoc

|21] < |21 + 22| + |22] = |21 + 22| = |21] — |22
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(V) |1 = 2| = [s1 4+ (=22)| Z |2 = | = 22[ = |z — [22]. &

Nhan zét. Céc bat dang thirc (iii) va (iv) con cé thé viét dwéi
dang

(iil)*. |21 + 22| = }|z1| - |22H; (iv)*. |z1 — 22| = }|z1| - |22H.

That vay ta cd |z1 + 22| = |21| — |22] va |21 + 22| = |22] — |21]. Céc
vé phai khac nhau ve dau do dé néu lay vé phai dwrong thi thu dwoc
(iii)*. Bat dang thitc (iv)* thu dwoc tir (iii)* bang cich thay zo bdi

—Z9.

Vi du 3. Chitng minh dong nhét thitc
|21+ 22f* + |21 — 2 = 2(|21]* + |22]).
Giai thich y nghia hinh hoc ctia hé thite da chitng minh.
Gidi. Gia st 21 = x1 + iy1, 20 = T2 + iys. Khi d6
21+ 2 =21+ 22+ i(y1 + o),
21— 2y =1 — T2+ i(y1 — Y2),
|21 4 2? = (21 + 22)? + (1 +12)%
21 = 2f* = (21— 22)* + (1 — 32)*.
Tw dé thu dwoc
|21+ 22f” + |21 — 2o|* = 221 +41)° + 2(23 +y3) = 2(|21 [ + |2]*).
Tir hé thitc da chitng minh suy rang trong mo6i hinh binh hanh téng céc
binh phwong do dai ctia céc dwong chéo bang tong céc binh phwong
do dai cua céc canh cua nd. A
Vi du 4. Chitng minh rang néu |z;| = |22 = |23/ thi

23 — 29 1 Z9
= —arg—-
zZ3 — 21 2 Z1

arg

. . . . ’ oA N N A N N
Gidi. Theo gia thiét, cdc diém 2, 2o va 23 nam trén dirdng tron
nao do vdi tam tai goc toa do. Ta xét cdc vecto zz — 29; 23 — 21, 21 va
2z (hay vé hinh).



1.3. Biéu dién hinh hoc. Médun va acgumen

Bang nhitng nguyén do hinh hoc, dé thiy ring

3 — 22
23 — 21

arg = arg(z3 — 29) — arg(zs — 21)

N z N N \ A oA \ N z b A
va géc nay nhin cung tron noi diem z; va 2o va goc ¢ tam
22
arg— = argzo — argz
21
cting chan chinh cung tron dé. Theo dinh 1y quen thudc ctia hinh hoc
so cap ta ¢6

23 — 29 1 Z9
= —arg—- A
zZ3 — 21 2 Z1

arg

Vidu 5. Chitng minh rang néu |21| = |22| = |23| = 1 va z1+22+23 = 0
thi cac diém 2, 2o va 23 1a cdc dinh ctia tam gidc déu noi tiép trong
dwong tron don vi.

Gidi. Theo gia thiét, ba diém z;, z; v 23 nam trén dwong tron
don vi. Ta tim do dai cua céc canh tam gidc.

1T Tim do dai |21 — 22|. Ta ¢6

|21 — 2|* = (21 — 22)* + (1 — 2)°
= o] +yi + a3 + g5 — (20120 + 2192)
= 2(% + 1) + 2(23 +y3) — [(21 + 22)° + (11 + 12)°]
= 2|21 2 + 2|20 — 2|21 + 20|

Nhung 21 + 22 = —2z3 va |21 + 22| = |23]. Do dé
21— 2 = 2|z P + 20z — |P=2-1+2-1-1=3
va tir do
|21 — 29| = V3.

2+ Twong tw ta cb |20 — 23] = V3, |23 — 21| = /3. Tir d6 suy ra

tam gidc véi dinh 21, 29, 23 1a tam gidc déu. A
9 5 <3
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Vi du 6. Véi dieu kién nao thi ba diém khéc nhau tirng déi mot zy,
2y, 73 nam trén mot dwong thang.

Gidi. 17 Néu cac diém 21, 2o, 23 nam trén dwong thang cho trude
thi vecto di tir 2, dén z; ¢6 hwéng nhw cia vecto di tir diém z3 dén
21 hodc ¢6 hwéng ngroc lai. Dieu dé c6 nghia 1a cdc gée nghiéng cla
cdc vecto nay déi vaéi truce thwe hodc nhw nhau hodc sai khdc goc 7.
Nhung khi d6 ta cé

arg(zy — z2) = arg(z1 — 23) + km, k=01

T do suy ra

21 — k2

arg = arg(z; — 29) —arg(z — z3) = km, k=01

21 — 23

21 — 22

Nhw vay s6 phitc c6 acgumen bang 0 hodc bang 7, titc 13 s6
21— %3

21T 22 10 . R . RN W

la s0 thwe. Dieu kién thu dwoc la dieu kién can.

21— 23
2% Ta chitng minh rang d6 cing 1a dieu kién dia. Gia st

21— %
! 2 = a, aelR
Z1 — 23
gy, Rl — %2 A1 s fr 1A 1Tt
Khi d6 Im = 0. Hé thitc nay twong dirong véi he thire
Z1 — 23

oY% A%, (1.5)
Y1 — Y2 1 — T2

Phwong trinh dwong thang qua diém (21, ;) va (22, ys) cé dang

Y—1UY . r — X )
Yo — U1 T2 — T1

(1.6)

Tt (1.5) va (1.6) suy ra diém (w3, y3) ndm trén dwong thang dé. A

Vi du 7. Xéc dinh tap hop diém trén mat phang phitc thda man céc
diéu kién:
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1) |z =2[+ |2+ 2| =5
2) |z —2|— |2+ 2| > 3;
3) Rez > ¢
4) Imz < 0.

Gidi. 1) Dang thitc |z — 2| + |z + 2| = 5 xdc dinh quy tich nhing
diém cta mit phang ma tong khodng céch tir dé6 dén hai diém cho
trieéde Fy = —2 va Fy = +2 14 hang s6 bang 5. Theo dinh nghia trong
hinh hoc gidi tich d6 1a dwong ellip véi ban truc 1ém bang 5 va tiéu
diém +2.

2) Quy tich cdc diém ctia mit phang C thda man dicu kién

||z — 2| — |z + 2|| = 3 la dwong hypecbon. Ding thikc
|z —2|—]z4+2|=3

xéc dinh nhanh bén trai cta dwong hypecbon va bat ding thitc
|z — 2| — |z + 2| > 3 xdc dinh phan trong ctia nhénh dé.

3) Rez > ¢ = x > ¢. D6 1a nika mat phang bén phai dwong thang
r = c (ké ch dwong thang z = c).

4)Vilmz =y = Imz < ¢ = y < c¢. D6 1a nira mit phang dudi
dwong thang y = ¢ (khong ké dwong thang d6). A

Vi du 8. Xic dinh tap hop diém trén mit phang phitc C dwoc cho
bdi dieu kién:

1) |z2| = Rez + 1;

2) |z = 1] = 2|z —il;

3 lz—2+idu*—-2/z—2+ilu+1>0 VueR.

1
) PENEET I

Gidi. 1) Gid stt 2 = z + iy. Khi d6 tir dieu kién

4) logg(2 + [2° +i]) + logy;

zZl=Rez+1=+/2+y?=0+1=y"=2r+1
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~ 1 . e
D6 1a phwong trinh parabon véi dinh tai diem < — 3 O) v6i truc doi
xtng la tia

1
vy = {(:c,y) cER?: x> 5 Y= O}.
2) Gia st z = z +4y. Khi d6 tir diéu kién da cho suy ra:

|z —1+idy| > 2[z +i(y — 1)
= (=12 +9y2>2\/22+ (y — 1)2

~(oeg) +(v-3) <3
T+ = -=) <=
3 Y73 9

N om 1 ea s Lo . < a L4
Ttr d6 suy rarang dieu kién da cho xac dinh hinh tron tam zp = —-+i-

373
22

va ban kinh 3
3) Vi tam thitc bac hai (d6i véi u) & vé trai cia dieu kién da cho

dwong Vu € R nén biét so ciia né am, tire 1

lz—2+i* = |z =244 <0
=z -2+ <L

D¢ 14 hinh tron véi tam tai 2o = 2 — ¢ va ban kinh bing 1.
4) Tt dieu kién da cho ta thu dwoc

| 2+ |22 + 1

O —_— =

830 22 — 4|

24 |22 41

Sl e ] R T R )
2+ |22 — 1

T dé suy rang 22 1a s6 thwe bat ky. Nhung khi dé z 1a s6 thuee bat
ky hoiic s6 thuan 4o bat ky. Nhw vay chi ¢é cdc diém nam trén cic
truc toa do la thda man dieu kién da cho. A

BAI TAP
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1. Chitng minh rang
1) [21- 22| = |z1] - |25
2) |21 £ 2| < |zf 4 |2);
3) |21 £ 22| > ||| — |l .
2. Xudt phat tit cac biéu dién hinh hoc, chitng minh:
D |5 =1 < largzl
k
2) [z — 1] < ||z = 1] + |2||argz].
3. Chitng minh rang néu gié tri chinh argz = arg(a + ib) thda man
diéu kién —7 < argz < m thi né dwoc tinh theo cong thire
(

b P
arctg— neu a > 0,
a

: b .
arg(a +1ib) = { arctg— +7 néua <0, b >0,
a

b .
larctg— —m neéu a < 0, b<O.
a

4. Chitng minh rang néu gid tri chinh arg(a + ib) thoa man diéu kién
0 < arg(a + ib) < 27 thi

( b P
arctg— neua >0, b> 0,
a

: b p
arg(a +ib) = { arctg— + 27 néua >0, b <0,
a

b P
\arctga + 7 neua <0.

x . b
Chi dan. Lwu y rang gia tri chinh cia arctg— € < - g , g)
a
5. Chitng minh rang |a + b|> + |a — b]? = 4]a|* néu |a| = |b].
6. Chitng minh dong nhat thitc
11 —ab|> —|a— b = (1+|ab])* — (Ja| + |b])>, a€C, beC.

Chi dan. Str dung hé thite |2]? = 2Z.
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7. Chitng minh dong nhat thitc
1) la+b]* = (|a| + [b])? — 2[|ab|] — Re(ab)].
2) |lab+ 112+ |a — b2 = (|a> + 1)(|p]* + 1).
8. Chitng minh rang moi s6 phttc z # —1 va |z| = 1 déu c6 thé bicu

dién dwdi dang

Chi dan. Biéu dién t qua z va chitng minh t = .
1+]a|

V2

Chi dan. Cé thé chirng minh bang phan chiing.

9. Chitng minh rang néu Rea > 0 thi |1 +a| >

10. Trong cdc s6 phitc thda man diéu kién
|z — 251 < 15

hay tim s6 ¢é acgument dwrong nhd nhat.

11. Tim acgumen cta cdc s6 phitc sau day

1) cos%—isin%~ (DS.—%)
s 2m
2) — cos ~ T wmsE
) cos = % tisin 3 ( 3 )
3) cos p — isin . (bS. —p)
4) —cos p — isin . (BS. 7+ ¢)
5) sin + i cos ¢. (bS. g—go)
: : T
6) sinp — i cos . (bS. ¢ — 5)

7) —sing — i cos @. (DS. <—z—g0))



1.4. Biéu dién s6 phitc duéi dang luwong giac

23

1.4 Biéu dién so phitc dwéi dang lwong
giac
Moi s6 phitc 2z = a + ib # 0 déu biéu dién dwoc dwdi dang
z=a+1b=r(cosp+isiny) (1.7)

trong d6 r = |z| = va? + b2, ¢ 1a mot trong cic acgumen ctia né.

Phép biéu dién dé dwoc goi 1a dang lwong gide cia s6 phitc z. Dé
chuyén tir dang dai s6 sang dang lwong gidc ta chi can tim modun
va mot trong cdc acgument ctia né. Vi moédun va acgumen ciia tong
(hiéu) hai s6 phitc khé ¢6 thé bieu dién qua modun va acgumen ctia
cdc s6 hang nén phép cong va phép trir dwdi dang lwrong gidc 1a khong
kha thi. Ngwoc lai, phép nhan, phép chia, phép nang lén luy thira va
khai can dwoc thwe hién rat tién loi dwdi dang lwong gidc.

Gia st 21 = ri(cospr + isingy), z2 = ra(cosps + isins),
z=r(cosp+isiny). Khi dé

17 2129 = r7r2cos(p1 + @2) + isin(p; + 2)]

ya T ..
2+ z—; - é[COS(sol — ) +isin(pr — @2)], 2 # 0.

3t 2" =r"[cosny + isinny], n € Z.
2k
'Sinu

2k
4+wk:{l/7_“[cosu+z ,k=0,n—1.
n n
T 31 suy ra
[cos p + isin ] = cos ng + isinny. (1.8)

Cong thire (1.8) dwoc goi la cong thire Moivre.
Phép todn nang so e 1én luy thira phitc z = x + iy dwoc dinh nghia
bdi cong thike
e = vt e“(cosy + isiny). (1.9)

Chang han
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e =e(cos1+isinl),

; 7T .. T .
e™? = cos — +isin— =1,
2 2
e™ =cosm+isinT = —1.

T (1.9) khi z = i ta thu dwoc cong thirc

e =cosp+ising

goi la cong thire Euler.

Moi s6 phitc z # 0 déu c6 thé biéu dién dwdi dang

z=re?,

(1.10)

(1.11)

3 N ~ ’ 7 3 oA « X
trong dé r = |z|, ¢ la mot trong céc acgumen cta né. Phép biéu dien

(1.11) dwoc goi la dang ma cia sé phitc. Cung nhw doi véi dang lwong

giac ta co:
1/ néu 2z = rie®t, zp = rye™? thi

_ i(p1+p2
Z1R22 = TIrae )7

Tl (o —
21/22 = —¢e (301 302)’
T2

2/ néu z = re* thi
SN — ,rnezngo’

Yz = Yre +jkw, k=0,n—-1

CAC Vi DU

Vi du 1. Biéu dién céc s6 phitc sau day dwdi dang lrong gidc

1) —1+4v3;  2)2+3+i.
Gidi. 1) Tim modun va acgumen ctlia s6 phite da cho:

P J(C12 (VB2 =2 tgp = —V3.

(1.12)
(1.13)

(1.14)
(1.15)
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2 ) )
Tir d6 hodc ¢ = —7/3, hoic ¢ = —% b= ?” Vi 6 phttc da

“ . 2 N :
cho thuoc goc phan tw II nén ta chon ¢ = ?ﬂ T d6 —1 +iv3 =

fen (2 (2]

2) Tim modun va acgumen:

24+ V34 =1/(2+V3)2+1=1/8+4V3=2\/24+ 3.

Néu ¢ = arg(2 + /3 +14) thi

2+\/§ /2+ 1+— 1—|—Cos—
cosp = =\ —cos—
2 2+\/§

T d6 suy rang

2\/§+i:2\/2+\/§[c051 +251n17; A

Vi du 2. Biéu dién céc s6 phitc dwdi dang lrong gidc
1) 1+cosp+ising, —m<p<m.
2) 1+ cosp+ising, ™<p<2m.
14 cos p + isin s
L4 L4 O<p<—=-

3) w —
) w 1+cosp—ising’ 2
Giai. 1) Ta ¢6

|z| = /2(1 + cos ) = 2’(:05%’ = 2005%

- TS < =< == = > 0.
'<g0< 2<‘2<2 (3052>
Gia st a = argz. Khi d6

14 cosp %)
coOSqx = ————=— = COS — ,

2COS£ 2 © © ©

) = Zlcos = +isin —|.
. Cosing T g =z COSQC 2—1— 7
sina = = sin — -

¥ 2
2cos —

2
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2) Trong trwomg hop nay ta ¢
r=lz| =v2(1 +cosyp) = 2’ cosg’ = —2005%

vi g < g < m. Gid st a = argz. Khi d6

1
cosa:w:—cosfzcos<f—7r),
—QCOSE 2
2
. sin ¢ . P . < )
sSind=———— =—sin— =sin|— — 7.
—2005% 2 2

T d6 suy rang

14+ cosp+ising = —QCosg[cos <§ —7r) + 7sin <§ —7T)i|.

3) Trude hét nhan xét rang |w| = 1 vi tik 6 vA mau s6 clia né ¢
modun bang nhau. Ta tim dang lrong gidc clla tit s6 va mau so.

Xét tik 86: 21 =1+ cosp +ising, p € <O,g)

|21] = v/ 2(1 + cos p) ,
sin
1+cosp

N6
m
/N
|
Nof N
Nof
SN—~"

(1 = argz; = arctg = arctg(tgg) =

Twong tr, déi véi mau s6
zg=14cosp —isingp
ta co
|2a] = v/2(1+ cos ),
—sing )

(g = argzy = arctg(l Fcos g

- 55) =mn(s( - ) =5 (-5-)
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Tw d6 thu dwoc
zo = 1/2(1 —i—cosgo)[cos < - g) + isin < — g)}

va do vay

2 . .p
2(1—i—cosg0) y <cos§+zsm§)
2(1 + cos p) cos(—g)—i-isin(—g)

=cosp+isinp. A

w =

Vi du 3. 1) Tinh (v/3 +i)'%
2) Tinh acgumen ctlia sé phirc sau
w=2z"—7%néu argz = p va |z| = 1.
Gidi. 1) Ta c6 /3 +i = 2<cos% + 7sin %) T dé 4p dung cong

thitc Moivre ta thu dwoc:

(\/§+ i)126 _ 2126[(:05

= 2'%[cos T + isinT| =

1260 . 1267
4+ 728In 6 }

_9l26

2) Ta c6

w = z* — 2% = cos 4y + isin4p — [cos 2p — isin 2]
= cos 4p — cos2p + i(sin 4y + sin 2¢)
= —2sin 3 sin ¢ + 2isin 3p cos ¢
= 2sin 3p[—sin ¢ + i cos ¢].

- <y 2k 2k +1
(i)Neusm3g0>O(t&clakh1%<¢<%

, k€Z) thi
) ™ LT
w:251n3g0[cos<§+90)—l—zsm<§+g0)]

‘. . (2k—1 2k .
(i) Néu sin3p < 0 (tic 1a khi % <p< Tﬂ k € Z) thi

w = (—2sin3y)[sin ¢ — i cos ).



28

Chwong 1. S6 phitc

Ta tim dang lwong gidc ctia v = sinp — i cosy. Hién nhién |v| = 1.

Ta tinh argv

argy = arctg<_ .COSSO) = arctg(—cotgy)
sin

= arctg| — tg(% - go)} = arctg[tg(go - E)}

Nhwr vay néu sin 3¢ < 0 thi
w = (—2sin 3p) [cos <g0 - g) + isin <g0

P k
(iii) Neusm3g0=0z>g0:§:>w:0.
Nhw vay

2

-3l

T . 2km (2k + 1)m
— 4+ neu — << ——/——,
2 3 i 3
argw = { khong xdc dinh  néu ¢ = — |
™ ~ (Qk — 1)7T 2k
-3 néu ———— — A

Vi du 4. Chitng minh riang

1) cosz+cos3—7r+cos5—7r+cos7—7r L
9 9 9 9 2

2) cos ¢ + cos(p + ) + cos(p + 2a) + - - - + cos(p + na)

. (n+ Do < N na)
sin ~———— cos —
2 D)

. Q
sin —
2

Gidi. 1) Dat

T 3m T
S =cos =+ cos— + -+ cos —,

9 9 9

T . 7r+ . 37r+ i T
=sin — +sin — + - -+ +sin —
St TRy ST

7r+, . T
z = cos — +isin —.
9 9
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Khi dé
1 — 8
S+iT:z+23+z5+z7:72( )
1—22
z=2 z41 1 1
_1—,22_1—22_1—2_(1_ E)_~- T
cos o isin g
<1 7r)+,, 7r .
—cos — | +isin— sin —
_ 9 o _1 9 .
C(1—cos ) 42 T —2+2<1 5)
— — ] +sin” — — COS —
< cosg) sin® o 9
, 1
Do dé S:§~
2) Twong tw nhw trong 1) ta ky hiéu
S =cosp+ cos(p + a) + - - - + cos(p + na),
T =sing +sin(p + a) + - - - + sin(p + na),
z=cosa+isino, c¢=cosyp+isingp.
Khi dé
1 — n+1
S+iT:C+CZ+~-~+CZn:¥
—z
_ (cosp+isinp)[l —cos(n + 1)a —isin(n + 1)a]
B 1 —cosa —isina
1 a — a —
(cos p + isin)2sin (n+ >O[[cos (n+ 2)a 7T—i—z’sinw

9 Oé|: Oé—7T+,, Oé—7Ti|
11 — 1mn
S B COSs B 18

. (n+ Do na . (n+Da . nao
Sln ————— COoS <g0 + —) siln ————— sIn <g0 + —
_ 2 2 + 2 2
= _Q _Q :
in — sin —
i) 2

T dé so sanh phan thuc va phan 4o ta thu dwoc két qua. A
Bang phwrong phap twong ti ta c¢é thé tinh cdc tong dang
a1 s8inby; + assinby + - - - + a, sin b,

a1 cosb; + aycosby + - -+ + a, cosb,
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néu cdc acgumen by, by, ..., b, 1ap nén cip s6 cong con cic hé so
ai,as, ..., a, lap nén cap s6 nhan.
Vi du 5. Tinh téng

1) S, =1+ acosp +a®cos2p + -+ + a™ cos ny;

2) T, = asing + a?sin2p + - - - + a™ sin nep.

Gidi. Ta lap biéu thitc S, + 7T, va thu dwoc

Y =8, +iT, =1+ a(cosp+ising) + a’*(cos2p + isin2p) + ...
+ a"(cos ny + isinny).

Dat z = cosp + isinp va ap dung cong thirc Moivre ta co:

5 o an—l—lzn—l—l_l
Y=14+az+a"2"+ - - 4+d"" = ——
az —1
~ RN x . ,.Q
(nhéan ti s6 va mau s6 véi — — 1)

z

a
an—l—ZZn _ an—f—lzn—i—l - — 4 1

1
a? — a<z + —) +1
z
1
(do z+ — =2cosp)
2
a"?(cosng + isinng) — a™Hcos(n + 1)p +isin(n + 1)¢]

a? —2acosp + 1
—acosy +atsing + 1

a? —2acosp+ 1
an+2

cosny — a™cos(n +1)p —acosp + 1

a? —2acosp + 1

a"sinnep —a" M sin(n + 1) + asingp

+1

a? —2acosp + 1

Bang cach so sanh phan thue va phan 4o ta thu dwoc cdc két qua can

dwoc tinh.

Vi du 6. 1) Biéu dién tghp qua tgp.
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2) Biéu dién tuyén tinh sin® ¢ qua cdc ham sin ctia géc boi clia .

3) Biéu dién cos* o va sin ¢ - cos® ¢ qua ham cosin ctia cic géc boi.
sin 5

Giai. 1) Vi tghy = L4
cos H

qua sin ¢ va cos ¢. Theo cong thitc Moivre ta ¢

A~ AN o « X . N
nén ta can bieu dien sin by va cos by

cos by + isinbp = (cos @ + isin g0)5 = sin® ¢ + 5icos® psin o
— 10 cos® psin? ¢ — 107 cos? psin® ¢
+ 5 cos psin? ¢ + isin® .
Tach phan thirc va phan 4o ta thu dwoc biéu thite d6i véi sinbp va
cos by va tir do

5cos* psin p — 10 cos? psin®  + sin® ¢
tgdyp =

cos? p — 10 cos3 psin? ¢ + 5cos psin? ¢
(chia tit s6 va mau s6 cho cos® )
_ 5tgp — 10tg%p + tg’p .
1 —10tg%p + Btgle
2) Diat z = cosp + ising. Khi d6 27! = cosp — ising va theo

cong thirc Moivre:

2F = coskp +isinkp, 27" =coskp —isinke.
Do d6
2+ 27! “in z— 271
Cosp = , = .
7T LAY

242 =2cosky, 2 —27F = 2isinkp.

Ap dung céc két qua nay ta c6

s z—271\5 25 —523+4+102— 10271 + 5278 — 27F
s < 2i ) N 32i
(2° —27%) = 5(2% — 273) + 10(z — z71)
B 32i
2¢sin 5 — 102 sin 3¢ + 207 sin ¢

321
sin by — 5sin 3p + 10sin ¢

16
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3) Twong tw nhw trong phan 2) hodc giai theo cdch sau day

1+ COS4g0 _ <e%0-|—26 @)4 _ %[€4¢¢+4€2¢¢+6+4€—2w+€—4w}
1 €4goi+€—4goi 1 €2goz‘+€—2goz‘ 3
- é[ 2 } 5[ 2 } T3
3 1 1
=3 + 5(:052@ + gcosllgo.

e@i — 6_@2)4<€§OZ + 6_@2)3

2+ -4 3 — <
Sin” Y Cos™ 2 5

1 . . . .
— @(e%oz o €—2goz)3(€goz o e—goz)
1 . . . . . .
— @ [€6goz o 3€2goz + 36—2goz o 6_6m} [egoz o e—goz}
= 128 [67“‘” — 591 — 3e3%1 | 3eP 4 3e¥i — 33
. e—wz}
3 3 1 1
= 6—4cosg0 — 6—4(:053@ — 6—4(:055@ — 6—4COS7Q0. A

Vi du 7. 1) Giai cidc phwong trinh
1" (z+1)"—(x—1)"=0
2t (z+ )"+ (x—9)" =0, n> 1.
2) Chitng minh rang moi nghiém ctia phrong trinh

1 tionn 1 .
<+z:c) B +az’ neN, aeR

l—iz/ 1—ai
déu 1a nghiém thire khdc nhau.
Giai. 1) Giai phwong trinh
1" Chia hai vé ctia phirong trinh cho (z — 1)" ta dwoc
IR 1 2k 2k
<:c+ ) =1= T = C/I:cos—ﬂ—l—isin—ﬂ = €k,
r—1 r—1 n n
k=0,1,...,n— 1.
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T d6 suy rang
r+l=cp(x—1)=a(e—1)=1+¢

Khi £k =0 = ¢y = 1. Do d6 v6i k = 0 phwong trinh vo nghiém. Véi
k=1,n—1tacé

x—8k+1— (Ek‘i‘l)(gk_l) _Ekgk—i-gk—&‘k—l

Ek—l_&‘k—l)(gk—l) €k€r — €p — € — 1

o 2k7 o 2km
—2¢8in —— sin — -
= N — 4 N —jcotg—, k=1,2,...,n—1.
T 2k n
2 —2cos — 1 —cos—
n n

2% Cung nhw trén, tir phwong trinh da cho ta ¢6

AL ) 2k 2k
<x—|—2) _ x—i_z,:{‘/—_l:cosﬂ—i_ W—i—z’sinﬂ—i_ m
n n

Tr—1 Tr—1
hay la
x+1i Qk+D)m . (k417
- = COS ————— + 18Il ———
xr—1 n n
2k+1
= cos Y + isin v, ¢:u.
n

Ta bién d6i phwong trinh:

x—i_z,—l:cosw—i-isim/;—l
T —1
9
x—zz :2isin%cos%—25in2%
1 1
<:>x—z' :sin%[cos%—gsin%}
(o (o

:sm—[cos§+zsm§]

\)



34

Chwong 1. S6 phitc

T do suy ra

1

rT—1=
v
6052—1—251n2

cos——z'sin% W
= 2 2 :cotgg—i.

sin%[

S1n 5
Nhw vay

(2k + 1)m

kE=0,n—-1
277/ ’ y

x—i:cotgg—ijx:cotg%:cotg

2) Ta xét vé phai ctia phwong trinh da cho. Ta c6

=1= - = cosa + ¢sin o

1+ai’ ] 14+ as
1—az

1—a:

va tir do

14z /14w a+2kr . a+2krw
- = - =cos ——— +isin———, k=0,n—1.
1 —a 1—ai n n

Tir d6 néu dit o =

v i[cosy +1+isiny]

cosy — 1+ isina —tg% :tga—;%m’ k=0m=T.
n

RO rang do6 la nhtrng nghiém thuwc khéc nhau. A
Vi du 8. Biéu dién cdc s6 phitc sau day dwdi dang mil:
(—\/g—i-’i)<cos1 —isin 1)

1) s 2=
1—12
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Giai. 1) bat z; = V341, 29 = (:osf—2 —isinlﬂ—Q, z3=1—1va
biéu dién cac s6 phitc d6 dwéi dang mii. Ta cé
z] = 265?”;
™ .. 0w 7r 7r o
7y = cos 5 —isin o —cos< E) —Hsm(— E) =e 12
23 = Q¢ %"

2) Trwéce hét biéu dién s6 phitc z; = /3 + ¢ dudi dang mit. Ta cé

™

21| =2 ¢ =arg(V/3+1)

Y

(@}

do d6 V3 +i = 2e5%. Tir d6 thu dwoc

T +2k)

(%
wy = V3 i= V2T

. (12k+ D)7
= V2, k=0,3. A

Vi du 9. Tinh céc gia tri
1) cin bac 3: w=/—2+2i
2) can bac 4: w = ~v/—4
[ 3
8+ &
Gidi. Phwong phép tot nhat dé tinh gid tri cdc can thitc 14 bicu

dién s6 phitc dwdi ddu can dwdi dang lwong gide (hodc dang mi) roi

3) can bac 5: w =

ap dung cac cong thirc twrong tng.
1) Biéu dién z = —2 + 2i dwéi dang lwong gidc. Ta c6

3
r:|z|:\/§:2\/§; gpzarg(—2+2i):z7r~
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Do d6
3 3
3 —W+2k7r —W—|—2k7r
Wi = \/g[cos%—l—isin%}, k=0,2.
Tw do
woz\/§<cos%+isin%):1+i,
11 117
wlz\/i[cosl—;—i-zsinﬁ}
19 19
wgz\/i[cosl—;—i-zsinl—;}
2) Ta c6
—4 = 4[cos ™ + isin 7]
va do do
2k 2k
wk:\%_l[cosu—i-isinu}, k=0,3.
4 4
Tw do
:\/§<cos—+zsm )zl—i—z,
3
:\/§<cos—+251 Iﬂ):—l—i—i,
5
:\/§<cos—+251 Iﬂ):—l—z,
7
:\/§<cos——|—251 Zﬂ):l—z
3) bat
V3 —i
z =
8+ 8i
V341 1
Khi d6 |z| = T . Ta tinh argz. Ta cé
V64 +64 442
. ) T m o
argz—arg(\/g—z)—arg(S—i—Sz)——E—Z_—E
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Do vay

5 5
—1—72T+2k7r ——7T+2k7r

1 ..
Wy, = <m)[c05f+zsm 5

1[ < 7r+2k7r)+,. < 7r+2k7r)} EF— U1 A
= -+ — in({ — —+— =0,4.
ST Ty ) T 12" 5 /)1 :

Vi du 10. 1) Tinh téng moi cian bac n cia 1.
2) Tinh tong 1 + 2 + 3e2 + - -+ + ne™ !, trong d6 € 1a cin bac n

5

ctuia don vi.
7z ~) s ~ N A . v ~ ’
3) Tinh tong cdc luy thira bac k clia moi can bac n cla so phire a.

Gidi. 1) Dau tién ta viét cac can bac n cia 1. Ta c6

2k 2k S
€k = C/I:cos—ﬂ—i—isin—ﬂ, k=0,n—1.

n n
Tw dé
2 .. 27
gg=1, & =¢€=cos— +1isin—,
n n
2k . 2kw
€ = COS —— + 1SIn ——
n n
2 21\ k
:<cos—7r+isin—7r) = k=1,2,....n—1.
n n

A . A v A~ ’ ~ . .
Nhwr vay moi nghiém ctia cidn bac n ctia 1 ¢6 thé viét dwdi dang

Bay gio ta tinh

S=l+e+e?+ -+l =

Néun >1thi e” =1 va do dé

1_7’L
[
1—¢
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2) Ta ky hiéu tong can tinh 1a S. Ta xét biéu thitc

(1-e)S=8—-eS=1+2+3>+ - +ne"!

—e—2%— - —(n—1)"t —ne"
:\1+5+52+~-~+5”_11—n5”:—n
0(£1)
vie® = 1.
Nhw vay
—n »
(1—-e)S=-n—95= néu e # 1.
—€
Néu € = 1 thi
1
S:1+2+...+n:%.

3) Gia st By la mot trong céc gid tri can cua . Khi d6 (véi
a # 0) moi can bac n clia o ¢ thé bicu dién dwdi dang tich Byey,
k=1,2...,n—1, trong d6 ¢ = cos%—ﬂ +isin%—7r la can bac n
cua 1. " "

Tir d6 tong can tim S bang
S =85+ (Boe1)" + (Boe2)* + -+ + (Bogn—1)"

=G (L+ei+e5+-+eny)

( k 2mm . . 2mm\k 2 .. 2w\ ™Mk
gm:<cos —i—zsm—) :<cos——i-zsm—)
n n n n

Zﬁé‘“[l+a’f+a§’“+~-~+a§”‘”’“]

Biéu thitc trong dau ngodc vuong la cdp s6 nhan. Néu ¥ #£ 1, tikc 1a
k khong chia hét cho n thi

1 —enk 1—-1
_ nk 1 _ ok . Nono_



1.4. Biéu dién s6 phitc duéi dang luwong giac 39

Néu e¥ = 1 tite 1a k chia hét cho n, k = ng thi
A L1 = BT = nat (41 = o).
Nhw vay

0 néu k chia hét cho n;

N
I

na? néuk=nq, q€Z. A

BAI TAP

1. Biéu dién cac s6 phitc sau day dwéi dang lwong gidc

2 2
1) —1+iV3 (DS.Q(COS%—Hsin—ﬂ))

3
2) V3 —i (DS.Q(COS%—HSin%))
3) —V/3—i (DS.Q(COS%-F’LSIH%))
4) \/75—1—% (bS. cos%—i—isin%)
5) _T?)—i—%z (bS. cos%—i—zsm%r)
6) %—2? (bS. cos%r—i-isin%r)
7) —%—i? (bS. cos%—i—zsm%r)
8)2+\/§—i (bS. QW[cos——Hsian—;})
9)2—\/§—z’ (bS. 2\/2—7[cosw—ﬂ+zsin119—;})

2. Biéu dién cdc s6 phitc sau day dwdi dang lwong gidc
1) —cosp+ising (DS. cos(m — ¢) +isin(m — ¢))

2) —sinp +icosp (DS. cos <g—l—gp) 44 sin <g—|—gp))
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3.

3) cosp —ising (DS. cos(—¢) + isin(—y))
4) —cosp —ising (DS. cos(m 4 @) + isin(m + ¢))
Bang cach dat a = 6 + 2kn, trong d6 0 < 0 < 27, ta cé:

6 6 6
5) 14-cos a+isina (DS. 2cos 5 [cos §+’isin 5} vei0 < 6 <,
6 0+ 2 0+ 2
—20055[(:05 —;W—i—isin i W} vl m < 6 < 2m)
6 -0 —0
6) 1 —cosa+isina (1")S.QSin§[cos7T2 —|—z’sin7r2 })

7) sina 4 i(1 + cos )

(DS.QCOS%[COSW_ +isin —— i|VO/'iO§9<7T;
—QCosg[cosgﬂ_e—i—isingﬂ_e} voim < 0 < 2m)
8) —sina + i(1 + cosa)
(DS.QCOS%[COSW;Q—i—iSinW 9} voi0 <0 <
—QCOSQ[COS3W+9+’iSiH3W+9i| vl m < 6 < 2m)
Tinh:
T om0 1 V3
1) <cosg—zsmg) (bS. —5—27)
4 \12
2) <ﬁ+2) (DS. 212)
(V3+i)°
DS. —-3,2
VT —asy B3
(=i —V3)Y®  (—i++/3)1 ,
DS. —64
4) (1 —4)20 (14 )20 (PS. —64i)
(1 + )0
DS. -2
Vo rarge P52
1 4 icotgp)®
6) % (DS. cos( — 10¢) + i sin(m — 10¢))
7 (1 —iv/3)(cos o + isin p)

2(1 —i)(cosp — isingp)
7r

(DS. g [cos <6g0 — E) + isin <690 - 1%)})
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(1+1iv/3)%"
9 g 59

. 1 1
4. Chitng minh rang z + — = 2cos ¢ = 2" + — = 2cosny.
4 Z"

5. Hay biéu dién cdc ham sau diy qua sin ¢ va cos ¢

1) sin 3¢ (DS. 3cos? psin ¢ — sin® )

2) cos 3p (DS. cos® p — 3 cos psin? @)

3) sin 4y (DS. 4cos® psin — 4 cos psin® p)

4) cos 4y (DS. cos* p — 6 cos? psin? p + sin? @)
6. Hay biéu dién cdc ham sau qua tgz

dtgyp — 4tg?

(BS. 1- ngg%O —i—gt;;go)

6tgp — 20tg3p + 6tgdp
C 11— 15tg%p + 15tgty — tgby
7. Chitng minh rang

1) tgdep

2) tgbyp (bS

)

1—02+Ci—02+...:2%c05%~
C’é—Cg+C’2—CZ+...:2%sin%~

Chi dan. Tinh (1 +4)" bang cach st dung cong thitc Moivre va
st dung cong thirc nhi thitc Newton roi so sénh phan thwe va phan

40 cac s6 thu dwoc.
8. Chitng minh riang

3 7r+ U
cos — + cos — = —
) 2

)
2) cosz+cosg—7r+cos5—7r _1
7 7 7 2
2m 4 1
3) cosg—l—cos? =-3
4) 0052—7T+cos4—7r+0056—7r _ 1
7 7 7 2
2m 4 6 8m 1

5) cosj—l—cos?—i—cos?—i—cos? =3
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9. Giai phwong trinh

S " .
(o) _otati oy ep
1+ cotgar — 1

k _
(DS.x:tga+ W, k=0,n—-1)

n

10. Chitng minh rang néu A 14 s6 phitc ¢ modun = 1 thi moi nghiém

ctia phwong trinh

14+ 1x\m
< —l—zx) )
1 —x

deu 1a nghiém thire va khdc nhau.

11. Giai phwong trinh

2" —nax™ ' — C2a*x" 2 — . —a" = 0.

(bS. ), = , k=0,n—1)

e
Ek\/§—1

Chi dan. Dung cong thitc nhi thitc Newton dé dwa phwong trinh

ve dang 2" = (z +a)" — 2™

12. Giai phwong trinh

Pt +r+1=0.

k k
(bS. xk:cosg—i—isin%, k=1,2,34,5)

13. Giai phwong trinh
P t+art P+’ +a'r+a° =0, a€C, a#0.

k k
(bS. xk:a[cosg—l—isin% , k=1,2,3,4,5)

X ~ /. N ~ ~ ~ A 7. A A N «
Chi dan. Veé trai la tong cap s6 nhan véi cong boi bang —.
x
14. Giastn € N, n > 1, ¢ # 0, ¢ € R. Giai cdc phwong trinh sau
day
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k -
D@x+e)"—(x—c)"=0 (bS.z= —ccotg%, k=1,n-1)

2) (z4c)"—(x—ci)"=0 (bS.z= —cicotgl%r, k=1,n-1)

3) (z+ci)"+i(r—ci)"=0
(34 4k)m

(DS. x = —cicotg , k=0,n—1)
4) (x+ci)" — (cosa+isina)(z —ci)* =0, «# 2kn.
2k _
(bS. z = —cicotga—giﬂ , k=0,n—1)
n
15. Tinh
Do(z) = — [1 +cosz+cos2a + -+
n(@) = 5|5 +cosz +cos2e cos nx|.
. 2n+1
| sin——=
(bS. D, (z) )

Sll’l2

16. 1) Biéu dién cos 5z va sinbz qua cosr va sinz.
2) Tinh cos g va sin %ﬂ
(DS. 1) cos bz = cos® x — 10 cos® xsin® z + 5 cos w sin
sin 5z = 5cos* x sinx — 10 cos? z sin® x + sin® z.

2) o 10 + 24/5 o \/3—1>
m—-—=-— — =
S 5 4 , COS 5 4

X ~ ’ . 7T 'S oA ’ .
Chi dan. Dé tinh sin ~ can st dung bicu thitc cia sin 5z.




Chuong 2

Pa thirc va ham huu ty

21 Pathbic ............ ... 44
2.1.1 Pa thttc trén treong s6 phite C . . . . . .. 45
2.1.2  DPa thttc trén treong s6 thuc R . . . . . .. 46

2.2 Phanthéc hruty ............... 55

2.1 DPa thuc

Da thitc mot bién véi hé s6 thuoc truong s6 P dwoc bicu dién don tri

dwéi dang tong hitu han
Q(z) = apz" + a1z '+ -+ a,_ 12+ ay (2.1)

trong d6 z 1a bién, ag, ai, . . ., a, 1a céc s6; va moi tong dang (2.1) déu
la da thirc.

Ky hiéu: Q(z) € P|z].

Néu ag, ai, . . ., a, € C thi ngwoi ta néi rang Q(z) 1a da thirc trén
trieomg s phite: Q(z) € C[z]. Néu ag, ay,...,a, € R thl Q(z) 1a da
thire trén trueomg so thue: Q(2) € R[z].
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Néu Q(z) # 0 thi bac ctia né (ky hiéu degQ(z)) 1a s6 mi cao nhat
ctia moi luy thira clla cdc s6 hang # 0 cia da thite va hé s6 cla s6
hang ¢6 luy thira cao nhat d6 goi 1& hé so cao nhidt.

Néu P(z) va Q(z) € P[z] 1a cip da thitc va Q(z) # 0 thi ton tai
cap da thire h(z) va r(z) € P[z] sao cho

1" P=Qh+r,

2% hodc r(z) = 0, hodc degr < degQ.

Pinh ly Bézout. Phain du cia phép chia da thitc P(z) cho nhi thitc
z —a la hang P(a) (r = P(a)).

2.1.1 BDa thirc trén treong sé phic C

Gia st Q(z) € C[z]. Néu thay z bdi s6 a thi ta thu dwoc s phite
Q(a) = apa”™ + a1a™ -+ a,_ 1o+ ay.

Pinh nghia 2.1.1. Néu Q(«a) = 0 thi s6 z = «a dwoc goi 1a nghiém
cua da thire Q(z) hay ctia phwong trinh dai s6 Q(z) = 0.

Pinh ly Descate. Pa thitc Q(z) chia hét cho nhi thitc z — o khi va
chi khi o la nghiém cia da thite P(z) (titc la P(a) =0).

Pinh nghia 2.1.2. S6 phitc « 1a nghiém boi m cta da thite Q(z)
néu va chi néu Q(z) chia hét cho (2 — @)™ nhwng khong chia hét cho
(z — )™ S6 m dwoc goi 1a boi ctia nghiéem «. Khi m = 1, s6 « goi
la nghiém don ciua Q(z).

Trong tiét 2.1.1 ta biét rang tap hop s6 phitc C dirge 1ap nén bang
cdch ghép thém vao cho tap hop s6 thire R mot nghiém do z = ¢ cla
phwong trinh 22 + 1 = 0 va mot khi da ghép i vao thi moi phwong
trinh da thitc déu c6 nghiém phitc thwe sw. Do dé khong can phai
séng tao thém cdc s6 méi dé giai phirong trinh (vi thé C con dwoc goi

14 trwomg déng dai s0).

Pinh ly Gauss (dinh 1y co ban cua dai s0).
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Moi da thite dai s6 bac n (n > 1) trén trudng so phitc déu cd it
nhdt mot nghiém phitc.

Tt dinh 1y Gauss rut ra cdc hé qua sau.

1T Moi da thitc bac n (n > 1) trén trueomg s6 phite déu c6 ding n

nghiém néu moi nghiém dwoc tinh mot s6 Ian bang boi ctia nd, tire 1a
Qz) = ao(z — o)™ (2 — )™ - (z — )™, (2.2)

trong d6 oy # o Vi #jvami+mge+ -+ mp=n.

Da thirc (2.1) véi hé s6 cao nhat ap = 1 dwoce goi la da thite thu
gon.

27 Néu 2 1a nghiém boi m cia da thitec Q(z) thi sé phitc lién hop
véi n6 Zo 1a nghiém boi m clia da thite lién hop Q(z), trong dé da
thitc Q(2) dwoc xédc dinh bdi

Q(z) = o2+ 12" L+ a2+ Gy (2.3)

2.1.2 DPa thirc trén treong s6é thwe R
Gia si
Q(z)=z"+az" '+ Fan1z+ay (2.4)

13 da thitc quy gon véi hé s6 thue ag, as, . . ., ay.

Da thitc nay cé tinh chit dic biét sau day.

BPinh 1y 2.1.1. Néu sé phitc a la nghiém boi m cia da thitc (2.4) védi
hé s6 thwc thi sé phitc lién hop véi nd @ ciung la nghiém béi m ciia
da thitc do.

St dung dinh ly trén diy ta c6 thé tim khai trién da thitc véi he
s0 thwe Q(2) thanh tich cdc thira s6. Vé sau ta thwomg chi xét da
thitc véi hé s6 thire véi bién chi nhan gid tri thwe nén bién dé ta ky

hiéu la x thay cho z.



2.1. Pa thuc

47

Dinh 1y 2.1.2. Giad s da thite Q(x) ¢ cdc nghiém thiwe by, by, ..., by,
voi bot twong wng B, P, - - ., Pm va cdc cap nghiém phitc lién hop ay

Va4 A1, A VA Ao, - - -, Ay, VA Gy, V0L DO trong ng A, Aa, ..., Ay Khi do

Qz) = (. — b)) (x — b)) - (& — b)) (2 + pra + q1) M X
X (2% + pox + @)™ -+ (2% + poz + @)™ (2.5)

DPinh 1y 2.1.3. Néu da thitc Q(z) = 2" + a1a™ ' + - + ap_17 + a,
v0i hé $6 nguyén va voi hé s6 cao nhat bang 1 cé nghiém hiu ty thi
nghiém dd la sé nguyén.

Doi véi da thike véi hé s6 hiru ty ta cd

~ N A A ) g N N
Dinh ly 2.1.4. Néu phan so téi gian — ({,m € Z,m > 0) la nghiém
m
hiru ) cia phwong trinh véi hé s6 hitu ty apx™ +a1 2™+ -+ ap_1z+
an, =0 thi £ la wéc cia sé hang tw do a, va m la wdce cia hé sé cao

nhdt ag.
CAC Vi DU

Vidu 1. Gid stt P(2) = ap2" + a1z ' + -+ + an_12 + a,. Ching

minh rang;
1" Néu P(z) € C[z] thi P(z) = P(2).
2t Néu P(z) € R[] thi P(2) = P(3).
Gidi. 17 Ap dung cdc tinh chat clia phép todn ldy lién hop ta thu

dwoc

p(Z) =apz" + a1z 4 -+ ap 12+ ap
=ap2" +a1z" '+ Azt

=aE@)"+aEZ)" "+ + a1z +a, = P(Z).
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27 Gid st P(z2) € R[2]. Khi do

P(z) =apz" + aiz" '+ +ap1z +ay
— Wt a L@ TR ay
@(2)" +@(@)" o + Tu T+ T
= ap(2)" + a1 (2)" " o+ 4y a7 + a0, = P(3).

T d6 cung thu dwoc P(z) = P(Z) vi P(z) = P(z). A

Vi du 2. Chitng minh rang néu a la nghiém boi m cia da thirc
P(z) =ap2" +az" '+ 4 ap1z +an, ag#0

thi s6 phite lién hop @ 1a nghiém boi m cua da thite

P(z) =apz" + 2" '+ + Gpo12 + Gy

(goi la da thitc lién hop phire vé6i da thite P(2)).

Gidi. Tt vidu 1 ta c6

P(z) = P(3). (2.6)
Vi @ 1 nghiém boi m clia P(z) nén
P(z) = (2= a)"Q(2), Q(a)#0 (2.7)
trong d6 Q(z) la da thitc bac n —m. Tir (2.6) va (2.7) suy ra
P(z) = P(z) = (2 = a)"Q(2) = (2 — @)"Q(2). (2.8)

Ta con can chitng minh rang Q(a@) # 0. That vay, néu Q(@) = 0 thi

bang cach 14y lién hop phitc mot lan nita ta cé

Q(a) =

biéu nay vo ly. Bang cdch dit ¢t = Z, tir (2.8) thu dwoc

@ =0 = Q)=0.

Q|

P(t)=(t-a2)"Qt), Q@) +#0.
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Déang thttc nay chitng té rang ¢t = @ la nghiém boi m cta da thitc
P(t). A

Vi du 3. Chitng minh rang néu a la nghiém boi m cta da thirc véi
hé s6 thwe P(z) = ag2"™ + a12" ' + -+ + a, (ag # 0) thi s6 phitc lién
hop @ ctng 1a nghiém boi m cua chinh da thire do.

Gidi. Tt vidu 1, 27 ta c6

P(z) = P(2) (2.9)
va do a la nghiém boi m ctia né nén
P(z) = (z — a)"Q(z) (2.10)

trong d6 Q(z) la da thitc bac n —m va Q(a) # 0.

Ta can chitng minh rang
P() = (:—a"Q2), Q) #0. @2.11)

Thét véy tir (2.9) va (2.10) ta ¢6

vi theo (2.9)

Ta con can chimg minh Q(a) # 0. That vay vi Q(a) # 0 nén
Q(a) # 0 va do d6 Q(a) # 0 vi doi v6i da thire vGi hé s6 thue thi
Q) =Q(). &

Vi du 4. Giai phwong trinh 23 — 422 + 42 — 3 = 0.
Gidi. Tt dinh 1y 4 suy rang cic nghiém nguyeén ctia phwong trinh

v6i hé s6 nguyén déu 14 wée ctia s6 hang tw do a = —3. S6 hang twr do
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a = —3 cb cac woe la +1, 3. Bang cach kiém tra ta thu dwoc zg = 3

la nghiém nguyén. Tw dé

2 =42+ 42 -3 =(2-3)(2 -2 +1)

-9 %)

hay la phwong trinh da cho cé ba nghiem la

Vi du 5. Biéu dién da thitc Ps(2) = 25 — 32* + 422 — 12 dwéi dang:
1" tich cdc thira s6 tuyén tinh;
2% tich céc thira sO tuyén tinh véi tam thite bac hai véi hé s
thue.

Giai. Ta tim moi nghiém cua da thic P(z). Vi
25— 324 4422 — 12 = (22 - 3)(2* +4)
nén ro rang la

21:—\/5, 22:\/5, 23:1+’i,
24:1—’i, 25:—1+’i, 26:—1—’i.
Tw do
1+ Ps(2) = (2—vV3) (2 +V3) (2 — 1 —i)(z — 1+4)(z+ 1 —i) (2 + 1 +4)

2+ Bang cach nhan céc cap nhi thitc tuyén tinh twrong ing vdi cace

nghiém phitc lién hop véi nhau ta thu dwoc
Pi(2)=(z—=V3) (2 +V3) (22 =224+ 2)(22 +22+2). A

Vi du 6. Tim da thitc hé s6 thwe 6 luy thira thap nhéat sao cho céc

s6 z1 = 3, 2o = 2 — i la nghiém cna né.
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Glidi. Vi da thite chi ¢6 hé s6 thwe nén cédc nghiém phite xuat hién
tirng cap lién hop phitc, nghia 1a néu z, = 2 — ¢ 1a nghiém ctia né thi

Zo = 2+ cung la nghiém cua né. Do dé
P2)=(z-3)(z—2+i)(z—2—i) =2 -T2+ 172 — 15. A
Vi du 7. Phan tich da thitc
(x+1)"—(z—1)"

thanh céc thira s6 tuyén tinh.

Gidi. Ta c6

Pz)=(z+1)"—(z—1)"

= [2" 4 na" "+ ] = [2" — na"?

1

+...]=2n2""" + ...

Nhw vay P(z) 1a da thitc bac n — 1 v4i hé s6 cao nhat bang 2n. D6

véi da thite nay ta da biét (§1) nghiém cia né:
k
xk:z’cotg—ﬂ, k=1,2,....,n—1
n
Do do

(x4+1)" = (z—1)"

., . 2 , (n— 1w
=2n <x — zcotg—) <x — zcotg—) o <x — zcotgi) .A
n n n
Khi phan tich da thitc trén triromg P thanh thira s6 ta thwomg
gap nhitng da thitc khong thé phan tich thanh tich hai da thitc cé bac
thap hon trén cung truwomg P d6. Nhirng da thitc nay dwoc goi 1a da
thitc bat khd quy.

Chang han: da thitc 22 — 2 1& khd quy trén trweong s6 thue vi:

22— 2= (z —V2)(z +V2)
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nhwng bdat khd quy trén trueong s6 hitu ty. That vy, néu

2 —2 = (azx +b)(cr +d); a,b,c,d€Q

. y b )
thi bang cédch dat x = —— ta co
a

b? b
— —2=0=V2=%—
a a
va /2 14 s6 hitu ty. Vo 1y.
Vi du 8. Phan tich da thitc 2™ — 1 thanh tich cdc da thirc bat kha
quy trén R.

Gidi. Dau tién ta khai trién da thitc da cho thanh tich céc thira

s6 tuyén tinh

2" —1=(zx—eo)(z—e1) (x—epn1),
2km . 2km

gp=cos— +isin—, k=0n-—1
n n

va tach ra cac nhi thitc thwe. Ta cé

. . 2k .
g, € R néu 51n—7T:O:>2k:n,O§k<n—1.
n

Tw do

1" Néu n 14 s6 18 thi dieu d6 (2k :n) chi xdy rakhik = 0 (vi k < n)
va khi d6 g9 = 1.

27 Néu n 1a s6 chan (n = 2m) thi nghiém &, chi thuc khi k& = 0
vak =m. Do db ey =1, g, = —1. Ddi v6i cdc gia tri k con lai e,

khong 1a s6 thwe. Dol véi cde gid tri k nay ta ¢

. 2(n—k)m 2km . 2km
sin ———— =sin <27r — —) = —sin—
n n n

va do do

En—k =€k => €1 = Ep—1, E2 =Ep—2,...
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Miit khéc
2k
(x — ex)(x — x) = 2 — (e + Ex)T + 1B =x2—x~20057ﬂ + 1.
Do dé
' 7 2%
2
(x—1) ]I (xZ—x~2(:os—7T+1) néu n 1a so 18,
k=1 n
n—2
t-l= 2 2k
v (:c—l)(x—i—l)H(a:Z—x~2(:os—7T+1)
k=1 n
\ néu n 1a s6 chan. A

BAI TAP

1. Chitng minh rang s6 zp = 1 + 4 14 nghiém ctia da thirc

Py(z) = 32" — 52° + 327 + 42 — 2.

Tim cac nghiém con lai.
—-1++v13 —1—+13
—% BT )

2. Chitng minh rang s6 zp = ¢ 1a nghiém cta da thitc

(DS lel—i,ZQI

Pi(z) =2+ 224222+ 2+ 1.

Tim cac nghiém con lai.

—1+V3i  —1—iV3
2 BT T

3. X4c dinh boi ctia nghiém 2o = 1 cua da thire

(DS 1 = —’i, Z9 = )

3

Py(z) = 2* =523 +92% — T2 + 2. (bS. 3)
4. Xac dinh boi ciia nghiém 2y = 2 cia da thike

Ps(z) = 2° =524 + 72 — 222 + 42 - 8. (bS. 3)
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5. Tim da thitc hé s6 thwe ¢6 luy thira thap nhét sao cho s6 z; =i 1a
nghiém kép va zp = —1 — i la nghiém don cta né.
(DS. 26 + 225 + 421 + 423 + 522 + 22 + 2)
6. Phan tich cic da thitc da cho thanh tich cdc thira s6 tuyén tinh
1) 22— 622+ 112 -6 (BS. (z = 1)(z —2)(2 — 3))
2) 624 — 1123 — 22 — 4

0. 6(: —2)(:+ 2) (- - L) (- - LDy,

3)3:4—23:2-36  (PS.3(z—3)(z +3) <z - z%) <z + 2%))

4) 2" —1 (BS. (z —e0)(z —€1) -+ (2 — en—1),

2k 2k _
5k:cos—7r+isin—7r, k=0,n—1)
n n

5) 21+ 4 BS. (z—1—-d)(z—1+i)(z+1—i)(z+1+41))
6) 21 + 16
(DS. (2 = V2(1+1))(2 = V2(1 =) (2 + V2(1 +4)) (2 + V2(1 — 1))
7) 2t +82°+82—1
(BS. (z—i)(z+9)(z+4—VIT)(z+4+V1T))
I
7. Phan tich cdc da thite trén treong so thwe thanh cdc da thite bat

8) A +z+2 (DS (z+1)<z—

kh& quy trén cung trirong do.
1) 23+ x+2 (DS. (z+1)(2? — 2 +2))
2) z* + 16 (DS. (22 — 22v/2 + 4) (2% + 222 + 4))
3)at+ 82 +8x—1 (DS. (22 + 1)(z +4— VIT)(z + 4+ V17))
4) a* 4 223 + 32® + 20 — 3

(bS. <x— \/52_ 1)(:1:—1— @)(ﬁ—l—x—%i&))

8k +1
20 7r+\5/§))

1
5 2% —22°+2 (BS. [ (z* -2 V2cos
k=0

6) 2 +x3+2+ 1 +1
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(DS. (a2 @H 1) (a2 + “5; Lot )

Chi dan. Dat z? 1am thira s6 chung r6i dung phép ddi bién y =
1

T+ —
x

n—1
7) 2®" — 1 (BS. (22 — 1) I] (x* — 2z cos l%r +1))
k

-1
8) z? ! — 1 BS. (z—1) [T (2* — 2z cos

1
k=1 277/+1+ ))

2.2 Phan thitc hiru ty

Mot ham s6 xéc dinh dwdi dang thwong cia hai da thite dai s6 tai
nhitng diém ma mau s6 khong triét tiéu goi 1a phan thitc hitu ty.
P(z)
Q(z)’

Néu degP < deg@ thi R(z) goi 1a phan thitc hiru ty thwe sw. Néu
degP > deg@ thi R(x) dwoc goi la phan thitc hiru ty khong thwe su.

Néu degP > deg@ thi bang cdch thwc hién phép chia P(z) cho
Q(z) ta thu dwoc

R(z) = Q(x) # 0.

P(z)

P(z) Pi(z)
Q(r)

“VOr oW

P1 (l‘)
Q(x)

Vé sau ta chi xét céc phan thitc hiru ty 14 thwrong ctia hai da thite

(2.12)

trong d6 W (x) la da thire, con la phan thitc hiru ty thwe sw.

dai 80 v&i hé so thue (phan thite nhw vay dwgce goi 14 phan thite hiru
ty vGi hé so thwe).

Phan thitc thwe don gian nhat (con goi 1a phan thitc co ban) la
nhitng phan thitc dwoc biéu dién t6i gidn bdi mot trong hai dang sau
day

A Bx+C
(x—aym” 7 (@4 prtg)m

i A B,C,p,geR.
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T dinh 1y Gauss va cdc hé qua cia né ta cé
P(z)

Q(x)

Dinh ly. Moi phan thitc hiu ty thwe su hé s6 thuc véi mau

A~ 7z
s0 ¢o dang

Q@) =(z—a) (x=p)" (2" + prz + q1)" %
x (2% 4 pox + )"+ -+ (2% + psz + q)" (2.13)

déu cé thé biéu dién dwdi dang tong hitu han cdc phan thitc co bdn
dang I va I1

Plx) A B C
Q@) w—ay (w—aya T Tazal
TR ST -
=By  (@—p) Py
G+ H  Is+H Lot M

_l’_ “ e _l’_ N
(2 +pr+q)™ (2 +prx+q)"? 24+ x4+ q

Nz + P Qr+ R Sx+T
2 n 2 o e A )
(2% + psz + ¢5) (2% + psx + ¢qs) 22 4 pst + g5
(2.14)

trong dé A, B, ... la nhitng hang sé thuc.

Nhw vay cdc phan thitc co ban & vé phai clia (2.14) sap xép theo
tirng nhém twong ng véi cac thira s6 & vé phai cua (2.13), trong dé
s6 s6 hang clia moi nhém bang s6 mi ctia luy thira cla thira s6 twong
tng.

Can lrru ¥ rang khi khai trién phan thitc cu thé theo cong thikc
(2.14) mot s6 heé s6 ¢6 thé bang 0 va do d6 s6 s6 hang trong mo6i nhém
c6 thé bé hon s6 mi ctia thira s6 twong tng.

Trong thwc hanh, dé tinh céc hé s6 A, B,... ta sé st dung céc

phwong phép sau.
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o7

[. Gia st da thite Q(z) chi ¢6 cdc nghiém thwe don, tike 1a

n

j=1
Khi d4
Pla) < 4
o) = ; o (2.15)

Dé x4c dinh Ay ta nhan hai vé clia (2.15) véi @ — ai, va thu dwoc

P A A
#:Ak—i_[ 1 +...+L
(= a) o Lo
j=1
J#k
A A,
s BT (z— ax). (2.16)
T — Qk+1 T — Qp

Thay x = aj vao (2.16) ta c6

P
4, = - Plar) 2.17)
[ (ax = a;)

j=1

J#k
A~ ~ ’ A~ ~ 9 ~ 7 Ak‘ z \ ~
Nhw vay dé tinh hé so6 Ay cua phan thirc ta xo6a thira so

r — ag
9. x ~ ) P(:C) N N N S oA
(x — ax) khdi mau s6 cla o) va tiep theo la thay x = a; vao bicu
x

thitc con lai. Vi vay phwong phap nay dwoc goi la phwong phdp xoa.

I1. Néu Q(z) c6 nghiém boi thi cong thire (2.17) khong con sit dung
dwoc. Gia st Q(x) = g™, trong dé hoiac g = x — a hoac g 1a tich cac
thira sO 14 tam thikc bac hai véi hai biét s6 am. Trong trwomg hop

ndy ta can khai trién P(z) theo cdc luy thira cta g:

P(z) = ap + a1g + asg* + . ..
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trong db ag, ay, ... 1a hang s6 néu g = r — « va la da thitc bac khong
virot qud 1 trong trirdomg hop thit hai (trong triromg hop nay ta can
thie hién theo quy tac phép chia cé dw).

I1I. DGi véi treomg hop tong quét, ta nhan hai vé cla (2.14) véi
da thitc Q(2) va sip xép céc s6 hang & vé phai dang thitc thu dwrgc
thanh da thitc va thu dwoc dong nhat thitc gitta hai da thite: mot da
thire 1a P(x), con da thire kia 1a da thite véi hé s6 A, B, ... chwa dwoc
x4c dinh. Can bang cdc hé s6 cia céc luy thira ciing bac ta thu dwoc
hé phwong trinh tuyén tinh véi an 1a A, B, . . ..

Giai hé d6, ta tim dwoc cdc hé s6 A, B, ... Phwong phdp nay goi
14 phwong phdp hé sé bat dinh.

Ta c6 thé x4c dinh hé s6 bang céch khéc 1a cho bién x trong dong
nhét thitc nhitng tri sd tiy ¥ (chang han cac gi tri d6 1a nghiém thuc

9 X ~
clia mau s0).

CAC Vi DU

Vi du 1. Khai trién cdc phan thitc hitu ty sau thanh tong céc phan
thitc co ban

203 +4a? +x + 2 2) x? — 2
(x —1)2(2x2+2+1)’ (x —1)2(x% +1)2

1)

Gidi. 1) V1 tam thitc bac hai 22 +z + 1 khong ¢6 nghiém thwe nén

203 + 42+ +2 By Bs Mz + N
Ry () = = + + :
(x =122 +2z+1) (z—1) (zx—1)2 2?24zx+1

Quy dong mau so ta cé

2% +4x? + 1 + 2

(x —1)2(x2+ 2+ 1)

_ Bi(@®=1)+ By(a*+x+1)+ (Mz+ N)(2* — 2z + 1)
B (x —1)2(2% +z + 1) '
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Can bang hé s6 ctia 2%, 2!, 22 va 23 trong céc tir s6 ta thu dwoc hé
phwong trinh

23| B+ By+ N=2,

z?| Bo+ M —2N =1,

z'| By+ N —2M =4,

2| Bi+M=2.

Giai hé phwong trinh ta ¢c6 By =2, B =3, M =0, N =1. Tt d6

2 3 1
R = .
() x—1+(3:—1)2+x2+x+1
2) Ta c6
R 33'2—233' A1 A2 Mll'—l—Nl Mgl‘—l—Ng
2 = .

G- 12@+12 11 @12 Z+1 (@t
Quy dong mau s6 va can bang cac tit s6 ta cé
22— 21 = Ay(x — 1)(2* + 1)? + Ay(2® + 1)* + (Myz + Ny )(z — 1)%(2? + 1)
+ (Moyx + No)(z — 1)
So sdnh cdc hé s6 ctlia céc luy thira cling bac & hai vé ta thu dwoc
22 A+ M, = 0,
x| — A+ Ay —2M, + Ny, =0,
23| 24; +2M; —2N; + M, =0,
22| —2A; +2A5 — 2M, + 2N, + 2N, — 2My + Ny, = 1,
o' A 4+ M, — 2Ny + My — 2Ny = —2,
2° — A+ Ao+ Ny + Ny = 0.

T do6 suy ra

1 1 1
A = — A = —— {\/j = ——
1 27 2 47 1 27
1 1
N = —— {M = —— N :1
1 47 2 27 2
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va do vay

2 —2x B
(x—1)2(22+1)2  «z

| Do =

1T a2 2211 @re
Vi du 2. Cung héi nhw trén

T ) R =
= N €Tr) = .
4452417 2 x4+ 1

1) Ri(z)

Gidi. 1) Ry(z) la phan thite hiru ty khong thwe sw nén dau tién
can thie hién phép chia:
zt 522 4 4

- 14 Ry(n).
xt + 522 4+ 4 x4+ 522 + 4 + Its(x)

Chu ¥ rang z* + 522 + 4 = (22 + 1)(2* + 4), do d6

533'2 +4 Ml.%' -+ N1 Mgl‘—l— N2
R3: — —= .
P02+ 4 241 22 1 4

Quy dong mau s6 va so sanh hai tir s6 ta thu dwroc
—52% — 4 = (Myz + Ny) (2% + 4) + (Max + Np)(2? + 1)

va tiép theo 1a can bang cdc hé s ctlia céc luy thira cling bac clia x ta
thu dwoc heé phwong trinh

23| My + My, =0,
22| Ny + Ny = -5, 1 16
2t AM; 4+ N —2=0, 3 3
2% 4N;+N-2=-4

Vay

1 1 16 1

Rilz)=14 -0 —— 2. -
@) =143 57713 2rd
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A Vigt+1=(22+1)?—22% = (2> + 2z +1)(2®> — V22 + 1) nén

1 . Ml.fL'+N1 i Mgl‘—l—NQ
P+l 2202241 22— \2r+1

T dong nhat thirc

Ry =

1= (Myz+ N (2® = V2x + 1) + (M + 2z + Ny) (22 + V22 + 1),

tién hanh twong tuw nhw trén ta cé

1 1
MlZ—M2:m7 N1:N2:§'

Do do

11 z+V2 1 -2
i1l V2 22420 +1 2V2 22— 2141

Vi du 3. Tim khai trién phan thitc

z+1 22 +2x+6

R P [ PRl P P

Gidi. 1) Vi mau s6 chi ¢6 nghiém don 0, 1,2 nén

x4+ 1 _é AQ n A2

tz—D)z—-2) =z x-1 z-2

Ap dung cong thite (2.17) ta dwoc

T+ 1 1
Alz }mZO = —;
(x —1)(z — 2)}m:0 2
@l L, 4wkl 3
Q_x(x—Q) =1 ’ 3 x(r—1)la=2 2
Vay
1 -2 3
Ri(z) = —+ +
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2) Twong tu ta ¢

Ro(z) = 2 4+2x+6 A N B N C
AT a-D@-2@—-4) z-1 z-2 z-3

Vi mau s6 ctia Re(z) chi ¢6 nghiém don nén

Ao 2?2+ 22 +6 _3
(x —2)(z —4)la=1
2
p_ " +2x 46 _ 7
(x — 1)(x — 4) la=2
o 2?2+ 22 +6 s
(x —1)(z —2) o=
Do d6
3 7 )
Ry(z) = +

r—1 x-—2 x—4.

Nhan zét. Trong mot s6 trueong hop dic biét, viéc khai trién phan
thite hitu ty c6 thé thu dwoc don gidn hon va nhanh hon. Chang han,

dé khai trién phan thitc > thanh tong cac phan thitc co ban

x2(1 + 22)
ta c6 thé thuc hién nhuw sau:
1 (42 -2 1 1
2222412 2222412 22(a2+1) (a2 +1)2
(I +2%) —a? 1
2(22+1) (22+1)2
1 1 1

= — — — - A
2?2 2?4+ 1 (2241)2

Vi du 4. Khai trién céc phan thitc hiru ty sau:

a2t + 52 + 507 — 3w 4+ 1
(x+2)° ’

4+ 3+ —222 420+ 3
(22 +2+1)3

1) 2)

Gidi. 1) Dit g = (x + 2). Khi d6 bang céch khai trién tit s theo

cac luy thira clia x + 2 bang cdch 4p dung cong thitc nhi thitc Newton
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ta thu dwoc

a2+ 52 + 502 —3x+1

(x 4+ 2)5
[(z+2) =2 +5[(x+2) =2 +5[(z+2) - 2> =3[(x+2) —2)] + 1
- (x +2)°
_3+5g—g2—3g3+g4_3+5 1 3 1
B 9° P P ¢y
3 5 1 3 1

T @i @t @t2f @+2P at2

2) Dit g = 22 + x + 1. D6 14 tam thitc bac hai khong c6 nghiém

thue. Ap dung thuat toan chia c6 dw ta cé

P(x) = 2° + 32" + 2° — 22° + 20 + 3
= (2 + o+ 1)(2* +22% — 220 —2)+ 6245

tire 1a
P=g-qi+r, q=2"+22"—-2r—-2 r =06z+5.
Ta lai chia ¢; cho g va thu dwoc

q1 = gq2+ 12, degge < deg(g)
Q2:ZU+1, ro = —4xr — 3.

Nhw vay

P=gq +r=r+g(rs+ gq)
=71 + 129 + q2g°.

Tw do6 suy ra

6x 4+ 5 4o 43 r+1 A
(242413 (2242+1)2 2242x+1
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BAI TAP

Trong cac bai todn sau day, hay khai trién phan thitc hitu ty da

cho thanh tong hitu han cdc phan thitrc co ban thue.

1 20 —3
Ca(z?—1)(22 - 4)
3 1 ) 1 7
bS. —— —
S Y se—D T ot T e =2 212
r+1 2 20+ 1
2. DS. —
x3—1 ( 3(z—1) 3(3:2—1—:1:—1—1))
3 1
Dz —1)*
10 4 1 10 6 3 1
PS. — 4 — 4 - .
( TR x—1+(x—1)2 (x —1)3 (3:—1)4)
1 3 1
4 DS.
(xt —1)2 ( 16(x —1)  16(z —1)?
T ! T N ! )
16(x+1) 16(z+1)2  4(x2+4+1) 4(x?+41)2
5 2z —1
Tz + 13224+ 1)
2 1 3 2z — 1
(DS - 2_ 3_ 2 )
r+1 (z+1) (x4+1)3 a2?242x+1
1 1 x x x
6. ———— DS. — — —
x(x?+1)3 ( x+(x2+1)3 (224 1)2 x2—|—1>
2?2+ 3r+1 1 3 3 3z
y G psS. — + = -2
(22 + 1) ( AT x+x2+1)
25+ 32% — 2% + 4w — 2 20 —1 r—1 T
8. DS.
(2 +1)3 ( (x2+1)3+(3:2+1)2+x2+1>
0 x5 + 223 — 622 — 32 — 9
' (22424 2)3
1 r—1 T —2
DS.
( (x2—|—x—|—2)3+(x2+x+2)2+x2+:c+2>
2z —1
10.

x(z+1)2(22 +x + 1)2
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(DS.—E—l— 7 n 3 B 6 + 2 B 3r + 2 )
r z+1 (z+1)? 22424+1 (224+2+4+1)2
11. -
(2 4+ 1) (22 + 2+ 1)?
(bS. c— ! - . )
224+1 224zx4+1 (224+2+4+1)2
12. L

-zt —a?4+r—1
(S 1 2x+1 1

3x—1) 622+x+1 2a2—x+1)

)
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3.1. Ma tran

3.4.2 Phwong phdp tim ma tran nghich dao . . . 119

3.1 Ma tran

Gid st P la trwong s6 nao d6 (P =R, C).

3.1.1 Dinh nghia ma tran

Ta xét bang hinh chit nhat 1ap nén tit m x n so cia P:

ail a2 ... QA1n
21 A22 ... QA2p
Am1 Am2 ... Amn

Bang s6 nay dwoc goi 1a ma trdn (hay chinh xdc hon: ma tran so)
kich thwée m x n. Céc s6 a5, i = 1,m, j = 1,n dwoc goi 1a phin

ti ctia ma tran, trong do ¢ chi s6 hiéu hang, j chi s6 hiéu cot cia ma
tran.

Ky hiéu: c¢é thé dung mot trong céc ky hicéu

a1; a2 ... Qip a1; a2 ... Qip
a91 as2 ... QAon a9 a2 ... QAon
A= , hay hay
_am1 Am2 ... amn_ Am1 Am2 ... Amn
ail a2 ... QA1n
21 A22 ... QA2p

Am1 Am2 ... OGmp
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hay ngan gon hon

A= lai]] e, = (003) e = (053] 11

Tap hop moi (m X n)-ma tran dwoc ky hiéu 1a M(m x n).

Néu m = n thi ma tran A = Hainmxn dwoc goi la ma tran vuong
cap n (thwomg ky hiéu: A = Hainan = HGUHT) Déi v6éi ma tran
vuong A = HainT cidc phan tit ay, ¢ = 1,n dwoc goi 1& nhitng phan

tit dwong chéo. Céac phan tit nay 1ap thanh dwrdong chéo chinh clla ma
tran vuong.
Ma tran vuéng ma moi phan tit khong nam trén dwong chéo chinh

déu bang 0 (tirc 1a a;; = 0 Vi # j) goi 1a ma tran duong chéo:

_dl -
ds O
A= = diag[dy do ... d,].
O
dn
Néu trong ma tran dwong chéo A moi phantit d; =do = -+~ =d,, =1

thi ma tran dé dwoc goi 1a ma tran don vi cap n va ky hiéu:

1

H
I
o
I

néu i # j

Nhuw Vay En = H&JHT’ tI‘OHg dé 5ij = v . .
neu ? = j.
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Sau cung, (m X n)-ma tran dang

Omxn =
00 ... 0
goi 1a ma tran - khong kich thude m x n. Néu m = n thi ky hieu O,
hay OF.
Nhén zét. 1) Ta nhdn manh: ma tran A = HaZ‘J’Han khong phdila
mot s6, né 1a mot Bdng cdc sé.

2) Ma tran kich thuéce (1 x n) goi 1a ma tran hang

[al, as, ..., an}
con ma tran (m x 1) goi la ma tran cot

ai

as
Qm

3.1.2 Céac phép toan tuyén tinh trén ma tran

Gia sir moi ma tran dwoc xét la trén cuing mot trweong P (= R, C).
Céac phép toan tuyén tinh trén tap hop cédc ma tran 1a phép cong céc
ma tran (chi déi vdi cdc ma tran cung kich thwdc!) va phép nhan ma
tran v4i mot s6 va ching dwoc dinh nghia nho cdc phép toan trén céc
phan tit clia ching.
1. Cho A = [aij}

. N ~ \
goi 1a tong clia A va B néu

mxn’ = [bij}mxn' Ma traﬂ C= [Cij}mxn dll'Q'C

Cij :aij—i—bij Vi= 1,m, VJ = 1,n
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va ky hicu

C=A+B ([czj]:[aw—l—bw], z:l,m,jzl,n)

2. Gid st A = [aij]mxn va A € P. Ma tran C = |:Cz‘jj|m><n dwoc goi

\ ’ A ’ . ~
14 tich ciia ma tran A vdi so A néu

Cij = )\aij Vi= 1,m, VJ = 1,n
va ky hicu

C=X (A =[ray], )

Triromg hop dic biét khi A = —1 ta viét (—1)A = —A va goi —A
14 ma tran déi clia ma tran A.

Céc phép todn tuyén tinh trén tap hop ma tran M(m x n) c6 céc
tinh chat sau day.

Giast A, B,C € M(m x n) va a, f € P. Khi d6

I.A+ B =B+ A (luat giao hodn).

I A+ (B+C)=(A+ B)+C (luat két hop).

1. A+ Opsn = A.

IV. A+ (—A) = Onixen-

V.1-A=A.

VI. a(BA) = (af)A - luat két hop doi véi phép nhan céc so.

VII. (A + B) = «A + aB - luat phan bo cta phép nhan véi mot
s6 doi v6i phép cong ma tran.

VIIL. (a4 3)A = A + BA - luat phan bo ctia phép nhan véi ma
tran doi v4i phép cong céc so.

Hiéu céc ma tran A — B c6 thé dinh nghia nhw sau

A-BY A+ (-B).
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3.1.3 Phép nhan cac ma tran

Ma tran A dwoc goi 1 twong thich véi ma tran B néu s6 cot clia ma,
tran A bang s6 hang cia ma tran B (tir sw twong thich cia A véi B
né6i chung khong suy ra dwoc rang ma tran B twong thich véi ma tran
A).

Cho ma tran A = [azﬂmxn va B = [bij}nxp. Ma tran C' = |:Cz‘jj|m><p
dwoc goi 1a tich clia ma tran A véi ma tran B néu

Cij = Zaisbsj- (3-1)
s=1

Ky hiéu C = AB va néi rang “nhan bén phai ma tran A véi ma
tran B” hay ‘nhéan bén trdi ma tran B v4i ma tran A”.

Tir (3.1) suy ra quy tdc tim cdc s6 hang ctia tich cdc ma tran:
phan ti ¢;; ding & vi trf giao cia hang thit ¢ va cot thit j cia ma
tran C' = AB bang tong cac tich clia cdc phan tit hang thit i clia ma
tran A nhan véi cdc phan tit twong tng clia cot thit j cia ma tran
B.

a11 a2 ... Qin .
bi1 | i | bip ci1oL
a;1 a2 ... am| X = 1|... Cij
bn1 bﬂ b”p Cmi1 Crmp
_aml Am2 - .. amn_

Chii . 1) N6i chung phép nhan ma tran khong cé tinh chat giao
hoén.
2) Tich hai ma tran khac 0 c6 thé bang ma tran khong.
3) Véi dieu kién cdc phép todn dwoc viét ra ¢6 nghia, phép nhan
ma tran cé cdc tinh chat sau
I. (AB)C = A(BC) - luat két hop.
II. o(AB) = (aA)B = A(aB), a € P.
ITI. (A+ B)C = AC + BC (luat phan bo phép nhan bén phai
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doi véi phép cong ma tran).
IV. C(A+ B) = CA+ CB (luat phan bo phép nhan bén trai

doi véi phép cong ma tran).

3.1.4 Phép chuyén vi ma tran

Phép toan trén cdc ma tran ma trong dé cdc hang chuyén thanh céc
cot con cac cot chuyén thanh cdc hang dwoc goi 1a phép chuyén vi ma
tran.

Cho ma tran A = [aij}

7’ ~ . A . N A A . . ’ . A
phép chuyén vi ma tran dwoc goi 1a ma trdn chuyén vi ddi véi ma tran

e Ma tran thu dwgce tir ma tran A bang
A va dwoc ky hiéu 1a AT. Nhw vay: AT 1a (n X m)-ma tran.

Ma tran vuong dwoc goi 1a ma tran déi ztng néu AT = A va dwoc
goi 1a ma trdn phdn zming néu AT = —A. Nhw vay néu A = [a;]] 1a
ma tran doi ximg thi a;; = aj; V4,7 = 1,n va néu A phan xing thi
a;; = —aji. Do d6 cdc phan ti trén dwomg chéo chinh cia ma tran

phan xitng 14 bang 0.

CAC Vi DU

1 2 |5 6
va .
3 4 7 8

—1
1] véi so A = 3.

Vidu 1. 1) Cong céc ma tran

-1 2
4 0

Gidi. 1) Hai ma tran da cho c6 cuing kich thiréc nén cé thé cong

2) Nhan ma tran A =

v&i nhau. Theo dinh nghia phép cong cac ma tran ta co

g Attt e

-1 2 -1 _ [-1-3 23 —1-3|
4 0 1| 4.3 0-3 1-3|

1 2
3 4

145 2+6
3+T7 448
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-3 6 -3
[12 0 3] '
Vi du 2. Trong triong hop nao thi:
1) ¢6 thé nhan bén phai mot ma tran hang véi mot ma tran cot ?
2) ¢6 thé nhan bén phdi mot ma tran cot véi mot ma tran hang?
Giai. 1) Ma tran hang la ma tran kich thwée (1 X n) con ma tran
cot la ma tran kich thwée (m x 1). Phép nhan ma tran hang (1 x n)

7. ~ ~ , A
véi ma tran cot (m x 1) chi ¢6 thé néu n = m:

[1xn|-|nx1]=|1x1]

tirc 13 két qua phép nhan 1a mot s6, cu thé 1a

b1
b2
[al as ... an} X = [albl + agbg + e+ anbn = C.
bn,
2) Ma tran cot A

ai
A= |
A

la ma tran kich thwéce (m x 1). Ma tran nay twong thich v4i ma tran
kich thwée (1 x n), titc la ma tran hang. Nhw vay phép nhan da néu
luén luon thwe hién dwoc, cu thé 1a

ay a161 a162 e albn

a261 agbg e agbn

Am ambt ambs ... an,by
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Vi du 3. Tinh AB va BA néu

- 1
39 1
1) A= . B=|3].
01 2
I 3
1 4 —1 L0
2) A= . B=1|1 3|
20 1
I 11

Gidi. 1) Theo quy tac nhan céc ma tran ta cé

1
2 1 12
01 2 9
3
Tich BA khong ton tai vi ma tran B khong twong thich v4i ma

tran A.

2) Ta c6 ma tran A twong thich v4i ma tran B. Do dé6

3-1+2-34+1-3
0-1+1-34+2-3

o4 o] |20
AB = 1 3
20 1
I 11

1-(=2)+4-14 (=1)(=1) 1-04+4-3+(=1)-1
2:(=2)+0-1+(1)-(-1) 2:0+0-3+1-1
3 11
-5 1

Twong tw, ma tran B twong thich v4i ma tran A va

-2 -8 2
BA= |7 4 2 A
1 —4 2
. . 0 1 . : . :
Vi du 4. 1) Cho ma tran A = 0 ol Tim moi ma tran X giao

hodn véi A (AX = XA).
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1)

2) Tim moi ma tran giao hodn véi ma tran A =

3) Tinh tich

11
0 0

K

1

1 2
-1 -1

Gidi. 1) Vi A 1a ma tran cip 2 nén dé céc tich AX va XA xéc

dinh, ma tran X cting phai 1a ma tran cap 2. Gid st A =

Khi do6

AX =

XA =

Tir d6 néu AX = XA=~vy=0,a=24.

)
_7 5

0 1] [a 8]
0 0 75_

b

vGi ma tran da cho déu cé dang

2) Twong tw nhw trén, gid st X = [

ry
U v

a B
v a|

Do d6 moi ma tran hoan vi

] la ma tran giao hoan
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1
véi ma tran A = | . Khi do
(1 2 x y_ B B Y 1 2
-1 =1 |u v| |u vl |-1 =1
N _:c—|—2u y—|—2fu_ B _x—y 20 —y
—r—u —Yy—v Clu—v 2u—v
(:c—|—2u =x—y
—r—u =u-—v T =u—20 o
= = ; u,v tuy y.
y+2v =2xr—y y =—2u
—y—v =2u—w

Vay ta thu dwoc

u—2v —2u
XZ[ ],u,’utﬁyy.
U v

. R T I I ool .. .. .
3) Dé dang thay rang [O ] [ ]:[ 0 . Tt vi du nay

0 -1 -1 0
suy ra rang doi véi cdc ma tran néu AB = O thi khong nhat thiét
A=0Ohoac B=0. A

Vi du 5. Ma tran S = AE,, trong d6 E, 1a ma tran don vi cap n va
A 1a mot s6 dwoc goi 1a ma tran vé hwdng. Ching té rang ma tran
vO hwdng hodn vi véi moi ma tran vudng cung cap.

Gidi. Ap dung cdc tinh chit ciia ma tran don vi ta 6
SA = (AE,)A = A(E,A) = \A;
AS = AE,) = MAE,) = \A,
tire la AS = SA doi véi moi ma tran vudng A cap n. A

Cho A la ma tran vudng, k 1a s6 tw nhién 16n hon 1. Khi d6 tich

k ma tran A dwoc goi 1a luy thira bac k ctia A va ky hiéu A*. Theo
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= F. Nhuw vay

dinh nghia A°

x A

défoAxAx-u

Ak

k lan

A°=F.
Vi du 6. Tim moi luy thira cia ma tran

0
0
.
0

S = O O

— o O O

o o O O

{

Gidi. Ta c6

o = O O

— o O O

o o o O

{

A2 =

dy rang

va deé th

A3

o o O O

o o O O

o o O O

S = O O

— o O O

o o o O

— o O O

o o O O

o o O O

o o o O

Al = [
Céc liy thira tiép theo clia ma tran A déu bang 0.

Vidu 7. Gia st
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Chitng minh rang

1) J> = —FE.

2) Ma tran dang Z = oF + gJ = [ O[ﬁ
-3 «

véi nhau twong tw nhw cde s6 phte dang

] dwoc cong va nhan

Z = a+ fi.

Giai. 1) Ta ¢6

J? =

0 1 0 1 -1 0
= :—E
-1 O] -1 O] 0 —1]
2) Xét Z1 = an E+ 1J, Za = asE + B2 J. Khi dé theo dinh nghia

cac phép todn tuyén tinh trén ma tran cling cdc tinh chat cia ching,

mot mat ta cé
Zh+Zy = (a1 + ag)E+ (61 + B2)J
va mat khac

a1+ Qo Bi+ B

1+ Zy =
' ’ —(B1+ P2) a1+ s

+

ar B az [ _
-0 o —B2

= (o1 + )E + (01 + (2)J.

Dai v6i phép nhan sw 1y giai cing twwrong tw. A

Vi du 8. Tinh A" néu:

1) A=

4 1
0 3|

Gidi. Dwa vao tinh chdt clla ma tran vo hwéng: ma tran vo hwéng

1
3 : 2) A=
0 3

, . s . ~ N ~ ) X ~ ~ N
hodn vi véi moi ma tran cung céap, ta sé biéu dién ma tran da cho thanh
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tong ma tran vo hwéng cong véi ma tran dang dic biét ma phép nang

lén luy thira dwoc thwe hién don gian hon.

3 1] [3 o] o .
1) A= = + =B+ B,
0o 3 o 3| |o
3 0" [3m o
B™ — — (xem bai 4. 3) dwéi day),
0 3 0 3
=" Y ymsa
0 0

Tiép theo do BB = BB nén ta ¢6 thé 4p dung cong thikc
(B + B)" ZCZ igr (3.2)

(xem bai 5.3) dwdi day). Theo (3.2) ta ¢

(B+B)"=B"+CiB" 'B+C2B" *B*+ - + B"
= |do B™ =0, m >2|
= B"+C"B"'B=B"+nB""'B

3n 0] [n3»t 0 ] fo1

0 3 | 0 a3t |00
[ 0] Lo ] [ e
o 3n o o | |o 3|

2) Twong tw nhw trén ta c6

4 1] | 11 N
A= _ 1?0 — B+ B.
0 3 0 3 00
3 0]" [3m o0
B™ — - : (3.3)
0 3 0 3m

-
00 00

3

—_
T

—_

—_
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Tiép theo do BB = BB nén ta ¢6 thé p dung cong thirc
A"=(B+B)"=B"+C!B"'B+C?B"2B? +...+ B". (3.5)
Ta tinh C*B"*B*. Theo (3.3) va (3.4) ta c6

3nk 0
0 3n—k

11
0 0

Ck?)n—k Ck?)n—k
0 0

Ck
" "1 0 0

B Ck [3n—k 3n—k

(3.6)

T (3.6), (3.3) va (3.5) ta thu dwoc

. o] &
A= 0 3n]+;

Ck?)n—k Ck?)n—k
0 0

314+ Y ORI 0+ Y CF3E
k=1 k=1
0 3n

n

Vidn+ S CF3m k= (341" =4"va 0+ > Ck3nF = 3" Ckgnk —
k=1 k=1 k=0
3" =4" — 3", do vay

A" =
0 3"

qr o4 — 3n]

BAI TAP
1. Tinh A+ B, AB va BA néu
1 2 4 —4
, B= E
3 4 [0 z]
(1 -1 0 2 1

2) A=|2 1 1|, B=|0 4 5.
3 -1 2 2 -3 7
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5 -2 4 —44+9
(PS. 1) A+ B = |, AB = T
3 444 12 —12+4i
BA = -8 _8;
3 4
(1 0 2 -1 -3 -3
NA+B=|2 5 6|,AB=|-2 3 16/,
| 5 49 —2 —7 15
[ 6 1 5
BA=|23 -1 14|)
|17 —12 11
2. Tinh tich cdc ma tran
(5 2 1 1 3 -2 1 3 2
1) (5 2 3] |[-3 =4 —5]. P®S. |5 10 9|
6 5 2 2 1 3 -5 0 -7
(3 4 9 5 6 4 1 9 13
2) |2 -1 6 8 9 7 (BS. |—22 —27 —17|)
5 3 5] [-4 -5 -3 29 32 26
1 2 —9] -1 2 0
1 3 -1 24 4 6 6
3) 3 2. (bS. )
1 -2 5 12 -3 20
1 4
1 3 -2 1 5 2
92 1 37 ' 1
4 2 1 7
4) 2 (PS. )
2 1 -3 . 3
1 2 1] 9
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1 1
1 -3 3 —1| |1 2 00
5) (bS )
1 3 -5 1 1 1 00
1 -2
1 3 2 1
6)2[321] DS. |6 4 2|)
] 9 6 3
3. Tinh céc tich AB va BA néu
~13 0
21 1 5 -1 3 1
1) A = ., B= . (DS. Tich AB
3 0 —2 2 0 -1 4
4 1 2

khong ton tai vi ma tran A khong twong thich v4i ma tran B; BA =

10 15 —5)
11 10 10

2 0
1 —4 , )

A=, B=[510 -3 (DS Tich AB khong
0 -1

£5n tai vi A khong twong thich véi B; BA = [11 —1})

1 5
12 3 4 6 8
3) A = , B = (bS. AB =
21 -2 3 1 2 —
3 0 1
28 27 8 “
, tich BA khong ton tai)
15 14 13

4)A: cosa —sino B

sinf3  cosf

COSs ¢« COs &

cos 3 —sin ﬁ]
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cos(a+ ) =sin(a+ f)

(DS. AB=BA= |
sin(a+ 3)  cos(a + )

)

4. Tinh céc luy thira ctia ma tran A" néu:

11 1
1) A= .S An=| ")
0 1
Chi dan. St dung phwong phap quy nap toan hoc
2) A= _c9sg0 —singpl (PS. A" — c?sngo —sinngp]
sing  cosp sinny  cosngp
o -
ds O
3) A= (DS A" = diag [df d5 ... )
O
dn
210 2 2"—=1 0
HA=1010f. ®S.]o 1 o)
0 0 1 0 0 2

5. Chitng minh rang néu AB = BA thi
1) (A+ B)?> = A2+ 2AB + B2
2) A2 - B?=(A+ B)(A- B).
3) (A+ B)" = A"+ ClA" 1B + C2A"2B% + ... + B".
Chi dan. St dung phwrong phap quy nap toan hoc.
Gia st cho da thitc P(z) = ap + a1 + -+ - + a + kx*. Khi d6 ma

tran vuong
P(A)=aoE +aiA+---+apA", 2 =A
dwoc goi 1a gid tri clia da thite P(x) tai z = A va biéu thite
P(A) = agE + as + -+ - + ap A¥ goi 1a da thitc clia ma tran A.

6. Gid st P(x) va Q(z) la hai da thitc véi hé s6 € P va A 1a ma tran
vuong cap n. Chitng minh rang
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1) p(x) = P(z) + Q(z) = ¢(A) = P(A) + Q(A).
2) ¢(x) = P(x)Q(x) = ¢(A) = P(A)Q(A).
3) P(A)Q(A) = Q(A)P(A).

7. Tim gid tri ctia da thitc ma tran

-, B -1 00
1) Plx) =2 —bx+3, A= 3 3]. (bS. 0 O])
1 -2 3
9) P(x) = 32 — 20 +5 A = |2 —4 1 (DS
3 =5 2
21 =23 15
13 34 10])
-9 22 25
010
3) P(x) =32° — 42 — 1023 + 322 =7, A= |0 0 1
0 00
-7 0 3
®S. |0 -7 0]
0o 0 =7

4) Chitng minh rdng ma tran

—2
3
0

— = =
w O N

la nghiém cta da thitc P(x) = 2% — 22 — 92 + 9.

5) Chitng minh rang ma tran

A=

o O =
o = O
w o O

la nghiém cta da thic P(x) = 2% — 52% + 7z — 3.
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8. Chitng minh rang néu A 14 ma tran dwong chéo cap n véi cdc
phan tit trén dwong chéo chinh 1& A, A, ..., A, thi véi moi da thite
P(z) ma tran P(A) cing 1a ma tran dwong chéo véi cde phan tir trén
dwong chéo chinh la P(\1), P(X2),..., P(\,). Hay xét trwong hop
khi A 1a ma tran vuong cap 3.
9. Chitng minh rang (A™)T = (AT)".

Chi dan. Chitng minh bang phwong phép quy nap va st dung hé
thite (AB)T = BTAT.
10. Chitng minh rang moi ma tran vuong A deu cé thé biéu dién dwdi
dang tong mot ma tran déi xing va mot ma tran phan xing.

N 1 1
Chi dan. Dat P = 5(A+ A1), Q = 5(A - AT, A=P+Q.

3.2 Dinh thuc

3.2.1 Nghich thé

Moi céch sdp xép thit tw n phan tit cia tap hop s6 J = {1,2,...,n}
droc goi 14 mot hodn vi ctia n phan tir d6. S6 céc hodn vi cé thé cé
ctia n phan tit cia J 1a n!. Hai s6 trong mot hoan vi lap thanh mot
nghich thé néu s6 16n hon ding trirde s6 bé hon. S6 nghich thé cia

hoén vi (a1, ..., a,) dwoc ky hiéu la
inv(og, g, ..., ap),

d6 chinh 1& s6 cap lap thanh nghich thé trong hodn vi.
Hoén vi {ay, ..., a,} dwoc goi 1a hodn vi chan néu s6 nghich thé

’ N T N PR RN s . . PERRS
ctia 16 1a chan va goi 1a hodn vi Ié néu s6 nghich thé 1a 18.

3.2.2 Dinh thirc

Moi ma tran vuong cap n (va chi ¢6 ma tran vuong!) déu twong trng

véi mot s6 - goi 1 dinh thitc cua nd.



86 Chwong 3. Ma tran. Pinh thitc

Gia stt cho ma tran vudéng cap n trén trueomg P(R, C):

aip aiz ... QA1n
21 Q22 ... Q2
n
A=lagly =17 7 . ] (3.7)
Ap1 Ap2 ... Qpn

Dinh thitc ctia ma tran A 1a mot s6 thu dwoc tir cidc phan ti cla
ma tran theo quy tac sau day:
1) dinh thitc cip n bang téng dai s6 ctia n! s6 hang;

2) moi s6 hang cta dinh thite 1a tich
@iy Qg * ** Vi (3.8)
b N b b) ~ \ 7 Xe N N X . A N s 7
cua n phan tr cua ma tran ma cttr moi hang va moi cot déu cé dung

mot phan tir trong tich nays;

. 7 z ~ ~ z
3) s6 hang i j, iyj, - * - @i, j, cua dinh thike ¢6 ddu cong néu hodn

vi 1ap nén bdi cde s6 hiéu hang {iq, i, ...,4,} va hodn vi 1ap nén bdi
céc s0 hiéu cot {j1,j2, ..., Jn} la cing chan hodc cung 1é va c¢6 dau
trir (“—") trong trirong hop ngwoc lai.

Ky hiéu: Dinh thitc ctia ma tran A dwoc ky hiéu la

air aiz2 ... QA1n

as1 A2 ... QAon
det A, |A| hay

Ap1 Ap2 ... QApp

Nhdn zét. 1) Nhwr vay, dé x4c dinh dau ctia s6 hang dinh thitc ta

can tinh
s =1inv(iy,...,0)
o=1inv(j1, ..., jn)

va khi d6 dau cua s6 hang dinh thitc 1a dau cua thira s6 (—1)5.
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2) Néu ta viét cdc thira so clia tich (3.8) theo thit twr tdng dan cua

s6 hiéu hang:

Qiyj1iggy *** Qinjn = Alay@2ay *** Anan,

thi
det A = Z (= 1)) gy oy - G, - (3.9)
(041 """ a")
trong dé tong 1ay theo moi hoan vi (a1, as,...,q,) cla cdc so
1,2,...,n.

Trong ma tran vuong (3.7) ta co dinh &k (k < n) hang va k cot nao
dé. Gid sit d6 14 cdc hang v6i sO hiéu i < ig < - -+ < i va cdc cot vai
s6 hiéu j; < jo < -++ < jr. Tl céc phan tit ndm trén giao ctia hang

va cac cot dwoc chon ta cé thé lap dinh thie cap k

Aivgy  Qiygo -+ Qiggy
Qiggy  Qigjo -+ Qigjy
Qiggi Qigga -+ Qiggy

Dinh thitc nay dwoc goi 1a dinh thitc con cdp k cla ma tran A. Ky
hia Mﬁﬂz---ik
160 Vg e

Néu ta bd di cdc hang thit iy, s, ..., 4 va cdc cot thit ji, jo, ..., jk
thi cdc phan tir con lai clla ma tran A sé tao thanh mot ma tran vuong
cdp n — k. Dinh thitc cla ma tran vuong nay 1a dinh thitc con cap
n — k cla ma tran A va dwoc goi 1a phdn bi (hay dinh thitc con bu)
clia dinh thite con M, va dwoe ky hiéu 1a M2

Dinh thitc con bu vdi dau

(_1)(i1+i2+"'+ik)+(j1+j2+"'+jk)

dwoc goi 1a phdan bu dai s6 clia dinh thitc con M;llzjz

Truwong hop ddc biét: dinh thite con bu M;; cia dinh thitc con cap
1 14 ||a; || cha A dwoce goi la phan bu cia phan tik a;; cia A va s6
A = (=1)"™ M;; goi 1a phan bu dai s ctia phan tit ay;.
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3.2.3 Tinh chat cda dinh thirc

Dinh thitc ¢é cdc tinh chat sau

I. Qua phép chuyén vi ma tran, dinh thitc ctia né khong dai, tirc
1a det A = det AT.

Tt tinh chit binh dang nay gita cdc hang va cdc cot cia dinh
thitc suy ra rang mot dieu khang dinh ndo dé da ding véi hang thi
né ciing ding véi cot. Do dé cdc tinh chat tiép theo day chi can phat
biéu cho hang.

I1. Néu doi cho hai hang cho nhau thi dinh thitc doi dau.

III. Thira s6 chung ctia moi phan tit clia mot hang cia dinh thite
c6 thé dwa ra ngoai dau dinh thirc.

IV. Dinh thitc ¢6 mot hang bang 0 14 bang 0.

V. Dinh thitc c6 hai hang giéng nhau 1a bang 0.

VI. Néu dinh thitc c6 hai hang ty 1é véi nhau thi né bang 0.

VII. Néu cdc phan tit ctia hang thit i ctlia dinh thite D ¢ dang
aij = by + ¢y, i = 1,n, j = 1,n thi dinh thitc D bing tong hai dinh
thitc Dy + Do, trong dé dinh thite Dy ¢6 hang thit ¢ 1a (biibia - - - bin)
va dinh thitc Dy ¢6 hang thit i 1a (¢;1, ¢a, . . ., ¢in) cOn céc hang khac
la cdc hang twong timg cua D.

VIII. Néu dinh thitc ¢c6 mot hang 1a t6 hop tuyén tinh cia céc
hang khéc thi dinh thitc bang 0.

IX. Dinh thitc khong d6i néu thém vao mot hang nao dé mot to
hop tuyén tinh cia céc hang khéc.

X. Dinh thitc bang tong cdc tich cia cdc phan tit cia mot hang

nao dé véi phan bu dai sé twong tng.
det A = ainAin + apdAp + - + ainAin = Z aijAij. (3.10)
=1

Nhan zét. Nguoi ta cling dung tinh chat X nay dé lam dinh nghia
dinh thikc,
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A~ ’ ’ s S A N N s s 'S
XI. Tong céc tich cua cac phan tir ciia mot hang nao dé véi phan

bu dai s6 tirong 1tng clia cdc phan tit ciia hang khac 1a bang 0:

ZaijAkj:O, Vk#l, i,kzl,n.
j=1

Nhan zét. Céc tinh chat I-IIT 1a nhirng tinh chét co ban. Céc tinh
chat sau 14 nhirng hé qua cua ba tinh chat Ay.

3.2.4 Phwong phap tinh dinh thac

I. Dinh thitc cap 1, cap 2 va cap 3 dwoc tinh theo cdc cong thike

|a11| = ai11;
a a
TR = g — a12021; (3.11)
a21 A22

ailr aiz2 a3

a1 Q92 Q23| = G11022G33 + (12023031 + G13021G32

a31 aszz 33
— 13022G31 — A11023032 — A12G0210A33.

Khi tinh dinh thitc cap 3 ta cé thé st dung quy tac Surrus “dang
tam giac” hoac “dang dwong song song” sau day

[ J [} [} [ J [} [}
[ J [} [} [ J [} [}
[ J [} [} [ J [ J [}
(+) (-)
aii a2 ais aii a2
a21 a22 az3 a21 a22

a31 aso ass asi aso
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S S e O D D

I1. Tinh dinh thitc cdp n

1* Khai trién dinh thitc theo cdc phan tir clia mot hang hodc mot
cot (tinh chat XI, (3.10)).

2% St dung céc tinh chat cia dinh thite dé bién déi dinh thitc da
cho thanh dinh thitc méi sao cho ngoai trir mot phan ti a;y;, # 0, tat
cA cac phan tir con lai clia hang thit ip (hoiic c¢ot jo) déu bang 0. Khi
dé

det A = (— 1)i°+j°az~ojOMz~

0J0 *
Tiép theo 1a 1dp lai qué trinh d6 déi voi M;,j, 1a dinh thite cap thap
hon mot don vi.

3% Stt dung céc tinh chat cia dinh thite dé bién déi dinh thitc da
cho thanh dinh thitc tam gidc (titc 1a dinh thirc ma moi phan tir &
mot phia clia dwdmg chéo chinh déu bang 0). Khi dé dinh thitc bang
tich cdc phan tit trén dwong chéo chinh.

4% Phwong phép truy hoi: bién doi, khai trién dinh thitc theo hang
hoiic theo cot sao cho dinh thitc da cho c¢é thé biéu dién qua cac dinh
thitc cung dang nhung cap thap hon.

5% Biéu dién dinh thitc da cho dwdi dang tong cc dinh thitc ciing
cap.

67 Dung dinh 1y Laplace: Gia st trong ma tran vuong A cip n ta
chon mot céch tuy ¥ m hang (hay m cot) 1 < m < n—1. Khi d6 dinh
thitc det A bang tong cac tich ctia moi dinh thitc con cdp m nam trén

céc hang dwoc chon nhan véi phan bu dai so tirong ttng clia ching.

CAC Vi DU
Vi du 1. 1) Tinh s6 nghich thé trong hodn vi <5 316 4 2).
2) Véi nhing gid tri nao cia ¢ va j thi s6 hang asja;asjassass cua

dinh thitc cidp 5 c6 dau trir.
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Gidi. 1) Dé tinh s6 nghich thé tién loi hon ca 1a tién hanh nhw
sau: (i) dau tién, tinh ¢ bao nhiéu s6 dimg trude s6 1 (gid sit ¢6 ky
s0) roi gach bd s6 1 khéi hodn vi; (ii) tiép dén tinh xem c6 bao nhiéu
s0 ditng trwede s6 2 (gid sir ko) 161 gach bo s6 2 khdi hoén vi; v.v... Khi
do

inv(on, g, ... an) =k + ko + -+ + kp.
Biang phirong phdp vira néu dé thiy 1a
inv(531642) = 2+ 4+1+2=0.

2) Céc chi s6 4 va j chi ¢ thé nhan céc gid tri sau day: (a) i = 4,
j = 5; hodc (b) i =5 va j =4 vi vdi cde gid tri khéc cua i va j tich
da cho chita it nhat hai phan tit clia cling mot cot. Dé xac dinh dau
clia s6 hang ta sap xép cdc thira s6 ctlia tich theo thit tir tang cta chi
s6 thit nhat 16i tinh s6 nghich thé ctia hodn vi cdc chi s6 thit hai. Ta
c

1342532043051

1) Gidsti=4,j=5= inv(45231) = 8. Do viy véii=4, j =5
s0 hang da cho c6 dau (+).

+) Gia st i =5, j = 4 = inv(54231) = 9. Do dé s6 hang da cho
c6 dau trir. Vay so hang da cho chi ¢6 dau trir khii =5, j = 4. A

Vi du 2. Tinh céc dinh thitc sau day

0 0 0 a14 1 4 2 4

0 0 0 2 3 3 6
1) A = @5 T g A=

0 as2 0 0 3 21 2

41 0 0 0 4 1 1 2
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Gidi. 1) C6 thé tinh A; bang cach st dung tinh chit X.

0 0 a93
Al = (—1)1+4a14 0 3o 0
aq1 0 0

0 as

= (=)' a(=1)*Pag; = 14023032041

aq1

Két qua nay ciling ¢ thé thu dwoc nho dinh nghia dinh thite. Theo
dinh nghia A; 1a tong dai s6 clia 4! = 24 s6 hang, trong d6 chi cé s6

hang
a14G23032041

14 khac 0. Vi hodn vi ctia cdc chi s6 thit hai chan nén s6 hang c¢é dau
cong. T db ta thu dwoc Ay = a14a93a3204;.

2) Ap dung tinh chit XI ta c6 thé khai trién dinh thie theo cot
thit nhét

3 3 6 4 2 4 4 2 4 4 2 4
Ay=112 1 2/—=2|12 1 2|{+3|3 3 6/—4(3 3 6
11 2 21 2 1 1 2 21 2

=1-0-2-04+3-0—-4-0=0.
O day moi dinh thitc cap 3 déu cé hai cot ty 1é véi nhau, nén chiing
bang 0. A
Vi du 3. Tinh cac dinh thitc

2 0 1 3 1
1123

g s ~11 2 2 3

1) A= L2 Ay=|1 4 0 -1 5
2 36 4

2 1 3 1 2
359 4

1 2 -1 3 1
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Gidi. Ta bién ddi céc dinh thitc dé thu dwoc cdc s6 0 trong mot
hang (cot). Ta quy wée cdc ky hiéu: hg — hy — hfy ¢é nghia la lay
hang thit hai trir di hang thit nhat dé thu dwoc hang thit hai méi.
Twong tu nhw vay ta ky hiéu cac phép bién déi theo cot.

1) Ta c6

1123 112 3
Al_1 23 1 hg—hi—hy 011 -2
2 36 4lhg—2h —hy [0 1 2 -2
359 4hy—3h—hy |02 3 5
11 =2
=1-(-)"1 2 —2
2 3 5
11 =2 11 =2
=1 2 —2|hg—hy —hy=1{0 1 0
2 3 5 2 3
pin |l =2
=1-(=1)** s sl =k

2) Dé tinh A, ta thire hién phép bién doi: ¢; —2c3 — ¢}; ¢4 —3c3 —

cy; ¢5 — c3 — c5 va thu dwoc

00 1 0 0
51 2 —4 1 5 1 —4 1
1 4 0 -1 5 1 4 -1 5
Ay = =ai3A13=1- (=113
71241 3 -1 5 184013 (=1) 41 -8 -1
41 3 -8 —1 3 92 6 2
3 9 -1 6 2

Déi véi dinh thite cap 4 vira thu diroc ta cling tién hanh twong tu:
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c1+5ey — )5 o — cq — dy; e3+ dey — d va thu dwoc

0 0 0 1

26 —1 19
T L Ay=1-(=1D"*-9 2 -—12
= =a =1-(— — -

Tl 2 —12 —pf M
13 0 14

3 0 14 2

Nhuw vay ta da dwa viéc tinh dinh thitc cap 5 vé tinh dinh thitc cap 3.
Dé tinh dinh thitc cap 3 nay ta cé thé dung quy tac Sarrus hodc tién

hon ca 13 bién d6i né theo hang: hy + 2hy — h} va c6

26 —1 19 3 2%
Ao=—143 0 26| = —apAin = —(—1)(=1)'"2 = —264.
2 a12A12 ( )( ) 13 14
13 0 14
Vi du 4. Tinh cac dinh thitc
1 -1 3 -2 4
1 2 —-15
L s 6 3 0 3 2 0 1
1 A= , 2 Ay=10 0 4 —1 -—1].
-1 -2 3 5
0 4 2 3
2 4 -2 8
1 -1 3 -2 5

Gidi. Ta sé tinh céc dinh thitc da cho bang phwong phap dwa ve
dinh thitc tam giéc.

1) Ta c6
1 2 -15 12 -1 5
A1 5 6 Bhe—h—hy 003 T -2
YTl =2 03 5| hgthi— R, |00 2 10
2 4 -2 8lhy—2h —HK, [0 0 0 -2

Vi dinh thitc tam gidc bang tich cdc phan tit trén dwong chéo chinh

nén

Ap=1-3-2-(=2)=—-12.



3.2. Dinh thitc

2)
1 -1 3 -2 4 1 -1 3
0 3 2 0 1 0 3 2 0
Ay=10 0 4 -1 -1 =0 0 4 -1
0 6 4 2 3|hg—2hy—h, |0 0O 0 2
1 =1 3 =2 5| hs—hy —hi 0O 0 0 O
=1-3-4-2-1=24.
Vi du 5. Tinh céc dinh thitc
ao —1 0
ai r —1 0
a9 0 r —1 0 0
1) A, = . . . . )
an—1 0 0 O 0 —1
an 0 0 0 =z
74 0 0 0 0
3740 0
2) A,=10 3 7 4 0
0 00 0. 37
a+p  ap 0
1 a+p  ap 0 0
0 1 o+ 0 0
0 0 0 ooa+ B af
0 1 a+
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Gidi. 1) Khai trién A, theo hang cudi (hang thi¢ n + 1) ta ¢

-1 0 0 ap —1 0 0

xr —1 ... 0 a r —1 0
Arr= ()" a, | e )

0 0 —1 an—1 0 0 T

Dinh thitc thit nhat & vé phai 1a dinh thitc tam gidc (= (—1)"), dinh
thite thit hai 14 dinh thite cing dang v6i Ay nhung cap n. Do vay
dinh thitc A,4; ¢ thé biéu dién bdi hé thitc truy hoi sau day:

A1 = an(—1)"(—1)" + zA,.
Dé thu dwoc biéu thite tong quét clia A, ta xét Ay va Ag:

—1
Ay = Qo; Ag = o

= apr — ay.

aq X
Nhw vay A; 1a da thite bac 0 véi hé s6 ag, con Ay 13 da thite bac nhat
véi hé s6 ag va ay.
Ta chitng té rang A, 41 c¢6 dang twong tir:
Apy1 = aox™ + a1+ -+ a,.

Gid st da chitng minh A, = apz™ ' + -+ + a,_;. Khi d6

Api1 = ap + 30, = ap + x(aez™ 4+ +a, 1)

-1
=qoz" + a1 x4+ ap_1T + ay,.

2) Khai trién dinh thitc theo hang thit nhat ta thu dwoc hé thite
truy hoi:

An = 7An—1 - 12An—2 = An - 3An—1 = 4An—1 -3 4An—2
— A[An 1 —3A,].
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T do6 suy ra

A, =30, 1 =4"2(Ay — A))

7 4
37

A1:7, AQZ :37

va do dé
An - 3An—1 == 4n_2 [37 — 21] = 4n_2 . 42 = 4”
Néu tir hé thitc truy hoi ta bién ddi cach khéc thi thu dwoc

Ap— 40, 1 =3[An 1 —4A, o) = =3"2(Ay— Ay)
=3"?.3 =3"

Nhw vay

:>An—1 :4n _3n

A, — 37, =4"
A, —4A, -, =3"

va do do

A, = 3A,_q + 4" =4 — 3t

3) Ta biéu dién cot thit nhat dwdi dang cic tong hai s6 hang a+ 3,
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1+0,0+0,...,040 va viét dinh thitc dwdi dang tong hai dinh thire

a af 0 0 0
1 a+08 af 0 0
A 0 1 a—?—ﬁ 0 0
0 0 0 a+p3  apf
.. 1 a+p
3 ~ )
poap 0
0 a+p3 ap
0 1 a+ 3 0 0
T : :
0 0 0 ooa+ B ap
0o ... 1 a+p
3 - )
= D1+ Ds».

Tinh D;. Lay cot thit hai trir di cot thit nhat nhan véi 3, 1dy cot
thit ba trir di cot thit hai vira thu dwoc nhan véi 3, v.v... Két qua ta

thu dwoc dinh thire tam giac

a 0 0
a 0 0 0
01 o . 0 0
D1: =a"




3.2. Dinh thitc

99

Tinh D,. Khai trién D, theo cot thit nhat ta thu dwoc:

a+0 af ... 0 0
1 a+p8 ... 0
Dy =p| o L =0A
0 .oa+ [ ap
0 0 1 a+p

Nhw vay ta thu dwoc cong thite truy hoi A, = a” + A, _1.

Ta tinh mot vai dinh thite dau tién

2 92
M=a+ =0

e+ ap |, , o=
Ay = . oz—i—ﬁ_a +af+p°= P

a+p  ap 0
Agz 1 Oé+ﬁ Oéﬁ
0 1 a+p

=’ +a’f+af+ 6 =

Ta sé chitng minh rang hé thitc

am—i—l _ Bm—i—l

A =
a—p

ding véi m € N bat ky. Ta 4p dung phwong phdp quy nap todn hoc.
Gia st (%) ding véim = n—1. Ta chitng minh né ding véi m = n.
Khim=n—1taco
An—l = - B =
a—p
a — 3" an—l—l —a"B+ a8 — n—+1 an—l—l _ Aan+1
a—pf a—pf a—pf
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Nhw vay hé thie (%) ding Vm € N. Do d6

an—l—l _ ﬁn—l

A, =
a—f

A

BAI TAP

1. Xéc dinh s6 nghich thé trong cc hodn vi.

1) (13579246 8). (PS. 10)
2)(987654321). (PS. 36)
3)(258147369). (PS. 12)
4)(754612398). (PS. 17)

2. Chon k va ¢ sao cho hoan vi
1) (743k£852)lahodn vilé. (DS. k=6,¢=1)
2) (k347¢265)1ahodn vi chan. (PS. k=38, £ =1)
3) (48 k25¢17)1ahodn vi chan. (DS. k=6, £ =3)
4) (634k7¢21)1ahoén vilé. (DS.k=5,(=28)

3. X4c dinh s6 nghich thé trong céc hoan vi.

1
Dnn—1n—2...21 (DS.%)
n(n —1)
2)1357..20-1246...2n. (DS, =——)
1
3)246...2n135...2n— 1. (DS.%)
3n(n — 1
H2m—12n—3...5312n2n—2...642 (DS.%)

4. Trong céc tich sau day, tich nao 1a sé hang cua dinh thitc cap 7;

xdc dinh dau cia s6 hang doé.
1) assassagsaisazzassarr. (DS, Khong phai)
2) a93a67a54a16a35a41a72. (DS, S6 hang ¢ dau cong)
3) a15098074G36061 043 (DS. Khong phai)
)

4) araigassassasragiass. (DS, S6 hang ¢é dau cong)
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5. Trong cdc tich sau day, tich nao 14 s6 hang cia dinh thite cip twong
tng x4c dinh dau cia sé hang do.
1) assagraseaizassass. (DS, Khong phai)
2) agrae3a14a56a35a41a72. (DS, La sé hang cua dinh thite cap 7
véi dau +)
3) aisassarsaszeasiass.  (PS. Khong phai)
4) ap1Gp-12 ... a1y,
GDS.Lés6}@ng(%MAﬁnhth&ccép7zvéidéu(—J)ﬁgfﬁ)
5) a12023 . . . Q41 - - - 1 Gl -
(DS. La s6 hang ctia dinh thitc cdp n véi dau (—1)"1)
6) 13024035 - . . Ap—2.nGn—110n2-
(DS. S6 hang cua dinh thitc c¢dp n v4i dau “+7)
6. X4c dinh cdc s6 k va £ sao cho trong dinh thitc cap 6:
1T Céc tich sau 1a s6 hang clia né véi dau “—":
1) agaassarsasamas. (PS. k=5,0=1)
2) ajpassassaceassas;.  (DS. k=6, ( =3)
2% C4c tich sau la s6 hang c¢é dau +:
3) agzaieaseassaskasi. (DS. k=2, 0=4)
4) agsasiassaisamage. (DS. k=05, 0=4)
7. Trong dinh thitc cap n
1) tich cdc phan tir cia dwomg chéo chinh 1a s6 ¢6 dau gi?
(bS. +)
2) tich céc phan tir cia dwong chéo phu c¢6 dau gi ?
(BS. C6 dadu “+” néu n = 4k hodc n = 4k + 1; va c¢6 dau “—”
néu n = 4k + 2 hodc n = 4k + 3)

8. Tinh céc dinh thitc cip hai:

3 a? ab 2) a’>+ab+ 0> a®>—ab+b?
ab b? a+b a—>b
cos —sino sinav cos«

3) |, .
sina cosa sin(3 cos(3




102 Chwong 3. Ma tran. Pinh thitc

5) 1 logya 6) a+ bz" c+ dz: 2
log,b 1 —c+di a—1bi
(1—1t)? ot
1+1¢2 1+1¢2 e e 2w . .27
7) 2t _(1+t)2 8) 1 575—COS 3 + 7sin 3
1+t 1+ 2

(DS. 1) 0; 2) —2b%; 3) 1; 4) sin(a — B); 5) 0; 6) a® + b? + * + d%
7) —1;8) —1)

9. Tinh cdc dinh thitc cap ba

3 21 a b c
1) |2 53 2) b ¢ oa
3 4 3 c a b
cosa sinacos( sinasinf
3) —sina cosacos3 cosasin 3.
0 —sin 8 cos 3
1 i 144 a’?+1 ab ac
4) —i 1 0 [;i¥=-1, b) ab bV +1  be
1—i 0 1 ac be A+1
sinaw cosa 1 11 ¢ 5 5
6) |sinf cosf 1 7) 1 1 52,5:cos§+isin§
siny cosvy 1 g2 e ¢
a+b ¢ 1
8 |b+c a 1
c+a b 1

(DS. 1) 8; 2) 3abc — a® — b* — 3 3) 1;4) —2; 5) 1 +a® + b* + %
6) sin(aw — B) +sin(f — ) +sin(y —a); 7) —3; 8) 0)
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10. Tinh dinh thitc Vandermonde *

1 1 1 1
a b ¢ d
a? ¥ 2 &
a® b 3 B

(BS. (b—a)(c—a)(d—a)(c—0b)(d—b)(d—c))

Chi dan. Lay céc cot trir di cot thit nhat roi khai trién dinh thirc
thu dwoc theo hang thit nhat va tiép tuc nhw vay déi véi dinh thite
cap ba.

11. Tinh dinh thic

1 1 1 0 O

12 3 0 0

o 1 1 1 1

0 21 29 x3 T4
0

v x5 af @i

(DS (.%'3 — .%'2)(1‘4 — .%'2)(1‘4 — .%'3) — 2(1‘3 — .%'1)(1‘4 — .%'1)(1‘4 — .%'3))
Chi dan. Ding dinh ly Laplace cho hang thit nhat va thi hai va
chi dan cho bai 10.

12. Tinh dinh thitc bing cdch khai trién (theo cdc phan tit ciia hang

hodc cot):
a 3 0 5
0 b 0 2
1) . (PS. abcad)
1 2 ¢ 3
000 d
1 11 a
2 2 10 N
2) theo cdc phan tr cot thir tu.
321 ¢
1 2 3 d

LA. T. Vandermonde (1735-1796) 14 nha todn hoc Phép.
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(DS. 4a — ¢ — d)
a 1 1 1
b 0 1 1 N p
3) theo cdc phan tir cua cot thir nhat.
c 1 01
d 1 10
(DS. 2a+b—c+d)
2 -1 2
2 -1 =21 N
4) theo cdc phan tr cua hang thit ba.
a b ¢ d
-2 -1 2
(DS. —5a — 5b — 5¢ — 5d)
3 5 4
-5 4 2 N
5) theo cdc phan tir hang thit hai.
-4 2 3 5
5 4 =2 3
(DS. —2858)
-5 1 —4 1
1 4 -1 5 N p
6) theo cdc phan tir hang thit nhat
-4 1 -8 -1
3 2 6 2

(DS. —264)

13. Dung dinh nghia dé tinh cdc dinh thitc sau

1 00
1) 2 2 1] (bS. 1)
3 3 2
logga 1 0
2) o 2 0 [ (bS. 1)
2 1 log,b
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1 00
3 00
3)
0 5 6
0 7 8
0 0 3
0 0 4
4)
1 2 0
210
aq 0
5) aq aq
Qp  Qp—1
0
0
6) | 0
—n
1 a a
0 2 a
7) 10 0 3
0 0O
0
0
8) |0
Qp

as

O O = N

O O W

(DS. 4)

(DS. —21)

(bS. a})

n(n+1)
2

0l (s (-1 )

(bS. n!)

ai

ai
n(n—1)

ai|. (BbS. (=1)" 7 ajay...a,)

ai
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2 10 4
120 4

9) . (PS.0)
2305

—340 6
12121
11111

10) 2 3 0 0 0 (PS. 0)
32000
12000

14. Giai cac phwong trinh

1 1 4 4
-1 3—2% 3 3
1 = 0. DS. 10 =43; x34 = £3
P ( b2 4 )
-7 -7 6 22—3
1 2 3 4
-2 2 1 7

3 6 44z 12
-4 z-14 2 3

1 o 22 28
1 2 4 8
3 =0. (bS.x1=2,20=3,23=4
Vs 9 o7 (BS. o ? =4
1 4 16 64
15. Tinh céc dinh thitc cdp n
2 2 3 ... n
-1 0 3 ... n
H |-1 -2 0 ... n| (bS. n!)
-1 -2 -3 ... 0

Chi dan. Thém hang thit nhat vao moi hang cta dinh thitc bat
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dau tir hang thit hai.

122 ... 2
2.2 2 ... 2

9) 12 2 3 ... 2. (PS. —2(n — 2)!)
222 ... n

Chi dan. Lay moi hang (ké tir hang thit ba) trir di hang thit hai,
sau d6 1y hang thit hai trir di hang thit nhat nhan véi 2.

T a; Qs ... Qp—q1 1
ar T Qs ... Qp—q1 1
air as T ... Qp—q 1
3) S : . BS.(x—ay)(zr—a2) - (x—ay))
a; az asg ... X 1
ay as asg ... Ap 1

Chi dan. Lay tat ci cc cot cta dinh thirc trix di cot cudi cling

nhan twong wng voi aq, as, . . ., ay.
011 ... 1
101 ... 1
4) 1 1.0 ... 1 . (BS. (=) t(n—-1))
111 ... 0 .

Chi dan. Thém cho cot thir nhat tat ca cdc cot con lai; sau dé lay

moi hang ké tir hang thit hai trir di hang thit nhat.

1l nn ... n
n 2 n ... n
5 |n n 3 ... n| (BS. (=1)"n!)

Chi dan. Lay cdc hang thit nhat, thit hai, ... thit n— 1 trir di hang

thi n.
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1 r1 T ... ITp-1 Ip
1 = a0 ... xp1 x,
1 v = ... xp-1 Zn
6) —_— : . (BS. (z—x)(x—22) -+ (x—1p,))
1 1 zo ... x Tp
1 r1 T ... Tp-1 X

Chi dan. Nhan hang thit nhat véi (—1) roi cong véi tat ca céce

hang con lai.

1 23 ... n-—1 n
1 3 3 n—1 n
1 25 ... n-—1 n
ool . . (BS.(n=1)1)
1 2 3 ... 2n—3 n
1 23 ... n—1 2n-1

Chi dan. Nhan hang thit nhat véi (—1) roi cong véi tat ca céce

hang con lai.

b
0O adb ... 00
8) |+ ot oL (PS.at+ (1))
00 ... a
b 00 ... 0 a
ag ar Q2 ... Qnp_1 QG
-y o1 0 ... 0 0
9 | 0 -y x2 ... O 0.
0 0 0 ... —yp @y
(DS, aoriza---xn + aitiTo- - Tp 4+ QoYiYeTzc Ty + oo+
any1y2 - Yn)

Chi dan. Khai trién dinh thitc theo cot cudi dé thu dwoc hé thite
truy hoi.
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1 2 3 4 ... n—1 n
-1 x 0 0 ... 0 0
0) [+ 000
O 0 0 0 ... T 0
0O 0 0 0 ... -1 =z

BS. A, =z, 1+n, Ay =2"1+ 22" 2+ ...+ (n— 1)z +n)
Chi dan. Khai trién dinh thitc theo cot cudi.

3.3 Hang cia ma tran

3.3.1 Dinh nghia

S6 nguyén r > 0 dwoc goi 1a hang clia ma tran A néu né thoéa man
hai dieu kién sau day:

(i) Ma tran A ¢6 it nhat mot dinh thite con khac 0 cap r.

(ii) Moi dinh thitc con cap r + 1 va cdp cao hon (néu cé) ctia ma
tran A déu bang 0.

Hang cia ma tran A thwong dwoc ky hiéu lar(A), r4 hoac rank(A).

Twr dinh nghia suy ra:

a) Doi véi (m x n)-ma tran A ta c¢é: 0 < r(A) < min(m;n).

b) r = r(A) = 0 khi va chi khi moi phan tit clia ma tran déu bang

¢) Doi véi ma tran vuong cap n ta ¢d r(A) = n < detA # 0.

3.3.2 Phuong phip tim hang cia ma tran

Phwong phdp I (phwong phép dinh thitc bao) dwa trén dinh
nghia hang clia ma tran, gom cac bwédc sau day

(i) Tim mot dinh thite con nao d6 khac 0; gia st d6 1a dinh thike
A, #0.
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(ii) Tinh tiép cdc dinh thitc con A,y c¢dp 7 + 1 bao dinh thitc A,
(tirc 1a dinh thitc con A, chita dinh thitc con A,) néu ching ton tai.

+) Néu tat ca cdc dinh thitc con cip 7+ 1 déu bang 0 thi két luan
r(A) =r.

+ Néu c6 mot dinh thitc con cap r + 1 khdc 0 (A,41 # 0) thi tinh
tiép cdc dinh thitc con cdp r + 2 bao dinh thitc A, d6 (néu chiing
ton tai). Néu moi dinh thitc cap r + 2 déu bang 0 thi r(A) = r + 1,
con néu cé mot dinh thite con cip r + 2 khac 0 thi quy trinh lai tiép
tuc.

Phwong phap II dwa trén cic phép bién déi so cap thwc hién
trén ma tran da cho.

Pinh nghia. C4c phép bién doi sau day trén ma tran dwoc goi la céc
phép bién déi so cap:

1* Dai chd hai hang (ho#ic hai cot) cho nhau.

27 Nhén tat ca cdc phan tir ciia mot hang (hodc cot) véi mot so
khac 0.

3T Cong vao mot hang cia ma tran mot hang khdc sau khi nhan
véi mot s6 tuy v # 0.

Dinh ly. Hang ciia ma tran la bat bién qua cdc phép bién doi so cap.

Khi thuc hién cdc phép bién déi so cap trén ma tran ta luén quy
wée rang dau A ~ B cé nghia 14 mot ma tran thu dwoc tir ma tran

kia bdi cdc phép bién ddi so cap va r(A) = r(B).

CAC Vi DU
Vi du 1. Tim hang r(A) néu

-1 0 0 1
0 1 1 2
A=11 1 11
4 2 31
|3 1 2 0]
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Gidi. Ta tim hang clia ma tran da cho theo phwong phép I. Hién
nhién ma tran A cé dinh thitc con

-1 0
Ay = =—-1+#0.
*“lo 1 4
Ta tinh cac dinh thitc con Az bao As. Ta co
-1 00 L
AV =10 1 1]=(-1 = 0;
11
1 11
-1 0 0
AP =10 1 1/=-1#0.
2 3

Nhw vay ¢6 mot dinh thire bao A(32) # (0. Ta tinh dinh thitc bao cua
A(32). Ta cé

—1

0
o5 =

N — = O
w = = O

4
(tai sao 7). Tir d6 suy ra r(A) = 3. A
Vi du 2. Tim hang r(A) néu

1 =3 2 5
-2 4 3 1
A=10 -2 7 11

7 =15 =7 2
-1 1 5 6

Gidi. Ta gidi theo phwong phép 1. Hién nhién ma tran A cé dinh
thitrc con
1 -3

Ay =
S

= —2#0.
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Tat ca céc dinh thite con bao As:

1 -3 2 1 -3 5 1 -3 2
2 4 3]y |-2 4 1|; |-2 4 3|;
0 -2 7 0 -2 11 7 —15 —7
1 -3 5 1 -3 2 1 -3 5
2 4 1|; |-2 4 3|; |-2 4 3

7 —15 2 |-1 1 5 |[-1 1 6

déu bang 0. Do d6 7(A) =2. A

Vi du 3. Bing cdc phép bién déi so cdp, tinh hang ctia cdc ma tran

2
—1

-1 00 1
2 3 5 0 112
1 4 —2|; 2) B=|1 111
3 10 8 4 2 31

|3 1 2 0]

3 5

4 —2| hy—3hy — by ~

10 8 | hy—5hy — hj

3 5 1 2 3 5
-5 -7 ~ 10 =7 =5 —17
5 —17| hs—hy—h, |0 0 0 0

D6 1a ma tran hinh thang va hién nhién né cé hang bang 2. Do dé6

r(A) = 2.
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o O O = O

0
1
0
1
1

W =) =) O

O R = N

1
2
0
1
1

h3+h1—>hg ~

hs + 4h, — hﬁl
hs + 3hy — I,
1 0 1
0 1

_ O = = O
_ O = N

0 O
0 O
0 O

T dé thu dwoc r(B) =3. A

Vi du 4. Tinh hang ctua cdc ma tran

_ O N

2
3
1
3

4 5 2
1 1 3
;o 2)
7 9 1
11 14 3

Gidi. 1) Ta thie hién cdc phép bién déi sau:

_ O N
_ == NN W W N

o O O =

4 5 2 1
11 3 0
7 9 1] |0
11 14 3 0
45 2 12
791 0 1
79 1] oo
791 0 0

Tir d6 suy rang r(A) = 2.

100 1
0 1 1 2
0 11 2| hy—hy— 0,
0 2 3 5| hi—2hs — N,
0012 3] hy—hy— 1
(10 0 1]
0 1 1 2
~lo 011
0 00 0
hs—hs—h, |0 0 0 0
1 3 20 5
a2 6 9712
2 -5 24 5
1 4 8 4 20
2 4 5 2
1 -7 —9 -1
17 9 1
17 9 1
415 2
791 1245 2
000l o177 91
000
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2) Ta thire hién cdc phép bién doi

1 3 2 0 5 1
2
5 6 9 7 12 N 0
-2 =5 2 4 5 0
1 4 84 2] o
[1 3 2 0 5 1 3
01 6 4 15 0 1
005 7 2 0 0
0164 15 |00
Tir d6 suy rang 7(B) = 3. A
BAI TAP
Tim hang cta cdc ma tran:
1 2
A= ) DS. r(A) =2
3 _1] (DS r(4) = 2)
1 3
A= DS. r(A)=1
: _6] (DS, r(4) = 1)
1 2
A= 6]. (DS. r(A) = 1)
(1 2
A= |3 4|, (®s.r4)=2)
5 6
(1 -2 1
A= ) DS. r(A) =2
L 3] (DS r(4) = 2)

_ = O W

S Ot O N

S O Ot N

S N &~ O

15
15

(1 BT SO, B )



3.3. Hang cua ma tran

115

St dung céc phép bién ddi so cap dé tim hang clia ma tran:

T
6. A= 3 —1
0 2 0
S
7. A= —4 6
5 1 4
[ 2
8. A= 1|2 4
-1 3 -2
(1 -2 4 0
9. A=|-1 3 51
|2 -1 40
(1 0 3
10. A=1|2 3 —1
3 6 1
(9 —2 1
11. A= -3 -l
5 4
1 0 0
4 9 0
1 1
12. A= 6
0 —1 2
4 -3 -1
1 —3 -2
4 1 2
13. A=
6 9 -1
4 6 1

(DS. r(A) = 2)

. (DS. (A) = 3)

—2
3|, (DS r(A) =2)
-8
(DS. 7(A) = 3)

7

0 3

R (DS. r(A) = 4)
9 6

1 -3

4 1

g (DS. 7(A) = 3)
12 —4
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(DS. r(A) = 4)

—9 -5 —2

2

-3 -1 -3 3 =3

—2

14. A

Tim hang ctia ma tran bang phwong phép dinh thitc bao:

~
™
I
—~
& NS =
—~ ~
= ™ I . I
I —~ < S =<
SN~—
=) =< = =
= T : .
= : 0 p)
. 98) A : s
D) D ~ ~—
1
D ~— — AN ™
SN—
M ~ S
- 1
< T
. mew TaT o -
T — 00 ) —
o o o o ® ~ — ™ 7 N
™
o o o v o ”m O — | | o RCE I S
i
o o\
o o o o N o < = _ < ' o o MmO © ™
== — — o o m ™
— 7 o N T
— N O O O _ — _ _ . o o —
I I I I I
< < < < <
10 © ~ 0 o
— —~ — — —
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20. V&i gia tri nao cua A thi ma tran

N 1
c6 hang bang 1 7 (DS. A = —5)

21. Vi gid tri nao ctia A thi hang r(A) = 2, néu

A0 1 .
1 -1 2
22. Vi gid tri nao ctia A thi hang r(A) = 3 néu
1 0 —1
A=l2 x=2 3|7 (DS A#£2)
1 0 4

23. Vi gid tri nao ctia A thi hang r(A) = 3 néu

7 (PS.VA€ER)

NN

I
S NN =
oS w O
o b~ >

24. V6i gid tri nao cua A thi hang: 1) r(A) = 1; 2) r(4) = 2;
3) r(A) = 3 néu:

s

Il
[ N R
N = >
o = N

2

1 1
(bS. 1) A= 3 2) N #£ 3 3) Khong ton tai)
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3.4 Ma tran nghich dio

3.4.1 Dinh nghia

Néu A 1a ma tran vuong cap n thi ma tran vuong B cip n thda man

dieu kién
AB=BA=F,

trong dé E, 1a ma tran don vi cap n dwoc goi 1a ma trdn nghich ddo
doi véi ma tran A va dwoc ky hiéu 1la B = A~L.
Nhw vay theo dinh nghia

AAT ' =ATA=E,.

Dinh ly. Ma tran vuong A c¢é ma tran nghich dao khi va chi khi ma
tran A khong suy bién (titc la khi detA # 0) va khi dd

1
e P 3.12
detA =Y (3.12)
All A21 Anl
PA _ A12 A.22 AnZ
Aln A2n Ann

trong dé A;; la phan bi dai s6 cia phan tid a;; (1,7 = 1,n) cia ma
tran A. Ma tran Py dwoc goi la ma tran phu hop cia ma tran A.
Tinh chat
17 Néu ma tran A c6 ma tran nghich ddo va m # 0 thi ma tran
mA ciung c¢6 ma tran nghich dao va
1

At =—A1
(mA)" = -
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2% Néu A va B 14 hai ma tran vuodng cling ciap va déu c6 ma tran
nghich dao thi

(AB)"'=B1'A™"

3%t Néu A c¢6 ma tran nghich ddo A~! thi A~! cling c6 ma tran

nghich dao va

(A=A,

3.4.2 Phuong phap tim ma tran nghich dao

Phwong phap I gom cdc budce sau
Bugc 1. Tinh detA
+ Néu detA = 0 thi A khong c¢é ma tran nghich do.
+ Néu detA # 0 thi chuyén sang bwdc 2.
Bwoc 2. Tim ma tran phu hop P4. Tw d6 4p dung cong thic
(3.12) ta thu dwgc ma tran A~
Phwong phép II (phwong phip Gauss-Jordan)
Dau tién ta viét ma tran don vi cling cap véi ma tran A vao bén

phai ma tran A va thu dwoc ma tran
M= [AlE,]. (3.13)

Tiép theo thuwc hién céc phép bién ddi so cap trén cic hang cua
ma tran M dé dwa khéi ma tran A vé ma tran don vi E, con khéi B,
trong (3.13) thanh ma tran B:

B, — |E.B].
Khids B= A",

CAC Vi DU
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Vi du 1. Tim ma tran nghich dio d6i véi cdc ma tran sau:

1 0 -2 1 -7
3 5 —2 —5 4 2 0 3

1) A=|1 -3 2|; 2 A= 6 7 8 9
6 7 -3 6 5 9 2

3 -2 1 0 1|

Giai. 1) Ta c6 detA = 10 # 0. Do dé ma tran A trong 1) c6
ma tran nghich ddo. Phan bt dai s6 ciia cdc phan tir clia né bang:
Ay = —=5; A1g = 15; A1z = 25; Aoy = 1; Ao = 35 Aoz = 9; Az = 4
Ay = —8: Agg — —14.

T dé theo cong thire (3.12) ta cé

T 11 27
-5 1 4 2 10 5
1 4
At=Ltlys g g3 32 4
10 2 10 )
25 9 —14 § g Z
L 2 10 5.

2) Ta tinh detA. Ly hang thit ba cong vao hang thit nhat ta ¢

2 6 5 9 2

-5 4 2 0 3
detA=|1 6 7 8 9/=0

2 6 5 9 2

3 =2 101

vi trong ma tran thu dwoc ¢6 hang thit nhat va thit tw giong nhau.
Nhw vay ma tran A trong 2) 14 ma tran suy bién, do d6 né khong cé

ma tran nghich dao.

Vi du 2. Dung céc phép bién ddi so cidp tim ma tran nghich dao déi
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vGi ma tran

1
2

M— |1 -1 =2 | 0 1 0|hy—hy —hy)—
0 0 1|fsth—h

1 92 3
_102)100_

2
0—1—4)——10
025)—01
I 2 J

1
102)—00
ha(—1)—h/, %
014)%—10 —
_ !
025)—01’132’“_)’13
2
) ) _
102)%00
—>014)§—10 .
1
00—3)—l g 1| x(=3) =
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toz2 | X o0 o 100 L4
014)% 10| ——— oo | -2 ©
_ / 7
00 1) O I T 1) S
6 3 3 6 3
T d6 suy rang
1 4 2
JERR U
O %3
6 3 3
2) Ta lap ma tran
23 4 1100
M=126 8 | 010
2612 | 001

Thue hién céc phép bién ddi so cap

hg—hi—hy 2 34| 1 00

M——— |0 34| -110
hs—hi—hy |0 3 8 | -1 01
2341 1 00

—— (034 | -1 1 0
hs—hy—hy |0 0 4 | 0 -1 1
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hi—hy—hy |2 00 ] 2 -1 0
—— (030 | -1 2 -1
004 | 0 -1 1

1 -1 00 T 0-
— 10 1 0 1 2 1
ha(3) — B 3 3 3
1 1

hs() = Hijo o1 |0 =7 S

T d6 suy rang

_1 1 O_
2
41 1 2 1
3 3 3
0 1 1
i 4 4 4

Vi du 3. Chitng minh cdc tinh chat sau day cia dinh thirc

1) detA™! = (detA)~L.

2) Néu A va B khong suy bién thi tich AB cing khong suy bién
va

(AB)™' = BtA~L.

3) (A7) = A

4) (AT = (4"

Giai. 1) Ta sé ap dung cong thirc tinh dinh thitc cia tich hai ma

tran vuong cung cap A va B:

|detAB = detA - detB|

Ta co

AA™Y = B =det(AAY) = detE = 1
=detA-detA™! =1 = (detA)™! =det(A™").
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2) Ta c6
(B'A™)(AB) = B-Y(A'A)B=B"'B=E

va tir d6 suy ra B~'A™! = (AB)"!. Twong tw B~'A"'(AB) = E va
do d6 ma tran B~'A~! 14 ma tran nghich dio ctia ma tran AB.

3) Ta thay (A_l)_1 14 ma tran duy nhit ma tich clla né nhan véi
A~! bing E. Nhung ma tran A ciing ¢6 tinh chdt d6. Nhw vay 3)
dwoc chitng minh.

4) Dé chitng minh (AT)_1 = (A_l)T ta xét dang thitc AA™' = E.

Tir d6 4p dung tinh chat clia ma tran chuyén vi ta cé
(AAY =E= A HYAT=FE=AH =Aa")!

theo dinh nghia ma tran nghich dao. A

Vi du 4. 1) Chitrng minh rdng néu A 1a ma tran vuéng thda man
disu kien A2 — 34+ E = O thi A~' = 3E — A.
2) Chitng minh rang (F — A)™' = E+ A+ A? néu A* = 0.

Gidi. 1) Tir diéu kién da cho ta c¢6
E=3A- A= A(3E - A).
Do vay
detA-det(3FE — A) =detE =1
va do d6 detA # 0, tirc 1a A ¢ ma tran nghich dao. Do

E=ABE-A) — A'E= AABE — A)
= A' =3F — A.

2) Ta c6 thé nhan ma tran E — A véi E + A+ A2 Néu ching 1a

ma tran nghich ddo nhau thi két qua 1a ma tran don vi. Ta c6

(E-A)E+A+A)=E-A+A-A*+ A2 - A =F-A=FE
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vi theo gia thiét A% = O. T d6 suy ra dieu phai chitng minh. A

Vi du 5. Tim ma tran nghich d4o d6i v4i ma tran

a f
v 6]
Gidi. Dé ton tai ma tran nghich dio ta can gia thiét rang detA =

ad — B # 0. Véi gia thiét d6 ta tim cdc phan bu dai s6: Ay = 6;
Ag = —7; Aoy = —f3; Aga = . Do d6
1 _
g I A
ad =B | =y  «

T vi du ndy ta rit ra quy tac tim ma tran nghich dao véi ma

A=

tran cap 2:
Ma tran nghich dio ctia ma tran cap hai bang tich ctia mot s
la nghich dao cia dinh thitc cia né nhan véi ma tran ma dwong
chéo chinh 13 hoédn vi ctia hai phan tit ctia dwong chéo chinh cia
né va cdc phan tir cia dwong chéo thit hai ciing chinh 1a céc

phan tit ctia dirdng chéo thit hai clla ma tran da cho nhung véi

6 5
thi
2 2]

A—l_l 2 -5
S 21-2 6|’

Vidu 6. 1) Gidstt A 1a ma tran khong suy bién. Hay giai cdc phwong

dau ngwoc lai.

Chéang han, néu A =

trinh ma tran:
AX =B, YA=B
2) Giai cdc phwong trinh trong 1) néu

7 3 1 2
., B= .
2 1] [o —1]

A=
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Gidi. Nhan bén trai hai vé clia phwong trinh AX = B véi A7 va

thwe hién céc phép tinh dai s6 twong tng ta cé

ATAX =A"'B=FEX=A"'B= X =A"'B.
Twong tw

YAAT =BA'=YE=BA'=Y =BA.

Ro6 rang 1a néu A~! v B khong giao hodn thi X # Y.

2) Véi
7 3 1 [1 =3 1 -3
A: :>A_1: —=
I SRR o S
Tir d6
(1 3] [1 2] [1
X=A"'B= s = g 7
2 71 1o =1 —92 11
(1 2 1 —3] [=3 11
Y = BA™! = 3 = 3
0 —1| |—2 7 9
BAI TAP

Tim ma tran nghich déo clia ma tran da cho (néu ching ton tai)

9 —1] 1[5 1
1. . psS. —
3 5 (BS. 73 [_3 2]>
0 1] 1[2 1
2. . ps. =
3 9 (BS. 3 3 0])
(1 -1 3 X -9 11 -5
3. |5 1 2 BS. | T —4 13))
14 -1 19 -5 6
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1 3 -5 7 1 -3 11 =38
01 2 =3 o 1 -2 7
19. (DS. )
00 1 2 0 0 1 =2
0 0 O 0 0 0 1
a0 _
0 ase ... 0
20. : _— .|y @11@12 7 Gnn # 0.
0 0 . apn
_1 —
— 0 0
a
11 ]
0 — 0
(bS. 22 )
1
0 0 Jp—
- Qpp
- - (1 -1 0 0 0]
1 1 1
0 —1 0 0
0 1 1
0 0 1 ... 0 0
21. |10 0 1 ... 1f. (DS. o S )
0 0 0 1 —1
000 1
L e 0 0 0 0 1]
(1 a a2 a® | (1 —a 0 0 0]
01 a ... a*! 0 1 —a 0 0
22. 10 0 1 ... a™?|. (bS. [0 0 1 0 )
R ) : T : 1 —a
00 0 ... 1 0 0 0 0 1

23. V6i gia tri nao cua A thi cdc ma tran sau day c¢6 ma tran nghich

dao:
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1 -2 2 A 20
) [A 3 0; 2) |2 A 1.
2 1 1 0 1 A
9
(BS. 1) A# 75 2) A #0, A= £/5)

24. Tim ma tran X thdéa man cdc phwong trinh
2 -1 1 -1 1{1 0
1 X = . bS. -
B R A
3 1 -2 1 -5 2
2) X = . (BS. )
2 1 3 -1 13 =5
2 -1

X[?, 1]:[1 —1].@8.[6 —3]>
1 0 1 2 3 0 11 -2

4) AX + B =2C, trong dé6

3)

1 11 -1 2 2 3 0
A=10o 1 1|, B=|0 3 4|, c=1|4 -3 5
0 01 -2 0 -1 1 -1 0
-5 16 =8
BS. |4 -7 5)
4 =2 1
5) XA —-2B = FE, trong d6
1 -1 3 1 3 =2
A=|-2 5 7], B=|-1 2 0
-1 1 2 3 -1 4
] —21 45 —156
(bS. IR -21 15 =211)
51 20 —79

25. Gid st A 1a ma tran cap n va (E + A)F = O véi s6 tir nhién k

nao dé. Chitng minh rang ma tran A khong suy bién.
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26. Chitng minh rang cic ma tran A+ E va A — E khong suy bién

va nghich ddo nhau néu A? = O.

27. Chitng minh rang ma tran A+ £ va A2+ E — A khong suy bién

va nghich ddo nhau néu A3 = O.

28. Chitng minh rang néu A, B, C' 1a nhitng ma tran khong suy bién
thi ABC va C~'B~tA~! 1 nghich d4o nhau.

29. Ma tran vuong A cap n duoc goi la dong dang véi ma tran vuong
cung cdp B néu ton tai ma tran khd nghich T sao cho B = T *AT.
Chitng minh céc tinh chat sau ciia ma tran dong dang:

1™ Moi ma tran déu dong dang véi chinh nd.

2% Néu A dong dang véi B thi B dong dang véi A.

3" Néu A dong dang véi B, con B dong dang véi C thi A dong
dang v&i C.

Chi dén. 1t Ap dung hé thitec E~' = E. 27 Nhéan bén phai hé
thitc B = T~YAT véi T—' va nhan bén trdi véi 7. 3t Ap dung dinh
nghia.

30. Ma tran vuong dwoc goi la ma tran truc giao néu AAT = ATA =
E, nghia la ma tran chuyén vi AT bang ma tran nghich ddo A~ cia
A. Chitng minh cdc tinh chéit sau ciia ma tran tric giao:

1T Néu A triee giao thi A~! true giao.

2% Tich cdc ma tran trirc giao cing cap 1a ma tran trie giao.

3% Néu A 1a ma tran true giao thi AT ciing 14 ma tran truc giao.

4% Dinh thitc clia ma tran trie giao 1a bang £1.

Chi dan 4. Xuét phat tir AAT = E va ép dung dinh 1y det(AB) =
det Adet B.
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4.1

Hé phwong trinh tuyén tinh trén truong s6 P dwoc goi 1a hé Cramer?

N N ~ S . ’ ~
néu s6 phwong trinh bang s6 an va dinh thitc ciia ma tran co ban (ma

Hé n phwong trinh véi n 4n cé dinh

thirc khac 0

tran hé so) cua hé la khic khong.

LG. Cramer (1704-1752) 1a nha toan hoc Thuy Si.
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Hé Cramer c6 dang

any + ajpxrs + - + aipty, = hy,

a1y + a2xs + - - - + a2 Ty = ho,

(4.1)
Ap121 + Ap2Z2 + -+ - + App®y = hn
hay dwdi dang ma tran
AX =H (4.2)
trong do
a1 a2 ... Qin X1 hi
Q21 QA2 ... QAp T2 ha
A= , X = , H=
Apl Qp2 ... Gpn Tn hy,
hoac
ail a2 A1n hq
Q21 22 Qan ha
i+ | T2t | | T =
an1 an2 Ann hn

4.1.1 Phuwong phap ma tran

Vi detA # 0 nén ton tai ma tran nghich ddo A~!. Khi do tir (4.2) ta
thu dwoc

ATTAX =AT"H=EX=X=A"'H.
Vay hé nghiém duy nhat 1a
X =A"H. (4.3)

Tuy nhién viéc tim ma tran nghich dio néi chung la rat phitc tap néu

cap cia ma tran A 16m.
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4.1.2 Phuong phap Cramer
Nghiém duy nhat ctia hé Cramer dwoc xdc dinh theo cong thitc
Cramer:

e — det(Aj)
T detA

j=Tn (4.4)

trong d6 A; 1a ma tran thu dwoc tir ma tran A bang céch thay cot

thit j bdi cot cde hé s6 twe do H, va cde cot khac gitt nguyén.

4.1.3 Phwong phap Gauss

No6i dung chtt yéu ctia phirong phap Gauss (hay thuat toan Gauss) 1a
khit lién tiép céc an ctia hé. Thuat todan Gauss dwa trén céc phép bién
doi so cdp hé phwong trinh. D6 1a cdc phép bién dai:

1" Nhan mot phwong trinh nao dé ctia hé véi mot so khac 0.

2% Thém vao mot phwong trinh nao dé cia hé mot phwong trinh
khéc nhan véi mot so6 -ty y.

3% DGi cho hai phirong trinh ctia hé.

Dinh ly. Moi phép bién déi so cap thwc hién trén hé phwong trinh
(4.1) déu dwa dén mot hé phwong trinh méi twong dwong.

Viéc thue hién cdc phép bién déi so cap trén hé phwong trinnh
(4.1) thwe chat 14 thwe hién cdc phép bién ddi so cap trén cdc hang
clla ma tran md rong cua hé.

Do dé sau mot s6 birde bién déi ta thu dwrge he (4.1) twong dwong

v&i hé tam gidc

bi1w1 + biaxo + - + bipx, = My
booy + - -+ + bopZn = ho

bnnxn = En

Tw d6 rat ra x,, 01, ..., 22, 1.
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CAC Vi DU
Vi du 1. Gidi cdc hé phwong trinh sau bang phirong phdp ma tran
1+ To+ 23 = 4,
1) r1 + 2x9 + 43 = 4, (45)
T, + 329 + 93 = 2.
3.%'1 + 2.%'2 — I3 = 1,
2) xr1+ X0 + 2.%'3 = 2, (46)
2x1 + 2x9 + dxg = 3.
Giai. 1) Ta ky hiéu

1 11 1 4
A=1{1 2 4|, X= ||, H=|4
1 39 T3 2
Khi dé phwong trinh (4.5) ¢ dang
AX =H.

Vi detA =2 # 0 nén A c¢6 ma tran nghich dao va do vay hé (4.5) c6
nghiém duy nhat:

X =A"1H.
Dé dang thay rang
3 -3 1
5 3
At=175
1 1
- 1 =
2 2
va do do
3 -3 1
X1 5 3 4
To| = _5 4 _5 4
I3 1 -1 1 2
2 2
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Thirc hién phép nhan ma tran & vé phai ta thu dwoc
1 =3-4-3.441.2=2
5} 3
— 2 444.4-2.0-3
1'2 2 + 2 9
_ ! 4—1 4+1 2=-1
.%'3—2 5 = .

2) Viét ma tran A ctia hé va tim A~

3 2 —1 1 —-12 5
A=111 2 = Al=|-1 17 -7
2 2 5 0 -2 1
T d6 suy rang
T 1 —-12 5 1 -8
x| =1=-1 17 —=7| |2| = |12
T3 0 -2 1 3 -1

tire la
r1=8, x3=12, x3=-—1. A
Vi du 2. Ap dung quy téc Cramer, giai cdc hé phwong trinh

I +21‘2 +3l‘3 = 6,

1) 233'1 — X9 +x3 = 2, (47)
3.%'1 — Xy — 2.%‘3 = 2.
r1 — 229 +3x3 — x4 =06,

2.%'1 -+ 3.%'2 — 4.%'3 -+ 4.%'4 = 7,
3x1 + 19 — 223 — 214 =9,
1 — 3x9 + Tx3+ 64 = —T.

2) (4.8)

Gidi. 1) Ap dung cong thirc (4.4)

o det(Aj)
YT T getA

7=13
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trong do6
1 2 3 6 2 3
detA=1(3 -1 1|=30+#0; detA; =2 -1 1|=30;
3 1 =2 1 =2
1 6 3 2
detAg =12 2 1= 30, detAg =12 —1 2|=30.
3 2 =2 3 1 2

T do6 suy ra

.%'1:1, .%'2:1, .%'3:1.

2) Tinh dinh thitc cta hé:

1 -2 3 -1
2 3 -4 4
detA = = 35.
3 1 -2 =2
1 -3 7 6

Vi detA # 0 nén hé c¢6 nghiém duy nhéat va nghiém dwoc tim theo
cong thirc (4.4). Ta tinh cdc dinh thikc

6 -2 3 -1
-7 3 -4 4
9 1 -2 =2
-7 =3 7 6
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1 6 3 -1
2 =7 —4 4
det(Ag) = = —35,
3 9 -2 =2
1 =7 7 6
1 -2 6 -1
2 3 =7 4
da) =g g 70
1 -3 -7 6
1 -2 3 6
2 3 -4 -7
det(A4) = = —70.
3 1 -2 9
1 -3 7 =7
Do dé
det(Al) det(Ag)
= =9 — —
o detA o detA ’
det(Ag) det(A4)
“ detA o detA

Vi du 3. Ap dung phwong phap Gauss giai cdc hé phwong trinh
1)
I — 2.%'3 = —3,
—2x1 + 29 + 623 = 11,
—x1 + b1y — 43 = —4.

21‘1—1'2+3l'3—l'4:9,
$1+$2—2$3+4$4:—1,
3$1+2$2—$3+3l‘4:0,

5.%'1 — 2.%'2 + x3 — 2.%'4 =9.
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Gidi. 1) Lap ma tran m& rong va thiee hién cdc phép bién dai:

1 0 -2 ] =3 10 -2 | -3
A=1-21 6 | 11| hy+2hy—hy,— [0 1 2 | 5
—1 5 —4 | —4] hy+h — B 05 =6 | -7

-2 | -3

— 01 2 | 5

hs —Bhy — hi |0 0 —16 | —32

T do6 suy ra

I — 2.%'3 =-3
To+2x3 = D :>.T1:1, .%'2:1, T3 = 2.
—16x3 = —32

2) Lap ma tran m& rong va thwe hién céc phép bién ddi so cap:

2 -1 3 -1 | 97hi—h 11 -2 4 | -1
L1 =2 4 | —1{hy—=h |2 -1 3 -1 ] 9
3.2 -1 3 | 0 3.2 -1 3 | 0
5 -2 1 =2 | 9 5 -2 1 =2 9
— 11 -2 4 | -1
hg—2h; —hy |0 =3 7 -9 | 11 hy — by
hs—3hy — hi |0 =1 5 =9 | 3 |hs—hh
hy—5hy — I} [0 =7 11 —22 | 14
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1 1 -2 4 | -1]
0 -1 5 -9 | 3
—
0 =3 7 =9 | 11| hs—3hy— hj
0 =7 11 =22 | 14] hy—Thy — k)
1 1 -2 4 | -1]
0 -1 5 -9 | 3
—
0 0 -8 18 | 2
0 0 —-24 41 | —7]
1 1 -2 4 | -1
0o -1 5 -9 | 3
—
0 0 -8 18 | 2
ha—3hs— R, [0 0 0 -13 | —13
Trddsuyrarang z1 =1, 20 = -2, 13 =2, 24 =1. A

BAI TAP

Gidi cac hé phwong trinh tuyén tinh sau

.%'1—.%'24-21‘;; = 11,
1. r1 4+ 2x0 —x3 =11, ;. (DS r1 =9, 29 =2, .%'3:2)
4.%'1 — 3.%'2 — 3.%‘3 = 24.

T, — 3.%'2 — 4.%‘3 =4
2. 2 +mo—3x3 =—1,p. (PS.x1=2,20=-2 253=1)
3.%'1—21‘24-1‘;; = 11.

201 + 39 —x3 =4,
3. 1+ 2.%'2 + 2.%'3 = 57 . (DS T1 = T — T3 = 1)
3.%'1 + 4.%'2 — 5.%‘3 = 2.
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x1+ 29+ 13 =38,
4. —2x1 4+ 319 — 33 = —5, ;. (DS r1=1,29=2, 23 = 3)
3r1 — 4xo + d5xs = 10.

201+ 19 — 13 = O,
5. 3.%'2 + 4.%‘3 = —6, . (DS T = 1, Tog = —2, T3 = O)
T +x3 =1.

2$1—3$2—$3+6 :O,
6. 3$1+4$2+3l‘3+5 :0, . (DS X1 :—2, To = 1, I3 = —1)
l‘1+l‘2+l‘3+2 =0.

T2+ 31‘3 +6 = 0,
7. T, — 2T9 — r3 = 5, . (DS T = 3, Ty = O, T3 = —2)
3x1 +4x9 — 22z = 13.

201 — w9 + w3+ 224 =5,
r1+ 3r9 —x3+ dry =4,

8.
511 +4xy + 33 =2,
3.%'1 - 3.%'2 — T3 — 6.%'4 = —6.
1 2 4
(DS xlzg, .%'2:—5, .%'3:1, $4:§)
r1 — 2T9 + 33 — x4 = —8,
9 2.%'1 -+ 3.%'2 — T3+ 5.%'4 = 19,
| 4y —xo+x3+24 = —1,
3.%'1 -+ 2.%'2 — T3 — 2.%‘4 = —2.
1 3 1
(DS .%'1:—5,.%'2:5,1'3:—5,1'4:3)
I — T3+ T4 :3,
10. 2.%'1 + 3.%'2 — T3 — g = 2,
5.%'1 —31‘4 = —6

1+ T2+ a3+ 24 = 2.
(DS .%'120, .%'2:1, .%'3:—1, .%'4:2)
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207 +3x2 +8xy =0,

11. $2—$3+3$4 :0,
xr3 -+ 2.%‘4 = 1,
I + x4 =24
(DS T = —19, Ty = 26, T3 = 11, Ty = —5)
3$1+$2—ZC3+1‘4 :0,
19. 21‘1 + 31‘2 — T4 = O,
1+ 51‘2 — 31‘3 = 7,
3.%'2 + 2.%'3 + x4 = 2,
(DS Ir = —1, T = 1, I3 = —1, Ty = 1)
$1—2$2+$3—4$4—$5 = 13, )
T, + 229 + 3x3 — Dx4 =15,
13. To — 21‘3 + T4+ 31‘5 = —7,
T — 71'3 + 81‘4 — X5 = —30,
3xr1 — T —bry; =4. )
(DS Ir = 1, To = —1, I3 = 2, Ty = —2, Iy = O)
$1+$2+4$3+$4—$5 :2, )
1 — 21‘2 — 21‘3 + 31‘5 = O,
14. day + 3x3 — 204 + 225 = 2,
211 —x3+3xy — 205 = —2,
3.%'1 + 2.%'2 — 5.%'4 + 3.%'5 = 3.

2 3 4
(DS..%'1:g,$22—5,$325,$420,l‘520)



4.2. Hé tiy ¥ cdc phuong trinh tuyén tinh

143

4.2 Heé tuy y cdc phwong trinh tuyén tinh

Ta xét hé tlly ¥ cdc phwong trinh tuyén tinh gom m phwong trinh véi

A~
n an
any + ajprs + -+ - + aip®, = by,
a21T1 + G922 + - - - + 2Ty, = bo,
Am1Z1 + AmaZo + « -+ + ATy = bm7

véil ma tran co ban

a1 aip ... QA1n
A=
Am1  Am2 Amn
va ma tran mad rong
air Qa2 A1n } by
A= }
Um1 Gm2 . Gmp } b,

Hién nhién rang 7(A) < r(A) vi mdi dinh thitc con ctia A déu la dinh
thitc con ctia A nhung khéng c6 dieu ngwoc lai. Ta luon luon gid thiét
rang cic phan tit clla ma tran A khong dong thoi bang 0 tat c.
Nguoi ta quy wée goi dinh thite con khéc 0 cia mot ma tran ma
cap ctia né bang hang clia ma tran dé 1a dinh thitc con co s cia né.
Gia st déi v6i ma tran da cho ta da chon mot dinh thite con co sé.
Khi dé cac hang va céc c¢ot ma giao cta ching lap thanh dinh thitc

con co s&¢ do dwoc goi la hang, cot co so.

Pinh nghia. 17 B ¢6 thit tw n s6 (a1, ag, . . ., ap) dwoc goi la nghiém
ctia hé (4.9) néu khi thay * = oy, = ag, ...,z = a, vao cdc phwong
trinh cta (4.9) thi hai vé ctia moi phwong trinh cta (4.9) trd thanh

dong nhat.
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2+ Hé (4.9) dwoc goi 1a twong thich néu c6 {t nhat mot nghiém va
goi 1& khong twong thich néu né vo nghiém.
3% Hé twong thich dwoc goi 1a hé xdc dinh néu né cé nghiém duy

nhat va goi 1a hé vé dinh néu né cé nhieu hon mot nghiém.

Pinh ly Kronecker-Capelli.? H¢ phwong trinh tuyén tinh (4.9)
twong thich khi va chi khi hang ciia ma tran co bdn bang hang cia
ma tran mé rong cia hé, tite la r(A) = r(A).

Déi v6i hé twong thich nguoi ta goi cdc an ma hé s6 clia chiing 1ap
nén dinh thitc con co s& ctia ma tran co ban 1a @n co sd, céc an con
lai dwoc goi 1a dn tu do.

Phwrong phép chii yéu dé gidi hé tong quat 1a:

1. Ap dung quy tac Kronecker-Capelli.

2. Phwrong phép khit dan céc an (phwong phap Gauss).

Quy tac Kronecker-Capelli gom céc birdc sau.

17 Khao sat tinh twong thich cia hé. Tinh hang r(A) va r(A)

a) Néu r(A) > r(A) thi hé khong twong thich.

b) Néu r(A) = r(A) = r thi hé twong thich. Tim dinh thitc con
co s& cidp r nao d6 (va do vay r an co s& twong trng xem nhw dwoc
chon) va thu dwoc hé phwong trinh twong dwong gom r phwong trinh
véim An ma (1 x n)-ma tran hé s6 clia né chira cac phan tit ctia dinh
thitc con co s& da chon. Cac phwong trinh con lai c6 thé bd qua.

27 Tim nghiém cua hé twong dwong thu dwoc

a) Néu r = n, nghia 13 s6 an co s& bing s6 an ctia hé thi hé c6
nghiém duy nhat va cé thé tim theo cong thire Cramer.

b) Néu r < n, nghia 1a 6 an co s& bé hon s6 an cta hé thi ta
chuyén n — r s6 hang c6 chita an tw do clla cdc phwong trinh sang
vé phai dé thu dwoc hé Cramer ddi véi cac an co s&. Giai hé nay ta

z oA z z ~ oA « X ’ ~
thu dwoc cdc bieu thite cia cédc an co s& bieu dien qua cdc an tw do.

2L. Kronecker (1823-1891) 14 nha todn hoc Drtc,
A. Capelli (1855-1910) 1a nha todn hoc Italia.
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D6 1a nghiém tong quét ctia hé. Cho n — r an tw do nhitng gia tri cu
theé tly ¥ ta tim dwoc cdc gid tri twong ttng clia an co s&. Tir d6 thu
dwoce nghiém riéng cua hé.

Tiép theo ta trinh bay noi dung ctia phwong phap Gauss.

Khong giam tong quat, cé thé cho rang a;; # 0. Noi dung cua
phwong phap Gauss la nhw sau.

1* Thuc hién cac phép bién ddi so cap trén cdc phwong trinh cia
hé dé thu dwoc hé twong dwong ma bit dau tir phwong trinh thit hai
moi phwong trinh déu khdng chita dn x1. Ky hiéu hé nay 1a SO,

2+ Cing khong mat tong quét, cé thé cho rang ah, # 0. Lai thuc
hién céc phép bién ddi so cdp trén cic phiong trinh ctia he S (tri
ra phwong trinh thir nhat dwgce gitt nguyén!) nhw da lam trong bude
17 ta thu dwoc hé tirong dwong ma bat dau tir phwong trinh thit ba
moi phwong trinh déu khong chita an a,,...

3% Sau mot s6 buwdce ta ¢ thé gap mot trong cac truong hop sau
day.

a) Thay ngay dwoc hé khong twong thich.

b) Thu dwoe mot hé “tam gidc”. Hé nay c¢6 nghiém duy nhét.

¢) Thu dwge mot “hé hinh thang” dang

a11r1 + a12x02 + .. +ainty, = hi,
6221'2 + e + bgnl'n = EQ,
brrxr + -+ brnxn = ETW
0 = ET’-Ha
0 = hp.
7
Néu cic s6 hpyi,...,hn khic 0 thi hé vo nghiém. Néu h.y =

- = hy = 0 thi hé ¢6 nghiem. Cho z,41 = «,..., 2, = [ th

A~ e A N 9. A~ ’
thu dwoc hé Cramer véi an 1a xq,...,x,. Gidi hé dé ta thu dwoc
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nghiém =, = T1; x9 = To,..., %, = T, va nghiém cua hé da cho la
(T1,Tay ey Tyt o, 3).

Lwu y rang viéc gidi hé phwong trinh tuyén tinh bang phwong
phap Gauss thwe chat 1a thwe hién cdc phép bién ddi so cap trén cac
hang clia ma tran md rong cta hé dira né vé dang tam gidc hay dang
hinh thang.

CAC Vi DU
Vi du 1. Giai hé phwong trinh

)

3.%'1 — X9 + X3 = 6,
T, — 5.%'2 + 3 = 12,
2.%‘1 + 4.%'2 = —6,

21‘1 + X9 + 31‘3 = 3,
5.%'1 -+ 4.%'3 =9.

Vs

Gidi. 1. Tim hang cua cédc ma tran

(3 —1 1] 3 —1 1| 6]
1 -5 1 1 =5 1 | 12
A=1{2 4 of, A=|2 4 0| -6
2 1 3 2 1 3| 3
5 0 4] 5 0 4 | 9]

Ta thu dwoc r(A) = r(A) = 3. Do d6 hé twong thich.

Ta chon dinh thitc con co s& 1a

-5 1
4 0
1 3

e
Il
N DN

\ N N ’ ~ N
vi A =36 #0var(A) =3 vacic an co so la xq, s, 3.
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2. Heé phwong trinh da cho twong dwong véi hé

T, — 5.%'2 + 3 = 12,
2.%‘1 + 4.%'2 = —6,
2014+ 10+ 33 = 3.
S6 an co s& bang s6 an ctia hé nén hé ¢é nghiém duy nhat 1a z; = 1,
To=—2,24=1 A

Vi du 2. Giai hé phwong trinh

xr1 + 2.%'2 — 3.%'3 + 4.%'4 = 7,
2.%'1 -+ 4.%'2 -+ 5.%'3 — T4 = 2,
5x1 + 10z + 7wz + 224 = 11.

Gidi. Tim hang cta cdc ma tran

1 2 -3 4 1 2 =3 4 | 7
A=12 4 5 -1/, A=|2 4 5 -1 | 2
510 7 2 510 7 2 |11

Ta thu dwoc r(A) = r(A) = 2. Do dé hé twong thich.

Ta c6 thé lay dinh thitc con co s& 1a
2 =3
4 5

vi A = 22 # 0 va cap cua dinh thirc = r(A4) = 2. Khi chon A lam
dinh thitc con, ta cé x9 v 3 13 an co so.
Hé da cho twong dwong véi hé
xr1 + 2.%'2 — 3.%'3 + 4.%'4 = 7,
2$1+4$2+5l‘3—l‘4:2
hay

2.%'2 — 3.%'3 = 7—1‘1 —41'4,

4z + dxg = 2 — 221 + 24.
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2. Ta cé thé giai hé theo quy tic Cramer. Dat 21 = o, 24 = 3 ta

co

209 —3x3 =7 — a — 43,
dxy 4+ brz = 2 — 200 + .

Theo cong thirc Cramer ta tim dwoc

7T—a—43 -3
2-2a+p 5 41 — 1la — 175
T2 22 - 22 ’
2 T—a—4p
4 2-20+p3| —24+4183
3= 22 -

Do dé tap hop céc nghiém cta hé ¢é dang

Al —1la—173 95 —12
{O" 29 ST ’B}VQ’BER} A

Vi du 3. Bing phwong phdp Gauss hay gidi hé phwong trinh

dry 4+ 2x9 + 3 =71,

X1 — To + I3 = —2,
2x7 + 3x9 — 3x3 =11,
4.%'1 + X9 — I3 =1.

Gidi. Trong hé da cho ta c¢6 aj;; = 4 # 0 nén dé cho tién ta déi cho

hai phwong trinh dau va thu dwoc hé tirong dirong

T1 — Ty + T3 = -2,
dory 4+ 2x9 + 3 =T,
2x7 + 39 — 3x3 =11,

dzy 4+ a9 — 23 =T.
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Tiép theo ta bién doi ma tran md rong

1 -1 1 | =2
T_l4 2 | 7 | ha—4hy — K
2 3 =3 | 11| hs—2h — R
41 =1 | 7]hi—4h — R
1 -1 1 | =2
0 6 -3 ] 15
o o5 -5 | 15 -
0 5 =5 | 15] hy—hsz— h)
1 -1 1 | -2
|06 =3 | 15| haxb—hy
0 5 —5 | 15| h3x6—hj
0 0 0 | ©
1 -1 1 | -2 hs—hy —hy [1 —1 1
0030 <15 | T 0 30 —15
0 30 =30 | 90 0 0 —15
00 0 | o0 0 0 0

Twr d6 thu dwoc hé twong dwong

X1 — Tog +2x3 = -2
30z — 1523 =175
—15x3 =15
va do d6 thu dwoc nghiem z1 =1, 9 = 2, x5 = —1.

Vi du 4. Giai hé phwong trinh

1+ 2o+ 23+ 24+ 25 :—1\
207 + 229 +3x4+ax5 =1
203+ 214 — x5 =1

—2x3 +4xy — 3x5 =

6x3 +3x4 — x5 = —1.
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Gidi. 1) Bang cdc phép bién ddi so cidp (chi thwe hién trén céc
hang!) ma tran m& rong A dwgce dwra vé ma tran bac thang

1
—2
0

1| 1]
1

|
2 |
|
|

NN
e e e =
o o o o ~
O O W o= =

O O = W

2) Ma tran nay twong ng véi hé phwong trinh

T+ Tt astrat+as =—1,
—21‘3 + x4 — x5 = 3,
3.%'4—21‘5 =4,

~ N x A ~ N 3 N N
hé nay twong dwong véi hé da cho va ¢b xy, w3, 24 1a an co s&, con
N
Z9, x5 la an tw do.

3) Chuyén cdc s6 hang chita an tw do sang vé phai ta c6

r1+ T3+ 24 :—1—1'2—1'5,
—21‘3 +x4 = 3+ X5,
3ra =4+ 2.

4) Gii hé nay (tir dwéi 1én) ta thu dwoc nghiém téng quat

= —3—31‘2—1‘5
1 — 9 )

—5 — x5 4+ 2x5
T3 = —F7T—, IT4—= 3 .

6

Vi du 5. Giai hé phwong trinh

T1 4 3x2 + dbrs + Try + 925 =1,
r1 — 2x9 + 3x3 — 4xy + drs =2,
233'1 + 1133'2 + 1233'3 + 2533'4 + 2233'5 =4
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. . N , , . e ~ ’ \
Gidi. Ta thire hién cic phép bién ddi so cap trén cdc hang clia ma

tran m& rong:

1 3 5 7 9 |1
A=11 -2 3 —4 5 | 2| hy—hy —hy) —

2 11 12 25 22 | 4] hy—2h — b
1 3 5 7 9 | 1]

— [0 =5 —2 —11 —4 | 1 —
0 5 2 11 4 | 2] hg+hy— kY
1 3 5 7 9 | 1]

— |0 =5 -2 —11 —4 | 1
00 0 0 0 | 3]

Tir d6 suy rang r(A) = 3; r(A) = 2 va do vay r(A4) > r(A) va hé
da cho khong twong thich. A.

Vi du 6. Giai va bién luan hé phwong trinh theo tham sé A:

AT+ 29+ 23 =1,
1+ Arg+x3 =1,
21+ xo + Ars = 1.

Gidi. Ta c6
1

A= 1| = detA=(\+2)(A—1)*= D,

e D
D i

tiép theo dé dang thu dwoc
Dy = Dyy = Dyy = (A= 1)%

1" Néu D #0, titc lanéu (A +2)(A—=1)2#A0 & A # —2va X #1
thi hé da cho ¢é nghiém duy nhéat va theo cdc cong thire Cramer ta cé

1
.%'1:.%'2:.%'3:)\—_’_2'
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2t Néeu A= —2thi D =0 va ta ¢o

(-2 1 1
A={1 -2 1 :>’I“(A):2<_12 _127é0),
1 1 -2
2 1 1 |1
A=|1 —2 1 |1
11 -2 |1

Bing cach thuce hién cdc phép bién déi so cdp trén cdc ma tran A ta
thu dwoc r(A) = 3.

Do d6 v6i A = —2 thi r(A) > r(A) va hé vo nghiém.

3+ Néu A =1 thi detA = 0 va dé thdy ring r(A) =r(4) =1 < 3
(s6 an ctia hé 1a 3). Tir d6 suy ra hé c¢6 vo s6 nghiém phu thudc hai

tham s0: 21+ 22 +23=1. A

Vi du 7. Giai va bién luan hé phwong trinh theo tham sé

ATy 4+ 290 +2x3 =1,
1+ )\1'2 +x3 = )\,
1+ To+ Ar3s = 2.

Gidi. Dinh thitc clia hé bing

)
Il
e D
D e

1
1l =O\=172%\+2).
A

Néu D # 0 < A\ # 1, Ay # —2 thi hé ¢6 nghiém duy nhat. Ta tinh
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Dyyy Dyyy Doy
1 11
Dy =X X 1l==(\=172*A+1),
A1
A1 1
D=1 X 1|=(QA-1)3
1 A2 A
Al 1
Deyy=11 X A =A-1)>*A+1)7
1 1 A
T d6 theo cong thirc Cramer ta thu dwoc
o AL 1
T2 TP a2 T a2
Ta con xét gia tri A =1 va A = —2.

Khi A =1 hé da cho trd thanh

1+ X9+ T3 :1,
1+ X9+ T3 :1,
xr1+ T+ 23 = 1.

Hé nay c6 vo s6 nghiém phu thudc hai tham s6. Neéu dit z, = a,
T3 = ﬁ thi

1 =1—a—p3,

a, €R,

va nhwr vay tap hop nghiém cé thé viét dwdi dang (1 — a —
Bi; 3,V a, B €R).
Khi A = —2 thi hé da cho trd thanh
—2T1 + 20+ 2 = 2,
1 — 229 +23 = —2,

.%'1+.%'2—21'3 =4,
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Bang cach cong ba phwong trinh lai véi nhau ta thay ngay hé da cho
vO nghiém.
Vi du 8. Xét hé phwong trinh

1+ 229 + A1z =3,
3r] — 19 — Arg = 2,
201 + 29+ 323 = L.
Véi gid tri nao cla cdc tham so6 A va p thi
1) hé ¢6 nghiém duy nhat ?
2) hé vo nghiém 7
3) hé ¢6 vo s6 nghiém ?

. . o N 7 A
Gidi. Ta viét cdc ma tran

12 A 1 2 X |3
A=13 -1 =X|; A=1|3 -1 =x | 2
2 1 3 2 1 3 | p
Ta co
1 2 A
D=detA=1|3 —1 —\ =2\-2L
2 1 3
Tir d6

1™ Hé da cho ¢6 nghiém duy nhat khi va chi khi
21 <,
detA;éO<:>)\7é7, wtuy y.
2% Dé hé vo nghiém dau tién né phai thda man
21

21
Khi A = 5 thi detA = 0 va do vay

r(A) < 3.
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1
Vi dinh thitc |

2
1' = —T7 % 0 nén:

21
rA)=2 khi A=

Theo dinh 1y Kronecker-Capelli hé da cho vo nghiém khi va chi khi

r(A) >r(A) = 2.

Ta tim diéu kién dé hé thitc nay thoa man. Cu thé 1a tim r(A) khi

)\:22—1.Tacé
2 % ) 3l hix2— 1
A= 3 —1 _?1 ’ 2 h2><2—>h/2—>

2 1 3 | p
2 4 21 | 6

— |6 —2 =21 | 4| hy—3hy — ) —
2 1 3 | p| hs—hi— R
2 4 21 | 6

— 0 -1 =84 | | hex () o —
0 -3 —18 | u—6

2 4 21 | 6 2 421 | 6
— 0 1 6 | 1 — (01 6 |
0 —3 —18 | p—6] hs+3hs — K} 00 0 | p—3

Tir két qua bién ddi ta thu dwoc

- 2 néu p =3,
r(A) =
3 néu p # 3,
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Vi r(A) = 2 nén hé da cho vo nghiém néu
21
A=— va u#3.
2
3t Hé da cho ¢ vo s6 nghiém khi va chi khi
r(A)=r(4)=r<3

tire 1a khi hang ctia A va A bing nhau nhung bé hon s8 4n cia hé 1a

3. T lap luan trén suy rang hé cé vo s6 nghiém néu

21
r(A)=r(4)=2< 27
3

A
ILL et
Khi d6 hé da cho twong dirong véi he

207 +4xy =6 —2la, | a = x3,
6x1 — 222 =4+ 2la.

3
va nghiém cta noé 1a <1 + 7% 1 — 6a, a}Va € R). A

BAI TAP

Gidi cdc hé phwong trinh tuyén tinh

1 6x1 + 320 +4x3 = 3;
| 3.%'1 — X9 + 2.%'3 = 5.
7 18 — 15z
DS. ay=——, 03= — 1 y
9 X1 — Tg + X3 = —1,
| 201 + x93 —x3 =D.
442 7 —
(DS Ty = +3 s , L2 = 3x3 , I3 tl\ly y)
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$1+$2+2$3+$4 = 1,
.%'1—21‘2 — X4 = 2.

1
(bS. x3 = 5(—23:1 +xo— 1), x4 =21 — 229 + 2,
T1,T2 tl\ly y)

1+ dxo +4ws + 3w =1,
4. 207 — 2o+ 2x3 — x4 =0,
514+ 329 +8x3 +x4 = 1.
(DS. # = —%333—1-12—1:1:4—%1—11, Ty = —16—1:1:3— %x4+12—1,
T3, T4 Y )
3wy + 5xo + 203 +4xy =3,
5. 2x1+ 3w+ 4x3+dry =1,
5r1 + 929 — 223 + 224 =09.
(DS. H¢ v6 nghiém)

T1+ 229 + 33 = 14, )

31 + 229 + 23 = 10,
6. r1+x2+x3 =6,

207 + 319 — 3 =5,

X1+ X2 = 3.

7
(DS Ir = 1, To = 2, I3 = 3)
T14+3r2 — 223+ x4 +25 =1,
7. 1143wy — 23+ 314+ 225 =3,
.%'1+3.T2—3l‘3—l‘4 = 2.
(DS. Hé v6 nghiém)

5r1 + 19 — 3x3 = —6,
8 207 — dx9 + Txg =9,

4y + 209 — 43 = —7,

S5r1 — 2x9 + 223 = 1.

1 3
(DS.xlz—g,xgzé,x =

w

|

DO |
~—
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T+ T2+ a3+ 78 =1,
1+ a9 — 203 —x4 =0,
1+ 22 —4ws + 304 =2,
T+ X9 + Tx3 + dxry = 3.
2 — 3wy — 214 1 =2y

(DS Ir = 3 , L3 3

, T, Ty tUY ¥)

1+ 2x9 + 33+ 414 =5,
To+2x3+3xy =1,

1  +3x3+ 4xs =2,
T, + X9+ dx3 + 614 = 1.

15 3 13
(Ds.xlzz,xgzi,l'g:—z

10.

1+ 229 + 33+ 4xy = 30,
—x1 + 229 — 3x3 + 424 = 10,
To— X3+ T4 =3,
1+ To+ T3+ T4 = 10.
(BS. x1 =1, 29 =2, 23 =3, 24 = 4)

11.

511 + x9 — 33 = —0,
207 — bxro + Txrs =9,
4y 4 229 — 4z = =T,
Sr1 — 229 + 223 = 1.

1

1 3
(DS .%'1:—5,.%'2:6,1'3:5)

12.

X1 — Tog+ 23— T4 =4,
T+ To + 223 + 314 =8,
2.%'1 -+ 4.%'2 -+ 5.%'3 -+ 101‘4 = 20,

201 —4dxy + 13 — 64 = 4.

13.

(DS Ir = 6 — 51‘3 — Ty, Tg = 2 — 51‘3 — 2.%'4, I3 va Ty tl\ly y)
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r1— 2x9 + 3x3 — 4wy =2,

14 31‘1 + 31‘2 — 51‘3 + 24 = —3,
' —21‘1 + X9 + 2.%'3 — 3.%'4 = 5,
3.%'1 + 3.%'3 — 101‘4 = &.

(DS. Hé v6 nghiém)
$1+2$2+3$3—2$4 =1

15 2.%'1 — T — 2.%'3 — 3.%'4 = 2,
' 3.%'1 + 2.%'2 — T3+ 2.%'4 = —5,
201 — 3x9 + 203 + x4 = 11.
2 43 13 7
(DS 21 =3, 02 = —qg, 0= 5, ¥4 = —75)
$1+2$2—3$3+5$4 = 1,
16. r1 4+ 3xe — 1323 + 2224 = —1,

3.%'1 + 5.%'2 + x3 — 2.%'4 = 5,
201 + 3x9 + 43 — T2y = 4.

(DS Ir = —171'3 -+ 291'4 -+ 5, To = 101‘3 — 171'4 — 2, T3, T4 tl\ly y)

.%'1—5.%'2—81‘3+l‘4 :3,
17, 3x1 + 29 —3x3 — O =1,
X1 — 7.%'3 + 2.%'4 = —5,

111‘2 -+ 201‘3 — 9.%'4 = 2.
(DS. Hé v6 nghiém)

XTo — 3.%'3 + 4.%'4 = —5,
18. X1 — 2.%'3 + 3.%'4 = —4,
3.%'1 + 2.%'2 — 5.%‘4 = 12,

4.%'1 + 3.%'2 — 5.%'3 = 5.

(DS Ir = 1, T = 2, I3 = 1, Ty = —1)
Khéo sat tinh twong thich ctiia cdc hé phwong trinh sau day

T1+ Xog+ T3 — Ty :0,
19. X1 — X9 — T3z + T4 = 1,
1+ 3xy + 3x3 — 34 = 0.
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(DS. Hé khong twong thich)

r1+ X9+ T3+ 24 :1,
20 zi+aa+223+74 =0,
T1+To—x3+1x4 =3

(DS. Hé twong thich)

1 — 2w +x3+14 =1,
21. r1— 209+ a3 — 214 = —1,
T — 229 + T3+ Dy = 5.
(DS. Hé twong thich)

r1+ To+ T3+ 24 + 25 =7,
3x1+ 220 + 23 + 04 — 3T5 = —2,
To + 2x3 + 224 + 65 = 23,
5x1 + 4xo 4+ 3x3 +3x4 — x5 = 12

(DS. Hé twong thich)

22.

201 + Ty — T3+ T4 =1,
23. 3x7 — 229 + 223 — 314 = 2,

91 + 9 —x3 + 224 = —1,

201 — X9+ 23 — 34 = 4.

(DS. Hé khong twong thich)

3r1 + Ty — 223 + T4 — T5 =1,

o4, 2r1 — 19 + Txg — 34 + Dy = 2,
T1 4 3x2 — 223+ Sxy — 75 =3,

3x1 — 2x0 + Tx3 — dxy +8x5 = 3.

(DS. Hé khong twong thich)
911 + Tx9 + 4a3 + dxy — 825 + 326 = 1,
25. 2x1 4+ 3x9+ 3x3 — 624 + Txs — 926 = 2,
Tx1 4 929 + 3x3 + Tx4 — 55 — 8x = H.
(DS. Hé twong thich)
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Khéo sit tinh twong thich va gidi cdc hé phwong trinh (néu hé
twong thich)
207 —xo+ 33 =3,
3x1 + 29 —bxrs =0,
41 —xo+x4 =3,
T, + 3y — 1323 = —6.
(DS. 21 =1, 20=2, 23 =1)

26.

201 — To + X3 — T4 =1,
o7 2.%'1 — X9 — 3.%'4 = 2,
31‘1 — T3+ X4 = —3,
2.%'1 -+ 2.%'2 — 2.%'3 -+ 5.%'4 = —6.
) 4
(DS .%'120, .%'2:2, $3:§,$4:—§)
201+ x2 + x3 =2,
28. T, + 3x9 + 23 =9,
£L'1+l'2+5l'3 = —7,
2.%'1 + 3.%'2 — 5.%‘3 = 14.
(DS Ir = 1, T = 2, I3 = —2)
2.%'1 -+ 3.%'2 -+ 4.%'3 -+ 3.%'4 = O,
29. 4x1 4 629 + 923 + 84 = —3,
6x1 + 929 + 923 + 424 = 8.
7 3
(DS xr1 = 5—%,1‘3:—1, .%'4:—1, ) tflyy)
3x1+ 329 — 63 — 214 = —1,\
61 +x0 — 214 = -2,
30. 617 — Txo + 21z3 +4204 =3,
9.%'1 + 4.%'2 + 2.%'4 = 3,
1233'1 — 633'2 -+ 2133'3 -+ 233'4 =1.
11 16
(DS xr1 = g,$2:—4, .%'3:—?,1'4: g)
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$1+$2+2$3+3$4 :1,

31 3.%'1 — T9 — T3 — 2.%‘4 = —4,
' 2.%'1 -+ 3.%'2 — X3 —Tg4 = —6,
T, + 229 + 33 — x4 = —4.

(DS .%'1:.%'2:—1, .%'320, Ty = 1)

r1 + 229 + 3x3 — 224 = 6,

39 2.%'1 — T9 — 2.%'3 — 3.%'4 = 8,
' 3.%'1 + 2.%'2 — T3+ 2.%‘4 = 4,
2.%'1 — 3.%'2 -+ 2.%'3 +x4 = —8.

(DS Ir = 1, T = 2, I3 = —1, Ty = —2)

To — 3.%'3 + 4.%'4 = —5,
33, r1 —2x3+3xry = —4,
3.%'1 + 2.%'2 — 5.%‘4 = 12,

4z + 39 — a3 =h.

(DS T = 1, 33'2:2, T3 = 1, .%'4:—1)

T1+ X2 — T3+ X4 =4,
34. 201 —x9 + 3x3 — 224 =1,
1 — T3+ 214 =6,
3r1 —x9+x3—x4 =0.

(DS.$1:1,$2:2,$3:3,$4:4)

)

T+ Ty + 23+ X4 =0,

To+ax3+as+z5 =0,

35. Ty + 229 + 324 =2,
To + 223 + 324 = -2,

T3+ 2x4 + 315 = 2.

(DS Ir = 1, 33'2:—1, I3 = 1, 33'4:—1, Iy = 1)
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3.%'1 — T9 + X3 -+ 2.%'5 = 18,

207 — 91y +ax4+x5 = —T,

36. T — x4 + 225 =3,
209 + 23+ x4 — x5 = 10,

T+ T2 — 3T3 + X4 = 1.

(DS..%'1:5,.%'2:4,1'3:3,1'4:1,1'5:2)

Vs
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Gidi va bién luan hé phwong trinh tuyén tinh theo tham s6
r1 4 2x9 + 33 = —1,
37. 2.%‘1 + 2.%'2 + 2.%'3 = 3,
5.%'1 + 6.%'2 -+ 7.%'3 =\
(DS. a) Néu A = 4 nghiém téng quat 1a x; =5 + 23,
=7 —4x3 .
9 x3 tuy y;
b) Néu A # 4 hé khong twong thich)

To =

2r1 — a9+ Arg =0,
38. T, — 2x9 — 203 = —3,
T+ 29+ 3x3 = —1.
(DS. a) Néu A # 1, hé c¢6 nghiém duy nhat

—5)\ — 11 2322 4

TTBO-D T TPTE - BT a1

b) Néu A = 1 hé khong twong thich)

Ar1+ 29+ 23 =1,
39. 1+ Aot 23 =1,
T1+ 2o+ Axg = 1.

1(T-_)S. a) Néu A # —2, 1 hé ¢6 nghiém duy nhat z; = 19 = 23 =

A+2
b) Néu A = —2 hé khong twong thich;

c) Néu A = 1 hé ¢6 vo s6 nghiém phu thuoc hai tham s6 va z; +
Ty +1x3=1)
1+ o+ 223 = -3,
40. 3z + 229+ 423 =a,
521 + 3xy + 623 = a®.
(DS. a) Néu a = —1 ho#c a = 3 hé twong thich va z; = 5,
To = —8 — 2x3, x3 tuy v;
b) Néu a # —1, a # 3 thi hé¢ khong twong thich)
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1+ Nz +x24+235 =1,
41. m+ 1+ Nz +x3 = A,
r1+xe+ (1+ Ny = 2.
(DS. a) Néu A(A + 3) # 0 hé ¢6 nghiém duy nhat
2— )\ 22 —1 SN2 N1

TN P A3 BT T A +3)

b) Néu A = 0 hodc A = —3 hé khong twong thich)

r1+xo+ a3+ Ay =1,
1+ 2o+ Az + 14 = —1,
1+ Aro + 23+ 24 =0,
AC1+ 2o +x3+24 =0.
(DS. a) Khi A # —3 va A # 1 hé ¢6 nghiém duy nhat;

1 1
r1=0, w2=0, 13=-—+—— Ty = ——-

A—1" A—1

42,

b) Khi A = —3 nghiém tong quat 1a

1
== ;. Tog= -4 T3 = — + x4 23 tUy V;
T 4-1-334, 2 4+ 4, 3 2+ 4; T3 tuy y;

¢) Khi A = 1 hé khong twong thich)

4.3 Hé phwong trinh tuyén tinh thuan
nhat

Hé phwong trinh tuyén tinh dwoc goi 1a hé thuan nhat néu s6 hang tw
do ctia mo6i phwong trinh déu bang 0.

Hé thuan nhat c¢é dang

a1171 + ajors + -+ + apr, =0,
(4.10)

Am1T1 + QpmaXe + -+ + ATy = 0.
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Hé phwong trinh thuan nhat luén luén twong thich vi né cé it nhat
14 nghiém-khong. Nghiém nay dwoc goi 1a nghiém tam thudong.
Pinh ly. 17 Hé (4.10) ¢d nghiém khong tam thwong khi va chi khi
hang ciia ma tran cia hé bé hon s6 an cia hé do.

2t Hé thuan nhdt n phwong trinh véi n an cé nghiém khong tam
thwong khi va chi khi dinh thitc D cia hé bang 0.

Gidstt 71 = ay, 19 = o, . .., T, = @, la nghiém khong tam thwong
nao dé cta hé (4.10). Nghiém nay c6 thé xem nhw mot hang gom n
phan ti

er = (o, e, .. ).

Khi d6 theo dinh nghia, hang Ae; = (Ao, ..., A\ay,) cing la nghiém
cia (4.10). Giad sit hang

€o = (517527 R 7571)

1a mot nghiém khac ctia (4.10). Khi d6 hang t6 hop tuyén tinh

de
e+ pes = (Aron 4 pbr, Mg + pfs, -, Ao + pf)

cling 14 nghiém ctia (4.10). Tt dé: moi t6 hop tuyén tinh cdc nghiém
cia hé thuan nhat (4.10) cting 1a nghiém cia né.

Pinh nghia 1. 17 Céac hang ey, eq, . . ., €, dwoc goi 1a phu thudc tuyén
tinh néu cé thé tim dwoc céc s6 V1,72, - - ., Ym khong dong thoi bang 0

sao cho
ey +y2es + -+ + Ymem = 0. (4.11)

2% Néu céc s6 7;, i = 1, m nhw vay khong ton tai (titc 1a dang
thite (4.11) chi théa man khi v3 = 75 = -+ = 7, = 0) thi nguwoi ta

néi rang ey, g, . . ., ey doc lap tuyén tinh.

Pinh nghia 2. Hé doc 1ap tuyén tinh cdc nghiém

€1,€2,...,Eny
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ctia h¢ phirong trinh (4.10) dwoc goi 1a hé nghiém co bin clia né néu
moi nghiém cia hé (4.10) déu 1 t6 hop tuyén tinh ctia cdc nghiém
€1,€2,...,€Em.

Pinh 1y (vé su ton tai hé nghiém co ban). Néu hang cia ma tran
ctia hé (4.10) bé hon s6 an thi hé (4.10) c6 hé nghiém co bdn.



168 Chwong 4. Hé phirong trinh tuyén tinh

Phwong phiap tim hé nghiém co ban

~ N ~ , A A . 7/ \ S
1) Dau tién can tdch ra he an co s (giasit d6 la 2y, ..., z,) va thu
dwoc hé
111 + 0+ ATy = = Q11 Trgpl — 00— Aiplp,
(4.12)
a1 + .+ ApyLy = —Qpp41Lp41 — * 0 — Appdp.

2) Gia sit hé (4.12) c¢6 nghiém la

T = (Oé(li), a(;), . ,aﬁi); Tyily - ,xn)); 1=1,r.
Cho céc an tu do céc gia tri
Tpy1 = 1, Tpy0=0,...,2, =0
ta thu dwoc
e; = (a(ll),a(;), .. ,aﬁl); 1,0,... ,0)

Twong tw, véi 1 =0, 2040 =1, 2,03 =0,...,2, =0 tacéd

es = (o, a?;0,1,0,...,0),...

va sau cung voi x,41 =0,..., 2,1 = 0,2, = 1 ta thu duoc
ep = (a(lk),...,aﬁ,k),o,...J), k=n—r.
Hé cdc nghiém eq, es, . .., e, vira thu dwoc 1a hé nghiém co ban.
CAC Vi DU

Vi du 1. Tim nghiém tong quat va hé nghiém co ban ctia hé phwong
trinh

201+ 29 — 23+ 14 =0,
4$1+21‘2+l‘3—3l‘4 =0.
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Gidi. 1) Vi s6 phirong trinh bé hon s6 an nén tap hop nghiém cta
hé 1a vo han.
Hién nhién hang clia ma tran ctia hé bang 2 vi trong céc dinh thirc

con cap 2 c¢6 dinh thitc con

Do vay he da cho twong dirong véi he

2.%'1 — T3 = —T1 — T4,

4r1 + x3 = —2x9 + 314.

T do6 suy ra

-3 2 )
T = %, Ir3 = §$4. (413)

Do d6 tap hop nghiém cia hé c6 dang

-3 2 )
{M;a;—B;B}Va,ﬁER} (*)
6 3
2) Néu trong (4.13) ta cho cdc an tw do bdi cdc gid tri lan lwot

bang cac phan tir clia céc cot dinh thite

10

o 1| #FO

thi thu dwoc cdc nghiém

1 1 5
e = <—§;1;0;0) va ey = <§;O;§;1).

D6 14 hé nghiém co ban ctia hé phirong trinh da cho va nghiém téng
quét ctia hé da cho cé thé biéu dién dwdi dang

1 1 5
—;1;0;0)—1—,u< O;—;l)

)\614‘#62 A 5 3, 3
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trong d6 A va p 1a céc hang s6 tuy v:
—3\+2 5
X = <ﬂs>\; —; | YA, ER)-
6 3
Khi cho A va u cde gid tri s6 khéc nhau ta sé thu dwoc cdc nghiém

rieng khac nhau. A
Vi du 2. Giai hé

1+ 2w9 — 23 =0,
—31‘1 — 6.%'2 + 3.%'3 = O,
7.%'1 + 141'2 — 7.%'3 =0.

Gidi. Heé da cho twong dwong véi phwong trinh
.%'1+2.%'2—l‘3:0.
Tt dé suy ra nghiém cia hé la:

T, = —2T9 + X3,
T2 = T2,

T3 =x3; Ty va x3 tly ¥,
hay dwdi dang khac
e = (—2x9 + x3; x9; 73).
Choxy=1,23=0taco
er = (—2;1;0),
lai cho x5 = 0, z3 = 1 ta thu dwoc
es = (1,0,1).

Hai hang e; va ey 1a doc 1ap tuyén tinh va moi nghiém ctia hé déu c6
dang

X = Xer + pex = (=2 + 13 As )



4.3. Hé phuong trinh tuyén tinh thuan nhat

171

trong d6 A va p 14 céc O tuy y. A

Vi du 3. Tim nghiém tong quat va hé nghiém co ban ctia hé phirong
trinh

r1+ 3x9 + 3x3 + 224 + 425 =0,

T1+ 4xo + drs + x4 + Tx5 =0,

2x1 + 529 + 4x3 + 24+ dxs =0,

T1 4+ dxro + Txs + 624 + 1025 = 0.

Gidi. Bang cac phép bién ddi so cap, dé dang thay rang hé da cho
c6 thé dwra ve hé bac thang sau day
1+ 3x2 + 3x3 + 224 + 45 =0,

$2+2$3+l‘4+3l‘5 :0,
T4 =0.

~ S S ~) S N S ~
Ta sé chon x1, xo va x4 lam an co s&; con x3 va x5 lam an tw do. Ta

co6 he
r1+ 3x9 + 224 = —3x3 — 45,
To+ Ty = —21‘3 — 3.%'5,
Ty = 0.

Giai hé nay ta thu dwoc nghiém tong quét 13

r1 = 3x3 + 525,

To = —21‘3 — 3.%'5,

Ty = 0.
Cho céc an tir do lan lwot céc gia tri bang x3 = 1, 25 = 0 (khi d6
x1=3,x9=2,23=1, 24 =0, x5 =0) vacho z3 =0, x5 = 1 (khi d6
x1=5,29=3,23=0, x4 =0, x5 = 1) ta thu dwogc hé nghiém co ban

e1 = (3;-2;1;0;0),

es = (5;—3;0;0; 1).
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Tir d6 nghiém tong quat cé thé viét dwdi dang

X = A(3;=2;1;0;0) + p(5; —3;0;0; 1)
= (BN +5p; —2X = 3u; A0, u); VA pueR.
Bang céch cho A va u nhitng gid tri s6 khdc nhau ta thu dwoc céc

nghiém riéng khéc nhau. Dong thoi, moi nghiém riéng cé thé thu

dwoc tir d6 bang cach chon cdc hé s6 A va u thich hop. A
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BAI TAP
Giai cdc hé phwong trinh thuan nhat

1+ 222 + 33 =0,
1. 22143z 4423 =0,
3x1+ 4xs +5x3 =0.
(bS. 21 = a, 29 = —2a, 3 = a, Va € R)
1+ +23 =0,
2. 3ry — 219 —w3 =0,p. (DS .21 =12y=23=0)
201 +3x9 +x3 = 0.

3 3ry —4ay + 23 —14 =0,
" 6wy — 8ro+ 2254324 =0.
4o — N
0=, =0, T3 =P, T4 = U] &, uy y
(bS I} 0 BeERY )
4 3$1+2$2—81‘3+61‘4 :O,
| .%'1—.%'2+4l‘3—3l‘4 =0.
— 4
(DS.xlz(),xgza,:cgzﬁ,m:%ﬁ;a,BERtﬁyy)

1 — 229+ 33— 24 =0,
5. .%'1+.%'2—l‘3+21‘4 :O,
4r1 — 50+ 8xr3 + x4 = 0.

(bS. 2= -, 3= 0,0 = g0, x4y =0; a € R tuy ¥)

3$1—$2+2$3+l‘4 :O,

6. X1+ Ty — T3 — T4 =0,
51‘1+l‘2—l‘3 =0.
« 5%}
(DS $12—1,$2:I+ﬁ,x3:a7x4:ﬁ; Oé,ﬁERtl\lyy)

207 + 12 +1x3 =0,
31+ 229 — 33 =0,
r1 4 3xe — 4z =0,
S5r1 + 19 — 223 = 0.
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9
(DS.xlzg,m:?a,xgza;aeRtﬁyy)
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Tim nghiém tong quét v hé nghiém co ban cta cdc hé phwong
trinh
9x1 + 21z9 — 1523 + by =0,
1221 + 2829 — 2023 + 724 = 0.

9 , 7 5
(DS. Nghiém tong quat: x; = —gl'g + gl‘g, x4 = 0.

Hé nghiém co ban e; = (—7,3,0,0), e2 = (5,0, 3,0))
142 + 3529 — T3 — 6324 =0,
9. —10x1 — 2529 4+ by + 4524 =0,
2611 + 6519 — 1323 — 11724 = 0.
(DS. Nghiém téng quat: x3 = 2z; + 5ry — 9z3.
Hé nghiém co ban: e; = (1,0,2,0); ea = (0,1,5,0); e3 =
(0,0,-9,1))
T+ 4xy + 223 — x5 =0,
10. 22y + 929+ 523 + 224 + 25 =0,
T+ 3T+ x3 — 224 — 925 = 0.
(DS. Nghiém téng quat: x; = 223 + 814, 19 = —T9 — 274; x5 = 0.
Hé nghiém co ban: e; = (2,—1,1,0,0); e2 = (8,—2,0,1,0)
T + 229 + 43 — 324 =0,
3r1 + bxy + 6x3 —4xy =0,
4x1 4+ dbxre — 223+ 314 =0,
3r1 + 8ty + 24x3 — 1924 = 0.

11.

(DS. Nghiém téng quat: x1 = 83 — Txy, 19 = —6x3 + S14.
Hé nghiém co ban: e; = (8,—6,1,0), ea = (—7,5,0,1))

T1 4 2x9 — 223+ x4 =0,

207 +4x9 + 203 — x4 =0,

r1+ 2x9 + 4x3 — 224 =0,

4r1 +8xy — 223+ 24 = 0.

12.

(DS. Nghiém téng quit z; = —2z9, 74 = 273.
Hé nghiém co ban: e; = (—2,1,0,0), e = (0,0, 1,2))
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T + 229 + 3x3 + 44 + D25 :O,\
2wy + 3x9 +4x3 + dbxy + x5 =0,
13. 311 +4x9 + dx3 + 24 + 225 =0,
r1+ 3x9 + dbxs + 1224 + 925 =0,
4z + dxy + 623 — 314 + 35 = 0. )
(DS. Nghiém tong quat 1 = x3+ 15x5, 19 = —2x3— 1275, 14 = 5.
Hé nghiém co ban: e; = (1,—2,1,0,0), e2 = (15, —12,0,1,1))
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5.1 Dinh nghia khong gian n-chiéu va

mot so khai niém co ban vé vecto

1°. Gid st n € N. Tap hop moi bo c¢6 thé c6 (z1,2s,...,7,) gom n

s0 thwe (phite) dwoc goi 1a khong gian thwe (phitc) n-chiéu va dwoc
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ky hiéu 1a R™ (C™). Moi bo s6 db dwgc chi boi

x = (T1,T, ..., %)
va dwoc goi 1a diém hay vecto ctia R™ (C"). Céc s6 x1,...,x, dwoc
goi 14 toa @6 clia diém (ctia vecto) x hay céc thanh phan ctia vecto .

Hai vecto © = (x1,...,2,) vay = (y1,...,Yyn) cia R" dwoc xem la

bang nhau néu céc toa do twrong ng ciia chiing bang nhau

Céc vecto x = (T1,...,2n), ¥ = (Y1, ..., Yn) ¢6 thé cong v&i nhau
va 6 thé nhan véi cdc s6 o, 3, ... 14 s6 thire néu khong gian dwoc xét
14 khong gian thiwe va 1a s6 phitc néu khong gian dwoc xét 14 khong
gian phtrc.

Theo dinh nghia: 17 téng clia vecto x va y 1a vecto
def
x4y = (r1+y, T2+ Y2,y Tn + Yn)- (5.1)
2% tich clia vecto x véi 86 « hay tich s6 « vdi vecto x 1 vecto
ar =za ™ (xy, aza, ..., axy,). (5.2)

Hai phép toan 11 va 2% thda man cdc tinh chat (tién de) sau day

Lz+y=y+uz Vz,yeR" (C"),

I (z+y)+z=x+ (y+2) Va,y,ze=R" (C"),

II1. Ton tai vecto- khong 6 = (0,0,...,0) € R™ sao cho
N

r+0=0+zx=n=x,

IV. Ton tai vecto doi —x = (—1)z = (—x1, —22, ..., —,) sao cho
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VI. a(fz) = (af)z, o, B € R (C),

VIL. (a+ f)z = ax + fu,

VIIL oz +y) = ax + oy

trong d6 « va 3 la cdc so, con z,y € R™ (C™).
Pinh nghia 5.1.1. 17 Gid stt V 14 tap hop khong rong tiy ¥ véi cde
phan tir dwoc ky hiéu la z,y, 2, ... Tap hop V dwoc goi 1a khong gian
tuyén tinh (hay khong gian vecto) néu Vx,y € V xéc dinh dwoc phan
tit o +y €V (goi 1 tong clia x va y) vaVa € R (C) vaVz € V x4c
dinh dwoc phan t¢ az € V (goi la tich cia s6 « véi phan tir z) sao
cho céc tién dé I-VIII dwoc thda man.

Khong gian tuyén tinh véi phép nhan cac phan tit ciia né véi céce
s0 thure (phite) dwgce goi 1a khong gian tuyén tinh thue (twong ting:
phiic).

Khong gian R" c¢6 thé xem nhw mot vi du ve khong gian tuyén
tinh, cac vi du khéc sé dwoc xét vé sau. Va trong gido trinh nay ta

luon gia thiét rang cac khong gian dwoc xét 1a nhitng khong gian thuc.
2°. Cho hé gom m vecto n-chiéu

ot 2t (5.3)
Khi d6 vecto dang

1 2
Y =1 + aox” 4+ - + @™, oy, e, ..., € R

dwoc goi 1a t6 hop tuyén tinh clia cdc vecto da cho hay vecto y biéu

dien tuyén tinh dwoc qua cic vecto (5.3).

Pinh nghia 5.1.2. 17 Hé vecto (5.3) dwoc goi 1a hé doc lap tuyén
tinh (dltt) néu tir dang thitc vecto

)\11‘1 + )\21‘2 + -+ )\ml'm =40 (54)

kéo theo Ay = g =---=\,, = 0.
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27 He (5.3) goi 1a hé phu thudc tuyén tinh (pttt) néu ton tai céc s6
A1, A2, ..., A khong dong thoi bang 0 sao cho dang thikc (5.4) dwoc
thda man.

S6 nguyén dwong r diwoc goi 1a hang ctia hé vecto (5.3) néu

a) C6 mot tap hop con gom 7 vecto clia hé (5.3) 1ap thanh hé dltt.

b) Moi tap con gom nhiéu hon 7 vecto cia hé (5.3) déu phu thuoce
tuyén tinh.

Dé tim hang ctia hé vecto ta lap ma tran cic toa do clia né

a1; a2 ... Qip

a91 as2 ... QAon
A=

Am1 Am2 ... Amn

BPinh ly. Hang cia hé vecto (5.3) bang hang ciia ma tran A cdc toa
do cua nd.

Tir d6, dé két luan hé vecto (5.3) ditt hay pttt ta cin 14p ma tran
toa do A cta ching va tinh r(A):

1) Néu r(A) = m thi hé (5.3) doc lap tuyén tinh.

2) Néu r(A) = s < m thi hé (5.3) phu thudc tuyén tinh.

CAC Vi DU

Vi du 1. Chitng minh rang hé vecto ay, as, . . ., a, (m > 1) phu thuoc
tuyén tinh khi va chi khi it nhdt mot trong céc vecto ciia hé 13 t6 hop

tuyén tinh cla céc vecto con lai.

Gidi. 17 Gid st hé ay,as, ..., a, phu thuoc tuyén tinh. Khi dé
ton tai cdc sO a1, o, . . ., a,, khong dong thoi bang 0 sao cho

101 + Qaas + -+ + QG = 0.

Gia st o, # 0. Khi do

8%
m, = (ra1 + Baas + - + B—1Gm—1, (i =

m
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titc 14 a,, biéu dién tuyén tinh qua cdc vecto con lai.
. < . « X Y
2% Nguwoc lai, chang han néu vecto a,, biéu dién tuyén tinh qua

a1, ag, ..., Am—1

A, = Pra1 + Baas + -+ + B—1Gm—1

thi ta ¢é

Brar + Boas + -+ + P11 + (—1)a,, = 6.

Do d6 hé da cho phu thudc tuyén tinh vi trong dang thitc trén cé hé

s0 cla a,, 1a khéc 0 (cu thé 1a = —1). A

Vi du 2. Chitng minh rang moi hé vecto c6 chira vecto-khong 1a hé
phu thuoc tuyén tinh.
Gidi. Vecto- khong luon luon biéu dién dwoc dwédi dang t6 hop

tuyén tinh ctia céc vecto ay, as, . .., am:
0=0-a1+0-a2+---4+0-ap,

Do d6 theo dinh nghia hé 0, ay, ..., a,, phu thudc tuyén tinh (xem vi
dul). A

Vi du 3. Chitng minh rang moi hé vecto c6 chira hai vecto bang
nhau 14 hé phu thudc tuyén tinh.
Gidi. Gia st trong hé ay,as, ..., a, cé hai vecto a; = as. Khi dé

ta cd thé viét
ar=1-a2+0-a3+---+0-ap

tirc 1a vecto a1 clia hé c6 thé biéu dién dwdi dang t6 hop tuyén tinh

clia cdc vecto con lai. Do d6 hé phu thuoc tuyén tinh (vi du 1). A

Vi du 4. Ching minh rdng néu hé m vecto ay, as, ..., a,, doc 1ap
tuyén tinh thi moi hé con ctia hé dé ciing doc lap tuyén tinh.
Gidi. Dé cho xac dinh ta xét hé con ay, as, . .., ax, k < m va chirng

minh rang hé con nay doc lap tuyén tinh.
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Gid st ngwoc lai: hé con aq, as, ..., a; phu thuoc tuyén tinh. Khi

7 7 , < z
do ta co cac dang thirc vecto
ajay + agag + - -+ agag = 6

trong d6 cé it nhat mot trong cac hé s6 oy, ao, . .., oy khic 0. Ta viét

dang thitc d6 dwdi dang
arar + Ao+ - -+ apag + Qg1+ + o F QG =0

trong dé ta gid thiét agp, = 0,..., am = 0. Dang thitc sau cling nay

chimg to hé a1, as, ..., a, phu thudc tuyén tinh. Mau thuan. A
Vi du 5. Chitng minh ring hé vecto clia khong gian R”

er = (1,0,...,0),

es =(0,1,...,0),

14 doc lap tuyén tinh.

Gidi. T dang thitc vecto
aje; + ageg + -+ -+ e, =0
Suy ra rang
(o, 9,...,00) = (0,0,...,0) = a1=ay="-=aq,=0.
va do db hé ey, e, ..., e, doc lap tuyén tinh. A
Vi du 6. Chitng minh rang moi hé gom n + 1 vecto ctia R 1a hé phu
thuoc tuyén tinh.
Gidi. Gid sit n + 1 vecto cua hé la:
a; = (a1, a1, .-, Ap1)

a9 = ((7,12, asg, ..., ang)

Ap+1 = (al,n—l—h A2 n+415- -+, an,n+1)-
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Khi d6 tir dang thitc vecto
T1a1 + ToGg + -+ Ty + Tpgp1Gpg1 = 0
suy ra

a11%1 + @122 + -+ + App1ny1 =0,

Ap1 %1 + Qp2To + - + Appr1Tpt1 = 0.

D6 1a hé thuan nhat n phwong trinh véi (n + 1) an nén hé cé nghiém

khong tam thwong va
(X1, T2, .oy Ty Tng1) # (0,0,...,0).

Do d6 theo dinh nghia hé da xét 1a phu thuoc tuyén tinh. A

Vi du 7. Tim hang ctia hé vecto trong R*

ay = (17 17 17 1)) Qg = (1727374)?
ag = (2,3,2,3); a4 = (2,4,5,6)

Gidi. Ta lap ma tran cac toa do va tim hang cua né. Ta ¢6

11 11 11 11
1 2 3 4| hg—hy — h, 0123

A: —
2 3 2 3 h3—2h1—>hg 0101 hg—h2—>hg
3 4 5 6 h4—3h1—>hﬁl 01 2 3 h4—h2—>hﬁl
11 1 1
01 2 3

—
00 -2 =3
00 0 O

Tir d6 suy rang 7(A) = 3. Theo dinh 1y da néu hang cta hé vecto
bang 3. A
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Vi du 8. Khao st sw phu thuoc tuyén tinh gitra cdc vecto ctia R*:

a; = (1,4,1,1); ap=(2,3,-1,1);
as = (1,9,4,2); a4 = (1,—6,—5,—1).

Gidi. Lap ma tran ma cdc hang cua né la cdc vecto da cho va tim

hang cta né

1 4 1 1
2 3 -1 1
S = =r(A) =2
1 9 4 2
1 -6 -5 -1

Do d6 hang ctia hé vecto bang 2. Vi cdc phan tir ctia dinh thitc con

1 4
2 3

= 540

N . N A A N ~ ~ 3 N N oA
nam & hai hang dau nén a; va ay doc 1lap tuyén tinh, con as va ay bicu
dién tuyén tinh qua a; va ap. [Liwu ¥ rdng moi cip vecto ctia hé déu

doc lap tuyén tinh vi ta cé cdc dinh thitc con cap hai sau day # 0:

1 4
19

1 4
1 —6

2 3
19

2 3
1 —6

19

1 —GJ

Y Y

Y Y

N ’ o A z [N « X S \
Ta tim cac bieu thirc bieu dien a3 va a4 qua a; va as.

Ta viét
as = &1a1 + E2a9
hay la

(179747 2) = 51 : (1747 17 1) +€2 : (2737 _17 1)
= (179747 2) = (fl + 2527451 + 352751 - 52751 + 52)
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va thu dwoc hé phwong trinh

& +28 =1,
46 +36% =9,
& —& =4,
§1+& =2

Ta han ché hai phwong trinh dau. Dinh thitc clia cdc hé s6 cilia hai
phrrong trinh nay chinh 14 dinh thitc A chuyén vi. Vi A # 0 nén hé
hai phwong trinh

§1+26 =1
46 + 35 =9

c6 nghiém duy nhét 14 & =3, & = —1. Do d6
ag = 3(11 — a9.
Twong tw ta ¢

a4 = 2(12 — 3(11. A

BAI TAP

1. Chitng minh rang trong khong gian R3:

1) Vecto (x,v, 2) 1a t6 hop tuyén tinh cla cdc vecto e; = (1,0,0),
es = (0,1,0), e = (0,0, 1).

2) Vecto x = (7,2,6) 1a t6 hop tuyén tinh cta cic vecto a; =
(=3,1,2), as = (—5,2,3), az = (1, —1,1).
2. Hay xdc dinh s6 X\ dé vecto € R? 14 t6 hop tuyén tinh clia céc

vecto ai, as, as € R3 néu:
1) Tr = (17375>; ay = (37275>3 Qg = (2747 7)3 a3 = (5767 )\>-
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(DS. \ £ 12)

9) = (7,-2,\): a1 = (2,3,5); as = (3,7,8); az = (1, —6,1).
(DS. A = 15)

3) x=1(59M); a1 =(4,4,3); a2 = (7,2,1); a3 = (4, 1,6).
(DS. VA € R)

3. Chitng minh rang trong khong gian R3:

1) Hé ba vecto e; = (1,0,0), e = (0,1,0), e5 = (0,0,1) 1a he ditt.
2) Néu thém vecto z € R® bat ky vao hé thi he

{e1,eq,€3, 2}

14 phu thuoc tuyén tinh.

3) Hé gom bén vecto bat ky ctia R? 1a pttt.

4. Céc hé vecto sau day trong khong gian R3 1 dltt hay pttt:

5.

1) ay = (1,2,1); as = (0,1,2); as = (0,0,2). (DS. Dltt)

2) a; = (1,1,0); a2 = (1,0,1); a3 = (1,—2,0). (DS. Dltt)

3) ar = (1,3,3); az = (1,1,1); ag = (=2, —4, —4). (DS. Pttt)
4) a1 =1,-3,0); az = (3,-3,1); az = (2,0,1). (DS. Pttt)
5) a1 =(2,3,1); ax = (1,1,1); a3 = (1,2,0). (DS. Pttt)

Gid st vy, vy va v3 1a hé doc 1ap tuyén tinh. Chiing minh rang hé

sau day cung la dltt:

1) alz’ljl—i-’ljg; angul—i—vg; a3:’111—2’112.

2) a1 = vy + v3; ag = V3 — U1; a3 = V1 + Vg — V3.

6. Chitng minh rang cdc hé vecto sau day 1a phu thuoc tuyén tinh.

Déi v6i hé vecto nao thi vecto b 1a t6 hop tuyén tinh cia cic vecto

con lai?

1) ar = (2,0, —1), as = (3,0,-2), a5 = (—1,0,1), b = (1,2,0).
(DS. b khong 14 t6 hop tuyén tinh)

2) a; = (—2,0,1), as = (1,-1,0), a3 = (0,1,2); b = (2, 3,6).
(DS. b 14 t6 hop tuyén tinh)
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7. Tim s6 cuce dai céc vecto dltt trong cédc hé vecto sau day
1) —(2 3,—1,4); as = (—1,1,2,0); a3 = (0,0, 1, 1);
(1,4,1,4); a5 = (2,3,0,5). (BS. =3)
(1,0,0,0); az = (0,1,0,0); az = (0,0, 1,0)
as = (0,0,0,1); a5 = (1,2,3,4). (DS. =4)
= ( (
(

)

17 17 17 1)) 17 17 170)a a3 = (17 17070>a
aq = 1 0,0,0); as = (1,2,3,4) (DS = 4)

Chi dan. Lap ma tran cac toa do ma moi cot ciia né 1a toa do cia

3) m

vecto ctia hé roi tinh hang clia ma tran.

8. Céc hé vecto sau day trong khong gian R* 13 dltt hay pttt

1) ar = (1,2,3,4), as = (1,2,3,4). (DS. Pttt)

2) a1 = (1,2,3,4), az = (1,—2, —3, —4). (DS. Pttt)

3) a1 = (1,2,3,4), as = (3,6,9,12). (PS. Pttt)

1) a; = (1,2,3,4), (a2 = (1,2,3.5). (DS. Dltt)

5) a1 = (1,0,0,0), az = (0,1,0,0), ag = (0,0,1,0), ag = (0,0,0,1)
va a 14 vecto tiy ¥ cia R, (DS. Pttt)

6) a1 = (1,1,1,1), as = (0,1,1,1), a = (0,0,1,1), as = (0,0,0, 1),

(DS. Dltt)
7 ar = (1,2,3,4), az = (3,6,9,12), az = (1,2,3,6). (DS. Pttt)

9. Céc hé vecto sau day dltt hay pttt. Trong triromg hop pttt hay chi
ra mot sw pttt. Hay chi ra mot hé con cue dai nao do 1a dltt.
1) a; =(2,1,-2,—-1), ag = (=9,5,-6,21), a3 = (2,-5,—1, 3),
as = (—1,-1,-1,5), a5 = (—1,2,-3,4).
(DS. a1 + as + a3 — 3aq — 2a5 = 0; a1, as, as, aq)
2)a; =(1,1,1,1), as = (2,0,1,-1), a3 = (3,—4,0,—1),
as = (13,-10, 3, —2). (DS. 2ay + az + 3az — aq = 0; a1, a9, as)
3)a =(1,-1,1,-1), as = (2,0,1,-1), a3 = (3, —1,1,—1),
as = (4,-2,1,-2). (BS. Hé doc lap tuyén tinh)
4) ay =(1,2,-2,—1), as = (—1,0,2,1), a3 = (0,1,0,1),
as = (3,6,0,4). (DS. He doc lap tuyén tinh)
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10. Tinh hang r cua hé vecto va chi ro hé da cho la pttt hay dltt:
Doay=(1,-2,2,-8,2), as = (1,-2,1,5,3), a3 = (1, —2,4, —7,0).
(DS. r = 3, hé doc lap tuyén tinh)

) a1 = (2,3,1,—1), as = (3,1,4,2), as = (1,2, 3, —1),

as = (1,—4,-7,5). (DS. r = 3, hé pttt)

3) ar = (2,-1,-3,2,—6), as = (1,5, -2,3,4), az = (3,4, 1,5,7),
as = (3,~7,4,1,-7), as = (0,11, =5,4, —4). (DS. r = 3 hé pttt)
) a = (21,4,-4,17), a = (0,0,5,-7,9), a3 =

(2,1, -6,10, —11),
as = (8,4,1,5,11), as = (2,2,9, —11,10). (DS. r = 5, h¢ dltt)

5.2 Co s&. Doi co s&

Pinh nghia 5.2.1. Hé vecto Fy, Es, ..., E, gom n vecto ctia khong
gian vecto R™ dwroc goi 1a mot co s& clia né néu

1) hé Ey, Bs, ..., B, 1a hé dltt;

2) moi vecto z € R™ déu biéu dién tuyén tinh dwrge qua céc vecto
cua hé Ey, ..., E,.

Chi ¥ rang co s& ctia R™ 1a mot hé cd thit tw bat ky gom n vecto

doc lap tuyén tinh cia nd.

biéu kién 2) c¢6 nghia rang Vo € R", 3(x1, 22, ..., ,) sao cho
xr = .%'1E1 + .%'QEQ 4+ l'nEn, (55)
trong d6 x1, 2, . .., x, la toa do clia vecto x trong co s& Ey, Es, ..., E,
va (5.5) goi 1a khai trién vecto x theo co s& Ey, B, ..., E,.

Y nghia co ban ctia khai niém co sd 1a: céc phép todn tuyén tinh
~ ’ 3 ~ N ’ 7 ’ ~
trén cdc vecto trong co s& cho triege chuyén thanh cdc phép todn trén

cdc s6 1a toa do clia chiing.

binh ly 5.2.1. Trong khong gian R™:

1) Toa dé cia mot vecto doi véi mot co sé la duy nhat.
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2) Moi hé dltt gom n vecto deéu ldp thanh co sé cia khong gian
R™.

Ta xét van dé: Khi co s& thay déi thi toa do clla mot vecto trong
khong gian R” thay ddi thé nao?

Gia st trong khong gian R™ ¢6 hai co s&

E:£1,E,...,&E, - “cosdct” (5.6)
E :E\,Es, ..., E, - “cosd moi” (5.7)

Vi El,EQ,...,EnERn nén

By =tner +tace+ -+ thcn,
Ey =tioe1 +1toc2 + -+ + tpocy,

(5.8)
En = tlnéll + ton€o + -+ tanén.
C6 thé néi rang co s& Ey, ..., E, thu dwoc tir co s& £1,&,...,E,
nho ma tran
tin tiz ... tin
_ tfl t?Q - t2:n 5.9
th1 the ... Tpn

trong dé cot thir ¢ cua ma tran (5.9) chinh la céc toa do cia vecto E;
trong co s (5.6).

Ma tran T = Tgg trong (5.9) dwoc goi 1a ma trdn chuyén tir co
s& (5.6) dén co s& (5.7). Dinh thitc clia ma tran chuyén detT # 0
vi trong treong hop ngwoc lai thi cdc vecto cot (va do dé cac vecto
Ei, ..., E,) la phu thudc tuyén tinh.

Nhw vay dé tim ma tran chuyén tit co s& cii sang co s& méi dau
tién ta can khai trién cac vecto clia co s& méi theo co s& cii. Tiép d6
ta lap ma tran ma cot thit ¢ cia né 1a céc toa do cua vecto thit ¢ cia

7. ~ z z N A~ ~
co s& mdi trong co s& ci. D6 chinh 1a ma tran chuyen.
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Gia st vecto a € R" va
a4 = T1E1 + To€g + -+ + Tpénp,
a=y1 + 1y + -+ yn By
Khi dé quan hé gitra cdc toa do clla ciing mot vecto doi véi hai co sé
khéc nhau (5.6) va (5.7) dwgc mo ta nhw sau

1 =1tuy +tioye + -+ tinln,
To = to1y1 + taoya + - - + tonln,

(5.10)
Tp = tnlyl + tn2y2 + - tnnyn
hay la
X =TegY, (5.11)
I n
x= |7, v=|"
Tn Yn
T d6 cung suy ra
Y =T 2 X. (5.11%)
CAC Vi DU

Vi du 1. Trong khong gian R? hé cdc vecto & (1,0,0), &£(0,2,0),
&5(0,0,3) 1a co sd cua nod.
Gidi. 1) Heé vecto &, &, &3 1a hé doc lap tuyén tinh. That vay,
dang thitc vecto
a1&1 + & + az€s = (0,0,0)
& ar(1,0,0) + as(0,2,0) + a3(0,0,3) = (0,0,0)
=(0,0,0)

S o) =ag = ag = 0.

= (041, 20, 3043)
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2) Gid st v € R3, o = (&1, &, &3). Khi dd

r = 51(17070> + 2_2(0727(]) + %(07073>
=4&E + 52—252 + 2—353

titc 13 2 1 t6 hop tuyén tinh cta &, &, E. A

Vi du 2. Chitng minh riang trong khong gian R3 cdc vecto & =
(2,1,1), & = (1,3,1), & = (—2,1,3) lap thanh mot co sé. Tim toa
do cua vecto x = (—2, —4,2) theo co s& dé.

Gidi. 1) He €, &, & 1a dltt. That vay gi st 18 + s + a3y =
0=

2041 —+ a9 — 2043 = O,
ay + 3as +ag =0,
a1 +ag+ 3as3 =0.

Hé nay c6 detA # 0 va 1a hé thuan nhat nén né chi ¢ nghiém tam
thuong oy = ay = a3 = 0 va do d6 &1, &, & doc 1ap tuyén tinh. Theo

dinh 1y 1 (phan 2) cdc vecto nay lap thanh co s& cia R3.
2) Dé khai trién vecto x = (—2, —4,2) theo co s& &, &, E3 ta dat

= ME + X + A3&3

va tir dé
201 + Ao — 2)3 = —2,
A+ 3N+ A3 = —4,
M+ XA+3N =2,
Hé nay ¢6 nghiém 1a Ay = 1, \y = —2, A\3 = 1. Vay trong co s&

&1, &, E3 vecto x c6 toa do 1a (1,-2,1). A

Vidu 3. Chitng minh rang ba vecto & = (1,0, —2), & = (-4, —1,5),
& = (1,3,4) lap thanh co s& cia R3.
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Gidi. Ta c6 thé tim hang ctia hé ba vecto da cho. Ta cé

1 0 =2 1 0 =2 1 0 =2
4 -1 5| —1]0 -1 13| — |0 -1 13
1 3 4 0 3 6 0 0 45

T d6 suy ra rang hang ctia hé vecto da cho bang 3 va do vay hé d6

14 doc lap tuyén tinh. Theo dinh ly 1 né lap thanh mot co s&. A

Vi du 4. Gia st trong co s& &1, & vecto x ¢ toa do 1a 1; —2. Tim
toa do cua vecto db trong co s& By = &1, By = &1 + &s.
Gidi. Dau tién ta viét ma tran chuyén tit co s &, & dén Ei, Es.

Ta co

E1:1~€1+0'€2,
E2:1'€1—|—1'€2.

1 1 1 -1
T = =T71= .
0 21 0 1

Ap dung cong thire (11%) ta c6
Y1 T . 1 -1 1 . 3
Y z| |0 1] |=2] [|-2|

Do dby; =3, yo=—2. A
Vi du 5 (phép quay truc toa do). Hay dan ra cong thirc bién doi cac

Do do

— -1

toa do ctlia vecto trong R? trong mot co s& thu dwoc tir co s& chinh

tdc e; = (1,0), ez = (0,1) sau phép quay truc toa do géc .
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Hinh 5.1

Gidi. T hinh vé suy ra rang vecto e] lap véi cac vecto ey va ey
’ ’ 7 N \ m , A
cac goc tirong ng bang ¢ va ¢ — 5 Do d6 toa do cua e} trong co s&

N N 7T .
e1, e la cosp va cos (gp — 5) = sin :

e] =cosp-e;+sing-ey

N m N £
Vecto e} 1ap véi e va eg cédc géc tirong tng bang 5 + ¢ va ¢. Do do

A~ Id N 7T . \
toa do cua né trong co s& eq, ey la cos <§ + 90) = —SIn g va cos @:

*

€5 = —siny-e; + cosy - es.
Nhw vay

€] =Ccosp-e;+sinp - eq,

€5 = —siny-e; + cosy - es.

cosp —singp
Tee* = )
sing cosp
_ cosy sinp
T =

—sinp cosp

Do vay cédc toa do cua vecto trong co s& cu va méi lién hé bdi cde hé
thire
ok * o
x =x*cosp —y*sinp,
y =2x*sing 4+ y*cosp.

8
|

= rcos ¢ + ysinp,
y* = —xsingp + ycos .
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Vi du 6. Gid st z = (3,—1,0) 1a vecto clia R? véi co s& &1, &, 3.

Tim toa dd cia z doi véi co s&
Ey =28 — & + 383,
Ey =& + &,
E3 = —52 -+ 253

- - N ’ . oA N ’
Giai. T cac khai trien Ey, Fy va E3 theo co s& &1, &, E3 ta c6 ma

A ~
tran chuyén

2 1 0
T=1]-10 -1
3 1 2

tir co s &1, &y, E3 sang co s& Ey, By, Es.

Ta ky hiéu x1, x9, x3 1a toa do cia x trong co s& Ey, B, E5. Ta ¢6

X1 3
T2 :T_l -1
I3 0
1 -2 -1
Vi T7'=1]-1 4 2| nén
-1 1 1
1 1 =2 -1 3 5
ol = |—-1 4 2 -1 =|[-7
T3 -1 1 1 0 —4

Vay trong co s méi By, Es, E3 ta ¢
v =(5—7,—4). A

Vi du 7. Trong khong gian R? cho co s& &, & va céc vecto By =

e1 — 2ey, By = 2e1 + €9, x = 3e; — 4es.
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17 Chitng minh rang E;, F, lap thanh co s& ctia R2.
2% Tim toa do vecto x trong co s& Ey, Es.

3T Tim toa do cua vecto z trong co s& Es, Ej.

Gidi. 17 Ta 1ap ma tran cdc toa do cta Ey va Es:

1
2

—2
1] = detA =5 # 0.

Do d6 hé hai vecto Ey, B, 13 dltt trong khong gian 2-chiéu R? nén né
lap thanh co sd.

2% Trong co s& da cho vecto x ¢6 toa do 1a (3, —4). Gia sit trong
co s& By, By vecto x ¢6 toa do (x1,z2). Ta lap ma tran chuyén tir co

s& &1, & dén co s Ey, Es:

1 2 11 2
= :> — —
-2 1 51-2 1
Khi d6
11
w3 fm L0 =2 3 L
T —4 | 5|2 1]|-4| 5|2 2
5
11 +2

Véy r1=—, Tg=—.
. 5 ’ 57 ) 2 ~ ) ) 2
3T Vi Ey, By 1a co s& clla R? nén Fs, By cing 1a co s& cia R%. Ma

~ ~ N ’
tran chuyén tir co s& €1, & dén co s& Esy, By ¢6 dang

2
1 -2’ 51-1 2| (-4 5—11 11
5

2 11
Do d6 z; = = To = 5 trong co s& Es, E;.

Vi du 8. Trong khong gian R? cho co s& &1, &, €3 ndo dé va trong
co s& db céc vecto By, Fa, E3 va x ¢6 toa do la By = (1,1,1); Ey =
(1,2,2), B35 = (1,1,3) va z = (6,9, 14).
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1" Chitng minh rang E), E», F3 cing lap thanh co s& trong R3.

2% Tim toa do cua x trong co s& Ey, Fs, Es.

Gidi. 17 twong tw nhw trong vi du 7, hang cta hé ba vecto
E\, Ey, E3 bang 3 nén hé vecto dé doc lap tuyén tinh trong khong
gian 3-chiéu nén né lap thanh co s& cia R3.

2+ Dé tim toa do clia x trong co s& Ey, By, F3 ta c6 thé tién hanh
theo hai phwong phap sau.

(I) Vi Ey, E,, E3 1ap thanh co s& clia R® nén

r=x1F1 + 1oFy + x3Es
= (6,9,14) = z1(1,1,1) + 22(1,2,2) + x3(1, 1, 3)

va do db x1, e, 3 la nghiém cia hé

1+ 22+ 23 =06, . 5
rT1+2x+2x3 =9, :>x1:§, To=3, T3= —-

2
xr1 + 2.%'2 -+ 3.%‘3 = 14.

(IT) Lap ma tran chuyén tir co s& &1, £, &3 sang co s& Ey, By, Fs:

111 R
Tep= |1 2 1 :ﬂgzi-a 2 0

1 2 3 0 -1

Do d6
1
_ -1 _ _
3 14 5 5
2

va thu dwgce két qua nhw tronng (1). A

BAI TAP
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1. Chitng minh rang cdc hé vecto sau diy 14 nhitng co s& trong khong
gian R*:
1) e; =(1,0,0,0); e = (0,1,0,0); e3 = (0,0,1,0); e4 = (0,0,0, 1).
2)&6 =(1,1,1,1); & =(0,1,1,1); & = (0,0,1,1); & = (0,0,0,1).

2. Chitng minh rang hé vecto don vi:

e1=(1,0,...,0); ea = (0,1,0,...,0),...,en = (0,0,...,0,1)
N—— N——

n—1 n—1
lap thanh co s& trong R"™. Co s& nay dwoc goi 1 co sd chinh tdc.

3. Chitng minh rang hé vecto

51 (1707 7O>7
E=(1,1,...,0),
gn = (17 17 ’ 1)

la mot co s trong R™.

4. Chitng minh rang hé vecto

& =(1,2,3,....,n—1,n),
& =(1,2,3,....,n—1,0),

&, =(1,0,0,...,0,0)

lap thanh co s& trong khong gian R™.

5. Hay kiém tra xem moi hé vecto sau day c6 lap thanh co s& trong
khong gian R? khong va tim cédc toa do cla vecto z = (1,2, 3,4) trong
moi co s& dé.
1) a; =(0,1,0,1); as = (0,1,0,—1); a3 = (1,0, 1, 0);
as = (1,0,—1,0). (bS.3,-1,2,—1)
3= (

2) a1 =(1,2,3,0); a2 = (1,2,0,3); a 1,0,2,3);
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as=(0,1,2,3). (DS. %,—é,%,m

3)ar=(1,1,1,1); an = (1,=1,1,—1); ag = (1, —1,1,1);
as=(1,-1,-1,-1). (PS. g,—%,1,—1)

4 oap=(1,-2,3,—4): ay = (—4,1,-2,3); a3 = (3, 4,1, -2);

13 7 13 17

—(=2.3.-4.1). (DS, —— L 2 1
aa=(=2,3,~4,1). ( 010 10 10

A s g . N ’ ’ LN N ~
Nhan xét. Ta nhac lai rang cac ky hicu ey, es, .. ., e, dwoc dung de
chi céc vecto don vi cia truc z; (i =1,2,...,n):

e; = (1,0,...,0), e = (0,1,0,...,0),...,en=(0,...,0,1)
~—— N——

n—1 n—1

6. Tim ma tran chuyén tir co s& ey, ez, e dén co s& e, e3, e;.
0 0 1
DS. [1 0 0])
010

N A A N ~
7. Tim ma tran chuyén tir co s& ey, es, €3, e4 dén co s& es, ey, €2, €1.

000

(DS.

o O O =

0 0
10
0 1

o O =

_1 1 ~ 9 ~ h)
8. Cho ma tran [ 5 0 la ma tran chuyén tir co s& e, es dén co so

&1, E. Tim toa do cua vecto &, Es.

9. Gid st

N W
S =N
o
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N ~ ~ N N ~
1a ma tran chuyén tir co s& eq, eg, €3 dén co s& &1, &, E. Tim toa dd

cla vecto & trong co s& e, es, e5. (PS. & = (2,1,0))

N A~ ~ N ~
10. Tim ma tran chuyén tir co s& eq, ez, e3 dén co s&

51:261—€3+€2; 52:361—€2+€3; 53263.

2 3 0
MS. |1 -1 o)
~1 1 1

N A~ ~ N
11. Tim ma tran chuyeén tir co s ey, es, €3 dén co s&
&1l =ex+es; & = —ep +2e3; E3 = e + ea.

0 -1 1
PS. [1 0 1])
1 2 0

N A~ ~ N
12. Tim ma tran chuyeén tir co s& ey, o, €3, €4 dén co s&
51 :2€2+3€3+€4; 52 261—2€2+3€3—€4; 53 :€1+€4;
54:2€1+€2—€3+€4.

0O 1 1 2
2 =2 0 1
(bS. )
3 3 0 -1
1 -1 1 1
13. Cho

k¥

S A~ ~ N N ~ z
14 ma tran chuyén tir co s& eq, e dén co s& &1, E. Tim toa do clia cac

vecto eq, e trong co s& &, Es.

o= (2) o (-13)

Chi dan. T ma tran da cho tim khai trién &, & theo co s& ey, es.

T d6 tim khai trién ey, es theo co s& &1, &.
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14. Cho ma tran

1 -1 3
5 1 2
1 4 -1

N ~ ~ N N ~
1a ma tran chuyén tir co s& eq, ez, e3 dén co s& &1, E, E5. Tim toa do

vecto ey trong co s& &1, &y, Es.

11 4 5
e (B4
(BS- e = (7 —37~11))
15. Cho ma tran
1 0 1
0 0 2
-1 3 1

N ~ ~ N N ~
14 ma tran chuyén tir co s& eq, ez, e3 dén co s &1, E, E5. Tim toa do

cac vecto ey, es, eg trong co s &1, E, Es.

ps —(110) —(1 11) —(010))
('61_ 737 , €2 = 27 372763— 737

16. Trong co s& eg, ey vecto x ¢ toa do la (1;2). Tim toa do cua

vecto db trong co s& £ = e1 + 2e9; Ey = —eq1 + €o.

1 4
ps o= (-1 %)
(bS. z 373))
17. Trong co s& e, es vecto x ¢ toa do la (—3;1). Tim toa do cia

vecto do trong co s& £ = —2e1 + e3; E; = eo.
3 1

ps. o= (5.3

DS 2= (5.-35))
18. Trong co s ey, ez, €3 vecto x ¢6 toa do 1a (—1;2;0). Tim toa do
cua vecto d6 trong co s& & = 2e; — es + 3es, & = —3e1 + ez — 2es;
&5 = des + ey (DS. (—0,68; 0,120, 36))
19. Trong co s ey, ea, €3 vecto x ¢6 toa do 1a (1, —1,0). Tim toa do

ctiia vecto dé trong co s&: £ = 3eq + e + Gez, Eo = bey — 3eq + Tes,
53 = —261 -+ 262 — 363.
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(PS. z = (—0,6;1,2;1,6))

20. Trong co s& ey, es, €3 vecto z ¢ toa do la (4,0, —12). Tim toa
do ctia vecto db trong co s& £ = eq + 2es + €3, E2 = 2e1 + 3es + 4eg,
Es = 3e1 + 4es + 3es.

(PS. = (—4,-8,8))

21. Trong khong gian véi mot co s& la ey, es, e3 cho cée vecto & =
€1+ eg, Eo =261 —eg +e3, E3 = €5 — €3.
1) Chitng minh rang &, &, £ 1ap thanh co so.
2) Tim toa do cia vecto x = e + 8eg — bes trong co s& &1, &, Es.
(bS. z = (3,-1,4))

22. Trong co s& ej,eq,e3 cho cic vecto a = (1,2,3), b = (0,3,1),
c=(0,0,2), d = (4,3,1). Chitng minh rang céc vecto a, b, ¢ 1ap thanh
co s& va tim toa do cua vecto d trong co s& do.

(DS. d<4,—g,—13—4))

5.3 Khong gian vecto Euclid. Co s& truc

~
chuan

Khong gian tuyén tinh thue V diroc goi 1a khong gian Euclid néu trong
Y dwoc trang bi mot tich vo hwdng, tike 1a néu véi moi cdp phan tik
x,y € V déu twong ttng v4i mot sé thwe (ky hiéu 1a (z,y)) sao cho
Va,y,2 €V vasda € R phép tirong ting dé thda man céc tién dé sau
day

D) (z,y) = (y, v);

1) (z +y,2) = (x,2) + (y, 2);

1) {ax, y) = alz, y);

IV) (z,2) > 0 néu = # 6.

Trong khong gian vecto R™ doi véi cap vecto a = (ay, ag, . . ., an),

(
(
(
(
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b= (b1, bs,...,b,) thi quy tac twong ng

(a,b) = Z a;b; = a1by + agby + - - - + anb, (5.12)
i=1
sé xac dinh mot tich vo hwéng cia hai vecto a va b.

Nhw vay khong gian R™ véi tich vo hwémg xéc dinh theo cong
thite (5.12) trd thanh khong gian Euclid. Do d6 khi néi vé khong gian
Euclid R” ta luén luén hiéu 1a tich vo hwéng trong dé xéc dinh theo
(5.12).

Gia st € R™. Khi d6 s6 \/(z, ) dwoc goi 1a d6 dai (hay chudn)

cia vecto z va dwoc ky hiéu la [|z||. Nhw vay
def
]l = vz, z) (5.13)

Vecto z véi do dai = 1 dwoc goi 1a dwoc chuan héa hay vecto don
vi. Dé chuan héa mot vecto khéc 6 bat ky ta chi cin nhan né véi s6
R
]
Do dai cé cdce tinh chat
It Jz||=0< 2 =0.
21 x| = [N ||=]|, VA eR.
37 |z, y)| < |lz|| ||ly|| (bat ding thitc Cauchy-Bunhiakovski)
4% |l +yll < ||z|| + |ly|| (bt dang thiic tam gidc hay bat dang
thitc Minkovski).
Tir bat dang thitc 37 suy rang véi hai vecto khéc  bat ky x,y € R”

ta deu co
[} 1| cos yll [}l
So % c6 thé xem nhw cosin ctia géc ¢ nao dé. Géc ¢ ma
Tl Y
COS@:M 0<e<T (5.14)

[l flyll”
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dwoc goi la goc gitta hai vecto x va y.
Hai vecto z,y € R™ dwoc goi 1a vudng gdc hay truc giao néu tich
vo hwéng cia ching bang 0: (x,y) = 0.
Hé vecto ay,as, ..., an € R® dwoc goi 1a hé truc giao néu ching
truc giao tirng doi mot, tire 1a néu (a;, a;) = 0 Vi # j.
Hé vecto ay,as,...,a, € R" dwoc goi 1a hé truc giao va chuan
héa (hay hé truc chudn) néu
(a5, a) = 655 = 0 ni}u 1#£]
1 neui=jy

Pinh ly 5.3.1. Moi hé truc giao cdc vecto khdc khong déu la hé doc
lap tuyén tinh.

Hé gom n vecto &1,&,,...,E, € R™ dwoc goi 1a co sd truc giao
néu né 1a mot co s gom cdc vecto trie giao tirng doi mot.

Trong khong gian R” ton tai nhitng co s& dac biét tién loi dwoc
goi 1a nhitng co s& truc chudn (vai tro nhw co s& Décdc vuong goc
trong hinh hoc giai tich).

Hé gom n vecto &£1,&,...,E, € R™ dwoc goi 14 mot co sé truc
chudn ctia R™ néu céc vecto nay tirng doi mot trire giao va do dai cua

moi vecto clia hé déu bang 1, tikc 1a

0 néui#k,
(&, &) =

1 néui=k.

Pinh 1y 5.3.2. Trong moi khong gian FEuclid n-chiéu déu ton tai co
so truc chudn.

Dé c6 dieu dé ta cé thé sit dung phép trirc giao héa Gram-Smidth
dira mot co s& ve co s& true chuan. Noi dung ctia thuat todn dé nhuw
sau

Gid st £ = a;. Tiép dé phép dung dwoc tién hanh theo quy nap.
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Néu &, &,, ..., & da dwoc dung thi & cb thé lay

(2
i =i+ Y aja,

j=1
trong do
<ai+17 5j> .o
aj=——5——7—, J=11
’ <5j7 5j>
dwoc tim tir dieu kién &4, truc giao véi moi vecto &1, &, ..., E;.
CAC Vi DU

1. Trong céc phép todn dwdi day phép todn nao la tich vo hwdng cua
hai vecto z = (z1, T2, 73), ¥y = (y1, Y2, y3) € R>:

1) (z,y) = 2tyi + 233 + 23y3;

2) (z,y) = x1y1 + 222y2 + 3w3Ys3;

3) (z,y) = T1y1 + T2y2 — T3Y3-

Giai. 1) Phép todn nay khong la tich vo hwdéng vi né khong thoa

man tién dé I1I cia tich vo hwdng:

(az,y) = o’2iy; + o’ wyy; + o x5 # a2yy; + w3y + T3Y5)

2) Phép todn nay la tich vo6 hwémg. That vay, hién nhién cdc tién
de I va II thoa man. Ta kiém tra cdc tién de 111 va IV.
Gia st o' = (2, 2, x}), 2" = (2, x4, 24) € R®. Khi d6
(@ + 2", y) = (@) + 20)yr + 225 + 23)y2 + 3(ws + 25)ys
= (2hy1 + 2xhys + 3x5ys) + (21 + 225ys + 323y3)
= (@' y) + (", y).
Tiép theo ta xét

(x,r) = 2% + 203 + 323 > 0 va

(z,0) =0 22 +205+325 =01 =m=23=0&1="0.A
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Vi du 2. Tim do dai cac canh va géc trong tai A cua tam gidc vGi
dinh A(2,1, -2, —3), B(2,—1,2,1) va C(6,5, 2, —1).

Giai. Ta tim toa do cua cdc vecto A—é, A—é va B—C)Y Ta ¢6
AB(0, —2,4,4), AC(4,4,0,2), BO(4,6, —4, —2).

Ap dung dinh nghia d6 dai vecto trong co s& tric chuan ta cé

|AB|| = O+ (27 + ¥+ F = V36 = 6

va tiong tw ||AC|| = 6, ||BC|| = 6+/2. Theo cong thitc (5.14) ta cé

 (AB,AC) 04+ (=2)4+4-0+4.2 .
[AB] - [|AC]] 6-6

(¢10)]

Dods A=7. A
Vi du 3. Chitng minh rang trong bat dang thirc Cauchy-Bunhiakovski
[{a, b)| < ||la|| - |b]] dau bang “=" dat dwoc khi va chi khi @ va b phu

thuoc tuyén tinh.
Gidi. 1) Néu a = \b thi

)] = 1(3b,B) = AT 011> = 1381 - 1] = fla 1]
Niege lai, nét [{a, )] = la] 5] thi

a,b a,b a,b a, b)?
N [ L A LT

y & —
16117 16117 16117 61
lall®[1o0 |, llall*[1ol> ]l
= |la||* — 2 + = 0.
i 61

Nhung tich vo hwéng (z,z) = 0 & x = 0. T d6 suy ra rang a =
(a,b)
6]
Vi du 4. Hé céc vecto don vi trong R™ v6i tich vo hwémg (5.12)

b, titc 1a a, b phu thuoc tuyén tinh. A

€1 = (1,0,0,...,0)
€y = (0,1,0,...,0)

en = (0,0,0,...,1)
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1a mot vi du vé co s& truc chuan trong R*. Co s& nay goi la co sd
chinh tac trong R™.
Gidi. Hién nhién (e;,e;) = 0Vi # 4, |lej|| =1 Vj =1,n. T db

thu dwoc diéu can chitng minh. A

Vi du 5. Toa do clia vecto a € R™ bat ky déi véi co s trire chuan
bang tich v6 hwémg clia vecto dé véi vecto co s& tirong tng.

Gidi. Gidstt a € R" va &,&,, ..., &, 1a mot co s& tric chuan cla
R™. Khi dé

i=1
Nhan vo hwéng dang thite nay v6i &, k=1,2,...,n ta thu dwoc

(a,5k>:)\k, k:1,2,...,n.

Do do

a= Z(a,&}& VaeR"
i=1
S6 M = (a, &) k=1,2,...,n chinh 1a toa do cta vecto a € R™ theo

~ ~
co s& trwe chuan da cho. A

Vi du 6. 1) Trong khong gian R3 véi tich vo hwdng (5.12) cho co
sd & = (1,2,1); & = (1,1,0); & = (2,0,0). Hay dung phwong phap
trire giao héa dé tim co s& truc giao trong R? tir co s& da cho.

2) Trong khong gian R? véi tich vo hwémg (5.12) cho co s& £ =
(1,-1,1), & = (2,-3,4), & = (2,2,6). Hay dung co s& trire chuan
trong R? theo co s& da cho.

Gidi. 1) Trwde hét ta chon By = & = (1,2,1). Tiép theo dat
Ey = & + AE; sao cho (Fs, Ey) =0, titc la

(Ba, By) = (B1, &) + MEy, Ey) = 0.
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Nhung (F1, E1) # 0 (cu thé 1a > 0) vi By = & # 0. Do dé

Vo (EnE) o ((1,20).(,10) 1
(Er, By) 12+ 22412 2

Do do

1 1 1
E2 = (17 170) - 5(1727 1) = <§7O7 _5)

Tiép theo dat
E3 = 53 + OéEl + BEQ

sao cho (F3, E1) = (FE3, F3) = 0. Twong tw nhw trén, tir dieu kién
1 . 1 )
(B3, Ey) =0tacéa= —3 va tir diéu kién (F3, Fb) = 0taco f = —2.
Do dé
1 2 2 2
By=& — B —2E :(— _z —)
3 3 3 1 2 3 9 3 ) 3
va thu dwoc co s& true giao
1 1 2 2 2
Ey = 172717 E :<_7O7__)7 E :<_7__7_).
1= 021, B=1(3.0-3 PT\37 373
2) Twong tw nhw phan 1), dau tién ta dat

E,=&=(1,-1,1)
Ey =& + \E;

sao cho (Es, E1) = 0. Tt d6 thu dwoc

)\__(E1,52> __2+3+4 _ 3
(Er, Ev) 3 ’

va do do

Ey=(—1,0,1).
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Tiép theo ta tim
E3 = 53 + OéEl + BEQ

sao cho (Fs, E1) =0, (Es3, Ey) = 0 va tir d6 thu dwoc

(E1, E3) (B2, &)

TN S (B2, Es)

= —2.
<E17 E1>

Nhw vay
Es =(2,4,2).

N ~ s ’ \
Sau cung ta chuan héa cac vecto E1, Ey, B3 va thu dwoc co sd true

A~
chuan

QN

fh

|
/N
%\H
w

|
%\H
\_/
Q

)
/N
|
Sl =
N}

=
|~
DO
N———

“ <f V6 f)

Vi du 7. Hay bo sung cho hé trie giao gom ba vecto trong R*:

11 77
by = (LLlJ)62:(12,—1—2%@::<—§,§,—§,§)
dé thu dwoc co sd trie giao trong khong gian do.

Gidi. Ta c6 thé bo sung bang hai cdch

1T Vi s6 vecto cia hé da cho nhd hon 4 (la s6 chiéu ctia khong
gian R*) nén trong khong gian R* ta c6 thé chon vecto a4 sao cho hé
vecto by, by, bz, ay doc 1ap tuyén tinh va sau d6 4p dung phép trire giao
héa Gram-Smidth.

2% Ta c6 thé chon vecto x = (1, 19, 73, 74) dong thoi trie giao véi

cac vecto by, bs, b, tirc la thu dwoc hé phwong trinh

$1+l‘2+l‘3+l‘4:0,

2x7 + 229 — 223 — 224 = 0,

Lol T T
2.%'1 2.%'2 2.%'3 2.%'4 = V.
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Chang han, tir hé d6 ta c6 x = (7,-7,—1,1). A
Vi du 8. 17 Chitng td rang cdc vecto x; = (1,1,1,2) va xg =
(1,2,3,—3) la truc giao véi nhau.

2+ Hay bo sung cho hé hai vecto d6 dé thu dwoc co sd truc giao
clia R

Gidi. 17 Ta c6

(r1,22) =1-1+1-24+1-3-2-3=0.
Do d6 ching truc giao.

2% Gia st x3 = (o, 5,7, 0), trong d6 «, 3, dwoe xdc dinh tiv cdce
diéu kién (w3, 1) = 0, (w3, 19) = 0 tikc 1a

a+fB+v=0
a+28+3y=0.
T d6 =3 = (1,—2,1,0).

Bay gio ta sé bo sung thém cho hé vecto x1, x9, 3 mot vecto nita.
Gia st 24 = (o, 3,7, 9), trong db cac toa do «, [, 7, 0 dwoc xac dinh
tir cac dang thie:

(T4,71) =0, (x4,72) =0, (w4,72) =0.
T dé
a+0B+v+26=0,
a+06+4+3y—-30=0,
a—-28+y =0.
Tir d6 thu dwoc x4 = (—25,—4,17,6). Nhw vay ta di bo sung thém

hai vecto x3,r4 va thu dwgc hé vecto trwe giao 1,9, x3, x4 trong

khong gian 4-chiéu. D6 14 co s& triee giao. A

BAI TAP
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1. Gid st a = (ay,az), b = (b1, b2) 1a nhitng vecto tly ¥ ctia R2. Trong
cac quy tac sau day, quy tac nao xdc dinh tich vo hwéng trén R?:
) (a b> = a161 + ang.

9) (a,b) = kaiby + Lasbs, k.04 0.

3) {(a,b) = a1by + a1bs + asb;.

4) (a,b) = 2a1by + a1bs + asby + aszbs.
5) {a,b) = 3a1by + a1by + asby — agbs.

(DS. 1), 2) va 4) x4c dinh tich v6 hwéng
3) va 5) khong xac dinh tich vo6 hwdng).

2. Trong khong gian Euclide R*, xdc dinh géc gitta céc vecto:
5
1)a=(1,1,1,1), b= (3,5,1,1). (bS. arccosg)

9 a=(1,1,1,1), b= (3,—51,1). (DS. g)
3)a=(1,1,1,1), b= (—3,—3,—3,—3). (DS. )

3. Trong khong gian Euclid R*, tim do dai ctia cdc canh va cic géc
clia tam gidc 1ap bdi cac vecto a, b, a + b néu
1) a va b nhw trong 2.1)
2) a va b nhw trong 2.2)
3)a=(2-1,24), b= (21,2 —4).

— 5
(DS. 1) llall = 2, llbl = 6, fla+ bl = 2v15, cos(a,b) = o,
7 — 13

cosaa+b ——=; cos(b,a+b) = ——; 2) |la|| = 2, ||b]| = 6,

(0T = gy B = G 2 el =2
a+bll =2 10,0055,\6 :O,cosa,/a?b :—,cosb,/a?b =
H | =2v (a,b) ( ) 75 ( )7
3) llal =5, [Ibll =5, lla + bl = 6, cosa,d) = -5,

4
b b
(T - < cos(hrath) = )
4. Chitng minh rang trong khong gian Euclide
Halasa=0.
2) Néu vecto a L b; Vi = 1,5 thi a trirc giao v6i moi t6 hop tuyén

tinh cua by, ..., bs.
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3) Hé céc vecto khac khong va trire giao véi nhau tirng doi mot 1a

hé doc lap tuyén tinh.

5. Gia st mot tam gidce trong khong gian Euclide dwoce 1ap nén bdi
cac vecto a,b,a + b. Chitng minh:

1) dinh 1y Pithago: Néu a L b= ||a + b||* = ||a]|* + ||b]|.

2) dinh 1y déo ctia dinh 1y Pithago: Néu |la + b||* = ||a||* + ||0]|* =
a LD

3) dinh ly ham cosin:

la +l1* = [lal|* + [|B]]* + 2[|a] [[b]| cos(a, b).
4) bat dang thirc tam gidc
lall = lloll < lla+ bl < llall + [|b]]

Chi dan. Stt dung bat dang thite Cauchy-Bunhiakovski.

6. Chitng minh rang trong hinh binh hanh dung trén hai vecto a va b
tong cac binh phrrong do dai clia cdc dwong chéo bang tong cac binh

phwong do dai cac canh
la + lJ* + [la — b]I* = 2[al|* + 2|b]|*.

7 . N ~ ’ A~ .
7. Ching minh rang néu cdc vecto ag,as,...,a, ciua khong gian

Euclide la tirng doi mot trire giao thi
lar + s - P = flaal + laall? + -+ [l
Chi dan. Xét tich vo hwdng
(a1 +as+ -+ am,a1+as+ -+ ay)

8. Ap dung qud trinh truc giao héa doi vdi cdc hé vecto sau day cna
R™:
1) ap = (1, —2,2), Ao = (—1,0, —1>, ag = (5, —3, —7>
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2 2
(DS. & = a1 = (1,-2,2); & = (—g, =3 ); & = (6,—3,-6))
2 ar = (1,1,1,1), as = (3,3, —1, —1), 3:( 2,0,6,8).
(DS. & = a1 = (1,1,1,1) £ =(2,2,-2,-2), & = (—1,1,~1,1))
) a1 = (1,1,1,1); as = (3,3, —1, —1); ag = (—1,0,3, 4).

DS. & = a1 = (LL1L1), & = (2,2,-2,-2), & = (—

1 1 7 7)>
2727 279
9

~ 7 ’ A~ A~ ~ .
. Tric chuan héa cdc hé vecto sau day ctia khong gian R*:

Da = (1,1,1,1), az = (1,1, -3, -3), as = (4,3,0, —1).
1 1 11 11 1 1
(DS 51 = <§7§7§7§)7 52 = <§7§7_§7_§)7 53 =

<1 11 1))
27 227 2

2) a1 = (1,2,2,0), ax = (1,1,3,5), az = (1,0, 1,0).
12 2 1 1 )
(DS 51: <_7_7_7O)752: <O7_ ) ) )7

3’3’3 3v3 3v3 33
< _< 6 B 17 8 B 5 )>
’ V78 378 3V78 378

10. Chitng t6 rang céc hé vecto sau day trong R* 1a truwc giao va bo
sung cho cac hé dé dé trd thanh co sé truc giao:
1) a; =(1,-2,1,3), as = (2,1,-3, 1)
(DS. Chang han, céc vecto az = (1,1,1,0), as = (—1,1,0,1))
2)a; =(1,-1,1,-3), az = (—4,1,5,0).
(DS. Chang han, céc vecto az = (2,3,1,0) va aq = (1,—1,1,1))

11. Chitng to rang céc vecto sau day trong R* 1a trirc giao va bo sung

’ N ’ ~ S . S ~ ’ s 7
cho céc hé d6 de trd thanh co s& trire giao va chuan héa céc co sé doé

Doar=(1,-1,1,-1), as = (1,1,1,1).
1 11 1 1111
(DS 51 = <§7_§7§7_§)7 52 = <§7§7§7§)7 53 = <_

1 1
—707—70)7
V2 V2
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1 1
5 = <O7_ 707 )
* V2 2 )
2)a; =(1,-1,-1,3), as = (1,1, -3, 1)

1 1 1 V3
(DS. & - (2\/5,_2\/5,_2\@,7), &, _
11 V3 o1
<ﬁ’ﬁz’_?iﬁ)’ 12 1
“=(Fww) o= (55w

5.4 Phép bién doéi tuyén tinh

5.4.1 Dinh nghia

Anh xa £ : R* — R" bién khong gian R™ thanh chinh né dwoc goi 1a
mot phép bién doi tuyén tinh (bdtt) clia khong gian R”™ néu né thda
man hai diéu kién sau day

(i) V6i hai vecto a va b € R™ bat ky

L(a+b) = L(a)+ L(D). (5.15)
(ii) Véi vecto a € R™ bat ky va VA € R ta ¢é
L(Aa) = AL(a). (5.16)
Hai diéu kién (5.15) va (5.16) twong dwong vdi dieu kién:
LOva+ Asb) = ML(a) + AL (b).

T dinh nghia suy ra: néu hé vecto ay, as, ..., a,, € R" 1a pttt thi

hé cdc vecto anh f(a1),..., f(a,) cing la pttt.

5.4.2 Ma tran cia phép bdtt
Gia st trong khong gian R™ ta ¢6 dinh mot co s& (€) nao do:

E=1{,8,... & (5.17)



214

Chwong 5. Khong gian Euclide R"

Khi d6 Va € R™ ta cé khai trién
v =118 + Tala + 0+ T

Moi ma tran vuéong A = Hainnxn deu xdc dinh phép bdtt £ theo

cong thirc

U1 ayy a2 ... Qin X1
Y2 21 Q22 ... Q92pn )

=. . . . (5.18)
Yn Apl Gp2 ... Gpp Ty

N6i céch khéc: dé thu dwoc toa do &nh y = L£(z) ta can nhan ma tran

A véi cot toa do ctia z. Viét ra chi tiét ta ¢

Y1 = 1171 + A12T2 + - - - + A1pTy,
(5.19)

Yn = Qp1T1 + Q2o + - -+ Gppn.

Nguwoc lai, trong co s& da chon (5.17) moi phép bdtt £ déu twong
tng véi mot ma tran A = ||a;;|| cdp n va sy tdc dong cua phép bdtt
dwoc thye hién theo cong thire (5.18) hay (5.19).

Viéc tim ma tran cta phép bdtt dwoc tién hanh nhw sau

1T Téc dong L 1én céc vecto co s& cua (5.17) va thu dwge anh
L(&),i=1,n.

2% Khai trién cdc anh £(&;) theo co s& (5.17):

L&) =an& +anb+ -+ améy,

L(E) = a& + ané + - + a2, (5.20)

5(5\) = a1,E1 + a2,E2 + -+ + A,

T céc toa do trong (5.20) ta lap ma tran A sao cho toa do cua vecto
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L(&), 1 =1,nla cot thir ¢ cia A, tikc la

air aiz ... QA1n

21 Q22 ... Q2
A=

_anl Apo ... ann_

D6 la ma tran cua phép bdtt.
Ta lwru v rang khi thay déi co s& thi ma tran ctia phép bién doi
tuyén tinh sé thay doi. Gia st ma tran chuyeén tir co s& (£) dén co s&

(&) dwoc ky hiéu la Teger, trong dé

£ =1{€.8, . .. &

’¥n

va A 1a ma tran phép bién ddi tuyén tinh £ theo co s& (5.17). Khi do,
ma tran B cia L theo co s& (&) lién hé véi ma tran A cia né theo

co 8O (5.17) bdi cong thire
B =T ATger (5.21)
hay la

A =Tee BT, (5.22)

5.4.3 Cac phép toan

Gia st A va B la hai phép bdtt cia khong gian R™ véi ma tran twong
ting 1a A = [lag|| va B = ||b;| tuy y.
1* Téng A + B 1a phép bién déi C sao cho

C(z)=A(z)+ B(x) VYxeR"

v6i ma tran twong ing la C = A+ B = ||a;;|| + [|bi;]|-
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2+ Tich cc phép bién ddi tuyén tinh A véi s6 thue o € R 1a phép
bién ddi a.A sao cho

(aA)(x) = aA(x)

v6i ma tran la afla;||.
3+ Tich AB la phép bién doi

véimatran la C' = A - B.

5.4.4 Vecto riéng va gia tri riéng

Vecto khic khong x € R™ dwoc goi 1a vecto riéng clia phép bién doi

tuyén tinh £ néu tim dwoc s6 A sao cho dang thitc sau thda man
L(z) = Ax. (5.23)

SO A dwoc goi 1a gid tri riéng clia phép bdtt £ twong ting vdi vecto
rieng .

Céc tinh chat clia vecto riéng

1t Moi vecto riéng chi c6 mot gid tri riéng.

2+ Néu ! va 22 1a céc vecto riéng ctia phép bdtt £ véi cling mot
gid tri riéng \ thi tong o' + 22 ciing 1a vecto riéng cia £ véi gid tri
rieng .

3% Néu z 1a vecto riéng ctia £ véi gid tri riéng A thi moi vecto ax
(v # 0) cung la vecto riéng cua £ véi gid tri riéng A.

Néu trong khong gian R”™ da chon mot co s& xdc dinh thi (5.23) ¢
thé viét dwdi dang ma tran

AX = A\X (5.24)

va khi d6: moi c6t khac khong thoa man (5.24) dwoc goi la vecto riéng

ciia ma tran A twong tng véi gia tri riéng A.
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Vi AX = AEX, trong d5 E 1 ma tran don vi nén (5.24) c6 thé

viét dwéi dang
(A—AE)X =0

va dwdi dang toa do ta thu dwoc

(all - )\)xl 4+ a19To + - - + apx, =0,
asiry + (age — N)xg + -+ + agpx, =0, (5.25)
Ap121 + Ap2o + - - + (ann — )\):Cn =0.

Dé tim cédc vecto riéng, triede hét can tim nghiém khic 0 cta hé
(5.25). Nghiém khdc 0 ctia hé (5.25) ton tai khi va chi khi dinh thitc

ctia n6 bang 0, tire 1a

al — A ai2 cee Q1n
a Aoa — A ... Qo
A—AB|=| o 0 =0 (5.26)
anl an2 “ e aTLTL — )\

Phwong trinh (5.26) dwoc goi la phwong trinh ddac trung cia ma
tran A, con cdc nghiém cia né goi 1a cdce sdé ddc trung hay gid tri riéng
cliia ma tran A. Sau khi tim dwoc céc s6 dac trung Aj, Ao, ..., A\, ta
can thay gia tri \; vao (5.25) dé tim céc toa do xy,...,x, cla vecto

rieng twong tng.
CAC Vi DU
Vi du 1. Cho £ : R? — R?
(al, ag) [ — £(a1, ag) = ((7,1 + as, 2(11).

1* Chitng minh rang £ 1& phép bién déi tuyén tinh.

27 Tim ma tran cta £ theo co s& chinh tac e = {ey, e}
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Giagi. 17 Gid st 2 = (21, 22), y = (y1,92). Khi d6

ax + By = a1, x2) + By, y2) = (w1 + Byr, axz + By2)

va do do

L(ax + By) = L(axy + By1, axs + Bys)
= [axy + Byr + aza + By, 2(axt + Bin)]
= [a(xl + z9) + B(y1 + y2), a2x; + 5291]
= (a(z1 + x2), 0221) + (B(y1 + v2), B2u1)
= a(ry + 9, 271) + B(y1 + Y2, 2y1)
= al(x1,22) + BL(Y1, y2)
= al(z)+ BL(y).

Nhw vay £ la phép bdtt.
2% Dé tim ma tran ctia phép bién déi tuyén tinh £ ta khai trién
anh L(e1) va L(ez) theo co s& chinh tic. Ta ¢
Ller) =L(1,0)=(1,2-1)=L£(1,2) =1-e1 +2- e,
ﬁ(l,O) =1 * €1 —|—0'€2.

A:Ed.

Vi du 2. Xét khong gian R? véi cosd €: & = (1,1,1), & = (0,1,1),
& = (0,0,1) va phép bién déi £ : R* — R? xédc dinh bdi dang thite

)
—~
D
[N}
~—
I
)
—~
=
—_
~—
I
—~
—_
(]
@)
~—
I

Tw d6 thu dwoc

L[(ur, ug, uz)] = (u1,ug — uy,uz — u1) Yu = (ur,uz,uz) € R

1" Chitng minh rang £ 1a phép bdtt.

2% Tim ma tran cta £ trong co s& da chon.
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Gidi. 17 Gid st © = (v1, 29, 73), ¥y = (y1,¥2,¥3) € R va o, B € R.
Ta co

L(ox + By) = Lla(wr, w2, 23) + B(y1, Y2, 93)]

= £[(Ozx1 + By1, axs + Pys, axz + Byg)}

= (o1 + Byr, axa + Bya — awy — By, axs + Bys — axy — Biy)
= (a1, a(zy — 1), a(zs — 1)) + (Byn, Bly2 — 1), Bys — v2))
=z, 2 — 21,23 — 1) + B(Y1, Y2 — Y1, Y3 — V1)

= al(zx)+ BL(y).

Vay £ 1a phép bién ddi phan tuyén tinh.

~ N A . . ’
27 Dé tim ma tran ciua £ doi véi co s& &1, Ey, E3 ta cd

LE)=L1,1,1)=(1,1-1,1-1)=(1,0,0) =& +0-& +0- &,
L(&)=L0,1,1)=(0,1,1)=0-& +1-E +1- &,
£(53>:£(07071>:(07071>:O51+0(€2+153

Tir d6 suy rang ma tran cta £ ddi véi co sd da cho 1a

A=

o O =

_ = O

_ o O
>

Vi du 3. Trong khong gian R? cho co s& chinh tac e = {e1, ez, e3} va
E=1{&1,5,8}, & = 2e1 —ex +3es, £ = €1 +e3, E3 = —ea + 2e3 12
mot co s& khic va gid st £ : R? — R? 13 4nh xa dwoc xdc dinh theo

co s& {ey, €2, €3} nhw sau
T = (11,12, 73) — f(x) = (v, 21 + 22,71 + 72 + 73)

1T Tim toa do cua vecto © = 3e; — ex = (3,—1,0) doi vGi co s&
(517 527 53)
2% Chitng minh rang £ 13 phép bdtt.
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3% Tim ma tran cta £ theo co s& {e1, eq, e3} va {&1, &, &3}

Gidi. 17 Ma tran chuyén tir co s& {ej, e, e3} dén co sd (&1, Ea, E3}

la:
2 1 0 1 -2 -1
Te=|-1 0 1| =T |-1 4 2
3.1 2 -1 1 1

Gid st (z7, 25, 2%) 14 toa dd cua x doi véi co s& {&1, &, E}. Khi
dé

3 7y 1 -2 —1] {3 5
| =T |oo| =1 4 2| |-1|=|-T7
T3 x3 -1 1 1 0 —4

Vay toa do ctia x doi v6i co s¢ &1, E,E5 1a (5, —7,—4) vado d6 = =
5E — TE — 4Es.

2% Viéc chitng minh £ 13 phép bdtt dwroc tién hanh twong tw nhw
vi du 2.

3T Gid st f(x) = (y1, 92, y3). Khi d6 ép dung (5.18) ta ¢é

f(x1, 20, 20) = (21, 21 + T2, 1 + T2 + x3) = (Y1, Y2, Y3)-

Do vay trong co s& chinh tac ta cé

U T 1 0 0| |oy
Y| = T1 + T =11 1 0] |z9
Y3 X1+ To + 23 1 1 1 I3

va do do
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Gia st B la ma tran cua L theo co s& &1, &, E3. Khi db

(1 —2 —1][1 0 0] [2 0
B=T/AT.e=|-1 4 2|1 10| |-1 0 1
-1 1 1] |11 13 2
4 -3 1]
=110 7 —2|. a
'3 2 0

Vi du 4. Gidstt £: R? — R? va £* : R® — R3 13 hai phép bién doi

tuyén tinh cia R3, trong dé

L(x1, 20, x3) = (T2 + 23, =21, 1 + X2),

ﬁ*(l'l, X2, .fL'g) = (Cl — T2, 233'3, 233'2 + .1'3).

Tim £+ L*, Lo L*, L* o L va ma tran cta ching.
Gidai. Ta c6:

1) (L4 L) (z1, w9, 22) = L(x1, 22, T3) + L7 (21, T2, 73)
= (w9 + x3, =211, 11 + x3) + (T1 — T2, 223, 209 + T3)
= (x1 + o3, —2(x1 — x3), 21 + 3x2 + T3).

Tir d6 phép bién ddi £ + L* c6 thé drge cho bdi cong thire

Y1 =T + xs,
Yo = —21‘1 + 2.%'3,
Y3 = T1 + 3T2 + T3

va ma tran Az, cua £+ L£* ¢6 dang
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Ta Iwru v rang tit céc cong thire cho £ va L* ta cé

0 11 1 -1 0
Ag=1-2 0 0|, Ags=1(0 0 2
1 10 0 2

va thu dwoc A, ,- bang phép cong Ay véi Ap-.
2) Ta c6

(£ @) ﬁ*)(l') = ﬁ[ﬁ*(l')] = ﬁ(l‘l — X9, 2.%'3, 2.%'2 + .%'3)
= ( 203 +2x9 + x5, —2(21 — x2), 11 — T3 + 273 )
< = —— =~

= (29 + 3x3, =211 + 229, 1 — X2 + 23)

va twong tw nhw trén ta co
Apop = | -2 2

(Lu*u 57 rﬁng ALOL* = AL X AL*).
3) Trwomg hop L£* o £ dwoc giai twong tw 2). A

Vi du 5. 1) Chitng minh rdang trong co s& e = {ej,e2} cia khong

gian R? vecto x = e; — 3ey 14 vecto riéng ctia phép bdtt £ c¢é ma tran

b

2) Tim gid tri riéng va vecto riéng cua phép bdtt xdc dinh bdi céce

trong co s& e la

va voi gia tri rieng A = —1.

phwong trinh y; = 5x1 + 429, yo = 821 + 9x,.
Gidi. 1) Tride hét ta hwu ¥ rang vecto x # 6.
Ta can ching t6 £(z) = —x. That vay, ta ¢é

=3 of |3 =[] - =
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Nhw vay L(z) = —z va do dé x la vecto riéng tng véi gid tri riéng
A=—1

2) 1t Ta c¢6 ma tran ctia phép bién dai 1a

<ol

Phwong trinh dac trung cé dang

5—A 4

=0 N —-14)\+13=0
8 9-—)\

A =1,
~
Ao = 13,

2% C4 hai gid tri A = 1 va A = 13 déu 14 cdc gid tri riéng.

3% Dé tim toa do ctia cdc vecto riéng ta cé hai hé phwong trinh

tuyén tinh

() (5= A& + 46 i 0, (1) (5—A)& + 4 i 0,
86 + (9 — \)Es = 0. 8+ (9 — \o)és = 0.

i) Vi A\; =1 nén hé (I) c6 dang

481 +48 =0,

81 + 8& = 0.
T d6 suy ra & = —&;, do d6 nghiém cua hé nay ¢é dang & = oy,
& = —aq, trong d6 ag la dai lwong tuy y. Vi vecto riéng khéc khong

nén cac vecto tng voi gid tri rieng Ay = 1 1a cac vecto u(ag, —aq),
trong do a; # 0 la tuy y.
ii) Twong tw khi Ay = 13 h¢ (II) trd thanh

=881 +4& =0,
8 —4& =0,
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tire 1la & = 2&. Dat & = f = & = 26. Vay hé (II) ¢é nghiém la
& = B, & = 206. Vi vecto rieng khéc khong nén céc vecto riéng rng
vGi gid tri Ay = 13 1a céc vecto v(3,205). A

Vi du 6. Tim gid tri rieng va vecto riéng ctia phép bién déi tuyén

[

Gidi. Da thitc dic tring ctia phép bién déi £

tinh £ v&i ma tran

1—X 2
P(\) = = A2 — 5\ — 6.
5 4-X
N6 ¢6 hai nghiém thuwe A\; = 6, Ay = —1. Céc vecto dac trung dwoc
tim tir hai hé phwong trinh
1=1,2.

Y

(1 - )\Z>€1 + 252 = 07
5+ (4 —N)& =0,

Vi dinh thitc clia hé = 0 nén moi hé chi thu vé mot phwong trinh.

1+Véi)\1:6tacé5£1—2§2:0:>g—lzgvédodétacéthé
14y vecto riéng twong tng la u = (2,5) (théc moi vecto au, a € R,
a #0)

2t Vi g =—1tacé&+&=0= g—l = —1 va vecto riéng tirong
ung la v = (1, —1) (hay moi vecto dang éfu, B#0). A

’ N 7 * 7 . oA N oA ’ . e
Vi du 7. Tim céc gid tri riéng va vecto riéng ctia phép bién doi tuyén

tinh £ trén R® v4i ma tran theo co s& chinh tac 1a
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Gidi. Ta c6 da thitc dac trung ciia ma tran A la

1-Xx 1 4
det(A—AE)=| 2 -\ —4|==N+6\—-11A+6
-1 1 5-2X
va
Moo= 1,
det(A—AE) =0<= [Ny =2,
A3 =3

Gia st © = (&,&,&) # 0 1a vecto riéng tng véi gid tri riéng .

Khi d6 z 1a nghiém ctia hé thuan nhét

(1=N& +&+46 =0,
28 — A& — 483 =0, (*)
&+ &E+(B-NE& =0.

17" Khi A =1 ta ¢b

§2 + 483 =0,
(%) = 26 — & — 48 =0,
=&+ & +45 =0.

= nghiém tong quat 1a (0, —4a, ), a # 0 tly .

Vay véi gid tri rieng Ay = 1 ta c6 cac vecto riéng tng véi né la
(0, —da, ), « € R, a # 0.
2t Khi A = 2 ta cé

=& +&E+45 =0,
(%) = 26 — 26, — 483 =0,
& +&+35 =0

= hé cé nghiém tong quat 1a (5, 3,0), 8 # 0 va do d6 vecto riéng tng
voi A =21a (0,03,0), 6 #0.
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3T Khi A = 3, thwe hién twong tw nhw & 1T va 27 ta thu dwoc

vecto riéng twong ting (27,0,7), v #Z 0ty y. A

Vi du 8. Tim gid tri riéng va vecto riéng cua phép bdtt véi ma tran

7T =12 6
A= 110 =19 10
12 =24 13

Gidi. Phwong trinh ddc trung

7T—A —12 6
PA)=| 10 -19-2\ 10 | =0
12 —24 13—\
c¢é nghiem A\; = Ay = 1, \y = —1. Céac vecto dac trung dwoc xac dinh

tir hai hé phwong trinh

(T—XN)§—12n+6¢ =0,
10§ — (19 + A\y)n + 10¢ =0,
126 = 24n+ (13 —=X\)(=0; i=1,2.
1" Khi A =1 ta c6
6§ —12n+6¢ =0,
10§ — 20n 4+ 10¢ =0,
126 — 24n 4+ 12¢ = 0.

Hang cia ma tran (goi la ma tran dac trung) (A — A\ E) cia hé nay

14 bang r = 1. Do d6 hé twrong dwong véi mot phwong trinh

E—2n+(C=0.

Tir d6 suy rang hé cé hai nghiém doc 1ap tuyén tinh, chang han
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27 Khi A = —1 ta cé
8§ —12n+6¢ = 0,
10€ — 187 + 10¢ = 0,
12€ — 247 + 14¢ = 0.
Hang ctia ma tran (A—A3E) ctia hé bang r = 2. Do d6 hé twong dwong

vGi hé hai phwong trinh. Nghiém riéng cta né ¢6 dang w = (3,5, 6).

Nhw vay u, v, w la céc vecto riéng ciia phép bdtt da cho.

A:Ed.

Tim phép bién doi tuyén tinh £ twong ng véi ma tran dé.

Vi du 9. Cho ma tran

Gidi. Gid st x = ae; + bey 1a vecto tity ¥ clia mit phang. Dé tim

phép bién ddi tuyén tinh ta can chi ro anh y = Az. Ta cé

B fvem

Nhw vay phép bién déi £ cé tinh chat 1a: thay ddi vai tro ctia céc toa
do ctia moi vecto z € R%. Tir d6 suy rang £ 1a phép phdn xa girong

ddi véi deong phan gide thit nhat. A

BAI TAP

Trong cdc bai toan (1 - 11) hay chitng td phép bién déi da cho 1a
phép bdtt va tim ma tran cia ching theo co s& chinh tac.
1. Phép bién déi £ 1a phép quay moi vecto clia mat phang Oy xung

quanh goc toa do mot géc ¢ ngwoc chiéu kim dong ho.

(DS. A =

cosp —sing
sing  cosp
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2. Phép bién ddi £ 14 phép quay khong gian thure ba chieu mot géc ¢
xung quanh truc Oz.
cosp —sing 0
(DS. |singp cosp 0f)
0 0 1
3. Phép bién doi £ 1a phép chiéu vuong géc vecto a € R? 1én mat

phang zO0y.
1 00
(bS. [0 1 0])
0 00

4. Phép bién ddi L 14 tich vecto y = [a, z], trong d6 a = a1y + asws +
asxs 1a vecto ¢6 dinh cia R3.

0 —as a9
(DS as 0 —aq )
—a9 aq 0

Chi dan. St dung phép biéu dién tich vecto diri dang dinh thite.

5. Phép bién ddi £ 1a phép bién déi dong nhét trong khong gian

n-chiéu R” trong moi co s&.

(1 0 ... 0]

01 ... 0
(DS' E= I : )

_O 0 ... 1_

6. £ 1a phép bién d6i dong dang L(z) = ax trong khong gian n-chiéu.

a 0 ... 0

0 o ... 0
®s. |, 7D
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7. Phép bién ddi £ c6 dang L(x) = xae; + w369 + T4€3 + 1104 trong db

T = T1€1 + XTg€y + T3e3 + Tyly.

0100
0010
0001
1 000

(DS.

8. Phép bién ddi £ 14 phép chiéu vuong géc khong gian 3-chieu lén

truc A 1ap véi céc truc toa do nhitng géc bang nhau, titc 13 (Ol'/,\A) =

(0y,A) = (0z,4) = a.

11 17
33 3
ms. |1 1 1h
33 3
1 1 1
ENERES

Chi dan. St dung tinh chat ctiia cosin chi phirong ciia géc bat ky
cos? o + cos? a + cos® a = 1.
9. Phép bién ddi £ 1a phép chiéu R? theo phirong song song véi mit
phang vecto es, es 1én truc toa do cla vecto e;
1 00
S. [0 0 0])
0 00

o A s g N 2
10. Phép bién ddi £ 1a phép quay R?® mot géc ¢ = ?ﬂ xung quanh

dwong thang cho trong R? bdi phwong trinh z; = x5 = 3.

0 01
(BS.a) |1 0 0] néu quay tir e; dén eq,
010
010
b) |0 0 1| néu quay tir e3 dén e;)
1 0 0
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Trong céc bai todn (12-22) cho hai co s& (e) : e, es,...,€, Vi
(&) : &1,&, ..., &, clia khong gian R™ va ma tran Az cla phép bién
déi tuyén tinh £ trong co s& (€). Tim ma tran ctia £ trong co s& (€).
Phwong phap chung 1a: (i) tim ma tran chuyén T tit co s& (e) dén co
s& (€); (i) Tim ma tran T (iii) Tim By = T 'AT.

17 6 5 0
11. A, = , &1 =e1 — 2ey, & = 2e1 +e5). (DS.
L 6 8] 1 1 2, €2 1 2). ( 0 20])
3 1 -2 3
12. A, = ,E1=e9, E =€+ ey, (DS.
L 9 _1] 1 €2, C2 €1 1T €2 ( 1 _2])
[ 9 4] ~3 14
13. A, = , &1 =eg —2e1, E = 2e; — 4ey.  (DS.
L 3 3 1 €2 €1, €2 €1 €2 ( _3 8])
1 0] 5 6
14. A, = , &1 = 3e1 + 2e9, & = 2e1 + 2e5. (DS.
L 9 4"t €1 1 2€2, C2 e1 +2es. ( —6 —8])
0 -2 1
15. A, =13 1 0|, & =3e1+ e+ 2e3, E = 2e1 + ey + 2es,
2 —1 1
—&5 =59 18
E3=—e1+2e+5e3.  (BS. | 121 84 —25])
—-13 -9 3
15 —11 5
16. AL: 20 —15 8 ,51:2€1+3€2+€3, 52:3€1+4€2+€3,
8 -7 6
1 00
E3 = €1 + 2e9 + 2es. (DS 0 2 0 )
0 0 3

2 =1 0
17. A, =0 1 —1|. & =2e1+ey—e3, E =26 — ey + 2e3,
0 O 1
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-2 11 7
&3 = 3e1 + e3. (DS —4 14 8 )
5 —15 -8
2 1 33
18. A = Le1 =36 =&, e=E +&. (PS.
L 0 3] €1 1 2, €2 1 2 ( 0 2])
1 4 2 7
19. A; = cer=E 4 &, es=2&. (DS.
L 5 O] €1 1 2, €2 1 ( 9 _3 )
(1 2 3]
20. A, =0 3 1 |,e1=E&,e=3E4+E&E,e3=2E +&E + 2&;.
_—1 2 5_
—1 18 —3]
MS. |-1 8 0)
-2 10 2_
2 -1 0]
21. AL: 0 1 —1 ,61:251+52—53,62:251—52+253,
0 0 1
3 —-10 -8
€3 = 351 -+ 52. (DS —1 8 5 )
2 —-13 -7

22. Trong cic phép bién dai sau day tir R?® — R® phép bién déi nao
la tuyén tinh (gia thiét z = (21, 79, v3) € R3)
1) L(x1, 9, x3) = (214 222+ 323, 421 + 5o + 623, 721 + 82 4 93);

2) L(x1,x9,x3) = (x1+3w2+4, bxs; 621+ Txe+923; 10, 521 + 1229+
13x3)

3) L(x1, T2, x3) = (X2 + 3,21 + X3, 21 + T2).

4) L(x1, 29, x3) = (x1,29 + 1,23 + 2).

5) L(x1, x9, x3) = (9 + x3, 221 + 23,321 — T3 + T3).

6) L(x1,T2,73) = (221 + T2, 71 + T3, 72).

7) L(x1, 22, 23) = (¥1 — T2 — T3, T3, T2).
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(bS. 1), 2), 3), 5), 7) la phép bdtt; 4), 6) - khong)

23. Tim phuwong trinh ddc trung va so ddc trung cia phép bdtt L
néu
1) L(e1) = 2e1; L(ea) = bey + 3eq; L(e3) = 3e1 + deg — bes, trong
dé ey, €9, €3 1a co s cla khong gian. (DS. (A +6)(A —2)(A—3) =0)
2) L(e1) = —eq, L(e2) = 2e1 + bea, L(e3) = 2e; — €2 + 3es + Hey,
L(ey) = €1 + Tea + des + Gey, trong db ey, eg, €3, €4 1a co s& cua khong

gian.
(BS. A+ 1A =5) (A2 =9\ —2) =0)
3) L(e1) = 2e1 + 2e3, L(e2) = 2e1 + 2e2, L(e3) = —2e2 + 2es;

e1, ez, e3 1a co s& cia khong gian. (DS. A3 — 6A? + 12\ = 0)

24. Gia st trong co s& e = {ey, ea} phép bdtt £ ¢6 ma tran la

3 5
A, =

con trong co s&¢ € = {&1,&}, & = e1 — ea, &2 = €1 + 2e5 phép bdtt

L* ¢6 ma tran

Tim ma tran cla cac phép bién doi:
1) L+ L* trong co s& eq, es;
2) L + L* trong co s& &1, &s.

R e BT P

25. Gia st trong co s& e = {ey, €2, e3} phép bdtt £ ¢6 ma tran
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con trong co s € = {&1,&2,E3}, E1 = e1+2eq, E = e1—e3, E3 = eate3
phép bdtt £* ¢6 ma tran

03 O
Ap«=10 1 =2
1 2 0
Tim ma tran ctia phép bién doi:
6 —2 -2
1) L+ L* trong cosde. (BS. [16 —6 7 |)
8 —2 3
-2 -4 4
2) L+ L* trong cosd E. (DS, | 4 12 —8))
8 17 —7

26. Gia st trong co s& e = {ey, ea} phép bdtt £ c6 ma tran
-1 2

A, =
£ [ 0 1

con trong co s& € = {&1,&}, & = 2e1 + e, & = e1 — ey phép bdtt

L* ¢6 ma tran

N A 7’ 7 . Ao
Tim ma tran cta cdc phép bién doi

—1 -1
1) Lo L* trong co s& e. (DS. 0 2])

1
2) L* o L trong co s e. (DS. 7] )

Lo = T

3) Lo L* trong co sd €. (DS.
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1
4) L* o L trong co s& €. (DS. 3

7 —10])

1 —4

2 —1
27. Gia sit phép bdtt £ ¢é ma tran - trong co s& £ =

{&1,E}, & = (=3,7), & = (1,-2) va trong co s&¢ £ = {&, &5},
1 3
E =(—6,-T7), & = (—5,6) phép bdtt L£* c6 ma tran la [2 -] Tim

ma tran cua £ o L* trong co s& ma cac vecto trén dwoc cho.

109 93
(bS. )
34 29
Chi dan. Tim céc ma tran chuyén co s& T.., T.y va ép dung

cong thire (5.22) dé tim ma tran Ay va Ag trong co s& e. Tir d6
Aporr = Ap - Ag-.

Trong céc bai todn (28-31) hay xdc dinh trong céc vecto da cho
vecto nao la vecto riéng ctia phép bdtt véi ma tran da cho (trong co
s& nao do).

28, A (1 0 1 0 0
A= ;xp = , Ty = , T3 = .
N N A Y R Y R B |

(DS ) va .%'3)

20, A (1 1 1 9 1
A= ;T = , Ty = , T3 = .
—6 2| S R Y R b
(DS._l'l va .%'3) ]
(0 0 2] 1 1 )
30. A=1{2 0 O|;z1=|1]|,22=|0],z3=|2|. (DS. x3)
02 0 3 5 2
(0 1 0] -1 —4
31. A=16 3 2 y L1 = 2 , g = 0 , L3 = 0 1. (DSl‘g)
3 0 1] |0 ~3 1

Trong cdc bai todn (32-35) hay tim céc vecto riéng clia phép bién

déi tuyén tinh dwoc cho trong mot co s& nao dé béi ma tran A.



5.4. Phép bién ddi tuyén tinh 235

(2 4] 4 1 )
32. A= . 3.(DS. 1]04,[ 1]ﬁvéia7é0,ﬁ7é0batky)
[ 3 4] 9 1 )
33. A= 5 1| (bS. 1]&, [1] B véia#0, B #0 bat ky)
(1 2 —2 —2 0 6
3. A=[10 3|.®S. |1 ]a |1|8 |=-7]7
13 0 1 1 5
a#O,ﬁ#Om#Obétky)
(1 0 2 0
35. A= [0 3 0 a, |1] 8 a#0, B0 bét ky)
000 0

36. Cho phép bién ddi tuyén tinh £ : R?> — R? nhw sau
L: (.%'1,1'2) — (51‘1 -+ 4.%'2, 8.%'1 + 9.%'2)

Tim gia tri riéng va vecto riéng ciua L.
BS. M =1 u=(a,—a), a #0; A\ =13, v = (5,20), 5 #0)

37. Tim gid tri riéng va vecto riéng ciua ma tran

MBS M=X=1Lu=(x,a),a#0;\3=3,v=(6,—-0),5#0).



Chuong 6

Dang toan phwong va ing
dung dé nhan dang duwong va

mat bac hai

6.1 Dang toan phuong

7 v ~ . ’ . JEEEN
Da thitc dang cap bac hai ctia cdc bién 1, o, . . ., x,, dwoc goi 1a dang
toan phwrong ctia n bién dé:

n n

gO(l'l, e ,l‘n) = Z Z Qi T5 = Z Qi TiT5. (61)

i=1 j=1 ij=1

D6 14 phép twong tng dit twong ting moi vecto © = (11, T2, ..., T,) €
R"™ v6i 86 o(x1, ..., Xn).
Néu dat
T ay;y a2 ... Qin
) 21 Q292 ... (QApp
X = 5 A =

Tn Qp1 Ap2 ... Qpp
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thi thu dwoc
o(x1,T9, ..., 2,) = XTAX. (6.2)

Pinh ly. Néu C la ma tran cia phép bdtt thwc hién trén cdc bién
cta dang toan phwong (6.1) véi ma tran A thi dang toan phwong méi
thu dwoc ¢ ma tran la CTAC.

Dang toan phwong dang
1% + apry + -+ (6.3)

khong chira cdc s6 hang véi tich clia cdc bién khac nhau (va do dé né
c6 ma tran dwong chéo) dwoce goi la dang toan phwong chéo hay dang
chinh tac.

Tiép theo ta trinh bay ndi dung ctia cdc phwong phdp dwa dang

toan phwrong vé dang chinh tac.

6.1.1 Phwong phap Lagrange

Dinh ly Lagrange. Bang phép bién doi tuyén tinh khong suy bién
adi véi cdc bién xy,...,x, moi dang toan phwong déu dwa dwoc vé
dang chinh tdic.

Tinh than co ban clia phwrong phdp Lagrange 1a nhw sau.

1+ It nhit mot trong cée hé s6 a; khdc khong.

Khong gidm tong quét, cé thé cho rang a;; # 0 (néu khong thi
dénh s6 lai). Khi d6 bang phép trich mot binh phwong du tir cum tét
cd céc s0 hang chita x; ta ¢

@() = Oéy% + 902(3:27 €3, ... 7xn)
Y1 = M2+ Xexa + -+ Ay,

trong d6 A1, Ag, ..., A\, 1 cdc hang 6, @o(z2,...,z,) la dang toan
phwong chi con n — 1 bién (khong con z1). D6i véi wa(za, ..., z,) ta

lai thwe hién thuat toan nhw vira trinh bay,...



238 Chwong 6. Dang toan phwong va #ng dung

27 Trwomg hop a; = 0 Vi = 1,n nhimg a;; # 0 (i # j) dwoc dwa

ve trieomg hop trén bang phép bién déi tuyén tinh khong suy bién

T =Y;tYi

Vi du 1. Dwra dang toan phwong
(71,02, 03) = 27 + 25 + 23 + 4w179 + 42173 + 47273

vé dang chinh tac.
Glidi. Nhém céce s6 hang ¢6 chiva 7 thanh mot cum va trich tir

cum dé mot binh phwong du ta ¢

o(+) = (2] + 42122 + 42173) + 25 + 25 + 42973
= (71 + 22 + 223)% — (222 + 223)° + 73 + 5 + 4T973

= (x1 4+ 229 + 2:c3)2 — 323 — 33:% — 4x9x.
Nhém cée s6 hang cé chita x5 16i trich binh phirong ta cé

2 5
() = (@14 225+ 2w3)° = (> + Sw3)” — i

Dung phép bién déi tuyén tinh khong suy bién

2
Y1 = a1+ 229 + 213 T1 =Y — 2Y2 — Y3

3

2
Yy = X9 + §x3 = Ty = Yo — gyg
Ys = X3 T3 = Y3

ta thu dwoc

5
() =yi — 3y — §y§- A

Vi du 2. Dwra dang toan phwong

o(x1, 9, 3) = X122 + 2m123 + dT2T3
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vé dang chinh téc.
Ly N ~ N N [N , . N
Gidi. Vi ai1 = as = azs = 0 nén dau tién thwe hién phép bién doi

so bo khong suy bién thu diroc s6 hang c¢é binh phirong:

rr =Y
T2 =11 + Y2 (64)
xr3 = Y3

va thu dwoc

() =y (y1 +y2) + 2y1ys + 4(y1 + y2)ys
=y} + 1y + 6y1y3 + 4yoys.

Xuét phét tir dang toan phwong mdi thu dwoc, twwrong tw nhw trong

vidu 1 ta co

1 2 /1] 2
o) = <y1 + sy + 3y3) - <§y2 + 3y3) + 4yoy3

2
1 2 1, )
= <y1+§yz+3y3) -V + Yoz — 9y~

Thuc hién phép bién déi khong suy bién

1
21 =y1 + zY2 + 3y3,

2
2 = Yo,
R3 = Ya
véi phép bién doi ngwoc
1
h =z — 522 — 3z,
vy = 2, (6.5)
Ys = 23

ta thu dwoc

1
() =21 — Zz% + 2p23 — 923,
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Nhom céc s6 hang ¢6 chita 2 ta cé
1

o(v) = zf - Z(zg - 2,23)2 - 82%.

Thuc hién phép bién déi khong suy bién

Uy =z, 21 = Uy,
Uy = Z9 — 223, = Z9g = Ug + 2U3, (66)
us = <3 3 = Us

Sau ba phép bién dai lién tiép (6.4)-(6.6) dang da cho c6 dang dwong
chéo

1
P = — i — 3

Dé tim ma tran ctia phép bién déi hop ta can nhan cdc ma tran cta
(6.4), (6.5) va (6.6). Ta cé

1 1
10 0] |1 -5 -3 100 1 -5 —4
110010012212_220.
2
001l o o 11001 0 0 1

Do phép bién doi khong suy bién dira dang ¢ vé dang chinh tac 13

1T =Ul — Uy — 4U3,

Ty =up + zu2 — 2us,
2

rs = us.

Dé kiém tra ta tinh tich CTAC. Ta c¢é
1 1

1 1 oo = 1| |1 —= -4 1 0 0
ctac—= -1 1 1 i _ 1o =L o
-4 =2 111 2 0[|0 0 1 0 0 -8

D6 1a ma tran ctia dang chinh tic thu dwoc. A
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6.1.2 Phwong phap Jacobi

Phwong phap nay chi 4p dung dwoc khi moi dinh thitc con chinh cua

ma tran A ctia dang toan phwong déu khac 0, titc 14 khi

air aig ... QA1n
air Qaio 21 Q22 ... QA2p
Alzan?éo,AQ: #O,,An: X X . X 7é0
Q21 QA22 : : .. :
Ap1 Ap2 ... QApn
(6.7)

Cu thé ta cé

BPinh ly. Néu dang toan phwong

gO(l‘l, C ,l‘n) = Z aij:cixj
ij=1
théa man diéu kién vita néu: ; # 0 Vi = 1,n thi ton tai phép bién
aoi tuyén tinh khong suy bién t cdc bién x,...,x, dén cdc bién

Y1y - - - Yn Sa0 cho

AV P VA I AV
e Y e 4 S A = 1.
PO)=ZW R Ut Ao

Phép bién déi néu trong dinh 1y Jacobi c6 dang
T1 = Y1+ a21Y2 + a31Y3 + -+ QnpilYn,
To = Yo + Qi32y3 + - -+ + Qn2Yn, (6 8)

Tpn = Yn

trong d6 cdc hé s6 aj; cta phép bdtt (6.8) dwoce xéc dinh theo cic cong
thire

(6.9)
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& day A1 la dinh thike con chinh trong (6.7), con D;_q; la dinh thitc
con ctia ma tran A lap nén bdi cdc phan ti nam trén giao clia céc
hang thi 1,2,...,7—1vacaccot th 1,2,...,i —1,i+1,...,7
Vi du 3. Dwa dang toan phuwong
o(x1, 9, x3) = 222 4 323 + x% —Ax129 + 20173 — 27973
vé dang chinh tac.
Glidi. Ma tran cua dang da cho cé dang
2 =2 1
A=1-2 3 -1
1 -1 1
v&i cac dinh thitc con chinh
Ar=2, Ay=2 Az=1.

Khi d6 dang toan phwong da cho dwa dwoc vé dang chinh tac

1
() =27 +ys + §y§- (6.10)

Ta tim phép bdtt dwa dang toan phwong da cho vé dang (6.10).
N6 c6 dang

r1 = Y1+ ao1y2 + a31Y3,

Ty = Y2 + (323, (6.11)
r3 = Y3.
Ta tim cédc hé s6 cia (6.11) theo cong thire (6.9). Ta ¢
= (1P = T
Q21 ( ) A 9 )
-2 1
D2 1 3 —1 1
= (—1)* =2 = ==
Q31 ( ) A2 2 2 )
2 1
D -2 -1
0432—(—1)5 22—— =0
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Nhuw vay

1
T1 =Y+ Y2 — §y37

T2 = Y2,
T3 = Ya.
Vi du 4. Dwra dang toan phwong

o(x1, 9, 23) = 23:% + 3x129 + 42123 + x% + x%

vé dang chinh téc.

Gidi. Ta ¢6 ma tran cua ¢ la

3
2 2 2
A= |3 4
2
2 01
v6i cde dinh thite con chinh bing
1 17
Ay =2 Ap——- Ag=—-t.
1 ) 2 47 3 A

Khi d6 theo dinh ly Jacobi ta thu dwoc dang chinh tac 1a
() = 2yi — éyg +17y°
nho phép bién dai
T1 =Y+ aa1y2 + as1ys,

To = Yo + a32Y3,

T3 = Y3
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vGi cde hé s6 dwge xéc dinh theo (6.9). Ap dung (6.9) ta thu dwoc

3
D4 9 3
e —1 3—’:__:__
an = (=)' 9~ g’
3
- 2
2
Dy 1 0
0431:<—1)4—A2 :71 :8,
4
2 2
3
- 0
Ds 5 2
Q9 = —14 = = — = —12.
32 ( ) A2 _l
4
Vay phép bién dai 1a
3
T :y1—1y2+8y3,
Ty = Yo — 12y, (- A
xr3 = Y3

6.1.3 Phwong phap bién déi trwc giao

Vi ma tran A clia dang toan phwong la ma tran doi xitng, thwe nén
bai todn dwa dang toan phwong ve dang chinh tic cé thé quy veé bai
todn dwra ma tran déi xitng A vé dang dwong chéo. Céc nghiém cua
phwong trinh dic trung |A — AE| = 0 1& cdc s0 ddc trung, con cac
vecto riéng tirong tng vdi cde so dic trung d6 1a cdc hudng chinh cia
dang toan phwong (Lwu ¥ rang hai vecto riéng twong tmg véi cac gid
tri riéng khdc nhau clia ma tran doi ximg 1a trie giao véi nhau). Mat
khéc vi A 14 ma tran déi xitng thwe nén né cé n sé dac trung thuc
(néu moi s6 dwge tinh mot s6 lan bang boi cia né).

T d6 tim dwoc di n vecto rieng doc 1ap tuyén tinh. Bang phép

~ z A N ’ N
trie chuan héa ta thu diroe mot co s& gom tir cac vecto riéng clia A.
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Ma tran T chuyén tir co s& trire chuan (e) dén co s& trire chuan (&)
1ap nén tir cdc vecto riéng ctia phép bién doi d6i xttng (véi ma tran
A) 1a ma tran trirc giao vi cd hai co s& deéu trie chuan.

Nhw vay doi véi moi ma tran doi xing thwe A cé thé tim mot
ma tran tric giao 7' cling cap sao cho B = T71AT 13 ma tran chéo.
D6 cung chinh 1a ma tran cua dang toan phwong da cho trong co s&
(€). Tir d6 ta c6 quy tac tim phép bién ddi tric giao dwa dang toan
phwong vé dang chinh tac.

1) Viét ma tran A ctia dang toan phwong va tim céc sé dic trung
cua né.

2) Tim hé vecto riéng trirc chuan cta A.

3) Lap phép bién ddi trirc giao.

Vi du 5. Dwra dang toan phwong
(1, 29) = 2722 — 10229 + 33:%

vé dang chinh téc.

Gidi. 17 Viét ma tran A cia dang

27—
A= [ .

-5 3
Lap phwong trinh dac trung

21—\ =5

=0 A\ —30)\+ 56 =0.
-5 3—-)

|A—\E| =

Giai phwong trinh dac trung ta ¢ Ay = 2, Ay = 28.
2+ Tim cédc vecto riéng chuan tac. Dé tim toa do ctia cic vecto

riéng ta lan lwot giai cadc hé phwong trinh

(27 — X\i)&1 — B& =0,
54 +B—=XN)&L=0
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khi A\ =2 va \y = 28.
a) Néu \; = 2 thi ta c¢6 hé

256 — 5 =0,
=581 + & = 0.
Do d6 & = 5&;. Dat & = a. Khi db & = ba va do db vecto riéng cé

dang
u = ae; + daes.
b) Néu Ay = 28 thi ta giai hé

=& — 9% =0,
—5¢ — 256 = 0

va thu dwoce & = —5&. Dat & = 3 thi & = =54 va thu dwoc vecto
rieng
v = —bBey + Les.

N , , [N ~ ,
Twr d6 thu dwoc cac vecto rieng chuan héa

51 = Lel + i@g 52 = —iel -+ L62.
V26 V26 V26 V26
3% Lap phép bién ddi truc giao.
Trieée hét ta 1ap ma tran chuyén T tir co s& (e) sang co s& (&)

bt

V26
1

V26 V26

Vi (e) va (€) deu 1a nhitng co s& true chuén nén 7' 14 ma tran truc

(@)

. ’ ’ 7. ’ . Ao . ’ . N
giao. N6 twong ting véi phép bién ddi trire giao cia cde bién 1 va xo:
1, 5

/
T = Ty — T,
T2 V260
5, 1
Ty = —a + —X7.
2T V260 V26 2
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Tt do ta co

Nhan xét. Hé thitc cudi ciing c6 thé thu dwoc bang cich tim ma

tran B ctia dang toan phwrong trong co s& trirc chuan (£). Ta cé

2 0
0 28

B=T"'AT =T"AT =

va do do

o(-) = 2277 + 282)°,

Vi du 6. Dwa dang toan phwong

o(x1, 29, x3) = 322 4 222 + x% + 4x129 + 42973

vé dang chinh téc.

Gidi. 17 Lap va gidi phwong trinh dic trung

2— A 2 :O<:>)\1:2, )\2:—1,)\3:5.
2 1—X

2+ Dé tim toa do cac vecto riéng ta lan lwot gidi cidc hé phwong
trinh

(B=XN)&1+26+0-& =0,
200+ (2-N)&+25 =0,
0-& +25 +(1—X)Es
Vé’i)\1:2, )\2:—1V?&)\3:5.

(6.12)
—0
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a) Gia st A; = 2. Hang cua ma tran

I

|

[\V)

&5

Il
O N =
O N

o O

ctia hé phwong trinh thuan nhat

§1+ 28 =0,
2, +26 =0, (6.13)
%y —E; =0

bang 2 nén hé nghiém co ban cta hé (6.13) chi gom mot nghiém. Tir
(6.13) suy rang & = 2a, & = —a, & = —2a. Do dé vecto riéng timg
voi A =2 la

u1 (20, —a, —2)

va sau khi chuan héa ta thu dwoc

2 1 2

E=—-e1— e — =
3¢ T 32T 3%
trong do eq, €2, e3 la co s&¢ ma dang toan phwong cé ma tran la A.
b) Gia sit A = —1. Hang cua ma tran
4 2 0
A+E= |2 3 2
0 2 2

ctia hé phwong trinh thuan nhat

481 + 26, =0,
252 —|— 253 == O
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bang 2 nén hé nghiém co ban ctia n6 chi gom mot nghiém. Tir (6.14)
suy rang & = 3, & = =20, & =23, 3 € R. Do dé vecto riéng tirong

ng voi Ay = —1 sé la

u2(ﬁa _257 25)
va sau khi chuan héa ta thu dwoc
1 2 2
52 = §€1 — §€2 + §€3.
¢) Gia st A3 = 5. Twong tw nhw trén, tir hé phwong trinh
—261 + 26 =0,
26— 36 +286 =0,
252 — 453 == O

ta cd & = 2, & = 27, & = v va vecto rieng twong tng c6 dang

u3(27,2v,7), v€R

va sau khi chuan héa ta cé
2 2 1
& = 3¢ + 362 + 363
Tit cac khai trién cia &, &, & suy rang ching lap thanh mot co
s& trie chuan ciia khong gian R3.

Ma tran ctia phép bién ddi triee giao c¢6 dang

[ 2 1 27
3 3 3
r—|_1 22
3 3 3
1 2 1
L 3 3 3
véi cde cong thire bién doi toa do
T = g:c’l + —ah + —ak,
3 3 3
To = —lx’ — gx’ + —u
3 3 2 3 3
o g / g / - /
:L'g —_ l‘l + 1'2 + :L'g.

3 3 3
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Véi phép bién ddi d6 ta cé

72

o) = 2247 — 2)” + 525°. A

Vi du 7. Dwra dang toan phwong sau day vé dang chinh tac
(21, 29, 13) = 627 + 322 + 33:% +4x1239 + 42173 — ST2T3.
Gidi. 17 Lap va gidi phwong trinh dic trung

6 — A 2 2
2 3—A —4 :O<:>)\1:)\2:7, )\3:—2.
—4 3=

2+ Dé tim toa do cilia cdc vecto riéng ta can gidi cdc hé phwong
trinh thuan nhat
(6 —XNi)& +28& +26 =0,
26+ (3= N)& — 48 =0,
2% — 4+ (3—N)& =0
lan hI‘Q’t voi )\1 = )\2 = 7, )\3 = -2
a) Gid st A = 7. Hang cua ma tran A — 7E cta hé
=& +25 +28 =0,
26 —4& — 4 =0, (6.15)
251 — 452 - 453 — O

la bang 1 nén hé cé hai nghiém co ban. Hé (6.15) dwoc dwa vé mot
phwong trinh

&1 = 28 + 2¢&3.

Do d6 nghiém tong quat ctia hé (6.15) ¢ dang & = 2a + 28, & = a,
& =0

(20 + 26,0, 3), (6.16)
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tikc 1a ho cdc vecto riéng phu thudc hai tham sé o va 3.
Ta 14y ra hai vecto trire giao nao dé ctia ho u = 2(a+ 3)e; + aes +
Bes. Chang han diat o = 0, 3 = 1 thi thu dwoc vecto riéng

U1(2, 07 1)

N . A~ 7
va sau khi chuan hoa ta dwoc

£ = ( 2 0.2 )
1 — \/57 ) \/g .
Dé c6 vecto thit hai uy ta cin chon a va 3 sao cho (uy, uz) = 0 tikc
1a
2-2(a+08)+/=0<=4a+55=0.
Ta ¢6 thé chon a = 5, 3 = —4 va tir (6.16) ta c6
u2(2757 _4>

va sau khi chuin héa ta cé

2 V5 —4
f= (205 Ly
3v5 37 3V5
b) Gid sit A = —2. Ta ¢é

81 + 26 + 26 =0,
281 + 56 — 48 =0,
251 — 452 —|— 553 == O

Hang ctia ma tran ctia hé bang 2 nén hé co ban chi gobm mot nghiém.

Chang han giai hai phwong trinh cudi ta cé & = & va & = —52 va

do d6 & = —52—1 = —52—3.
Dit & = a ta ¢b ho vecto riéng phu thuoc mot tham s6

us(a, —2a, —2a), a €R
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N . A~ 3
va sau khi chuan hoa ta dwoc

1 -2 =2
- (L22)
T \3 3" 3
R6 rang 1a &1, &, & 14 mot co sd trie chuan cia khong gian R? va

A~ ~ N 9 7. N N A~ .
ma tran chuyén vé co s¢ mdi nay la ma tran truc giao dang

r 2

NG
T=19
1

V5

2

3V5
V5
3
1

3v/5

Wl

[SCI N CRUCRE )

T dé thu dwoe dang toan phwong trong co s& méi &1, &, E3 1a

70 0
B=TTAT =10 7 0
00 -2
tire la
() = Ta)* + Tay” — 227,
trong do
T = ix' + ix’ + —a
1 \/g 1 3\/3 2 3 39
\/g / 2 /
T2 = 3 P27 3T
1 / 4 / 23:/ A
T3 = —=T] — —=Ty — —Ts.
3 \/g 1 3\/3 2 3 3

Vi du 8. Tim phép bién ddi tric giao dwa dang toan phwong
o(x1, 9, 3) = 22 — 81129 — 162123 4 T25 — SxoT3 + x%

vé dang chinh tac.
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Gidi. 17 Ma tran cua dang toan phwong 1a

1 —4 -8
A=|-4 7 —4
-8 —4 1

T do6 ta cé
1-X —4 —8
|A—)\E|: —4 7T— A —4 :O<:>)\1:—9, A=X3=9
-8 —4 1-=A
2% Tim cédc vecto riéng
Dé tim toa do clia cac vecto riéng ta can gidi cdc hé phwong trinh
thuan nhat
(I=X)& —4& -8 =0,
—4& + (T —X)& — 4 =0, (6.17)
86— A&+ (1-M\)& =0
lﬁn lll'Q't v&i )\1 = —9, )\2 = )\3 =09.
a) Gid st A; = —9. Khi d6 twr (6.17) ta cd
106 —4& — 885 =0,

—451 -+ 1652 - 453 == O,
—8§ —4& + 108 =0

hay la
551 - 252 - 453 — O,

G —4L+& =0,
461 + 28 — 58 = 0.

Vi hang clia ma tran ctia hé bang 2 nén hé c6 nghiém khac 0. Ta giai
hé hai phwong trinh dau
551 - 252 - 453 — O,
&1 -4 +8=0
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va thu dwoc nghiém tong quét 1a
u(2a, o, 2a), a €R.

D6 1a ho vecto riéng (phu thuoec mot tham s6) ing véi gid tri riéng
A1 = —9. Sau khi chuan héa ta thu dwoc
21 2
&=(533)
tT\333
b) Gid st A = A3 = 9. Khi d6 tir (6.17) thu dwoc hé phwong trinh
thuan nhat
=88 — 48 — 88 =0,
—4& — 26 — 48 =0,
86 — 46 — 86 =0
hay la
26+ 6 +25 =0,
26+ 6 +25 =0,
26+ &6 +25 =0.
Hang ctia ma tran ctia hé bang 1 nén hé nghiém co ban ctia né gom

hai nghiém. Nghiém téng quét ctia hé cé dang
v(a, —2a —26,8), a,BER, o+ % £0. (6.18)

Tir nghiém tong quét nay ta it ra hai vecto riéng truc giao v va vy
twong ng véi gid tri rieng A\ = A3 = 9. Décé vy tachoa=1,3=0
va thu dwoc

v; = (1,-2,0). (6.19)
Dé tim vy ta can xdc dinh o va 3 trong (6.18) sao cho théa man dieu
kién truc giao gitta v1 va vy, tirc 1a (vy,v2) = 0. T (6.18) va (6.19)

ta co

4
a—i—4a—|—4ﬁ:0<:>a:—gﬁ.
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Do vay, ta c6 thé 1dy 3 = 5 va khi d6 tir (6.18) suy ra
vy = (—4,-2,5).

Sau khi chuan héa v; va v, ta thu dwoc

o (2
V5 VB
f— (k-2 @).
V5 3v5 3
(Lwu y rang £ L &, & L & vi & va &, &3 1a cdce vecto riéng tirong
tng véi hai gid tri riéng khac nhau nén ching triwee giao v4i nhau).
3+ Xdc dinh phép bién ddi truc giao. Trong co s& truc chuan vira

thu dwoc &1, &, E3 dang toan phwong da cho dwroc dwa vé dang chinh

tac
e() = —9y; + 95 + 93

nho ma tran trwc giao

2 1 4 7
3 V6 36
T 1 2 2
|3 5  3v6
2 V5
L3 3
véi phép bién ddi tirong tng 13
2 . 1 4
Ty == —yy — ——s,
1 3y1 \/gy2 3\/5y3
1 2 2
To= Y — —=Yo — ——
2 3y1 \/3y2 3\/3y3’
2
== Ly A
I3 3y1 + 3 Y3
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BAI TAP

Trong céc bai todn sau day hay viét ma tran ctia dang toan phwong

c¢6 biéu thitc toa do sau trong khong gian R3 (1-4) va trong R* (5-6).

1 —=3/2 0

. ri 423 —3mxe.  (BS. |-3/2 1 0])

0 0 0

. 237% + 333% — 37% + 4x129 — 62123 + 102923

2 2 -3
MS. |2 3 5|)
3 5 —1

. 2+ 2%+ 23 4 drymo + dxoxs + 4o as.

12 2
PS. |2 1 2])
2 2 1

. 433% + x% + 93:% — 4x129 — 62023 + 1221 23.

4 =2 6

[ 4 L 0 4 |
2
Loy, L8
®s. | 2 2)
0 0O 1 O
5
4 —— 0 =2
B 2 i

6. 2.%'11‘2 — 6.%'11'3 — 6.%'21'4 + 2.%'31‘4.
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0 1 -3 0
1 0 0 -3
(DS. )
3 0 0 1
0 -3 1 0

Trong céc bai todn 7-8, tim ma tran ctia moi dang toan phwong

. 7
1 3 I 5
7. [ } DS,
" [4 5] L? ( 7 5)
2
-1 1 5
10 2| (= %
8 [xl T l'3i| 1 zp|. BS. |1 4 D) )
3 0 —1] |x3 5 1
O |
L 2 2 i

9. Cho céc dang toan phrrong sau day dwroc viét dwdi dang ma tran.

Hay viét cdc dang toan phwong dé dwrdi dang thong thwong
(3 0 —1] [n
1) |:l'1 ) .%'3i| 0 —2 1 T2
-1 1 2 x3
(DS. 32% — 2wy23 — 222 + 2x973 + 222)
4 1 0] [m
2) |:l'1 ) .%'3i| 1 3 -1 To| .
_O -1 -1 T3

(DS. 422 + 22179 + 323 — 27913 — 13)

10. Viét cdc dang toan phwong sau day dwdi dang ma tran.

1
3 5| [ |
1 -
—Z 1
2

1) 322 + a3 — z122. (DS. [:cl l'2i|

2) 22 + 22 — 2w179 + BT T3
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5
(DS |:l'1 ) .%'3i| -1 0 0 ) )
§ 1 I3
2
3) 22?2 + 373 — 222 + w110 + 21173 + B3T3,
1
2 5 1 .
1 3 ||
(DS |:l'1 T2 .%'3i| - 3 - T2 )
2 3 2
1 2 2| L3
2

Trong céc bai toan sau day (11-14) tim dang toan phwong thu
dwoc tir dang da cho bdi phép bién déi da chi ra

11. o(z1, 22) = 323 — 23 + 4119, 1 = 2Y1 — Yo, T2 = Y1 + Yo
(DS. @1(y1,92) = 1997 — 2y5 — 10y1%2)

12. @(x1, 12, 23) = 227 + 303 — 22 + 1179;
T1 = —y1+ 2y2; T2 = 3y1 + Y2 + Y35 T3 = —2y1 — Yo.
(DS. @1 (y1, 42, y3) = 22y7 + 1293 + 3y5 + 11y1ye + 17y1y3 + Sy2ys)

13. ¢1(z1, T2, 13) = 223 + 422 — 22119 + wo73;
T1 =Y+ Y2 — Y3, T2 =Y1 — Y2 + Y3, T3 = Y3 + Yo.
(DS. 01(y1, Y2, y3) = Ty3 + 993 — 3y1y2 + 5y193))

14. o(11, 22, 3) = 23 — 223 + 2% — 42179 — 22973;
T1=y1 + 2Y2, T2 = Y2, T3 = Y2 — Y3.
(DS. o1(y1,y2,y3) = yi — Ty5 + v3)

Dung phwong phdp Lagrange dwa cdc dang toan phwong sau veé
dang chinh tac (15-19)

15. 222 + 323 + 422 — 22129 + 42173 — 37073

3 11
—x3)% + Ex%

1 5
(DS. p = 2(x; — 5:1:2 + x3)2 + — (29 — 5

2

5 11
= 01(y1, Y2, y3) = 2yf + 519% + Eyg)
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16. @(z1, T9, v3) = 923 + 622 + 622 — 621709 — 67123 + 127273,
(DS. ¢(+) = (3x1 — 2 — x3)* + 5(w + x3)>
= @Y1, y2,y3) = yi + 593 + 0 y3)
17. 23 + bl — 42k + 21129 — 4y 3.
(DS. ¢ = (21 + 29 — 223)? + 423 — 822
= o(y1,y2,y3) = yi + 4y — 8y3)

18. X1To + 2.%'11'3 + 4.%'21‘3.

(Chi dan va Dap s6: Dung phép bién déi phu

rr =U
To =Y+ Y2
T3 = Y3

va thu dwoc dang c¢6 chira binh phwong

1 1 1
()= (n + Y2 + 3y3)? — Z(y2 —2u3)% — 8yz = ¢ = 2] — Zz% — 823)

19. 4.%'11'2 — 5.%'21‘3

(Chi dan va Dap s6: Dung phép bién déi phu

1
T = §(y1 —42)
1
Ty = §(y1 + 42)
xr3 = Y3

va thu dwoc

5 2 5 2 2 2 2
o) = <y1 - Z%) - <y2 + Z%) =21 — 2 +0-23)

Dung phwong phap Jacobi dé dwa cdc dang toan phwong vé dang
chinh tac (20-25)

20. 32? + 4179 — 27123 + 225 — 22913 + 623
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2 11 o
(DS. p(-) =3y} + zy5 + ?yg nho phép bién doi

3
2
1 =Y — §y27 )
Ty = Y2 + §y37
r3 = y3-)

21. 5x? — 2w1@9 + 4123 + 523 + dwows + 32k

24 o g
(DS. ¢(-) = byf + —y3 + y3 nho phép bién doi

5
B n 1 1
1 =Y 5y2 : 2y3,
Tg = Yo — 51937
T3 = y3-)

22. 2% + 522 + 203 + 4129 + 2713 + da973.
(DS. () = yi + y3 + y3 nhd phép bién doi:

T =y —2Y2 — Y3,

Ty = Y2,

T3y = y3-)
23. 53:% + x% + 33:% + 4x12x9 — 20123 — 22223.

1 o o
(DS. ¢(-) = —yi + 5y3 + y3 nho phép bién doi

5
2
. =l — gy2—y3,
Ty = Y2 + 3ys,
r3 = y3-)

24. 12 4 22 + 5a? — dxyxy — 22123 + 4xoTs.
1+ 25 3
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(BS. ¢(+) = y? — 3y3 + 4y3 nho phép bién doi

T =y + 2y + ys,
Ty = Y2,

T3 = Y3.)
25. 32? + 2x1m9 — 21123 + T3 + daoms

1 PR
(DBS. ¢(-) = 3y? — gyg + 17y2 nho phép bién doi

1

1 =Y — Y2 — 2ys,
3

Ty = Y2 + Tys,

rs = y3-)

Trong cdc bai todn sau day (26-35) tim phép bién déi trire giao dira
moi dang toan phwrong da cho vé dang chinh tac va viét dang chinh

tac do.

26. 222 — 4179 + ST

2 1
r1 = —=Yy1+ —=Y2
(BS. VBT VR S () = 2+ 64d)
Ty =——72=U1+

NIV

27. 22+ 23 + dxy 1.
1 1

Ty = —F=Y1 + —F—=Yo2,
. VP VP bse()=3
NoAGNG e

To = ——=
28. 527 + 122129

yi—y3)

3 2
rKT = —F——

Y1 — —F/—=Yo,
(BS. VBT VBT o) =0y — ayd)

Ty = —F—

+ R
VeIV E i

29. 73:% + 33:% + 6751 1Ts.
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5
T yl + 192
(bs. v 3 = () = 1297 — 2y3)
To = ﬁyl \/ﬁm
30. 222 — 4v/bayxs + 323
2 N NG
T1 = 51T —57Y2
(S, S Py 7 el) =T - 2)
Tog = —7y1 + 3y2
31. p(z1,x2) = dx129
1 1
1 = —=Y1 — —=Y2
(BS. \{5 \{5 = (Y1, y2) = 2y — 203)
To = ﬁyl + 7§y2
32. 322 + 62179 + 323
1 1
rr = —F/=Y1 — —=Yo,
(DS. VE VR b = el =)
X9 \/—yl + \/iy2

33. 63:% + 53:2 + 73:3 —4dxx9 + 421203

2 L2 )
X1 = 3y1 3y2 3937
1 9 9
BS. 2, = —3yi+ gt s 0 ©(-) = 9y + 6y3 + 3y3)
_2 2 1
xs3 = 3y1 3y2 3y3 )

34. 222 + 23 + 323 — 4\/_:1:23:3

1
(DS. 21 = y1, 22 = y2 + \/7y3, T3 = yz + —=ys3;
\/_
o(-) =297 + 5y2
35. 222 + 512 —|— 223 — 4x1x2 — 2x1x3 + 42575,

(DS 1 = —F=U +

2 1

+—=ys, Ta = ———y2 + —=1s,

. \/_ \/_y2 \/_y3 \/_y2 \/§y3
$3=—\/§y1 \/—y2 \/—y3, () =y + Tys +3)
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6.2 Dwa phuwong trinh toéng quit cuda
duong bac hai va mat bac hai vé dang
chinh tic

1° Xét phwong trinh tong quét ctia dwong bac hai

anx® + 2a122y + asy? + 2a13x + 2a93y + ass = 0. (6.20)

Tong clia ba s6 hang dau tién

o(r,y) = ana® + 2a197y + any® (6.21)

14 dang toan phwong ctiia cdc bién z va y va dwoc goi 1a dang toan
phwong itng véi phwong trinh (6.20). Ma tran cua dang toan phwong

nay c6 dang

A=

a1 a12]
a2 a22 .

1t Néu detA > 0 thi (6.20) 1a phwong trinh clia diromg dang eliptic.

27 Néu detA < 0 thi (6.20) 14 phwong trinh dwong dang hy-
pecbolic.

3T Néu detA = 0 thi (6.20) 14 phwong trinh dwong dang parabolic.

Trong trwong hop khi detA # 0 thi (6.20) xac dinh dwong cé tam
diém. Néu detA = 0 thi (6.20) 1a phwong trinh dwomg khong cé tam
diém. Huwéng cla cic vecto riéng truc giao clia ma tran dang toan
phwong twong tmng véi phwong trinh (6.20) goi la hwdng chinh cua
dwong xéc dinh bai phwong trinh (6.20).

Ngwoi ta chitng minh rang ton tai hé toa do Décic vuong goc ma
trong d6 phwong trinh téng quét (6.20) ctia dwrong bac hai c6 dang
chinh tac.

Dé tim hé toa do dé ta tién hanh nhw sau.
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1* Tim phép bién ddi trwe giao dwra dang toan phwrong twrong tng
v4i phwong trinh da cho vé dang chinh tac.

2% Drira theo phép bién ddi nay ta tim cac hwéng chinh clia dirong,
titc 13 tim cdc vecto riéng trire chuan £ va & clia ma tran dang toan
phuong (6.21).

3™ Tim phwong trinh ctla dwomg da cho trong hé toa do O&;&s.

4% Trong phwong trinh thu dwoc ta bo sung dé thu dwoc binh
phurrong di 16i tim céc toa do clia diém O’ 1a gdc ciia hé toa do can
tim. Trong hé toa do tim dwoc O'&E phwong trinh cua dwong da

cho c¢6 dang chinh tac.

2°. Xét phwong trinh tong quat ctia mat bac hai

a112? + asoy? + assz? + 2a190y + 201352 + 2a03yz + br + by + ez + f =0,
(6.22)

trong dé {t nhat mot hé s6 a;; #0,i=1,3, j =1,3.

~ ’ M \
Tong clia sdu s6 hang dau ctla phwong trinh

olz,y,z) = a1 + a19y® + assz? + 2a120y + 201382 + 2a93y2
(6.23)

14 dang toan phwong ba bién x, v, z va dwoc goi 1a dang toan phwong

twong ng véi phwong trinh (6.22). Ma tran ctua dang la

ail; Qaiz2 a3
A= a1z Q22 A23

@13 Aa23 (33

Trong muc trude da chitng té ton tai phép bién ddi truc giao dwa
dang toan phwong (6.23) vé dang chinh tac. Do vay viéc khdo sdt va
dung mit bac hai xdc dinh bdi phwong trinh (6.22) dwoc tién hanh

twong tu nhw trong 1°.
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CAC Vi DU

Vi du 1. Dwa phwong trinh

1722 + 122y + 8y* + 20v/52 +20 = 0

vé dang chinh tac va dung dwong xéc dinh bdi phirong trinh dé.

Gidi. 17 Dang toan phwong
o(x,y) = 172 + 122y + Sy*
twong ng v4i phwong trinh da cho ¢6 ma tran

A:176.
6 8

N6 ¢6 cée s6 dac trung 14 A; = 20, Ay = 5. Ta tim toa do céc vecto

riéng ctia A bang cach gidi hé phwong trinh

(17— X)& 4+ 68 =0,
65 + (8—N)& =0

lan lwot véi Ap = 20 va Ay = 5.
Véi Ay = 20 ta co

—3§ +6& =0

51 52 = 51 = 252
66 — 125 =0
Do d6 vecto rieng ting voi Ay = 20 ¢6 dang

u(2a,a), a€R

N . A~ 3
va sau khi chuan hoa ta dwoc

&= (=,

&l
$l-
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Véi Ay =5 ta co

126 +6& =0,

661 + 36 = 0} &=

Do d6 vecto rieng twong tmg vdi Ay = 5 ¢6 dang

v (ﬁa _25)
va sau khi chuan héa ta thu dwoc vecto riéng chuan ciia ma tran A:
1 2
e (-1 2)
’ VEIRVES
Tir d6 thu diwrge ma tran chuyén ve co s& méi (ma tran ctia phép bién
déi trire giao) c6 dang
2 1
o |V5 o VB
1
NG

va do vay phép bién ddi tric giao can tim ¢ dang

2 x/ 1 /
== - =Y,
) )
Py (621
y =—z=2'+—7=y.

Vi V5

N6 dwra dang toan phwong ¢ vé dang chinh tac
¢ = 202" + 5y"°.

27 Céc vecto co s& & va & thu dwoc tir cic vecto co s& eq, e

bang phép bién ddi truc giao dwoc cho bdi cong thite

2
& = —F=a+—

f_ f (6.25)

52:f f
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3% Thay (6.24) vao phwong trinh da cho ta thu dwoc phwong trinh
cuia dwong trong hé toa do O&;Es:

202> + 5y + 402" — 20y’ + 20 = 0
va tir d6

@ Jlr D W 2 2" (6.26)

4" Thuwc hién phép doi hé toa do O& &, theo vecto OO0 = —E1+2E,
ta thu dwgc hé toa do O'& &, va trong hé dé phwong trinh (6.26) cé
dang

l‘”2 y//2
— + = =1. 6.27
Tt (6.27)

Nhw vay phwong trinh da cho xdc dinh elip (hinh 6.1)

Hinh 6.1
Tt loi giai va hinh vé trinh bay suy ra cach dung elip (6.27) trong
he O’&,E,. Dau tién dung hé toa do O& &, (thay cho & va & cb thé
dung céc vecto Oﬂ{ = 21 + e, Oﬂé = —e1 + 2e9); tiép dén thuc
hién phép tinh tién song song hé dé mot vecto 00 — —e; + 2ey dén
O'. Sau cung la dung elip (6.27).
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Vi du 2. Dwa phwong trinh dwong cong
22 — 22y 4+ y* — 102 — 6y +25 =0

ve dang chinh tic va dung dromg cong do.

Gidi. Dang toan phwong twwong ng vGi phwong trinh da cho

p(z,y) = 2* = 2zy + ¢

c6 ma tran la

Lap phwong trinh dac trung

1-XA -1

=0 hayla M\ —2\=0.
-1 1-X

T d6 Ay = 2, Ay = 0. Ta tim toa do clla cdc vecto riéng clia A bang

cach giai hé phwong trinh

(1 - )\Z>€1 - 52 = 07
6+ (L= A)e =0

lan lwot véi A\ = 2 va Ay = 0.
Véi A\ =2 taco

BiRELEE

va do dé hwémg chinh twong tng véi A\ = 2 dwoc xdc dinh bdi vecto

rieng

u=(a,—), a€lR
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N . ~ , ,
va sau khi chuan hda ta cé

b - ()
1 — \/57 \/5 *
Twong tw voi Ay =0taco & —& =0, =& +&E=0= & =& va

hwéng chinh tng véi Ay = 0 xéc dinh bdi vecto riéng

v(B,3), BeR

N ~) ,
va chuan héa ta dwoc

1 1
o (L)
V2 V2
Nhw vay ta da chuyén tir co s& ey, es dén co s& truc chuan &, &,
trong do

< 1 1
= —e; — —=¢€3,
Ve R
1 1
E=—e1+—=

€ €
V2V

. A~ ~
bdi ma tran chuyén

Sl-5l-

V2 V2 (6.28)
— .
Dé tim dang ctia phirong trinh dwomg da cho trong hé toa do O&, &,
ta thay (6.28) vao phwong trinh téng quat da cho va thu dwoc
4 16
20 — —a' — —y +25=0 (6.29)

V2 V2
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hay la

Sau phép tinh tién song song céc truc toa do dén goc méi O =
2 3v2

<\/7_, T\/_)’ phwong trinh (6.29) trong hé toa do O’ XY c¢6 dang chinh

tdc X2 = 4v/2Y. Su sip xép cla parabon dwoc chi ra trén hinh 6.2.
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Hinh 6.2

Vi du 3. Dwa phwong trinh téng quat clia mit bac hai
922 + 20y° + 202% — 40yz — 362 — 4V 2y + 4V22 4+ 4 =0

vé dang chinh tac va dung mat dé.
Gidi. Dang toan phwong twong tng véi phwong trinh da cho ¢6

dang
o(x,y, 2) = 927 + 20y* 4 202 — 40yz

vGi ma tran

9 0 0
A=10 20 -20
0 —20 20

Ma tran nay cé ba s6 dic trung 14 Ay = 9, Ay = 40, A3 = 0. Do d6
dang chinh tic ctia dang toan phwong o(-) 1a

©1(-) = 92 + 40y

Ta can tim phép bién ddi trirc giao dwa dang toan phwong twong

tng véi phirong trinh da cho vé dang chinh tac. Toa do ctia céc vecto
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rieng dwoc tim tir hé phwong trinh

(9—=XN)&+0-6&+0-8 =0,
0-& + (20 — A\))és — 2065 = 0,
0-& —20& + (20 — \)&3 =0

vHi )\1 = 9, )\2 :40, )\3 =0.
a) Véi A\ = 9 ta ¢6

0-6+0-&+0-& =0,
O€1+11€2—QO€3:O,
0-& — 208 + 11& = 0.

Twr d6 thu dwoc vecto rieng ing voi Ay = 9 la
u(a,0,0), a€R,a#0
va sau khi chuan héa ta dwoc
& =(1,0,0).
b) Véi Ay = 40 ta ¢6

31€1+0'€2+0~€3:O,
0-& — 206, — 20& = 0,
0-& — 206 — 206 = 0

va tir d6 thu dwoc vecto rieng ng vdi Ay = 40:
/U(Oaﬁa_ﬁ)a BERa B#O
va sau khi chuan héa ta dwoc

& =

).

Sl

ok
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c) V4i A3 = 0 ta cé vecto riéng twwong trng la
w(0,7,7), 7ER v#0
va sau khi chuan héa ta cé
1 1
& = (0, — —).
’ V2 V2

A ~ N ~
Ma tran chuyén tir co s& eq, ez, e3 dén co s& triwe chuan &, &, &3

c6 dang
1 0 0
0 1 1
T= V2 V2
1 1
0 ——

V2 V2
Nhw vay phép bién ddi truc giao dwa dang toan phwong twong
tng v&i phirong trinh da cho vé dang chinh tac ¢6 dang

r =,
1 /+ 1 /
= —— —Z
y \/519 \/51’ (6.30)
z = ——y+—=7.
2l TR

’ . Ao N . 7 N
Phép bién doi nay bién cdc vecto co s& eq, ez, e3 thanh

51 = €1,
< 1 1
= —€9 — —=€
2 \/5 2 \/5 3 (6.31)
1 1
53 = —e€9 + —=e3.

V2T V2
Dé tim phwong trinh ctia dwong da cho trong hé toa do méi
O&,E,E3 ta thé (6.30) vao phwong trinh tong quét da cho va thu
dwoc

92'% + 40y"* — 362’ — 8y +4 =0
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hay la

(' = 2)? LW 0,1)*
3,6 0,81 '

Tiép theo ta thirc hién phép tinh tién song song hé toa do O&1E-E3
mot vecto O0" = 2&; + 0, 1& va thu dwoc hé O'E,E,E3, trong hé do
phwong trinh da cho ¢6 dang

"2 "2

x Y o
?+b—2:1, a = 3,6,620,9.

Phwong trinh nay (va do d6 phwong trinh da cho) xdc dinh mat tru
eliptic v6i dwong sinh || &.

Dung mat tru eliptic: cung véi hé toa do Oejeses ta dung hé toa
do O'€,E,&, trong d6 thay cho viec dung cdc vecto (6.31) ta ¢ thé

dwng cac vecto

OM1 = €1,
OM2 = €2 — €3,
OM3 = e9 + €3.

Su sap xép cta mat da cho dwoc chi 16 trén hinh 6.3

Hinh 6.3
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BAI TAP
Dua phwrrong trinh tong quét cia cic dwong bac hai ve dang chinh
tac va nhan dang chiing.
1. 322 — 22y + 3y* + 2x — 4y + 1 = 0.
N . N , ¢ 32 12 16 12
(DS. Duwong elip, phwong trinh chinh tac 3¢ + Sy = 1)
2. 22+ 2xy —y* — 6+ 4y — 3 =0.

(DS. Bwomg hypechon, phwong trinh chinh tac 22y — 222" = 1)

3. 2> —2xy+y*+4r—6y+1=0.
(DS. Puong parabon, phirong trinh chinh téc 2y"* — V22’ = 0)

4. 22 —doy —y*+8=0
12 12

(DS. Dwong hypecbon, phirong trinh chinh téic x—2 — y72 =1)
2 (V8/3)
5. 522 + dxy + 5y? — 9 = 0.
l'/2 y/2
(DS. Buong elip, phwong trinh chinh téc + =1)
(3/V7)2 (V3)?
6. 1122 + 24y + 49> — 15 = 0.
. ' e
DS. Duwong hypecbon, phwrong trinh chinh tac — =1
( g hyp phwong R WA )

7. 22% + day + 5y? — 24 = 0.
(DS. Buong elip, phwong trinh chinh téc

8. 2% — 8xy + Ty?> — 36 = 0.

(BS. Buwomg hypecbon, phirong trinh chinh tac :;—2 — %—2 =1)

Duwa phwong trinh tong quat clia cdc mat bac hai vé dang chinh

tac va nhan dang chiing.
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9. 622 —2y? + 622 +4xz +8x — 4y — 82+ 1 =0.

(DS. Buwong paraboloid mot tang; x5 + -

10. 422 + 3y? + 222 + 4oy — dyz + 4w — 2y — 42 — 3 = 0.
12 12

+ 4~

11. 2% +2y? — 322 + 22 + 8y + 182 — 54 = 0.

(DS. Mat tru eliptic;

(DS. Hypecboloid 1-tang; x_’2 + y_’2 — Z—/2 =1)
" 36 18 12
12. 222 + 9% — 4oy — 4yz = 0.
o 2 y/2
(DS. Mat nén, 1 +2°= 7)

13. 222 + 2y? + 322 + 4oy + 222 + 2yz — 4o + 6y — 22 + 3 = 0.
(DS. Miit paraboloid eliptic, 22'% + 5y'> — 5v/22" = 0)

14. 222 +2y? + 322 — 222 — 2y2z — 16 = 0
l'/2 y/2 2/2
(DS. Mat elipxoid, Yol + +—==1)

SRRCNCIEE
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