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Gido vién: Pé Tit Thing Trwong THPT Ngé Quyén Bién Hoa-Péng Nai

- AP DUNG
BAT PANG THUC PHU DE TIM GTNN, GTLN VA
CHUNG MINH BAT PANG THUC

I. LY DO CHON PE TAI

- Ngay nay, bat dang thirc(BDT) dugc dé cap dén nhiéu hon trong chuong trinh do tim
quan trong va cach giai doc dao cua ching. BDT la kién thirc khong thé thiéu trong céc ki
thi dai hoc, cao dang, thi hoc sinh giéi. BDT &p dung rat nhiéu trong trong cudc sdng noi
chung va toan hoc noi riéng chang han: giai phuong trinh, hé phuong trinh, bat phuong
trinh, hé bat phuong trinh, cac bai toan cuc tri . . .

- Pa s6 hoc sinh khi gip BDT thudng hay ling ting, khong biét nén xuat phat tir dau?
Phuong phap giai nhu thé nao? Véi vai trd 1a gido vién day mon Toan, tdi mudn hoc sinh
16p 10 duoc tiép can mot sd dé thi cao dang, dai hoc, bai BDT hay tir nhitng kién thire binh
thudng, dé hiéu nhat.

- Ap dung bét ding thic phu de tim GTLN, GTNN va chirng minh cac BDT la mét trong
cac phuong phap don gian, dé hi€éu hon so véi da so cac phuong phap khac, phu hop véi
hoc sinh 16p 10.

II. THUC TRANG TRUOC KHI THUC HIEN CAC GIAI PHAP CUA PE TAI

Qua thuc té day hoc va tir ghi nhan trén ching tdi nhan thay trong chuong trinh 16p 10
phan BDT, s bai tap trong sach gido khoa han ché va thoi luong danh cho né rét it. Do do,
t6i manh dan 1am SKKN nay véi mong mudn 1a mét tai liéu nho giup hoc sinh d& kho khin
hon khi gap mot s6 bai BDT ¢6 dang trén.

I11. NOI DUNG PE TAI
A) St dung bat dang thirc phu chirng minh bat dang thirc
Bat dang thirc phu:

Cho 2 sb duong a, b ta co:
1 <l(l 1) ® Ha (1 1)> 4 ®
a+b 4la b y b) a+b

Ping thirc x4y ra khi va chikhi a=D

Khi gap mot sé bai toan BDT ma ta 4p dung duoc BDT phu, loi giai s& tré nén ngin
gon, dé hi€u hon so véi cac cach lam khac. D¢ khach quan hon ching ta cung xét bai
toan sau:
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Gido vién: P6 Tit Thing Trwong THPT Ngé Quyén Bién Hoa-Péng Nai

Vi du 1.Cho ba s thuc duong a, b, c thoa mdna+b + ¢ = 1.

. 1 1
Churng minh rang: 2 + e >16

) Lo gidi 1: (Khdng dung BDT phy)
Ap dung BDT Bunnhiacopski ta dugc

oo o | (2T o] (o[ ) )] -

1 1 4 4
&S—+—2> = =

ac bc ac+bc (a+b)c (1-c)c
Ta s& chy inh ra 1 16

€ chung minh rang (1—C)C_

< 4>16(1-c)c
< 4(2c-1)% >0 (dpcm)

1 1
Vay —+—-216,
~ac  bc
2 R 4
Dang thirc x4y ra < 1
cC==
2
Loi gidi 2: (Ap dung BDT phu)
1+1_1(1+1j> 4 4 16
Apdung BDT@tacd: ¢ pe cla b, = 2 7.
p dung ac bc cla b/ c(a+h) (C+a+bj
2
) 1 1
Dang thirc x4y ra < CZE’ a= b:Z.
Bing so sanh cac wu, nhwoce diém cia Loi gidi 1 va Loi giai 2:
o - . Khé khan hay thuan
Kién thirc str dung Pham vi kien thire loi déi véi HS 10
.z .. | Ngoai chuong trinh
BDT Bunnhiacopski SGK phé thong.
LG1 | Bien doi tuong duong | Lép 10 Kho khan
Ha’ng dang thuc dang Lép 8
nho
LG2 | BDT phu Lop 8,9,10 Thuan lgi
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Gido vién: Pé Tit Thing Trwong THPT Ngé Quyén Bién Hoa-Péng Nai
Qua bang so sanh trén ta thay :
+ Ap dung LG1 phai ding t6i cac kién thirc ngoai chwong trinh(BDT
Bunnhiacdpski), 10 giai kha dai dong, do d6 gay kho hiéu d6i voi doi véi HS 16p 10.
+ Ap dung LG2 chi dung BDT phu trong chwong trinh, 10i giai ngian gon, do d6 rat
dé hiéu d6i véi dbi vai HS 16p 10.

Tu BDT phu trén chlng ta ciing ¢d thé ching minh dugc cac bai toan BDT kho hon .
Sau day la mot sO vi du minh hoa.

Vidu2.  Chobaséd b ST N <3(1+1+3)
ViduZ. 0 ba SO duong a, ,c,taco.a+b bic cra 29 b’ e
Loi gidi:

Ap dung BDTO ta cé

IA
|_\
T

-l>||—\

a+b

L)y

Cong (1)+(2)+(3) ta du0’c

b+c (b+cj(2)
i) ®
s- +— 1 (3)
c+ 4\c a
1 1

+

l(l+£+£)
b b 2'a p ¢/ (dpem)

Dang thic xdyra < a = b =C

c+a

Vidu3.Véia, b, ¢ 1a cac sé duong Chl'mg minh rang:
1 1 1
+ + STCHT+0)
a+2b+c b+2c+a c+2a+b 4 a b c
Loi giai:

Ap dung BBTO ta ¢

1 1 PETEEE N [1(1 PR ( 1)} 1(1&&)
a+2b+c (a+b)+(b+c) 4'a+b b+c *3 c'] 16\la b ¢

DTS AT
= a+2b+c 16la b ¢ (1)

o A oc+a 16\a b C (2)

L L2,
c+2a+b 16 b ¢ (3)

1 1 1
+ (= —+—
+2b+c b+2c+a c+2a+b 4(a b c)(dpcm)

Cong (1)+(2)+(3) ta duogc: 3
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Gido vién: D6 Tat Thang Trwong THPT Ngé Quyén Bién Hoa-Péng Nai
Pang thirc xay ra khi va chi khi a=b=c.

Nhdn xét:
+ Trong Vi du 3 cho 1l 4vaddibién a,b,c 1an lugt thanh x,y,z thi bai toan tro

a b ¢
thanh dé thi dai hoc nam 2005 khdi A.

Cho x,y,z la cac sé duong théa man 1.1 Ching minh rang:
X y z
1 1 1

+ + <1
2X+Y+Z X+2yYy+7 X+Yy+2z

1 1 1 1 1 1
+ Chobasd duonga, b, ctheo Vidu 2 tacé: (Z+-+=-)=2 + +
a b c a+b b+c c+a

Néu ap dung lién tiép BPT trén 2n lan thi

11)22(1+1+1j
b c a+b b+c c+a

mll—\

1 1
+
a+2b+c a+b+2c 2a+b+c)

1 1
2a+3b+3c 3a+2b+30 3a+3b+20}

1 1
1la +10b +11c 11a +11b+10c 10a +11b +110J

1 1
(5a+5b+6c 6a+5b+50+5a+6b+50j

1 1
+
22a+2]b+21c 2la+22b+21c 21a+21b+220)

ot 1 1 1
SR S I R I S I S L S B N T L I R L T
a+ b+ c a+ b+ c a+ b+ c|U

3 3 3 3 3 3 3 3 3

day quan sat va tong quat hoa ta c6 BDT mé rong 1

Cho ba sb duonga, b, c, vneN" thi

Lidsp 1 1 1
abc |2+2 22”—1b 22”—1 22” -1 22”+2b 22”—1 22”—1 22”—1b 22“+2
3 3 3 3 3 3 3 3
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Gido vién: Dé Tit Thing Truwong THPT Ngé Quyén Bién Hoa-Pong Nai
C6 thé chirmg minh BDT trén bang BDT VD2 két hop v6i phuong phap ching minh qui
nap.

1 1 1

+ +
a+b b+c c+a

1.1 1 1
<=(=+—+-)
2'a b c

+ Cho ba s6 duong a, b, ¢ theo Vi du 2 ta co:
Néu ap dung lién tiép BPT trén 2n+1 lan thi

11 (1 1 1
+=+=)>2 + +
b c a+b b+c c+a

1 N 1 N 1
a+2b+c a+b+2c 2a+b+c
>23 L + L + L
2a+3b+3c 3a+2b+3c 3a+3b+2c

1 1 1
+ +
5a+5b+6¢c 6a-+5b+5¢c 5a+6b+50j

1 1 1
+ +
11a+10b+11c 1la+11b+10c 10a+11b +1lcj

\

> 22n+1 1 + 1 + 1
- 22n+1 _ 2 22n+1 +1 22n+1 +1 22n+1 +1 22n+1 _ 2 22n+1 +1 22n+1 +1 22n+1 +1 22n+l _ 2
a+ b+ C a+ b+ C a+ b+ C
3 3 3 3 3 3 3 3 3
BDT mo rong 2:

Cho ba sb duonga,b,Cc, vneN’, ta

Ll 1 . 1 . 1
abc | ZMp oy My o pMq o g g ogg P 9
a+ b+ C a+ b+ c a+ b+ C

3 3 3 3 3 3 3 3 3

T BDT mo rong 1 va 2 ta nhan thiy, cang ap dung BDT trong VD2 nhiéu lan thi
vé phai cang nhé dan. Bang cach ap dung BDT trong VD2 va phuong phap qui nap ching
ta thu dugc cac BDT mé rong 3, theo toi 1a rat méi va hay sau.

BDT mo réng 3a:
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Gido vién: Dé Tit Thing

Truwong THPT Ngé Quyén Bién Hoa-Pong Nai

Cho baséduonga,b,c, vn,keN":k<n, taco:

>

22k 1 1 1
242 2”—1b 22k—1 2” -1 22k+2b 22k—1 2” -1 22k—1b 22k+2
3 3 3 3 3 3
1 1 1

Py P P P P PO P P P2
+ c a+ b+ C

a b+ b+ c ——at
3 3 3 3 3 3 3
BDT mg rong 3b:
Cho ba sb duonga, b, c, vn,keN":k<n, ta co:
22k+l 1 I 1 t 1
22k+l _2 22k+l +1 22k+l +1 22k+l +1 22k+l _2 22k+l +1 22k+l +1 22k+l +l 22k+l _2
a+ b+ a+ b+ c a+ b+ Cc
3 3 3 3 3 3 3 3 3
it 1 | 1 | 1
I R I L I N L I Z U R C N R )
3 a+ 3 b+ 3 c a+ 3 b+ 3 c 3 a+ 3 b+ 3 c
BDT mo rong 3c:
Cho ba s6 duong a, b, ¢, YkeNTIk<n 45 06
2 1 1 1
242 22k—1b v —1 F —1 22k +2b Ve —1 F —1 22k 1 22k +2
3 3 3 3
> 1 = 1 = 1
P Pl My g pwip iy gl 2wy M)
3 a+ 3 b+ 3 c 3 a+ 3 b+ 3 c 3 a+ 3 b+ 3
BDT mg rong 3d:
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Gido vién: P6 Tit Thing Trwong THPT Ngé Quyén Bién Hoa-Péng Nai

Cho ba sb duong a, b, ¢, YMKeN tk<n 43 c6;

o 1 | 1 | 1
22k+1_2 22k+1 1 22k+1 1 ' 22k+1 1 22k+1_2 22k+1 1 ' 22k+1 1 22k+1 1 22k+1 i)
a+ b+ c a+ b+ c a+ b+ c
3 3 3 3 3 3 3 3 3
o 1 1 1
e +2 22” —1b 22”—1 22” 1 22” +2b ya 1 22” —1 22” —1b 22”+2
3 3 3 3 3 3 3

Tat ca cac BDT mé rong 1,2,3a,3b,3c,3d déu chu:ng minh duoc bﬁng BDT trong
VD2 két hgp voi phuong phap qui nap.

Vi du 4.Chting minh rang véi a, b, ¢ duong:

1 1 1 1 1 1
+ + < + +
a+2b+c b+2c+a c+2a+b a+3b b+3c c+3a
Loi giai:
Van dung BDT @ ta co:
1 N 1 S 4 _ 2
a+3b b+2c+a (a+3b)+(b+2c+a) a+2b+c
1 N 1 . 4 _ 2
b+3c c+2a+b (b+3c)+(c+2a+b) b+2c+a
1 1 S 4 B 2

c+3a a+bic (c+3a)+(a+2b+c) c+2a+b
Cong vé theo vé cac BDT trén va rit gon ta c6 BDT can phai ching minh
a+3b=b+2c+a
Ping thirc xay ra khi:ib+3c=c+2a+b <a=b=c
c+3a=a+2b+c

+ Sau diy la mot sé bai tap twong tw dé luyén tap: ‘
Bail. Cho a, b, clado dai 3 canh ciia mot tam giac ( p 1a nira chu vi). Chirng minh rang:

1 1 1 (1 1 1)
+ + >2| —+—+—

p—a p-b p-c a b c
(Dé HK2 Khoi 104 Truong Ngé Quyén 2007-2008)
Bai 2. Cho a, b, ¢ > 0. Chirng minh rang:
1 1 1 1 1 1
<—+—+—
2a+b+c 2b+a+c 2c+a+b 4a 4b 4c
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Gido vién: D6 Tat Thing Truong THPT Ngé Quyén Bién Hoa-Péng Nai
Bai 3. Chang minh rang néu a, b, ¢ la cac so thuc duong thoa abc = ab + bc + ca thi:
1 1 1 17

+ + < —
a+2b+3c b+2c+3a c+2a+3b 96 o
Bai 4. Cho a, b, ¢ la cac so thuc duong. Chirng minh cac bat dang thirc:

1 1 1 1 1 1
+ + >4 + +
2a+3(b+c) 2b+3(c+a) 2c+3(a+hb) (10a+11b +11c 1la+10b+11lc 1la+11b +10cj
Bai 5. Chobasoduonga,b,c, vneN". cmr

E+}+}>22n 1 n 1 n 1
abc |22 X1 Pl P Py X1 Pl P21 P2
a+ b+ c a+ b+ c a+ b+ c
3 3 3 3 3 3 3 3 3
Bai 6. Cho baso duonga,b,c, vneN". cmr
L1 1 . 1 . 1
abc P_p P pMq Mg Pl o oMy o Mg M 9
a+ b+ c a+ b+ c a+ b+ c
3 3 3 3 3 3 3 3 3
. 1 1 1 a+b+c
Bai7. Choa, b, c>0.Ching minhrang: 7 + 1 1 + 1 1 < 5
S
a c
ab bc ca _ a+b+c

Bai 8. Choa, b, ¢ > 0. Chitng minh rang: a+b+b+C+C+a_ 2

2Xy N 8yz N 4xz
X+2y 2y+4z A4z+X
a+c b+d c+a d+b

+ + + >4
a+b b+c c+d d+a

<6

Bai9. Chox,y,z>0thoa x+2y+4z=12. Chirng minh:

Bai 10. Cho a, b, ¢, d > 0. Ching minh ring:

B) Sir dung bét dang thirc co'bin tim GTLN, GTNN ciia biéu thirc ,

Trong nhiéu truong hop ap dung BDT phu dé tim gia tri 16n nhat, nho nhat cua mot
bi€u thirc dem lai hi€u qua cao, 101 giai ngan gon, x1c tich, phu hgp vdi hoc sinh 16p 10 va
THCS.

Vidul. Cho haisb thuc duong thay d6i x, y thoa man diéu kién 3x + y<1. Tim gi4 tri

nhé nhat cta bidu thire A=L4+ 1.

T

(Pé Cao Pang 2010)
Loi giai 1:(Khoéng dung BDT phu)
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Gido vién: Pé Tit Thing Trwong THPT Ngé Quyén Bién Hoa-Péng Nai
X +y<l (y<1-3x

Taco | X>0 =9, 1.Dods A=t txli L
y>0 3 X Xy X x(1-3x)
< .. £ 1 1 1 1 1 2
Ap dung BBT C0812 SO ;‘f‘mZ;'F X+1—3x :;-I—l_ZX
2
1 2 1
sthamsd T (X)=—+ ,Xxe(0;=
Xét hamsé T (X) X 1-2 ( 3)
4 4x -1

A f'(X)——i+ =
Taco X2 (1_ 2X)2 2 (1_2)()2

Lap BBT

1

4

: 0 ¥

—+00 /
| \8

1 1
Ta cé Min f(x)=8 khi X=z. Vay Min A=8 khi X=1Y )

f(x)

Loi gidi 2:(Ap dung BPT phuy)
Ap dung BDT @'t R P S SR Y
P dung aco -y Dy xtxy XY 3x+y
2

1
Vay Min A= 8 khi X=Y =",

Bang so sanh cic wu, nhwgc diem cia Loi giai 1 va Loi giai 2

& . R . Kho khan hay thuan
Kién thirc str dung Pham vi kieén thirc loi i véi HS 10
BDT Cési 2 50 Lép 10
Ngoai chuong trinh.
LG1 | Piémroi BPT Cosi | Doi hoi kha nang phan Kho khin
tich tong hop cua HS.
Ung dung dao ham Lép 12
LG2 | BDT phu Lop 8,9,10 Thuan loi

Qua bang so sanh trén ta thay rang d6i voi bai toan trén:
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Gido vién: Dé Tit Thing Truwong THPT Ngé Quyén Bién Hoa-Pong Nai
+ Ap dung LG1 phai ding t6i cac kién thirc 16p 12(Ung dung dao ham) va Kién thic
ngoai chwong trinh(Piém roi BDT C6 si doi hoi kha nang phan tich va tong hop kha
cao cua hoc sinh khi dy doan diém roi), dai dong. Do d6 gay kho hiéu d6i véi HS 16p
10.
+ Ap dung LG2 chi dung BDT phu trong chwong trinh, 10i giai ngan gon. Do do, rat
dé hiéu d6i véi HS 16p 10.

Vidu2. Chox,y, z lacéc sb thyc thoa min diéukién x +y +z = 0, x + 1>0, y +
X y z
+ +
Xx+1 y+1 z+4

1>0,z+4>0.Haiytimgiatrilén nhatcia Q=

Loi giai:
a=x+1>0 X =a-1
bat<b =y +1> 0= y=b-1
c=z+4>0 z=C-4

. . -1 b-1 c-4 1 1 4
Taco:a+b+c=6va Q=a + + :3{%+_+_j
a b C a b c

Theo bat dang thirc @ ta co:

8 1
a b” ¢ a+b ¢ a+b+c 3 3 3
x—y—l
Viy MaxQ =< khi 2
3 z=-1

* Sau day la mét sé bai tap twong tw dé luyén tap:

Bai 1.Cho x > 0, y > 0 thoa man x + y <1. Tim gia tri nho nhét cua:
1 2
A=— =+ iaxy

X>+y> Xy

Bai 2. Tim gia tri nho nhat cua biéu thirc
B:x—1+1—y+y—z+z—x
t+y y+z zZ+X X+t
Bai 3.Cho a, b, ¢ > 0 thoa: at+b+c= 6.
q ab bc ca
Tim GTLN ctia biéu thie: C = b bic cia

Bai 4.Chox,y,z>0thoa x+2y+4z=12,
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Gido vién: Pé Tit Thing Trwong THPT Ngé Quyén Bién Hoa-Péng Nai
2X 8yz 4xz
= y + y +
X+2y 2y+4z 4z+X°

Tim GTLN cua biéu thirc:

Bai 5.Choa, b, c,d>0.

a+c b+d c+a d+b
+ + +

a+b b+c c+d d+a

Tim GTLN cua biéu thae: E =

IV. KET QUA ‘ , , ‘

Khi ap dung chuyén d¢ trén cho HS 10 thi téi thay HS rat thich tht, dong thoi cac em
cling do lung tng hon khi gap cac dang bai tap trén.

V. BAI HQC KINH NGHIEM o ? ‘

Néu c6 thém thoi gian mé rong thi tdi nghi rang deé tai cd thé tré nén co nhiéu tac dung
ho tro thiet thuc trong viée ren luyén va phat trién tw duy gop phan gidi dugc kha nhicu
dang toan trong qua trinh day hoc sinh néi chung va boi dudng hoc sinh kha, gioi noi riéng.
VI. KET LUAN

- Sir dung BDT phu, doi bién 13 phuong phap ngin gon, dé hiéu, hiéu qua cho 16p bai
toan kha rong cia BDT, phu hop vai cac hoc sinh 16p 10 va thi dai hoc.

- Phuong phép giai trén cho HS moét cach giai khac tu duy, sang tao hon. Tao dong luc
cho HS dam mé Toan.

- Tuy nhién, cac dang va phuong phap toi Iya chon chua han t6i uu va day du, chic chén
con phai bo sung thém cho viéc giang day tot hon. Rat mong c6 su dong gop cua qui dong
nghiép.

VII. TAI LIEU THAM KHAO
1. Mot sb trang web nhu: www.maths.vn , www.nxbgd.vn/toanhoctuoitre

2. Nguyen Minh Nhién, Mot s6 phuong phap chimg minh bat dang thirc c6 chira bién ¢
mau, trang 1 s6 393 thang 3 nam 2010, Bio Toan hoc v&i tudi tré.

VIII. LOIKET
Pé hoan tat dugc chuyén dé nay. Ngoai sy nd luc cta ban than con phai ké dén su
gop Y cua cac théy cd To6 Toan Truong THPT Ngb Quyén. Pic biét, ¢ Lé Thanh Ha t6
truO’ng cung Thay Lé Van Déac Mai to phé da rat nhiét tinh gidp d3, tu van dé toi hoan thién
sang Kién kinh nghiém.
NGUOI THUC HIEN

PO TAT THANG
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