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T truée dén nay, cau Bat ding thirc, hay cac bai toan tim gia tri nho nhat, gia tri 16n nhat ludn 13
ciu kho nhét trong d&, dung dé phan loai hoc sinh va gitip hoc sinh 1iy diém 9,10 trong ki thi
tuyén sinh vao Dai hoc, hay by gio 1a ki thi THPTQG. Va dao ham chinh 14 céng cu quan trong
nhat trong chuong trinh Toan THPT, sy két hop giita dao ham va cac bai toan tim gi4 tri nho nhat
va 16n nhat da, dang va s& 13 xu hudng ra dé. Nhan ddy minh da tong hop duge mot sb bai toan
mang dang dap nhu thé, gitip cac ban 16p 12 ¢ thém tai liéu nho dé on tap. Diéu dic biét & day
chinh 14 cac bai toan duoc 1iy & trén diendantoanhoc.net/forum, chii yéu ¢ Box Toan Trung
hoc Pho thong va 6n thi Pai hoc — Bt ding thire va cwe tri ( khoang 50 pages dau ). Cac bai
toan déu dugc gidi chi tiét ciing nhu huéng dan mot cach cu thé nhit. Do trinh d con han hep
cling nhu thoi gian khong cho phép nén tai liéu con kha so sai, day cling 1a 101 cdm on ciia minh

danh cho dién dan d3 giup d& minh trong sudt thoi gian qua.

Khéi A-2012: Cho x, y,z 1a cac s6 thuc théa mén x+ y+z =0

Tim gi4 tri nh6 nhat ciia P =3"" +3"7 + 37— [6x* + 637 + 62°

Khoi B-2012: Cho x, y,z 1a cac s6 thuc théa mdn x+ y+z=0,x>+ > +z> =1
Tim gia tri 16n nhat cia P = x’+y° + 2°

Khéi A-2013: Cho a,b,cla cac s thyuc duong thoa man (a+c)(b+c) = 4c’

324° N 32b° Ja® +b?

Tim gia tri nhd nhét cua P = ; -
(b+3c) (a+3c) c

Khéi B-2013: Cho a,b,cla cac s6 thyc duong
4

9
N +b2+ct+4  (a+b)J(a+2c)b+2c)

Khéi A-2014: Cho x, y,z 1a cac s6 thuc khong 4m thoa man x* +y? + 22 =2

Tim gi tri 16n nhat cta P =

2
+ 1+
X + y+z Atz

Tim gi4 tri 16n nhat cia P = >
X +yz+x+1 x+y+z+1 9

Khéi B-2014: Cho a,b,c 1a cac sb thuc khong am théa man (a +b)e > 0

Tim gi4 tri nh6 nhit cua P = |——— + | b, _c
b+c Na+c 2(a+b)

THPTOQG -2015: Cho cac sb thuc a,b,c €[1;3] va a+b+c=6

a’b® +b*c? +c*a* +12abc+72 B abc
ab +bc+ca 2

Tim gi4 tri nho nhit cua P =
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a+b+c=0

a+b*+c* =1

Bai 1: Cho a,b,c la cac sb thuc thoa man {
Tim gi tri 16n nhit cua P = (abc)’
Bai 2: Cho a,b,c 1a céc sb thuc khac 0 thoa man a® +b +¢* = (a—b)* +(b—c)* +(c—a)’
2 2 2
\ 1y I b+bc+
Tim gia tri I6n nhat va nho nhat cua P = u
(a+b+c)

Bai 3: Cho a,b,cla cac s6 thuc duong thoa man o> +b* +6¢> = 4c(a +b)

a b’ Ja* +b?

Tim gia tri nhé nhat cua P = T+ S+
b(a+c)y a(b+c) c

X +xy+y> =3
2

Bai 4: Cho x,y,z lacac s6 thuc théa mén s
y +yz+z =16
Tim gi4 tri 16n nhét ctia P =xy+ yz +zx
Bai 5: Cho x, y,z 1a cac s6 thyc duong thoa min x+ y+1=z
3 3 3
14
I A S
x+yz y+xz z+xy (x+DJ(y+D(z+])

Bai 6: Cho a,b,c 1a cac s6 thuc duong théa man a =b + ¢ + abc

Tim gi4 tri nho nhit cua P =

(c+c«/%)2 N 2c
(a+b)(c® +1) (c® +De* +1

Tim gi tri I6n nhat cia P =

Bai 7: Cho x,y 1a cac s6 thuc duong thoa man 2(x*+ %) + 15
xy

TimgiétrinhénhétcﬁaP: 3 + 32_ 4
1+2xy

1+x* 1+y

Bai 8: Cho a>b>c¢c>0.

(3ab +bc) N 12157

Tim gié tri nhé nhat cua P = - —
b a +b"+c” +8ac

Bai 9: Cho a,b 1a cic sb thuc duong thoa man o +2b =12

Tim gia trj nho nhat cia P= ++ % 4 9
b Ba—b)

Bai 10: Cho a,b,c 1a cac sb thuc duong théoa man (a +b +c¢)’ =32abe

at +b*+¢*

Tim gi4 tri nho nhat va 16n nhit cua P = 7
(a+b+c)
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a’ +b*+¢? _ab+bc+ca+l
ab +bc +ca 2

Bai 11: Cho a,b,c 1a céc sd thuc duong thdéa man

Tim gia tri 10n nhat cia P =+/a® +5% + ¢ _|a—b|+|b;c|+|c—a|

Bai 12: Cho 1<a,b,c<4 vaa+b+2c=8
Tim gi4 tri 16n nhit cua P =a’ +b° +2¢°

Bai 13: Cho a,b,c 1a cac sb thuc duong thoa man o +5% +¢* =3

16 Jrab+bc+ca+1

Tim gia tri nhé nhat cia P =
V&b +bc* +d® +1 a+b+c

Bai 14: Cho x,y,z 1a cac s6 thuc khong am thoa man x* +* + 2> =1

Tim gi4 tri 16n nhét cua P = 6(y+z—x)+27xyz

Bai 15: Cho x, y,z 1a cac s6 khong 4m thoa man \/x2 +12+2(x+y)+1+2=3
Tim gi4 tri I6n nhat cua P = x* + y* + z*
Bai 16: Cho a,b,c 1a cac s thuc khong am thoéa man ab + 3bc + 5¢ca =3

1 1 1

Tim gia tri nhd nhét cua P = —+ ~+ -
(a=b)" (b—c)" (c—a)

Bai 17: Cho x, y,z 1a c4c sé thuc khong 4m thoa man 1+ x° +\/1+y2 +V1+2z =5
Tim gi4 tri 16n nhat cua P=2x" +* +2°
Bai 18: Cho a,b,c 1a cac sb thuc duong thoa man a(b® +c*)=b+c

1 1 1 4
+ + +
(a+b) (b+c) (c+a) (I+a)1+b)(1+c)

Tim gi4 tri nho nhit cua P =

Bai 19: Cho x, y,z 1a cac sb thuc khong 4m théoa man x° +y° +2° —3xyz =1
Tim gi4 tri nho nhit cia P=x" + )* +2°
Bai 20: Cho x, y,z 14 cac sb thuc duong théoa min x* + y* +z° =1

ooy YE+2)
1+z° 1+x° 24x°y°

Tim gi tri 16n nhit cua P =
Bai 21: Cho x, y,z 1a cac sb thyc duong thoa min 5(x* + y* +z°) = 6(xy + yz + zx)
X RN 1 1 1
Tim gia trinhd nhat cia P=(x+y +z)(—+—+—)
X y z

Bai 22: Cho x, y,z 1a cac sb thyc thoa min x* + 1 + 22 =1

8

Tim gi4 tri nho nhit cia P = (xy + yz + 2xz)* — -
(x+y+z)y —xy—yz+2
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Bai 23: Cho a,b,cla cac s thuc thoa man a® +b* +¢* =2(ab + be + ca)

a+b +c

Tim gi tri 16n nhat va nho nhit cua P = —
(a+b+c)a +b"+c7)

1 1

Bai 24: Cho a,b,c 1a cac sb thuc duong thoa man (a +5— c)(l + i —)=4
a C

Tim gi4 tri nho nhit cua P = (a* +b* + c“)(i4 + bi“ + %)
a C

Bai 25: Cho x,y la cac sb thuc thoa man (x> + y> +1)% +3x%y? = 4x? +5)°

x*+2y° =3x7y°
X+ +1

Tim gi4 tri nho nhat va 16n nhit cua P =

Bai 26: Cho x,y,z lacac sb thuc thoa méan 1< xX,y,z<2

2 2 2
. N SR A, o Xy+tyz+zx
Tim gia tri nho nhat va 16n nhat cua P:—)i L yR—

x'+yt+z

Bai 27: Cho x, y,z 1a cac sb thyc khong 4m thoa man 5(x*+ y* + z%) = 9(xy+2yz + zx)

Tim gi4 tri 16n nhat ciia P = zx 7 1 3
V' +zo (x+y+2z)

Bai 28: Cho a,b,cla céc sb thuc khong am théa mana +b +c =1

2 2 2 5

+ + +
la=b| [b—c| |c—a| +ab+bc+ca

Bai 29: Cho a,b,cla cac sb thuc khong am théa mana+b+c=1

Tim gi4 tri nho nhit cia P =

Tim gia tri 16n nhat ciia P = a(b—c)* +b(c—a)* +c(a—b)"
Bai 30: Cho x, y,z 1a cac sb thyc khong 4m thoa man xy—2(x+ y)z—2 =0

2

\ Y L, » 1

Tim gia tri I6n nhat cia P = zx + 2y _Z -
X+2 y +2 4 2z +1

Bai 31: Cho x, y,z 1a céc s6 thuc duong thoa min 2x +4y + 7z = 2xyz
Tim gi4 tri nho nhit cia P=x+y+z
Bai 32: Cho x, y,z 1a cac sb thuc duong thoa min x* + y* +z <3y

1 4 8
+ +
(x+1)*  (y+2) (z+3)

Tim gi4 tri nho nhit cia P =

Bai 33: Cho a,b,cla cac sb thyc khong am thoa man a® +5° = c(c—1)

a’ +b* +c*

Tim gié tri nho nhat va 16n nhét cia P = -
(a+b+c¢)

Bai 34: Cho a,b,c €[2;4]
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a’b® +b*c* +c*a’
abc(a+b+c)

Tim gi tri 16n nhit cua P =

Bai 35: Cho a,b,cla céc sb thuc khong am thoa man a+b+c¢=3

Tim gi tri 16n nhit cua P = (a® —ab+b*)(b* —be+ ) —ca+a?)

Bai 36: Cho a,b,ce[%;2]

Tim gi4 trj nho nhét va 16n nhit cia p=—%—+ -2 4 €
a+b b+c c+a
1 1 1
‘. . . ~ |—=+—+—=10
Bai 37: Cho a,b,cla cac s0 thyc duong thbaman <4 » ¢
a+b+c=1

Tim gi4 tri nho nhit cia P=a> +b* + ¢
Bai 38: Cho x, y 1a cac sb thyc duong.

xp +4/xt +9x7y?

Tim gié tri 16n nhat cia P = 5 5
X" +8y

Bai 39: Cho a,b,c 1a cac s6 thuc khong am thoa man a>b>c,a® +b> +¢* =5
Tim gi4 tri nho nhit cia P = (a —b)(b - c)(c — a)(ab + be + ca)
Bai 40: Cho a,b,c 1a cac s thuc khong &m thoa man ab + be + ca =1

1 N 1 N 1
a+b* b+ P +a

Tim gia tri nho nhit cia P = —+ %(a +1)(b+1)(c+1)

Bai 41: Cho a,b < (0;1) thoa mdn a® + 5 <aV1-b> +bJ1-d’

Tim gi4 tri nho nhat cia P = 81-a) +9 /l_b
l+a 1+b

Bai 42: Cho x,y,z €[1;2]

2
z N 4(x+y) N 3z

Tim gi4 tri nho nhit cia P = 5
\/)c2 +y° +1 \/z2 +4xy Z +4xy

Bai 43: Cho a,b,c 1a cac s thuc duong thoa man abc+a+c=b
2 3 2 3 4c N 3c
a’+1 b+l 211 (> + e +1

Bai 44: Cho x, y,z 1a cac sb thuc duong thoa man x> +y? + 2> <2x—4y—1

Tim gi4 tri nho nhit cua P =

Tim gi4 tri nho nhat va 16n nhat ciia P =2(x+z)—y
Bai 45: Cho x,y,ze[l;4], x>y, x>z

Tim gi4 tri nhé nhitcia P=—> 4 ¥ 4, Z
2x+3y y+z x+z
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Bai 46: Cho a,b,c 1 cac s6 thuc duong thoa man 5(a® + 5% + ¢*) = 6(ab + bc + ca)
Tim gi4 tri nho nhit cua P =2(a+b+c) —(a* +b°)
Bai 47: Cho a,b,c 1a cac s6 thuc duong thoa man a® + 5% + ¢ +ab = 2¢(a +b)

2 2
¢ & Nab

Tim gi4 tri nho nhat cia P = s+t ———
(a+b—-c)” a +b~ a+b

Bai 48: Cho a,b,c 1a céac sd thuc duong

2

3
a+~ab+3jabc a+b+c
1

Bai 49: Cho a,b,c 1a céac sd thuc duong théa man iz = 2(L2 + 7
C a

Tim gi4 tri nho nhit cua P =

Tim gié tri nho nhit cua P=—2—+ b, ¢

b+c c+a g2 +b*+c2

Bai 50: Cho a.,b 14 céc s6 thuc duong

a+b-1 2016

+
Ja+b  2014a+2006b + 6:Jab

Bai 51: Cho a,b,c 1a cac sb thuc duong thbaman a+b+c=1

Tim gi4 tri nho nhit cua P =

a’ N b’ N 4c*
1+b 1+a 24g%+b?

Bai 52: Cho a,b,c 1a cac sb thuc duong

Tim gi4 tri nho nhit cia P =

1 1

Tim gia tri 16n nhat cia P = -
Wat +b +—4a+5 (@=Db+Dc+])

Bai 53: Cho x, y,z 14 cac sé thuc duong thoa man x> + y* + 2% =1

X +y 4+ 1

Tim gia tri nho nhit ciia P = (x+ y+2)> + l(
2 xyz Xy + yz +zx

Bai 54: Cho a,b,c 1 cac s thuc duong théa man abc =1

72

NJa+b+c+1

Bai 55: Cho x, y,z 1a cac sb thuc thoa man x> + 1% + 2> =3

Tim gia tri nho nhit ciia P = (a+b)(b+c)(c+a)+

Tim gia tri nhd nhat va 16n nhat ciia P = (x+2)(y +2)(z +2)

Bai 56: Cho x, y,z 1a cac sb thuc duong thoa man 7(a® +b* +¢*) =11(ab + bc + ca)

\ I SR a b c
Tim gia tri nhd nhat cia P = + +
b+c c+a a+bd

Bai 57: Cho a,b,c 13 cac sb thue duong théa man a® +5” +¢* +2ab =3(a +b+c)
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2015 2015

+
Na+c b+2

Tim gia tri nho nhit ciia P = 6(a +b)+c* +

Bai 58: Cho a,b,c 1a cac sb thuc duong

8a +3b+4(Jab +bc + Jabc)

Tim gié tri 16n nhit cua P = >
(a+b+c)” +1

Bai 59: Cho x, y,z 1a cc sb thuc thoa min x> +1° +2° =1

Tim gia tri nho nhit ciia P =~/5—4x + 2\/4—2(x+y+ z)

Bai 60: Cho x,y,z lacac sb thuc duong thoa man xy >1;z>1

3

y z
+ +
y+1 x+1 3(xy+1)

Tim gi4 tri nho nhat cia P =

Bai 61: Cho a,b,c 1a cac s6 thuc khong am thoa mén o + 5% +¢ 2=1

ab N bc _(ab+bc)2
c+1 a*+1 32abc)

Tim gi4 tri nho nhit cia P =

Bai 62: Cho a,b,c 1a cac s6 thuc khong am va a® +5> > 0

1 4

Tim gia tri 16n nhat cia P = -
@+ +¢2 +2c+2 3(x+y) (z+2)

Bai 63: Cho a,b,c 1 cac sd thuc duong théa man a+b+1=c

2 2 2
\ I S b +16
Tim gia tri nhé nhat cia P = A + £
a+bc b+ca c+ab

Bai 64: Cho a,b,c 1 cic s6 thuc duong thoa man (a +b)* +4a’b* +1 = (2¢* +1)°

l6a’ 166> 3(ab+1)

Tim gi4 tri nho nhit cua P = 3 3 >
b+c)y (c+a) ¢ +1

Bai 65: Cho a,b,c la cac s thuc duong thoa man ab >1,c(a+b+c) >3

b+2¢c a+2c
+

Tim gia tri nhd nhét cua P =
l+a 1+b

+6In(a+b+2c)

Bai 66: Cho x, y,z 14 cac sé thuc duong thoa man x+z<2y,x* +y* +z° =1

X I SR 1 1
Tim gia tri nhd nhat cia P = A P (=+—)

1+z° 1+x° x z

Bai 67: Cho a,b,c 1a cac s6 thuc duong thoa man o + 5% =3¢ + 4

(b+c)(a—c) N (a+c)*(b—c) _

Tim gia tri I6n nhat cia P =
a+c b+c

Bai 68: Cho a,b,c la cac s thuc khong &m thoa mén a+b+c=1

Tim gia tri nho nhit ciia P =10(a’ +b° +¢*)=9(a’+b° +¢°)
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Bai 69: Cho a,b,c 1 cac s6 thuc dwong thoa man 36¢* +4* = 2(a + bc)

e, , I 2 4 4
Tim gia tri nhé nhat ctia P = 44 —+ -
bc (a+b)” (a+c)

2 4

Bai 70: Cho x,y,z €[0;1] thoa man + + =
4x+5 4y+5 4z+5

Tim gié tri 16n nhit cia P = xp*Z°

Bai 71: Cho a,b,c 1a cac s6 thuc duong thoa man o +5* +c* =2

)__(i)
a C

Tim gi4 tri nho nhat cia P = \/ (
2+¢’ 2+a

Bai 72: Cho x, y,z 1a cac sb thuc thoa man xyz < 0,x> + y* +2> =9

Tim gi4 tri 16n nhat cia P=2(x+ y+z)—xyz

Bai 73: Cho a,b,c 1a cac s6 thuc khong am thoa man V1426 441420 +41+262 =5
Tim gi4 tri 16n nhit ciia P =424’ +b° +¢*

Bai 74: Cho a,b,c 1a cac sd thuc khong am sao cho ¢ 1a s nho nhét

X cr e v LA 1 1
Tim gia tri nho nhatcua P=———+—5——++va+b+c
a +c b +c

Bai 75: Cho x, y,z 1a cac sb thuc duong

3
I NI SR +
Tim gia tri nhé nhat cia P = z ; X ~+ 4 - 4
x+y)y | (y+2) (x+2) 8z



