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1. Pinh li Menelaus:

Cho AABC va AM, BN, CP (M, N, P thuoc CB, CA, AB). M, N, P théng hang khi va

~ MB NC PA
chikhii =—=.=—=.=—=-=1(1)

Chtrng minh: Biéu kién can: Gia s P, N, M thiang hang. V& AD//BC sao cho D thudc
BC.

NC _ MC_PA
DA' PB

Tur day dé dang ta c6 (1).
Diéu kién du: PN cit BC tai K. Khi d6 ta co:
KB NC PA

Suy ra K = M tac P, N, M thang hang ta c6 diéu phai chang minh.
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Dinh li Menelaus trong ti giac:

Cho tt giac ABCD, duong thang d ciat AB, BC, CD, DA tai M, N, P, Q. Chitng minh

MA NB PC QD_1
MB NC PD QA

Tu A Bve
AE va BF //
DC (E,F
thuoc D)

MA _ AE
MB  BF
NE _ BF
NC  CP
oD _ DP
04  4E

Tur day ta co
dpcm.

Bai tap:
1) Cho AABC, trung tuyén AD. Liy M thugc AD, BM cit AC tai E, CM cit AB tai
F. Ching minh EF//BC.
Goi y: AABD c6 cat tuyén FMC, AADC c6 cat tuyén BME.

2) Trén 2 canh AD, AC cia AABC déu, lay 2 diém E, D sao cho EA=2BE,
DC=2AD, BD cit CE tai O. Chitng minh A0C =90°
Goi y: Lay F thuoc BC sao cho FB=2FC, AF cit BD, CE tai P va Q
3) Cho tir giac ABCD 16i c6 M va N 1a giao diém ciia AB va CD, AD va BC. Puong
IA _JA

thang AC cat BD, MN tai I, J. Chiing minh — = —
Ic Jjc

Goiy: AACM c6 cat tuyén DIB, AADC c6 cét tuyén INM, AADM c6 cat tuyén NBC.
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4) Cho tu gidc ABCD 15i, AD cit BC tai E, AB cat DC tai F. Goi I, J, K 14 trung
diém BD, AC, FE. Chang minh 1, J, K thang hang (dwong thing Gauss).

Goi y: Goi M, N, P 1a trung diém EC, ED, DC. D& thay cé4c hé diém sau thang hang
(K:M;N), (N;I:P), (M;J:P) va AEDC c6 cét tuyén ABF.

5) Cho hai tam giac ABC va A’B’C’. M, N, P 14 giao diém cta AB va A’B’, AC va
A’C’, BC va B’C’. Khi &6 M, N, P thang hang khi va chi khi AA’, BB’ ,CC’ dong
qui (dinh Ii Desargues).

Goiy:

Diéu kién du: Gia st AA’, BB’, CC’ ddng qui tai O

Tam giac OAC c6 cat tuyén NA’C’, twong ty cho tam giac CBO va BAO
Nhan ba hé thtc lai ta c6 M, N, P thang hang.

Piéu kién du: Gia sit M, N, P thiang hang

Xét hai tam giac MBB’ va NCC’ ¢c6 MN, BC, B’C’ dong qui tai P, O 1a giao diém cua
BB’ va CC’, A la giao diém ciia MB va NC, A’ 1a giao diém cuia MB’ va NC’. Theo
chang minh trén ta c6 O, A, A’ thang hang

6) Cho A, B, C cling nam trén duong thang a, X, Y, Z cling nam trén duong thang
b.Goi M, N, P 1a giao diém cua céc cap (AY, BX), (AZ, CX), (CY, BZ). Ching
minh M,N,P thiang hang (dinh li Pappus).

Goiy:

Céch 1: Goi T,Q 14 giao diém cia (BX, AZ); (CX, BZ). Khi do ta c6: (BTMX)=(BZBQ)
Truong hop a//b dung dinh i Thales

Truong hop a giao b tai S.

Ap dung phép chiéu xuyén tam tai A:

(BTMX)=(SZYX)

Ap dung phép chiéu xuyén tam tai C:

(SZYX)=(BZPQ)

Tur day ta c6 dpem.



Céach 2: Ap dung hé thac Menelaus vao 5 tam giac, xin danh lai cho ban doc.

7) Cho 3 duong tron véi ban kinh khac nhau, khong c6 duong tron nao hoan toan
nam trong mot duong tron khac. Tung cap c6 mot doi tiép tuyén chung giao nhau
tai mot diém. Chiing minh rang 3 diém d6 nam trén mot duong thang.

Goi y: Goi ba duong tron tam A, B, C véi 3 diém D, E, F (giao diém cua céc tiép tuyén
chung ngoai cua tirng cip duong tron). Tam giac ABC c6 cat tuyén DEF.

8) (Tap chi toan hoc va tudi tré - s6 362)

Gia sir O 1a mot diém bat ki nam trong tam giac ABC. AO cat BC tai M, BO cat AC

tai N, CO cat AB tai P. Ching minh rang gia tri ctia biéu thirc

OA. AP OB.BM OC.CN
OP =~ OM

khéng phu thudc vao vi tri diém O.

Goi y: Céach 1:

_ S(AOP) _ 4p
" S(AOP)+S(BOP)  AB

Taco

_S(A0P)+S(BOP) __ 0A
S(BOM) oM

S(AOP) _ OA.AP
S(BOM) = AB.OM @

Suy ra

S(BOM) _ OB.BM
S(CON)  BC.ON

)

Tuong tu

_S(CON) _ OC.CN
a —
S(AOP)  AC.OP

©)

OA.AP OB.BM OC.CN
Nhan (1), (2), (3) ta duoc . . = abc (const)
opP OM ON

Céch 2: Ap dung hé thic Menenlaus vao tam giac AMC véi cat tuyén BON; tam giac
BNC v6i cat tuyén AOM; tam giac BPC voi cat tuyén AOM.



2. Pinh i Ceva:

Cho AABC, D, E, F lan lugt nam trén BC, AC, AB. Chting minh AD, BE, CF d6ng qui

. o DB EC FA
hoac d6i mot song song khivachikhi —=. —=.=—=-=-1
DC EA FB

biéu kién can;
Gia s AD, BE,
CF d6ng qui:

Tu A vé duong
song song Vi
BC cit BE,CF
tai lvaH

, o . DB EC FA
Vi truong hop AD// BE// CF, &p dung dinh Ii Thales ta cling c6 két qua D=C ===

-1

N DB EC FA
bieukiendi: —=.=—=.=—==-1(1)
DC

S m—12
W se Fa e L@



T (1) va (2) suy ra = F', ta c6 diéu phai chitng minh
Dinh i Ceva sin:

Cho AABC, D, E, F lan lugt nam trén BC, AC, AB. Chting minh AD, BE, CF d6ng qui
sin (ABE) sin(BCF) sin(CAD)
sin(EBC) ' sin(ACF) "sin(DAB)

khi va chi khi

BD _ S(ABD) __ AB.sin (BAD)
CD  S(ACD)  AC.sin (CAD) 4+

Tuong tu cho céc hé thic con lai ta
c6 dpcem.

Bai tap: Qui udc cac dudng thang AA’, BB’, CC’ ciia AABC dong qui 1a 3 dudng thang
Ceva, doan thang AA’, BB’, CC’ 1a 3 doan thang Ceva, diém dong qui 1 diém Ceva.

1) Céc duong thang di qua dinh cta tam giac va tiép diém cua canh dbi dién voi
dudng tron noi tiép thi ddng quy (diém Gergonne).

Goi y: e
AB’=AC’
BC’=BA’
CA’=CB’

Nén AA’, BB’, CC’
ddng qui theo dinh Ii
Ceva dao.




2) Cac duong thang di qua dinh cua tam giac va tiép diém cua canh ddi dién voi
duong tron bang tiép, dong quy ( tai diém goi la diém Nagel).

Goi y: Goi D,E la tiép diém cua AB, BC véi duong tron bang tiép goc B, A’,B’,C’ lan
luot 12 tiép diém cua cac duong tron bang tiép véi cac canh di dién goc tuong Gng.

AB' CAr BCr p—c p-b p-a
BIC "AIB ClA p—-a p-c p-b

3) Trong tam gi4c ABC, néu c6 ba dudng thang AA’, BB’, CC’ cit nhau tai K nam
AK __ ABr ACr
KAr  BIC CIB

trong tam giac thi (dinh li Van Oben).

Goi y: Tur A vé dudng song song BC cit BB’, CC’ tai E, D
Cac truong hop dac biét:

- K latrong tam tam giac khi AA’, BB’, CC’ 1a dudng trung tuyén

- K 1a diém Gergonne: A’, B’, C’ la céc tiép diém cua duong tron noi tiép voi cac
canh cua tam giac.

- K la diém Nagel khi A’, B’, C’ 1a céc tiép diém cua cac dudng tron bang tiép
tuong ng.

4) Trén ba canh cua tam giac ABC, dung phia ngoai cic tam giac déu ABD, ACE,
BCF. Chimg minh AF, BE, CD dong qui.

Goi y: Cac ti s6 trong hé thuc ti 1é vai dién tich cia tam giac twong wng.

5) Cho tam giac ABC ngoai tiép (I;r), cac tiép diém tai D, E, F véi BC, CA, AB. Lay
X nam trong tam giac sao cho dudng tron ndi tiép tam giac XBC tiép xuc XB, XC,
BC tai Z, Y, D. Chang minh ti giac EFZY nai tiép.

Goi ¥: Ta co: AD, BE, CF ddng qui (bai 1); XD, BY, CZ dong qui theo Ceva.
Néu EF cat BC tai K thi (KDBC)=-1.

Néu YZ cit BC tai K’ thi (K’DBC)=-1.

Suy ra K trung véi K’.

Suy ra EF, YZ, BC d6ng qui.

Suy ra KE.KF=KD’=KY.KZ



Suy ra EFZY ni tiép.

6) Cho ti gidc ABCD ndi tiép (O). Ly M,N,P,Q lan luot 1a diém ddi xiing cua
A,B,C,D qua O. Goi X,Y,Z,K lan luot Ia trong tdm cua c4c tam giac tao boi 3 dinh
cua tr giac khong chira A,B,C,D. Chiung minh AX,DY,CZ,DK dbng qui tai diém

Goi ¥: Goi E, F 1a trung diém AC, BD. L 1a giao diém ctia AX va CZ.

Ap dung dinh 1y Ceva dao vao tam giac AFC suy ra AX, CZ, FE ddng qui tai L.
Tam giac ECF c6 cét tuyén ALX suy ra LF=LE

Ap dung dinh 1i Menelaus d4o vao tam giac FEB suy ra D, L, T thiang hang.
Tuong tu VGi tam giac FED suy ra Y, L, B thang hang.

Viy AX,DY,CZ,DK dong qui tai diém L

Nhan xét: OL vuéng géc vai DC tai trung diém cua DC.
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3. Pinh i Carnot:

Cho AABC, D, E, F lan luot 1a cac diém trén BC, CA, AB. Goi X, V, z lan luot & cac
duong thang di qua D, E, F va vudng goc BC, CA, AB. X, y, z ddng qui khi va chi khi
DB? - DC? + EC* - EA? + FA? - FB?=0

Piéu kién du: Gia sir x, y, z d6ng qui. Goi G 1a diém dong qui
GB® - GC? + GC* — GA* + GA®* - GB*=0

Twong dwong: DB? — DC? + EC* — EA* + FA? - FB*=0

Piéu kién can: Gia st DB* — DC® + EC* - EA” + FA” - FB*=0 (1)
Vé duong vudng géc GF’ (F’ thuéc AB) tai F’

Twong duong: DB? — DC* + EC* — EA* + F’A* - F'B*=0 (2)

Tur (1) va (2) suy ra: FA? - FB’= F’A* - F'B®

Ta s& chizng minh bd dé: Cho A,B phan biét va mot s6 k. Chang minh rén tai duy nhat
diém F thuoc AB sao cho FA? — FB*=k

Goi I 1a trung diém AB
FA’ - FB’=k © 2BA.FI=k

Viy F 1a diém duy nhat thuoc AB thoa hé thirc. Tir b dé nay suy ra F tring F
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Bai tap:

1) Cho AABC va AA’B’C’. Cac duong vudng géc ha tr A’, B’, C’ Ién BC, CA, AB
la a, b, c. Cac duwong vudng goc hatr A, B, C1én B’C’, C’'A’, A’B’ la x, y, z.
Chtng minh a, b, ¢ dong qui khi va chi khi x, y, z dong qui.

Diéu kién can: Gia sir a, b, ¢ déng qui

Suy ra GB* — GC* + HC* — HA® + IA* - IB*=0

Twong dwong: A’B*— A’C* + B’C* - B’A* + C’A* - C’B*=0
Suy ra x,y,z d6ng qui

Piéu kién can: Gia st x,y,z ddng qui (chting minh twong tu)

2) M nam trong AABC. A’,B’C’ 14 hinh chiéu cua M 1én BC,CA,AB. D,E,F 14 hinh
chiéu cia A,B,C Ién B’C’,A’C’,A’B”. Chimg minh AD,BE,CF ddng qui.

Goi y: AD,BE,CF dong qui twong duong: DB’? — DC’* + EC’* — EA’* + FA’> - FC**=0
Twong duong: AB’? — AC’? + BC*® - BA’? + CA’® — CB’*=0 (dinh Ii Carnot)
12



3) Cho AABC va duong thang d. Goi A’,B*,C’ 1a hinh chiéu cua A,B,C 1&n d. Goi
X,y,z lan luogt 13 cac duong thang qua A’,B’,C’ vudng goc véi BC, CA, AB. Ching
minh x,y,z d6ng qui.

Goi y: Viét he thizc Carnot khi x,y,z thang hang rdi dung dinh Ii Pythagoras cho cac tam
giéc.
4) Cho 3 duong tron (X), (Y), (2). (X), (Y); (X), (2); (Y), (2) giao nhau tai A,B; C,
D; E; F. Ching minh AD, BE, CF dong qui.

Goi y: Str dung dinh ly Carnot véi tam giac XYZ (AB, CD, EF lan luot vudng goc Véi
cac canh cua tam giac nay).

5) Cho AABC, vé phai ngoai dung cac tam giac can BA’C, AB’C, AC’B can tai A’,
B’, C’. Chimg minh cac dudng thang qua A,B,C vudng goc véi B’C’,.C’A’, A’B’
déng qui.

Céac duodng thang qua A,B,C vuéng goc véi B’C’,C’A’,A’B’ tai M,P,N.

Goi y: Ap dung dinh Ii Pythagoras cho céc tam giac MAC’, MAB’, BPC’, CNB’ ta c6 hé
thirc: B’N® + NC® - C’P? — BP’= MB’* = MC”®

Tuong tu cho céc hé thirc khac ta cd dpem.

6) AA’,BB’,CC’ 1a cac dudng cao AABC. Trén AA’,BB’,CC’ lay cac diém A, By,
C khéc tryc tam va khdng thang hang. Chimg minh cac duong thang qua A, B, C
vudng goc B,C,,C1A;,AB; dong qui.

Goi y: Ap dung dinh Ii Pythagoras cho céac tam giac AA’A;, CA’A, va céac tam giac
tuong tu. Cong cac hé thuc ta c6 dpem.
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4. Pwong tron Euler:

Trong mot tam giac, trung diém cac canh, chan cac duong cao, trung diém céac doan
thang ndi cac dinh cua tam giac véi truc tim 14 9 diém cing nam trén mot duong tron
(goi 1a dudng tron 9 diém hay duong tron Euler).

Ta cd: PNQI, PLQM la hinh chir nhat
Suy ra 6 diém P,N,Q,1,L,M thudc duong tron dudng kinh PQ

Céc diém D,E,F nhin céc duong kinh véi goc vudng nén D,E,F, P,N,Q,I,L,M ciing thudc
mot duong tron.

e Ca4c tinh chat cua duong tron Euler:
14



a) Tam T cua duong tron Euler 13 trung diém HO (O 1a tam duong tron ngoai tiép)
Ta c6: LH//OM va LH=OM
Suy ra LOMH Ia hinh binh hanh
T la trung diém LM suy ra T 1a trung diém OH
b) Puong kinh duong tron Euler bang ban kinh dudng tron ngoai tiép:
LT la duong trung binh tam giac AHO suy ra AOML Ia hinh binh hanh.
¢) Trong tim G trén duong thang Euler thi 0G=2TG (dudng thang Euler s& duoc
ching minh sau)

oD oD
2TG= 2(OT-OG)=2(T — ?) =0G

Tir d6 ta c6 (HGTO)=-1

d) Khoang céch tir tim duong tron Euler dén trong tam tam giac:

1
EG=— VOR? — (a® + b? + ¢P)

Tu hé thac MA + MB + MC = 3MG binh phuong, sir dung dinh li ham cos cho céc tich
vector ta c6 dpcm.

e) Puong tron Euler tiép xic vai dudng tron ndi tiép va cac dudng tron bang tiép cua
tam giéc (dinh li Feuerbach).
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Goi y: Céach 1: F la tdm Euler

Chutng minh tiép tuyén Mt cua (F) tao nén tMC = B — C
DP la tiép tuyén (F). Chitng minh DP//Mt

MP cit (1) tai N. Chtng minh N thuoc (F)

Chting minh tiép tuyén tai N cua (1) va (F) tring nhau

Tuong tu cho duong tron bang tiép

Cach 2:

Tacéd: 01> = R? — 2Rr

F 14 trung diém OH, IH? = 4R?-

al+b3+c3+abc
a+b+c
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OH?*=9R? — (a° + b? + ¢

—a)(p-b)(p—c a+b+c)?>  2abc
Ta cé: rZ:(p )p—b)(® ):(ab+bc+ca)-( ).

14 4 a+b+c

R
Ta s€ chitng minh IF = 2" r

R
Twong duong IF? =( 2" r)?

2IH*+210°-0H* R? )
Tuong duong 2 = 7 Rr+r

Twong dwong 2IH? + R*=4r* + OH®
Thay OH, IH, R, r bang cé4c hé thtc trén ta c6 dpcm

Suy ra dudng tron Euler tiép xtc véi dudng tron noi tiép, tuong tu cho cac dudng tron
bang tiép.

Mg rong: Néu H 14 tryc tdm cua tir gidc ABCD nai tiép (O), ban kinh R thi duong tron
vé6i tim E 1a trung diém OH, ban kinh R/2 duoc goi 1a duwong tron Euler cua tir giac
ABCD. Vay 4 diém O, M, E, H nam trén dudng thang Euler cua ti giac noi tiép ABCD.

OH=0A+0B+0C+0D

40M =0OA+0B+0C+0OD
Bai tap:
1) Cho céc tam giac ABC,AHB,BCH,CAH (H la tryc tdm tam gidc ABC) c6 chung

duong tron Euler (dinh i Hamilton).

Goi y: Cac tam giac ABH,ACH,BCH déu c6 1 canh chira trung diém cuia tam giac ABC
va 2 trung diém 2 canh con lai 1a nhitng diém Euler cta tam giac ABC. Vay dudng tron
Euler mdi tam giac c¢6 3 diém chung véi dudng tron Euler tam giac ABC nén tat ca
nhitng duong tron Euler déu tring nhau.

Hé qua: Do c6 chung duong tron Euler nén 4 tam giac trén c6 duong tron ngoai tiép bang
nhau (4 diém A,B,C,H 1a mot hé truc giao).
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2) Cho tam giac ABC nai tiép (0), trung tuyén AM. Khi d6 duong thang qua M
vubng goc véi AO tiép xuc véi duong tron Euler cua tam giac ABC.

Goi y: H la tryc tam, K 13 trung diém AH, E 1a tim dudng tron Euler thi AOMK I hinh
binh hanh suy ra AO//EM

3) Tam gi4c ABC ngoai tiép (1), phan giac goc B, C cat AC, AB tai A’, B’. A’B’ cit
duong tron ngoai tiép tam giac ABC ¢ M, N. Chang minh Rpviny = 2R(asc)

Goi y: Goi E, F 1a tam bang tiép goc B, C. Ta s& ching minh 5 diém F,M,I,N,E cling
thuoc mét duong tron.

Goi M’, N’ 1a giao diém cua (IEF) va (ABC). Do IA, IB, IC déu la dudng cao nén (ABC)
la duong tron Euler cta tam giac.

AICE va AIBF Ia t& gi4c noi tiép

Suy ra AA’.A’C=IA’.A’.E va AB’.B’B=FB’.B’I nén A’B’ | truc dang phuong cua (IEF)
va (ABC) suy ra M’,B”,A’,N’ thang hang hay M triing M”, N tring N’.

18



Suy ra MIN cung thugc (IEF), ma Rier = 2R(agc) (ban kinh duong tron Euler) dpem.

4) Cho mét tam giac ABC va mot dudng thang a bat ki di qua tdm duong tron Euler.
Chtng minh ring tong cac khoang céch tir truc tdm ca cac dinh ( cling phia voi
truc tm d6i Vi a) dén a bang tong cac khoang céch tir cac dinh con lai d&én a.

Goi y: Goi hinh chiéu trén a cua A,B,C,H, trung diém D ctia BC, trung diém F ctia AH 1
A’,B’,C H, 6 D,F.

Ta c6: DD’=FF’ (DF duong kinh duong tron Euler)

Ma 2DD’= BB’ + CC’; 2FF’= AA’ + HH’ (néu A, H & cling phia ddi véi a)
Tur cac dang thac trén suy ra: BB’ + CC’ = AA’ + HH’

Vi cac truong hgp con lai ta chirng minh tuong tu.

5) Cho ti gidc ABCD nai tiép (O;R). Goi A,, B,, C,, D, 1a tim dudng tron Euler cua
cac tam giac BCD, CDA, DAB, ABC. Chiing minh t& gidc A,B,C,D, ndi tiép.

Goiy:

Bb dé: Goi Ay, By, Cy, D, 14 truc tdm tam giac BCD, CDA, DAB, ABC. Chang minh ta
giac A;B,C;D; noi tiép (O).

Goi M 14 trung diém BC thi OM vudng gdc BC.
Ta co: AD]_ =20M = DA]_, AD]_//OM//DA]_, hay AD = A]_D]_.
TIIO’ng tlI ta Cé A]_B]_//AB, B]_C]_//BC, C]_D]_//CD Suy ra DlAlBl + DICIBI = 1800

Tam A, duong tron Euler cia tam giac BCD 1a trung diém OA,. Goi F 14 trung diém cua
00,.

Suy ra 2FA2 = A]_Oz =R. TlIO’Ilg tu ZFBZ = 2FC2 = 2FD2 =R.

6) (Mé rong) Cho tam giac ABC, truc thm H, tdm ngoai tiép O, cac dudng cao AA’,
BB’, CC’. Chitng minh rang 3 duong thang Euler caa cac tam giac AB’C’, BA'C’,
CA’B’ va 3 duong tron Euler cua cac tam giac AHO, BHO, CHO cung di qua 1
diém trén duong tron Euler caa tam giac ABC (diém Jebarek).
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5. Pwong thang Euler:

Trong mot tam gi4c, truc tam H, tim duong tron noi tiép O va trong tam G thang hang.

V& duong kinh AD, trung diém E.

Ta c6 HCDB 14 hinh binh hanh nén E la trung diém HD.

Suy ra G la trong tam tam giac AHD nén H,G,0O thang hang va HG=2HO.
Tur day suy ra tam duong tron Euler thude duong thang Euler.

Bai tap:

1) Cho tam giac ABC, I 1a tam noi tiép, M, N, P Ia hinh chiéu cua | Ién AB, BC, CA,
O 14 thm ngoai tiép. Chtrng minh IO 1a dudng thang Euler caa tam giac MNP.
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Goi y: Al, BI, Cl cit (O) tai A’, B*, C’. Khi d6 I 1a tryc tdm cua tam giac A’B’C’.
Ta c6 OA’ va IN la céc vector ciing chiéu, tim hé thic lién hé giira Ol va IH.
IH 1a duong thiang Euler cua tam giac MNP, suy ra dpcm.

2) Goi O va J 1a tam duong tron ngoai tiép va bang tiép goc A cua tam giac ABC. (J)
tiép xuc véi BC, CA, AB tai M, N, P. Chirng minh JO 1a dudng thang Euler cua
tam gidc MNP.

Goi y: Goi H, K, 1 1a giao diém cua (O) v&i AJ, BJ, CJ. Ching minh duoc HI//NP, KI//
MP, HK//MN.

Ma J Ia tryc tam tam giac KHI nén JO thudc duong thang Euler caa tam giac KHI, J
thudc duong thang Euler cua tam giac MNP.

Suy ra JO 1a duong thang Euler caa MNP.
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3) Cho tam giac ABC. Goi A’,B’ 1a giao diém cua ciia duong cao tir A, B véi (O).
CAc tiép tuyén véi (O) tai A va A’, B va B’ cat nhau tai P, Q. Chang minh PQ
vudng goc véi duong thang Euler cua tam giac ABC.

Goi y: H la tryc tdm, 1é QI vubng goc OH tai I, OQ cit BB’ tai K.

Ta c6 Ol ¢6 dinh suy ra QI ¢ dinh. Ké PI’ vudng géc OH ta ciing c¢6 PI’ 1a duong cb
dinh nén PQ vuéng gbc vai OH.

4) Cho tam giac ABC véi goc A khdng vudng. Goi D 1a mot diém sao cho DBA =
BAC = DCA. Chimg minh duwong thang Euler cta tam giac ABC di qua D.

Goi y: Goi CD cat AB tai F, AC cat BD tai E, M,N 1a trung diém AB, AC.
Ta c6 tam gidc EAB, FAC can tai Eva F.
Suy ra E,M,0 thang hang va F,N,O thiang hang. Ap dung dinh Ii Desargues ta c6 dpcm.

5) Cho tam giacABC, mét diém M nam trong mit phang. Ching minh rang néu 3
trong 4 dudng thang Euler cua cac tam giac MBC, MCA, MAB, ABC dong quy
thi ca 4 duong thang d6 déng quy.

Goi y: Tap hop cac diém thoa man hé thuc:

(b* — c)MA?® + (c* — a°)MB? + (a° - b*)MC*=0

La duong thang Euler cua tam giac ABC.

Gia st duong thang Euler cia cac tam giac MBC, MCA, MAB dong qui tai S.
Ta c6: (b* = MAY)SA? + (MA? - MC?%)SM? + (MC? - b%)SC? =0

(MA? — ¢®)SA? + (¢* - MB?)SB® + (MB” - MA?)SM? =0

(MB? — a%)SB? + (a® — MC?)SC? + (MC? - MB?)SM? =0

Cong 3 Vé lai ta dugc: (b® - ¢®)SA? + (c* — a%)SB? + (a? - b*)SC? =0

Suy ra S thudc duong thang Euler cua tam giac ABC.

6) Cho tam giac ABC nai tiép (O). CAc tiép tuyén tai A,B,C cuaa (O) giao nhau thanh
tam giac A’B’C’. Goi X, Y, Z lan luot 14 diém chia doan OA’, OB’, OC’ theo ti s6
oX _ oYy _ 0z o : _

— — =t. Chung minh rang AX, BY, CZ dong qui.
OAr OB/ ocCr
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Goi y: Goi H Ia tryc tam tam giac ABC, M 1a trung diém BC. Gia sir duong dang giac
cua AX trong goc BAC giao OA’ tai X’, AX’ cit OH tai L.

Do H va O 13 hai diém lién hop dang gi4c trong tam giac ABC nén 0AX' = HAX =
AX0,0X’A = HAX' = XAO suy ra AAOX’ d6ng dang AXOA

— - — oXr OAr 1
Suy raOM.0A' = AO° = 0X.0X'suyra=— = — =~
oM oXx t

_OL _ OXr _ O0Xr 1
Taco:— — — =—
LH AH 20M 2t

Viy AX di qua diém lién hop dang giac L’ cia L trong tam giac ABC. Tuong tu BY va
CZ ciing di qua diém L. Suy ra dpcm

Nhan xét: Khi t= 0.5 thi X,Y,Z la tam (OBC), (OCA), (OAB) thi AX, BY, CZ d6ng qui
tai diém lién hop ding giac caa tam duong tron Euler trong tam giac ABC (diém
Kosnita).
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6. Pinh ly con buom:

Cho (O) va day AB c6 trung diém 1. Qua | v& 2 day cung bat ki CD va EF. DE va CF cit
AB tai M, N. Chirng minh IM=IN

K¢ C’D’ ddi xting véi CD qua Ol.

Chting minh dugc ti giac EC’IM noi tiép suy ra AC’MI=ACNI (dpcm).
e Dinh ly con buém mao rong véi duong tron:

Cho (O) va diém | bat ki thuoc day AB. Qua | vé& 2 day cung bat ki CD va EF (C, E nam

\ , 1 1
vé mot phia cua day cung AB). CF va DE cat AB tai M, N. Chirng minh 7 + I =
1 1
— 4 —
IB IM

, o \ . . _AMIB _ AINB
Ap dung cac h¢ thire lugng trong duong tron, ta co két qua MI  IN
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bat 1A=a, IM=m, IN=n, IB=b

Ta cé: b(a—m) — a(b—n)

suy ra abn — bmn = abm —amn
m

Chia 2 vé cho abmn ta c6 dpcm.

e PDinh li con budém véi cip duong thang:

Cho tam giac ABC ¢6 1 1a trung diém BC, M bat ki thuoc AB, MI cit AC tai P. Q bat ki
thuoc AB, QI cit AC tai N. QP, MN cit BC tai F, E. Chang minh IE=IF

Dung 4 lan hé thirc Menelaus cho tam giac ABC vai cac cat tuyén IPM, N1Q, MNE,
PFQ, nhan lai ta co6 IE=IF.

Bai tap:
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1) Cho tam giac ABC noi tiép (0), (I) 1a tim dudng tron noi tiép. Puong thang B,
Cl cat duong tron (O) tai E,F. Goi K,D lan luot 13 giao diém caa Al voi EF va BC.
Biét AB + AC= 2BC. Chuang minh IK=ID

Goi y: Al cit (O) tai M
Tam gidc MAC ddng dang véi tam giac BAD suy ra MA=2MC
Ma tam giac IMC cén tai M suy ra IA=IM nén IK=ID

2) Cho tam gidc ABC nhon (CB>CA). Goi O, H lan luot 1a tAm duong tron ngoai
tiép, truc tim tam giac ABC, CF 1a dudng cao. Puong thang qua F vudng goc véi
OF cat AC tai P. Ching minh FHP = CAB

Goi y: Ta ¢ KF=FH; QF=FP. T day dé dang suy ra FHP = CAB

3) Cho tam giac ABC nhon c6 tryc tam H, M 14 trung diém BC. Puong thang qua H
va vudng goc voi MH cit AB, AC lan luot tai P va Q. Chitng minh tam giac MPQ
can.

Goi y: AD, BE, CF la 3 duong cao cua tam giac ABC.

Suy ra FECB la ti gi4c noi tiép, EF cat (M) tai K va N. H 1a trung diém KN nén theo
dinh 1i con buém thi MQ=MP.

4) Cho tam giac ABC c¢6 duong cao AD, ndi tiép (O) va c6 truc tam H. Puong thang
qua D va vudng géc véi OD cit AB tai K. Chirng minh raing DHK + AHC =180°.

Goi y: AD cit (O) tai I, IC cat KD tai M.
Ap dung dinh li con buém suy ra KD=DM.
AKDH=AMDI, tir d6 ddn dén dpcm.

5) Cho tam gidc ABC nhon noi tiép (O), truc tim H va tgB.tgC= 3. BH va CH cit
(O) tai B’, C”; B’C’ cit AH tai P, AH cit BC tai D, cat (O) tai M. Chang minh
rang P 1a trung diém coa AH.

. DC AD i
Goi y: tgB.tgC= 3 suy ra —— . —— =3 nén AD=3HD.
HD CD

AH=HM nén theo dinh i con buém HP=HD dan dén dpcm.
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6) Cho tam giac ABC ngoai tiép (1) va néi tiép (0), M 1a trung diém BC. AM cit (1)
tai K, L. Pudng thang song song vai BC tir K, L cit (1) tai X, Y. AX cat BC tai P,
AY cit (O) tai D, DM cit (O) tai E. Chttng minh E, P, F thiang hang.

Goi y: Goi S, T, U la tiép diém cua (1) véi BC, CA, AB.

Chting minh dugc UT, AM, SI dong qui (SI cat UT tai N, qua N s& d//BC cit AB, AC
tai W, Z, sir dung tt giac noi tiép nén N 1a trung diém WZ suy ra A, N, M thang
hang).

Suyra(L, K, N, A)=-1.

MP AL KX AL KN
Ma ' MQ  AK YL  AK NL NenMP=MQ.

EF cat BC tai P’ thi tho dinh 1i con buém MQ=MP’. Tir d6 suy ra E, P, F thiang hang.

7) Cho hai dudng tron dong tam O, mét duong thang cit 2 duong tron tai P, Q va P’,
Q’, M 1a trung diém PQ va P’Q’. Qua M V& hai duong thang AA’B’B va CC’D’D.
X, Y, Z, W 1a giao diém cia PP’Q’Q véi AD’, B’C, A’D, BC’. Chung minh
1 1 1 1
+ +

MX Mz MY MW
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Goi y: Ta sé ching minh bd dé: Cho tam giac RST, U thudc ST. Dat SRU = a, URT = b.
sin (a+b sina sinb
( ) = + (dién tich).
RU RT RS

Chang minh

bit AMP = a, PMD = b 4p dung b dé cho cac tam gidc AMD', AMD, B'MC va
BMC"

sin(a+b) _sina N sinb
MX MD' MA

sin(a+b) sina+sinb
MZ MD MA'
sin(a+b) sina+sinb
MY MC MB'

sin(a+b) sina N sinb
MW MC' MB

Vay diéu ta can chiing minh:

sina sinb sina sinb sina sinb sina sinb
+ + + = + + +
mMD' MA ™MD MA' MC MB' MC' MB

1 1. .11 1 1 1 1
sinb(—-—") +sinb(——-—)=sina(——-—)+sina(——— - ——
Hay sinb(or— ) VA “wBY e~ v’ (Mc~wp”

Ma MB - MA= MB’ - MA’=20M.sin a va MD — MC= MD’ - MC’=20M.sin b, két hop
véi hé thire trén ta co:

S S SRR
MAMB MA'MB' MC.MD MC'.MD'

Theo phuong tich duwong tron ta cd dpem.

28



7. Puwong thang Simson:

Cho AABC nhon néi tiép (0), K 1a diém thudc cung BC nhé. Goi D, E, F 14 hinh chiéu
tir K d¢én AB, BC, CA. Chang minh D, E, F thang hang.

Lan lugt chitng minh cac t giac BEKD, EFCK noi tiép

TacOABKD ~ ACKF nén BED = FEC

Suy ra D, E, F thang hang.

Bai toan nay dao lai van dung (c6 thé dung dinh 1i Menelaus dé ching minh).

M& rong: Lay diém M bét ki trong mat phang chira A, B, C. D, E, F 1a hinh chiéu cia M
xuéng AB, BC, CA. Khi d6 dudng tron Simson cua M véi tam giac ABC 1a duong tron
di qua 3 diém D, E, F. Khi M thudc dudng tron ngoai tiép thi duong tron Simson suy bién
thanh dudng thang.

Bai tap: Ki hiéu M(ABC) la duong thang Simson diém M cua 3 canh tam giac ABC
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1) Cho ta gidc ABCD, AB cat CD tai E, AD cat BC tai F. (BCE) cit (CDF) tai M.
Chang minh hinh chiéu caa M 1én AB, BC, CD, DA thang hang.

Goi y: Chtng minh b dé (BCE), (CDF), (ADE), (ABF) cing di qua diém M
Tacd: EMC = 180° — ABF = EBC suy ra M thudc (ABF)
Tuong tu cho (ADE) ta ching minh dugc bo dé.

Quay lai bai toan, 4p dung duong thang Simson ctua M cho 4 dudng tron (BCE), (CDF),
(ADE), (ABF) c6 dpcm.

2) Tam giac ABC nai tiép (O). AD la tia phan giac goc A (D thude (0)). (K) di qua 2
diém A, D (K khdng thudc AD) cat AB, AC tai M, N. I, J 1a trung diém BC, MN.
Chung minh 1J vuéng goc AD.

Goi y: V& DH, DK vubng goc AB, AC thi HK vudng gbc véi AD.
Ta c6: DB=DC, DM=DN.

Suy ra DI, DJ vudng gdc vai BC, MN tai |, J. Theo duong thang Simson thi K,I,H va
K,J,H thang hang suy ra 1J vudng géc AD.

3) Tam gi4c ABC nai tiép (O), K thudc cung BC nhé. Goi D, E, F 1a hinh chiéu tir K
dén AB, BC, CA, truc tdm H. Chting minh K(ABC) cat HK tai 1 diém thudc
duong tron Euler tam gidc ABC.

Goi y: Goi W 1a tam duong tron Euler, K(ABC) cat HK tai T.

Ta co T 1a trung diém HK (s& chiztng minh sau & muc dudng thang Steiner), W Ia trung
diém HO. Suy ra 2EW=R nén T thuoc (E).

4) Cho tam giac ABC noi tiép (O), duong kinh MN di déng. Chtzng minh M(ABC)
va N(ABC) vubng goc nhau tai T va T thudc duong tron Euler cua tam giac ABC.

Goi y: M(ABC) vudng géc N(ABC) dung cac tir giac noi tiép.

M(ABC), N(ABC) cit AB,BC,CA tai D,E,F va X,Y,Z. Goi R,U,S 1 trung diém AB, BC,
CA.

Chung minh dugc AZ=FC, BE=CY, AX=BD.

Ta s& chirng minh STU = 180° — ACB
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Tuong duong STZ + ETU = 90° — ACB.

5) Cho tir giac ABCD noi tiép (O). Chizng minh A(BCD), B(CDA), C(DAB),
D(ABC) dong qui.

Goi y: Goi Ha la tryc tdm tam giac BCD.
Suy ra A(BCD) di qua trung diém AHa.
Tuong tu cho cac duong Sinson con lai.

Chuang minh dugc AHgHAB 1a hinh binh hanh suy ra trung diém AHa va BHg triing nhau
(dpcm).

6) Cho ti gidc ABCD nai tiép, AC cat BD tai O, E, F 14 truc tam tam giac ACD va
BCD. FD cit CE tai P. Chiing minh F(ECD), E(FCD) va OP d6ng qui.

Goi y: ABFE la hinh binh hanh suy ra AF cat BE tai trung diém S mdi duong.

Ta c6: A, B la truc tam hai tam gidc CDE, CDF nén theo bo dé bai 3 ta c6 F(ECD),
E(FCD) di qua S. Vay ta chi can chang minh S, O, P thiang hang.

Goi I, J 1a trung diém AC, BD. Ta cd: SJ//DE suy ra SJ vudng goc véi AC. Tuong tu Voi
IS nén SO la duong cao thir ba.

Ma O, P thudc truc dang phuong ctia hai duong tron (1) va (J) nén S, O, P thang hang.

7) Cho tam giac ABC va goi tia ddi cua tia BA, CA tuong tng la Bx, Cy. Xét M nam
bén trong mién mat phang khong chira A, dugc giéi han bai doan BC, tia Bx, tia
Cy. Gia sur cac diém P, K, H thudc BC, CA, AB sao cho mdi bo 4 diém (M, B, P,
H) va (M, C, P, K) nam trén mot duong tron thi BAC + BMC = MPH + MPK (1)
(KH nam vé hai phia cua duong thang MP).

Goi y: Xét ttr gidc ABMC c6 BAC + BMC = 180° — ABM + 180° — ACM
Suy ra BAC + BMC = MBx + MCy (2)

Xét vi tri cua diém P trén duong thang BC.

TH1: P thuoc doan BC:

Ta co: MBx = MPH, MCy = MPK

Thé vao (2) ta co (1).
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TH2: P thugc tia Bt, twong ty THL1.
TH3: P thudc tia Ct (tia d6i cta tia CB), xét tuong tu truong hop (2).

Nhan xét: Néu M nam trén cung BC thi khong chira A thi H, P, K thang hang. Duong
thang nay goi 1a dudng thang Simson loai 2 cua tam giac ABC @ng véi diém M va dudng
thang MP. Khi MP cat BC tai P xaac dinh thi cac diém H, K ciing dugc xac dinh bai (M,
B, P) va (M, C, P). Vay duong thang Simson loai 1 1a truong hop dac biét cua duong
thang Simson lai 2, khi ¢6 MP vudng goc BC.

8) (Romania TST 2012) Cho t&r giac ABCD noi tiép (O) sao cho 2 tam giac BCD va
CDA khéng déu. Chitng minh rang néu A(BCD) vubng géc vai dudng thang Euler
cua tam giac BCD tuwong duong B(ACD) vudng goc véi dudng thang Euler caa
tam giac ACD.

Goi v: Gia st B(ACD) vudng goc véi duong thiang Euler tam giac BCD.

Goi H, H’ 1 tryc thm tam giac ACD va BCD. AH, BH’ cit (O) tai Y, X. Goi M, M’
1a trung diém cua AX, BY.

Ta c6: AX//B(ACD) nén H, M, O thang hang suy ra tam giac AHX can tai H.

Tu giac ABH’H 1a hinh binh hanh, ABXY Ia hinh thang can suy ra tu gidc HH’ XY
noi tiép.

Suy ra HAX = HXA = BYH' = YBX nén tam giac BH’Y can tai H’.

Suy ra H’M’ vuéng gbc véi BY, ma BY//B(ACD) nén B(ACD) vuéng goc vai OH’
(dpcm).
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8. Pwong thang Steiner:

Cho AABC nhon néi tiép (0), K 1a diém thudc cung BC nho. Goi M, N, P 1a diém ddi
xung cua K qua AB, BC, CA. Chting minh M, N, P thang hang.

Goi giao diém cua cac dudng ddi xung véi AB, BC, CA lan luot tai D, E, F. Do D, E, F
thang hang (dudng thang Simson) nén M, N, P ciing thang hang.

Ki hiéu M(t)(ABC) 1a duong thang Steiner tir M dén 3 canh tam giac ABC

Tinh chat 1: Puong thiang Steiner luén di qua diém c¢b dinh 1a truc tam cua tam giac
ABC.

Goi X, Y, Z 1a diém ddi xung cua K qua AB, BC, CA, dudng cao BJ, BJ cit XZ tai H,
AH cit BC tai |.

Céachl: Ta cd K(ABC)// K(t)(ABC) va KZ//BJ suy ra AHBX la t& giac noi tiép.
Suy ra ACB = AKB = AXB = BHInén ti giac HICI noi tiép.
Suy ra Al la duong cao va H la truc tdm (dpcm).

Céch 2: H la tryc tm, CH cit (O) tai M
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Ta c6 AAMK=AAHX nén AMK = AHX, tuong tu cho diém T cua BH. Tt gidc ATKM
noi tiép nén AHX + AHZ=180°.

Hé qua: Goi W 1a trung diém cua KH thi K(ABC) va W thang hang.

Cach 3: AH cit (O) tai H’, KY cat (O) tai K’ suy ra AK’KH’ la hinh thang can.

Ma HY d6i xang voi H’K’ qua BC nén AK’//HY.

B6 dé: Néu KY cit (O) tai K’ thi AK’//K(ABC):

Tacd: AK'K = ACK = K'EF nén AK’//K(ABC). Tir day ta c6 H thudc K(t)(ABC).

Tinh chat 2: Puong thang Steiner vudng goc véi duong thang Gauss (duoc dinh nghia &
bai 4 dinh i Menelaus):

V& tir giac ABCD c6 AB cat CD tai E, AD cat BC tai F. Goi H, K 1a tryc tdm céc tam
giac CDF, CBE va M, N la trung diém cua BD, EF.

2MN = DE + BF

Tuong duong:

2MN.HK = HK (DE + BF) = DE(HF + FB + BK) + AB(HD + DE + EK)
= FB.DE + DE.BF =0

Pinh Ii nguwoc lgi ciia dwrong thang Steiner:

Pinh li Collings hay diém anti- Steiner:

Cho tam giac ABC va truc tam H.
Mét duong thang d qua H. dy, da, ds
1a cac duong thang ddi xtng véi d
qua AB, BC, CA. Khi d6 dy, dy, d3
ddng qui tai diém K thudc duong tron
ngoai tiép tam giac ABC. K duoc goi
1a diém anti-Steiner cua d d6i voi tam
giac ABC.




K 1a giao diém cua dy, d,. AH va CH cat (O) tai H’ va H>*. Do tinh d6i xtng nén AB, d,
KH”> dong qui tai L.

Taco: AH'L = AHL = YHH' = HH'K nén tir giac AH’H’K nai tiép (0).Vay K thudc
(©).

Tinh chat: Cho mot diém P thude d. X, Y, Z 1a diém ddi xting cua P qua canh BC, CA,
AB. Chiing minh (A, Y, Z), (B, X, Z), (C, X, Y) cung di qua diém K.

Chung minh duwgc 2BAC = YAZ nén K thudc (A, Y, Z), tuong tu cho cac duong tron con
lai.

Bai tap:
1) Cho tir gidc ABCD c6 AB cat CD tai E, AD cat BC tai F. Chirng minh truc tam
cuia cac tam giac BCE, CDF, ADE, ABF ciing nam trén mot duong thang.

Goi v: Tur két qua bai 1 cua duong thang Simson va tinh chét caa dudng thang
Steiner, dung cac dudng thang Steiner cua M 1én cac tam giac BCE, CDF, ADE, ABF
ta co dpcm.

2) Cho tir giac ABCD noi tiép (O) c6 AB=AD, M, N nam trén canh BC, CD sao cho
MN = BM + DN, AM, AN cit (O) tai P, Q. Chiztng minh tryc tdm tam giac APQ
nam trén MN.

Goi y: Trén tia d6i cua DC lay E thoa ED=BM.
Suy ra MN=NE nén AADE=AABM.

Suy ra AAEN=AAMN. Tir day ta c6 MN 1a duong thang Steiner ctia tam giac APQ
nén nod di qua tryc tam.

3) Cho ti gidc ABCD c6 AB cét CD tai E, AD cét BC tai F. Hai duong tron duong
kinh AC, BD cit nhau tai I, K. Chang minh E, F, I, K thuoc mot dudng tron.

Goi ¥: Goi H la tryc yam cua tam giac BCE, M, N, P 12 hinh chiéu cua H 1én EC, EB,
BC nén ta c6 EH.HP = CH.HN = BH.HM.

Tuong tu cho cé&c tam giac CDF, ABF, ADE suy ra 3 duong tron duong kinh BD, AC,
EF c6 chung tryc diang phuong (duong thang Steiner cho ti giac- bai 1) nén IK 1a day
chung cua 3 duong tron.
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4) Cho tam giac ABC, qua A, B, C v& cac duong thang dy, d,, ds song song véi
duong thang Euler cua tam giac. Goi dy’, d,’, ds” d6i xang vai dy, d, d; qua BC,
CA, AB. Khi d6 dy’, d,’, d3” @6ng qui tai T (diém Parry reflection).

Goi y: Goi A, B’, C” d6i xting véi (O) qua A, B, C. Do tinh ddi ximg nén duong
thang Euler caa tam giac ABC va A’B’C’ triing nhau.

Goi A; 1a diém d6i xiing cua A qua BC nén A, thugc d;, AA; cat BC va B’C’ tai D va
F.

Taco: HA, = AA; — AH = 2(AH + HD — OE) = 2(OE + HD) = 2HF

Suy ra d;” d6i xung véi duong thang Euler cua tam gidc A’B’C’ qua B’C’. Tuong tu
cho cac duong thang con lai nén theo dinh Ii Collings ta c6 dpcm.

5) Cho hai duong thing bat ki vudng goc tai truc tim tam giac ABC, cat canh BC,
CA ABtai X, X, Y,Y’, Z,Z’. Khi do M, N, P 1a trung diém cua XX, YY’, 22’
thang hang (dudng thang Droz- Farny).

Goi ¥: Goi Ha, Hy, He 12 diém ddi xtng ctia H qua BC, CA, AB nén H, H, H déu thudc
(O).

Taco: XH,X' = XHX',YH,Y' =YHY', ZH,Z' = ZHZ'.
Suy ra H,, Hy, Hc lan luot thude duong tron duong kinh XX’, YY’, ZZ’.
Theo dinh 1i Collings ta c6 dong qui tai XH,, YH,, ZH. dong qui tai T thudc (O).

B6 dé: Cho tam giac ABC va M, N, P nam trén BC, CA, AB. Ching minh (APN),
(BPM), (CMN) d6ng qui (dinh Ii Michel).

Goi S 1a giao diém cua (BPM), (CMN).

Ta c0: (SN, SP)= (SN, SM) + (SM, SP)= (CN, CM) + (BM, BP)= (CA, CB) + (BC, BA)=
(AN, AP) nén S thudc (APN).

Ap dung dinh i Michel vao tam giac PYZ ¢6 H, Hp, Hcnén ta c6 (PH,H,), (ZHH,),
(YHH,) dong qui.

Tuong tu ta c6 (0), duong tron dudng kinh XX, YY’ dong qui va (0), dudng tron
duong kinh XX’, ZZ’ déng qui nén duong tron duong kinh XX, YY’, ZZ* dong qui suy
ra M, N, P thang hang.
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9. Pinh ly Ptoleme:

Tt giac 16i ABCD noi tiép mot duong tron khi va chi khi téng cua tich cac cap déi bang
tich hai duong chéo, tac AC.BD=AD.BC + AB.CD.

Céach 1: Lay M thudc dudng chéo
AC sao cho ABD = MBC

Suy ra AABD d6ng dang AMBC
Suy ra AD.BC =BD.MC

Tuong ty AB.CD = BD.AM

Cong lai ta c6 dpcm.

Cach 2: Ap dung duong thang
Simson:

Ta c6 D, E, F thang hang va
DE+EF=DF (1)

DE= BK.sinB; EF= KC.sinC;
DF=AK.sInA (2)

Ma AB=2R.sinC; AC=2R.sinB;
BC=2R.sinA (3)

" Tu (1), (2), (3) tacd
AC.BD=AD.BC + AB.CD
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e BAit dang thuc Ptoleme:
Cho tt giac 16i ABCD. Chtrtng minh AB.CD + AD.BC > AC.BD
Dung diém E sao cho tam giac BCD dong dang véi tam giac BEA.
SuyraBA.CD=EABD (4)
Hai tam giac EBC va ABD ciing dong dang
Suyra AD.BC=EC.BD (5)
Cong (4) va (5) tasuy ra AB.CD + AD.BC = BD.(EA+EC)
Ap dung bét dang thirc tam giéc ta suy ra AB.CD + AD.BC > AC.BD.

Dau bang xay ra khi va chi khi A, E, C thang hang, tac 1a khi A va D cing nhin BC dudi
1 géc bang nhau, va khi d6 tir giac ABCD nai tiép.

Bai tap:

1) Cho t&r giac ABCD c¢6 d6 dai cac canh AB, BC, CD, DA, AC,BD la a, b, c, d, m,
n. Chitng minh m?.n” = a.¢” + b®.d* - 2abcd.cos (A+C) (dinh li Bretschneider).

Goi y: Trén canh AB ra phia ngoai dung tam giac AKB dong dang vai tam giac ACD,
trong 46 BAK = DAC, ABK = CAD, trén canh AD dung tam giac AMD d6ng dang voi
tam giac ABC, DAM = BCA, ADM = CAB. T céc ti Ié cta tam giac dong dang, ap dung
dinh 1i ham sé cos cho tam giac KAM.

2) Cho tir gidc ABCD ni tiép (O). Chirng minh BD?.Sacp = CD?.Sagp + AD%Sgcp
(hé thirc Feuerbach).

Goi y: Dung cdng thac dién tich nén:
BD?.AC.AD.CD = CD?.AB.AD.BD + AD*BC.BD.CD suy ra dpcm.

3) Cho tam giac nhon ABC noi tiép (O; R) va ngoai tiép (I; r). Goi X, y, z 1a khoang
cach tir O dén BC, CA, AB. Chitng minh x+y+z = R + r (hé thiicc Carnot).

Goi y: D, E, F la trung diém BC, CA, AB. AP dung dinh Ii Ptoleme cho tu giac
AEOF.

Ta c0: c.y + b.z = R.a va c4c hé thirc tuong tu, cong lai dugc x+y+z = R+r.
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4) Cho tam gi4c ABC. Tim diém M trong miat phiang sao cho MA + MB + MC nh¢
nhat (d@iém Torricelli).

Goi y: Xét tam giac co 3 goc bé hon 120°.,

Dung phia ngoai tam giac déu BCA’. Ap dung bat dang thiac Ptoleme cho tur giac
MBA’C:

BM.CA’ + CM.BA’ > BC.MA’ tuong duong BM + CM > MA’
MA + MB + MC > MA + MA’ > AA’

Dau bang xay ra: tir giic BMCA’ ndi tiép va M thuoc AA’.

Xét tam giac co A > 120°.

Lay B’ thuoc BC sao cho CAB' = 120°.

Taco: MA + MB’ + MC > AB’ + AC. Tur do6 suy ra

AB’ + AC + (AB — AB’) < MA + MB’ + MC + (MB — MB").

5) Cho tir gidc ABCD noi tiép (O;R). Pt cac duong tron k, h, p, q 1a cac duong tron
tiép xuc voi (O) tai A, B, C, D. Dit t, 1a do dai doan tiép tuyén chung cua hai
duong tron k, h. Trong d6 1a do dai tiép tuyén chung ngoai néu hai duong tron k, h
cuing tiép xdc trong hoac cung tiép xuc ngoai voi (0) va do dai doan tiép xdc trong
& cac truong hop con lai. Tuong tu cho cac doan tyy, to... Chang minh ty,.tyg +
thp-tig = tip-thg (dinh 1i Casey).

A N
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Goi y: Ta ching minh trudng hop k, h, p, g tiép xic ngoai (O). Cac trudng hop con
lai chirng minh tuong tu. Pat tam cac duong tron la A’, B’, C’, D’ va ban kinh 12 x, v,
z, t.

Ta co (t)’ = A'B”? — (x-y)2

A'B™2 = (R+X)2 + (R+Y)2 — 2(R+X)(R+Y).c0SA'OB’

2
A'B7 = RO + (RHy)2 - 2R#RHY).(1- > )

Cl2
AB” = () + -5 (R)(RY)

a . . .
Tuong duong ty, = 7 .\/(R + X)(R +Yy). Tuong tu V&i CAc tiep tuyen con lai.

Ta cO: tun.tog + thp.tg = tkp-thg tuong duong ac + bd = mn (dinh Ii Ptoleme).
Nhu vay dinh li Ptoleme 1a truong hop dac biét caa dinh Ii Casey khi x=y=z=t=0.

6) Cho tam giac ABC véi BE, CF la cac duong phan giac trong. Cac tia EF, FE cat
1 1 1 1 1 1
+ = + + +
BM CN AM AN BN CM

(O) tai M, N. Chang minh

Goi y: Ap dung dinh Ii Ptoleme cho hai tir giac AMBC va ANCB:
AM.a + BM.b =CM.c (1) vaa.AN + c. CN =b.BN (2).
Tir cac tam giac dong dang ta c6 AM.BF = BN.MF; AN.MF = BM.AF

(3), twong tu é\'\" AN _ € ).

. AM.AN AF b
Nén = =—
BM.BN BF a MCN a

Tu (1), (2), (3), (4) ta cd dpcm.

7) Mot luc giac co do dai 6 canh déu bang 1. Chang minh rang luc giac d6 co it nhat
mot duong chéo chinh khdng 1én hon 2 (dwong chéo chia luc giac thanh 2 tir giac)

That bat ngo khi hudng giai quyét cua bai nay 1a bat ding thuc Ptoleme.
Goiy: AC.DE + AE.CD > AD.CE

Tur d6, do CD=DE =1 va CE > AC, CE > AE nén ta suy ra AD <2 (dpcm).
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Tai liéu tham khao:

- Dién dan http://forum.mathscope.org/.

- Dién dan: http://www.artofproblemsolving.com.

- Dién dan http://diendantoanhoc.net/forum/.

- Dién dan http://cut-the-knot.org/.

- Pinh i Steiner cho ti giac toan phan, Internet resources.

- Tuyén chon theo chuyén dé toan hoc va tudi tré cac tap 3; 4; 5; 6.

- Mot PP chitng minh céc bai toan dong qui- Nguyén Vin Linh.

- Bat dang thtic Ptolemy va tng dung- Tran Nam Diing.

- Tai liéu chuyén toan hinh hoc 10- Boan Quynh (chu bién).

- Hinh hoc cua tam giac- Nguyén Vin Ban-Hoang Ching.

- Topics in Elementary Geometry- Q. Bottema.

- Episodes in Nineteenth and Twentieth Century Euclidean Geometry- Ro0ssS
Honsberger.

- College Geometry- Nathan Altshiller-Court.
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