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BAI TAP LUYEN THI OLYMPIC TOAN HQC TOAN MIEN NAM LAN THU XVIII
Chii d&: PHUONG TRINH, HE PHUONG TRINH,

BAT PHUONG TRINH, HE BAT PHUONG TRINH
( VAN PHU QUOC- GV. TRUONG PH QUANG NAM)

1. Giai PT: ¥/3x% —x+2012 — 3/3x2 —6x+ 2013 — ¥/5x — 2014 = /2013 .

HD: Piat a=4/3x% —x+2012 : b=—%3x?—6x+2013 : c=-35x—2014
a+b+c=2372013 {a+b+c—\3/2013
=

Ta ¢ hé sau: .
a®+b*+c®*=2013 (a+b+c) —3(a+h)(b+c)(c+a)=2013

Suyra: a=-b hoac b=-c hoac c=-a.

2X 3X 2012x

i X
2. Giai BPT: 1
al x+1+(x+1)(2x+1)Jr(x+1)(2x+1)(3x+1)Jr +(x+1)(2x+1)...(2012x+1)>

HD: Vk eZ" taco:

kx _ (kx+1)-1 _ 1 ~ 1
(x+1)(2x+1)...(kx+1)  (x+1)(2x+1)...(kx+1) (x+1)(2x+1)...[(k—1)x+1] (x+1)(2x+1)...(kx+1)

Ap dung cho bai toan trén, ta thu dugc:

1
~(x+1)(2x+1)...(2012x +1)

Nghiém cua BPT 1a: x e —1;—l ) —1;—E U
2 3 4

>1e (x+1)(2x+1)...(2012x+1) < 0.

1 1
u —_
2011 2012
22X, = coszx,
22X, = COS7X
3. Giai HPT: V2, s DX, %, X, X, €R.
2\/§x3 =COSTTX,

2\/2x, = coszx,

HD: Theo dé: |xi|éi<% Vi=14=coszx, >0 Vi=14

242
Néu x, > x, thi coszx, >CoSzX, = X, < X, = COSX, < COSTX, = X, > X,. Do d6: X, = X,.

Chtng minh tuong tu ta c6 dugc: X, =X, .
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X =X
X, =X,

HPT da cho tuong duong véi: X, = ﬁcos X,

2
X, =TCOS7ZX1
DO thi ctia hai ham sb: x, =€005nx2 ;X =£arcc032\/§x1 DX 6(0;3, X, € [0;%} trong hé
T

truc toa do OX;X, cit nhau tai mot diém duy nhét c6 toa do (% X %j .
x L . £, 1 1
HPT da cho c6 nghi¢m duy nhat 1a: X, =X, =X, =X, = 2
30% Y 4y =2012
4. Gidi HPT: 3oi2+4z =2012  ; xy,zeR
y

302 4 4x = 2012

Z2

HD: Ta cé: 30 y > +4y = 2012<:>y(@+4j 2012>0=y>0. Tuong tu X,z>0.
Khong mét tinh téng quat, gid su: X>Yy,X>27.

Trir vé theo vé ciia phuong trinh thir ba cho phuong trinh thir nhat ta dugc:
X y _ 3 2 2.2 _

30| - |[+4(x—y)=0<>30(x*—yz* )+ 4x°2* (x—y) =0.
Z° X

Vix>y>0,x>z>0nén x—y>0; x*-yz°>0.
. 3 2 2.2 x° = yz?
Do&xﬂ%x—yz%%xz(x—w=0c> SX=y=1.
X=y
X+ X <X, =X,
X2+ X < Xy — X,

5. Cho 2013 sb duong; X)Xy Yoy >0 thoa man; 4777

X2011 + X2012 < X2012 - X2011

X2012 + X2013 - X2013 - X2012
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Ching minh ring trong 2013 s§ d6 c6 haisé a,b sao cho: |a—b| < 203"

HD:
Tu X +X <X, =X = X, =% >0=0< X <X,.Ching minh tuong ty dugc: X, < X; <... < X,p-

- L2 2 2 2
Mat khac: Xy, + X013 < Xoo13 = Xo012 = X1z — Xoo13 = Xop1o T Xop12 > 0= 0 < X005 <1

Khido: 0 <X, <X, <...< Xyp5-

Chia doan [0;1] thanh 2012 doan con bang nhau, do dai ciia mdi doan con 1a ﬁ

Theo nguyén ly Dirichlet: Ja,b trong 2013 s d4 cho thudc vé cling mot doan con.

Nhu vdy [a—b|< 005

X+y+z=3
6. Giai HPT: {x* +y° +2* =3 P X, y,2eR.

12 2012
2012 + y20 — 3

HD: Xét céc vecto: U=(x;y;z),v=(L11). D& thdy uv= ‘ H ‘

Suy ra: u,v cungphuong©%=—=§>0©x=y=z.

Két hop v6i phuong trinh con lai ta duoe: x=y =z =1.

7. Giai BPT: \/x—2012+x—20142\/Z(XZ—4028+20142)+2x—4024 - xeR.

Diéu kién: x >2012.

BPT d4 cho tuong duong voi: /X —2012 +(x—2014) > \/Z(X— 2014)2 +2(x-2012).
bat: u=+/x-2012>0 ; v=x-2014.

u=0
BPT thanh: u+v>+2u®>+2v? < <u+v>0 su=v>0.

(u +v)2 > 2u% +2v2

30 )(1+4\/Z:201\3/@
30X, +4,/x, =X

8. GIai HPT: <...ccoiiiiiiicee,

304/ X012 +4\/Z = 201\/3 X22012

Xl X2’ 2012 >0
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HD: Gia sir: (X, Xy, Xp01, ) [& MOt nghiém ciia HPT trén.

bat: M = |\/|I:'1X{X1 X5y 2012} ; m:Min{)ﬁaXza---’Xzou}'

Suyra: M >m>0.

Ta co:

34IM 230, x, +4/x, =2x?
34IM >30,/x, +4,/%, = 2§/x2%

34N230\/@+4\/’:m@
= 34V = Max [ 2 G | = 34V 234

= 344026 M 2013 2 M 4024 — M 2011 S 344026 — M S 2013344026 )
Chirng minh twong tu, ta duoc: m> */34%%° . Suy ra: M = m = *4/34%%

Do do: X, =X, =... = Xpp, = N 34" . Thir lai thay dung.

Vay hé phuong trinh d& cho c6 nghiém dwong duy nhat: X, = X, =...= X,,, = -~ 34"
_1f, 2012
Ea1i X,
1 2012
o =7 %+
9. Giai HPT: 2 X, 3 X Xy Xoop €R
1 2012
X012 2 X +T
HD: Taco: XX, = 1( - @j X1 =%(x§1+2012) >0 Vi=1,2011
i+1

= Cac x, clng dau Vi=1,2012.

Ap dung BBT Cauchy ta c6: X, , +2012 > 22012 = 2, > 242012 = x, > /2012 Vi =1,2012.

i+1

L4y phuong trinh dau tién lan luot trir cho cac phwong trinh s6 2, s6 3,..., s6 2012 vé theo vé ta dugc:

X, =X, =—(Xz—><s)(1—

2012
Xo X3
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1 2012
X, — X3 == (X —x)(l— j
2 3 2 3 4 X3X4
1 2012
X2012_X1:E(X1_X2)[1_ X,X j
2
Vi X 2% 202 K, nen 12022 5 0 20025 g 2012 g0 2012
X2 X3 X3 X4 X2011X2012 Xl XZ
X,X; > 2012
Suyra: T . Két hop voi [x|>+/2012 Vi=1,2012 suyra X, =X, =...= Xy, =+/2012..
X2011X2012 22012
XX, <2012
X>=2X-y
_ y>=2y-1
10. Giai HPT: ;X Y, z,teR.
7° =27t
=2t—X
HD: bat: X =1-x,Y=1-y,Z2=1-2, T =1-t.
X?=Y
4 ha 3 Yi=2 16 _ 8 4_ T2 A 15 X=0
Ta c6 hé phuong trinh sau: = X*®=Y8=Z=T? =X . Nhuviy: X(X*-1)=0<c
22 :T X :1
T?2=X
*Voi X=0=2Y=2=T=0=x=y=z=t=1.
*Voi X =1=2Y=2=T=1=>x=y=2=t=0.
2
xf+kx1+(%j = X,
2
2 AL P .
11. Giai HPT: X2+kxz+( 2 j %3 » Xy Xy e Xo01, € R, k12 MGt s0 cho trudc.

k-1)’
X22012 + kX2012 + (_j =X

HD: Cong vé theo vé ciia cac PT d4 cho ta duoc:

2012 2012 ERY _
0= Zl:x +(k-1)x +(k21j:l Z(Xﬁ%j :>x1=x2=...=x2012=%.

=1 i=1
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12. Cho s6 nguyén n > 3. Giai hé phuong trinh:

2012x, —4025x, +2013x, =0

2012X2_4025X3+2013X4:0'x1x < cR
y XL X, X, €RL

n

2012x, —4025x, +2013x, =0
HD:Dat y, =X —X,; ¥, =X, = VY3 o3 ¥, =X, —X,.

2012y, = 2013y,
2012y, = 2013y,

H¢ da cho thanh: = 2012"y,y,...y, =2013"y,y,..y, = Y, Y,...y, =0.
2012y, = 2013y,
Nhu vay phai c6 mot chisd j sao cho y; =0. Nhung 2012y, = 2013y, ,,...nén y, =y, =...=y, =0.
Suyra: X, =x,=..=X,=aeR.
2013 2Xy = X% 4 y2n
2012/,,2 2 22012 1
13. Giai HPT: U —2x 2 L X,yeR.
2013 2Xy = Y2 4 X2
201\2/x2 —2y+2*% 41
HD:

Cong vé theo vé cuia hai phuong trinh trén ta duoc:

1 1 2 . \2
Xy + =x+y
{201\2/x22x+22°12+1 E/y22y+22°12+1J

1 1

2 — x? 2 *
< eXy 201\2/(X—l)2+22012 +201\2/(y_1)2+22012 x+y )
Nhan xét: VT (*)| < 2|xy| < X* + y* =VP(*).
[H=b ey
VT (*)=VP(* =y= )
(*)=VP(*)=| |x=y 1c{x:y=1
x=y=0
Vay tap hop nghiém ciia h¢ phuong trinh da cho la: S ={(0;0), (L1)}.
3++/x X+UX+2 XX +x+2 x24x/x+2 x?+3 10

14. Giai PT:

+ ——
XX +X43 X AxVIX+3 X 4UXx+4 x+xIx+4  xIx+x+/x+3 3

HD:
Pit a=2, b= X+, c=x+1 d=x/x+1 e=x>+1.
Phuong trinh d& cho tré thanh:

a+b N b+c N c+d d+e L _e+a _10

c+td+e d+e+a e+a+b a+b+c b+c+d 3
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a+b ( b+c j ( c+d j [ d+e J [ e+a J 10
= +1 |+ +1 |+ +1 |+ +1 |+ +1|=—+5
c+d+e d+e+a e+a+b a+b+c b+c+d 3

1 1 1 1 1 j 25

<:>(a+b+c+d+e)( + + + +
c+d+e d+e+a e+a+b a+b+c b+c+d

3

1 1 1 1 1 )
SN + + + + x
c+d+e d+e+a e+a+b a+b+c b+c+d
[(c+d+e)+(d+e+a)+(e+a+b)+(a+b+c)+(b+c+d)]|=25 (*)
Ap dung bat ding thirc Cauchy cho vé tréi cua (*) thi ta duge VT (*) 2 25.
Déu “=” xay ra khi vachikhi a=b=c=d =e < x =1.
Vay x = 1 1a nghiém duy nhat ctia phuong trinh da cho.

. +y=2
15. Giai HPT: P X, yelR.
{ 2012 + y2012 2011 + y2011
HD:
Hé phuong trinh tuong duong véi:

X+y=2 X+y=2
{2( 2012 + y2012): 2(X2011 + y2011) < {2( 2012 + y2012): (X+ y)(X2011 + y2011)

X+y=2 X+y=2
o &
2X2012 + 2y2012 2012 + Xy2011 2011y + y2012 2012 + y2012 2011y + Xy2011

X+y=2 X+y=2 - x+y=2c>x 1
@ = =
o XZOH(X—y)—yZOll(X—y):O (X—y)(XZOM—yZOM):O X—y=0 y
y? =(5x+4)(4-x)

P X, yeR.
y? —5x% —4xy +16x—8y +16 =0

16. Giai HPT: {

HD:
Ta c0: y?-5x"—4xy+16x—8y+16=0< y°—(4x+8)y—5x*+16x+16=0. Xem day la mot
phuong trinh bac hai theo 4n y (thamsd x).

=5b5x+4
Taco: A'=9x2, tir do: {y .
y=-Xx+4
+Véi y =5x+4, thay vao phuong trinh thir nhat cua hé ta duogc:
x=0=>y=4
2
5X+4) =(5x+4)(4—x) <= 6x(5x+4)=0<= .
(e G- oo 0sl 5

+Véi y = —x+4, thay vao phuong trinh thi nhét ciia hé phuong trinh ta duoc:
x=0=>y=4

(—x+4)2 :(5x+4)(4—x)<:>6x(4—x):0<:{x:4:> V=0

Vay tap hop nghiém ctia hé phuong trinh d& cho la: S = {(0; 4);(4,0); (—g;Oj} .
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6x* —(x3 —x)y ~(y+12)x* =-6
17. Giai HPT: ) ; X, yeR
5x* —(x2 —1) y?-11x? =5

HD:

0
+ Xét x =0, h¢ phuong trinh da cho thanh: { ) (voly)

+ Chia vé theo vé ciia ting phwong trinh trong hé cho x? >0 ta dugc:

6x2—(x—%jy2—y—12:—x—62 6(x2+%J—[x—%Jy2—y—12:0
o .

2 2
5X2—(X—£) y? —11:—32 5(x2+i2J—[x—£J y?-11=0
X X X X
Dat fox—to x2+i2:t2+2.
X X

6(t°+2)-ty’~y-12=0 (g2 _ty?—y=0
H¢ phuong trinh thanh: =

5(t2+2)—t2y2—11=o 5t2 —t?y? —1=0

+ Xét t =0, hé phuong trinh thanh: { ]}_/_ (voly).

+ Chia vé theo Vé ciia tirng phuong trinh trong hé cho t? >0 ta duoc:

2 2 y 1

N B ;[y+;)=6
t t t t

= =

1 1 2
5—y2—t—2=0 y2+==5 [y+%) —2,%:5

ab=6 a

Hé phuong trinh thanh: &
pIIERE {a2—2b=5 _a’-5

a’-5a-12=0 (a—3)(a2+3a+4)=0
= a2_5 < 2 @{

b=
2 2

t=1 {tzl

1 =

y+1=3  lasiis {2t2—3t+1=0 1 y
t < =

y=2t 2 t=

Khi do:
Y2 y=2t
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+
*V6it=1taco: x—1=1c> xz—x—1:0c>x:1_2\/_.
X
+
*Vc’yitzitacé: x—£=£©2x2—x—2:0c>x:l_\/177.
2 X 2 4
J3+2x2y = X*y? 4+ %2 (1-2x%)=y*
18. Giai HPT: X, yeR.

T+l (x—y) +x? (x*—2x* —2xy* +1)=0
HD:

Hé phuong trinh d& cho tuong duong vai:
—(xzy—l)2 =y'—x® (1—2x2)§ 2
1+ 1+ (x— y)2 =—x° (x“ —2x% = 2xy? +1)2 2
Suyra: y* —x° (1—2x2) <X (x“ —2x% = 2xy? +1) Sy —xEr2xt <= xf+2xt +2x%y? - X2
x® —2x%y? +y* =0(:>(x3—y2)2 =0 xP =y (¥
Tur (*) va ddu “=" xay ra ¢ bt dang thuc tréntasuyra: x=y=1.

2XY + Y/ X2 — Y2 _\/x+y+\/x—y
. 14 - 2
19. Giai HPT: - - P X, yelR.
2 2
HD:
\ >

Pidu kién {Hy 0

X—y=>0

Dit u:\/xzy, v:\/X;y : u,v>0.Suyra: x=u?+Vv? y=u’-V2.

2(u2 +v2)(u2 —v2)+(u2 —VZ)JW

Hé phuong trinh da cho thanh: 14 —ur
u+v¥=9
(u+v)(u —v —7):0 u+v=0 ul-vi=7
= < 3 v 3
w+vi=9 uww+v:=9 |u'+v'=9
u+v=0 i
HE< . vO nghiém.
u+ve =
. uw-v:=7 u=
Giai hé ta duogc
u?+v¥=9 v=1
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X+Yy _5
B X+y=38 X=5
Do do: 2 @{ y @{ )
X_y_ X—y:2 y:3
2

X=5

Vay phuong trinh da cho cd nghiém 1a: {

xy+4/2(x4 + y“) =

20. Giai HPT: 5 X,yeR.
X2009 y2013 + X2013y2009 — 32011
HD:
Ta Cé: (Xy) 009 (X + y ) 2009y2013 + X2013y2009 32011 > 0 = Xy > 0

Tir phuong trinh thi nhét ciia hé phuong trinh ta co:

1-xy =, /2(x4 + y“) > 2|xy|=2xy ( Bét dang thirc Cauchy)

1_ 2
:xyé% vax4+y4:%.

2009 (1— XY)Z

2009,,2013 2013, ,2009

Lai co: x* Py 4+ x* Py (xy)zoog(x4+y4):(xy)

2
2008 1-xy 1-xy 2008 1 2
1-xy
XV =
==
Déu “=" xay ra < Xy—l FX=y=T—F
4 3 f
x4=y4
Vay tap hop nghiém cta hé phuong trinh dd cho la: S = {(iij (—i —ij}
- RN AU
21. Gidi HPT Ky = R
. Glai : X yek.
2oufy _ 201\1]/7 (201\/7_201\3/;)()(4- y+Xy+2014) y
HD:

Tt phuong trinh thir nhit cua hé ta suy ra: —1<x, y<1.
Do d6: x+y+xy+2014 =(x+1)(y+1)+2013>0.
+ Néu x>y thi phuong trinh thir hai ctia hé c¢6 vé trai duong, vé phai am. Diéu nay vo ly.

+ Néu x <y thi phuong trinh thir hai ctia hé ¢6 vé trai am, vé phai dwong. Diéu nay vo ly.
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+ Néu x=y thi phuong trinh tht hai cia hé thoa mén. Thay vao phuong trinh thir nhét ta duoc:

1
2=l x=t—"—.

J2
Vay h¢ phuong trinh dé cho co hai nghi¢m la: (i ij (—i_ij

ay ne S : \/E > \/E \/E
cos2x)
22. Giai PT: 3| 1+— +tan° x=7
COS” X
HD:
bit a:cozsi’ b =tan®x.
cos“ x+1

Phuong trinh da cho thanh: 3a“ +4b* =7
D& thiya, b >0 va a+b=2.

Ap dung bét dang thirc Cauchy ta co:
a’+1+1+1>4a, b>+1+1>3b.

Suyra: 3(a'+3)>12a,4(b’+2)212b=3a‘ +4b* > 7.

Diu bing xdyraa‘ =b* =1=a=b=1 hay tanx =+l x=+ 2 +kr (keZ
g xay 1

14 nghiém ctia phuong trinh da cho.

—+—=9
Xy
23. Giai HPT: (x,yeR).
i+i [1+ij 1+i =18
I 3y Ix 3y
HD:
Diéu kién X,y # 0 Pt U=, v=—

o . uw+vi=9 (u+v)3—3uv(u+v)=9
H¢é phuong trinh da cho thanh: =

(u+v)(1+u)(1+v)=18 (u+v)(1+u+v+uv)=18'
Pit S=u+v,P=uv. Didukién S*>4P.
oo [8*-3Ps=9 $°-3PS =9 (1)
H¢ phuong trinh thanh: o
S(S+P+1)=18 |PS=18-S-S° (2)

Thay (2) vio (1) ta dugc: S°+352+35 -63=0 (S+1) =64 S=3=P=2.

S=3 . . X =1
Véi { tasuy ra: u,v la nghiém ctia phuong trinh: X?*—3X +2:0®{X o
o fu=1,_  fu=2 x=2 |*=t
Khi do: hoac . Suy ra: 8 hoac 1.
y=1 8
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24. Giai BPT: «/_(x —3x+1)+x/x +x*+1<0: xeR
HD:
Bat phuong trinh d4 cho twong dwong voi:

6(x2 —3x+1)+,/6(x4 +x° +1) <0< G[Z(X2 —x+1)—(x2 +x+1)}+,/6(x“+x2 +1) <0

<:>12(x2 —x+1)+\/6(x2 —x+1)(x2 +x+1) —6(x2 +x+1)£0

2 6(x° —x+1
@12[)(2 X+1j+ ( )—6£0 (Vi X¥*+Xx+1>0 VxeR)

X2+ x+1 X2+ x+1
6(x2—x+1)
Pt t =y —— , t>0.
X°+X+1

Bat phuong trinh thanh: 2t +t—6<0 < 0 <t Sg.

6(x*—x+1
Do dé: ¥£2©5X2—11x+5£0 - ‘/_g RELLIY
X +x+1 4 10
Vay tap hop nghiém cua bat phuong trinh da cho la: S = {ﬂla/z';llza/zl.
JX+Y+1+1=4(x+Yy 2+4/3 X+Yy
25. Giai HPT: ( ) ( ) , X, yeR.
12x(2x2+3y+7xy):—1—12y2(3+5x)
HD:
bat u=/x+y+1>0 ; v=,/3(x+y)>0.
3u?-v?*=3 3u®—v* =3
H¢ phuong trinh da cho thanh: = )
U+9=4v*+9  |9u+(3u”-v*) =4v' +9

3u®-v°=3 3u®-v°=3

= =
9u-9v+9u’ —6unv? —3v =0  |(u—v)(9u®+9u’v+3uv’ +3v*)=0
{Zuz—v2=3 J6

=

SU=V=—mr-

trinh da cho ta tim duoc:
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E—L:Z(y“—x“)

X 2y
26.Giai HPT: 11 , X, yeR
;+2_y:(3y2 +x%) (3% +y?)

HD:

Piéu kién x,y 0.

V6i diéu kién trén, hé phuong trinh d cho tuong duong voi:

CEuh A 2,,2

=0y X +10xy {2:5xy“+x5+10x3y2 {(X+ y) =3
=

1=5x"y +y° +10x%y? (x—y)5 1

=5x* + y* +10x°y?

< |k x|M

X_5/§+1
x+y=2%3 T2
=N <
x—y=1 P3-1
y= >

( thoa diéu kién).

Vay h¢ phuong trinh d& cho c6 nghiém: [

E/§+1,E/§—1J
= .

2

27. Giai BPT: V/4x+6 —Ix* +Tx® +12x+6>x* -2 : xeR.
HD:

Pidu kién: x> —g .
V6i diéu kién trén, bit phuong trinh da cho tuong duong véi:

\/(x+2)2 —(x2 —2)—(x+2)—[§/(x+2)3—(x2 —2)—(x+2)}2x2—2

Dit A=V4x+6+x+2, B=§/(x3+7x2+12x+6)2 +(x+2)§/x3+7x2+12x+6+(x+2)2 (*)

Thé thi xz-% tacd: A>0,B>0

2_ 2 _ 2 3_ 2 _ 3
(x+2) (x 2) (x+2) +(x+2) (x 2) (x+2)
A B
@(Z—XZ)(%+%+1JZO<:>2—XZ20<:>—\/53xs\/§ (thoa diéu kién xz-%)

>x*-2

Khi d6 (*) <

Vay tap hop nghiém cua bat phuong trinh da cho la: S = [—\/E N2 ] .
28. Giai BPT: +/x° + x* + X S,/(x2+1)3 - X (¥F-x+1) ; xeR.

Diéu kién: x>0.
+ Néu x =0 thi BPT ludn ding

+ Néu x>0 thichia ca 2 vé cia BPT cho: /x> (x2 +1) >0
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XX (X2+1)3
Ta duge: xz(x2+l) ) xz(x2+l) -
o Ixa 1 <x2+l \/
x(x2+l) X

2
BPT trén thanh: /t—%ﬁt— 1—%@...@(,/t—%—1} >0 (luéndiang Vt>2).

Vay nghiém ctia BPT 1a: x>0.
x(y+z) = (3x* +x+1)y*z?
29. Gidi HPT: {y?(z+x)’ =(4y*+y+1)2°x* ;x,y,z€R.
2 (x+y) =(52° +2+1)x*y’
HD:
+TH 1: xyz=0.
Néu x =0 thi hé c6 nghiém (0;0;2),(0;y;0).
Tuong tu cho truong hop y =0 hoac z=0.

+ TH2: Chia ca hai vé cua cac PT trong hé cho x*y?z® >0 ta duoc:

2
£+£j =3+ 1 +i2

x|
>

zZy
2
£+1j :4+1+i2
Xz y
2
£+£j :5+1 iz
y X 7z
(b+c)’ =3+a+a’
o 1 1 1 N . 2 2
bit a==,b==,c==.HPT thanh: {(c+a) =4+b+b>.
X y z

(a+b)2 =5+Cc+cC?

a+b+c=4

Cong vé theo vé cac PT trén rdi rat gon ta duoc: (a+b+c)2—(a+b+C)—12=0©L{ b+c=-3"
+h+c=-
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2X+ X’y =y
30. Giai HPT: {2y+Vy°z=7 ; X,y,z€R.
27+7°X =X
HD:
y(l—xz):Zx
HPT dé cho tuong duong véi: <z (1— y2) =2y ()
x(l—zz) =2z
Vi mot trong cac gia tri X, Y,z bang 1 déu khong thoa hé phuong trinh ndy nén: x,y,z # +1.
y= 2X
1-x°
e 2y
Khidé (1)e<z= =
1-y
22
X =
1-z

Détx=tant,te(—% Ej Suyra: y=tan?2t ; z=tan4t, x=tan8t.

Do do: tant=tan8tc>t=k7” (k€ Z). Nhu vay: x=tank7”;y=tank27”;z=tanm—”.

Vi te(—% %) nén k e {— 3;—2;—1;0;1;2;3}.

(2-x)(3x—2z)=3-z2

Y +3y* =x"—3x+2

31. Giai HPT: XY, ZeR.

y? =-2°+62
z<3
HD:
3x*—2(3+12)x+3z+3=0

3 2 2 _
HPT dé cho tuong duong véi: y +3y"=Xx"-3x+2

y? =-2°+62
z<3
. ) z<0
PT thtr nhat c6 nghiém x < A’ 20@{ >3 1)
z>
PT thir ba c6 nghiém y < -2°+62>0<0<2<6. 2

Tur (1), (2) va két hop voi z<3 tasuyra: z=0 hoic z=3.
P4p s6: C6 2 nghiém: (1,0;0),(2;-3;3).
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x*—3x= y(3x —1)

32. Giai HPT: y3—3y:z(3y2—1) X, y,zeR.
23—32:x(322—1)

HD:

—3X
3x -1

1
Xét PT: x*—3x=y(3x*-1). Vi x=+— khong thoa PT nén y =
y(3x*-1). 75 khong y=

Pit x =tant Véi te(—ﬁ-ﬁj\{iﬁ}.
2 3 6

Dé dang suy ra duoc: y =tan3t, z=tan9t, x = tan 27t .
X+ y+\/_=\/2012
33. Giai HPT: 1 1 1 1 1 1 P XY, zeR
+ + = + +
3X+2y 3y+2z 3z+4+2X X+2Yy+2z Yy+27+2X 1+2X+2y

HD:
. X,y,220
bicu kién: .
ien e Min{x2+y2;y2+zz;zz+x2}>0
Ap dung BDT Cau chy ta co:
1 1 2(2x+2y+1) >2(2x+2y+z)_ 2
3x+2y X+2Yy+212 (3x+2y)(x+2y+22)_(2x+2y+z)2_2x+2y+z'
Tuong tu chimg minh duogc: ! + 1 > 2 ; ! + ! > 2 :
3Yy+27 y+2X+27 X+2z+2y 372+2X 74+2y+2X y+2x+2z2
Suy ra 1 1.1 1 1

+ + > + + :
3X+2y 3y+2z 3z+2X X+2Y+2Z Yy+27+2X Z+2X+2y
Déu "=" xay ra khi va chikhi x=y =1z

3\/7=\/2012<:>x:% Do d6: x= y—z—%.

ye + ¥ 4+ 2x% =[xy — x°y?
34. Tim moi cip s6 thuc (x;y) thoa he: 1 .
Axy® + Y2+ = > 2x% 11+ (2x =y
Yy Vi+(2x-y)
HD:

Diéu kién: xy —x*y*>0<0<xy <1.

1 1Y 1 1

Taco: xy—xX°y?==—|xy—= | <= |xy-x’y* <=
y y 4 (y 2} 4 y y >
Khido: y®+y® +2x% = xy —x?y* <=,

Suy ra: 4xy3+y3+%24xy3+2y3+y6+2x2 (1)
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R 1
Ma: 4 —>2 1+(2x— 2
a 4xy* +y° +2 X* +4/1+(2x y) (2)

Cong vé theo vé (1) va ) ta duoc:
2
Axy° +1> 0 +4x2 + \1+(2x-y)" & 1-1+(2x-y) 2()/3—2x)2 o I (2xy) =0
y*-2x=0
X +X —X,—1=0

X+ X%, — X, —1=0

35. Giai HPT: ;X0 %, X, X, eRL
2

Xy + X% —X,—1=0

X, +X,—%—1=0

HD:
f(x)=x
~ , f(XZ):XS , . 2 X K 1 . K
HPT da cho c6 dang: voi f(t)=t*+t-1 dong bién trong | —=;+c |, nghich bién
f(x%)=x, 2
f(X4):X1

1 . 1 5 5 —
trong | —oo;—— | va f(t)>f| -—=|=——.Suyra: x, >—— Vk=14.
o[-i3) w102 1(3)-F s nzg

* Truong hop: x12—%:> f(x4)2—£>—E: f(—gj , ma x42—% nén X4e(—%;+ooj.

A 1 1
Lap luan tuong tu: X, > _E; X, > 5

Néu X, <X, thi (%)< (%)% <x= (%)< F (%)= X <x, = f (%)< f(X)=2%<x.
Tudo: X, <X, <X <X, <X NeN X, =X, =X; =X,.

Thay vao mét trong bon PT ciia hé ta duge X, =X, =X, =X, =1.

* Trudng hop: x, < —% ,néucod k=1 dé x > —% thi theo trén x> —% vk la mau thuan.

Vay X, <—% vk.

Néu X, <X, thi (%)= (%)= % 2%= (%)< f(X)=%X <X =X =X. Tuong tu X, =X,.
Hé trothanh: 1 f (x)=x, =X+ f(x)=%+f(x,).
(%) =%
( 2

x) = x* +2x—1. D4 thi cia ham sb nay c6 truc dbi xtng 1a duong x =-1.
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T X+ f(x)=%+f(X) suyra g(x)=9(x)= % va x, d6i xing qua x=-1 tic 1a: x, =—1-m

X=X X =X

va x, =-1+m.Thayvao hé < f(x)=x, tatimdugc m=0.Suyra: x =X, =X, =X, =—1.
f(x)=%

36. Giai PT: 2012 X 2011 _E P XY, 27",

X+Yy y+2011 4023 2012+x z
HD:
. . 1 4
* Ta ¢6 BDT thirc sau: — > > 5 ab>0.
ab  (a+b)

xvp=2<2viez" . Dhu"=" xay rakhi z=1.
z

T :(2012+ y j{ X, 2011 j
X+y 4023 y+2011 2012+x
20124023+ y(x+Y) . x(2012+x)+2011(y+2011)
~ (x+y).4023 (y+2011)(x+2012)

, 20124023+ xy +y*  x* +2012x+2011y + 2011°
(x+y+4023)’ (x+y+4023)’

) (x+ y+4023) +(2012- y)2 +(2011- x)2 -y

(x+y+4023)2
2
‘ 2(3inx+_1j —(sinx—}j—?
sinx sinx

Déu "=" xay ra khi x =2011,y =2012.
2
‘3(3inx+_1j +(sinx —_1j+ m-—12
Sinx SiInx

37. Tim m d bat phuong trinh sau v nghiém: > 2.

HD:
Bat phuong trinh d4 cho twong dwong voi:

2
. 1 . 1
2(smx—_j —(SII’]X—_)+1
sin x sin x
5 >2
. 1 . 1
3lsinx——| +|SiINX—— |[+m
sin X sin X

f)e_“lttzsinx—_i (x#kz ,teR).
sin x

Bai toan twong duong voi viée tim m dé bit phuong trinh sau ding véi moi t:
| 2t —t+1
‘3t2 +t+m

<2.

Vin Phu Quéc, GV. Trudng PH Quang Nam - DD: 0934 825 925 -Mail: vpquocdhgn@gmail.com 18
MATHVN.COM - Toan Hoc Viét Nam



www.MATHV
Bai tap luyén thi Olympic Todn hoc toan mién Nam lan thu XVI 11 - Danh cho HS 16p 10 chuyén Toén

Vi mau thirc xac dinh vVt e R nén A=1—12t<0©m>%.Khid63t2+t+m>0 VieR.

2
Vi 2t —t+1>0 VteR nén M<2 VieR< 42 +3t+2m-1>0 VteR

3t2+t+m

<:>A=9—16(2m—1)§0©m2i—g.

A 35 N -7 . A N 9 ~ A A \ = 7
Vay m> T la gi& tri can tim thoa mén yéu cau bai toan.

38. Giai phuong trinh: «/§+‘\‘/x(l—x)2 +‘\‘/(1—x)3 =T x + 4% +4/x° (I-x) ; xeR

HD:
biéu kién: 0<x<1

u=>0
u=4x
Dét{

=<v=>0

—41_

= V1-x ut+vt=1
Tur phuong trinh d& cho ta dugc :
u?+uv? +v: =vi+u?+u¥v
& (u-v) u+v=(u*+uv+v*)|=0
< (u-v)(u+v)(1-u-v)=0
< (u-v)(1-u-v)=0

(do u, vkhoéng am va u , v khdng dong thoi bang 0 nén u+v>0 ).

Ta duogc cac hé :

u4_1 « 1
u-v=0 D) )
Ay, , . & 2. Do d6 2 c;x:i.
u*+v' =1 . 1 1 2
Vi=— l-x=—
2 2
u+v=1 u+v=1
=
ut+vi=1 [(U-FV) ——2uv —2u?v? =1
u+v 1 u=0 x=0
u+v=1
u+v=1 uv 0 v:l 1-x=1 x=0
- = uv 0 < . Do do = .
2u°v-—4uv=0 u+v 1 u=1 x=1 x=1
uv 2 v 0 1-x=0

39. Giai phwong trinh : 2012 \/ 1+ x+ X2+1=2;XGR.

HD:

ity k x*-1>0 .

1€u kién: x>l
X>4/x? -1
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Khi do: “Yx+x% +1 > 2P+ 3¢ -1 >Fx+/x2~1 (do x>1).
Suy ra: “RIx—vx? =1 + P x+vVx2+1 > Rx —/x* =1 + X x+/x? -1

Ap dung bat dang thirc Cauchy ta

2012, X_ [XZ _1 +2012 X+ X2 _1 2 2\/2012 X_ [XZ _1.2012 X+ [XZ _1 — 2
Do d6: K x—~/x* =1+ x+/x? +1 > 2. Vay phuong trinh da cho v nghiém.
40. Gii PT: (8sin’ x+1)3—1625in X+27=0.

HD:
bat u=2sinx BbK: -2<u<?2

PT dé cho thanh: (u3 +1)3 -8lu+27=0<= (u3 +1)3 =81u—27.

bit 3v=u’+1=3u=Vv’ -1 . Do do, ta co:

u’+1=3v u’+1=3v u’+1=3v
V‘°’+1=3u<:> (ug—v3)=3(v—u)© (u—v)(u2+uv+v2+3)=0

u+1=3v

duoc:

$4+1=3
v 3, e TITO |
(U=V)[|u+—| +=Vv*+3|=0 u=v
2 4
Luc do:
1 3x=—+k2x x:1+k2—ﬂ
6sin x—8sin® X =1« 3sin x—4sin® X = = < sin3x = sin = < = 18 3
2 6 5x 5 2
x=—+k2r X=—+k—
18 3
41. Tim m d& PT: VX% +x+1—/x2 — x+1=2012m c6 nghiém.
HD:
2 2 2 2
I+ x+1-Vx-x+l=me (x+ij + ﬁ - (x—ij + ﬁ =2012m
2 2 2 2
Trong mit phing voi hé toa d6 Oxy, xét: A[—% g} : B[%%j vadinh M (X;O) taco: AB=1.
Véimoi diém M thi |[AM —BM|< AB =1,
2 2 2 2
Ma AM = x+1 +£ ; BM= x—E +£
2 2 2 2
Suy ra: [2012m|<1e -1<2012m <l - <m<——.
2012 2012
) X+41-y* =1
42. Giai HPT: y X, yeR.
y+v1-x* =3
HD:
-1<x, y<1.
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bat x=cosa ;y=cosf , a, fe[0;x].

cosa +sin B =1 cos’a +2cosa.sin B+sin> f=1 (1
H¢ phuong trinh thanh: { F { p @)

o
cosf +sina =+/3

cos’f+2sina.cosftsina =3 (2)

Cong vé theo vé cua (1) va (2) ta duge: sin(a+B)=1<a+f =%© B= %—a (3)
Két hop (3) va PT: cosa +sin 8 =1 ta giai duoc:
cosa =% hay x=%:> y=§ (thoa BK)

1.3

Vay (x,y)= [E 7} la nghiém duy nhét cua hé.

43. Tim m & phuong trinh sau ¢ nghiém duy nht:

30299201172 — x2M 1 42920127 — x™* = 68378m .
HD:
Diéu kién di: Néu phuong trinh c6 nghiém x, thi —x, ciing 12 nghiém ctia n6. Do d6 phuong trinh ¢6

nghiém duy nht thi diéu kién du 1a: X, = —X, <> X, =0. Thay vao phuong trinh, ta dugc: m=1
Piéu kién can: V&1 m =1, phuong trinh c6 dang:
30 201\2/20112012 _ x4 g 201\]/20122011 _ x4 _ 68378

Danh gia 30.2°%/20117°% — x4 4220122 — x?™ < 68378 . Do d6 phuong trinh ¢6 nghiém khi va
chi khi x = 0. Vay phwong trinh ¢4 nghiém duy nhét khi va chi khi m = 3.

44. Giai PT: V11 —14x+9 + 411X —2x+3+17x* +2x+3=22(x+2) ; xeR
HD:

Taco: VT (*) :\/(3x—1)2 +2(2—x)2 +\/(3x—1)2 +2(1+ x)2 +\/(3x—1)2 +2(2x+1)2
\/2 2-x)’ \/2 1+x)’ \/2 2x+1)° f[|2 X+ 1+ x|+ [2x +1 ]
>2[(2-%)+(1+x) + (2x+1)]=2\/_(x+2).

1
3x-1=0 [*73
2-x2>0 X<2 1
A *) — — —
Vay VT ( )_2\/§(x+2)<:> lixs0 & XZ—lQX_?).
2X+1>0 xz_—l
2

o |(mP+2m)x+(1-m? )y +m* —2m—2=0
45. Cho h¢ phuong trinh: :
X +y*+2x-9=0
Chitng minh ring hé phuong trinh trén ludn c6 hai nghiém phan biét (x,,y,) va (X,,y,). Tim m dé

biéu thire P=(x —X,) +(y;—Y,)" dat gia tri nho nhét.
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HD:
Nghiém cta hé phuong trinh ndy 1a toa do giao diém coa duong thang

Az(m?+2m)x+(1-m’)y+m’* —2m-2=0 va duong tron (C):(x+1)"+y* =10 tam I(-10), ban
kinh R=+10.

Taco: (m*+2m)x+(1-m*)y+m’—2m-2=0

< (x—y+1)m?+(2x—2)m+(y—2)=0. Phuong trinh nay nghiém ding v6i moi m khi x=1, y=2
nghia 1a: A ludn di qua diém c6 dinh A(1;2) va A nam trong (C). Do d6 A Iudn ct (C) tai hai diém
phan biét M (x;;y,) , N(X,;Y,). Véy hé da cho ludn c6 hai nghiém phan biét.

N

Taco: P =MN? nho nhét khi va chikhi 1A L A < IAu, =0 (m* ~1).2+(m’ +2m).2=0

14+ 1+
1_2\/§.Ve_‘1y m= 1_2\/5

S A4m* +4m-2=0m=

46. Tim gia tri cia m dé hé phuong trinh sau cé dung hai nghiém: . ( 0)2012

HD:

Gia st (X,;Y,) la mot nghiém cua hé phuong trinh d& cho. Khi do (yqi%,) » (—%i=Yo) » (—Yoi—%,)
ciing 1a cac nghiém ctia hé. Vi vay diéu kién can dé hé c6 dung hai nghiém 1a: x, #0 , X, = Y,.

Thay nghiém nay vao hé phuong trinh trén ta duoc x, =1 va m=0.

(x+ y)8 =256

XEryi=2

Ap dung lién tiep hitu han lan bat dang thuc Bunhiacoski, ta dugc:

(x+y) <2"(x+ y*)=256. Déu bang xdy ra khi va chi khi X =Y. Tir ddy, ta d& dang giai ra duoc
nghiém cua hé 1a: (l;l) , (—1;—1).

Nguoc lai voi m =0, ta dugc hé phuong trinh: {

47. Giai PT: 44(x+1)=%(x3—3x2—8x+40) xeR.

HD:
bicu kién: x> -1.
Phuong trinh d& cho tuong duong vai:
x* —3x* —8x+40=8%Y4x+4.
Xéthamsé: f(x)=x>-3x*—8x+40; g(x)=8Y4x+4 trén [-1+wx).
Ap dung bit dang thirc Cauchy cho bbn sé khong 4m, ta duoc:

1
=4/202°2° (Ax+4) < =(2' +2° + 2" +4x+4) = x+13.
x)\/ (x+)4(+++x+)x+
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Déu “=” xay ra khi va chi khi 4x+4=2* < x=3.
Mat khac f(x)>x+13 < x> —3x* —8x+40> x+13

& X’ -3 —9x+272 0 (x—3)(x* ~9) 20 = (x-3)" (x+3)20.

Déu “=" xay ra khi va chi khi x =3.
Taco: g(x)<x+13< f(x). Ca hai du “=” xdy ra khi x=3.

Vay f(x)=g(x) xdy rakhi x=3.
X y :\/ 2++2
48. Giai HPT: Ja-y)(@-x) Ja-n-y) VE-e)a-y)

X N y _ 1
V1-x* (1-y? \/(1—X2)(1—Y2)
HD:

+ Piéu kién: 1< X,y <1.
+ Vi diéu kién @06, hé phuong trinh da cho duoc viét thanh:

Xy 1+ Yy + y\/lT =242
{x\/l y2+yVl-x2 =1
-1<x,y<1
+ Tir day diéu kién ctia bai toan 1a: {x1+y +yv/1+x >0 (*)
x\/1—7+ yvl-x* =1
+ Ap dung bat dang thirc Bunhiakovsky, ta co :
x\/l— 2+ yV1-x < \/(xz +1- xz)(y2 +1- yz) =
O<xy<1
Dodo: xy1-y? +yWl-x* =1 x  1-x* (do két hop voi (¥))

J1-y? oy

0<x,y<1
1
S

y X, yeR.

+ Lai 4p dung bAt ding thic Bunhiakovsky hai ldn ( c6 két hop véi (1) ), ta duoc :

XA/1+ Y + Y1+ X S\/(x2+y2)(x+y+2) = JX+Yy+2

S\/\/(1+1)(x2+y2)+2 =\2+4/2.

0<x,y<0
X __ Y

Do d6: x 1+y+yM:J2+ﬁ© \/1+7y_\/1+—x(:>x=y2%
X +y'=1 2
X=Yy
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O<x,y<1
+ Tt (1) va (2) ta duoc hé da cho twong duong voi: < x> +y* =1 @X:y:%
1
X = = —
SN

Vay x=y = = la nghiém ctia hé phuong trinh d& cho.

NG

A . X=>2y=1
49. Tim tat ca cac cgp so thyc (X;y) sao cho: , .
2X" =Xy —=5x+y+4=0

HD:
2X* =Xy —5X+y+4=0< 2x* —5x+4+y(1-x)=0.
Taco: x>y>1=x(1-x)<y(1-x).

Nhu vay: 0=2x* ~5x+4+y(1-x)>2x* -5x+4+x(1-x)=(x-2)" = x=y=2.

50. Giai PT: \/x—7+\/x—6 +\/x—5 :\/x—2011+\/x—2012+\/x—2013 R
2011 \ 2012 \ 2013 7 6 5

HD:
biéu kién: x >2013
PT da cho tuong duong voi:

[\/x—? \/x—2012j {\/x—6 \/x—2011j [\/x—s \/x—zoloj
- + - + - =0 (*)
2012 7 2011 6 2010 5

La_Lb
Cho b>a>0 v6i a+b=2018. Taco: /X a / (a-b)(x-a-b)
/X a / [x—a /x—bj
ab| ,[—+,[—
b a

Nhu vay:
+Néu x <2018 thi VT (*)>0.

+Néu x> 2018 thi VT (*)<0.,

+ Néu x = 2018 thi thiy thoa man PT (*).
Vay x =2018 la nghiém ctia phuong trinh da cho. ‘
51. Cho a,b,ceR, a=0 sao cho a va 4a+3b+2c cung dau. Chirng minh rang phuong trinh:

ax® +bx+¢ =0 khong thé c6 ca hai nghiém cling thugc khodng (1;2).

HD:
Ta co: OS%;HZC:4+3g+2§:4—3(x1+x2)+2x1x2 =(x-1)(%—2)+(x—2)(x,—-1) (*)
Gia st PT: ax’+bx+c=0 c6 hai nghiém x,,x, €(1,2) thi (x —1)(x, —2)+(x —2)(x,-1)<0. Diéu

nay mau thudn véi (*). Vay ta co diéu phai chimg minh.
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X+ X - 3_X4<0
(X1+X2)(X3+X4)_X1X2_X3X4<0
(%4 %) %X, = (% + %) XX, <0
X, >0,X, >0,%>0,x, >0

52. Giai HBPT:

HD:
bat A=-X-X+X+X,
B= XXy = XXy = XK Xy = X X3 = XXy + XX,
C= X XoXg + X Xo Xy = X Xa Xy = Xy XX,
D =X X,X;X,.
Tu HBPT da cho taco: A B,C,D>0.
X8t P(X)=(X=x)(X =%)(X+%)(X+x,)=X*+AX*+BX?+CX+D=0 (1)
Vi tit ca cac hé sb ctia PT (1) déu duong nén n6 khong c6 nghiém duong. Vi thé x, <0,x, <0. Nhung
theo HBPT thi x, >0,x, >0.
Vay HBPT da cho v6 nghié¢m.

1 1 1
) 3| X+— |=4| y+— |=5| z+—
53. Giai HPT: ( XJ ( yj ( zj ; X, Y,zeR.

Xy+yz+zx=1
HD: ) )
Tu PT tha nhat suy ra: X,y,z cung dau.

Néu (x,y,2) la nghiém cuia h¢ thi (-x;—y;—z) ciing la nghiém cua hé.
Gia st x,y,z>0. Dat x=tan§,y=tang,z=tan% , A/B,Ce(0;7).

Tu PT tht haita ¢c6: A+B+C =7 = A, B,C labagdc cua mot tam giac.
Goi R 1a ban kinh duong tron ngoai tiép a ABC .
sinA sinB sinC

PT tht nhét tuong duong véi: s - 4 ¢ —=aABC latam giac vudng tai C = z =1.
Nghiém ctia HPT la: 1 E 1], —l,—i;—l .
32 3 2
(1+ x)(1+ xz)(1+ x4):1+ y’
54. Giai HPT: X, yeR.

(1+ y)(1+ yz)(1+ y“) =1+x’
HD:
Xét céac truong hop sau:
TH: xy =0. HPT c6 nghiém (0;0)
TH: xy < 0. Khong mat tinh tong quat, gia sat X>0>Yy .
Khi d6: 1+y’ <1< (1+x)(1+x*)(1+x*). HPT vo nghiém
TH: x,y >0 ; x= y . Khong mat tinh tong quat, gia st X>y>0.
Khi d6: (1+x)(1+%*)(1+x") >1+x" >1+y. HPT v0 nghi¢m
TH: x,y <0 ; x= y. Khong mat tinh tong quat, gia st X<y <0.
HPT da cho tuong duong voi:
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(1—x)(1+x)(1+x )(1+x )z(l—X)(1+y ) c>{1_X —1ox+y —xy’
(1—y)(1+y)(1+ yz)(1+ y“):(l— y)(1+x7)
Suy ra: xs—ys=(x—y)+(x7—y7)—xy(x6—y6).
Tu x<y<0, xX*-y*>0, x—-y<0, X' —y" <0, -xy<0 va x*-y°®>0.
HPT v0 nghi¢m

1-y?=1-y+x" —x'y

X_y XZ_yZ

J1-X2+y?

=a

55. Cho a, b 14 hai s thuc. Hay giai HPT: X, yeR.
Y- Xy -y |
J1-X2+y?
HD:
Pit u=x+y,v=x-y.Khido O<x*-y*=uv<l; X=%,V=u—gv,
Uu+v u-v
==
2 2 _a
x \ V1-uv u+v—(u —v)\/u_v =2av1-uv
HPT da cho thanh: PN
U-V_U+Vv v —(u+v)vuv = 2bV1-uv
2 2 b

\/1—uv
u—uuv = avi—uv
v+v\/u—v =b+1-uv

Nhan vé theo vé ctia hai PT trong hé nay ta dugc: uv(l— uv) = (a2 ~b? )(1—uv) sSuv=a’-b’

Cong vé theo vé va trir vé theo vé cta hai PT trong hé nay ta duoc: {

56. Cho c4c s6 thuc m,n,peR thoa min: 30m+4n+2012=0. Ching minh phwong trinh
mx? +nx+ p=0 ludn c6 nghiém.
HD:

*V&i m=0 thi n_—%p PT tré thanh: bx+c=0< p(l—%xj=0
+ p=0suyraPTconghiém xeR.
+ p=0 suyraPT c6 nghiém x=i.

2012
*V6i m#0, ta co tam thie bac hai:  f (x)=mx*+nx+p

Xet mf [ 2| =m[ -2 ~m+ 2 hip - 16m+2012(4n +2012p) |
2012 2012° 2012 2012

20122 (16m-2012.30m) < 0.

Vay PT ludn c6 nghiém.
y® —6x*+12x—-8=0

57. Giai HPT: {7° -6y°+12y-8=0; X,y,z€R.
x*—62*+122-8=0
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HD:

Cong vé theo vé cua ba PT ta duoc: (X—2)3+(y—2)3+(z—2)3 =0.

Néu x> 2 thi tr PT thir nhat ctia hé suy ra y* =6x(x—-2)+8>8=y>2

Véi y > 2 két hop voi PT thi hai ta suyra 2> 2.

Do do: (x-2)" +(y-2)’ +(z2-2)">0.

Néu x <2 thi tir PT thtr ba ta suy ra: 62(z2—-2)=x*-8<0=0<z<2.Dédangsuyra 0<y<2.
Do d6: (x—2)"+(y-2)’ +(z-2)’ <0.

RO rang x=y=12z=2 langhiém caa HPT da cho.

\/x+a+\/y+a+\/z+a=3,/a+§

58. Cho a>1. Giai HPT sau: ; X, yeR.
Ja-x+a-y+a-z =3,/a—§
HD:

Ap dyng BDT Bunhiacopski ta c6 duge: A? <3(3a+x+y+z); B*<3(3a-x-y-z).

Suyra: A?+B?<18a. Laico: A’ +B? =9(a+£+a—£j=18a.

a a
1
Vx+a=\y+a=+vz+a=,la+= .
o x=y=z="-.

a
\/a—x=\/a—y=\/a—z=‘/a—§
59. Giai PT: 4X:\/30+Z\/30+Z‘/30+Z\/X+30 i xeR

HD:
biéu kién: x>0.

Do do:

1 1 30+%\/30+t
bat t=—,/30+—\/30+x ta thu duogc hé: .
4 4
30+Z\/30+ X

Giasur x>t suyra: 4t=\/30+%\/30+x 2\/30+%\/30+ =4X=1t>x.Do do t=x

Tur do taco PT: 4x= 30+%\/30+X .

4x=~/30+z
42:\/30+x'

Giasr X>2=47=/30+x>+/30+2=4x=2>x.Do do: z=X.

bat z = %\/30+ X ta thu duoc hé: {
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X +y'=2
60. Giai HPT: <z°+2z(x+Yy)=8; x,y,zeR.,
z(y—x):4\@

HD:
Cong vé theo vé cua PT thir nhit cho PT thir hai ta dugc:

2 2
2X° + 2y +7° +22x+2xy:12©[x+§J +(y+§j =6.
Ap dung BDT Bunhiacopski ta cO:

(zy-2x) :|:(2y)(x+%j+( 2x)(y+ Zﬂz <(4x +4y2){(x+§jz +(y+%jz}

= (zy-2x)" <86=2(y—x)<4/3.
z(y-x)=0

Déu Xay ra < X+E y+E.
2 _ 2

2y 2x
2x(y2+1) y(

61. Giai HPT: 2y(zz+1) z(zz+9) P XY, zeR.
=x(

HD:
y(y2+9)
X =
2(y2+1)
) . z(zz+9)
HPT dé& cho tuong duong véi: |y = 5 (22+1) :
Z:x(x2+9)
2(x2+1)
2
bat f(t):t(t2+9) ,teR.
2(t +1)

Gia si: x=Max{x,y,z} tecla: x>y ; x>z.
Ta co: x2yc>f(y)zf(z)c...c(y—z)[(yz—3)2+(y—z)2}20<:>y22<:>f(z)zf(x).
Lap luan tuong ty ta dugc z>x. Vay x=y=12.

Jx—x2 +\/y—y2 +~Nz-2% = @

3

(x=y)(y-2)(z=x)(x+ y+z):¥
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HD:
biéu kién: 0<x,y,z2<1.

T X2y .
Gia sir: x = Max{x, y,z}:{x>z,c02tmong hop:
+Néu x2y >z thi (x-y)(y-2z)(z—x)(x+y+2)<0. HPT vd nghiém.

+Néu x>z 2y thitasé chimg minh P=(x-y)(y-z)(z—-x)(x+y+2)<

23
=

That vay!
4P =4(x-y)(y-z)(z—x)(x+y+2)<4(z-y)(x-z)(x+y+2)

= 2(2—y)[(\/§+1)(x—z)}[(\/§—l)(x+y+z)}
Si[ (z—y)+ (f+1) )+ ( )(x+y+z)}3

27

(x=
__[zfx yngi 24/3x) <i pe 2B

9
1

Diu"="xayra < x=Ly=0z=——.
g NE
Tuong ty cho cac truong hop y = Max{x,y,z} ; z=Max{x,y,z}
X—Yy+/2012 c
63. Tim tt ca cac bo ba (X;y;z) nguyén duong sao cho 1 y—z./2012 : ¢ tap hop cac sb
X+y+2°ep
nguyén to.
HD:
XZyv2012 _m o meZneN ;(mn)=1
y—2z42012 n
Suy ra: xn—ym=(yn—zm)+/2012.
ny—-mz=0
Vi /2012 € R\Q nén { y=me=>_,

X
nx—my=0 'y z n

Theo dé ta co:

Mit khac: x2+y2+zz=(x+z)2—2xz+y2:(x+z)2—y2:(x+z+y)(x+z—y).
2 2 2:

Do x+y+z>1va xX*+y*+2°€p nén X Fy rr=seyrs
z+z-y=1

VIiX,y,zeZ nén x*>>x, y° 2y, 2°22=> X+ Y +21° 2 X+y+1.
Dau"="xayracs x=y=z=1.
x(x2+y2+zz):xyz+8
64. Giai HPT: y(x2+y2+zz):2xyz—2 P XY, 2eR.
z(x2+y2+zz):3xyz+18

HD:
Pat a=x*+y*+12° ; b=xyz.
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xa=b+8 x’a®=b*+2b+8
HPT thanh: {ya=2b—-2 < 1y’a®*=4b*-8b+4
za=3b+18 z?a® =9b* +108b + 324

Cong vé theo vé cua ba PT trong hé ta dwogc: a® =14b® +116b+392.
Nhan vé theo vé cta ba PT trong hé ta duoc: a’b = (b +8)(2b — 2)(3b +18) .

Suy ra: b(14b° +116b+392) =(b+8)(2b-2)(3b+18) = ..>b=-2=>a=6.
(x+y)(x2+y2)=—5

65. Gidi HPT: {(y—z)(y*+2°)=13 ; x,y,z€R
(x—z)(x2+zz):40

HD:

Tathiy x=y hoic y=-z hodc x=-z khong la nghiém cua hé d4 cho.

Nhan PT th nhét, thi hai, thi ba caa HPT d4 cho lan lugt v6i x—y ; y+2; X+ 2z ta thu duoc:
4

X' —y*=5(y-x)
y'-z"=13(y+z) .
2* —x*=-40(x+2)

Cong vé theo vé cua timg PT ta dugc: 18y —45x—272=0< 2= 2y-5x

(x+y)(x2+y2) 5 ]

Ta co: =—=——,
(x—z)(x2+zz) 40 8
2y -5X M RiA gA: .
Thay z = vao PT nay va bién doi ta thu dugc y=-2x; z =-3X.
1 1 1
X+—=y+—=2+—
y z X
66. Tim bo ba s thuc (X;y;z) phan biét théa man: {4x+y+3z =1 X, Y,ZeR.
Xyz <0
HD:

Diéu kién: x,y,z #0.

bat x+£=y+£=z+£=k.Tacé: yz+1=kz ; zx+1=kx.
y z X

Tur d6 suy ra: k2x=k(zx+1)=kzx+k=(yz+1)x+k=xyz+x+k:>(k2—1)x:xyz+k.
Tuong tu: (kz—l)y=xyz+k. Suy ra: (kz—l)(x—y)=0. Do x#Yy nén k =+1.

Mat khac xyz=-k <0 nén k =1. Khi d6: x+£—y+£—z+£_1:>x¢l y—li z=1-
y 4 X

X | =
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V1412 = x(1+2 1- yz)

\/1+x+\/1+y :\/1+\/@

HD:
bicu kién: -1<x,y<1va xy>0.
Tur PT tht nhit suyra: 0<x<1.Do dd: 0<y<1.

Ta co: ! + ! <2—1 +—1
A VI+x vy ) (L+x 1+y
Dé& dang ching minh dugc: ! + ! < 2 .
14x 1+y 1+ fxy

1 N 1 < 2
VI+x  (l+y \/1+\/W
Diu "=" xdy ra<> x=y. Thay y = x vao hé ddu tién ta dugc: V1++1-x* = x(1+ 24/1—x? ) .

bat x =sint; te(O;%}.

Khi doé:

68. Cho cac PT: x*+ax+1=0(1); x> +bx+1=0 (2); xX*+cx+1=0 (3).

Biét rang tich mot nghiém cua (1) voi mot nghiém nao do6 cua (2) 1a nghiém cua (3).
Chirng minh rang: a®+b?+c®+abc=4.

HD:

Goi X, X, lan luot 1a cac nghiém cua (1) va (2).

Ta co: x1+i=—a ; x2+i=—b ;X X, +

=—C.
Xl 2 1732
Suy ra: xf+i2=a2—2 ; x§+i2=b2—2 5% _apae.
X X, X, X
69. Giai PT: ‘x2+y2—2xy+3x—2y—1‘+4:2x—‘x2—3x+2‘ P X,yeR.

HD:
PT da cho < (x—y)z+2(x—y)+1+x—2‘+‘x2—3x+2‘:2(x—2) (x>2)

& |(x=y+1)' +(x-2) +|(x=2)(x-1) =2(x~2)

< (x- y+1) +(x-2)+(x-2)(x-1)=2(x-2)
(

X=2
< (x—y+ ) +(x—2)2=0©{ .
y=3
X1 X,—2 X, —2012
70. Giai HPT: {2012 2011 1 3 Xps Kooy Xogp € R

X, + X, + oot X, = 2012.2013
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HD:

Tacs: 4T 1 X, =2 Xy, —2012 (x1+x2+...+xzm)—(1+2+...+2012) ~
2012 2011 1 2012+ 2011+...+1
Suyra: X, =X, =...= X, =1.
X\~ — X—& - Xo012 ~ 01
Tong qudt héa dé toan trén Giai HPT:{ b, b, D012 3 X0 Xy ey Xogpp € R
X; 4+ Xy F oot Xpgp, =@
X, +X,+%X;=0
X, + X, +X%X, =0
70 Giai HPT: 47 XXX €R.

Xog + Xgg + X199 =0

Xgg + Xig0 + % =0

Xio0 + % +% =0 ,

HD: Cong ve theo vé cta cac PT trén ta thu dugc: X, + X, +...+ X5, =0. V& trai ciia PT nay gom 100 sb

hang nén ta c6 thé viét lai PT nay nhu sau: (X, + X, + X, )+ (X, + X5 + X )+ ...+ ( Xg7 + Xgg + Xgg ) + X0 = 0
Theo dé mdi tong trong ngoic don bang 0 nén x,,, = 0.
Lam twong tu nhu trén, cudi cling ta thu dugc: X, = X, =...= X0, =

72. Tim c4c s6 nguyén X,y thoa mén PT: \/x+ X+..+/X =Y.

2012

HD:

Néu x,y 1a cac s nguyén thoa mén didu kién dé bai thi Vx++/Xx =m va Vx =k Ia c4c sé nguyén.

Suyra: k(k+1)=

Néu k >0 thi k? <m? <(k+1)" =k <m<k+1vadodo m khong phai 1a s6 nguyén, tirc k = 0.

Do d6 x=y=0.

X, + X, + X5 + X, + X, =1000

X, =X, + X3 =X, + %X, >0

T S A A A a1 X, +X, —X;+X, =X, >0

73. Gia su X, X,, X3, X,, X; la cac so nguyén duong thoa man h¢ sau:
=X X, + X=X, + % >0

X, =X, + X3+ X, =X >0

=X+ X, =X+ X, + X% >0

)x2+x4

Tim gid tri 16n nhat cta (X, + X,
HD:

Néu ky hiéu y,,Y,, Vs Y, Ys theo thir tu 12 vé trai ciia cac PT thir hai dén thir sau trong hé trén thi
Vir X, (i :1_5) la cac s6 nguyén duong. NQOAi ra y, + Y, + Y, +Y, + Vs = X + X, + X, + X, + X, =1000
VA Y+ Y, =2X5 Yo+ Y =2X,; Yat Y, =2X Y+ Vs = 2%, Vs + Y = 2Xs.

Tir d6 suy ra cac y, cling tinh chin 1é.

Vin Phu Quéc, GV. Trudng PH Quang Nam - DD: 0934 825 925 -Mail: vpquocdhgn@gmail.com 32
MATHVN.COM - Toan Hoc Viét Nam



www.MATHV
Bai tap luyén thi Olvmplc Toan hoc todn mién Nam lan thu XVI 11 - Danh cho HS 16p 10 chuyén Toén

Dé y rang: X, +X, :E(Y1+ Yo+ Vst y4):5(1000— Ys) 5 X, +X, :E(looo—yl).
Nhung y,; Y. la cac s6 nguyén duong va 1a sd chin nén y,>2 ; y, >2 suy ra: X +x, <499 ;
X, +X, <499. Do d6: (X +X;)* " <499,

1-xx,=0

1-xx,=0
74. Giai HPT: <................ 3 Xy Xy, X, €R

1-x,,x,=0

1-x,x, =0
HD:
Dé thay cic an X, X,,..., X, # 0. Tir PT thir nhat va thir hai ta dugc: X, = X,. Tir PT thir ba va th tu ta
duoc: X, = X, .... Bay gio néu n 1é thi theo cach suy luan nay ta duge: X, =X, =X, =...= X _, = X, .
Tuong tu ta cling co: X, =X, =...= X _,. Tir PT cudi cung ta dugc: x? =1<> x, = +1. Thay gia tri ndy
vao PT thtr nhat ta duge: x, = +1.
D6ivéi n Ié taco: X, =X, =...= X, ==1. Thir lai thiy dung.
D6i v6i n chin, twong tw nhu trén ta duge: X, =X, =..= X, ; X, =X, =...= X, .
Tur PT dau tién ta co: x, =Xil. Giast X,=X; =...=X,, =a=>X, =X, =...= X, =§ (a=0).

X, Xy + X Xy + X, X5 4+ X, =2
Xy + X X, + XX, + Xy =2
75. Giai HPT: | 22w et P X, %, X, X, R
X X 4+ X X, + XX, + X, =2
X, X5 4 XX, + XX, + X =2
HD:

(
(
Trur theo tirng vé ting d61 mot cac PT cua hé dé cho, ta dugc: E
(
(

Tu d6 xét 4 truong hop:
THL: X, =X, =X, =X,
TH2: X, =X, =X, #X,
TH3: X, =X, # X, va X, # X,
THA: X =X, voi i .
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