BO DE HOAN VI

Nguyén Van Huyén
(SV truong Dai hoc GTVT, thanh phd Ho Chi Minh)

Nim 2008 trén dién dan toan hoc Art of Problem Solving (xem tai diy) anh Vo Qudc B4 Cin dé
xuit mot bo dé kha thi vi sau:

B6 dé. Vdi moi s6 thuc duong a, b, ¢ théamdna+b+c = 1,ddtq = ab+bc +ca (1 > 3q).
Chitng minh rang

S

a ¢ 2(27g> — 9g + 1 1
21245 @7q =% + 1) +-—6.
b ¢ a” 9¢2-2q+(1-39)\/g(1-3q) 4

(Vo Quéc Bd Cdn)

(1.1)

Lsi gidi. Pdt p =a+b +c,q = ab + bc + ca var = abc (ta sé thdong nhit cach dit nay
cho ca bai viét) khi d6
(a —b)*(b —c)*(c —a)* = p*q* — 49> +2p(9q — 2p*)r — 27r2.
Ta c6 danh gia
2(ab* 4+ be?* + ca®) = Zab(a +b)+ (a—>b)(b—c)(c—a)

=pq—3r+(@a—>b)(b—c)(c—a)
> pq —3r — /(@ —b)2(b —c)*(c —a)?
= pq —3r — V' p*q> —4¢> + 2p(9q — 2p*)r = 27r2,

vi thé

pq —3r —\/p?q*> —4q> + 2p(9q — 2p>)r — 272

ab? + bc? + ca® > :

Miit khéc tir gia thiét ta dudc p = 1 cho nén

a b ¢ ab2+bc2+ca2>q—3r—\/q2—4q3—|—2(9q—2)r—27r2

b ¢ a abc - 2r

Xét ham so

—3r — 4% — 4¢3 +2(9¢ —2)r — 2712

_ 4
fr) = =

9

tinh dao ham

Py = C4 + 01 =2r —qVq® — 4¢° + 209 ~ 2)r 2772
2r2\/q%> — 4¢3 + 2(9q — 2)r — 2712

9
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do d6 phuong trinh f'(r) = 0 c6 nghiém

q° [9612 —2q + (1 -3¢)/q(1 - 361)]
27g% —9q + 1

Lap bang bién thién ta dudc f(r) > f(ro). Bién d6i

r =rg =

q —3ro — /g —4q® +2(9¢ — 2)ro — 27r2
f(ro) =
27'()

g —3ro — q2—4q34:](9q—2)ro
= -

2q° 1-6 2% 1
_ 27+ (=690 29" 1 ¢

qro T'o q

B 2(27¢2 = 9¢g + 1) +1 ;
9% —2q + (1 -3g9)y/q(1-3q) 4

Pay chinh 1a diéu phai chiing minh. ]

Nhan xét.

(1) O thsi diém d6 bS d& trén 1a mot bai toan rat kho, do hinh thic kha cdng kénh, khong dep mit (cé
cin thiic nim & miu s6) nén khong nhan dudc su quan tim ctia nhidu ngudi, sau nay vao nim 2011
anh Lé Hitu Pién Khué méi dua ra mot chitng minh khac trén Dién Pan Toan Hoc (xem tai day).

(2) Day la mot két qua rét chit véi vo s6 cac trudng hop dé ding thiic xay ra va ciing 1a dang chit nhét

trong 16p céc bai todn c6 dang

b
f(g, -, E,a—l-b—i-c,ab—i—bc—i—ca)}O.
b ¢ a

(3) BG& dé nay sé gitp chiing ta sé giai quyét dudc rat nhiéu bai toan khé sau ddy (da ting 1a unsolve
subt mot thoi gian dai trén AoPS).

Bai todn 1. Cho a, b, ¢ la ba sé thuc duong. Chiing minh rdang

a b ¢ 28(ab+ bc + ca)
-+ -4+ - > 12.
b+c+a+ (a+b+c)?

(V6 Quéc Bd Cdn)

L&i gidi. Do tinh thuan nhét ctia bai toan nén ta ¢ thé chuan héa p = 1, khi d6
28(ab + bc +ca)  28q
(@a+b+c)?  p?

= 28q.
Ap dung bd dé (1.1) ta dua bai toan vé chiing minh

202742 — 9 + 1 1
@79 =% + 1) + S 6428g > 12,

99% —2q + (1 —-3q)y/q(1 =3q) 4

2
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hay la

Bit dang thic lic nay chi con mdt bién nén hai cong cu dau tién ma ching ta nghi dén 1a khao
sat ham hoiic quy dong phan tich nhén tii. Tuy nhién biéu thiic nay khi 14y dao ham sé cho ra mot
két qua “rdt khiing” con néu phan tich nhan tif thi thi biéu thiic thu dugc ciing khong kha hon
may vi su xuat hién cda cin thic § mau.

Viét (2.1) lai nhu sau

227g* — 9g + 1 1
(274" =9 + 1) + = +28¢ > 18. (2.2)

99> —2q+(1-3q)-q- /72 4

Pit x = ‘/% > 0thi ¢ = L=, bit dang thic (2.2) tr6 thanh

2(x2 +3x +3) ) 28
X
x+1 x2+3

Xét hiéu hai vé ta dudc

2(x*+3x+3) (x3+5x2 +3x 4+ 1)(x —1)?

x+1 * x2—|—3_15: (x + 1)(x2 +3) > 0.
Péng thitc xay ra khi va chi khi va chi khi
a b c
ﬁ—tan% - \/7—tan27’r - ﬁ—tan%’r.
Viy ta c6 diéu phai ching minh. O

Bai todn 2. Cho a, b, ¢ la ba sé thuc duong. Chiing minh rdang

b ¢ T(ab+ bc + ca) < 17

b ¢ a az+b2+c2 T 27

(Vé Quéc Bd Cdn)
L&i giai. Tuong tu nhu trén ta ciing chuin héa p = 1, khi d6

Tab+bc+ca)y  Tq g
a?+b2+c2  p2-2q 1-2q

Ap dung b6 dé (1.1) ta dua bai toan vé chiing minh

2(27g% — 9g + 1 1 7 17
992 —2q + (1=3¢9)/g(1=3q) 4 -2 2

hay la
2(27g% — 9q + 1 1 7 29
(27q q+1) .2 (2.3)

92 —2q+(1-3q)-q- /22 4 1724 2
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Pit x = ‘/% > 0 thi ¢ = L=, bit ding thic (2.3) tr6 thanh

2(x% + 3x + 3)
x
x+1 x2+1

tuong duong voi
(2x3 4+ 10x2 + 9x + 3)(x — 1)? N

2(x + D)(x2 + 1)

Dang thiic x4y ra khi va chi khi

a b c

—tan—_ —tan—_ —tan—.
Vi—tanZ  VT—tanZF /T —tan ¥

Bai toan dugc chiing minh. [

Nhan xét. Bai todn nay la hé qua ctia bai toan 1. Thét vay vi

+£> 12_28(ab~|—bc~|—ca)

+ a (@+b+c)?

o |

a
b
nén ta chi can chiing minh

28(ab + bc + ca) = T(ab + bc + ca) - 17

12 = ’
(@+b+c)? a? + b2 + ¢2 2
hay la
T(a+b+c)? - 28(ab + bc + ca)
2@2+b2+¢2)” (a+b+0)?
hoac

8(ab + be + ca)(@®> + b% +c?) < (a + b+ o)*.
Ap dung bét déng thitc AM-GM, ta c6
8(ab + be + ca)(a® + b? + ¢?) < [2(ab + be + ca) + (a* + b* + c2)]2 =(a+b+0c)*
Khi dang thiic xay ra thi ta dugc dang thic kha dep mét a? + b% + ¢2 = 2(ab + bc + ca).

Bai todn 3. Cho a, b, ¢ la ba sé thuc duong. Chiing minh rdang

a b ¢\*> 70(ab+ bc + ca)
= > 60.
( Tt ) a’+ b? + ¢?

b ¢ ' a
(Nguyén Viin Huyén)

L& gidi. Chudn héa p = 1 va ap dung b dé (1.1) ta dua bai todn vé chitng minh

2
2(27¢* — 9q + 1) 1 70q
+-—6| + > 60. (2.4)
[9q2—2q+(1—3q)\/q(1—3q) q 1-2¢

Pit x = ,/l—qﬁ > 0 thi ¢ = —'—, bét déng thic (2.4) tré thanh

x243°

34 3x2 4+ 3x 4+3)\2 70
x° 4+ 3x°+3x + > 60.
x+1 x2+1
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tuong duong voi

(x8 + 8x° + 31x* + 84x3 + 119x2 + 76x + 19)(x — 1)? -
(x2 + D(x + 1)2 -

Dang thiic x4y ra khi va chi khi

a b c

ﬁ—tan% B ﬁ—tan%” B ﬁ—tan%”.

Bai toan dugc ching minh. O

Bai toan 4. Cho a, b, c la ba s thuc duong. Chitng minh rdang

a

2
(a é c) 280(ab + bc + ca) > 95,
c

b (a+b+c)?
(Ta Hong Qudng)

L&i gidi. Chudn héa p = 1 va ap dung bd dé (1.1) ta dua bai todn vé chiing minh

+
99 —2q + (1 —=3q)y/q(1 —3¢q)

Pit x = ,/% > 0thi ¢ = ', bit ding thic (2.5) trd thanh

x243°

2
2(27¢% — 9q + 1 1
[ (27q q+1) __6} + 280g > 95. (2.5)
q

(x3 +3x2 4 3x + 3)2 280 o

>
x+1 x24+37

tuong duong voi

0.

(x84 8x> + 33x* 4 100x3 + 144x2 + 88x + 22)(x — 1)? N
(x2+3)(x + 1)? -

Péng thic x4y ra khi va chi khi

a b c

ﬁ—tan% B «/7—tan27’r B ﬁ—tan%”.

Bai toan dugc ching minh. [

Bai todn 5. Cho a, b, ¢ la ba sé thuc duong. Chiing minh rdang

a” ab+bc+ca (a+b+c)?

a b ¢ _ a?+b*+c?  6(a*>+b%+c?)
pteta”

(Nguyén Vin Quy)
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L&i gidi. Chudn héa p = 1 va ap dung bd dé (1.1) ta dua bai toan vé chiing minh

2(27¢*> —9q + 1) +1 6>1—2q
9% -2+ (1-3¢9)y/q(1-3q) 4

Dit x = ‘/l—qi > 0thi ¢ = ——, bit ding thiic (2.6) trd thanh

+6(1 —29). (2.6)

x243°

x3+3x2+3x+3>(x2+9)(x2+1)
x+1 - x2 43

9

hay la
2x2(x — 1)?
(x+1D)(x24+3) 7 7

Ding thiic x4y ra khi va chi khia = b = ¢ hoic

a b c

—tan—_ —tan—_ —tan—'
Vi—tanZ  VT—tanZF /T —tan ¥

Chiing minh hoan tit. 0

Bai toan 6. Cho a, b, c la ba s thuc duong. Chitng minh rdng

b ¢ k(ab+ bc + ca) s34k

+—+
b ¢ a a’ + b2 + ¢2

trong dé k = 34 —2.
(Ji Chen)
L&i gidi. Chudn héa p = 1 va dp dung bd dé (1.1) ta dua bai todn vé ching minh
2(27g> —9g + 1) 1 kq
92 —2q + (1—3g) /a0 —3q) 4 @ 1-2

Pitx = ./ 2 > 0thi ¢ = ' bét dang thic (2.7) tr§ thanh

=9+ k. (2.7)

2(x%?+3 3
(x* 4+ 3x + 3) 24

>k +6,
x + 1 x2+1 +

hay la
x2[x3 4+ 3x2+ (1 —k)x —k + 3] >0
(x+D(x2+1) -

Bit dang thic nay ding vi véi k = 374 — 2, thi

43P+ (1 -k)x—-k+3= (x+1+2«3/§)(x+1—3/§)220.
Piéng thiic xay ra khi va chi khi x = 0 hodic x = v/2 — 1, cu thé

e Néux =0thig = 1 kéthop véi p = I tadudca = b = c.

6
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o Néux = v/2—1thig = 24'15/5 din dén r = 3_535,kéth(5pv6ip = ltathiya, b, c lan

lugt 1a ba nghiém cua phuong trinh

, 2432 3-32
+ t —
10 50

= 0.

13—t

Bing Maple hoic Wolframalpha ta tim dudc

1 1 [8—632 1 101 — 544
a = — —|— — ——— COS — arccos _—
33 5 3 20
1 1 [/8-—62  ([=n 1 101 — 544
b:——— ————— S1n — — — arccos _—
3 3 5 6 3 20
1 1 /8-632 . [n 1 101 — 54/4
C = —— — — S1n —+—arccos R —
3 3 5 6 3 20
cung cac hoan vi.
Bai toan dugc chiing minh. [

Bai toan 7. Cho a, b, c la ba s thuc duong. Chitng minh rdng

a b ¢ (9 + 3k)(a® + b% + ¢?)
S+l 4k
b+c+a+ (@a+b+c)?

b

vdi k =332 - 3.
(V6 Qubc Bd Cdn, Bdch Ngoc Thanh Cong)

L&i gidi. Chudn héa p = 1 va 4p dung bd dé (1.1) ta dua bai todn vé ching minh

2(27g% — 9q + 1 1
(274 =9 + 1) S 64k > (9+3k)(1—29). (2.8)

_|_
9% -2+ (1-39)y/q(1—-3q) ¢4

Pitx = /122 > 0thi ¢ = ', blt ding thiic (2.8) tr thanh

3 2 2
x7 4+ 3x +3x+3+k>(9+3k)(x —l—l).
x+1 x2+3

Véik =32 -3, tacé

x3+3x2+3x—|—3+k (94 3k)(x2+ 1) _xz(x+1+23/4_1)(x+1—3/1)2

>0
x+1 x243 (x+ DH(x%2+3)

Ping thiic xay ra khi va chi khia = b = ¢ hoic a, b, ¢ 1an ludt 1a ba nghiém ctia phuong trinh

2+ V4 1
f—— =0,
12 36

13—t 4+

7
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cu thé
1 1/
a= 3 + 3 2 — V4 cos
11 3
b=——-y2— 4sin (2.9)
3 3
1 1 1
c=§—§ 2 — /4sin %+§arccos 1
cung cac hoan vi. Bai toan dudc chiing minh. [

Bai todn 8. Cho a, b, ¢ la cdc sé thuc duong. Chitng minh rdng

2 2 2
+£> 9_k+k(a +b +c)’
a ab + bc + ca

gt
b

o |

trong do k = 3(1 + \3/5)2
(V6 Quéc Bd Cdn)

L.&i gidi. Chudn héa p = 1 va ap dung b dé (1.1) ta dua bai todn vé chiing minh

2(27¢% — 1 1 1-2
(274 —9q + 1) T \/9_k+¥, (2.10)

9% —2q + (1 -3q9)+/q(1 —3q)

Pit x = ‘/l—qﬁ > 0thi ¢ = ', bit ding thic (2.10) trd thanh

x2=3> 9+ kx2,

2(x% +3x +3)
+

x+1
hay la

34+3x2+3 3 —

x>+ 3x°+3x + > V9 + kx2,

x+1
hoac
(x* +3x2+3x +3)2 > 9+ kx?)(x + 1)%,
Xxt+6x+(15—k)x*+2(12—k)x —k +18] >0

bat

P=x*4+6x>+15-k)x*+2(12—k)x —k + 18,
ta s& ching minh P > 0. That vy, véi k = 3(1 + \3/5)2 thi
P=(x+1-V2+V4)(x+3+ 2+ V4)(x+1-V4)* >0

Diéng thiic x4y ra khi va chi khi @ = b = ¢ hoic a, b, ¢ lan lugt 1a ba nghiém ctia phucng trinh

2+ 5 1
£ —1*+ J”/_ ——=0.
12 36
Giai phuong trinh nay ta dudc nghiém (2.9). Chiing minh hoan tét. U

8
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Bai toan 9. Cho a, b, c la ba s thuc duong. Chitng minh rdng

a
E+E+a a? + b2 + ¢2 - ab + bc + ca’

42— 4 2 24 2
b £+( V2 )(ab+bc+ca)>4\/§_2+a +b%+c

(Nguyén Vin Huyén)

L&i gidi. Chudn héa p = 1 va dp dung bd dé (1.1) ta dua bai todn vé ching minh

2(27¢% —9g + 1 L1 42 — 4 )
(274> = 9¢ + 1) 6+(f LAY, P el )
9g2 —2q+(1—3q)\/q(1—3q 1—2¢q q
hay la
2274 — 9¢ + 1 442 — 4
(274" =% + 1) (4v2 RSN I 2.11)

992 —2q + (1 —3q)+/q(1 —3q) 1—2¢

Pitx = /12 > 0 thi ¢ = 5, khi d6 bt ding thic (2.11) trd thanh

x3—|—3x2—|—3x—|—3>x4+4\/§x2—|—3
x+1 - x2 41 ’

Xét hiéu hai vé ta dudc

x34+3x24+3x4+3  x*4+42x2 43 _2x2(x+1—ﬁ)2
x+1 x2 41 x4+ D2+

> 0.

Diéng thiic x4y ra khi va chi khi @ = b = ¢ hoic a, b, ¢ lan lugt 1a ba nghiém ctia phucng trinh

2 3+ V2 243V2
2+ r—

3 — =0,
14 196
cu thé
1 1 [10— 6\/_ 115 — 27[
a = — — —arccos
3 3
1 1 /10— 6\/_ 115 — 27[
hb=—-——— - — = arccos
3 3 6 3
1 1 /10— 6f 1 115 — 27[
c=——— ——I——arccos
3 3 6 3
Bai toan dugc chiing minh. [

Bai toan 10. Cho ba s thie duong a, b, ¢ théa mdn diéu kién

a b ¢ 5 a>+b+c?

b c+a_§'ab—|—bc—|—ca'

Chitng minh rang
a’> +b>+c? > 2(ab + bc + ca).
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(Nguyén Vin Huyén)
L&i gidi. Chuidn héa p = 1 tir gia thiét 4p dung bd dé (1.1) tacé

2(27¢% — 9¢ + 1) L1 5029

< (2.12)
99% —2q + (1 —=39)+/q (1—3q 2q
bit x = 1/1—% > 0 thi ¢ = —'—. khi d6 (2.12) tr6 thanh
x3+3x2+3x+3 - 5x2+1)
x+1 S22
tuong duong voi
_ 2
(x—1DBx*+2x+1) > 0.
x+1
Suyrax > 1, hay la
(@a+b+c)>4(ab+bc+ca),
hoac
a’> +b>+c? > 2(ab + bc + ca).
Ding thic x4y ra khi va chi khia = b = ¢ hoic
a B b . c
Vi—tanZ  VT—tanZ /7 —tan?E’
Chiing minh hoan tat. O

Bai toan 11. Vi k > 0 la mét sé thuc cho truéc va a, b, ¢ la ba sé thuc duong sao cho

a b 2
— 4+ — 4+ — k+ 1) 4+ ——
b+c+ (+)+k—|—1

Chitng minh rang
a’? + b* + c* < (k* + 1)(ab + bc + ca).

(Nguyén Vin Huyén, VMEO 1V)

L&i gidi. Chudn héa p = 1 tir gia thiét 4p dung bé dé (1.1) ta dudc

2(27¢% — 9 + 1) 1 , 2
F O (2.13)
99% —2¢ + (1 -3¢)/q(1 —3q) k+1

Pit x = 1/1—% > 0 thi ¢ = —'—. khi d6 (2.13) tr6 thanh

x34+3x24+3x+3 2
<k + 1%+ —,
x+1 ( +)Jrk+1

hay

2 2
N2+ —— k+ 12+ —
(x+ 1)+ T (—l—)+k+1

10
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tuong duong voi

(x —k)[(k + Dx? + (k* + 4k + 3)x + k? + 3k]
<0
x+Dk+1)

Suy ra x < k hay la
(@a+b+c)* < (k* +3)(ab + be + ca),

hoac
a? + b* + c* < (k* + 1)(ab + bc + ca).

Bai toan dugc ching minh. O
Nhan xét. Trudng hop k = 1 ta dudc bai todn rit dep sau :

Néua, b, ¢ la ba sé thic duong théa mdan

a
b ¢ a

thi
a? + b% + ¢% < 2(ab + be + ca).

(V6 Qubc Bd Cdn)

D& két thiic chuyén dé xin dudc gidi thiéu mot s6 bai tip dé ban doc tu luyén

Bai tap 3.1. Choa, b, ¢ 1a ba sb thuc duong. Ching minh rf?mg

a b ¢\’ 525(ab+bc+ca) _ 775
— -t > —.

b ¢ a a? + b2 4 c? 2
(Nguyén Vin Huyén)

Bai tap 3.2. Chiing minh ring v6i moi sb thuc k > 12 ta ludn c6

g+é+£+k(ab—l—bc—l—ca) S 44 2Vk =12,
b ¢ a (a+b+c)?

trong d6 a, b, c 1a ba sb thuc duong thay ddi bat ky.
(Ta Hong Qudng)

Bai tap 3.3. Choa, b, c 1aba sb thuc duong. Ching minh ri”mg

2+
b a

24 p2 4 o2
é+£> k(a? + b +c)+9_k’
c (a+b+c)? 3

trong d6 k = 54/2.

(Bdch Ngoc Thanh Céng)

11
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Bai tap 3.4. Tim hing s6 k 16n nhét sao cho bat dang thiic

k(ab + bc + ca)
a2 _|_b2 +C2

b

b
+—+£2\/9+k—

a
b ¢ a
ludn ding v6i moi sb thuc duong a, b, c.

Bai tap 3.5. Tim hing s6 k 16n nhit sao cho bat ding thiic

+3,

20,2 2 2
g+é+£+k> k2(a? + b% + ¢?)
b ¢ a ab + bc + ca

ludn ding v6i moi sb thuc duong a, b, ¢ bat ky.

Bai tap 3.6. Cho a, b, ¢ 1a ba s6 thuc duong. Chitng minh rang

a b ¢ _at+b*+c? a? + b2 + ¢?
-4 -+ - —+ 2 —.
b ¢ a  ab+bc+H+ca ab + bc + ca
Bai tap 3.7. Choa, b, ¢ 1a ba s6 thuc duong. Chitng minh ring
b ¢ k(ab + bc + ca) k

a
-+ -+ - =3+ -,
b+c+a+a2—|—b2+cz+ab+bc+ca +2

trong d6 k = 2(3/9 - 1).

(Nguyén Viin Huyén)

Bai tap 3.8. Tim hing sd k 16n nhét sao cho bit dang thiic

+ 3,

2(q2 4+ p2 4 2
b c+k>\/3k(;a+—|l;ic-l)-26)
ludn ding v6i moi sb thuc duong a, b, ¢ bat ky.
(Pham Sinh Tan)
Bai tap 3.9. Tim hing s6 k 16n nhit sao cho bat ding thiic
prerer () s
ludn ding v6i moi sb thuc duong a, b, ¢ bat ky.
Bai tap 3.10. V6ik > 11a mdt sb thuc cho trudc va a, b, ¢ 1a ba s6 thuc duong sao cho

b+c K2+ 9@+ Db+ P

a
E+E a (a+b+c)?

Chiing minh rang
a’> 4+ b*> + ¢? < (k* + 1)(ab + be + ca).

(Nguyén Vin Huyén)
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