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1 Deé bai
Bai 1. Cho z,y, 2 1a cic s6 thuc duong théa méan 3 (x? + y* + 24) — 7 (2? + y? + 2%) + 12 = 0. Tim
gia tri nhd nhat clia biéu thitc
22 2 2
= + L 4 .
y+2z z42r x+2y

Chon HSG Quéc gia, Yén Bdi, 2014 - 2015

Bai 2. Cho 2014 s6 thuc duong aq, as, ..., aso14 c6 tong bang 2014. Chiing minh rang

20 20 20

a Qa a
—5 o+ 2 > 2014
) az ay

Chon HSG Quoc gia, Can Tha, 2014 - 2015

Bai 3. Tim hiing s6 k 16n nhat véi moi a, b, ¢ khong am théa man a + b + ¢ = 1 thi bat dang thic
sau dung
a b c

+ +
14+9bc+k(b—c)® 1+9a+k(c—a)® 14 9ab+k(a—0b)’

1
> —.
-2
Chon HSG Quéc gia, Hdi Phong, 2014 - 2015
Bai 4. Cho céc s6 thuc z,y, z thay doi théa man 4% + 4Y 4 4% = 1. Tim gi4 tri 16n nhét clia
S = 2x+2y 4 2y+22 4 22+2x - 2:p+y+z
Chon HSG Quoc gia, Hdai Duong, 2014 - 2015
Bai 5. Cho céc s6 7,y théa man: 0 < x < 1,0 < y < 1. Tim gi4 tri nho nhat ctia biéu thiic

_x5+y+4+y4—2y3—|—w

F
T y?

Chon HSG Quoc gia, Ca Mau, 2014 - 2015
Bai 6. Cho a,b, ¢ 1a cac s6 thiye duong théa man ab + be + ca = 1. Chitng minh ring

a? b 3 (a+b+¢)
+ + > .
14+9b%2ac  1+9c2ba 1+ 9a2ch 18

Chon HSG Quéc gia, chuyén Quoc hoc Hué, 2014 - 2015

Bai 7. Cho a, b, c 13 cac s6 khong am, khong c6 hai s6 nao trong cic s6 d6 dong thoi bang khong.
Tim gia tri nhé nhat ctia biéu thic:

p_ alb+c) blc+a) cla+b)

a? + be b2 + ca c2+ab’

Chon HSG Quoc gia, Thanh Héa, 2014 - 2015
Bai 8. Chiing minh réng véi moi s6 thyc duong a, b, ¢ ta co

a(b+c) b(a + c) cla+0b) < 6
(b+c)2+a*> (a+c)2+b (a+b3?+c 5

Chon HSG Quoc gia, Thdi Binh, 2014 - 2015



Bai 9. Cho z,y, 2 1a cac s6 khong am. Chiing minh ring

zyz+ 2+ P+ 2 +5>3(x+y+2).

Chon HSG Quoc gia, Chuyén Lé Quy Don - Ninh Thudn, 2014 - 2015

Bai 10. Cho a,b, ¢ 1a cac s6 thyc duong. Chiing minh réng

(a+b—c)? (a+c—0b)? (c+b—a)?
(a+024+c* (a+c)?+b0  (c+0b)?+a?

3
> .
)

Chon HSG Quoc gia, Dak Lak, 2014 - 2015

Bai 11. Chitng minh bat déng thiic sau
3 —x+ D) —y+1) > 2% —ay+1), Yo,y € R.

Dau "=" xay ra khi nao?

Chon HSG Quoc gia, Qudng Tri, 2014 - 2015

Bai 12. Cho z,y, 2 1a cac s6 thyc khong am va doi mot phan biet. Chitng minh ring

Tty y+z z+x S 9
(@—9)* (—2)" (-2 r+y+z

Chon HSG Quoc gia, Chuyén DH Su pham Ha Noi, 2014 - 2015

Bai 13. Cho a, b, c 1a cac s6 thuc duong théa man a + b + ¢ = 3. Ching minh rang

1 1 1
a3+b3+c3+2(—+5+—) > 3(ab + be + ca).
a C

Chon HSG quoc gia, Lam Dong, 2014 - 2015

Bai 14. Cho ba s6 khong am a, b, c. Chitng minh rang:

V5a2 + 4be + V502 + dca + V5 + dab > \/3(a? + b2 + 2) + 2(Vab + Vbe + /ca).

Chon HSG quoc gia, Qudng Nam, 2014 - 2015

Bai 15. Cho ba s6 thuc duong x,y, z théa man 2,/zy + /rz = 1. Chting minh rang;

3 4 5
yz_l_ zx_l_ Y Sy

x Yy z

Chon HSG quéc gia, Tuyén Quang, 2014 - 2015

Bai 16. Cho z,y, 2 1a cac s6 thyc duong théa man x + y + 2 = xyz. Chitng minh réng

2 1 1 9
+ + <=
Vi+a?  J1+y2 V1422 4

Chon HSG quoc gia, Thdi Nguyén, 2014 - 2015



Bai 17.

Bai 18.

Bai 19.

Bai 20.

Bai 21.

Bai 22.

Bai 23.

Bai 24.

Bai 25.

Cho cac s6 thyc khong am z,y, z thdéa man: 22 + y? + 22 = 2. Tim gia tri 16n nhat cia

B 22 y+z 1

= - + .
2?+yz+r+1 z4+y+ax+1 zyz+3

Chon HSG Quoc gia, Chuyén Hung Viuong - Phi Tho, 2014 - 2015
Cho a, b, ¢ 1a cac sd thyc duong théa man a + b + ¢ = 6. Ching minh rang khi d6 ta co

a’+bc bV +ca c*+ab
+ +

> a? + b+ A
b c a

Chon HSG tinh, Hai Phong, 2014 - 2015
Cho a,b 1a 2 s6 théa man dieu kién: a® + b* + 9 = 6a + 2b. Chitng minh
4h < 3a.
Chon HSG tinh Binh Thudn, 2014 - 2015
Cho ba s6 duong a, b, c thda man a + b + ¢ = 3. Tim gi4 tri nhé nhat ciia biéu thitc

ab + be + ca
a?b + b%c + 2a’

P="7("+b"+c")+

Chon HSG tinh Ba Ria Ving Tau, 2014 - 2015
Cho a,b va c la cac s6 thuc duong. Tim gia tri nhé nhat ciia biéu thic:

a+ 3c . 4b B ¢
a+2b+c a+b+2¢c a+b+3c

Chon HSG tinh Kién Giang, 2014 - 2015
Cho a, b, ¢ 1a ba s6 thyc duong théa man abe = 1. Chitng minh rang:

1 1 1
<1
PPl PiAtl Ardilo

Chon HSG tinh Long An, 2014 - 2015
Cho céac s6 thuc a,b, ¢ > 1 théa man a + b + ¢ = 6. Chiing minh rang:
(a® 4+ 2)(b* 4+ 2)(c* + 2) < 216.
Chon HSG tinh Vinh Phuc, 2014 - 2015
Cho a,b, ¢ 1a cac s6 thiuc duong. Tim gié tri 16n nhat ciia biéu thic

 8a -+ 3b+ 4(vab + Vbc + Vabe)

1+ (a+0b+c)?

P

Chon HSG tinh, Thanh Hoa, 201} - 2015

Cho z,v, z 1a cac s6 thyc duong théa man xy + yz + zo = 2zyz. Chitng minh ring:

/ x y 2z
< 1.
2y%22% + xyz + \/2,22:1:2 + zyz + \/2.752y2 +axyz

Chon HSG tinh, Gia Lai, 2014 - 2015




Bai 26. Cho z,v, z 1a cac s6 thuc duong thoa man diéu kien 2 < 1,y < 2va z +y + 2 = 6. Chiing
minh rang
(x+1)(y+1)(z+1) > dayz.

Dé thi chuyén hé ldp 10, THPT Chuyén Su pham, 2014 - 2015

Bai 27. Cho cac sb thic duong a, b, ¢ théa man a + b + ¢ = 1. Chitng minh ring

a b ¢
b ¢ a)

Chon doi tuyén Olympic Todn 1dp 10 vong 1, Chuyén Nguyén Du, 2014 - 2015

14+a 140 1—1—c<2
l—a 1-b 1—c™
Bai 28. Cho a,b,c,d 1 cac s6 thyc duong théoa man a + b + ¢ + d = 4. Chitng minh ring

(a+ VB (b+VE? | (VA (d+Va)?
VaZ—ab+2 V2 —be+2 VE—d+d VB —ad+a®~

P p—

Dé thi khao sdat doi tuyén ldp 10 vong 2, Chuyén KHTN, 2014 - 2015

Bai 29. Cho z,v, z 1a cac s6 thuc duong. Chiing minh:

@+z)@+g>@+z>22+2£igis
Y z T Jryz

Chon doi tuyén du thi Olympic 30-4 ldp 10, tinh Binh Thudn, 2014 - 2015



2 Loi giai

gi4 tri nhé nhat cia biéu thic

IQ y2 22

:y+22+z+2x+x—|—2y'

Bai 1. Cho z,y, 2 la cdc s6 thuc duong thoa man 3 (z? + y* + 24) — 7 (22 + y* + 2?) +12 = 0. Tim

Chon HSG Quoc gia, Yén Bdi, 2014 - 2015

Lot giads
St dung bat dang thic Cauchy — Schwarz, ta c6 3(x* + y* + 24) > (2?2 + % + 22)2, do do
0> (xQ + 9+ 22)2 — T(x?® + 1y + 22) + 12.

Tt d6 suy ra z2 + y* + 22 > 3. Stt dung bat déng thic Cauchy — Schwarz, ta lai cé

LE2 y2 22

B y+2z+z+2x+x+2y
! Y A
= + +
22y + 2zx%  ylz 4 2xy?  22a + 222
(xQ +y2 +z2)2
T 22y +yPr+ 220+ 2 (wy? 4y + za?)

Tiép tuc st dung bat déng thic Cauchy — Schwarz va két hop v6i bat ding thic quen thudc

(a+b+c)?
3

ab 4+ bc + ca < , ta co

Py + 2+ 2w < V(32 2+ ) - (222 + 2R + 2%aR)

2 2 2)2
S\/(a:2+y2+z2)-<x +y3+z)

(.2 2 2 (22 + 9% + 22)
= (2" +y +z)\/—3 :

Hoan toan tuong tu, ta chiing minh dugc

2 .2 1 2
2 (xy® +y2* + 22%) <2 (2% +¢° + 2%) \/w
T d6 suy ra
2
P> (22 + y* + 2%)
= 2. .2 2
3(x2+y2+22)\/($ +y +Z)

3
B :E2+y2+22
V 3

> 1.

Dang thitc x4y ra khi va chi khi # =y = 2z = 1 nén gié tri nhd nhat ciia P la 1. W



Bai 2. Cho 2014 s6 thuc duong aq, as, ..., asgia ¢6 tong bang 2014. Chitng minh rang

20 20 20

a a a
—5 + = e+ > 2014
as as ay

Chon HSG Quoc gia, Can Tha, 2014 - 2015

Loi gidi

St dung bat dang thitc AM — GM cho 20 s6 duong, ta co

a20 a20
L +11-a;+8>20- V7 -ad!l - 18=20-qa;.
g g

2014

Tuong tu véi 2013 s6 hang con lai, sau d6 cong vé v6i vé, va véi cha ¥ > a; = 2014 ta thu ngay
i=1

duge diéu phéi chitng minh.

Ding thic xay ra khi va chi khi tat ca cac bién bang nhau va bang 1. B

Bai 3. Tim hing s6 k 16n nhat véi moi a, b, ¢ khong am théa man a + b+ ¢ = 1 thi bat ding thiic

sau dung
a b c

+ +
1+9c+k(b—c)®  1+9ca+k(c—a)®  1+9ab+ k(a—b)*

1
> —.
-2

Chon HSG Quéc gia, Hdai Phong, 2014 - 2015

Loi giai
1 .
Choa =06 = 3 va c = 0 ta c6 k < 4 va ta sé ching minh k,,,, = 4. That vay, v6i k£ = 4 bat
dang thitc can ching minh tré thanh

a b c
+ +
1+9c+4(b—c¢)® 149ca+4(c—a)® 1+9ab+4(a—0b)

>

N | —

Ki hieu vé trai la A, st dung bat déng thic Cauchy — Schwarz ta cé

4> (a+b+c)
~ > (a+9abe + 4a(b — 0)2)
1
1+ 27abe + 4a(b — ¢)® 4 4b(c — a)® + 4c(a — b)*

Do do, ta quy bai toan vé chitng minh
1+ 27abe + 4a(b — ¢)® + 4b(c — a)® + 4c(a — b)* < 2.

Hay tuong duong
4ab(a + b) + 4bc(b + ¢) + 4ca(c + a) 4 3abe < 1.

Dong bac héa bat dang thiic nay, ta can chiing minh
4ab(a + b) + 4be(b + ¢) + 4ca(c + a) + 3abe < (a + b+ ¢)?,

hay tuong duong
a® +b* + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a).

6



Day chinh la bat ddng thitc Schur bac 3, bai toan chiing minh xong.
2 P P 1
Dang thiic xay ra khi va chi khi a = b = 3= 0 hoac cac hoan vi. B

Bai 4. Cho céc s6 thic z,y, z thay doi théa man 4% + 4Y 4 4% = 1. Tim gi4 tri 16n nhat cia

S = 2x+2y 4 2y+2z 4 2z+2w . 2m+y+z

Chon HSG Quoc gia, Hdi Duong, 2014 - 2015

L& gidi

Dit a = 2%,b = 2%, ¢ = 2% thi ta c6 a,b,c > 0 vh a®> + b? + ¢ = 1. Khi d6 ta can tim gid tri
16n nhéat ciia biéu thic
S = ab® + bc? + ca® — abe.

Khong mat tinh tong quét, ta c6 thé gia st b 1a s6 nim gitta hai s6 a va c.
Khi d6 ta ¢6 a(a — b)(b — ¢) > 0, tuong duong

a’b + abe > ca® + ab®.
St dung danh gia nay, két hop véi bat dang thiic AM — GM bo ba sb, ta co
S < aQb + bc?

/202 - (a2 + 2) - (a2 + 2)

'\/(2b2+(a2+c;)+(a2+c2))3

IN

@.\g Sl- ol

\/_

1
Dang thitc x4y ra khi va chi khi a = b = ¢ = — nén gi4 tri 16n nhat cia S 1a ——

V3

Bai 5. Cho céc s6 2,y théoa man: 0 < 2 < 1,0 < y < 1. Tim gia tri nhé nhat ctia biéu thiic

x5+y+4+y4—2y3+x

F =
T y?

Chon HSG Quoc gia, Ca Mau, 2014 - 2015

Loi gidi
St dung bat dang thic AM — GM vachuy /y <1, ta c6

x5+y+4+y4—2y3+x

F =
x y?
X
et L sy 2
x y
1 x
:<ﬁ+—+—+—+—)+<g+7)+@—m%4
r T T X Tz Yy
2
>54 ——1
VY
>5+42—1




Déang thitc xay ra khi va chi khi = y = 1 nén gia tri nhé nhat ciia F 13 6. B

Bai 6. Cho a, b, c 1a cac s6 thuc duong théa man ab + be + ca = 1. Chiing minh rang

a? v o - (a—l—b—i—c)g'

1 4+ 9b%ac + 1 4+ 9¢2ba + 14 9a2ch — 18

Chon HSG Quoc gia, chuyén Quoc hoc Hué, 2014 - 2015

Loi gidi
St dung bat dang thitc Holder, ta c
VT - (14 9b%ac+ 1+ 9c*ba + 1+ 9a’ch) - (1+1+1) > (a+b+c)’.

Do dé ta can chitng minh ring

14 9b%ac+ 1+ 9¢%ba + 1 + 9a’ch < 6,
tuong duong

3abc(a+b+c) < 1= (ab+ be + ca)’.
Bét dang thic cudi luon ding nén phép chitng minh hoan tat.
Déang thiic xay ra khi va chi khia=b=c= 7 |

Bai 7. Cho a, b, ¢ 1a cac s6 khong am, khong c6 hai s6 nao trong cac sd6 dé6 dong thoi bang khong.
Tim gia tri nhé nhat ciia biéu thiec:

P_a(b—l—c) blc+a) cla+Db)
a?+bc b2 4ca Etab

Chon HSG Quoc gia, Thanh Héa, 2014 - 2015

L gidi

Bai nay minh khong giai duge, mai cac ban tham khéo 2 16i giai sau day:
Cach 1 (Nguyén Van Quy - quykhtn-qal):
Khong méat tinh tong quat, gia sit ring a > b > ¢ > 0, khi d6

a(b+c) - a(b+c) b+c - b

a2+bc ~ a?+ac a+ca

va
cla+0b) - cla+b) ¢

Etab = BR+ab b
Tt do,
a(b+c¢)  blc+a) c(a—l—b)>b ab ¢ b +ca ab

— — > 2.
a? + be b? + ca cA+ab T a b2+ca+b ab +1924—ca_

Dang thitc x4y ra khi a = b, ¢ = 0 ho#ic cac hoan vi nén gia tri nhé nhat ctia P 1a 2. B
Cach 2 (V6 Qubc Ba Can):
Khong méat tinh tong quat, gia sit @ > b > c. Khi dé, ta c6

a(b+c) b(c+a)_2_(a—b)(c—a)+(a—b)(b—c)

a’?+bc b2+ ca a? + be b% + ca
~ (a—b)*(c® - 2ac — 2bc + ab)
B (a2 + be)(b? + ca)
~ (a— b)* (2 +ab)  2c(a+b)(a—Db)

T @b +ca) (a4 bc)(b2 + ca)’

8




Bat déng thiic can ching minh tré thanh

(a—b)*(E+ab)  cla+b) - 2¢(a + b)(a — b)*
(a4 be) (b2 +ca)  c4+ab ~ (a®+be)(b? + ca)

Dén day, stt dung bat déng thic AM — GM ta c6

(a—b)*(c+ab) cla+D)
(a® 4+ bc)(b?> +ca) 2+ ab

2(a — b)y/c(a+b)
V(a2 +be)(b? + ca)

>

Tt d6, bai toan dude dua vé ching minh
(a® 4 be)(b? + ca) > c(a +b)(a — b)?,

hién nhieén ding do ta ¢6 a® + be > a® > (a — b)* va b> + ca > c(a + b).
Phép chitng minh dugc hoan tat. Dau dang thiic xay ra khi va chi khi a = b,¢ = 0 (va cic hoan vi
tuong tng). W

Bai 8. Ching minh rang véi moi s6 thue duong a, b, ¢ ta c6

a(b+c) bla +c) c(a+b)
b+c)?+a® (a+c)2+b  (a+b)?2+c

6
< -.
)

Chon HSG Quoc gia, Thdi Binh, 2014 - 2015

L&i gidi

Cach 1: Do tinh thuan nhét nén ta c6 thé chuan hoa cho a + b+ ¢ = 3, khi do6 ta c6
ab+c)  a(3—a)

(b+c¢)’+a2 (3—a)’+a?
C9a+1 9a—1)>°(2a+1)
25 25[(3—a)® +a?]

< 9a + 1'

)
Tuong tu v6i hai biéu thiic con lai, sau d6 cong vé véi vé va chi ¥ a + b + ¢ = 3 ta thu ngay dudc
diéu phai chitng minh.
Ding thiic xay ra khi va chi khia=b=c. R

2
Cach 2: Stt dung bat dang thitc AM — GM, ta c6 a® + (b+9) > a(b+c), tit d6
a(b+c) a(b+c)
b+ +a = 3010
——— +a(b+c)
3(b+c)?
L 1
3(b+c)’
% +a(b+c)
1 3(b+c)?
3(b+c)’ +4a(b+c)
Bai toan dua vé chiing minh
(b+c)? (c+a)? (a +b)? 3
2 + 2 + 2 ==
3b+c¢)" +4alb+c¢) 3(c+a) +4b(c+a) 3(a+b)”+4c(a+b) — 5

9



St dung bat dang thic Cauchy — Schwarz ta cé

VT > 4(a+b+c)
T 3(b4¢)* +4alb+c) +3(c+a)® + 4b(c+a) + 3(a+ D) + dc(a + b)

Tit d6 bai toan sé dude chitng minh néu ta chi ra duge

4a+b+c)’
3(b+¢)® +4a(b+c) + 3(c+a)® + 4b(c + a) + 3(a + b)* + 4c(a + b)

>

ot W

That vay, sau khi quy dong, khit mau va rat gon, thi bat ding thiic trén tuong duong véi
2(a® + b + c*) > 2(ab + be + ca).

Hién nhién ding. Bai toan dude chiing minh xong.
Ding thiic xay ra khi va chi khia=b=c.

Bai 9. Cho z,y, z 14 cic s6 khong am. Chiing minh réng

zyz+ i+ P+ 22+ 5> 3ty +2).

Chon HSG Quoc gia, Chuyén Lé Quiy Don - Ninh Thudn, 2014 - 2015

L&i gidi

Theo nguyén 1i Dirichlet thi trong ba s6 x,y, z luon ton tai hai s6 nam ctiing phia so vé6i 1, khong
mat tinh tdng quat ta co thé giad st ring hai s6 d6 1a o va y. Khi d6 z(x — 1)(y — 1) > 0, hay tuong
duong

TYz > T2+ Yz — 2.

Cach 1: Stt dung danh gia nay, ta quy bai toan vé chiing minh
f)=24+(@+y—4) -2+ +9y*+5—-32 -3y >0.
Day 1a mot ham bac hai theo z v6i hé s6 ciia 22 duong, mit khéc
A=(z+y—4)°—4(z®+y> -3z —3y+5)
= —32% —3y* 4+ 2wy +4r + 4y — 4
= —(z—y)" =2 -1)" -2y - 1)’

<0.

Nén tit d6 suy ra f(z) >0, Vz.

Bai toan duge chiing minh xong.

Dang thitc xay ra khi va chikhiz =y=2=1. 1
Cach 2: Sit dung bat ding thiic AM — GM ta c6

(x+y+2)72*+9
2 Y

3r+y+z)<
nén ta quy bai toan vé chiing minh bat déng thic manh hon la

2oyz + 2 + P + 25+ 10> (z+y+2)2 +9,

hay tuong duong
2+ y? + 22+ 2oyz + 1 > 2(zy + yz + 22).

10



Stt dung zyz > xz + yz — 2z thi ta can phai chitng minh
2+t 22+ 2z yz — 2) + 1> 20y + 2y + 22z,
hay
(z—y)*+(z—1)2>0.

Bat déng thiic cudi luén ding nén bai toan duge chiing minh xong.
Ngoai ra, ta con c¢é thé ching minh bat déng thic trén bing cach sau: St dung bat ding thc
AM — GM bo ba sd, ta c6

Sxyz 9xyz
2ayz + 1 > 3/ x2y?22 = )
Y 4 Jxyz x+y+z

Do dé, ta can chitng minh

9zyz

2, .2 2

Y+ — > 2y +yz+ 2w
y Ttyta (zy +y )-
Day chinh la bat ding thitc Schur nén bai toan dugc chiing minh xong.
Ding thitc xay ra khi vichi khiz =y =2=1. R

Bai 10. Cho a, b, ¢ 1a cac s6 thuc duong. Chiing minh rang

(a+b—¢c)*  (a+c—0b)? (c+b—a)? S
(a+b)2+c2 (a+c)2+b*  (c+b)?+a? ~

3
5

Chon HSG Quoc gia, Dak Lak, 2014 - 2015

Lot giat
2 S b - 2 2 b P 2 X
be y rang M =1- C(a—;L) nén bat dang thitc can chiing minh tuong duong
(a+0b)" + c? (a+0)" + 2

v6i bat déang thitc ¢ Bai 8.
Bai toan duge chiing minh xong. W

Bai 11. Chiing minh bat ding thiic sau

3t -+ 1) —y+1)>2% —ay+1), Vo,y €R.

Dau "=" x4y ra khi nao?
Chon HSG Quoc gia, Qudng Tri, 2014 - 2015
Low giat
Do vai trd ctia z,y la nhu nhau, nén du doan déng thitc xdy ra khi z = y. Khi dé ta co

3(x* —z +1)? = 2(z* — 2? + 1), tuong duong vdi
(2?2 — 3z +1)* = 0.

3+45

Tudox =y = . Quay trd lai bai toan, bat diang thiic can ching minh tuong duong

22y —xy + 1+ 3(x +y)* - 3ey(r +y) — 3(x +y) >0,

hay
P?—P+1+35?2—-35P—35>0.

11



Néu coi day la mot bat ding thitc bac hai theo P thi ta c6

Ap= (14357 —-4(352-35+1)
= 357 +185 - 3.
Néu S <0 thi Ap < 0nén f(P) > 0. Do d6 ta chi can xét truong hop S > 0.

Trong trusng hgp S > 0, lai coi bat ding thiic trén 1a mot bat déng thiic bac hai theo S, khi dé ta

CO
Ag=9(1+P)* —12(P* - P +1)

= —3P? +30P - 3.
Néu P < 0 thi Ag <0 nén f(S) > 0. Do d6 ta chi can xét P > 0 la du.
Néu P —4yP +1> 0 tic Ia (P + 1) > 16P hay P2 — 10P + 1 > 4P, khi do
Ag=—-3(P*—10P+1) < —12P <0,

nén suy ra f(S) > 0.
Néu P —4vVP +1<0, vicha y S2 > 4P nen S > 2v/P thi ta c6
f'(S)=65—3P—3
>12V/P -3P -3
= —3(P—4VP +1)
>0, VS > 2VP.

Do d6 f(S) la mot ham dong bién trén [2v/P; +00), nén f(S) > f(2V/P), titc la

f(S)>P*—P+1+3-4P —6PVP —6VP

—(P-3VP+1)
> 0.

Bét dang thic cudi luon ding nén bai toan ching minh xong.
3+V6
2

Déang thiic xay ra khi va chi khi z =y =

Bai 12. Cho z,y, 2 & cac sd thyc khong am va doi mot phan biét. Chitng minh réng

r+y y+z 2+ 9
7 T 2 7 2 .
(r—-y)” (W—2)7 (z—2z) rHy+tz

Chon HSG Quoc gia, Chuyén DH Su pham Ha Noi, 2014 - 2015

L&i gidi

Khong méat tinh tong quat, gid sit x >y > z > 0. Khi d6 ta c6

y+z _1+z(3y—z)>l
=2" v yly—2" "y
z+ 1 z(3x—z)>1
(z—x) = z(z—2z) "
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Két hop danh gié trén va sit dung bat dang thic AM — GM, ta cé

(e+y+2)(z+y) A1 L
(z —y)* tletyd )($+y)

($+y)z+(x+y)2

(z—y) Ty

dxy

VT -(x4+y+2) >

v

2
x_
— 14 a4y @Y

(x —y) Ty

4 - 2
25+2\/ ’392.(9" y)

(x —y) Ty

=9.

Phép chiing minh hoan tat.
V6i & >y > z > 0 thi déng thitc x4y ra khi va chi khi z = (2+v3)y, 2=0. R

Bai 13. Cho a,b, c 1a cac s6 thuc duong théoa man a + b+ ¢ = 3. Chiing minh réng

11 1
a3+b3+c3+2(—+5+—) > 3(ab + be + ca).
a C

Chon HSG quoc gia, Lam Dong, 2014 - 2015

Loi giai
St dung bat dang thic Cauchy — Schwarz ta ¢

1 1 1 9
-4+ -+->—=3.
a b ¢ a+b+c

Do d6 ta can ching minh
a® +b* + ¢ +6 > 3(ab + be + ca).

St dung bat dang thitc AM — GM dé thay rang a® + 1+ 1 > 3a, do do ta can chitng minh
3(a+b+c) > 3(ab+ bc+ ca),

hay tuong duong

(a+b+c)? > 3(ab+ be+ ca).
Hién nhieén ding. Bai toan duge chitng minh xong.
Déang thiic xay ra khi va chi khia=b=c=1. B

Bai 14. Cho ba s6 khong am a, b, c. Chiing minh réng:

V5a2 + 4be + V50?2 + dca 4+ V5 + dab > \/3(a? + b2 + @) + 2(Vab + Vbe + V/ca).

Chon HSG quéc gia, Qudng Nam, 2014 - 2015

Loi gidi
Bét dang thic can ching minh tuong duong

> (VBa?+dbe - 2vbe) > /3 (a2 + 12+ ),

13



Z 5&2 >1
V3 (a2 + 02+ ?) <\/5a2 + 4bc + 2\/b_c) a

St dung bat dang thic AM — GM, ta c6

8a? + 3b* + 3% + 4b
V3(a2 + b2+ ¢2) - V542 + 4be < o ;FC + C,

V3(a2 + 02+ ) - 2vVbe < a? 4+ b* + & + 3.

Do dé
2 b2 2 4b
V3@ 1 + ) (VBaT + dbe +2ic) < Sa” + 3 ;30 200 @41+ P+ 3be
10a2 + 5(b + ¢)?

2
Tit d6, sit dung danh gia trén va két hop véi bat dang thiic quen thuoe (b + ¢)? < 2(b? + ¢2), ta c6

10a?

5a?
2 ) zz10a2+5(b+c)2

V3 (a2 + 2+ 2) (\/5(12 + 4bc + 2v/be
_22(12 b+c)

_z2a2+2b2+02>
v? ?
= + +
a2+b2+02 a2+ b0+t a?+b 43
=1

Bai toan duge chiing minh xong.
Ding thic xay ra khi va chi khia=b=c=1. 1

Bai 15. Cho ba s6 thuyc duong xz,y, z théa man 2,/xy + y/zz = 1. Chiing minh rang:

Chon HSG quoc gia, Tuyén Quang, 2014 - 2015

Lot gids
Nhin bat dang thitc khong c6 dang ddi xtng, nén ban dau minh doan dang thic x4y ra khi cac bién
khong bing nhau. Sau mot hoi suy nghi khong tim duge ding thiic xay ra khi nao, minh da thit
1
cho truong hop x = y = z va au mai gét, né xay rakhiz =y =2 = 3
St dung bat dang thitc AM — GM, ta c6

r+z 3Bx+2y+z
2 2 ’

1=2/zy++Vez<zxz+y+

tu do suy ra 3z + 2y + 2z > 2. Nhu vay, ta sé tim cach danh gia sao cho

3yz 4zx bz
Y2 L 22 2 S 9 B+ 2y + 2).
x y z

14



Z zx Ty 2T x z ) PP . -
J Y oYE y nén de danh gia ve trai ve x, y, z thi ta sé su dung
z x

Chayrang =~ -— = z,~—~ - — =1,
, r Yy 2y ,
bat dang thitc AM — GM cho hai s6. St dung bat dang thitc AM — GM, ta c6

(a+c)i—z+(b+e)%+(d+f)% 22(\/ef-x+\/gl~y+\/%-z>.
Vi ta da dy doan duge dau bang xay ra khi z = y = 2 nén dé dau bang ctia bat dang thitc AM —GM
théa man, ta can c¢6 a = b,c = d,e = f. Mit khac theo gia thiét, ta phdi c6 a +c =3, b+ e = 4,
d+ f=5Tudosuyrae=f =3, c=d=2,a=>b=1. Nhu vay, ta trinh bay nhu sau
VT = (%+ﬁ) +2<%+ﬁ)+3(ﬁ+ﬁ)
z Y T z Y z

> 2z 44y + 6z

=2-3z+42y+2)

> 4.

Wl

Bai toan dugc chitng minh xong. Déng thitc x4y ra khi va chi khi 2 =y = 2 =

Bai 16. Cho z,v, 2 1a cac s6 thuc duong théa man x + y + 2 = zyz. Chiing minh rang
2 n 1 n 1 < 9
Vita?  J1+y2 Vi+22 7 4

Chon HSG quoc gia, Thdi Nguyén, 2014 - 2015

Loi giai
Cach 1:1 ] ]

Data=—,b=—,c=—tacé ab+ bc+ ca =1. Khi do
x Yy z

2a b c
- -
Vi+a2 V1+0? V1+A
2a b c

\/(a+b)(a+c) * \/(b—l—a)(b—FC) * \/(c—l—a)(anb)'

. . .9 . . .
Dén day, ta can danh gia sao cho n6 bé hon ho#c bang T Nhin dau can nhu theé lam ta nhé den
ngay bat dang thic AM — GM. Tuy nhién ta khong thé sit dung bat ding thic AM — GM kiéu

b N
nhu /(a+b)(a+c) < %W béi vi khi d6 sé cho ra mot danh gia >, ma ta can 6 day la <.

Chu ¥ 1a
1 1 1
(a+b)(a+c) a+b a+c’

nén ta sé danh gia bing AM — GM kiéu nhu

1 1 1 1 1
< + .
a+b a+c~ 2\a+b a+c
Tuy nhién ta khong thé danh gia bita duge. Vi ta chua biét dau déng thitc xay ra khi ndo. Da dén
lac du doan déng thie dat duge khi nao.
Vi bat dang thiic can ching minh déi xiing véi hai bién b va ¢, nén ta du doan dang thiic dat dugc
khi b = ¢. Khi d6 thi 1 i i 1 1

— :k- :]{;' .
a+b a+cb+ec b+a a+c
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Ta sé tim k. Stt dung bat déng thitc AM — GM, ta c6
2a b c

\/(a+b)(a+c) * \/(b+a)(b+c) * \/(c+a)(c+b)

RNV
< 1 n 1 + b 1 Tk 1 c 1 Tk 1
a. . .
- a+b a+c 2wk \b+a b+ c oWk \c+a c+b
Wk

b c vk
t—= at—x 2VE A CVE

2k 2k 5 T
a—+b a+c c+b

1 2Vka+b 1 2Vka+ce Vk

: + ~ + =
Wk o a+b  2/k a+c 2

v 2 . . . R . 2Vk 1 1 1
Deé biéu thic cuoi cung la mot so khong doi thi dieu kién can la %— =71 Suy ra k = T Véi k = 1
thi

1 2\/Ea+b+ 1 2\/Ea—|—c+\/E_9
2k a+b Wk a+c 2 4
.9 . .
Con s0 1 chinh la diéu chiing ta mong muon. Bai toan dugc chiing minh xong.

2 7 1

Dang thic xay ra khi va chi khi ab + bc 4+ ca = 1,a = 7b = 7c tuong duong a = —,b=c= —
g y g g T T

V15
hay z = T,y:z: Vv15. 1
Cach 2:
V6i diéu kién ab + be 4 ca = 1, ta nhé dén cong thitc lugng gidc trong tam giac

tan Atan B +tan BtanC +tanCtan A = 1.

Do d6, ta c6 thé diat a = tan A,b = tan B,c = tan C, véi A, B, C 1a ba goc clia mot tam giac. Khi
d6, ta can ching minh

9
2cos A+ cosB +cosC < R
. L s B+C A A
That vay, bang mot vai phép bién doi lugng giac, v6i chi ¥ cos ;— = cos (g — 5) = sin X ta co
2cos A+ cos B+ cosC
A B-C B+C
=2 (1 — 2511125) + 2 cos 5 coS —;—

A B — A
= -2 (2811125 — COS 5 ¢ sin 5) + 2

A2 A 1 B-C 1 B-C\*| 1 .,B-C
:—2[(\/5-511&5) —2-\/§sin§-2\/§cos 5 +(2\/§cos 5 ) +ZCOS2 5 + 2
A 1 B-C\* 1 B-C
= —-2(V2sin= — — (1 —sin? 2
(\/_51112 2\/§COS 5 )—1—4( sin >+

1
<= +2
_4—1—
_9
=7

Bai toan dugce ching minh xong. W
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Bai 17. Cho cac s6 thuc khong am z,y, 2 théa man: 2? + y* + 2?2 = 2. Tim gia tri 16n nhat cia

22 Y+ 2z 1

+ - :
2?+yz+x+1 z+y+z+1 zyz+3

Chon HSG Quoc gia, Chuyén Hung Vuong - Phi Tho, 2014 - 2015

L&i gidi

Dau tién, ta sé ching minh
x? T
<

2 +yz+ar+1" z+yt+a+1

That vay, vi > 0 nén ta chi can ching minh

r(z+y+ar+1) <z 4yz+a+1,
rz+xy <yz+1,
20z + 22y < 2yz + 2,
20z + 2xy — 2yz — (m2 + 9+ zg) <0,
—(z —y —2)* <0, luon dang.

Tu do, ta co

rT+y+z 1
T r4+yt+z+1 wzyz+3
1 1

- +
r+y+z+1 xzyz+3
xyz+2—(x+y+2)

(xyz+3) (zr+y+2+1)

Ta sé ching minh
yz+2>c+y+z (1)

Céach 1:
2z 2 Z Z 2z ~ z 2
Khong mat tinh tong quat, gia sit z 1a s0 16n nhat trong 3 so z, y, z. Dé thay z > \/; bat S =z +y.

T gid thiét ta c6 S? + 22 = 2 + 22y nén suy ra 2zy = S? + 22 — 2. Bat ding thic can chiing minh
tuong duong
2eyz +4 > 2(x +y + 2),
(524 2%) 244> 28+ 2z,
f(S) =252 —-25+23—224+4>0.

Vi z > 0, méat khac
ANg=1-2z(2"—4z+14)

=—(z—1)%(*+2:—1)

2
<0,Vz >4 /=
covz 2

Nén tur d6 suy ra f(S) > 0. Nhu vay (1) da duge ching minh. T dé suy ra
M < 1.

Ding thic xay ra khi va chi khi = 0,y = z = 1 nén gi4 tri 16n nhat ctia M 1a 1. B
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Cach 2:
Stt dung bat dang thic AM — GM, ta c6 2 = 22 + y*> + 22 > y®> + 22 > 2yz nén suy ra yz < 1.
St dung bat dang thitc Cauchy — Schwarz va diéu thu duge bén trén, ta co

(¢ +y+2—ayz)’ =2l —y2) +y +2]°
< [#+ (y+2)7 [(1—yz)’ +1]
= (2+2yz) - (y?2* — 2y2 + 2)
=4+ 2972 (yz — 1)
< 4.

Nhu vay (1) duge chitng minh. T d6 suy ra
M<1.

Déang thitc xay ra khi v chi khi = 0,y = 2 = 1 nén gia tri 16n nhat cia M 1a 1. W

Bai 18. Cho a, b, ¢ 1a cac s6 thuc duong théa méan a + b + ¢ = 6. Ching minh rang khi dé ta co

a2—|—bc+ 62+ca+ ¢+ ab SRR
b c a
Chon HSG tinh, Hai Phong, 2014 - 2015
Loi giai

Khong mat tinh tong quat, giad st b la s6 nam gitta hai s6 a va c¢. Bat dang thic can ching
minh tuong duong véi

(a—b)2+ (b—c)2+ (c—a) S 6(a® 4+ b* + *)

-2 b .
b c a - at+b+c (a+b+c)

St dung bat dang thitc Cauchy — Schwarz ta c6

(a—b)2+(b—c)2+ (c —a)? > (a—b+b—cH+a—c) :4(a—c)2'
b c a a+b+c a+b+c

Do d6, ta can phai chiing minh

4(a — )’ S 6(a® + b* + %)

-2 b
a+b+c™ a+b+c (a+b+o),
hay tuong duong
4(a—c)> >6(a>+ b+ —2a+b+c)
Aa—c)®>2(a—b)>+20b—c) +2c—a)
)

(a—cQZ(a—b)2+(b—c)2,
2(a —b)(b—c) > 0.

Bét déng thic cubi hién hien ding do b 1a s6 ndm giita hai s6 a va c. Bai toan dugce chitng minh
xong.
Déng thitc xay ra khi va chi khia=b=c=2. 1
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Bai 19. Cho a,b 1a 2 s6 théa man diéu kién: a® + b* + 9 = 6a + 2b. Chiing minh
4b < 3a.

Chon HSG tinh Binh Thudn, 2014 - 2015

Li gidi

PN . . . 12 9
Dt doan dau bang khi 4b = 3a, két hop véi gia thiét a? + b? + 9 = 6a + 2b dé thiy a = R b= 5

T du doan do ta ¢6 16i giai nhu sau:
St dung bat dang thitc AM — GM, ta c6

2 122>24a
a — —
5) = 57

9\? 18b
b? =) > =
+(5) =5

Cong vé v6i vé hai bat dang thic trén, ta thu duge

24a + 18b
a2+62+92%,

hay tuong duong

24a + 18b
6a+2b> ot 20
T do ta co
4b < 3a.
Phép chiing minh hoan tat.
) 12 9
Dang thic xay ra khi va chi khi a = = b= £ |

Bai 20. Cho ba s6 duong a, b, ¢ théa mén a + b+ ¢ = 3. Tim gia tri nho nhat clia biéu thic

ab + be + ca
a?b + b%c + c2a’

P="T(a*+b"+c") +

Chon HSG tinh Ba Ria Ving Tau, 2014 - 2015

L gidi

Khong mat tinh téng quat, gid sit b 1a s ndm gitta a va ¢, khi d6 ta c6 c(a — b)(b — ¢) > 0,
tuong duong
a®b + b?c+ *a < b(a® 4 ca + ).

Tt d6, két hop véi bat déang thiic AM — GM bo ba s6, ta co
(a®b+ b*c+ c?a) (ab + be + ca) < b(a® + ca+ ¢?) (ab + be + ca)

< (3b + a2 + ca + ¢ + ab + bc + ca)’

34
((a+c)* +3b+ab+be)’
(B=0?+3b+b3 1)’
_ i

=9.
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Mat khac, theo bat dang thic Cauchy — Schwarz thi

at + vt + A > 3

Do do, sit dung cac danh gia trén, sau do lién tuc dung Cauchy — Schwarz ta ¢

(ab + be + ca)®
9

B ﬂ(a2+b2—|—02)2+ (a® + b2 + 2)° + (ab + be + ca)® + (ab+ be + ca)?

P> g(a2+62+62)2+

18 18
! (a+0b+c)* N (a® + 0% + 2 + ab + be + ca + ab + be + ca)®
=18 32 18- 3
22
:g(a+b+c)4
= 22.

Ding thiic xay ra khi va chi khi @ = b = ¢ = 1 nén gia tri nhd nhat ctia P 13 22. B

Bai 21. Cho a,b va c la cac s6 thuc duong. Tim gia tri nhé nhat ciia biéu thric:

a -+ 3c n 4b 8¢
a+2b+c a+b+2c a+b+3c

Chon HSG tinh Kién Giang, 2014 - 2015

Loi gidi
r=a-+2b+c a=—x+ 5y — 3z

Dit{y=a+b+2ctaco{ b=x—2y+z .Do d6, ta can tim gia tri nhé nhat cia

St dung bat dang thitc AM — GM, ta c6

P>2 4—I-2—y+2 8y 42,
y z oy
=122 - 17.

Diéng thitc x4y ra khi va chi khi b = (1 ++v/2)a,c = (4 + 3v/2)a.
Vay gia tri nhé nhat cta P 1a 12/2 — 17.

Bai 22. Cho a,b, ¢ 1a ba s6 thyc duong théa man abc = 1. Chitng minh rang:

1 1 1
< 1.
a3+b3+1+b3+c3+1+c3+a3+1 -

Chon HSG tinh Long An, 2014 - 2015

Loi gidi
Ta c6
a®+ >+ 1= (a+b)(a—0b)*+ ab(a+b) + abc > ab(a + b) + abc = ab(a + b + c).
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Do do, ta co
1 1 c

< = .
a3+ +1 " abla+b+c) a+b+c

Tuong tir véi hai biéu thiic con lai, sau d6 cong vé véi vé ta thu ngay duge diéu phai ching minh.
Ding thic xay ra khi va chi khia=b=c=1. 1

Bai 23. Cho cac s6 thuc a,b, ¢ > 1 théa man a + b + ¢ = 6. Chiing minh rang:

(a® +2)(b* + 2)(c® + 2) < 216.

Chon HSG tinh Vinh Phic, 2014 - 2015

L& gidi

Cach 1:
Khong méat tinh téng quét, gia stt a > b > ¢, khi d6 dé thdy a > 2 va ¢ < 2.

Ta sé chiing minh réng
2
b2
(a® +2)(b* +2) < <% +2> .

That vay, vi a®> + 6ab+b*> — 16 > 22 +6.2.1 +12 —16 = 1 > 0 nén
(@+b? .\ 1
(a? +2)(b% +2) — (“T+2> = — 5@ —0)" (a® 4+ 6ab +* — 16) <0.

Do d6 ta quy bai toan vé chitng minh

((6_ o +2> (2 +2) < 216.

4

That vay, vi 1 < ¢ < 2 nén
¢t —20¢® + 150¢% — 424¢ + 104 < 2¢3 — 203 + 300¢ — 424¢ + 104
= —18¢% — 124c¢ + 104
< —18¢% — 124 4 104
= —18¢% — 20
< 0.

Tu do ta co

2
6—c)’ 1
<( 40) +2) '(CQ+2):216+E<C_2)2 (¢* —20¢® 4 150¢” — 424c + 104)

< 216.

Bai toan duge chiing minh xong.

Dang thitc xay ra khi va chi khia=b=c=2. 1

Chéc han nhiéu ban thic mic: Sao phan tich gi ma khing thé?
Thuyec ra 1a minh dung lénh factor 6 trong Maple.

Vay néu trong phong thi thi lam thé nao? Minh trinh bay nhu sau:
Xét ham f(c) trén [1;2], trong d6

fle) = (@ + 2> (A +2).
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Ta co

f'le) = =2 <(6;C)2 +2> : (6;C> (A +2)+ <(6_46)2 +2) -2

G-c? \ (6 — ¢)(2 +2)
(e (o)

_ (@H)z.(c[(G—c>2+8]—2(6—c><c2+2>>.

(6—c)”+8

Vé6i phép phan tich nhu trén thi ching ta da gidm dugc lugng tinh toan rat nhiéu va chi can xét
dau cta ¢ [(6 — o)’ + 8] —2(6 — ¢)(c* 4+ 2) tren (1;2). Ta 6
c[(6—c)®+8] —2(6 —c)(c* +2) = 3(c* — 8¢* + 16¢ — 8)
=3(c—2)(c* — 6¢c+4)
=3(c—2)(c—3—5)(c—3+5)
>0, Vee(1,2).
Do d6 f'(¢) > 0,Vc € (1,2) nén ham f(c) dong bién tren [1;2], tit d6 suy ra
fle) < £(2) = 216,
Bai toan dugce chitng minh xong.
Ding thic xay ra khi va chi khia=b=c=2. 1
Céach 2:
Dat M = (a® + 2)(b* + 2)(c* + 2) ta c6
In M = In(a® + 2) + In(b* + 2) + In(c* + 2).
Via,b,c>1vaa+b+c=06nén1<a,b,c<4. Dungkithuat hée sé bat dinh, ta can chitng minh
v6i moi t € [1;4] thi
f() = +2) — (st +y) <0.

N b 2 Z 2 P 2
Dieu kién can de bat dang thic nay dang la f(2) = 0 va f/(2) = 0, tut d6 giai ra duge x = 3 va

In6 !

=1In6— .

’ 5 2 4

Diéu kien du: Xét ham s6 f(¢) = In(t* + 2) — §t —In6+ 3 tren [1;4].
. 2(t = 1)t —2) 3

Ta co f'(t) = 30+ 2) , f'(t) =0« t=1hoact = 2.

Ma f(t) lién tuc trén [1;4] va f(2) = max{f(1), f(2), f(4)} nén f(z) < f(2) =0.
Tu do, ta co .

InM = f(a) + f(b) + f(c) +§(a+b—l—0) +1n216 — 0

2 12
< §(a+b+c)+ln216—§
= In 216.

Suy ra M < 216. Bai toan dugc chiitng minh xong.
Ding thic xay ra khi va chi khia=b=c=2. 1
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Bai 24. Cho a, b, ¢ 1a céc s6 thuc duong. Tim gia tri 16n nhat ctia bicu thiic

8a+3b+4(\/_b+\/_+\/ﬁ)

P:
1+ (a+b+c)?

Chon HSG tinh, Thanh Hoa, 2014 - 2015

Loi giai
Nhan xét rang: theo AM — GM cho méau s6 (MS) thi ta ¢c6 MS > 2(a + b+ ¢), vay néu tit s6
. ) k
(TS) ta danh gia dugec T'S < k- (a + b+ ¢) (k la mot hang s0), thi khi d6 P < B va khé nang cao
k )
5 chinh la gia tri 16n nhat cta P. T6i gi khong thit nhi!

Nhin TS c6 cac biéu thitc chiita can, ma ta can danh gia né bé thua hodc bang k- (a + b+ ¢) nén ta
sé nghi ngay dén bat ding thitic AM — GM. Tuy nhién, ta chua di dodn duge dau bang khi nao,
nén ching ta sé gia sit dang thiic dat duge khi a = mb = nc, ta phai tim m va n.

St dung bat dang thic AM — GM, ta c6

B . a—l—bm
Vab = \/_\/ bm —zm’

bm +cn
Vbec = <
mn T = 2v/mn ’

1 b
Vabc = ——va - bm - cn<chL m—l—cn.
mn 3m

Twu do6 ta co

2 m 4dm n 4n
TS < I 2 24| — b 24/ —
S_(S—i— _m—l— )a—l—(?)—i- vm + ”n+33—mn> +(”m+33—mn)c

Dé TS <k-(a+0b+ c) thi ta phai c6

2 4
k:8—|—ﬁ+%_3+2\/_+2\/7 3\/_ \/> 3\/_ (1)

Ngoi trong phong thi ma gidi duge céi hé nay dé tim duge m, n thi... choi 6i chéic toi chét... Chu
v rang day la mot bai trong dé thi, ngudi ra dé sé ra sao cho sé c6 ngudi lam duge, nén kiéu gi
hé s6 m,n ciing 1a s6 dep chit n6 khong 1& toét duge. Do d6 m,n la sd phai sao cho may cai cin

Im |n . . . .
vm, /mn, A sé tinh ra so dep. Ta sé chi y den thang m hon vi né ¢6 mat trong ca 4

cai can, trong 4 cai can do c6 cai /m nén ta chi xét m = 1;4;9; 16; 25; ...
Néu m =1 thi

Jm 4m n .
3+2v/m+2 > 2 , khong thoa man dieu kién.
Néu m = 4, mudn cai /mn dep thi n = 2;16. Nhung v6i n = 2 thi cai \/n khong dep, nén n = 16.
Thay m = 4,n = 16 vao thay n6 hoan toan thdéa man (1). That may man!!!

Tuy rang suy luan khong hoan toan thuyét phuc, nhung cong thém chit may man két qua lai dude
nhu y. Trong viéc gi ciing vay, dam nghi, dam lam, thém chat may man thi thanh cong.
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Quay tré lai bai toan, v6i m = 4,n = 16 thi thay vao (1) ta duge k = 3 Nhu vay, sit dung déanh

gid ¢ doan dau ta sé c6
14

P < .
-2 3

MIP?‘

[\]

3



. 16 4 1
Dang thitc xay ra khi va chi khia+b+c:1,a:4b:16chaya:ﬁ,b:ﬁ,c:ﬁ.
14

Vay, gia tri 16n nhat cia P 13 3 [ |

Bai 25. Cho z,y, 2 1a cac sd thuc duong thoéa man xy + yz + zx = 2xyz. Chiing minh rang:

T Y z
< 1.
\ 24222 + 2y2 + \/22:2352 + xyz + \/2x2y2 +xyz —

Chon HSG tinh, Gia Lai, 2014 - 2015

Loi gidi

1 L ez N
¢ = — thi ta c6 a,b,c > 0 va a+ b+ ¢ = 2. Bat dang thic can ching

1 1
bat a = —,b = —,
x Yy z

minh tuong duong

bc ca ab
+ + <1
V2a+bc 2b+ca 2c+ ab
Stt dung bat dang thitc AM — GM, ta c6

bc be
V2a+bc  \/la+b+c)a+be
B bc
(a+b)(a+c)

Tuong tu, ta thu duge

Cong vé v6i vé cac bat dang thiic trén, ta thu dugc

VT<ab 1 L+ 1 +bc 1 n 1 +ca 1 N 1
~— 2 \c+a c+b 2 \a+b a+c 2 \b+c b+a

_l(ab%—bc ab + ca bc—l—ca)

a—+c + c+b + a-+b

2
_atb+tc
2
=1.
Bai toan dugc chiing minh xong.
2 P . 2 3
Déngthﬁcxéyrakhivachikhla:b:c:ghayx:y:z:§. [ |
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Bai 26. Cho z,¥, 2 1a cic s6 thuc duong théa man diéu kien z < 1,y < 2 va z+y+ 2 = 6. Chiing
minh ring
(x+1)(y+1)(z+1) > dayz.

Dé thi chuyén hé ldp 10, THPT Chuyén Su pham, 2014 - 2015

Loi gidi
Bat déng thiic can chiing minh tuong duong véi

r+y+z+ay+yz+ze+1>3xyz,

hay

7T+2(6—2)+2zy(l—32)>0.
Vie<l, y<2nénz>3,ticlal—-32<0va3dz—5>0.
St dung bat dang thitc AM — GM, ta c6

(22 +y)?

(1+z+y)? _ (7—2)2.

<
- 8 8

1

Do do

7+46—@+wm1—%)27+46—d+«7;@?1—%)

_ %(z _3)(7T— 2)(32 — 5)
:é( _3) (142 +y)(32 —5)
> 0.

Bai toan dugce chiing minh xong.
Dang thitc xay ra khi va chikhiz =1,y =2,2=3.

Bai 27. Cho cac s6 thuc duong a, b, ¢ thdéa man a + b+ ¢ = 1. Chiing minh ring

14+a 140 1+c§2(a b c)'

l—a 1—-b 1-—c ptety

Chon doi tuyén Olympic Todn dp 10 vong 1, Chuyén Nguyén Du, 2014 - 2015

Li gidi

Cach 1:
St dung bat dang thitc Cauchy — Schwarz ta c6

a b c¢_ (a+b+c)
-+ -4-> ——.
b ¢ a ab+bc+ ca

Mait khac, ta co

l14a 14b 14¢ a+b+c+a a+b+c+b a+b+cH+ec
= - —-
l—a 1—-b 1-c¢ b+c a+c a—+b

a b c
=2 + + + 3.
b+c c+a a—+bd

Do d6, ta quy bai toan vé chitng minh bat dang thiic manh hon la

(a—i—b—l—c)2> o b L€ +3
ab+bc+ca " b+c cH+a a+b 2
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Dé ¥ ring

(a—l—b—l—c)2 g _ (a—b)Q—ir(1)—0)2—|—(c—a)2

ab+bc+ca 2(ab + be + ca) ’
a b c 3 (a —b)? (b—c)? (c—a)?
+——+——+--3= + :
b+c c+a a+b 2 2@+c)(b+c)  2a+b)(a+c) 2(b+c)(b+a)

Do d6 ta can phai chiing minh

S.(a—b)*>+ S,(b—¢)* + Sy(c —a)® > 0,

trong do
(S B 1 1 _ a? -0
“ " 2(ab+betca) 20a+b)(atc)  2(ab+betca)(b+c)(a+b) T
1 1 b?
Sy = — = >0
2(ab+bc+ca) 2(b+c)(b+a) 2(ab+bc+ca)(b+c)(b+a)
5 _ 1 B 1 _ c? =0
LY 2(ab+bec+ca) 2c+a)(c+b)  2(ab+be+ca)(c+a)(c+b) T

Vay béat dang thic cudi luon ding, bai toan duge chiing minh xong.
Dang thitc xay ra khi va chi khia=b=c=-. B

3
Cach 2:
Theo cach 1, ta quy bai toan vé chitng minh bat dang thiic manh hon la

(a+b+c)2> & b L€ +3
ab+bc+ca " b4+c c+a a+b 2

Nhan hai vé v6i ab + bc + ca, ta can ching minh

a N b i c
b+c c+a a-+b

1 1<1 1) .
<-(—-—4+-—-],taco
+y 4 \x vy

b 1 1 1
(ab+ be + ca) [ —2— + S ) =P+ A+ abe + +
b+c c¢c4+a a+b b+c c4+a a+b

9 .9 o abc/1 1 1 1 1 1
<a“+b"+c+ — _+E+E+E+_+_

(a+b+c)22(ab+bc+ca)( )+;(ab—|—bc+ca).

St dung bat ding thic quen thuoc
x

4 \b a b
:a2+b2+62+ab+b;+ca.
Tu do suy ra
VPSa2+b2+02+w+g(ab+bc+ca)
=(a+b+c)
D6 chinh 13 diéu can chting minh.
Dang thitc xay ra khi va chi khia=b=c= % |



Bai 28. Cho a,b, c,d 1a cac s6 thiyc duong théa man a + b + ¢ + d = 4. Chiing minh ring

(a+ VB (Ve | (VA (d+ V)
vaz—ab+b VB2 —bc+c2 VR —cd+d? VA —ad+a®

P = 16.

Dé thi khdo sdat doi tuyén ldp 10 vong 2, Chuyén KHTN, 2014 - 2015

Loi gias
b2 _b2 b2
Tacéaz—ab+b2:(a—z ) +3(a4 ) z(az) va (a+vb)? < (a+b)(a+ 1) nén
(a + Vb)?
—— < 2(a+1).
vaz—ab+b* (a+1)

Thiét lap ba biéu thic con lai, sau dé cong vé v6i vé va chit ¥ a + b+ ¢ + d = 4 ta thu ngay duge
diéu phéai chitng minh.
Ding thic xay ra khi vichi khia=b=c=d=1. 1

Bai 29. Cho z,y, z 1a cac s6 thyc duong. Chiing minh:

@+£)Q+y>@+z>22+zzigiz
Yy Z x Yz

Chon doi tuyén du thi Olympic 30-4 16p 10, tinh Binh Thuan, 2014 - 2015

Loi gidi
Bét dang thic can chitng minh tuong duong véi

x Z x z T+y—+z
(_+%+_)+(_+%+-) o tHUtE
Yy oz T z Ty Jryz

St dung bat dang thic AM — GM, ta c6

x oz oz 4 22 3z
— =+ =230 == )
Yy T Ty Jxyz
2
g+£+§2331‘_: 3[L”
zZ Yy oy Yz Jxyz
2 3
ELY L Y g8V 3y
r z Zz xrz Jryz

D A—
y+z+x_ Fryz

Tt d6 cong vé véi vé hai bat déng thic trén ta thu duge diéu phai chiing minh.
Ding thitc xay ra khi vi chi khiz =y = 2. B
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Trong qua trinh I1am khéng tranh khéi sai sét, rAt mong nhan dugc phan hdi tir ban doc gﬁn xa dé
tai liéu dugc hoan thién hon. Moi y kién déng gbp xin gi vé hom thu: liltee.spvl@gmail.com. Xin trén
trong cam on.

Tang Hai Tuan
Lil.Tee
http://tanghaituan.com

http://ask.fm/TangHaiTuanVLPT
https://facebook.com/tanghaituan.vipt
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Tai lisu
[1] Dé thi dugc lay tai chuyen muc Thi HSG cap Tinh, Thanh pho. Olympic 30-4. Dé thi va kiém
tra doi tuyén cdc cap ctia Dién dan toan hoc http://diendantoanhoc.net.
2] Vo Qubc Ba Can, Loi gidi va binh ludn dé thi Olympic qua cdc ndam, Bai 51 trang 20.

3| http://www.artofproblemsolving.com/Forum/viewtopic.php?p=3712545#p3712545
p p g pic.phprp p
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