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Introduction

This book is intended for the Mathematical Olympiad students who wish to pre-
pare for the study of inequalities, a topic now of frequent use at various levels
of mathematical competitions. In this volume we present both classic inequalities
and the more useful inequalities for confronting and solving optimization prob-
lems. An important part of this book deals with geometric inequalities and this
fact makes a big difference with respect to most of the books that deal with this
topic in the mathematical olympiad.

The book has been organized in four chapters which have each of them a
different character. Chapter 1 is dedicated to present basic inequalities. Most of
them are numerical inequalities generally lacking any geometric meaning. How-
ever, where it is possible to provide a geometric interpretation, we include it as
we go along. We emphasize the importance of some of these inequalities, such as
the inequality between the arithmetic mean and the geometric mean, the Cauchy-
Schwarz inequality, the rearrangement inequality, the Jensen inequality, the Muir-
head theorem, among others. For all these, besides giving the proof, we present
several examples that show how to use them in mathematical olympiad prob-
lems. We also emphasize how the substitution strategy is used to deduce several
inequalities.

The main topic in Chapter 2 is the use of geometric inequalities. There we ap-
ply basic numerical inequalities, as described in Chapter 1, to geometric problems
to provide examples of how they are used. We also work out inequalities which
have a strong geometric content, starting with basic facts, such as the triangle
inequality and the Euler inequality. We introduce examples where the symmetri-
cal properties of the variables help to solve some problems. Among these, we pay
special attention to the Ravi transformation and the correspondence between an
inequality in terms of the side lengths of a triangle a, b, ¢ and the inequalities
that correspond to the terms s, r and R, the semiperimeter, the inradius and the
circumradius of a triangle, respectively. We also include several classic geometric
problems, indicating the methods used to solve them.

In Chapter 3 we present one hundred and twenty inequality problems that
have appeared in recent events, covering all levels, from the national and up to
the regional and international olympiad competitions.



vi Introduction

In Chapter 4 we provide solutions to each of the two hundred and ten exer-
cises in Chapters 1 and 2, and to the problems presented in Chapter 3. Most of
the solutions to exercises or problems that have appeared in international math-
ematical competitions were taken from the official solutions provided at the time
of the competitions. This is why we do not give individual credits for them.

Some of the exercises and problems concerning inequalities can be solved us-
ing different techniques, therefore you will find some exercises repeated in different
sections. This indicates that the technique outlined in the corresponding section
can be used as a tool for solving the particular exercise.

The material presented in this book has been accumulated over the last fif-
teen years mainly during work sessions with the students that won the national
contest of the Mexican Mathematical Olympiad. These students were develop-
ing their skills and mathematical knowledge in preparation for the international
competitions in which Mexico participates.

We would like to thank Rafael Martinez Enriquez, Leonardo Ignacio Martinez
Sandoval, David Mireles Morales, Jestis Rodriguez Viorato and Pablo Soberén
Bravo for their careful revision of the text and helpful comments for the improve-
ment of the writing and the mathematical content.
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Chapter 1

Numerical Inequalities

1.1 Order in the real numbers

A very important property of the real numbers is that they have an order. The
order of the real numbers enables us to compare two numbers and to decide which
one of them is greater or whether they are equal. Let us assume that the real
numbers system contains a set P, which we will call the set of positive numbers,
and we will express in symbols z > 0 if = belongs to P. We will also assume the
following three properties.

Property 1.1.1. Every real number x has one and only one of the following prop-
erties:

() z=0,
(ii) z € P (that is, x > 0),

(iii) —x € P (that is, —x > 0).

Property 1.1.2. Ifz,y € P, thenx+y € P (in symbolsx >0,y > 0= x4y > 0).

Property 1.1.3. If z, y € P, then xy € P (in symbols x >0, y > 0= a2y > 0).

If we take the “real line” as the geometric representation of the real numbers,
by this we mean a directed line where the number “0”has been located and serves
to divide the real line into two parts, the positive numbers being on the side
containing the number one “1”. In general the number one is set on the right hand
side of 0. The number 1 is positive, because if it were negative, since it has the
property that 1 -z = x for every =, we would have that any number z # 0 would
satisfy x € P and —x € P, which contradicts property 1.1.1.

Now we can define the relation a is greater than b if a — b € P (in symbols
a > b). Similarly, a is smaller than b if b —a € P (in symbols a < b). Observe that
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a < b is equivalent to b > a. We can also define that a is smaller than or equal to
bif a < bor a="> (using symbols a < b).

We will denote by R the set of real numbers and by R™ the set P of positive
real numbers.

Example 1.1.4. (i) Ifa < b and c is any number, then a + ¢ < b+ c.
(ii) Ifa < b and ¢ > 0, then ac < be.

In fact, to prove (i) we see that a+c<b+ce (b+¢)—(a+c¢) >0 &
b—a>0< a<b To prove (ii), we proceed as follows: a < b= b—a > 0 and
since ¢ > 0, then (b — a)c > 0, therefore bec — ac > 0 and then ac < be.

Exercise 1.1. Given two numbers a and b, exactly one of the following assertions
is satisfied, a = b, a > b or a < b.

Exercise 1.2. Prove the following assertions.
(i) a<0,b<0=ab>0.

(ii) a<0,b>0=ab<0.

(iii) a<b,b<c=a<ec.

(iv) a<bec<d=a+c<b+d.
)

(v) a<b=—-b< —a.
: 1
(vi) a>0:a>0.
" 1
(vii) a<O:>E<0.
(viii) a>0,b>0:>%>0.
(ix) 0<a<b 0<c<d= ac<bd.
(x) a>1=a%>a.
(xi) 0<a<l=a®<a.
Exercise 1.3. (i) If a >0, b > 0 and a® < b?, then a < b.
(ii) If b > 0, we have that § > 1 if and only if a > b.
The absolute value of a real number z, which is denoted by |z|, is defined as

T if x>0,
2| = .
—x ifz <O.

Geometrically, |z| is the distance of the number 2 (on the real line) from the origin
0. Also, |a — b| is the distance between the real numbers a and b on the real line.
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Exercise 1.4. For any real numbers z, a and b, the following hold.
(i) |x| > 0, and is equal to zero only when x = 0.
(i)
(iii) |z|* = 22
) |abl = Ial |b|

|—| = ||

(iv

‘b‘— , with b # 0.

Proposition 1.1.5 (Triangle inequality). The triangle inequality states that for any
pair of real numbers a and b,

la +b] < la| +1b].
Moreover, the equality holds if and only if ab > 0.
Proof. Both sides of the inequality are positive; then using Exercise 1.3 it is suffi-
cient to verify that |a + b]> < (|a| + |b])*:
la+ b = (a+b)? = a® +2ab + b = |a]* + 2ab + |b]* < |a|* + 2 |ad] + [b]°
= lal* +2|a| o] + 8] = (|a| + [8])* .
In the previous relations we observe only one inequality, which is obvious since

ab < |ab|. Note that, when ab > 0, we can deduce that ab = |ab| = |al|b|, and then
the equality holds. O

The general form of the triangle inequality for real numbers x1, xo, ..., z,,
is
lz1 + 22 4+ o] < 2] + 22|+ F |20l

The equality holds when all x;’s have the same sign. This can be proved in a similar
way or by the use of induction. Another version of the last inequality, which is
used very often, is the following:

|21 £ a2+ x| < |ag| + |22+ + |20
Exercise 1.5. Let z, y, a, b be real numbers, prove that
(i) |z|<be —b<az <b,
(i) lla| = [bl] < |a —b],
(iii) 22 + 2y +y% >0,
(iv) >0,y >0=22—ay+y?>0.
Exercise 1.6. For real numbers a, b, ¢, prove that

la| + 6] + |c| = |a+b| = [b+¢| —|c+a|l+ |a+b+c| > 0.
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Exercise 1.7. Let a, b be real numbers such that 0 < a < b < 1. Prove that

b—a
<1

1—ab~ "’

a b

<1
1+b+1—|—a_

(i) 0<

(i) 0<

1
(iii) 0 < ab® — ba? < 1

Exercise 1.8. Prove that if n, m are positive integers, then 7 < V2 if and only if
\/5 < M.

m-+n

Exercise 1.9. If a > b, z > y, then ax + by > ay + bz.

Exercise 1.10. If z, y > 0, then ./f/—z + 4/ 1/372 > VT + /Y.

Exercise 1.11. (Czech and Slovak Republics, 2004) Let a, b, ¢, d be real numbers
with a + d = b + ¢, prove that

(a=b)c=d)+(a—c)b—d)+ (d—a)(b—c) > 0.

Exercise 1.12. Let f(a,b,c,d) = (a — b)> + (b — ¢)®> + (¢ — d)? + (d — a)?. For
a < b < c < d, prove that

fla,e,b,d) > f(a,b,c,d) > f(a,b,d,c).

Exercise 1.13. (IMO, 1960) For which real values of x the following inequality
holds:

42
x _ <20 +97

(1—-+v1+2x)

Exercise 1.14. Prove that for any positive integer n, the fractional part of v/4n2 + n

is smaller than §.

Exercise 1.15. (Short list IMO, 1996) Let a, b, ¢ be positive real numbers such
that abc = 1. Prove that
ab n be n ca <1
a® +b>+ab B+ +be PHadtca T

1.2 The quadratic function ax? + 2bx + c

One very useful inequality for the real numbers is 22 > 0, which is valid for any
real number z (it is sufficient to consider properties 1.1.1, 1.1.3 and Exercise 1.2
of the previous section). The use of this inequality leads to deducing many other
inequalities. In particular, we can use it to find the maximum or minimum of a
quadratic function az? 4 2bx + c. These quadratic functions appear frequently in
optimization problems or in inequalities.
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One common example consists in proving that if a > 0, the quadratic function
o?

a

az? + 2bx + ¢ will have its minimum at = = —g and the minimum value is ¢ —
In fact,

9 9 b b? b>
ar® +2br+c=a x+2—x+—2 +c— —
a a a

b\ > b2
=a<x+> +c——.
a a

Since (x + 2) > 0 and the minimum value of this expression, zero, is attained
when x = —g, we conclude that the minimum value of the quadratic function is
62
c— .
a

b

If a < 0, the quadratic function az?+2bz+c will have a maximum at z = — .

2
and its value at this point is ¢c— %. In fact, since ax?4+2bx+c=a (x + g) +c— %

and since a (z + 2)2 < 0 (because a < 0), the greatest value of this last expression

is zero, thus the quadratic function is always less than or equal to ¢ — % and

assumes this value at the point x = —g.

Example 1.2.1. If x, y are positive numbers with x + y = 2a, then the product xy
is maximal when r =y = a.

If z +y = 2a, then y = 2a — x. Hence, vy = x(2a — ) = —22 + 2az =
—(z — a)? + a? has a maximum value when z = a, and then y = x = a.

This can be interpreted geometrically as “of all the rectangles with fixed
perimeter, the one with the greatest area is the square”. In fact, if z, y are the
lengths of the sides of the rectangle, the perimeter is 2(x 4+ y) = 4a, and its area
is ¢y, which is maximized when x =y = a.

Example 1.2.2. If z, y are positive numbers with xy = 1, the sum x+ 1y is minimal
when x =y = 1.
2
If zy = 1, then y = L. It follows that z + y = 2 + 1 = (ﬁ—ﬁ) + 2,
and then x + y is minimal when /z — % = 0, that is, when = = 1. Therefore,
r=y=1.

This can also be interpreted geometrically in the following way, “of all the
rectangles with area 1, the square has the smallest perimeter”. In fact, if x, y are
the lengths of the sides of the rectangle, its area is xy = 1 and its perimeter is

2
20z+y) =2 (x + %) =2 { (\f _ ﬁ) + 2} > 4. Moreover, the perimeter is 4 if

and only if \/z — ﬁ =0, that is, when z =y = 1.

Example 1.2.3. For any positive number x, we have x + % > 2.
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2
Observe that x + % = (\f — ﬁ) + 2 > 2. Moreover, the equality holds if

and only if \/z — ﬁ =0, that is, when x = 1.

Example 1.2.4. Ifa, b > 0, then § + g > 2, and the equality holds if and only if
a="b.

It is enough to consider the previous example with x = .

Example 1.2.5. Given a, b, ¢ > 0, it is possible to construct a triangle with sides
of length a, b, c if and only if pa® + qb® > pqc? for any p, q with p+q = 1.

Remember that a, b and ¢ are the lengths of the sides of a triangle if and
onlyifa+b>c,a+c>band b+c > a.
Let

Q = pa® + gb* — pgc® = pa® + (1 = p)b* — p(1 — p)¢® = p° + (@ = b* — A )p+ b7,
therefore Q is a quadratic function® in p and

Q>0 & Az[(az—b2—02)2—4b202}<0
& [az—b2—02—2bc] [az—b2—62—|—2bc]<0
& [@®—(b+e)?[a®—(b-0e)? <0
< Ja+b+cla—b—cla—b+c]la+b—c <0
< [b+c—dllc+a—blla+b—c]>0.

Now, [b+c—al][c+a—b][a+b—c] > 0 if the three factors are positive or if one of
them is positive and the other two are negative. However, the latter is impossible,
because if [b+ ¢ —a] < 0 and [c + a — b] < 0, we would have, adding these two
inequalities, that ¢ < 0, which is false. Therefore the three factors are necessarily
positive.

Exercise 1.16. Suppose the polynomial ax? + bx + ¢ satisfies the following: a > 0,
a+b+c>0,a—b+c>0,a—c>0and b?> — 4ac > 0. Prove that the roots are
real and that they belong to the interval —1 < x < 1.

Exercise 1.17. If a, b, ¢ are positive numbers, prove that it is not possible for the
inequalities a(1 — b) > 1, b(1 —¢) > 1, ¢(1 — a) > 1 to hold at the same time.

1A quadratic function az? + bz + ¢ with a > 0 is positive when its discriminant A = b2 — 4ac
2
is negative, in fact, this follows from ax? + bz + ¢ = a(x + %)2 + %. Remember that the

bdn/b2—
roots are W, and they are real when A > 0, otherwise they are not real roots, and
then az? 4 bx 4 ¢ will have the same sign; this expression will be positive if a > 0.
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1.3 A fundamental inequality,
arithmetic mean-geometric mean
The first inequality that we consider, fundamental in optimization problems, is

the inequality between the arithmetic mean and the geometric mean of two non-
negative numbers a and b, which is expressed as

= ; b> Vab, (AM-GM).

Moreover, the equality holds if and only if a = b.
The numbers QTer and vab are known as the arithmetic mean and the ge-
ometric mean of a and b, respectively. To prove the inequality we only need to

observe that

a—2|—b_\/a—_a+b22\ﬁ 1(\/_ \[>

And the equality holds if and only if \/a = v/b, that is, when a = b.
Exercise 1.18. For x > 0, prove that 1 + = > 2,/z.

Exercise 1.19. For z > 0, prove that = + % > 2.

Exercise 1.20. For z, y € RT, prove that z2 + y? > 2xy.

Exercise 1.21. For z, y € RT, prove that 2(x2 + y2) > (z+y)~

. + 1 1 4
Exercise 1.22. For z, y € R™, prove that y > m_y
Exercise 1.23. For a, b, v € R, prove that az + 2 > 2V/ab.

Exercise 1.24. If a, b > 0, then 3 + g > 2.

Exercise 1.25. If 0 < b < a, then %(a_ab) a‘“’ —Vab < 1 (a=b)” b)2

Now, we will present a geometric and a Vlsual proof of the following inequal-
ities, for =, y > 0,

[\
&
<

< /iy < ; . (1.1)
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8 Numerical Inequalities

Let = BD, y = DC and let us construct a semicircle of diameter BC =
x + y. Let A be the point where the perpendicular to BC in D intersects the
semicircle and let E be the perpendicular projection from D to the radius AO.
Let us write AD = hand AE = g. Since ABD and C'AD are similar right triangles,
we deduce that

—== then h=/xy.

Also, since AOD and ADFE are similar right triangles, we have

/T 2 2
L: at+y’ then g = Y = .
vIy z+y <;+;>

z |y

Finally, the geometry tells us that in a right triangle, the length of one leg is
always smaller than the length of the hypotenuse. Hence, g < h < mTﬂﬂ which can
be written as

l_’_lﬁ\/l"yﬁi
z Yy

r+y
5

The number ﬁ is known as the harmonic mean of  and y, and the left inequality
z Y

in (1.1) is known as the inequality between the harmonic mean and the geometric
mean.

Some inequalities can be proved through the multiple application of a simple
inequality and the use of a good idea to separate the problem into parts that are
easier to deal with, a method which is often used to solve the following exercises.

Exercise 1.26. For z, y, 2 € RT, (z +y)(y + 2)(z + z) > 8zyz.

Exercise 1.27. For z, y, z € R, 22 + y? + 22 > a2y + yz + 2.

Exercise 1.28. For z, y, 2 € RT, zy + yz + 22 > T\ Yz + Yy 2x + 2,/TY.
Exercise 1.29. For z, y € R, 22 + > + 1 > zy + 2 + v.

; + 1,1, 15 1 o 1 1
Exercise 1.30. For z, y, z € R ,m—l—y—i—zz my—i—\/ﬁ—f—\/ﬁ,

Exercise 1.31. For z, y, z € RY, Z 4 £= 4 Exartytaz

Exercise 1.32. For 2, y, z € R, 2% + % 4+ 22 > 2/y% + 22 + yva? + 22.

The inequality between the arithmetic mean and the geometric mean can
be extended to more numbers. For instance, we can prove the following inequa-
lity between the arithmetic mean and the geometric mean of four non-negative
numbers a, b, ¢, d, expressed as ‘”’Zﬂ > v/abed, in the following way:

a+b+c+d 1 fa+b c+d 1
_ = — > —
4 2( 2 T >—2<“ab+“0d>
> \/VabVed = Vabed.
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1.3 Arithmetic mean-geometric mean 9

Observe that we have used the AM-GM inequality three times for two numbers
in each case: with a and b, with ¢ and d, and with v/ab and ved. Moreover, the
equality holds if and only if a = b, ¢ = d and ab = cd, that is, when the numbers
satisfy a =b=c=d.

Exercise 1.33. For z, y € R, 2% + y* + 8 > 8zy.
Exercise 1.34. For a, b, ¢, d€ RT, (a+b+c+d) (2 +1+1+ 1) >16.
Exercise 1.35. For a, b, c, d € RT, ¢ 42 4+ ¢4 d >4

A wuseful trick also exists for checking that the inequality %b*c > abe
is true for any three non-negative numbers a, b and c. Consider the following
four numbers a, b, ¢ and d = Vabe. Since the AM-GM inequality holds for four
numbers, we have &HFetd > Jghed = Vd3d = d. Then atbie > ¢ — 1d = 34.
Hence, %b“ >d= Vabe.

These ideas can be used to justify the general version of the inequality for n

non-negative numbers. If ay,as,...,a, are n non-negative numbers, we take the
numbers A and G as

ar+az+---+an
n

A:

and G = Yaias---ay,.

These numbers are known as the arithmetic mean and the geometric mean of the
numbers a1, as, . .., a,, respectively.

Theorem 1.3.1 (The AM-GM inequality).

ay+az+---+an
n

First proof (Cauchy). Let P, be the statement G < A, for n numbers. We will
proceed by mathematical induction on n, but this is an induction of the following
type.

(1) We prove that the statement is true for 2 numbers, that is, P, is true.

> {airas - an.

(2) We prove that P, = P,_1.
(3) We prove that P, = Pa,.

When (1), (2) and (3) are verified, all the assertions P,, with n > 2 are shown
to be true. Now, we will prove these statements.

(1) This has already been done in the first part of the section.

(2) Letaq, ..., ap—1 be non-negative numbers and let g = »~y/ay---a,_1. Using
this number and the numbers we already have, i.e., a1, ..., a,—1, we get n
numbers to which we apply P,

a1+ +ap-1+g
n

> Yatayan—1g=Vg"l-g=g.
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10 Numerical Inequalities
We deduce that a;+- - +a,_1+9g > ng, and then it follows that % >
g, therefore P,,_1 is true.
(3) Let aq, ag, ..., as, be non-negative numbers, then
ar+ag+ -+ az, = (a1 +az) + (a3 + as) + - + (azn—1 + az2n)
>2 (\/alag ++vasag + -+ \/a2n_1a2n)

> 2n (arazy/azaq - -+ \/azn—1a2n)

=2n(ajaz-- ~agn)ﬁ .

3=

We have applied the statement P, several times, and we have also applied the

statement P, to the numbers /ajas, \/asaq, ..., \/Gon_1G2,. O

Second proof. Let A = “t=4en We take two numbers a;, one smaller than A
and the other greater than A (if they exist), say a1 = A — h and ay = A+ k, with
h, k> 0.

We exchange a; and as for two numbers that increase the product and fix
the sum, defined as

af=A, ab=A+k—h

Since af +ah =A+A+k—h=A—-h+ A+k=a1+ ay, clearly o} + a} + az +
coda, =a;+as+az+---+ay, but ajay, = A(A+k—h) = A%+ A(k — h) and
araz = (A+k)(A—h) = A2+ A(k — h) — hk, then a}al, > ajas and thus it follows
that afabas - - a, > ajazas - - - ap.

If A=a} =a=a3 =--- = ay,, there is nothing left to prove (the equality
holds), otherwise two elements will exist, one greater than A and the other one
smaller than A and the argument is repeated. Since every time we perform this
operation we create a number equal to A, this process can not be used more than
n times. O

Example 1.3.2. Find the mazimum value of (1 — %) for 0 <z < 1.

The idea of the proof is to exchange the product for another one in such
a way that the sum of the elements involved in the new product is constant. If
y = x(1 — %), it is clear that the right side of 3y® = 323(1 — 23)(1 — 23)(1 — 23),
expressed as the product of four numbers 323, (1 —2?), (1 —2?%) and (1 —2?), has
a constant sum equal to 3. The AM-GM inequality for four numbers tells us that

3% < <3x3 +3il —x3)>4 _ (%)4'

Thus y < \3%. Moreover, the maximum value is reached using 322 = 1 — 23, that

'S

is, if x = -

N
iy



1.3 Arithmetic mean-geometric mean 11
Exercise 1.36. Let ©; > 0,7 =1,...,n. Prove that

11 1 )
(z1 + @2+ + 1) proin bl SEEES S
1

€2 Tn

Exercise 1.37. If {a1,...,a,} is a permutation of {by,...,b,} C RT, then

Exercise 1.38. If a > 1, then a™ — 1 > n (cznT+1 — a%)
Exercise 1.39. If a, b, ¢ > 0 and (1 + a)(1 +b)(1 + ¢) = 8, then abc < 1.

Exercise 1.40. If a, b, ¢ > 0, then % + % + % > ab+ bc + ca.

Exercise 1.41. For non-negative real numbers a, b, ¢, prove that
a?b? + b*c* 4 c*a® > abe(a + b+ c).
Exercise 1.42. If a, b, ¢ > 0, then
(a2b + b2+ cQa) (ab2 +bc? + ca2) > 9a%b%c2.
Exercise 1.43. If a, b, ¢ > 0 satisfy that abc = 1, prove that

14+ab 1+4bc 1—|—ac>3
14+a 1+0 14+¢ =

Exercise 1.44. If a, b, ¢ > 0, prove that
1 1 1 1 1 1 9

s + - > :

a b ¢ a+b b+c c+a a+b+c

Exercise 1.45. If H, =1+ % + -+ %, prove that

n(n—i—l)% <n+H, for n>2.

Exercise 1.46. Let x1, a2, ..., x, > 0 such that 1+1x1 4+ 4 1+1x = 1. Prove that

n

T1Ta - Ty > (R —1)

Exercise 1.47. (Short list IMO, 1998) Let aq, aq, ..., a, be positive numbers with
a1 +ag +---+a, < 1, prove that

a1az - an [l — (a1 + a2+ -+ ap)] < 1
(a1 +ag+-+ap)(1—a1)(1—az) (1 —ay) ~ nntl’
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12 Numerical Inequalities

NIRRT S —

Exercise 1.48. Let ay, ao, ..., a, be positive numbers such that TTa.

1. Prove that

1+a

1 1
>nn—1) — . )
Vai + -+ an > (n )<\/E+ +\/@>
Exercise 1.49. (APMO, 1991) Let aq, as, . . ., an, b1, ba, - .., by, be positive numbers

with a1 +as + -+ a, = by + by + -+ b,. Prove that
a? T a?
a1 + by an + by,

1
> (a1—|—~-~—|—an).

Exercise 1.50. Let a, b, ¢ be positive numbers, prove that

1 1 1 1
< —
a3+b3+abc+b3+c3+abc+c3+a3+abc = abc’

Exercise 1.51. Let a, b, ¢ be positive numbers with a + b+ ¢ = 1, prove that

1 1
(1+1) <_+1) <_+1) > 64
a b c
Exercise 1.52. Let a, b, ¢ be positive numbers with a + b+ ¢ = 1, prove that
E) ) ()=
a b c

Exercise 1.53. (Czech and Slovak Republics, 2005) Let a, b, ¢ be positive numbers
that satisfy abc = 1, prove that

a b c 3
+ + > —.
(a+1)b+1) (b+1)(c+1) (c+1)(a+1) 4
Exercise 1.54. Let a, b, ¢ be positive numbers for which 1+a + 1+b + 1+C =1.
Prove that
abc > 8.
Exercise 1.55. Let a, b, ¢ be positive numbers, prove that
2ab 2bc 2ca
+ + <a+b+ec
a+b b+c cHa
Exercise 1.56. Let a1, as, ..., an, b1, ba, ..., b, be positive numbers, prove that
ot i (a; + ;) 2 > 4n?
a;ib; ! - '

i=1 i=1
Exercise 1.57. (Russia, 1991) For all non-negative real numbers z, y, z, prove that

(z+y+2)>

3 > Yz + yvzx + z2y/1Y.
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1.4 A wonderful inequality 13

Exercise 1.58. (Russia, 1992) For all positive real numbers z, y, z, prove that
oyt 422> \/ga;yz.

Exercise 1.59. (Russia, 1992) For any real numbers x, y > 1, prove that

22 y?
> 8.
y—1+x—1_

1.4 A wonderful inequality:
The rearrangement inequality

Consider two collections of real numbers in increasing order,

ap <ap<---<a, and by <by <--- < by

For any permutation (af,aj,...,al) of (a1,as,...,a,), it happens that
airby + asby + - -+ + apb, > a’1b1—|—a’2b2—|—~-~—|—a;bn (12)
> apby + an—1ba + - + aiby. (1.3)
Moreover, the equality in (1.2) holds if and only if (@}, a}, ..., a),)= (a1, az2,...,an).

And the equality in (1.3) holds if and only if (a},a5,...,al) = (an, an-1,...,0a1).

'

Inequality (1.2) is known as the rearrangement inequality.

Corollary 1.4.1. For any permutation (a},a), ... al) of (a1,az,...,a,), it follows
that
a3+ a3+ +a2 > aja) +agay 4+ -+ anal,.

Corollary 1.4.2. For any permutation (a},dh, ... al) of (a1,as,...,a,), it follows
that

ay  dh al

— 4+ =4+ >0

al a9 Qp

Proof (of the rearrangement inequality). Suppose that by < by < --- < b,. Let

S:albl+a2b2+"'+arbr+"'+asbs+"'+anbn»
S = a1by + agby + - +agh, + -+ aybs + -+ apby.

The difference between S and S’ is that the coefficients of b, and b, where r < s,
are switched. Hence

S — 8" =a.b, + ashs — asb, — aybs = (bs — b)(as — a).

Thus, we have that S > S’ if and only if a; > a,. Repeating this process we get
the result that the sum S is maximal when a1 < ag < --- < q. O
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14 Numerical Inequalities

Example 1.4.3. (IMO, 1975) Consider two collections of numbers x1 < xg < -+ <
Ty and y1 < yo < -+ < y,, and one permutation (z1,22,...,2n) of (Y1,Y2, -+, Yn)-
Prove that

(w1 =g+ 4 (@ —yn)® < (@1 =20+ (= 2)”

By squaring and rearranging this last inequality, we find that it is equivalent

tO n n n n n n
fo — Qleyl—Fny < fo — Qinzi —|—Zz§,
i=1 i=1 i=1 i=1 i=1 i=1

but since Y i, y? = Yoy 22, then the inequality we have to prove turns to be
equivalent to

n n
E Tizi < E TiYi,
i—1 i=1

which in turn is inequality (1.2).

Example 1.4.4. (IMO, 1978) Let x1, xa, ..., x, be distinct positive integers, prove
that
AR S I IR
12 22 n2 =1 2 n’
Let (a1,az,...,a,) be a permutation of (x1,x2,...,x,) with a3 < ay <
-« < ay and let (by,be,...,b,) = (#,ﬁ7...,1%>; that is, b; = m for
t=1,...,n.
Consider the permutation (ay,as,...,a,) of (a1, az,...,a,) defined by a; =
ZTnt1—i, for i = 1,...,n. Using inequality (1.3) we can argue that
X1 X9 xX
§+§+-~-+n—;‘=a’1b1+a’2b2+~-~+a’nbn
> apbi + ap_1bo + -+ a1b,
zalbn+a2bn_1+-~-+anb1
aq a9 (07
= 1—2 + 2—2 + -+ ﬁ
Since 1 < a1, 2<as, ..., n < ap, we have that
T T2 Ty a1 as an 1 2 n 1 1 1
e L PO
12 22 n2 — 12 22 n?2 — 12 22 nZ2 1 2 n

Example 1.4.5. (IMO, 1964) Suppose that a, b, ¢ are the lengths of the sides of a
triangle. Prove that

a>(b+c—a)+b*(a+c—b)+c(a+b—c) < 3abe.
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Since the expression is a symmetric function of a, b and ¢, we can as-
sume, without loss of generality, that ¢ < b < a. In this case, a(b+c—a) <
bla+c—b)<cla+b—c).

For instance, the first inequality is proved in the following way:

alb+c—a)<bla+c—b) < ab+ac—a*<ab+bc—b?
& (a—bc<(a+b)(a—Db)
< (a—b)(a+b—1c)>0.

By (1.3) of the rearrangement inequality, we have

a*(b+c—a)+b*(c+a—b)+c*(a+b—c) < ba(b+c—a)+cb(c+a—b)+acla+b—c),
a*(b+c—a)+b*(c+a—b)+c*(a+b—c) < ca(b+c—a)+ablc+a—Db)+be(a+b—c).
Therefore, 2 [a?(b+ ¢ — a) + b*(c+a—b) + *(a+ b — c)] < 6abe.
(

Example 1.4.6. (IMO, 1983) Let a, b and c be the lengths of the sides of a triangle.
Prove that
a*bla — b) + b?c(b —¢) + *a(c —a) > 0.

Consider the case ¢ < b < a (the other cases are similar).

As in the previous example, we have that a(b+c—a) < b(a+c—b) < c(a+b—c)
and since % < % < %, using Inequality (1.2) leads us to

1a(b—l—c—a)—i—%b(c—i—a—b)—f—lc(a—l—b—c)
a c
> 1a(b—i—c—a)—l—lb(c—i—a—b)—i—%c(a—i—b—c).
c a

Therefore,

a(b—a) +b(c—b)+c(a—c)

a+b+c>
a b

+a+b+ec.

a(b—a)

It follows that + b(ca_b) + C(ab_ ©) < (. Multiplying by abe, we obtain

a®b(a —b) +b*c(b— ¢) + cta(c —a) > 0.

Example 1.4.7 (Cauchy-Schwarz inequality). For real numbers x1, ..., Tn, y1, - ..,
Yn, the following inequality holds:

(&) < (54) (5)

The equality holds if and only if there exists some A\ € R with x; = Ay; for all
i1=1,2,...,n
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Ifey=20=---=x,=00ry; =y =--- =1y, =0, the result is evident.
Otherwise, let S = /> 1 27 and T = /> .-, y?, where it is clear that S, T # 0.
Take a; = & and a,4; = % for i = 1,2,...,n. Using Corollary 1.4.1,

n 2 n 2 2n
2= E Ay E oY
i=1 i=1 i=1
> a1Qp+1 + a20p42 + -+ + anaon + apy1a1 + - 4 agnan
T1Y1 + T2y2 + -+ TplYn

=2
ST
The equality holds if and only if a; = a4, for i = 1,2,...,n, or equivalently, if
and only if z; = %yi fori=1,2,...,n.

Another proof of the Cauchy-Schwarz inequality can be established using
Lagrange’s identity

IR D SVEED 9) SRS
=1 i=1 i=1

i=1 j=1

The importance of the Cauchy-Schwarz inequality will be felt throughout the
remaining part of this book, as we will use it as a tool to solve many exercises and
problems proposed here.

Example 1.4.8 (Nesbitt’s inequality). For a, b, ¢ € RY, we have
a n b n c o 3
b+c c+a a+b =2

Without loss of generality, we can assume that a < b < ¢, and then it follows

that a +b<c+a<b+c and 5= < = < 5.

Using the rearrangement inequality (1.2) twice, we obtain

a b c b c a
+ + > + + ,
b+c¢c ¢c+a a+b " b+c cH+a a+b

a b c c a b

b—|—c+c—|—a+a—|—b* b—|—c+c—|—a+a—|—b'

a b c b+c c+a a+b
2 + + > + + =3.
b+c c+a a+b b+c c+a a+b

Another way to prove the inequality is using Inequality (1.3) twice,

Hence,

c+a a+b b+c
>3,

b+c c¢c+a a+b—

a+b b+e c—|—a>3

b+c+c+a+a+b_ '
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t 2a-+b+c + 2b+c+a + 2c+a+b

Then, after adding the two expressions, we get =%-7 i s

therefore

Y
o

2a 2b 2¢
+ + > 3.
b+c c+a a+bd

Example 1.4.9. (IMO, 1995) Let a, b, ¢ be positive real numbers with abc = 1.
Prove that

1 1 1
Bh+o) Bleta)  Bath)

l\JIOJ

Wlthout loss of generality, we can assume that ¢ < b < a. Let x = %, Y

and z = E’ thus

S

o 1 1 1
ad(b+c)  b(c+a) (a+Db)
N ¥ 3
B TR B
= = A
y z z x T Yy
22 y? 22

+ + .
y+z z+x T+Y

Since r <y < z, we can deduce that + +y < z+4+ 2 < y + z and also that
e v (1.2), we show that
2 2 2
T z x z zx
+ L4 > o v AT
y+z z4+zx zx+y y+z z+x x+Y
z? y? 22 Tz Yy 2y

+ + > + + )
y+z z4+zx zx+y y+z z+x x+Y

which in turn leads to 25 > =z 4+ y 4+ z > 3 3xyz = 3. Therefore, S > %
Example 1.4.10. (APMO, 1998) Let a, b, ¢ € RY, prove that

a b c at+b+ec
1+ - 1+ - 1+-)>211+——— ).
(+b><+c)<+a> <+ \/abc)
Observe that
a b c a+b+c
1+ )(1+-)(1+-)>2(14+ ——n—r
() (1+2) 1+ ) 22 (1 m)
b ¢ a c b a abc — Vabe
b ¢ a ¢ b_2a+b+c)

a
S Tttt > ——

b ¢ a ¢ b a~  Vabe
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Now we set a = 2%, b = 33, ¢ = 2. We need to prove that

3 +y3 43 3 3 3
Y33 B

. 2(x3+y3+z3)'
TYz

But, if we consider

(al,aQ,ag,a4,a5,a6)= <_7_7_7_7_a_
/ / / / / /
(a’l’a2’a3’a4’a57a6): (7777a)7

2 2 2 2 2 2
(Yt 2 a2y
(blab27b37b47b57b6)_ (y27227x2722ay2ax2>7

we are led to the following result:

3 3 3 3 3 3 2 2 2
22 2 g2 2 g2
Yz  zx  xYy Z yr Tz
_2(ar3+y3+z3)
TYz

Example 1.4.11 (Tchebyshev’s inequality). Let a3 < as <--- < ay, and by <bs <
- < by, then

a1by + agbs + - - - + a,by,

> ay+az+---+an

.b1—|—b2+"'—|—bn

n

n

n

Applying the rearrangement inequality several times, we get

arby + -+ apb, = a1by + agbs + - - - + anby,
arby + -+ apby > a1bs + asbhs + - - - + anby,
aiby + -+ anby > a1bs + agby + - - - + apba,
aiby + -+ anby, > a1, + agby + -+ apbp_1,

and adding together all the expressions, we obtain

narhy + - + anbn) > (a1 + -+ an) (b + - + b) -

The equality holds when a1 = a3y =---=a, or by =by =--- =b,.

Exercise 1.60. Any three positive real numbers a, b and c¢ satisfy the following
inequality:
a4+ b3 4 3 > a®b + b*c + a.
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1.4 A wonderful inequality 19

Exercise 1.61.
o3

Exercise 1.62.

Exercise 1.63.

Exercise 1.64.

Exercise 1.65.

Exercise 1.66.

Exercise 1.67.

Exercise 1.68.

R+, then

Exercise 1.69.

Any three positive real numbers a, b and ¢, with abc = 1, satisfy
+ 0%+ ¢ + (ab)® + (be)® + (ca)® > 2(a®b + bc + c*a).
Any three positive real numbers a, b and c¢ satisfy

a®> b?
Eta

n c? S b N c n a
a2 “a b c
Any three positive real numbers a, b and c¢ satisfy
1 1 1 _a+b+c

4>
a2+b2+c2* abe

If @, b and ¢ are the lengths of the sides of a triangle, prove that

a . b . c >3
b+c—a c+a—-b a+b—c

If a1, as, ..., ap, ERT and s =a; +as + -+ + a,, then

aq a9 Qp n
+ + -+ > .
s—ai S—aso s—anp n—1

Ifai, as, ..., an €ERT and s =a; +as + --- + an, then
5 S S n?
+ ot > .
s—ai S—as s—ap n—1
Ifai, as, ..., an €RT and a1 +ag + - - +a, =1, then
a a2 Qp n
+ ot :
2—a1 2—as 2—a,  2n-—1
(Quadratic mean-arithmetic mean inequality) Let x;, ..., 2, €

>

\/x%+x§+--~+x% T+ T+ -+ xy
n n '

For positive real numbers a, b, ¢ such that a +b+ ¢ = 1, prove that

1
ab+bec+ ca < 3

Exercise 1.70. (Harmonic, geometric and arithmetic mean) Let 21, ..., z, € RT,
prove that
n T+ T+ -+
1 1 1 S n\/xle"'xn S ! 2 n-
o + s + e+ . n

And the equalities hold if and only if 1 = 29 = -+ - = x,,.
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20 Numerical Inequalities

Exercise 1.71. Let a1, as, ..., a, be positive numbers with ajas - - - a, = 1. Prove
that
1 1 1
ai "t ral Tt Al > — o — e —
ai a2 2%
Exercise 1.72. (China, 1989) Let a1, ag, ..., a, be positive numbers such that

a1 +as +---+a, = 1. Prove that

aq a

n 1
Tt e 2 e (VAT V)

Exercise 1.73. Let a, b and ¢ be positive numbers such that a + b+ ¢ = 1. Prove
that

(i) Vda+1+V4b+ 14 4c+1 <5,
(i) v4a+ 1+ V4b+ 1+ Vic+ 1< V/21.

Exercise 1.74. Let a, b, ¢, d € R with ab + bc + cd + da = 1, prove that

a® b3 c? d3
b+c+d+a+c+d+a+b+d+a+b+c

1
> —.
-3
Exercise 1.75. Let a, b, ¢ be positive numbers with abc = 1, prove that

a b ¢

—+t-+-2>a+b+ec

b ¢ a

Exercise 1.76. Let x1, xo, ..., ©, (n > 2) be real numbers such that the sum of
any n—1 of them is greater than the element left out of the sum. Set s = Y .
Prove that

n

2
Z T s
k 2 .
s — 2xp n—2
k=1

1.5 Convex functions

A function f : [a,b] — R is called convex in the interval I = [a,b] if for any
t €10,1] and for all a <z < y < b, the following inequality holds:

fly+ 1 =t)z) <tf(y) + (1 —1)f(2). (1.4)

Geometrically, the inequality in the definition means that the graph of f
between z and y is below the segment which joins the points (z, f(z)) and (y, f(y)).
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1.5 Convex functions 21

In fact, the equation of the line joining the points (z, f(z)) and (y, f(y)) is
expressed as

L(s) = — ).
(5) = f(o) + L (s
Then, evaluating at the point s =ty + (1 — t)z, we get
fly) = f(=)

Lty + (1= t)) = fa) + =7 —
=tf(y)+ (1 —t)f (@)
Hence, Inequality (1.4) is equivalent to
Flty+ (1 —t)a) < Lty + (1 — t)a).

Proposition 1.5.1. (1) If f is convez in the interval [a,b], then it is convezr in
any subinterval [x,y] C [a,b].

(2) If f is convex in [a,b], then for any x, y € [a,b], we have that

T+y 1
r(55Y) = 50@+ s, (1.5
(3) (Jensen’s inequality) If f is convez in [a,b], then for any t1, ..., t, € [0,1],
with Y, t; =1, and for x1, ..., x, € [a,b], we can deduce that

flrmy + - +taxn) <tif(x1) + - + taf(Tn).
(4) In particular, for x1, ..., xn € [a,b], we can establish that

i (u) <Lt + o+ f).

n n
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Proof. (1) We leave the proof as an exercise for the reader.
(2) It is sufficient to choose t = 1 in (1.4).

(3) We have
t tn—
F by o twn) = F((L = t) ({21 b T 1) + )
31 ln—1 .
<(L—tn)f T3 Ty + -+ T2 ZTn-1 | +tnf(xn), by convexity
t 25 . .

<(1—tp) {ﬁf(xl) +o 4 1 —tl f(a:n_l)} + tn f(2n), by induction

= tlf(xl) +oo tnf(xn)

(4) We only need to apply (3) using t1 =ty =+ =t, = % O

Observations 1.5.2. (i) We can see that (4) holds true only under the assumption
that f satisfies the relation f (mQﬂ) < w for any z, y € [a,b)].

(ii) We can observe that (3) is true for ti, ..., t, € [0,1] rational numbers, only
under t[he Tondition that f satisfies the relation f (%ﬂ’) < w for any
z, y € la,b|.

We will prove (i) using induction. Let us call P, the assertion

PP < ) e )

n
for z1, ..., &, € [a,b]. It is clear that P, and P; are true.

Now, we will show that P, = P,_;.

Let 1, ..., ,, € [a,b] and let y = % Since P, is true, we can

establish that

f<x1+-~-+xn1+y
n

) < %f(xl) + -+ %f(xnfl) + %f(y)-
But the left side is f(y), therefore n- f(y) < f(x1) + -+ + f(zn_1) + f(y), and

F) € —— (f @)+ + f(wn ).

n—1
Finally, we can observe that P, = Ps,.

Let D = f<$1+~-+mn+zn+1+“-+m2n> — f(m)7 where u — w and

2n 2

Tpt1t-+Ton
—_—

Since f (%42) < L(f(u) + f(v)), we have that
D < 30+ ) = 5 (£ (T p (T )

n n

v =

(f () +- 4 flon) + f(@ngr) + - + f22n))
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where we have used twice the statement that P, is true.

mutfen) <

To prove (ii), our starting point will be the assertion that f (£

L(f(x) 4+ fzn)) for 1, ..., x, € [a,b] and n € N.
Let t; = 2, ..., t, = L= be rational numbers in [0,1] with > 7", ¢; = 1.

817'

If m is the least common muTtiple of the s;’s, then t; = % with p; € N and
Z;;l p; = m, hence

flizy + -+ thay) :f(&x1+...+@xn>

m m

1
=f p— (14 Fx)+F(Xn+ -+ 2n)
| —— |

p1— terms p,— terms

(f(z1) -+ fl@) + -+ (flzn) + -+ fl2n))

p1— terms pn— terms
b p
= )+ f ()
m m

=t1f(z1) + -+ tnf(xn).

Observation 1.5.3. If f : [a,b] — R is a continuous® function on [a,b] and satisfies
hypothesis (2) of the proposition, then f is convez.

We have seen that if f satisfies (2), then
flaz+ (1 =qy) <qf(x) + (1 —q)f(y)
for any x, y € [a,b] and ¢ € [0, 1] rational number. Since any real number ¢ can

be approximated by a sequence of rational numbers ¢,, and if these g, belong to
[0, 1], we can deduce that

flanz + (1 —aqn)y) < quf(@)+ (1 —qn)f(y)-

Now, by using the continuity of f and taking the limit, we get
fltz+ (1 —t)y) <tf(@) + (L —-t)f(y)

We say that a function f : [a,b] — R is concave if —f is convex.

2A function f : [a,b] — R is continuous at a point ¢ € [a,d] if lim f(z) = f(c), and f is
Tr—cC

continuous on [a, b] if it is continous in every point of the interval. Equivalently, f is continuous
at c if for every sequence of points {cn} that converges to ¢, the sequence {f(cn)} converges to

fle).
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Observation 1.5.4. A function f : [a,b] — R is concave if and only if
fly+ A —t)x) >tf(y)+ (1 —t)f(x) for0<t<landa<z<y<bh

Now, we will consider some criteria to decide whether a function is convex.

Criterion 1.5.5. A function f : [a,b] — R is convex if and only if the set {(z,y)]|
a<x<b, f(x) <y} is conver.3

Proof. Suppose that f is convex and let A = (x1,y1) and B = (x3,y2) be two
points in the set U = {(z,y) | a < x < b, f(z) < y}. To prove that tB+ (1 —t)A =
(tzg + (1 — t)x1,ty2 + (1 — t)y1) belongs to U, it is sufficient to demonstrate that
a<tro+ (1—t)xy <band f(txa+ (1 —t)x1) < tya+ (1 —¢t)y1. The first condition
follows immediately since 1 and zo belong to [a, b].

As for the second condition, since f is convex, it follows that

fltxa+ (1 —t)ay) <tf(ze) + (1 —1)f(x1).
Moreover, since f(z2) < y2 and f(z1) < y1, we can deduce that
flze + (1 —t)z1) < tya+ (1 — t)ys.

Conversely, we will observe that f is convex if U is convex.

Let x1, x2 € [a,b] and let us consider A = (x1, f(x1)) and B = (z2, f(z2)).
Clearly A and B belong to U, and since U is convex, the segment that joins them
belongs to U, that is, the points of the form tB + (1 — ¢)A for t € [0,1]. Thus,

(txe + (1 — )z, tf(x2) + (1 =) f(x1)) € U,

but this implies that f(tza + (1 — t)z1) < tf(xz2) + (1 — t)f(x1). Hence f is
convex. g

Criterion 1.5.6. A function f : [a,b] — R is convex if and only if, for each xo €
[a,b], the function P(z) = %ﬁm is non-decreasing for x # xg.

Proof. Suppose that f is convex. To prove that P(z) is non-decreasing, we take
2 < y and then we show that P(z) < P(y). One of the following three situations
can arise: xg < x <y, x < 29 < y or x < y < xg. Let us consider the first of these

3A subset C of the plane is convex if for any pair of points A, B in C, the segment determined
by these points belongs entirely to C. Since the segment between A and B is the set of points
of the form ¢tB + (1 — t)A, with 0 < ¢ < 1, the condition is that any point described by this
expression belongs to C.
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cases and then the other two can be proved in a similar way. First note that

P(z) < P(y) < (mx_ii ) < f(y;:ici%)
& (f(z) = f(20)(y — z0) < (f(y) — flzo))(x — x0)
& f(@)(y —z0) < f(Y)(@ —x0) + f(20)(y — 2)
y—
& flz) < ()m+f($o)y_xo
o (T g SR =
The result follows immediately. O

Criterion 1.5.7. If the function f : [a,b] — R is differentiable* with a non-
decreasing derivative, then f is convex. In particular, if f is twice differentiable
and f"(x) > 0, then the function is conver.

Proof. 1t is clear that f”(z) > 0, for = € [a, b], implies that f’(z) is non-decreasing.
We see that if f/(x) is non-decreasing, the function is convex.

Let © = tb+ (1 —t)a be a point on [a, b]. Recalling the mean value theorem,
we know there exist ¢ € (a,x) and d € (z,b) such that

f@) = fla) = (z = a)f'(c) = ¢ ;
f) = f(a) = (b= 2)f(d) = (1= t)(b—a)f'(d).

Then, since f’(z) is non-decreasing, we can deduce that
(1 =1) (f(2) = fla)) =t =t)(b—a)f'(c) <t(L—1)(b—a)f'(d) =t(f(b) — f(x)).
After rearranging terms we get

flx) <tf(0) + (1 —t)f(a). O

Let us present one geometric interpretation of convexity (and concavity).

5

Let z, y, z be points in the interval [a,b] with < y < z. If the vertices of
the triangle XY Z have coordinates X = (z, f(2)), Y = (v, f(v)), Z = (2, f(2)),
then the area of the triangle is given by

f(x)
fy)
f(2)

4A function f : [a,b] — R is differentiable in a point ¢ € [a,b] if the function f’(c) =
lim M exists and f is differentiable in A C [a, b] if it is differentiable in every point of A.

r—c
5Mean value theorem. For a continuous function f : [a,b] — R, which is differentiable in (a, b),
there exists a number z € (a, b) such that f/'(z)(b — a) = f(b) — f(a). See [21, page 169].

1 1 =z
Azidet A where A=1[ 1 y
1 z




26 Numerical Inequalities

The area can be positive or negative, this will depend on whether the triangle
XY Z is positively oriented (anticlockwise oriented) or negatively oriented. For a
convex function, we have that A > 0 and for a concave function, A < 0, as shown
in the following graphs.

(2, f(2))

|
|
|
|
T Y z

A>0 & det A>0
& (-y)fl@)—(E-2)fy) +y—z)f(2) >0

& fly) < o f@)+ 1),

If we take t = Y= we have 0 <t < 1,1 -t = == y = tz 4 (1 — )= and
flz+ (1 —t)x) <tf(z)+ (1 —1t)f(z).

Now, let us introduce several examples where convex functions are used to
establish inequalities.

Example 1.5.8. The function f(x) = 2", n > 1, is conver in RT and the function
f(x) = ™, with n even, is also convez in R.

This follows from the fact that f”(z) = n(n — 1)z"~2 > 0 in each case.

As an application of this we get the following.

. . 2 2 2 . .
(i) Since (%4)” < @4t we can deduce that *ft < /%% swhich is the

inequality between the arithmetic mean and the quadratic mean.

(ii) Since (24%)" < “"+° we can deduce that a” + b" >

positive numbers such that a +b = 1.

F, for ¢ and b

(iii) If a and b are positive numbers, (1 + %)n +(1+ 2)” > 27+ This follows



1.5 Convex functions 27

[f<1+z>+f<1+2)]
:H(1+b)n+<1+2) ]

Example 1.5.9. The exponential function f(x) = e* is convex in R, since ' (x) =
e* > 0, for every x € R.

from

[N}
3
|
\
—
K
IN
Kﬁ
/-
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o
N |+
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o
(=l
~—
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N |

Let us observe several ways in which this property can be used.
(i) (Weighted AM-GM inequality) If z1, ..., 2y, t1, ..., t, are positive numbers
and Y. t; =1, then

t t
zy' e xy Sty £ F tady.

In fact, since xf = ¢ti1o8%i and e” is convex, we can deduce that
xil . -.’E;” — el logzy | . etn logz,, _ et log x1+-+t, log zy
< tlelogxl 4t tnelogwn =tix1+ -+ tnTn.
In particular, if we take t; = %, for 1 < i <n, we can produce another proof

of the inequality between the arithmetic mean and the geometric mean for n
numbers.

(ii) (Young’s inequality) Let x, y be positive real numbers. If a, b > 0 satisfy the
condition 2 4 1 =1, then zy < La® 4 Ly,

We only need to apply part (i) as follows:

(yb)% <

Q|-

u 1 1
ry = (%) a ’

+by

(iii) (Holder’s inequality) Let x1, 2, ..., Tn, Y1, Y2, - - -, Yn De positive numbers
and a, b > 0 such that % + % =1, then

n n 1/a n 1/b
S < (zxz> (z y) |
1=1 =1 =1

Let us first assume that Y . 2¢ =" y* = 1.
Using part (ii), z;y; < ¢ + ;1?, then

leyzé Zx %Z 2+%=1.
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and y; = 517 Since

L4

= 31/

Now, suppose that >, 2¢ = A and Y. y? = B. Let us take 2} =
n

a Z’—l ¢ n N Z’F_l yb
() =225 1 and S ()= E= g
=1 A =1 B

we can deduce that

n n
1Y =Y
i=1 i=1

JaBi/b . Al/agi/b leyl
i=1
Therefore, Y1, z;y; < AYeBYY,

If we choose a = b = 2, we get the Cauchy-Schwarz inequality.

Let us introduce a consequence of Holder’s inequality, which is a generaliza-
tion of the triangle inequality.

Example 1.5.10 (Minkowski’s inequality). Let a1, as,

ey Qp, bl, bg, ey bn be
positive numbers and p > 1, then
1 1 1
n P n P n P
(Z(ak + bk)P> < (Z(ak)p> + (Z(m)”) :
k=1 k=1 k=1

We note that

(ak + bk)p = ak(ak + bk)pil + bk(ak + bk)pfl,
so that

n

Z(ak + bk)p = Zak(ak + bk)pil + Z bk(ak + bk)pil. (1.6)
k=1 k=1 k=1

We apply Holder’s inequality to each term of the sum on the right-hand side of
(1.6), with ¢ such that % + % =1, to get

> aw(ar + byt < (Z(ak)p> " (Z(ak + bk)q(pl)> ‘1 :
k=1

k=1

k=1
> b(ax +be)P T < (Z(bk)p> p (Z(ak + bk)‘“"”) .
k=1 k=1 k=1

Putting these inequalities into (1.6), and noting that g(p — 1) = p, yields the

required inequality. Note that Minkowski’s inequality is an equality if we allow
p=1. For 0 < p < 1, the inequality is reversed.
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Example 1.5.11. (Short list IMO, 1998) If r1, ..., r, are real numbers greater than

1, prove that
1 1

n
B o > .
147 1+, ryry +1
First note that the function f(z) =
(1121)2 and f"(z) = e(e(f+17)1) > (0 for > 0.
Now, if 7; > 1, then r; = ¢** for some z; > 0. Since f(z) =
we can establish that

1<11++1
() 4 T n \Ltem 1+em )’

1o i —
1+ is convex for RY, since f'(z) =

1 .
TTe IS convex,

hence
1 1

” < 4o
Yricor 1l T 14 I

Example 1.5.12. (China, 1989) Prove that for any n real positive numbers z1, .. .,
Ty such that Y. | x; =1, we have

- Y1 VT
z;\/l—xi_ -1

1=

We will use the fact that the function f(x) = \/f_—r is convex in (0, 1), since
f'(x) >0
1 n n

Pt i (S e) <0 (3) - e

hence
e
—T—z; ~ Yn—-1

It is left to prove that Z?:l NETIRS \/n, but this follows from the Cauchy-Schwarz
inequality, >, /Z: < /S T/ Do, L = V.

Example 1.5.13. (Hungary-Israel, 1999) Let k and l be two given positive integers,
and let a;;, 1 <i <k and 1 < j <1, be kl given positive numbers. Prove that if
q>p>0, then

,_.
Y]

> (3) ) =[5 (s

j=1 i=1 \j=1
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Define b; = Z@ 1 Qi P for j =1,2,...,1, and denote the left-hand side of the
required inequality by L and the right-hand side by R. Then

i @az»

L4

IN
]~
N
>
S e
Sl
i)
~~_
Q
|
i~
(]
8
o
N—
Sha

@
Il
-
<.
Il
—
-

s
Il
-
<.
Il
-
<
Il
-

Mk
~
=p
Syl
s}
|
i
s@
SR
1)
QR L— 0

The inequality L < R follows by dividing both sides of L4 < LI"PRP by L97P and
taking the p-th root.

Exercise 1.77. (i) For a, b € RT, with a + b = 1, prove that

R R OO S
AL b) — 2°

(ii) For a, b, c € R*, with a + b+ ¢ = 1, prove that

1\° 1\? 1\* _ 100
a+—) +(b+-) +(c+=) >—.
a b c 3
Exercise 1.78. For 0 < a, b, ¢ < 1, prove that

a n b n c
b+c+1 c+a+1 a+b+1

+(1—a)(l-b)(1—c) <1
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Exercise 1.79. (Russia, 2000) For real numbers z, y such that 0 < x, y < 1, prove

that
1 1 2

+ < .
Vita? 1442 Vitay
Exercise 1.80. Prove that the function f(z) = sinz is concave in the interval [0, 7].
Use this to verify that the angles A, B, C of a triangle satisfy sin A+sin B+sinC' <
Exercise 1.81. If A, B, C, D are angles belonging to the interval [0, 7], then
(i) sin Asin B < sin® (4£2) and the equality holds if and only if A = B,

(i) sin Asin BsinC'sin D < sin* (A+8£CED)

(iii) sin Asin Bsin C' < sin® (A*#g*c),
Moreover, if A, B, C are the internal angles of a triangle, then
(iv) sin Asin BsinC < 3/3,

(v) sin % sinZsin§ < 1,
(vi) sinA+sinB +sinC = 4cos% cos B cos €.
Exercise 1.82. (Bernoulli’s inequality)

(i) For any real number z > —1 and for every positive integer n, we have (1 +
)" > 1+ nx.

(ii) Use this inequality to provide another proof of the AM-GM inequality.

Exercise 1.83. (Schiir’s inequality) If x, y, z are positive real numbers and n is a
positive integer, we have

e —y)z—2)+y"(y—2)y—2)+2"(z-z)(z —y) 2 0.
For the case n = 1, the inequality can take one of the following forms:
(a) 23 +y3 + 23 + 3zyz > 2y(x +y) + y2(y + 2) + 22(2 + ).
(b) ayz > (x+y—2)y+z—-2)(z+z—y).
(o) fx4+y+z=1,92yz+1>4(zy + yz + zz).

Exercise 1.84. (Canada, 1992) For any three non-negative real numbers z, y and
z we have

w(x— 2 +yly—2)° > (x—2)(y —2)(z +y - 2).
Exercise 1.85. If a, b, ¢ are positive real numbers, prove that

L b n c S 9
(b+¢)?  (c+a)? (a+b)? ~ 4la+b+c)
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Exercise 1.86. Let a, b and ¢ be positive real numbers, prove that
3 6
> .
ab+bc+ca " a+b+c

1+

Moreover, if abc = 1, prove that

3 6
14 > .
a+b+c ™ ab+bc+ ca
Exercise 1.87. (Power mean inequality) Let x1, 2o, . . ., @, be positive real numbers
and let t1, to, ..., t, be positive real numbers adding up to 1. Let r and s be two

nonzero real numbers such that » > s. Prove that
1 1
(o] + -+ tozy,) 7 > (a4 -+ tna},)*
with equality if and only if 1 = zo = -+ = .

Exercise 1.88. (Two extensions of Hélder’s inequality) Let x1, x2, ..., Tn, Y1, Y2,
ey Yns 21, 22, - - -, Zn be positive real numbers.

(i) If a, b, c are positive real numbers such that % + % = %, then

{Sear} <{Se) {2u}

(ii) If a, b, c are positive real numbers such that % + % + % =1, then

o] (5 5]
=1 =1 =1 =1

Exercise 1.89. (Popoviciu’s inequality) If I is an interval and f : I — R is a convex
function, then for a, b, ¢ € I the following inequality holds:

JICSRIEORIED)
< f(a)+féb)+f(c) +f<a+§+c>'

Exercise 1.90. Let a, b, ¢ be non-negative real numbers. Prove that
(i) a® + b + 2 + 3Va2b2c2 > 2(ab + be + ca),
(ii) a® +b*+ 2 + 2abc + 1 > 2(ab+ be + ca).

Exercise 1.91. Let a, b, ¢ be positive real numbers. Prove that

b b b
+c+c+a+a—|— >4 a n n c '
a b c b+c c+a a+b
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1.6 A helpful inequality

First, let us study two very useful algebraic identities that are deduced by consid-
ering a special factor of a® + b + ¢3 — 3abe.
Let P denote the cubic polynomial

P(z) =2* — (a+ b+ )2 + (ab + be + ca)x — abe,

which has a, b and c as its roots. By substituting a, b, ¢ in the polynomial, we
obtain
a® — (a+b+c)a* + (ab+ be + ca)a — abe = 0,

b — (a4 b+ c)b? + (ab + be + ca)b — abe = 0,
¢ —(a+b+c)c® + (ab + be + ca)c — abe = 0.
Adding up these three equations yields
a® 4+ b* 4+ ¢ —3abc = (a + b+ c)(a® +b* + ¢ — ab — be — ca). (1.7)

It immediately follows that if @ + b+ ¢ = 0, then a® + b + ¢* = 3abc.
Note also that the expression

a® +b* +c* —ab—be — ca
can also be written as
a® +b*+c* —ab—bc— ca = %[(a — b+ (b—c)* + (c—a)?]. (1.8)
In this way, we obtain another version of identity (1.7),
a® +b> + ¢ — 3abe = %(a +b+c)(a—b)2+(b—c)+ (c—a). (1.9)

This presentation of the identity leads to a short proof of the AM-GM inequality
for three variables. From (1.9) it is clear that if a, b, ¢ are positive numbers, then
a® +b® + ¢3 > 3abe. Now, if x, y, z are positive numbers, taking a = ¢/z, b = N
and ¢ = /2 will lead us to

r+y+z
_ > 3
3 > Jryz

with equality if and only if z = y = z.
Note that identity (1.8) provides another proof of Exercise 1.27.

Exercise 1.92. For real numbers z, y, z, prove that

22+ y? + 22> ey 4+ yz + 2zl
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Exercise 1.93. For positive real numbers a, b, ¢, prove that

a?+b2+c2 1 1 1
— -+ + .
abc a b ¢
Exercise 1.94. If x, y, z are real numbers such that x < y < z, prove that
(x—y)P+y—2°>+(z—-2)>>0

Exercise 1.95. Let a, b, ¢ be the side lengths of a triangle. Prove that

7ﬁ+w+é+mm

5 > max{a,b,c}.

Exercise 1.96. (Romania, 2007) For non-negative real numbers z, y, z, prove that

a:3—|-y3—|—z3

LS > et Sl - )y - ) - 9

Exercise 1.97. (UK, 2008) Find the minimum of x? + y2 + 22, where x, y, z are
real numbers such that z3 + y3 + 23 — 3zyz = 1.

A very simple inequality which may be helpful for proving a large number of
algebraic inequalities is the following.

Theorem 1.6.1 (A helpful inequality). If a, b, x, y are real numbers and x, y > 0,
then the following inequality holds:
2 b2 b 2

o b (atd)” (1.10)

T Y r+y
Proof. The proof is quite simple. Clearing out denominators, we can express the
inequality as

a’y(z +y) +b%z(z +y) > (a +b)°xy,

which simplifies to become the obvious (ay — bz)? > 0. We see that the equality
holds if and only if ay = bz, that is, if and only if ¢ = g.

Another form to prove the inequality is using the Cauchy-Schwarz inequality
in the following way:

CL2 2

(a+®2=<5%¢5+5%J®2§<~+Z>(z+w. a

X

Using the above theorem twice, we can extend the inequality to three pairs
of numbers

2 2 2 2 2 2
a +b7+i2(a+b) +iz(a+b+c)
T Y z r—+vy z r+y+z

)
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and a simple inductive argument shows that

2 2 2 2
a a a a1 t+as+---+a
Gy %y Oy (@tat T (1.11)
L X2 Tn, 1+ x24Ty
for all real numbers a1, as, ..., a, and x1, 2, ..., T, > 0, with equality if and
only if
ap _ 42 _ _On
1 @ Tn

Inequality (1.11) is also called the Cauchy-Schwarz inequality in Engel form or
Arthur Engel’s Minima Principle.

As a first application of this inequality, we will present another proof of the
Cauchy-Schwarz inequality. Let us write

a2b?  a2b? a2b2
A= B d
1 2 2
then - - - .
ayb asb azb aiby + asbs + - - - + ayb,
aho %%y nQnZ(llz 2b2 : )
bl b2 bn b1+b2++bn

Thus, we conclude that
(af + a3+ - +a2)(b] + b3+ +b2) > (a1b1 + agby + -+ - + anby)?

and the equality holds if and only if

ap az _ Qn

b by b

It is worth to mention that there are other forms of the Cauchy-Schwarz
inequality in Engel form.

Example 1.6.2. Let ay, ..., an, b1, ..., by be positive real numbers. Prove that
L ap an (a1 + -+ ap)?
O T Z wbi o+ anby
a1 a 1 a1 an\>
O T, <b1+ +bn>

Both inequalities are direct consequence of inequality (1.11), as we can see
as follows.

2 2 2
. ap n aj az (a1 + -+ +ap)
) — 42—y :
() bl bn albl anbn o alb1+"'+anbn

ﬁ ai 1 2

.y Q1 an b% b2 ai Qp,
1) J e I e Y OO > — (i E O LA B
(if) b? 2w n a1+ -+ ay (bl bn)
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Example 1.6.3. (APMO, 1991) Let a, ..., an, by, ..., b, be positive real numbers
such that a1 +a2 +---+a, =by +bs +---+b,. Prove that
a + a >% +tan)
DRI —_ a ... an .
a1 + by an +b, — 2 !
Observe that (1.11) implies that
a% ai > (a1+a2+"'+an)2

R
a; + by an+b, " art+ay+---+a,+by+bs+---+0b,

_(mtart-tan)
2(a1 +as+ -+ an)

1
=§(a1+a2+-~-+an).

The following example consists of a proof of the quadratic mean-arithmetic
mean inequality.

Example 1.6.4 (Quadratic mean-arithmetic mean inequality). For positive real
numbers x1, ..., x,, we have

¢ﬁ+ﬁ+m+ﬁ>m+@+m+%
n - n '

Observe that using (1.11) leads us to

wi+ai++ad _ (mtaet 4 an)?

>
n n2

)

which implies the above inequality.

In some cases the numerators are not squares, but a simple trick allows us
to write them as squares, so that we can use the inequality. Our next application
shows this trick and offers a shorter proof for Example 1.4.9.

Example 1.6.5. (IMO, 1995) Let a, b, ¢ be positive real numbers such that abc = 1.
Prove that

1 n 1 i 1 N §
at(b+c) b(a+c) Ala+b) — 2
Observe that
| | N

Pt Blera)  Bath) ab+o)  beta) clatd)
_|_

F+3)?  ab+betca
ab+bc+ca)  2(abe)

\
)
Do |
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where the first inequality follows from (1.11) and the second is a consequence of
the AM-GM inequality.

As a further example of the use of inequality (1.11), we provide a simple
proof of Nesbitt’s inequality.

Example 1.6.6 (Nesbitt’s inequality). For a, b, ¢ € RT, we have

a n b n c >§
b+c c+a a+b— 2

We multiply the three terms on the left-hand side of the inequality by ¢, %,

¢, respectively, and then we use inequality (1.11) to produce

a? N b2 N c? < (a+0b+c)?
alb+c)  blcta) cla+b) ~ 2(ab+bc+ ca)

From Equation (1.8) we know that a? + b% + ¢ — ab — bc — ca > 0, that is,
(a+b+c)? > 3(ab+ bc+ ca). Therefore

a b c (a+0b+c)?
+ + >
b+c c+a a+b~ 2(ab+bc+ ca)

3
> —.
-2
Example 1.6.7. (Czech and Slovak Republics, 1999) For a, b and ¢ positive real
numbers, prove the inequality

a n b n c 51
b+2c c¢+2a a+2b~

Observe that

a b c a? b> c

b+2c+c+2a+a+2b:ab+2ca+bc+2ab+ca+2bc'

2

Then using (1.11) yields

a? N b2 N c? S (a+b+c)?
ab+2ca  bc+2ab  ca+2bc ~ 3(ab+be+ca) T

where the last inequality follows in the same way as in the previous example.

Exercise 1.98. (South Africa, 1995) For a, b, ¢, d positive real numbers, prove that

1,14 16 61
a b ¢ d " a+b+c+d

Exercise 1.99. Let a and b be positive real numbers. Prove that

8(a* +b*) > (a+b)*.
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Exercise 1.100. Let x, y, z be positive real numbers. Prove that
2 2 2 9
+ + > .
r+y yYy+z z4+r  rt+y+z

Exercise 1.101. Let a, b, x, y, z be positive real numbers. Prove that
x Y z 3
+ + > .
ay+bz az+bxr axr+by  a+b

Exercise 1.102. Let a, b, ¢ be positive real numbers. Prove that

a®+b P+ P +a?
+ +
a+b b+c¢ c+a

>a+b+ec.

Exercise 1.103. (i) Let x, y, z be positive real numbers. Prove that

T Y z 1
+ + > =
r+2y+32 y+2z2+3x 2+2x4+3y 2

(ii) (Moldova, 2007) Let w, x, y, z be positive real numbers. Prove that

w T Y z 2
- - - > 2.
r+2y+32 y+2z4+3w  z4+2w+3r w+2x+3y 3
Exercise 1.104. (Croatia, 2004) Let x, y, z be positive real numbers. Prove that

x2 y? 22 3

CtE+)  Growte)  Groety o4

Exercise 1.105. For a, b, ¢, d positive real numbers, prove that

a_'_b_’_c_’_d>2
b+c c+d d4+a a+b 7

Exercise 1.106. Let a, b, ¢, d, e be positive real numbers. Prove that

a N b n c n d n e >§
b+c c+d d+e e+a a+b ™2

Exercise 1.107. (i) Prove that, for all positive real numbers «a, b, ¢, x, y, z with
a>b>cand z >y > x, the following inequality holds:
ad v A (a+tb+e)?

—t—t—>
x y z  3x+y+z)

(ii) (Belarus, 2000) Prove that, for all positive real numbers a, b, ¢, z, y, z, the
following inequality holds:

L
8

_|_

<

+
&
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Exercise 1.108. (Greece, 2008) For x1, 2, ..., @, positive integers, prove that
2, .2 2N\
i taz+--+agn\f
1 2 n le.xQ.....xn’
T1+x2+ -+ T
where k = max {z1,22,...,2,} and ¢t = min {z1,22,...,2,}. Under which con-

dition the equality holds?

1.7 The substitution strategy

Substitution is a useful strategy to solve inequality problems. Making an adequate
substitution we can, for instance, change the difficult terms of the inequality a
little, we can simplify expressions or we can reduce terms. In this section we give
some ideas of what can be done with this strategy. As always, the best way to do
that is through some examples.

One useful suggestion for problems that contain in the hypothesis an extra
condition, is to use that condition to simplify the problem. In the next example we
apply this technique to eliminate the denominators in order to make the problem
easier to solve.

Example 1.7.1. If a, b, ¢ are positive real numbers less than 1, with a +b+c = 2,

() (5 () =

After performing the substitution x =1—a, y=1—05, 2 =1 — ¢, we obtain
that c+y+2=3—(a+b+c)=1,a=1—-2x=y+2z,b=z2+2x, c=x+y. Hence
the inequality is equivalent to

() (57) (27) =

and in turn, this is equivalent to

(z+y)(y+2)(z +x) > 8ryz.

This last inequality is quite easy to prove. It is enough to apply three times the
AM-GM inequality under the form (z + y) > 2,/7y (see Exercise 1.26).

It may be possible that the extra condition is used only as part of the solution,
as in the following two examples.

Example 1.7.2. (Mexico, 2007) If a, b, ¢ are positive real numbers that satisfy
a+b+c=1, prove that

Va+be+Vo+ca+ Vet ab<2.
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Using the condition a + b+ ¢ = 1, we have that
a+bc=ala+b+c)+bc=(a+b)(a+c),
then, by the AM-GM inequality it follows that

2 b
Va+bec=+/(a+b)(a+c)< %.
Similarly,
2b 2 b
ﬁﬁbHaS% and c+ab§%.

Thus, after adding the three inequalities we obtain

Va+be+vVb+ca+ Ve+ab
2 +b+c 2b+c+a 2ct+a+b da+4b+4c
< 5 + 5 + 5 = 5 —

The equality holds when a +b=a+c¢,b+c=b+a and ¢+ a = ¢+ b, that is,

Whena:bzc:%.

2.

Example 1.7.3. If a, b, ¢ are positive real numbers with ab + bc + ca = 1, prove

that
a b c 3

+ + <>
Va2 +1 VB2 +1 V2417 2
Note that (a® + 1) = a? + ab + bc + ca = (a + b)(a + ¢). Similarly, b*> + 1 =
(b+c)(b+a) and ¢® + 1 = (c+a)(c+b). Now, the inequality under consideration
is equivalent to

a b c
\/(a—|—b)(a—|—c) - \/(b—|—c)(b—|—a) * (c+a)(c+Dd)

Using the AM-GM inequality, applied to every element of the sum on the left-hand
side, we obtain

<

N W

a b c
+ +
Vie+b)(at+c) b+e)b+a) +/(ct+a)(ct+b)
cife e N LM b b N e e ) 3
“2\a+b a-+c 2\b+c b+a 2\c+a c+b) 2
Many inequality problems suggest which substitution should be made. In the

following example the substitution allows us to make at least one of the terms in
the inequality look simpler.

Example 1.7.4. (India, 2002) If a, b, ¢ are positive real numbers, prove that

a b ¢_c+a a+b b+ec
R = + + :
b ¢ a c+b a+c b+a
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Making the substitution z = ¢, y = g, z = ¢ the left-hand side of the

inequality is now more simple, x + y + z. Let us see how the right-hand side
changes. The first element of the sum is modified as follows:

cta 1+9 1490 14ay +1—x
= = = =X .
ctb  14+% 14t 14y l+y
Similarly,
a+b 11—y b+c 1—-2
=y+ and =z+ .
a+c 1+ 2 b+a 1+z

Now, the inequality is equivalent to
r—1 y—1 =z-1 >0
14y 1+2z 14z~

with the extra condition xyz = 1.
The last inequality can be rewritten as

(2 =1D)e+D)+ @ -DE+1)+ =Dy +1)>0,

which in turn is equivalent to

Pzry’r+ 2y + P+ > +y+ 2+ 3

But, from the AM-GM inequality, we have 2%z +y2x+ 22y > 3 ¢/23y323 = 3. Also,
22 +y?+ 22> %(x—i—y—f—z)Q = %(x—i—y—i—z) > Yryz(z+y+z)=z+y+z,
where the first inequality follows from inequality (1.11).

In order to make a substitution, sometimes it is necessary to work a little bit
beforehand, as we can see in the following example. This example also helps us
to point out that we may need to make more than one substitution in the same
problem.

Example 1.7.5. Let a, b, ¢ be positive real numbers, prove that

(a+b)(a+c)>2+y/abe(a+ b+ c).

Dividing both sides of the given inequality by a? and setting = = g, Y=<
the inequality becomes

(1+2)(1+y) >2vay(l+x+y).

Now, dividing both sides by zy and making the substitution » = 1+ %7 s=1+ i,
the inequality we need to prove becomes

rs > 2vVrs — 1.
This last inequality is equivalent to (rs — 2)2 > 0, which become evident after
squaring both sides and doing some algebra.

It is a common situation for inequality problems to have several solutions
and also to accept several substitutions that help to solve the problem. We will
see an instance of this in the next example.
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Example 1.7.6. (Korea, 1998) If a, b, ¢ are positive real numbers such that a+b+
c = abc, prove that

1 n 1 n 1 <§
Vidaz Vi+b02 V1422

Under the substitution x = %, y = %, z = %7 condition a + b 4+ ¢ = abc

becomes zy 4+ yz + zx = 1 and the inequality becomes equivalent to

x Y z 3
+ + <.
Vaz+1l 2 +1 V22417 2

This is the third example in this section.

Another solution is to make the substitution a = tan A, b = tan B, ¢ = tan C.
Since tan A + tan B + tanC' = tan Atan BtanC, then A+ B+ C = « (or a
multiple of 7). Now, since 1 + tan? A = (cos A) 72, the inequality is equivalent to
cos A + cos B + cosC < 2, which is a valid result as will be shown in Example
2.5.2. Note that the Jensen inequality cannot be applied in this case because the

function f(x) = \/ﬁ is not concave in RT.

We note that not all substitutions are algebraic, since there are trigonometric
substitutions that can be useful, as is shown in the last example and as we will
see next. Also, as will be shown in Sections 2.2 and 2.5 of the next chapter, there
are some geometric substitutions that can be used for the same purposes.

Example 1.7.7. (Romania, 2002) If a, b, ¢ are real numbers in the interval (0,1),
prove that

Vabe++/(1—a)(1 -b)(1—c) < 1.
Making the substitution a = cos? A, b = cos? B, ¢ = cos? C, with 4, B, C in
the interval (0, ), we obtain that v/1 —a = V1 —cos>? A =sin 4, /1 — b =sin B
and v/1 — ¢ = sin C. Therefore the inequality is equivalent to

cos Acos BcosC +sin Asin BsinC' < 1.
But observe that
cos AcosBcosC +sin Asin Bsin C < cos Acos B + sin Asin B
=cos(A—B) < 1.

Exercise 1.109. Let x, y, 2z be positive real numbers. Prove that

3 3 3
X z
Y > 1.

x3+2y3+y3+2z3+z3+2x3 -

Exercise 1.110. (Kazakhstan, 2008) Let z, y, z be positive real numbers such that

xyz = 1. Prove that
1 1 1

+ +
Yyz+z zr+x xY+Yy

3
> =,
-2
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Exercise 1.111. (Russia, 2004) If n > 3 and x1, 23, . . ., &, are positive real numbers
with z122 - - -2, = 1, prove that

1 1 1
+ o e
l+z1+x129 1429+ 2073 1+z, +x,71

Exercise 1.112. (Poland, 2006) Let a, b, ¢ be positive real numbers such that
ab + bc + ca = abe. Prove that

CL4 _|’_b4 b4+c4 C4+a4
ab(a® +b3)  be(b®+¢?)  ca(cd+a3) T

Exercise 1.113. (Ireland, 2007) Let a, b, ¢ be positive real numbers, prove that

1 /bc ca ca a2 +b2+c2  a+b+c
B b —— > .
3 \a b b )~ 3 - 3

Exercise 1.114. (Romania, 2008) Let a, b, ¢ be positive real numbers with abc = 8.
Prove that

a—2+b—2+c—2<0
a+1 b+1 c¢+1~ 7

1.8 Muirhead’s theorem

In 1903, R.F. Muirhead published a paper containing the study of some algebraic
methods applicable to identities and inequalities of symmetric algebraic functions
of n variables.

While considering algebraic expressions of the form z{'z5?--- 2% he an-
alyzed symmetric polynomials containing these expressions in order to create a
“certain order” in the space of n-tuples (a1, as,...,a,) satisfying the condition
a2 Gz 2+ 2 Gn.

We will assume that z; > 0 for all 1 < ¢ < n. We will denote by

Z!F(9€17~~~,$n)

the sum of the n! terms obtained from evaluating F' in all possible permutations

of (z1,...,z,). We will consider only the particular case
F(x1,...,2n) =x{'x5? - xo»  with z; > 0, a; > 0.
We write [a] = [a1,a2,...,a,] = Z' x{tx5? -+ -z, For instance, for the vari-

ables x, y, z > 0 we have that

L] =zy, [1,1,1] =2yz, [2,1,0]= %[xQ(y + 2) —|—y2(a: + 2) —|—Z2($ +y)l.
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It is clear that [a] is invariant under any permutation of the (ai,ag,...,a,) and
therefore two sets of a are the same if they only differ in arrangement. We will
say that a mean value of the type [a] is a symmetrical mean. In particular,

[1,0,...,0] = ("%,1)'(331 + a2+t ay) = % Z;;l z; is the arithmetic mean
1 1 1
and [1,1 1] — %(a:l" Sy eeexp) = YTidz T, is the geometric mean.

When a3 +az+---+a, =1, [a] is a common generalization of both the arithmetic
mean and the geometric mean.

Ifa; >ag >+ > a, and by > by > -+ > by, usually [b] is not comparable
to [a], in the sense that there is an inequality between their associated expressions
valid for all n-tuples of non-negative real numbers x1, xa, ..., Ty.

Muirhead wanted to compare the values of the symmetric polynomials [a] and
[b] for any set of non-negative values of the variables occurring in both polynomials.

From now on we denote (a) = (a1, az,...,an).

Definition 1.8.1. We will say that (b) < (a) ((b) is majorized by (a)) when (a) and
(b) can be rearranged to satisfy the following two conditions:

IA

(2) Z b;
i=1

It is clear that (a) < (a) and that (b) < (a) and (¢) < (b) implies (¢) < (a).

Zai foralll <v<n.
i=1

Theorem 1.8.2 (Muirhead’s theorem). [b] < [a] for any n-tuple of non-negative
numbers (x1,%2,...,Tn) if and only if (b) < (a). Equality takes place only when
(b) and (a) are identical or when all the z;s are equal.

Before going through the proof, which is quite difficult, let us look at some
examples. First, it is clear that [2,0, 0] cannot be compared with [1, 1, 1] because
the first condition in Definition 1.8.1 is not satisfied, but we can see that [2,0,0] >
[1,1,0], which is equivalent to

x2+y2+222xy+yz+zx.

In the same way, we can see that
1. 22 +9? > 22y & [2,0] > [1,1],
2. 23+ 3 + 23 > 3wyz < [3,0,0] > [1,1,1],
3. 25 +y° > 23y? + 22y & [5,0] > [3,2],

4. 22y? + 9222 + 2227 > 2%yz + yPaz + 2Py & [2,2,0] > (2,1, 1],
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and all these inequalities are satisfied if we take for granted Muirhead’s theorem.

Proof of Muirhead’s theorem. Suppose that [b] < [a] for any n positive numbers
T1, Ta, ..., Tn. Taking z; = x, for all 7, we obtain

22t = [b] < [a] = 2= @,

This can only be true for all z if >~ b, = a;.
Next, take 1 =29 =--- =z, =2, xp4+1 = -+ =z, = 1 and x very large. Since
(b) and (a) are in decreasing order, the index of the highest powers of x in [b] and
[a] are

by +ba+---+0b,, art+az+---+ay,

respectively. Thus, it is clear that the first sum can not be greater than the second
and this proves (2) in Definition 1.8.1.

The proof in the other direction is more difficult to establish, and we will
need a new definition and two more lemmas.

We define a special type of linear transformation T of the a’s, as follows.
Suppose that ar > a;, then let us write

ar=p+71, ag=p—7 (0<7<)p).

If now 0 < 0 < 7 < p, then a T-transformation is defined by

T+ 0 T—0
T(ag) =by=p+o= 5 ar + 57 0>
T—0 T+ o
T(aw)=b=p—0= ap + ar,
2T 2T

T(a,)=a, (W#k,v#I).
If (b) arises from (a) by a T-transformation, we write b = T'a. The definition does
not necessarily imply that either the (a) or the (b) are in decreasing order.
The sufficiency of our comparability condition will be established if we can prove
the following two lemmas.

Lemma 1.8.3. Ifb = Ta, then [b] < [a] with equality taking place only when all the
xz;’s are equal.

Proof. We may rearrange (a) and (b) so that k =1, { = 2. Thus

[a}—[b]:[p—i—Tp—Ta37...]—[p+a,p—a7a3,...]
= onl IZ R o C A O AN A
n!

1
= ol Z,(m)f”x;s 2l (@] = )@ 2577 2 0

with equality being the case only when all the z;’s are equal. O
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Lemma 1.8.4. If (b) < (a), but (b) is not identical to (a), then (b) can be derived
from (a) using the successive application of a finite number of T-transformations.

Proof. We call the number of differences a, —b, which are not zero, the discrepancy
between (a) and (b). If the discrepancy is zero, the sets are identical. We will prove
the lemma by induction, assuming it to be true when the discrepancy is less than
r and proving that it is also true when the discrepancy is 7.

Suppose then that (b) < (@) and that the discrepancy is r > 0. Since
S ia; =Y b, and Y (a, —b,) =0, and not all of these differences are zero,
there must be positive and negative differences, and the first which is not zero
must be positive because of the second condition of (b) < (a). We can therefore
find k and ! such that

b < ag, bry1 = ags1, ... , b1 =ai—1, b > ay; (1.12)

that is, a; — b; is the first negative difference and ap — by is the last positive
difference which precedes it.
We take ay, = p+ 7, a; = p — 7, and define ¢ by

o = max(|bx — p| , [br — pl).

Then 0 < 7 < p, since ar > a;. Also, one (possible both) of b — p = —0o or
by — p = o is true, since b, > b, and o < T, since by < ar and b; > a;. Hence
0<o<T<p.

We now write a) =p+o0, a0, =p—o0,a, =a, (v#k,v#I1).Ifb,—p=o0,
aj, = by, and if b — p = —o, then a; = b;. Since the pairs ax, by and a;, b; each
contributes one unit to the discrepancy r between (b) and (a), the discrepancy
between (b) and (a’) is smaller, being equal to r — 1 or r — 2.

Next, comparing the definition of (a’) with the definition of the T-transfor-
mation, and observing that 0 < ¢ < 7 < p, we can infer that (a’) arises from (a)
by a T-transformation.

Finally, let us prove that (b) < (a’). In order to do that, we must verify that
the two conditions of < are satisfied and that the order of (a’) is non-increasing.
For the first one, we have

n n n
ap +a; =2p=ay+a, Zbi = Zai = Zag.
i=1 i=1 i=1
For the second one, we must prove that

bi+ba+-+b, <aj+ah+-+a,.

Now, this is true if v < k or v > [, as can be established by using the definition of
(a’) and also the second condition of (b) < (a). It is true for v = k, because it is
true for v = k — 1 and b, < a}, and it is true for k < v <[ because it is valid for
v = k and the intervening b and a’ are identical.
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Finally, we observe that
be <p+ bk —pl < p+o=a,

by >p—I|b—pl>p—0=a,
and then, using (1.12),

Ay =ak—1>ar=p+7T>p+o=ay>by>brp1 = a4 =ay,q,

/ / '
Gy =aq-1=b1Z2b>aq=p—0c>p—T=a > a1 = a,.

The inequalities involving a’ are as required.

We have thus proved that (b) < (a’), a set arising from (a) using a transfor-
mation T and having a discrepancy from (b) of less than r. This proves the lemma
and completes the proof of Muirhead’s theorem. O

The proof of Muirhead’s theorem demonstrates to us how the difference be-
tween two comparable means can be decomposed as a sum of obviously positive
terms by repeated application of the T-transformation. We can produce from this
result a new proof for the AM-GM inequality.

Example 1.8.5 (The AM-GM inequality). For real positive numbers yi, ya, ...,

y’ﬂ;
Y1 +y2+ -+ Yn

n

> Y/Y1yz-Yn

Note that the AM-GM inequality is equivalent to

n
1 n
— E Ty 2 T1X2 " Tp,
n “

=1

where z; = {/y;.
Now, we observe that

1 n
— E zp =[n,0,0,...,0] and x129- -z, =1[1,1,...,1].
n

i=1

By Muirhead’s theorem we can show that
[n,0,0,...,0] >[1,1,...,1].

Next, we provide another proof for the AM-GM inequality, something we
shall do by following the ideas inherent in the proof of Muirhead’s theorem in
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order to illustrate how it works.

—Zx (z129 - 2n) = [n,0,0,...,0] — [1,1,...,1]

= ([n,0,0,...,0] — [n— 1,1,0,...,0])
+([n—1,1,0,...,0] — [n— 2,1,1,0,...,0])
+(n—2,1,1,0,...,0] — [n — 3,1,1,1,0,...,0])
T +([2,1,1,...1]—[1,1,...1])

- (Z!@c?*l - )
+ Z —x2 )(xl — o3
—|—Z —acz 3 (21 —xg)x3x4—|—~-~>.

Since (2% — z¥)(xr — xs) > 0, unless x, = x,, the inequality follows.

Example 1.8.6. If a, b are positive real numbers, then

\/f+\/fz\/a+ﬁ.

Setting « = v/a, y = Vb and simplifying, we have to prove
2 4y’ > ay(z +y).

Using Muirhead’s theorem, we get

3,0] = 50+ ) > oyl +y) = 2.1]

2
and thus the result follows.

Example 1.8.7. If a, b, ¢ are non-negative real numbers, prove that
1
a® +b® 4 ¢ 4 abe > 7(a+b—|—c)3.

It is not difficult to see that
(a+b+c)® =3[3,0,0] + 18[2,1,0] + 36[1, 1,1].

Then we need to prove that
1
3[3,0,0] +6[1,1,1] > ?(3[370,0] +18[2,1,0] 4+ 36[1, 1, 1)),

that is,

—
oo

18 36
— -— [, 11 >—=[2,1
7[3,0,0]4—(6 7)[,,]_7[,,0]
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o 18
—(13,0.0 - [2,1,0)) ( ) [1,1,1] > 0.
This follows using the inequalities [3,0,0] > [2,1,0] and [1,1,1] > 0.

Example 1.8.8. If a, b, ¢ are non-negative real numbers, prove that

by <a2+b2+b2+02+02—|—a2<a3 B A3
a c — .
- 2c 2a 2b be ab

The inequalities are equivalent to the following:
2(a®be 4 ab®c + abc?) < ab(a® 4 b?) + be(b? + ) + ca(c® + a?) < 2(a* + bt + ),

which is in turn equivalent to [2,1,1] < [3,1,0] < [4, 0, 0]. Using Muirhead’s theo-
rem we arrive at the result.

Exercise 1.115. Prove that any three positive real numbers a, b and c satisfy
a® +b° + & > aPbe + b3ca + Cab.

Exercise 1.116. (IMO, 1961) Let a, b, ¢ be the lengths of the sides of a triangle,
and let (ABC') denote its area. Prove that

4V3(ABC) < a® + b + 2.

Exercise 1.117. Let a, b, ¢ be positive real numbers. Prove that

a b c 9
@ib)ato  brobta)  cractd ~Hatbro)

Exercise 1.118. (IMO, 1964) Let a, b, ¢ be positive real numbers. Prove that
a® 4+ b3 + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a).

Exercise 1.119. (Short list Iberoamerican, 2003) Let a, b, ¢ be positive real num-
bers. Prove that
ad b3 c?

b
b2—b0+02+02—ca+a2+ —ab+b2_a+ te

Exercise 1.120. (Short list IMO, 1998) Let a, b, ¢ be positive real numbers such
that abc = 1. Prove that

a’ b3 c3 3
A+0)(1+0  (tol+a) Q+ai+d -4
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Chapter 2

Geometric Inequalities

2.1 Two basic inequalities

The two basic geometric inequalities we will be refering to in this section involve
triangles. One of them is the triangle inequality and we will refer to it as D1; the
second one is not really an inequality, but it represents an important observation
concerning the geometry of triangles which points out that if we know the greatest
angle of a triangle, then we know which is the longest side of the triangle; this
observation will be denoted as D2.

D1. If A, B and C are points on the plane, then
AB+ BC > AC.

Moreover, the equality holds if and only if B lies on the line segment AC.
D2. In a triangle, the longest side is opposite to the greatest angle and vice versa.
Hence, if in the triangle ABC we have /A > /B, then BC > CA.

Exercise 2.1. (i) If a, b, ¢ are positive numbers with a < b+ ¢, b < ¢+ a and
¢ < a+ b, then a triangle exists with side lengths a, b and c.

(ii) To be able to construct a triangle with side lengths a < b < ¢, it is sufficient
that ¢ < a+b.

(iii) It is possible to construct a triangle with sides of length a, b and ¢ if and
only if there are positive numbers x, y, z such that a = x +y, b =y + z and
c=z+x.

Exercise 2.2. (i) Ifit is possible to construct a triangle with side-lengths a < b <
¢, then it is possible to construct a triangle with side-lengths v/a < Vb < y/c.

(ii) The converse of (i) is false.
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(iii) If it is possible to construct a triangle with side-lengths a < b < ¢, then it is

possible to construct a triangle with side-lengths %M’ ﬁ and Cj_a.

Exercise 2.3. Let a, b, ¢, d and e be the lengths of five segments such that it is
possible to construct a triangle using any three of them. Prove that there are three
of them that form an acute triangle.

Sometimes the key to solve a problem lies in the ability to identify certain
quantities that can be related to geometric measurements, as in the following
example.

Example 2.1.1. If a, b, ¢ are positive numbers with a® + b> — ab = c2, prove that
(a—b)(b—rc) <0.

Since ¢ = a® 4+ b% — ab = a® + b® — 2ab cos60°, we can think that a, b, ¢ are
the lengths of the sides of a triangle such that the measure of the angle opposed
to the side of length ¢ is 60°. The angles of the triangle ABC' satisfy ZA < 60°
and /B > 60°, or ZA > 60° and ZB < 60°; hence, using property D2 we can
deduce that a < ¢ <bora>c¢>b. In any case it follows that (a —b)(b—¢) <O0.

Observation 2.1.2. We can also solve the example above without the identification
of a, b and c with the lengths of the sides of a triangle.
First suppose that a < b, then the fact that a® + b%> — ab = c? implies that
a(a—b)=c?—b*> = (c—b)(c+b), hence c—b < 0 and therefore (a —b)(b—c) < 0.
Similarly, a > b implies c — b > 0, and hence

(a—b)(b—rc) <0.

Another situation where it is not obvious that we can identify the elements
with a geometric inequality, or that the use of geometry may be helpful, is shown
in the following example.

Example 2.1.3. If a, b, ¢ are positive numbers, then

\/a2+ac+c2 < \/aQ—ab—i—b?—i—\/bz—bc—i—cQ.

The radicals suggest using the cosine law with angles of 120° and of 60° as
follows: a? + ac+ ¢ = a® + ¢ — 2ac c0s 120°, a® — ab + b = a? + b% — 2ab cos 60°
and b2 — bc + ¢ = b% + ¢ — 2bc cos 60°.

A
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Then, if we consider a quadrilateral ABCD, with ZADB = /BDC = 60° and
/ADC = 120°, such that AD = a, BD = band CD = ¢, we can deduce that AB =
Va2 —ab+ b2, BC = Vb2 —bc+ c? and CA = va? + ac + ¢2. The inequality we

have to prove becomes the triangle inequality for the triangle ABC.
Exercise 2.4. Let ABC be a triangle with ZA > /B, prove that BC' > %AB.
Exercise 2.5. Let ABCD be a convex quadrilateral, prove that

(i) if AB+ BD < AC + CD, then AB < AC,

(ii) if ZA> ZC and £D > /B, then BC > }AD.

Exercise 2.6. If a1, ao, a3, aq and as are the lengths of the sides of a convex
pentagon and if dy, ds, d3, dy and ds are the lengths of its diagonals, prove that

1 a1+ as +asz +aqg+ as

- < 1.
2 dy +dy +ds + dy + ds

Exercise 2.7. The length m, of the median AA’ of a triangle ABC' satisfies m, >
b+c—a

toa,
Exercise 2.8. If the length m, of the median AA’ of a triangle ABC satisfies

Mg > %a, prove that ZBAC < 90°.

Exercise 2.9. If AA’ is the median of the triangle ABC and if AB < AC, then
/BAA > /A'AC.

Exercise 2.10. If m,, my and m, are the lengths of the medians of a triangle with
side-lengths a, b and ¢, respectively, prove that it is possible to construct a triangle
with side-lengths m,, my and m., and that

3
Z(a+b+c)<ma+mb+mc<a+b+c.

Exercise 2.11. (Ptolemy’s inequality) If ABCD is a convex quadrilateral, then
AC -BD < AB-CD + BC - DA. The equality holds if and only if ABCD is a
cyclic quadrilateral.

Exercise 2.12. Let ABCD be a cyclic quadrilateral. Prove that AC > BD if and
only if (AD — BC)(AB — DC) > 0.

Exercise 2.13. (Pompeiu’s problem) Let ABC be an equilateral triangle and let
P be a point that does not belong to the circumcircle of ABC'. Prove that PA,
PB and PC are the lengths of the sides of a triangle.

Exercise 2.14. If ABCD is a paralelogram, prove that

|AB% — BC?| < AC - BD.
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Exercise 2.15. If a, b and c are the lengths of the sides of a triangle, m,, m; and
m. represent the lengths of the medians and R is the circumradius, prove that

LA+ b2 4+ P4d?
(i) +

+ < 12R,
(i) mq(be — a?) +my(ca — b?) + me(ab — c?) > 0.

Me Mg mp

Exercise 2.16. Let ABC be a triangle whose sides have lengths a, b and ¢. Suppose
that ¢ > b, prove that

1 3
§(C_b) <mp —me < §(c—b),
where my;, and m, are the lengths of the medians.
Exercise 2.17. (Iran, 2005) Let ABC be a triangle with ZA = 90°. Let D be the

intersection of the internal angle bisector of ZA with the side BC and let I, be
the center of the excircle of the triangle ABC opposite to the vertex A. Prove that

AD
<v2-1
DIa_f

2.2 Inequalities between the sides of a triangle

Inequalities involving the lengths of the sides of a triangle appear frequently in
mathematical competitions. One sort of problems consists of those where you are
asked to prove some inequality that is satisfied by the lengths of the sides of a
triangle without any other geometric elements being involved, as in the following
example.

Example 2.2.1. The lengths a, b and c of the sides of a triangle satisfy
a(b+c—a) < 2be.

Since the inequality is symmetric in b and ¢, we can assume, without loss of
generality, that ¢ < b. We will prove the inequality in the following cases.
Case 1. a < b.

Since they are the lengths of the sides of a triangle, we have that b < a + ¢; then

2b
b+cfa:bfa+c<c+c:2c§—c.
a

Case 2. a > b.
In this case b — a < 0, and since a < b+ ¢ < 2b, we can deduce that
2b
b+c—a=c+b—a<c< —C.
a

Another type of problem involving the lengths of the sides of a triangle is
when we are asked to prove that a certain relationship between the numbers a, b
and c is sufficient to construct a triangle with sides of the same length.



2.2 Inequalities between the sides of a triangle 55

Example 2.2.2. (i) Ifa, b, ¢ are positive numbers and satisfy, (a2 + 0% + 62)2 >
2 (a4 +b* + 64), then a, b and c are the lengths of the sides of a triangle.

(ii) If a, b, ¢, d are positive numbers and satisfy
(> 4+ 0%+ +d%)° >3 (a +b* + ¢t +dY),
then,using any three of them we can construct a triangle.
For part (i), it is sufficient to observe that
(> + 02+ ) =2 (a* + b + ") = (a+b+c)(a+b—c)(a—b+c)(—a+btc) >0,

and then note that none of these factors is negative. Compare this with Example
1.2.5.

For part (ii), we can deduce that
3(at+ b+t +dh) < (@ 0+ +d%)
<a2—|—b2—|—62 a® + b + ¢? 2>2

2 * 2

2 2 2\ 2 2 2 2\ 2 2
<{<a —|—b2—|—c) +<a +b2+c> +d4}<\/§>

The second inequality follows from the Cauchy-Schwarz inequality; hence, a* +

242, .2)2 )
b+t < 2% . Using the first part we can deduce that a, b and ¢ can be

used to construct a triangle. Since the argument we used is symmetric in a, b, ¢
and d, we obtain the result.

There is a technique that helps to transform one inequality between the
lengths of the sides of a triangle into an inequality between positive numbers (of
course related to the sides).This is called the Ravi transformation.

If the incircle (I,r) of the triangle ABC is tangent to the sides BC, CA
and AB at the points X, Y and Z, respectively, we have that + = AZ = Y A,
y=2ZB=BX and z = XC =CY.

It is easily seen that a =y + 2, b=z2+2x, c=x4+y,zr=s—a,y =s—b and
z=s—c, where s = &E2tc,

Let us now see how to use the Ravi transformation in the following example.
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Example 2.2.3. The lengths of the sides a, b and c of a triangle satisfy
(b+c—a)(ct+a—Db)(a+b—c) < abec.
First, we have that
(b+c—a)c+a—>b)a+b—c)=8(s—a)(s—Db)(s—c)=8xyz,

on the other hand
abe = (z+ y)(y + 2)(= + ).

Thus, the inequality is equivalent to
8ryz < (v +y)(y + 2)(z + x). (2.1)

The last inequality follows from Exercise 1.26.

Example 2.2.4. (APMO, 1996) Let a, b, ¢ be the lengths of the sides of a triangle,
prove that Va+b—c +vVb+c—a +vVe+a—->b< \/&—i—\/l_)—i—ﬁ.

Ifweseta=y+2,b=z2+z, c=x+y, we can deduce that a +b —c = 2z,
b+ c—a =2z, c+ a— b= 2y. Hence, the inequality is equivalent to

V2 +/2y+ V22 <V +y+Vy+z+Vz+zx.

Now applying the inequality between the arithmetic mean and the quadratic mean
(see Exercise 1.68), we get

V2 2 2 V2 V2 V2
VaT+ By Vs = YV VIV EVEE v TV

2z 4 2y \/2y+2z \/2z+2x
<
\/ 2 * 2 * 2

=Vety+Vytz+vzta

Moreover, the equality holds if and only if x = y = z, that is, if and only if
a=b=c

Also, it is possible to express the area of a triangle ABC), its inradius, its
circumradius and its semiperimeter in terms of x, y, z. Sincea =z +y, b=y + z
and ¢ = z + z, we first obtain that s = %b*c = 2+ y + z. Using Heron’s formula
for the area of a triangle, we get

(ABC) = \/s(s —a)(s — b)(s —¢) = /(z + y + 2)zyz. (2.2)
The formula (ABC) = sr leads us to

(ABC) (z+y+ z)zryz _ xyz

s T+y+z T+y+z
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Finally, from (ABC) = % we get

@49+ +e)
4/ (x +y+ 2)zyz

R:

Example 2.2.5. (India, 2003) Let a, b, ¢ be the side lengths of a triangle ABC. If
we construct a triangle A'B'C’ with side lengths a + g, b+ 5, c+ §, prove that
(A'B'C’) > 2(ABC).

Since a = y+ 2, b = z+ x and ¢ = x + y, the side lengths of the triangle
A'B'C" are a' = %, b = W, d = 2@:4—2% Using Heron’s formula for

the area of a triangle, we get

(A/B/C/) _ \/3(51/' +y+ Z)(Q.%‘ +1:lé)(2y + Z)(?Z + :L‘) '

Applying the AM-GM inequality to show that 2z +y > 3{/x2y, 2y+ 2z > 3{/y3z,
2z 4+ x > 3V/22x, will help to reach the inequality

WBC) > \/3(x+y Jrlg)27(xy2) _ E(ABC)'

Equation (2.2) establishes the last equality.

Exercise 2.18. Let a, b and ¢ be the lengths of the sides of a triangle, prove that
3(ab+be+ca) < (a+b+c)* < 4(ab+ be + ca).
Exercise 2.19. Let a, b and ¢ be the lengths of the sides of a triangle, prove that
ab+bc+ca<a?+b+32< 2(ab + be + ca).
Exercise 2.20. Let a, b and ¢ be the lengths of the sides of a triangle, prove that
2(a®+b°+¢%) < (a+b+0).
Exercise 2.21. Let a, b and ¢ be the lengths of the sides of a triangle, prove that

a b c
+ + <
b+c¢c c¢c+a a+b

3 o 2.
5 =

Exercise 2.22. (IMO, 1964) Let a, b and ¢ be the lengths of the sides of a triangle,
prove that

a?(b+c—a)+b*(c+a—0b)+c*(a+b—c) < 3abe


Admin
Highlight

Admin
Highlight


58 Geometric Inequalities

Exercise 2.23. Let a, b and ¢ be the lengths of the sides of a triangle, prove that
a(b2—|—62 —a2) —|—b(62—|—a2 —b2) —|—c(a2—|—b2—02) < 3abc.

Exercise 2.24. (IMO, 1983) Let a, b and ¢ be the lengths of the sides of a triangle,
prove that

a®b(a — b) 4+ b*c(b — ¢) + c*a(c — a) > 0.
Exercise 2.25. Let a, b and ¢ be the lengths of the sides of a triangle, prove that
a—b+b—c+c—a <1
a+b b+c c+a|l 8

Exercise 2.26. The lengths a, b and c of the sides of a triangle satisfy ab+bc+ca = 3.
Prove that

3<a+b+c<2V3.

Exercise 2.27. Let a, b, ¢ be the lengths of the sides of a triangle, and let r be the
inradius of the triangle. Prove that

1 1 1 3
11,1 V8
a b ¢ 2r

Exercise 2.28. Let a, b, ¢ be the lengths of the sides of a triangle, and let s be the
semiperimeter of the triangle. Prove that

(i) (s—a)(s—0b) < ab,
(i) (s—a)(s=b)+(s=b)(s—c)+ (s —c)(s —a) < W.

Exercise 2.29. If a, b, c are the lengths of the sides of an acute triangle, prove that

Z Va2 +02 —2V/a2 -2 + 2 <a® + 02+ &,

cyclic

where stands for the sum over all cyclic permutations of (a, b, c).

cyclic

Exercise 2.30. If a, b, c are the lengths of the sides of an acute triangle, prove that

Z \/a2—|—b2—02\/a2—b2—|—62Sab+bc+ca,

cyclic

where > represents the sum over all cyclic permutations of (a, b, ¢).

cyclic
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2.3 The use of inequalities in the geometry of the
triangle

A problem which shows the use of inequalities in the geometry of the triangle was
introduced in the International Mathematical Olympiad in 1961; for this problem
there are several proofs and its applications are very broad, as will be seen later
on. Meanwhile, we present it here as an example.

Example 2.3.1. If a, b and c are the lengths of the sides of a triangle with area
(ABC), then 4v/3(ABC) < a® + b + 2.

Since an equilateral triangle of side-length a has area equal to @az, the

equality in the example holds for this case; hence we will try to compare what
happens in any triangle with what happens in an equilateral triangle of side length
a.

A

B d D e c

Let BC = a. If AD is the altitude of the triangle at A, its length h can be expressed
as h = ‘/7§a + y, where y measures its difference in comparison with the length
of the altitude of the equilateral triangle. We also set d = § —x and e = § + x,
where x can be interpreted as the difference that the projection of A on BC has
with respect to the projection of A on BC in an equilateral triangle, which in this

case is the midpoint of BC. We obtain

2 2 h
a2+b2+02—4\/§(ABC):a2+h2+<g+x> +h2+(g—x) —4\/5%

3 3
= 5a2 +2h% 4222 — 2V/3a (*{aﬂ/)

3 V3 ’
= §a2 +2 <7a+y> + 222 — 3a% — 2v/3ay

3 3
= §a2 + §a2 + 2V/3ay + 2y2 + 222 — 3a% — 2V/3ay

=2(x* +y%) >0.

Moreover, the equality holds if and only if x = y = 0, that is, when the triangle is
equilateral.



60 Geometric Inequalities

Let us give another proof for the previous example. Let ABC be a triangle,
with side-lengths @ > b > ¢, and let A’ be a point such that A’ BC is an equilateral
triangle with side-length a. If we take d = AA’, then d measures, in a manner,
how far is ABC' from being an equilateral triangle.

Using the cosine law we can deduce that

d? = a® + ¢® — 2accos(B — 60°)
= a® + ¢* — 2ac(cos B cos 60° + sin B sin 60°)

in B
=a’>+ % —accos B — 2\/§acs;n
2 2 _p2
=a’+c* —ac <a+220) — 2V3(ABC)

212 2
— # — 2V3(ABC).
But d? > 0, hence we can deduce that 4\/§(ABC) < a? 4+ b? + 2, which is what
we wanted to prove. Moreover, the equality holds if d = 0, that is, if A’ = A or,
equivalently, if ABC' is equilateral.

It is quite common to find inequalities that involve elements of the triangle
among mathematical olympiad problems. Some of them are based on the following
inequality, which is valid for positive numbers a, b, ¢ (see Exercise 1.36 of Section
1.3):

(a+b+c)(é+%+%)>9. (2.3)

Moreover, we recall that the equality holds if and only if a = b = c.

Another inequality, which has been very helpful to solve geometric-related
problems, is Nesbitt’s inequality (see Example 1.4.8 of Section 1.4). It states that
for a, b, ¢ positive numbers, we always have

a b c §
5"

> 2.4
b—|—c+c—|—a+a—|—b* (2:4)
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The previous inequality can be proved using inequality (2.3) as follows:

b—|—c+c—|—a+a—|—b_ b+c c+a a-+b

:(a+b+c)< LIRS S 1)_3

b+c c+a a+b

a b c a+b+c a+b+c a+b+ec
+ + -

3

1 1 1 1
—5[(a+b)+(b+c)+(c+a)]~ (b—|—c+c—|—a+a—|—b> -3
9 3
> — — = —.
-2 3 2

The equality holds if and only if a + b = b+ ¢ = ¢ + a, or equivalently, if a=b=c.

Let us now observe some examples of geometric inequalities where such re-
lationships are employed.

Example 2.3.2. Let ABC be an equilateral triangle of side length a, let M be a
point inside ABC and let D, E, F be the projections of M on the sides BC, CA
and AB, respectively. Prove that

. 1 1 1 6v3
(l) + + 2 \/_:
MD ME MF a

. 1 1 1 3V3
(ii) + + > .
MD+ME ME+MF MF+MD a

A

Let e =MD, y= ME and z = M F. Remember that we denote the area of
the triangle ABC as (ABC), then (ABC) = (BCM) + (CAM) + (ABM), hence
ah = ax + ay + az, where h = @a represents the length of the altitude of ABC.
Therefore, h = x + y + z. (This result is known as Viviani’s lemma; see Section
2.8). Using inequality (2.3) we can deduce that

1 1 1 1
h ( + -+ ) >9 and, after solving, that — +
Ty =z x
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To prove the second part, using inequality (2.3), we can establish that

1 1 1
(x+y+y+z+z+z) + + )29.
r+y yYy+z z+<x

1 1 1 9 _ 3V3
Therefore, vty T T e 2 an = Ta -

Example 2.3.3. If h,, hy and h. are the lengths of the altitudes of the triangle
ABC, whose incircle has center I and radius r, we have

(ii) ha + ho + e > Or.

In order to prove the first equation, observe that hT_a === ((,{ég))' Simi-
_ (ca r (IAB)

larly, hib = (ABC)’ h, = (ABC)" Adding the three equations, we have that

(IBC)  (ICA)
(4BC) T (ABC) T (ABC)

T,
he hy  he

The desired inequality is a straightforward consequence of inequality (2.3), since
(ha + hp + he) (hi+hib+hi> -7 > 9r.

Example 2.3.4. Let ABC be a triangle with altitudes AD, BE, CF and let H be
its orthocenter. Prove that

YD T HE T HF =

) HD  HE HF 3
WHATHB "HC ™2
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A

B [ c
D

To prove part (i), consider S = (ABC), S1 = (HBC), Sy = (HCA), S5 =
(HAB). Since triangles ABC and HBC share the same base, their area ratio is
equal t(; Igheir gll;ituclifFratio, that is, 5+ = 4D Similarly, 52 = ZE and 5 = ZL.
Then, E_Fﬁ_'_ﬁ:l'

Using inequality (2.3) we can state that

AD  BE  CF\(HD  HE HF\ _
HD HE HF AD  BE CF) ="

If we substitute the equality previously calculated, we get (i).

Moreover, the equality holds if and only if ’ZB = % = }% = %, that is,

. o _q _1 _ _HD  _
if S; = S2 = S3 = 35. To prove the second part observe that 77 = 4p-=7p =

Sl — Sl < 3 HE __ 52 HF __ 53 1 i a
575 = 5,05, and similarly, 77 = 532 and 75 = 575, then using Nesbitt’s

inequality leads to #L + HE 4 I > 3
Example 2.3.5. (Korea, 1995) Let ABC be a triangle and let L, M, N be points
on BC, CA and AB, respectively. Let P, Q and R be the intersection points of
the lines AL, BM and CN with the circumcircle of ABC', respectively. Prove that
AL BM CN
ot sty > 0.
LP M@ NR

Let A’ be the midpoint of BC, let P’ be the midpoint of the arc BC, let D
and D’ be the projections of A and P on BC, respectively.

It is clear that é—{; = }ég, > %. Thus, the minimum value of f—lﬁ—l—%—l—%
is attained when P, () and R are the midpoints of the arcs BC, CA and AB. This
happens when AL, BM and C'N are the internal angle bisectors of the triangle
ABC'. Hence, without loss of generality, we will assume that AL, BM and CN
are the internal angle bisectors of ABC. Since AL is an internal angle bisector, we

have®
ca ba 9 a \°
BL = , LC = and AL =bc|1-— .
b+c b+c b+c

6See [6, pages 74 and 105] or [9, pages 10,11].
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A
A’ D’
B ‘ C
D ! L
l P
P/
Moreover,
2
1— (.2
AL AL? AL? @@< (Mw)) (b+c)® — a?
_ = = = 22be = .
LP AL-LP BL-LC ﬁ a?

Similarly, for the internal angle bisectors BM and C'N, we have

BM  (c+a)*—b? d CON (a+b)?*—=¢
MQ b2 M NR T 2

2 2
(c—l—a) +<a+b> s
b c
< +c c+a cH—b)2
+ ~3
a b c

(6)2 —3=9.

Therefore,

p T o TR

Y

Y

AL  BM CN (
1
3
1
3

The first inequality follows from the convexity of the function f(z) = x? and the
second inequality from relations in the form 7 + 2 > 2. Observe that equality

holds if and only if a = b = c.
Another way to finish the problem is the following:

b+e\> [c+a\® [a+b\’
+ + -3
a b c
a? b 2 2 2 a? ab bc ca

>2.342.3-3=09.
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Here we made use of the fact that ‘g—j + Z—z > 2 and that ‘CL—S + be 4 g—;’ >

3 3/ (abtzz(lgg)c(zca) -3

Example 2.3.6. (Shortlist IMO, 1997) The lengths of the sides of the hexagon
ABCDEF satisfy AB= BC, CD = DFE and EF = FA. Prove that

BC  DE FA_3
BE DA FC — 2
B

:

E

Set a = AC, b = CE and ¢ = FA. Ptolemy’s inequality (see Exercise 2.11), applied
to the quadrilateral ACEF, guarantees that AE - FC < FA-CE+ AC-EF. Since
EF = FA, we have that ¢- FC < FA-b+ F A - a. Therefore,

FA c
FC ~—a+b

Similarly, we can deduce the inequalities

BO o DE_ b
BE “b+c an A~ c+a

Hence, g—g + % + % > et c—li)-a + .5 > %; the last inequality is Nesbitt’s

inequality.

Exercise 2.31. Let a, b, ¢ be the lengths of the sides of a triangle, prove that:

a b c

i >
(©) b+c—a+c+a—b+a+b—c_3’
(i) b—l—c—a_'_c—l—a—b_'_a—i—b—czg.
a b c

Exercise 2.32. Let AD, BE, C'F be the altitudes of the triangle ABC and let PQ,
PR, PS be the distances from a point P to the sides BC, CA, AB, respectively.

Prove that
A7D+@+07F>9
PQ PR PS 7
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Exercise 2.33. Through a point O inside a triangle of area .S three lines are drawn
in such a way that every side of the triangle intersects two of them. These lines
divide the triangle into three triangles with common vertex O and areas Sp, So
and Ss3, and three quadrilaterals. Prove that
(1) i + i + i > g
S1 So S3 — S’
(ll) i + i + i > g
S1 So S3 — S ’
Exercise 2.34. The cevians AL, BM and CN of the triangle ABC concur in P.
Prove that % + % + % = 6 if and only if P is the centroid of the triangle.

Exercise 2.35. The altitudes AD, BE, C'F intersect the circumcircle of the triangle
ABC in D', E' and F’, respectively. Prove that

(0 AD +BE+CF > 9

DD EE  FF =7

. AD BE CFE S

W 4o T BE Tor 2
Exercise 2.36. In the triangle ABC, let I, Iy, . be the lengths of the internal
bisectors of the angles of the triangle, and let s and r be the semiperimeter and
the inradius of ABC'. Prove that

() lalple < 7s?,
(i) laly + lple + lela < 52,
(iii) 12 +12 + 12 < s2.
Exercise 2.37. Let ABC be a triangle and let M, N, P be arbitrary points on the

line segments BC, CA, AB, respectively. Denote the lengths of the sides of the
triangle by a, b, ¢ and the circumradius by R. Prove that

be [ ca , ab _4p
AM BN CP~ 7

Exercise 2.38. Let ABC be a triangle with side-lengths a, b, c. Let m,, m; and
m. be the lengths of the medians from A, B and C, respectively. Prove that

max {amg,bmp,cm.} < sR,

where R is the radius of the circumcircle and s is the semiperimeter.

2.4 Euler’s inequality and some applications

Theorem 2.4.1 (Euler’s theorem). Given the triangle ABC, where O is the cir-
cumcenter, I the incenter, R the circumradius and r the inradius, then

OI> = R? — 2Rr.
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Proof. Let us give a proof” that depends only on Pythagoras theorem and the fact
that the circumcircle of the triangle BCT has center D, the midpoint of the arc®
BC'. For the proof we will use directed segments.

A

e

Let M be the midpoint of BC' and let @) be the orthogonal projection of I on the
radius OD. Then

OB? —0I?> = 0B? — DB? + DI? — OI?
= OM? — MD? + DQ? — QO?
= (MO +DM) (MO — DM) + (DQ + QO)(DQ — QO)

= DO(MO+ MD + DQ + 0Q)
= R(2MQ) = 2Rr.
Therefore OI? = R? — 2Rr. O

As a consequence of the last theorem we obtain the following inequality.

Theorem 2.4.2 (Euler’s inequality). R > 2r. Moreover, R = 2r if and only if the
triangle is equilateral.’

7 Another proof can be found in [6, page 122] or [9, page 29].

8The proof can be found in [6, observation 3.2.7, page 123] or [1, page 76].

9There are direct proofs for the inequality (that is, without having to use Euler’s formula).
One of them is the following: the nine-point circle of a triangle is the circumcircle of the medial
triangle A’ B’C’. Because this triangle is similar to ABC with ratio 2:1, we can deduce that the
radius of the nine-point circle is %. Clearly, a circle that intersects the three sides of a triangle

must have a greater radius than the radius of the incircle, therefore % >
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Theorem 2.4.3. In a triangle ABC, with circumradius R, inradius v and semipe-
rimeter s, it happens that

r < 5 < E
T332
Proof. We will use the fact that!® (ABC) = i—l}g = sr. Using the AM-GM

inequality, we can deduce that 2s = a + b+ ¢ > 3vabc = 3vV4Rrs. Thus,
8s3 > 27(4Rrs) > 27(8r%s), since R > 2r. Therefore, s > 3v/3r.
The second inequality, 3%/5 < % is equivalent to a+b+c < 3v/3R. But using

the sine law, this is equivalent to sin A + sin B + sin C' < %g Observe that the

last inequality holds because the function f(x) = sinx is concave on [0, 7], thus
in A+sin B+sinC i (A+B+CY) _ o1 60° — V3
sin suzl)) sin < sin ( L ) = sin60° = M2 O

Exercise 2.39. Let a, b and ¢ be the lengths of the sides of a triangle, prove that
(a+b—c)(b+c—a)lc+a—0b) <abe.

Exercise 2.40. Let a, b and ¢ be the lengths of the sides of a triangle, prove that
1 1 1 1
= > =,
ab  bc  ca ~ RZ?

where R denotes the circumradius.

Exercise 2.41. Let A, B and C be the measurements of the angles in each of the
vertices of the triangle ABC, prove that
1 1 1
. . + - . + - . >
sinAsinB  sinBsinC  sinCsin A
Exercise 2.42. Let A, B and C be the measurements of the angles in each of the
vertices of the triangle ABC, prove that

oA (B () < L
Sln2 Sl]fl2 Sln2 S 8

Exercise 2.43. Let ABC be a triangle. Call A, B and C the angles in the vertices
A, B and C, respectively. Let a, b and ¢ be the lengths of the sides of the triangle
and let R be the radius of the circumcircle. Prove that

4.

SIGICHON

Theorem 2.4.4 (Leibniz’s theorem). In a triangle ABC with sides of length a, b
and ¢, and with circumcenter O, centroid G and circumradius R, the following
holds:

2

OG2:R2—%(a2+b2+cz).

10Gee [6, page 97] or [9, page 13].
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Proof. Let us use Stewart’s theorem which states'! that if L is a point on the side
BC of a triangle ABC and if AL =1, BL = m, LC = n, then a(12 +mn) =
b>m + c*n.

A

Applying Stewart’s theorem to the triangle OAA’ to find the length of OG, where
A’ is the midpoint of BC, we get
AA (OG® + AG-GA') = A0 - AG + AO* - GA'.

Since 5 1

AO =R, AG= §AA, and GA = §AA/’
substituting we get

2 2 1

2 _A/A2:A/ 2 2 2._'

OG* + 9( ) O 3 +R 3

a

On the other hand'?, since (A’A)? = M and A'O? = R? — ;, we can

deduce that
2 2 (p2 2\ 2
0G2:<R2_a>2+ R_§<(+40)“>

1
4 /)3 3
_p2 a? 2(62—|—02)—a2
B 6 18
_R2_CL2—|—bz+c2
= — -

One consequence of the last theorem is the following inequality.

Theorem 2.4.5 (Leibniz’s nequality). In a triangle ABC with side-lengths a, b and
¢, with circumradius R, the following holds:

9R? > a® + b% + 2.

M For a proof see [6, page 96] or [9, page 6].
12See [6, page 83] or [9, page 10].
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Moreover, equality holds if and only if O = G, that is, when the triangle is equi-
lateral.

Example 2.4.6. In a triangle ABC with sides of length a, b and ¢, it follows that

W3(ABC) < Jabe
a+b+c
Using that 4R (ABC') = abc, we have the following equivalences:
2p2c? a?+b%+ 2 3abc
9R? > a? + 1? ? o a S 4(ABC) < ————.
=@ TS gaBoy = 9 ( )_\/a2+b2+02
Cauchy-Schwarz inequality says that a + b + ¢ < v/3v/a2 + b2 + ¢2, hence
b
IB(ABC) < —2abe
a+b+c

Exercise 2.44. Let A, B and C be the measurements of the angles in each of the
vertices of the triangle ABC, prove that

sin?A + sin?B + sin’C < %
Exercise 2.45. Let a, b and ¢ be the lengths of the sides of a triangle, prove that
4V3(ABC) < 3Va2b2c2.

Exercise 2.46. Suppose that the incircle of ABC' is tangent to the sides BC, CA,
AB, at D, E, F, respectively. Prove that

s2

EF? + FD?* + DE?* < °,

w

where s is the semiperimeter of ABC.

Exercise 2.47. Let a, b, ¢ be the lenghts of the sides of a triangle ABC' and let A,
hp, he be the lenghts of the altitudes over BC, C' A, AB, respectively. Prove that

a? b> c?

> 4.
hyhe + hehg, + hohy —

2.5 Symmetric functions of a, b and ¢

The lengths of the sides a, b and ¢ of a triangle have a very close relationship with
s, 7 and R, the semiperimeter, the inradius and the circumradius of the triangle,
respectively. The relationships that are most commonly used are

a+b+c = 2s, (2.5)

ab+bc+ca = s*+r?+4rR, (2.6)
abc = 4Rrs. (2.7)
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The first is the definition of s and the third follows from the fact that the area of

the triangle is ‘i—l}g = rs. Using Heron’s formula for the area of a triangle, we have

the relationship s(s — a)(s — b)(s — ¢) = 7?52, hence
53— (a+b+c)s® + (ab+ be + ca)s — abe = rs.
If we substitute (2.5) and (2.7) in this equality, after simplifying we get that
ab+bc+ca = s> + 1% + 4Rr.

Now, since any symmetric polynomial in a, b and ¢ can be expressed as a polyno-
mial in terms of (a + b+ ¢), (ab+ bc+ ca) and (abc), it can also be expressed as a
polynomial in s, » and R. For instance,
a®>+ 0>+ =(a+b+c)>—2(ab+bc+ca) =2 (s> —r*> —4Rr)
a4+ +E=(a+b+c)*—3(a+b+c)(ab+ be+ ca) + 3abe
=2 (33 —3r?s — 6Rr3) .

These transformations help to solve different problems, as will be seen later
on.

Lemma 2.5.1. If A, B and C are the measurements of the angles within each of
the vertices of the triangle ABC, we have that cos A+ cos B +cosC =  + 1.

Proof.

b2 42— g2 24 42 _p2 252 2
cos A+ cosB+cosC = c-a +C a +a ¢

2bc 2ca 2ab
a(B®+c)+b(?+a?) +c(a®+b?) — (a®+b° +3)
- 2abc
(a+b+c)(a®+b*+c?) —2(a® + b + 3)
n 2abc
4s (32 —r? - 4R7") —4 (33 —3r2s — 6R1"s)
- 8Rrs
(s> —r*> —4Rr) — (s* — 3r — 6Rr)
- 2Rr
272 + 2Rr r
= ————=—+1.
2Rr R 0

Example 2.5.2. If A, B and C are the measurements of the angles in each of the
vertices of the triangle ABC, we have that cos A + cos B + cosC < %

Lemma 2.5.1 guarantees that cos A+cos B+cos C' =  +1, and using Euler’s
inequality, R > 27, we get the result.
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We can give another direct proof. Observe that,
a(b* +c*—a?)+b(+a*—b*)+c(a* +b* —*) = (b+c—a)(c+a—b)(a+b—c)+2abe.
Then,

B2+c2—a®> A4a?>-0 a?+b2 -2
2bc 2ca 2ab
(b+c—a)(c+a—Db)a+b—rc)

fr— ]_7
2abc +

cos A+ cosB+cosC =

and since (b4 c—a)(c+ a —b)(a + b — ¢) < abe, we have the result.

Example 2.5.3. (IMO, 1991) Let ABC' be a triangle, let I be its incenter and let
L, M, N be the intersections of the internal angle bisectors of A, B, C with BC,

CA, AB, respectively. Prove that i < %%% < 2—87.

A

B C
L

Using the angle bisector theorem % = % = 7 and the fact that BL +
LC = a, we can deduce that BL = ;2% and LC = ﬁ’c Again, the angle bisector
theorem applied to the internal angle bisector BI of the angle ZABL gives us
IL BL ac a

Al = AB = (htoe = bie- Hence,

AL AI+1L 1L a a+b+c
_— = ]_ _— = 1 = .
AT Al AT e e
Then, % = aj’_tj_c.l?’ Similarly, % = afgic and CC—I{, = aitic. Therefore, the

inequality that we have to prove in terms of a, b and c is

I (b+c)c+a)at+b) 8
4° (a+b+c)3 S277'

The AM-GM inequality guarantees that

(a+b+c)3,

3
(b+)(c+a)a+b) < ((b—!—c)—!—(c—ga)—!—(a—!—b)) :%

13 Another way to prove the identity is as follows. Consider o = (ABI), 8 = (BCI) and

_ ; Al _ _aty . _r(cdb) . c+b
v = (CAI). It is clear that 77 = St AT = Tateih) = ateid
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hence the inequality on the right-hand side is now evident.
To prove the inequality on the left-hand side, first note that

(b+c)c+a)a+b) (a+b+c)(ab+bec+ ca) — abe
(a+b+c¢)3 B (a+b+c)3 ’

Substitute above, using equations (2.5), (2.6) and (2.7), to get

(b+c)(c+a)(a+b) 2s(s>+r?+4Rr) —4Rrs
(a+b+c)3 N 8s3
253 +2sr2 +4Rrs 1  2r2 4+ 4Rr 1
8s3 T4 + 852 s

We can also use the Ravi transformation e =y + 2, b=z +x, c = & + y, to reach
the final result in the following way:

btocta)la+d) (ztyt+zta)zt+y+z+y)zt+y+z+2)

(a+b+c¢)? 8(x+y+2)3
1
= — 1+L 1+L 1+#
8 r+y+z r+y+z rT+y+z
1 1 r+y+z  xy+yz+zze TYZ >1
-8 TH+y+z TH+y+z T+y+z 4’

Exercise 2.48. Let A, B and C be the values of the angles in each one of the
vertices of the triangle ABC, prove that

sin? é + sin? B + sin? g > 3

2 2 2 T 4
Exercise 2.49. Let a, b and ¢ be the lengths of the sides of a triangle. Using the
tools we have studied in this section, prove that
9ab
4V3(ABC) < ¢
a+b+c

Exercise 2.50. Let a, b and ¢ be the lengths of the sides of a triangle. Using the
tools presented in this section, prove that

4V3(ABC) < 3Va2b2c2.

Exercise 2.51. (IMO, 1961) Let a, b and ¢ be the lengths of the sides of a triangle,
prove that
4V3(ABC) < a® +b% 4 2.

Exercise 2.52. Let a, b and ¢ be the lengths of the sides of a triangle, prove that
AVB(ABC) <a® +0*+ 2 —(a—b)? = (b—¢)* — (c—a)®.
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Exercise 2.53. Let a, b and ¢ be the lengths of the sides of a triangle, prove that
4V3(ABC) < ab + be + ca.
Exercise 2.54. Let a, b and ¢ be the lengths of the sides of a triangle, prove that

I3(ABC) < 3(a+b—|—c)abc.
ab + bc + ca

Exercise 2.55. Let a, b and ¢ be the lengths of the sides of a triangle. If a4+-b+c =1,
prove that
1
a? 4+ b% + 2 + dabe < 3

Exercise 2.56. Let a, b and ¢ be the lengths of the sides of a triangle, let R and r
be the circumradius and the inradius, respectively, prove that

(btc—a)lcta—b)latb—c) 2r
abe R

Exercise 2.57. Let a, b and ¢ be the lengths of the sides of a triangle and let R be
the circumradius, prove that
2 b2 2

a c
3v3R < .
V3 _b+c—a+c+a—b+a+b—c

b+c—a
2

y = %’b and z = %b’c Ifn=x+y+z mn=u1ay+yz+zrand 13 = 2yz,
verify the following relationships.

Exercise 2.58. Let a, b and ¢ be the lengths of the sides of a triangle. Set © =

1) (a=b2+0b—c)+(c—a)?=(x—y)?+(y—2)?°+ (2 —2)* =2(1% — 37).
2) a+b+c=2m.

3) a? + b2+ =27 —2m.

5
6) 16(ABC)? = 2(a?b? + b2c? + ?a?) — (a* + b* + ¢*) = 16r2s% = 167173.

abc = T1T2 — T3.

(
(2)
(3)
(4) ab+be+ca =18 + 72.
()
(6)

T1T2 — T3
) R= ———.
O R=
8) r= /2.

T

9) m=sn=r@R+r), 3 =r%s.
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2.6 Inequalities with areas and perimeters

We begin this section with the following example.

Example 2.6.1. (Austria—Poland, 1985) If ABCD is a convex quadrilateral of area
1, then

AB+ BC +CD+ DA+ AC + BD >4+ /8.

Set a = AB, b= BC,c=CD,d= DA, e= AC and f = BD. The area of
the quadrilateral ABCD is (ABCD) = W? where 6 is the angle between the
diagonals, which makes it clear that 1 = w < %

Since (ABC) = 2sinB < 4b 4pd (CDA) = =D < & we can deduce that
1 = (ABCD) < 2ted Similarly, 1 = (ABCD) < 592 These two inequalities
imply that ab+ bc + cd 4+ da > 4.

Finally, since (e + f)? = def + (e — f)? > 4ef > 8 and (a + b+ c+d)? =
dla+c)b+d)+ ((a+c)— (b+d))? > 4(a+c)(b+d) = 4(ab+ bc+ cd + da) > 16,
we can deduce that a +b+c+d+e+ f >4+ 8.

Example 2.6.2. (Iberoamerican, 1992) Using the triangle ABC, construct a heza-
gon H with vertices A1, As, B1, Ba, Cq, Co as shown in the figure. Show that the
area of the hexagon H is at least thirteen times the area of the triangle ABC.

Aq

Y%

By

It is clear, using the area formula (ABC) = %, that

(A1A2B1B2C1Ca) =(A1BCy) + (A2CBy) + (B2 ACH) + (AA1 Ag)
+ (BBlBQ) + (00102) - Q(ABC)
(c+a)’sinB  (a+b)*sinC  (b+c)*sin A
+ +
2 2 2
a’sin A N b%sin B N csin C
2 2 2

— 2(ABC)
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(a® 4+ b% + ¢?)(sin A + sin B + sin C)

= 5 + casin B
+absinC + besin A — 2(ABC)
_ (a® +b% + 02)(sin;4 +sin B +sinC') + 4(ABC).
Therefore, (A3 A2 B1 BoC1C3) > 13(ABC) if and only if
(a? +b% + 02)(sin2A + sinB + sinC) > 9(ABC) = 94a7]l;c'

Using the sine law, % = ﬁ, we can prove that the inequality is true if and only

. 2 b2 2 b .
if W > 94a_}gc7 that is,

(a®> +0* +c*)(a+b+c) > 9abe.

The last inequality can be deduced from the AM-GM inequality, from the re-
arrangement inequality or by using Tchebychev’s inequality. Moreover, the equal-
ity holds only in the case a = b = c.

Example 2.6.3. (China, 1988 and 1993) Consider two concentric circles of radii R
and Ry (R1 > R) and a convex quadrilateral ABCD inscribed in the small circle.
The extensions of AB, BC, CD and DA intersect the large circle at C1, D1, Ay
and By, respectively. Show that

perimeter of A1B1C1D1 &
perimeter of ABCD — R’

“sen 2 (&)

(i)

(i)

Ay

D,
Cy
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To prove (i), we use Ptolemy’s inequality (see Exercise 2.11) applied to the
quadrilaterals OAB,Cy, OBC1 D1, OCD1A; and OD A, By, which implies that

AC,- Ry < B1Cy-R+ AB1 - Ry,
BD,-R; <C1D:-R+ BCy- Ry, (28)
CA,- Ry < D1A;-R+CD; - Ry,
DB, -Ri <A1B1-R+ DA; - R;.
Then, when we add these inequalities together and write ACy, BD;, CA; and

DBy, and express them as AB + BC;, BC +CD,, CD + DA, and DA + ABq,
respectively, we get

Ry - perimeter (ABCD) + R (BC'1 +CD;+ DA, + ABl)
< R - perimeter (AlBlchl) + R (ABl + BCy + CD;y + DAl)
Therefore,
perimeter (41 B1C1D1)
perimeter (ABCD)
To prove (ii), we use the fact that (ABCD) = W = %(ad—i— be)

and also that (ABCD) = 2bsinBiedsinB — sinB(gh 4 cd), where A = ZDAB and
B=/ABC.

>
- R

L]

Dy
Ch

Since (AB1C4) = m(a+y)sm2(180°_’4) = ”3(‘”'%)51“‘4, we can produce the identity
(ABlCl) _ w(a+y) (Bchl)) _ y(b+Z) (CDlAl) _ z(c+w) (DAlBl) _

(ABCD) ~ Tadtbe Similarly, (ABCD) ~ ‘abtecd’ (ABCD) — ‘adtbc’® (ABCD) —
w(d+x
a(l)+cd). Then,
(A1B1C1Dy) - zla+y)+zw+c) yb+2)+w(d+ )
(ABCD) ad + be ab+ cd '

The power of a point in the larger circle with respect to the small circle is equal to
R? — R?. In particular, the power of Ay, By, C; and Dj is the same. On the other
hand, we know that these powers are w(w + ¢), z(z + d), y(y + a) and z(z + b),
respectively.
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Substituting this in the previous equation implies that the area ratio is

(Al Blchl)
(ABCD)

T N z N Y LW
(ad+bc)  w(ad+bc)  z(ab+cd)  x(ab+ cd)|’

=1+(RI-R?) ;

Using the AM-GM inequality allows us to deduce that

(ABIC1Dy) 4(R2 — R?)
(ABCD) =" \/(ad + bc)(ab + cd)

Since 24/(ad + be)(ab + cd) < ad+be+ab+cd = (a+c)(b+d) < T(a+b+c+d)* <

@ = 8R2, the first two inequalities follow from the AM-GM inequality, and
the last one follows from the fact that, of all the quadrilaterals inscribed in a circle,
the square has the largest perimeter. Thus

(MBICIDY) | | AR} - R?) <R1>2
=) -

(ABCD) ~ AR? R

Moreover, the equalities hold when ABCD is a square and only in this case. Since
in order to reduce inequalities (2.8) to identities, it must be the case that the four
quadrilaterals OAB;Cy, OBC1 D1, OCD1A; and ODA; By are cyclic. Thus, OA
is an internal angle bisector of the angle BAD, and the same happens for OB,
OC and OD.

There are problems that, even when they are not presented in a geomet-
ric form, they invite us to search for geometric relationships, as in the following
example.

Example 2.6.4. If a, b, ¢ are positive numbers with ¢ < a and ¢ < b, we can deduce

that \/c(a — c) +\/c(b— ¢) < Vab.

Consider the isosceles triangles ABC' and ACD, both sharing the common
side AC of length 2/c; we take the first triangle as having equal sides AB = BC
of length /a and the second one satisfying CD = DA with length /.

The area of the quadrilateral ABCD is, on the one hand,

(ABCD) = (ABC) + (ACD) = \/c(a — ¢) + /b(b — ¢);

and on the other hand, (ABCD) = 2(ABD) = 2Yaebsin ZBAD

This last procedure for calculating the area clearly proves that (ABCD) <
Vab, and thus the result is obtained.
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Another solution is as follows. Since AC and BD are perpendiculars, Py-
thagoras theorem implies that DE = /b —c and FB = y/a — c. By Ptolemy’s
inequality (see Exercise 2.11), (vb—c + va —c¢) - (2/¢) < yavb + avb and

then the result.

Exercise 2.59. On every side of a square with sides measuring 1, choose one point.
The four points will form a quadrilateral of sides of length a, b, ¢ and d, prove that

(i) 2<a?+ b2 +c?+d* <4,
(i) 2v2<a+b+c+d<A4.

Exercise 2.60. On each side of a regular hexagon with sides measuring 1, we choose
one point. The six points form a hexagon of perimeter h. Prove that 3v/3 < h < 6.

Exercise 2.61. Consider the three lines tangent to the incircle of a triangle ABC
which are parallel to the sides of the triangle; these, together with the sides of the
triangle, form a hexagon T'. Prove that

2
the perimeter of T < 3 the perimeter of (ABC).
Exercise 2.62. Find the radius of the circle of maximum area that can be covered

using three circles with radius 1.

Exercise 2.63. Find the radius of the circle of maximum area that can be covered
using three circles with radii 71, ro and r3.

Exercise 2.64. Two disjoint squares are located inside a square of side 1. If the
lengths of the sides of the two squares are a and b, prove that a +b < 1.

Exercise 2.65. A convex quadrilateral is inscribed in a circumference of radius 1,
in such a way that one of its sides is a diameter and the other sides have lengths
a, b and c. Prove that abc < 1.
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Exercise 2.66. Let ABCDE be a convex pentagon such that the areas of the
triangles ABC, BCD, CDE, DEA and FAB are equal. Prove that

0 (AB(:;DE) < (ABO) < (AB(;DE),
(m(A&ﬂMD:52¢iA&%.

Exercise 2.67. If AD, BE and CF are the altitudes of the triangle ABC, prove
that

perimeter (DEF) < s,
where s is the semiperimeter.

Exercise 2.68. The lengths of the internal angle bisectors of a triangle are at most
1, show that the area of such a triangle is at most ?

Exercise 2.69. If a, b, ¢, d are the lengths of the sides of a convex quadrilateral,
show that

ab + cd
2 b

(i) (ABCD) <

ac+ bd
2

mD(ABCD)<<a;C><E%g)

(ii) (ABCD) < and

2.7 Erdos-Mordell Theorem

Theorem 2.7.1 (Pappus’s theorem). Let ABC be a triangle, AA'B'B and CC' A" A
two parallelograms constructed on AC and AB such that both either are inside
or outside the triangle. Let P be the intersection of B'A’ with C'A"”. Construct
another parallelogram BP'P"C on BC such that BP' is parallel to AP and of the
same length. Thus, we will have the following relationships between the areas:

(BP'P"C) = (AA'B'B) + (CC'A" A).

Proof. See the picture on the next page. O
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>
)

Theorem 2.7.2 (Erdés-Mordell theorem). Let P be an arbitrary point inside or on
the boundary of the triangle ABC'. If py, py, pe are the distances from P to the
sides of ABC, of lenghts a, b, ¢, respectively, then

PA+ PB+ PC > 2(pg + b + pe) -

Moreover, the equality holds if and only if the triangle ABC is equilateral and P
is the circumcenter.

Proof (Kazarinoff). Let us reflect the triangle ABC on the internal bisector BL of
angle B. Let A’ and C’ be the reflections of A and C. The point P is not reflected.
Now, let us consider the parallelograms determined by B, P and A’, and by B, P
and C'.

C/

AN

The sum of the areas of these parallelograms is c¢p, + ap. and this is equal to the
area of the parallelogram A’ P’ P”C’, where A’ P’ is parallel to BP and of the same
length. The area of A’P'P”C" is at most b - PB. Moreover, the areas are equal if
BP is perpendicular to A’C’ and this happens if and only if P is on BO, where
O is the circumcenter of ABC.'* Then,

A

cpa + ap. < bPB.

M BP is perpendicular to A’C’ if and only if ZPBA' = 90° — LA’ but LA’ = ZA and
OBC =90° — LA, then P should be on BO.
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P/l

c’ c’

Pc

P
Pa

B ¢ A B A

Therefore,
a

C
PB > “pa + —pe.
Z P +bp

Similarly,
b b
PA> Zp.+<p, and PC > =p,+ Zp,.
a a C C

If we add together these inequalities, we have

b b
PA+PB+PC> (2 4¢€ pa+(9+9)pb+ L 2) pe =20+ o +pe) s
c b a c b a

since g + ¢ > 2. Moreover, the equality holds if and only if a = b = c and P is on
AO, BO and CO, that is, if the triangle is equilateral and P = O. O

Example 2.7.3. Using the notation of the Erdds-Mordell theorem, prove that
aPA+bPB+ cPC > 4(ABC).

Consider the two parallelograms that are determined by B, C, P and B,
A, P as shown in the figure, and the parallelogram that is constructed following
Pappus’s theorem. It is clear that

bPB > ap, + cpe.
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Similarly, it follows that

aPA > bpy + cpe,
cPC > ap, + bpy.

Hence,
aPA+bPB + cPC > 2(ap, + bpy, + cp.) = 4(ABC).

Example 2.7.4. Using the notation of the Erdds-Mordell theorem, prove that
PaPA+pyPB + p.PC > 2 (papy + pope + Pepa) -

As in the previous example, we have that aPA > bpy, + cp.. Hence,
b c
PaPA > —papy + —PcPa-
a a

Similarly, we can deduce that p,PB > %papy + £pype, pePC > “pepa + Lpype.
If we add together these three inequalities, we get

a C

b b
paPA+pyPB + p.PC > + = | Papy + | = + 7 | Popc + (E + 9) DePa
b a c b a c
> 2 (papb + PoPe + Deba) -

Example 2.7.5. Using the notation of the Erdds-Mordell theorem, prove that

PA  PB PC

1 1 1 1 1 1
2+t omtos )< —+—+—.
Pa Pb Pe

Let us apply inversion to the circle of center P and radius d = py. If A’, B, C’ are
the inverse points of A, B, C, respectively, and A}, B}, C} are the inverse points
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of Ay, By, C1, we can deduce that

PA-PA' = PB.-PB' = PC-PC' = d?,
PA,-PA, = PB, - PB, = PC, - PC}| = d*.

Moreover, A, B’ and C’ are on BjCy, C;A} and A} Bj, respectively, and the
segments PA’, PB’ and PC’ are perpendicular to B{C1, C; A} and A} B}, respec-
tively.

An application of the Erdés-Mordell theorem to the triangle A} B{C{ shows
that PA{ + PB] + PC| > 2(PA’ + PB' + PC").

Since
d? d? d?
PA,=—, PBl=——, PC|=—
1 PAl ) 1 PB1 ’ 1 PCl )
d? d? d?
PC' = PB = — PA =_—
¢ PC’ PB’ PA’
then
1 1 1 1 1 1
d? >2d2 [ — 4+ — + —
(PA1+PB1+PC’1> - (PA—FPB—FPC')7
that is,

(L L 1y _ (1,1 1
PA PB PC)  \p. po pc)
Example 2.7.6. Using the notation of the Erdds-Mordell theorem, prove that

R
PA~PB~PCZﬂ(pa+pb)(pb+pc)(pc+pa)~

Let C; be a point on BC such that BCy = AB. Then AC7; = 2c¢sin g, and
Pappus’s theorem implies that PB (2c sin g) > ¢ pg + ¢ pe. Therefore,

pp > PatPe
~ 2sing’
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Similarly,
pA>PEPe g pos Path
2 sin 5 2 sin 5

Then, after multiplication, we get

1 |
PA-PB-PC >~ . ) (o .
% 8 (sin 4 (sin &) (sin Q) (Pe T PY) (o pe) (Pe o)

The solution of Exercise 2.42 helps us to prove that (sin4) (sin2) (sin§) = 2

2 2 2 iR’
then the result follows.

Example 2.7.7. (IMO, 1991) Let P be a point inside the triangle ABC'. Prove that
at least one of the angles /PAB, /PBC, ZPCA is less than or equal to 30°.

Draw A;, B; and Ci, the projections of P on sides BC, CA and AB, re-
spectively. Using the Erdés-Mordell theorem we get PA + PB + PC > 2PA; +
2PB; + 2PC}.

Thus, one of the following inequalities will be satisfied:

PA>2PC,, PB>2PA; or PC>2PB.

If, for instance, PA > 2PC}, we can deduce that % > [;il = sin ZPAB, then
/PAB < 30° or ZPAB > 150°. But, if ZPAB > 150°, then it must be the case
that ZPBC < 30° and thus in both cases the result follows.

Example 2.7.8. (IMO, 1996) Let ABCDEF be a convex hexagon such that AB
is parallel to DE, BC' is parallel to EF and CD s parallel to FA. Let Ra, Rc,
REg denote the circumradii of triangles FAB, BCD, DEF, respectively, and let
P denote the perimeter of the hexagon. Prove that

P
RA+R0+REZ§.

Let M, N and P be points inside the hexagon in such a way that M DEF,
NFAB and PBCD are parallelograms. Let XY Z be the triangle formed by the
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lines through B, D, F' and perpendicular to FF'A, BC, DE, respectively, where B
isonYZ, Don ZX and F on XY. Observe that MNP and XY Z are similar
triangles.

Since the triangles DEF and DM F' are congruent, they have the same circumra-
dius; moreover, since X M is the diameter of the circumcircle of triangle DM F,
then XM = 2Rpg. Similarly, YN = 2R4 and ZP = 2R¢. Thus, the inequality
that needs to be proven can be written as

XM+YN+ZP>BN+ BP+DP+ DM+ FM + FN.

The case M = N = P is the Erdds-Mordell inequality, on which the rest of the
proof is based.

Let Y’, Z' denote the reflections of Y and Z on the internal angle bisector
of X. Let G, H denote the feet of the perpendiculars of M and X on Y’'Z’,
respectively.

A Y’
H d
Since (XY'Z") = (XMZ')+ (Z’MY") + (Y'M X), we obtain

XH-Y'Z' =MF-XZ'+ MG-Y'Z'+ MD -Y'X.
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Iftweset x =Y'Z', y=2X', 2= XY, the above equality becomes
e XH=a2MG+ zDM + yF M.

Since ZXHG = 90°, then XH = XGsinZXGH < XG. Moreover, using the
triangle inequality, XG < XM + MG, we can deduce that

XM >XH-MG=2DM+2FM.
X X

Similarly,
YN>Z2FN+ZBN,
y y

zp>YBP+2DP
z y

After adding together these three inequalities, we get
z Y x z Yy x
XM+YN+ZP>—-DM+ ZFM + —FN + —-BN +=BP+ —-DP. (2.9)
x x Y Yy z z

Observe that

BP + BN BP — BN
Yppy PN = (Y4 2)(2EEEY) (Y2 (PR B
z Y z Yy 2 z vy 2

Since the triangles XY Z and M NP are similar, we can define r as

_FM—-FN BN-BP DP-DM
- XYy Yz — ZX

r

If we apply the inequality ¥ + > =2, we get

YppiLipN— (YL Z)(BEEBNY r(lyx zw
z Y z Yy 2 2\ 2z Y

ZBP+BN_T(W_Z$).
2\ z Y

Similar inequalities hold for

fFN+ymw>FN+FM—C<5—QQ,
Y x 2\y =
fDM+§DPzDM+DP—f(§—f%.
T z 2\  z

If we add the inequalities and substitute them in (2.9), we have
XM+YN+ZP>BN+ BP+DP+ DM+ FM + FN,

which completes the proof.
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Exercise 2.70. Using the notation of the Erdés-Mordell theorem, prove that
4
PA-PB-PC> —Rpapbpc-
T

Exercise 2.71. Using the notation of the Erdés-Mordell theorem, prove that
PA?  PB? PC?

+ + >
PbPc PcPa PaPb
. PA PB PC
(ii) + + >3
Db+ Pc DPctPa  PatDb

PA PB pPC
+ + >6

VPvPe  \/PcPa  \/PaDb

(iv) PA-PB+ PB-PC + PC - PA> 4(paps + pope + Peba)-

(i 12,

)

(iii)

Exercise 2.72. Let ABC be a triangle, P be an arbitrary point in the plane and
let pa, Pp y pe be the distances from P to the sides of a triangle of lengths a, b and
¢, respectively. If, for example, P and A are on different sides of the segment BC),
then p, is negative, and we have a similar situation for the other cases. Prove that

b b
PA+PB+PC> (=47 pat (5 +2)mo+ 5+ ) pe
c b a c b a

2.8 Optimization problems

In this section we present two classical examples known as the Fermat-Steiner
problem and the Fagnano problem.

The Fermat-Steiner problem. This problem seeks to find a point in the interior or
on the sides of a triangle such that the sum of the distances from the point to the
vertices of the triangle is minimum. We will present three solutions and point out
the methods used to solve the problem.

Torricelli’s solution. It takes as its starting point the following two lemmas.

Lemma 2.8.1 (Viviani’s lemma). The sum of the distances from an interior point
to the sides of an equilateral triangle is equal to the altitude of the triangle.

Proof. Let P be a point in the interior of the triangle ABC. Draw the triangle
A’'B'C" with sides parallel to the sides of ABC, with P onC’A’ and B’C’ on the
line through B and C.
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Al A
MI
N M
Pl P” P
B’ B I L C C

If L, M and N are the feet of the perpendiculars of P on the sides, it is clear that
PM = NM’, where M’ is the intersection of PN with A’B’. Moreover, PM’ is
the altitude of the equilateral triangle AP’ P. If A’P” is the altitude of the triangle
AP'P from A’, it is clear that PM' = A’P”. Let L’ be a point on B’C’ such that
A'L’ is the altitude of the triangle A’B’C”’ from A’. Thus,

PL+PM+PN =PL+PN+NM' =PL+A'P"=AP'+P'L'=AL. O
Next, we present another two proofs of Viviani’s lemma for the sake of com-
pleteness.

Observation 2.8.2. (i) The following is another proof of Viviani’s lemma which
is based on the use of areas. We have that (ABC) = (ABP) + (BCP) +
(CAP). Then, if a is the length of the side of the triangle and h is the
length of its altitude, we have that ah = aPN + aPL + aPM, that is, h =
PN+ PL+ PM.

(ii) Another proof of Viviani’s lemma can be deduced from the following diagram.

A

A 9
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Lemma 2.8.3. If ABC is a triangle with all angles less than or equal to 120°, there
is a unique point P such that ZAPB = /BPC = ZCPA = 120°. The point P is
known as the Fermat point of the triangle.

Proof. First, we will proof the existence of P. On the sides AB and C'A we con-
struct equilateral triangles ABC’ and CAB’. Their circumcircles intersect at A
and at another point that we denote as P.

Bl

B C

Since APCB’ is cyclic, we have that Z/CPA = 180° — /B’ = 120°. Similarly, since
APBC' is cyclic, ZAPB = 120°. Finally, /BPC = 360° — ZAPB — /CPA =
360° — 120° — 120° = 120°.

To prove the uniqueness, suppose that ) satisfies ZAQB = ZBQC =
ZCQA = 120°. Since ZAQB = 120°, the point @ should be on the circumcircle
of ABC'. Similarly, it should be on the circumcircle of CAB’, hence Q = P. O

We will now study Torricelli’s solution to the Fermat-Steiner problem. Given
the triangle ABC with angles less than or equal to 120°, construct the Fermat
point P, which satisfies ZAPB = /BPC = ZCPA = 120°. Now, through A, B
and C' we draw perpendiculars to AP, BP and CP, respectively.

These perpendiculars determine a triangle D EF which is equilateral. This is
so because the quadrilateral PBDC is cyclic, having angles of 90° in B and C.
Now, since ZBPC = 120°, we can deduce that ZBDC = 60°. This argument can
be repeated for each angle. Therefore DEF is indeed equilateral.

We know that the distance from P to the vertices of the triangle ABC' is
equal to the length of the altitude of the equilateral triangle DEF. Observe that
any other point @ inside the triangle ABC satisfies AQ > A’Q, where A’Q is the
distance from @ to the side EF, similarly BQ > B'Q and CQ > C'Q. Therefore
AQ + BQ + CQ is greater than or equal to the altitude of DEF which is AP +
BP + CP, which in turn is equal to A’Q + B'Q + C’'Q as can be seen by using
Viviani’s lemma.
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D

Hofmann-Gallai’s solution. This way of solving the problem uses the ingenious idea
of rotating the figure to place the three segments that we need next to each other,
in order to form a polygonal line and then add them together. Thus, when we join
the two extreme points with a segment of line, since this segment of line represents
the shortest path between them, it is then necessary to find the conditions under
which the polygonal line lies over such segment. This proof was provided by J.
Hofmann in 1929, but the method for proving had already been discovered and
should be attributed to the Hungarian Tibor Gallai. Let us recall this solution.

Consider the triangle ABC with a point P inside it; draw AP, BP and CP.
Next, rotate the figure with its center in B and through an angle of 60°, in a
positive direction.

\?4\

We should point out several things. If C” is the image of A and P’ is the image
of P, the triangles BPP’ and BAC’ are equilateral. Moreover, if AP = P'C’
and BP = P'B = P'P, then AP + BP + CP = P'C' + P'P + CP. The path
CP + PP’ + P'C is minimum when C, P, P’ and C’ are collinear, which in turn
requires that ZC'P'B = 120° and ZBPC = 120°; but since ZC'P'B = ZAPB,

C
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the point P should satisfy ZAPB = ZBPC = 120° (and then also ZCPA = 120°).

An advantage of this solution is that it provides another description of the
Fermat point and another way of finding it. If we review the proof, we can see that
the point P is on the segment CC’, where C” is the third vertex of the equilateral
triangle with side AB. But if instead of the rotation with center in B, we rotate
it with its center in C, we obtain another equilateral triangle AB’C' and we can
conclude that P is on BB’. Hence we can find P as the intersection of BB’ and
cc'.

Steiner’s solution. When we solve maximum and minimum problems we are prin-
cipally faced with three questions, (i) is there a solution?, (ii) is there a unique
solution? (iii) what properties characterize the solution(s)? Torricelli’s solution
demonstrates that among all the points in the triangle, this particular point P,
from which the three sides of the triangle are observed as having an angle of 120°,
provides the minimum value of PA+ PB + PC. In this sense, this point answers
the three questions we proposed and does so in an elegant way. However, the solu-
tion does not give us any clue as to why Torricelli chose this point, or what made
him choose that point; probably this will never be known. But in the following we
can consider a sequence of ideas that bring us to discover that the Fermat point
is the optimal point. These ideas belong to the Swiss geometer Jacob Steiner. Let
us first provide the following two lemmas.

Lemma 2.8.4 (Heron’s problem). Given two points A and B on the same side of
a line d, find the shortest path that begins at A, touches the line d and finishes at
B.

A
\ d
P

The shortest path between A and B, touching the line d, can be found re-
flecting B on d to get a point B’; the segment AB’ intersects d at a point P* that
makes AP* + P*B represent the minimum between the numbers AP + PB, with
P on d.

To convince ourselves it is sufficient to observe that

AP*+ P*B = AP*+ P*B' = AB' < AP + PB' = AP + PB.

This point satisfies the following reflection principle: The incident angle is
equal to the reflection angle. It is evident that the point which has this property
is the minimum.
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B/

Lemma 2.8.5 (Heron’s problem using a circle). Given two points A and B outside
the circle C, find the shortest path that starts at A, touches the circle and finishes
at B.

We will only give a sketch of the solution.

Let D be a point on C, then we have that theset {P : PA+PB = DA+DB}
is an ellipse Ep with foci points A and B, and that the point D belongs to Ep.
In general &; = {P : PA+ PB = d}, where d is a positive number, is an ellipse
with foci A and B (if d > AB). Moreover, these ellipses have the property that &;
is a subset of the interior of £y if and only if d < d'.

We would like to find a point @ on C such that the sum QA+ @B is minimum.
The optimal point ¢ will belong to an ellipse, precisely to £g. Such an ellipse £qg
does not intersect C in other point; in fact, if C” is another common point of g
and C, then every point C” of the circumference arc between @ and C’ of C would
be in the interior of g, therefore C"A + C”"B < QA+ QB and so @ is not the
optimal point, that is, a contradiction.

Thus, the point () that minimize AQ + QB should satisfy that the ellipse £g
is tangent to C. The common tangent line to £g and C happens to be perpendicular
to the radius C'Q, where C' is the center of C and, because of the reflection property
of the ellipse (the incidence angle is equal to the reflection angle), it follows that
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the line C'Q is the internal bisector of the angle ZAQ B, that is, ZBQC = ZCQA.

i

Now let us go back to Steiner’s solution of the Fermat-Steiner problem. A
point P that makes the sum PA+ PB+ PC a minimum can be one of the vertices
A, B, C or a point of the triangle different from the vertices. In the first case, if
P is one of the vertices, then one term of the sum PA+ PB + PC'is zero and the
other two are the lengths of the sides of the triangle ABC' that have in common
the chosen vertex. Hence, the sum will be minimum when the chosen vertex is
opposite to the longest side of the triangle.

In order to analize the second case, Steiner follows the next idea (very useful
in optimization problems and one which can be taken to belong to the strategy of
“divide and conquer”), which is to keep fixed some of the variables and optimize
the rest. This procedure would provide conditions in the variables not fixed. Such
restrictions will act as restrains in the solution space until we reach the optimal
solution. Specifically, we proceed as follows. Suppose that PA is fixed; that is, P
belongs to the circle of center A and radius PA, where we need to find the point
P that makes the sum PB4+ PC minimum. Note that B should be located outside
of such circle, otherwise PA > AB and, using the triangle inequality, PB + PC >
BC'. From this, it follows that PA+ PB = PC > AB+ BC, which means B would
be a more suitable point (instead of P). Similarly, C' should be outside of such
circle. Now, since B and C are points outside the circle C = (A, PA), the optimal
point for the problem of minimizing PB + PC with the condition that P is on
the circle C is, by Lemma 2.8.5, a point ) on the circle C, such that this circle is
tangent to the ellipse with foci B and C in @, and the point @ is such that the
angles ZAQB and ZCQA are equal. Since the role of A, B, C can be exchanged,
if now we fix B (and PB), then the optimal point @ will satisfy the condition
ZAQB = /BQC and therefore ZAQB = /BQC = ZCQA = 120°. This means
Q should be the Fermat point. All the above work in the second case is to assure
that @ is inside of ABC, if the angles of the triangle are not greater than 120°.

A B

The Fagnano problem. The problem is to find an inscribed triangle of minimum
perimeter inside an acute triangle. We present two classical solutions, where the
reflection on lines play a central role. One is due to H. Schwarz and the other to
L. Fejer.
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Schwarz’s solution. The German mathematician Hermann Schwarz provided the
following solution to this problem for which he took as starting point two ob-
servations that we present as lemmas. These lemmas will demonstrate that the
inscribed triangle with the minimum perimeter is the triangle formed using the
feet of the altitudes of the triangle. Such a triangle is known as the ortic triangle.

Lemma 2.8.6. Let ABC' be a triangle, and let D, E and F be the feet of the altitudes
on BC, CA and AB as they fall from the vertices A, B and C, respectively. Then
the triangles ABC', AEF, DBF and DEC are similar.

Proof. Tt is sufficient to see that the first two triangles are similar, since the other
cases are proved in a similar way.

A

D

Since these two triangles have a common angle at A, it is sufficient to see that
/AEF = ZABC. But, since we know that ZAEF + /FEC = 180° and ZABC +
/FEC = 180° because the quadrilateral BOCEF is cyclic, then ZAEF = ZABC.

O

Lemma 2.8.7. Using the notation of the previous lemma, we can deduce that the
reflection of D on AB is collinear with E and F', and the reflection of D on C'A
s collinear with E and F'.

Proof. Tt follows directly from the previous lemma. O

A
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Using these elements we can now continue with the solution proposed by H.
Schwarz for the Fagnano problem.

We will now prove that the triangle with minimum perimeter is the ortic tri-
angle. Denote this triangle as DEF' and consider another triangle LM N inscribed
in ABC.

C
Reflect the complete figure on the side BC, so that the resultant triangle is re-
flected on C'A, then on AB, on BC and finally on C'A.

We have in total six congruent triangles and within each of them we have the
ortic triangle and the inscribed triangle LM N. The side AB of the last triangle
is parallel to the side AB of the first, since as a result of the first reflection, the
side AB is rotated in a negative direction through an angle of 2B, and then in a
negative direction through an angle of 24, the third reflection is invariant and the
fourth is rotated through an angle of 2B in a positive direction and in the fifth it
is also rotated in a positive direction through an angle of 2A. Thus the total angle
of rotation of AB is zero.

The segment FF’ is twice the perimeter of the ortic triangle, since FF’ is
composed of six pieces where each side of the ortic triangle is taken twice. Also,
the broken line NN’ is twice the perimeter of LM N. Moreover, NN’ is parallel to
the line FF’ and of the same length, then since the length of the broken line NN’
is greater than the length of the segment NN’, we can deduce that the perimeter
of DEF is less than the perimeter of LM N.

The Fejer’s solution. The solution due to the Hungarian mathematician L.
Fejer also uses reflections. Let LM N be a triangle inscribed on ABC. Take both
the reflection L’ of the point L on the side CA, and L” the reflection of L on the
side AB, and draw the segments ML’ and NL"”. It is clear that LM = ML’ and
L"N = NL. Hence the perimeter of LM N satisfies

LM+ MN+NL=L"N+NM+ ML >L'L".
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Thus, we can conclude that if we fix the point L, the points M and N that make
the minimum perimeter LM N are the intersections of L'L"” with CA and AB,
respectively. Now, let us see which is the best option for the point L. We already
know that the perimeter of LM N is L'L”, thus L should make this quantity a
minimum.

A

It is evident that AL = AL’ = AL"” and that AC and AB are internal angle
bisectors of the angles LAL’ and L"” AL, respectively. Thus /L"AL' = 2/BAC =
2a which is a fixed angle. The cosine law applied to the triangle AL” L’ guarantees
that

(L'L")? = (AL')? 4 (AL")? — 2AL' - AL" cos 2c
= 2AL*(1 — cos 2a).

Then, L’'L” is minimum when AL is minimum, which will be the case when AL is
the altitude.!> A similar analysis using the points B and C will demonstrate that

15This would be enough to finish Fejer’s proof for the Fagnano’s problem. This is the case
because if AL is the altitude and L’ L intersects sides CA and AB in E and F, respectively, then
BE and CF are altitudes. Let us see why. The triangle AL"' L’ is isosceles with ZL" AL = 2/A,
then ZAL'L"” = 90° — ZA and by symmetry ZELA = 90° — LA. Therefore ZCLE = ZA. Then
AFELB is a cyclic quadrilateral, therefore ZAEB = ZALB = 90°, which implies that BE is an
altitude. Similarly, it follows that C'E is an altitude.
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BM and CN should also be altitudes. Thus, the triangle LM N with minimum
perimeter is the ortic triangle.

Exercise 2.73. Let ABCD be a convex cyclic quadrilateral. If O is the intersection
of the diagonals AC and BD, and P, Q, R, S are the feet of the perpendiculars of O
on the sides AB, BC, CD, DA, respectively, prove that PQ RS is the quadrilateral
of minimum perimeter inscribed in ABCD.

Exercise 2.74. Let P be a point inside the triangle ABC. Let D, E and F be
the points of intersection of AP, BP and CP with the sides BC', CA and AB,
respectively. Determine P such that the area of the triangle DEF' is maximum.

Exercise 2.75. (IMO, 1981) Let P be a point inside the triangle ABC. Let D, E,
F be the feet of the perpendiculars from P to the lines BC, C A, AB, respectively.

Find the point P that minimizes % + % + ﬁ—?.

Exercise 2.76. Let P, D, E and F be as in Exercise 2.75. For which point P is
the sum of BD? + CE? + AF? minimum?

Exercise 2.77. Let P, D, E and F be as in Exercise 2.75. For which point P is
the product of PD - PE - PF maximum?

Exercise 2.78. Let P be a point inside the triangle ABC'. For which point P is the
sum of PA%? 4+ PB? 4+ PC? minimum?

Exercise 2.79. For every point P on the circumcircle of a triangle ABC, we draw
the perpendiculars PM and PN to the sides AB and C A, respectively. Determine
for which point P the length M N is maximum and find that length.

Exercise 2.80. (Turkey, 2000) Let ABC' be an acute triangle with circumradius R;
let hg, hy and h. be the lengths of the altitudes AD, BE and CF, respectively.
Let tq4, tp and t. be the lengths of the tangents from A, B and C, respectively, to
the circumcircle DEF. Prove that

2 @ 2 3
ey by e < 2R
he "y he =2

Exercise 2.81. Let hg, hy, he be the lengths of the altitudes of a triangle ABC),
and let pg, py, pc be the distances from a point P to the sides BC, CA, AB,
respectively, where P is a point inside the triangle ABC'. Prove that
~ ha A he
i) 2+ 24209,
Pa Pb Pec

(ii) hohyhe 2> 2Tpapype,
(iii) (ha — pa)(he — pb)(he — Pe) > 8paDbpe-

Exercise 2.82. If h is the length of the largest altitude of an acute triangle, then
r+ R <h.
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Exercise 2.83. Of all triangles with a common base and the same perimeter, the
isosceles triangle has the largest area.

Exercise 2.84. Of all triangles with a given perimeter, the one with largest area is
the equilateral triangle.

Exercise 2.85. Of all inscribed triangles on a given circle, the one with largest
perimeter is the equilateral triangle.

Exercise 2.86. If P is a point inside the triangle ABC, | = PA, m = PB and
n = PC, prove that

(Im 4+ mn +nl)(l +m +n) > a®l + b*m + *n.

Exercise 2.87. (IMO, 1961) Let a, b and ¢ be the lengths of the sides of a triangle
and let (ABC') be the area of that triangle, prove that

4V3(ABC) < a® + b + 2.

Exercise 2.88. Let (ABC) be the area of a triangle ABC' and let F' be the Fermat
point of the triangle. Prove that

4V/3(ABC) < (AF + BF + CF)2.
Exercise 2.89. Let P be a point inside the triangle ABC, prove that
PA+ PB+ PC > 6r.

Exercise 2.90. (The area of the pedal triangle). For a triangle ABC and a point
P on the plane, we define the “pedal triangle” of P with respect to ABC' as the
triangle A1 B1Cy where Ay, By, Cy are the feet of the perpendiculars from P to
BC, CA, AB, respectively. Prove that

(R? — OP?)(ABC)

(A1B1Ch) = iR? ;

where O is the circumcenter. We can thus conclude that the pedal triangle of
maximum area is the medial triangle.
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Chapter 3

Recent Inequality Problems

Problem 3.1. (Bulgaria, 1995) Let Sa, Sp and S¢ denote the areas of the reg-
ular heptagons A1A2A3A4A5A6A7, BlBngB4B5BGB7 and 01020304050607»
respectively. Suppose that A1 As = By B3 = C1Cy, prove that

1 Sp+ Sc

o< T <2 -V2

2 Sa \/_
Problem 3.2. (Czech and Slovak Republics, 1995) Let ABCD be a tetrahedron
such that

/LBAC + LCAD + £DAB = LABC + £ZCBD + ZDBA = 180°.

Prove that CD > AB.

Problem 3.3. (Estonia, 1995) Let a, b, ¢ be the lengths of the sides of a triangle
and let o, 3, v be the angles opposite to the sides. Prove that if the inradius of
the triangle is r, then

asina + bsin 8+ csiny > 9r.

Problem 3.4. (France, 1995) Three circles with the same radius pass through a
common point. Let S be the set of points which are interior to at least two of the
circles. How should the three circles be placed so that the area of .S is minimized?

Problem 3.5. (Germany, 1995) Let ABC be a triangle and let D and E be points
on BC and CA, respectively, such that DFE passes through the incenter of ABC.
If S = area(CDE) and r is the inradius of ABC, prove that S > 2r2.

Problem 3.6. (Ireland, 1995) Let A, X, D be points on a line with X between A
and D. Let B be a point such that ZABX = 120° and let C' be a point between
B and X. Prove that 2AD > /3(AB + BC + CD).
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Problem 3.7. (Korea, 1995) A finite number of points on the plane have the prop-
erty that any three of them form a triangle with area at most 1. Prove that all
these points lie within the interior or on the sides of a triangle with area less than
or equal to 4.

Problem 3.8. (Poland, 1995) For a fixed positive integer n, find the minimum
value of the sum

2 3 n
Ty | T3 Ln
rn+—+—=+-+—
! 2 3 n
given that =1, x2, ..., x, are positive numbers satisfying that the sum of their

reciprocals is n.

Problem 3.9. (IMO, 1995) Let ABCDEF be a convex hexagon with AB = BC =
CD and DE = EF = FA such that Z/BCD = /EFA = %. Let G and H be
points in the interior of the hexagon such that ZAGB = ZDHE = 2?“ Prove that

AG+GB+GH+DH+ HE > CF.

Problem 3.10. (Balkan, 1996) Let O be the circumcenter and G the centroid of the
triangle ABC'. Let R and r be the circumradius and the inradius of the triangle.

Prove that OG < \/R(R — 2r).

Problem 3.11. (China, 1996) Suppose that o =0, z; > 0 for i = 1,2,...,n, and
> x; = 1. Prove that

Ty

1< <

no |

Problem 3.12. (Poland, 1996) Let n > 2 and a1, a, . .., a, € RT with 7" ; a; = 1.

Prove that for z1,2,...,z, € RT, with Y1 | 2; = 1, we have
n—2 - a; x>
2 i < L,
inx] =1 +Zl—ai
1<J =1
Problem 3.13. (Romania, 1996) Let x1, @2, ..., Zn, Tnt+1 be positive real numbers

with 1 + 22 + -+ z, = xp41. Prove that

n

n
Z V(X1 — ) < Z Tt 1 (Tng1 — Ti).
i=1

=1

Problem 3.14. (St. Petersburg, 1996) Let M be the intersection of the diagonals
of a cyclic quadrilateral, let NV be the intersection of the segments that join the
opposite midpoints and let O be the circumcenter. Prove that OM > ON.
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Problem 3.15. (Austria—Poland, 1996) If w, z, y and z are real numbers satisfying
w+z+y+2z=0and w? + 22 + 3% + 22 = 1, prove that

-1 <wr+axy+yz+ 2w <0.

Problem 3.16. (Taiwan, 1997) Let ai, ..., a, be positive numbers such that

a_1a7+a+1 is an integer for all i = 1,...,n, a9 = an, @41 = a1 and n > 3.

Prove that

an +a ar t+a as +a ap—1+a

n 2, @ 3 G2 4Ly 1
a1 as as an

2n < < 3n.

Problem 3.17. (Taiwan, 1997) Let ABC be an acute triangle with circumcenter
O and circumradius R. Prove that if AO intersects the circumcircle of OBC at D,

BO intersects the circumcircle of OC A at E and CO intersects the circumcircle

of OAB at F, then OD - OE - OF > 8R3.
Problem 3.18. (APMO, 1997) Let ABC be a triangle. The internal bisector of the
angle in A meets the segment BC' at X and the circumcircle at Y. Let [, = ﬁ—);.

Define [, and [, in the same way. Prove that

la lb lc >3
sin?A  sin?B  sin?C T

with equality if and only if the triangle is equilateral.

Problem 3.19. (IMO, 1997) Let i, ..., x, be real numbers satisfying
|21+ -+ 2] = 1 and |z;| < " for all i = 1,...,n. Prove that there exists
a permutation y, ..., y, of x1, ..., x, such that

n+1

Problem 3.20. (Czech and Slovak Republics, 1998) Let a, b, ¢ be positive real
numbers. A triangle exists with sides of lengths a, b and ¢ if and only if there exist
numbers x, y and z such that

Problem 3.21. (Hungary, 1998) Let ABCDEF be a centrally symmetric hexagon
and let P, @), R be points on the sides AB, CD, EF, respectively. Prove that the
area of the triangle PQR is at most one-half of the area of the hexagon.

Problem 3.22. (Iran, 1998) Let x1, 2, x3 and x4 be positive real numbers such
that z1zox324 = 1. Prove that

3 3 3 3 1 1 1 1
]+ a5+ a3+ xy >maxqxr) +r2 +T3+ T4, — +— +—+— .
X1 X9 I3 Xq
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Problem 3.23. (Iran, 1998) Let x, y, 2 be numbers greater than 1 and such that
% + % + % = 2. Prove that

VITy Tz Ve -1+ —1+vz—1L

Problem 3.24. (Mediterranean, 1998) Let ABCD be a square inscribed in a circle.
If M is a point on the arc AB, prove that

MC-MD > 3vV3MA- MB.

Problem 3.25. (Nordic, 1998) Let P be a point inside an equilateral triangle ABC
of length side a. If the lines AP, BP and CP intersect the sides BC, CA and AB
of the triangle at L, M and N, respectively, prove that

PL+ PM + PN <a.

Problem 3.26. (Spain, 1998) A line that contains the centroid G of the triangle
ABC intersects the side AB at P and the side C A at ). Prove that

PB QC _1

PA QA 4
Problem 3.27. (Armenia, 1999) Let O be the center of the circumcircle of the
acute triangle ABC. The lines CO, AO and BO intersect the circumcircles of
the triangles AOB, BOC and AOC, for the second time, at C;, A; and Bj,
respectively. Prove that

v

AA; n BB, N cCi _9

OA; OBy 0C; — 2

Problem 3.28. (Balkan, 1999) Let ABC' be an acute triangle and let L, M, N be

the feet of the perpendiculars from the centroid G of ABC to the sides BC, CA,
AB, respectively. Prove that

4 < (LMN)

27 =~ (ABC)

1
< -,
— 4
Problem 3.29. (Belarus, 1999) Let a, b, ¢ be positive real numbers such that
a®? 4+ b? 4 ¢? = 3. Prove that

1 n 1 n 1 N §
1+ab 1+bc 1+4ca ™~ 2

Problem 3.30. (Czech and Slovak Republics, 1999) For arbitrary positive numbers
a, b and ¢, prove that

a n b n c 51
b+2c c¢+2a a+2b~ 7
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Problem 3.31. (Ireland, 1999) Let a, b, ¢, d be positive real numbers with a + b+
c+ d = 1. Prove that

a? b> 2 &2

a+b+b+c+c+d+d+a

1
> .
-2

Problem 3.32. (Italy, 1999) Let D and E be given points on the sides AB and C' A
of the triangle ABC such that DFE is parallel to BC and DE is tangent to the
incircle of ABC'. Prove that

<AB+BC+C’A

DE

Problem 3.33. (Poland, 1999) Let D be a point on the side BC of the triangle ABC
such that AD > BC'. The point E on C'A is defined by the equation g—g = %.
Prove that AD > BE.

Problem 3.34. (Romania, 1999) Let a, b, ¢ be positive real numbers such that
ab + be + ca < 3abe. Prove that a + b+ ¢ < a3 + b3 + ¢2.

Problem 3.35. (Romania, 1999) Let 1, xo, ..., x, be positive real numbers such
that z12z9-- -z, = 1. Prove that

1 1 1

R R |
n—1—|—a:1+n—1—|—a:2+ +n—1—|—xn

Problem 3.36. (Romania, 1999) Let n > 2 be a positive integer and x1, y1, T2, Y2,
...y Tp, Yn be positive real numbers such that x1 +x2 + -+, > T1y1 + T2y +
-+ 4 TpYn. Prove that

T T2 Tn
rit+ae+ e, < —+—+-- 4+ —.
Y1 Y2 Yn
Problem 3.37. (Russia, 1999) Let a, b and ¢ be positive real numbers with abc = 1.
Prove that if a + b+ ¢ < %4—%4—%, then a™ + 6" + " < a%+b%+c% for every
positive integer n.

Problem 3.38. (Russia, 1999) Let {x} = x — [z] denote the fractional part of .
Prove that for every natural number n,

n2

(vi}<" 5

—1

[

Problem 3.39. (Russia, 1999) The positive real numbers x and y satisfy x2 +y° >
z% 4+ y*. Prove that
2 +yP <2
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Problem 3.40. (St. Petersburg, 1999) Let zp > x1 > --- > x, be real numbers.
Prove that
1 1 1

To + + +ot ———— >, + 20
ZTo — T1 Tl — T2 Tn—1 — Tn

Problem 3.41. (Turkey, 1999) Prove that (a + 3b)(b + 4c¢)(c + 2a) > 60abc for all
real numbers 0 <a <b <ec.

Problem 3.42. (United Kingdom, 1999) Three non-negative real numbers a, b and
c satisfy a + b+ ¢ = 1. Prove that

7(ab 4+ be + ca) < 2 + 9abe.

Problem 3.43. (USA, 1999) Let ABCD be a convex cyclic quadrilateral. Prove
that

|AB — CD|+ |AD — BC| > 2|AC — BD|.
Problem 3.44. (APMO, 1999) Let {a,} be a sequence of real numbers satisfying
ai+j < a;+aj foralli,5 =1,2,.... Prove that

al+%+-.-+a—n2an for all n € N.
n

Problem 3.45. (IMO, 1999) Let n > 2 be a fixed integer.
(a) Determine the smallest constant C' such that

4

Z vz (z? + x?) <cC Z X

1<i<j<n 1<i<n
for all nonnegative real numbers x1, ..., Z,.

(b) For this constant C' determine when the equality occurs.

Problem 3.46. (Czech and Slovak Republics, 2000) Prove that for all positive real

numbers a and b,
s/a 3b<3 1 1
— — 2 -+ -
\/;—F\/;_\/(a—kb) <a+b

Problem 3.47. (Korea, 2000) The real numbers a, b, ¢, x, y, z satisfy a > b > ¢ > 0
and x > y > z > 0. Prove that

a’z? b2y> 222 3

(by + c2)(bz + cy) + (cz 4+ azx)(cx + az) + (azx + by)(ay + bx) = 4

Problem 3.48. (Mediterranean, 2000) Let P, @, R, S be the midpoints of the sides
BC, CD, DA, AB, respectively, of the convex quadrilateral ABC'D. Prove that

4(AP? + BQ? + CR? + DS?) < 5(AB?* + BC? + CD? + DA?).
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Problem 3.49. (Austria—Poland, 2000) Let x, y, z be non-negative real numbers
such that z + y + z = 1. Prove that

2<(1-a?2+(1 -2 +(1-2222<Q+2)1+y)(1+2).

Problem 3.50. (IMO, 2000) Let a, b, ¢ be positive real numbers with abc = 1.

Prove that
1 1 1
(a_1+_) (b—1+—) (c_1+_) <1
b c a

Problem 3.51. (Balkan, 2001) Let a, b, ¢ be positive real numbers such that abc <
a+ b+ c. Prove that
a® + 0%+ > V3 abe.

Problem 3.52. (Brazil, 2001) Prove that (a +b)(a+c¢) > 24/abc(a + b+ ¢), for all
positive real numbers a, b, c.

Problem 3.53. (Poland, 2001) Prove that the inequality

n n n
Soims () +2a
i=1 i=1
holds for every integer n>2 and for all non-negative real numbers x1, x2,. .., Zy.

Problem 3.54. (Austria—Poland, 2001) Prove that

5 < a—|—b+b—|—c+c—|—a_a3—|—b3—|—c3 <3
c a b abe

where a, b, ¢ are the lengths of the sides of a triangle.

Problem 3.55. (IMO, 2001) Prove that for a, b and ¢ positive real numbers we

have
a b c

+ + >
Va2 +8bc b2 +8ca  \/c2+ 8ab
Problem 3.56. (Short list IMO, 2001) Let x4, x2, ..., 2, be real numbers, prove
T To Tn

that
< .
1+x%+1+x%+x§+ +1+x%+--~+x% v

Problem 3.57. (Austria, 2002) Let a, b, ¢ be real numbers such that there exist
a, B, v € {—1,1} with ca + 8b+ vyc = 0. Determine the smallest positive value of

1.

a® 403+ 2
Problem 3.58. (Balkan, 2002) Prove that
2 n 2 i 2 N 27
bla+b) cb+ec) alc+a) ™ (a+b+c)?

for positive real numbers a, b, c.
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Problem 3.59. (Canada, 2002) Prove that for all positive real numbers a, b, ¢,
a v 3
—+—+—=2>a+b+ec
bc  ca ab

and determine when equality occurs.

Problem 3.60. (Ireland, 2002) Prove that

x z 3Yxryz
+ L4 > !
l—z 1—-y 1—2z7 1— ayz

for positive real numbers x, y, z less than 1.

Problem 3.61. (Rioplatense, 2002) Let a, b, ¢ be positive real numbers. Prove that

a+1 b+1 c+1 51
b+c 2 c+a 2 a+b 2) 7

Problem 3.62. (Rioplatense, 2002) Let a, b, ¢ be positive real numbers. Prove that

+b b+ + 9 1
a . c+c a

1
i +o4+=

C.

+

1
c a? ¥ “a+bt+c a b

Problem 3.63. (Russia, 2002) Prove that /= + \/y + /z > xy + yz + zx for , y,
z positive real numbers such that z +y + 2z = 3.

Problem 3.64. (APMO, 2002) Let a, b, ¢ be positive real numbers satisfying % +
% + % = 1. Prove that

Va+be+ Vb + ca+ Vet ab > Vabe + a + Vo + Ve

Problem 3.65. (Ireland, 2003) The lengths a, b, ¢ of the sides of a triangle are such
that @ + b+ ¢ = 2. Prove that

1
1§ab+bc+ca—abc§1+2—7.

Problem 3.66. (Romania, 2003) Prove that in any triangle ABC the following
inequality holds:
Lo, 1 1 V3

< -
mpMme  MeMg  Mgmyp — S

where S is the area of the triangle and m,, my, m, are the lengths of the medians.

Problem 3.67. (Romania, 2003) Let a, b, ¢, d be positive real numbers with abed =

1. Prove that
14+ab 14+bc 1+cd 1—|—da>4

1+4+a + 1+ + 1+c + 1+d —
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Problem 3.68. (Romania, 2003) In a triangle ABC, let l,, lp, l. be the lengths of
the internal angle bisectors, and let s be the semiperimeter. Prove that

lo + 1y + 1. < V/3s.
Problem 3.69. (Russia, 2003) Let a, b, ¢ be positive real numbers with
a-+ b+ c=1. Prove that

1 n 1 n 1 S 2 n 2 n 2
l1—-a 1-b 1—c~14+a 141 14c

Problem 3.70. (APMO, 2003) Prove that

2
(a" +0")7 + (0" + ) (" a)r <1
where n > 1 is an integer and a, b, ¢ are the side-lengths of a triangle with unit
perimeter.

Problem 3.71. (IMO, 2003) Given n > 2 and real numbers z1 < zg < -+ < @,

prove that
2

2
Z lzi — a5 | < §(n2 -1) Z(xl — ;)%
i,j ij
where equality holds if and only if z1, 2, ..., z, form an arithmetic progression.
Problem 3.72. (Short list Iberoamerican, 2004) If the positive numbers z1, xa, .. .,
Ty, satisfy 1 + x2 + -+ + x, = 1, prove that

X1 i) In Tl2

+ ot >
xo(x1 + 22 +x3)  x3(x2 + T3+ 24) 1 (Tn + 21 + 22)

3
Problem 3.73. (Czech and Slovak Republics, 2004) Let P(z) = az? + bx + ¢ be
a quadratic polynomial with non-negative real coefficients. Prove that for any
positive number x,

P(z)P (l) > (P(1))2.

x
Problem 3.74. (Croatia, 2004) Prove that the inequality
2 . b2 . 2

) (b+c)b+a) (ct+a)c+b)

(a+b)(a+c

>3
— 4

holds for all positive real numbers a, b, c.

Problem 3.75. (Estonia, 2004) Let a, b, ¢ be positive real numbers such that
a® +b% + ¢® = 3. Prove that

1 1 1
>1
1+2ab+1+2bc+1+20a_
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Problem 3.76. (Iran, 2004) Let x, y, z be real numbers such that xyz = —1, prove

that

2 x2 y2 y2 2’2 22

I LT ) D Ny T A
Y z x z x Yy

Problem 3.77. (Korea, 2004) Let R and r be the circumradius and the inradius
of the acute triangle ABC, respectively. Suppose that ZA is the largest angle of
ABC. Let M be the midpoint of BC and let X be the intersection of the tangents
to the circumcircle of ABC at B and C'. Prove that

r _ AM

— >

R~ AX
Problem 3.78. (Moldova, 2004) Prove that for all real numbers a, b, ¢ > 0, the
following inequality holds:

a® 4+ b + & > a®>Vbe + b*ea + 2V ab.

Problem 3.79. (Ukraine, 2004) Let z, y, z be positive real numbers with z+y+2z =
1. Prove that

Vay+z+vVyz+o+vVze+y > 1+ /oy + Yz + Ve

Problem 3.80. (Ukraine, 2004) Let a, b, ¢ be positive real numbers such that
abc > 1. Prove that

a’® + b3+ > ab+ be + ca.

Problem 3.81. (Romania, 2004) Find all positive real numbers a, b, ¢ which satisfy
the inequalities

4(ab+be+ca) — 1> a® +b% +c2 > 3(a® + 0> + ).

Problem 3.82. (Romania, 2004) The real numbers a, b, ¢ satisfy a? + b2 + ¢*> = 3.
Prove the inequality
la| + |b] + |¢| — abe < 4.

Problem 3.83. (Romania, 2004) Consider the triangle ABC' and let O be a point in
the interior of ABC'. The straight lines OA, OB, OC meet the sides of the triangle
at Ap, By, C1, respectively. Let Ry, Ro, Rz be the radii of the circumcircles of
the triangles OBC, OCA, OAB, respectively, and let R be the radius of the
circumcircle of the triangle ABC'. Prove that

OAl OBl OCl

R R Rs > R.
a4 TR ee T
Problem 3.84. (Romania, 2004) Let n > 2 be an integer and let a1, aq, ..., a, be
real numbers. Prove that for any non-empty subset S C {1,2,...,n}, the following

inequality holds:

(So)s ¥

i€s 1<i<j<n
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Problem 3.85. (APMO, 2004) For any positive real numbers a, b, ¢, prove that
(a® 4 2)(b* + 2)(c* +2) > 9(ab + bc + ca).

Problem 3.86. (Short list IMO, 2004) Let a, b and ¢ be positive real numbers such
that ab + bc + ca = 1. Prove that

sf 1 V3
— < X2
3\/abc—|—6(a—|—b—|—c)_ e

Problem 3.87. (IMO, 2004) Let n > 3 be an integer. Let ¢1, to, ..., t, be positive
real numbers such that

2 1 1 1
4+ 1>ttt Fty) | —+—++— .
t to tn

Prove that t;, t;, t; are the side-lengths of a triangle for all ¢, 7, £ with 1 <17 <
j<k<n.

Problem 3.88. (Japan, 2005) Let a, b and ¢ be positive real numbers such that
a+ b+ c=1. Prove that

avV1l+b—c+b¥1+c—a+aVl+a—>b<1.

Problem 3.89. (Russia, 2005) Let z1, 72, ..., 6 be real numbers such that z? +
x%—l—---—l—x%:Gandxl 4+ 2o+ -+ x5 = 0. Prove that z125 - - - g < %

Problem 3.90. (United Kingdom, 2005) Let a, b, ¢ be positive real numbers. Prove

that
9+§+5 2>( +b+c) 1+1+1
b e ) =\ NaTv )

Problem 3.91. (APMO, 2005) Let a, b and ¢ be positive real numbers such that

abc = 8. Prove that
a? b2 2

Vi) Jarmi+e) Tt

4
> —.
-3

Problem 3.92. (IMO, 2005) Let x, y, z be positive real numbers such that zyz > 1.

Prove that

5 2 5 2 5 2
xr~ — X — VAN A
y — Y > 0.

+ +
oS4y 22 S 2240 S 4atyy? T

Problem 3.93. (Balkan, 2006) Let a, b, ¢ be positive real numbers, prove that

1 n 1 n 1 N 3
a(b+1)  blc+1) cla+1) ~ 1+abc
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Problem 3.94. (Estonia, 2006) Let O be the circumcenter of the acute triangle
ABC and let A’, B’ and C’ be the circumcenter of the triangles BCO, CAO and
ABQO, respectively. Prove that the area of the triangle ABC' is less than or equal
to the area of the triangle A’ B'C".

Problem 3.95. (Lithuania, 2006) Let a, b, ¢ be positive real numbers, prove that

1 4 1 i 1 <1 1+1+1
a24+bc b +ca c2+ab~ 2\ab bec ca)’

Problem 3.96. (Turkey, 2006) Let a1, ag, ..., a, be positive real numbers such
that
ar+as+-+a, =al+a3+ - +a:=A
Prove that
a; _ (n—1)24

DI

it a; A—-1
Problem 3.97. (Iberoamerican, 2006) Consider n real numbers ai, ag, ..., an,

not necessarily distinct. Let d be the difference between the maximum and the

minimum value of the numbers and let s = ZKJ- |a; — a;|. Prove that

and determine the conditions on the n numbers that ensure the validity of the
equalities.

Problem 3.98. (IMO, 2006) Determine the least real number M such that the
inequality

lab(a® — b%) + be(b® — ) + ca(c? — a®)| < M(a® + b + ¢*)?
is satisfied for all real numbers a, b, c.

Problem 3.99. (Bulgaria, 2007) Find all positive integers n such that if a, b, ¢ are
non-negative real numbers with a + b+ ¢ = 3, then

abe(a™ +b" 4 ") < 3.
Problem 3.100. (Bulgaria, 2007) If a, b, ¢ are positive real numbers, prove that

(a+U®+1F+(h+U@+1P+(o+Um+1P
3Vc2a? + 1 3Va2b? +1 3Vb2c2 + 1
Problem 3.101. (China, 2007) If a, b, ¢ are the lengths of the sides of a triangle
with a + b+ ¢ = 3, find the minimum of

>a+b+c+ 3.

4abe

f+§+8+3
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Problem 3.102. (Greece, 2007) If a, b, ¢ are the lengths of the sides of a triangle,
prove that

(a+b—c)* (b+c—a)* (c+a—0)>*
bb+c—a) clc+a—>b) ala+b—rc)

> ab+ be + ca.

Problem 3.103. (Iran, 2007) If a, b, ¢ are three different positive real numbers,
prove that
a+b+b+c c+a

> 1.
a—b b—c c—a

Problem 3.104. (Mediterranean, 2007) Let z, y, z be real numbers such that
xy + yz + zz = 1. Prove that xz < 3. Is it possible to improve the bound 17

Problem 3.105. (Mediterranean, 2007) Let = > 1 be a real number which is not
an integer. Prove that

<$+{I} o] )+ <JJ+[3«“} A=} ) 59

[x] x+ {x} {z} x + [z] 2’
where [z] and {x} represent the integer part and the fractional part of z, respec-
tively.

Problem 3.106. (Peru, 2007) Let a, b, ¢ be positive real numbers such that a + b+
c> % + % + % Prove that

3 2
at+b+e> ——m + —.
a+b+c abc

Problem 3.107. (Romania, 2007) Let a, b, ¢ be positive real numbers such that

1 1 1

> 1.
a+b+1+b+c+1+c+a+1 -

Prove that
a+b+c>ab+ be+ ca.

Problem 3.108. (Romania, 2007) Let ABC' be an acute triangle with AB = AC.
For every interior point P of ABC, consider the circle with center A and radius
AP; let M and N be the intersections of the sides AB and AC with the circle,
respectively. Determine the position of P in such a way that MN 4+ BP + CP is
minimum.

Problem 3.109. (Romania, 2007) The points M, N, P on the sides BC, CA, AB,
respectively, are such that the triangle MNP is acute. Let = be the length of
the shortest altitude in the triangle ABC and let X be the length of the largest
altitude in the triangle M N P. Prove that © < 2X.
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Problem 3.110. (APMO, 2007) Let z, y, z be positive real numbers such that
vz 4 /y ++/z = 1. Prove that

x2+yz y2+zx 22+xy
\/2x2(y+z) \/2y2(z+x) \/2z2(x+y) -

Problem 3.111. (Baltic, 2008) If the positive real numbers a, b, ¢ satisfy a? + b% +
c? = 3, prove that

a? b2 c? (a+b+c)?
+ + > .
24+b+c2 24+c+a? 2+ a+ b2 12

Under which circumstances the equality holds?

Problem 3.112. (Canada, 2008) Let a, b, ¢ be positive real numbers for which
a+ b+ c=1. Prove that

a—bc+b—ca+c—ab<§
a+bc b4+ca c+ab ™ 2

Problem 3.113. (Iran, 2008) Find the least real number K such that for any
positive real numbers x, y, z, the following inequality holds:

Y+ yvz + 2V < K/ (x+y)(y+ 2) (2 + x).

Problem 3.114. (Ireland, 2008) If the positive real numbers a, b, c, d satisfy a? +
b? + ¢ + d? = 1, prove that

a?b?ed + ab®cPd + abPd? + abed? + a?bcd + abed? < 33—2

Problem 3.115. (Ireland, 2008) Let z, y, z be positive real numbers such that
zyz > 1. Prove that

(a) 27T < (14+2+y)??+ A +y+2)2+ (1 +2z+12),
®) A4+z+y)?+Q+y+2)?2+1+z+2)2<3@+y+2)>
The equalities hold if and only if x =y =z = 1.
Problem 3.116. (Romania, 2008) If a, b, c are positive real numbers with ab+ bc+

ca = 3, prove that
1 n 1 n 1 < 1
14+a?(b+c) 1+b%(c+a) 1+c2(a+b) ~ abc

Problem 3.117. (Romania, 2008) Determine the maximum value for the real num-

ber k if
1

1 1
b -kl >k
(a+ +C)<a—|—b+b—|—c+c—|—a )

for all real numbers a, b, ¢ > 0 and with a + b+ ¢ = ab + bc + ca.
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Problem 3.118. (Serbia, 2008) Let a, b, ¢ be positive real numbers such that
a+ b+ c=1. Prove that

a? + b + 2 + 3abe >

O W~

Problem 3.119. (Vietnam, 2008) Let x, y, z be distinct non-negative real numbers.

Prove that
1 1 1 S 4

+ + .
(-9 W—2? (-2 zytyz+a
When is the case that the equality holds?
Problem 3.120. (IMO, 2008)

(i) If z, y, z are three real numbers different from 1 and such that xyz = 1,

prove that

2 2 2
X z
Y >1

G2 -2 iR

(ii) Prove that the equality holds for an infinite number of z, y, z, all of them
being rational numbers.



Chapter 4

Solutions to Exercises and
Problems

In this chapter we present solutions or hints to the exercises and problems that
appear in this book. In Sections 1 and 2 we provide the solutions to the exercises
in Chapters 1 and 2, respectively, and in Section 3 the solutions to the problems in
Chapter 3. We recommend that the reader should consult this chapter only after
having tried to solve the exercises or the problems by himself.

4.1 Solutions to the exercises in Chapter 1

Solution 1.1. It follows from the definition of a < b and Property 1.1.1 for the
number a — b.

Solution 1.2. (i) If a < 0, then —a > 0. Also use (—a)(—b) = ab.
(i) (=a)b > 0.

(iii) @ < b < b —a > 0, now use property 1.1.2.
(iv) Use property 1.1.2.

(v) Ifa<0 then —a > 0.
(vi) a= =1>0.

(vi )Ifa<0 then —a > 0.
(viii) Use (vi) and property 1.1.3.

(ix) Prove that ac < bc and that be < bd.

(x) Use property 1.1.3 with a — 1 > 0 and a > 0.
(xi) Use property 1.1.3 with 1 —a > 0 and a > 0.

Solution 1.3. ()a < eb-ad=(b+a)(b—a)>0.
(ii) If b > 0, then 1 3 > 0, now use Example 1.1.4.

Solution 1.4. For (i), (ii) and (iii) use the definition, and for (iv) and (v) remember
that |a|? = a?.
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Solution 1.5. (i) z < |z| and —z < |z].
(ii) Consider |a| = |a — b+ b| and |b| = |b — a + a|, and apply the triangle inequal-
ity.
(iii) (22 + 2y +y*) (@ —y) = 2° —y°.
(iv) (22 — oy + 9z + ) = 25 + o
Solution 1.6. If a, b or ¢ is zero, the equality follows. Then, we can assume |a| >
|b| > |c| > 0. Dividing by |al, the inequality is equivalent to
c b
ﬂ‘—b+
a a

b
1+ |-
a

b
—’1+C’+‘1++C‘zo.
a a a

’b c
— 7_|_7
a a
Since |§| <1 and |§| < 1, we can deduce that |1 + g| = 1+g and |1—|— §| = 1+§.
Thus, it is sufficient to prove that

b c
[

a

b ¢

b ¢ b ¢
-+—--(14+-—4+-+|1+-4+-
a a a a a a

Now, use the triangle inequality and Exercise 1.5.

> 0.

Solution 1.7. (i) Use that 0 < b <1 and 1+ a > 0 in order to see that

Ogb(1+a)§1+a:>0§b—a§1—ab=>0§1_Zb§1.

(ii) The inequality on the left-hand side is clear. Since 1 +a < 1 + b, it follows

that %er < 1_%&7 and then prove that

a+b<a+b_a+b<1
14b 14a " 14a 14+a 14a-

(iii) For the inequality on the left-hand side, use that ab? — ba? = ab(b — a) is the
product of non-negative real numbers. For the inequality on the right-hand side,
note that b <1 = b% < b= —b < —b?, and then

1, 1
— (= —a)?<-.
(5-af <

ab® —ba® < ab® — bv?a®> = b*(a —a?) < a—a® =

RNy

Solution 1.8. Prove in general that x < V2=1+ H—% > V2 and that z > V2 =
1+ = < V2.
Solution 1.9. az + by > ay + bz < (a — b)(x —y) > 0.

Solution 1.10. We can assume that > y. Then, use the previous exercise substi-
: ith /72 2 1 L
tuting with va?, \/y?, 7 and NG

Solution 1.11. Observe that

(a—Db)(c—d)+ (a—c)(b—d)+ (d—a)b—c)=2(a—b)(c—d)=2(a—b)?>0.
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Solution 1.12. It follows from

fla,c,b,d) — f(a,b,c,d) = (a —c)* — (a —b)? + (b —d)?* — (c — d)?
=(b-c)2a—b—c)+(b—c)(b+c—2d)
=2(b—c)(a—d) >0,

fla,b,e,d) — fa,b,d,c) = (b—¢c)? —(b—d)? + (d — a)? — (c — a)?

Solution 1.13. In order for the expressions in the inequality to be well defined, it

is necessary that x > —% and x # 0. Multiply the numerator and the denominator
by (1 4+ v/1+ 2z)2. Perform some simplifications and show that 22z +1 < T7;

then solve for z.

Solution 1.14. Since 4n? < 4n? + n < 4n? + 4n + 1, we can deduce that 2n <
V4n? +n < 2n + 1. Hence, its integer part is 2n and then we have to prove that
Van?2 +n < 2n + %, this follows immediately after squaring both sides of the
inequality.

Solution 1.15. Since (a® — b3)(a® — b?) > 0, we have that a® + b5 > a?b*(a + b),
then

ab ab abc? c

< = = .
a®+ b +ab ~ a?b?(a+b)+ab  a?b?cE(a+b)+abc®?  a+b+c

<

be a
+c5+bec — a+b+tce <

ca b
and cS+aS+ca — a+b+tc

. Hence,

Similarly,

ab n be n ca < c n a n b
a®+b+ab B+ +bc S+aS+ca " a+b+ec a+b+c a+b+c’

+ a + b _ ctatb __ 1

but a+b+c a+b+c — at+btc T

c
a+b+c

Solution 1.16. Consider p(z) = ax? + bx + ¢, using the hypothesis, p(1) = a+b+c

and p(—1) = a — b + ¢ are not negative. Since a > 0, the minimum value of p is
attained at g—f and its value is 22¢=%> < . If x1, o are the roots of p, we can
deduce that £ = —(zy + z2) and £ = z12, therefore 2 = (1 — z1)(1 — ),

a=bie — (1+429)(1+2) and 2 = 1 — zy25. Observe that, (1 —z)(1 — z2) > 0,

a

(I+z1)(1+22) >0and 1 — zyxe > 0 imply that —1 < z1,29 < 1.

Solution 1.17. If the inequalities are true, then a, b and c are less than 1, and
a(1=b)b(1—c)c(1—a) > ;. On the other hand, since z(1—2) < } for 0 <z < 1,
then a(1 — b)b(1 — c)e(1 —a) < &;.

Solution 1.18. Use the AM-GM inequality with a =1, b = z.
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Solution 1.19. Use the AM-GM inequality with a = x, b = %
Solution 1.20. Use the AM-GM inequality with a = 22, b = y2.
Solution 1.21. In the previous exercise add z? + y2 to both sides.

Solution 1.22. Use the AM-GM inequality with a = I—Iy, b = ZI¥ and also use
the AM-GM inequality for = and y. Or reduce this to Exercise 1.20.

Solution 1.23.
Solution 1.24.

Solution 1.25.

a.

Solution 1.26.
Solution 1.27.
Solution 1.28.
Solution 1.29.
Solution 1.30.

Solution 1.31.

Solution 1.32.

Solution 1.33.

Solution 1.34.

Solution 1.35.

Use the AM-GM inequality with az and 2.
Use the AM-GM inequality with § and 2.

2
‘IT“’ —Vab = 7(\/6_2\/@ , simplify and find the bounds using 0 < b <
r+y>2/xy.
2?2 + y? > 2zy.
zy + zx > 22, /yz.
See Exercise 1.27.

1 1 2
1,15 2
: Ty 2V

2
RS Nz
2 2 2
TR > g fy? 22

oyt 8 =t oyt 444> 4/ 4yr16 = 8ay.

(a+b+c+d) >4avabed, (L +1+1+1)>a8/ L

Solution 1.36. (1 +--- + @) > n YTy - T, (mL N %> > n /L
Solution 1.37. ‘;—i—i—‘;—j—% + = Zn"/%:n.

Solution 1.38.

n—1_, . n—1 n—1
1) & Cdutadl 5 "5 pyp Lbetedba

Solution 1.39.
Solution 1.40.

a”—1>n<anT1

n—1

=a 2 .

1= (542) (42) (42) > vavhye - Vale.

Using the AM-GM inequality, we obtain

3 3 3 3
b c b ¢
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Similarly, % + % +ca > 3bc and % + a—bg + ab > 3ca. Therefore, 2(“—b3 + % + %) +

(ab+ bc + ca) > 3(ab+ be + ca).

Second solution. The inequality can also be proved using Exercise 1.107.
Solution 1.41. If abc = 0, the result is clear. If abc > 0, then we have

ab e 10 (b e +b(5+2) +e a,b
c a b2 c b a c b a

1
2

Y]

(2a + 2b + 2c¢),

and the result is evident.

Solution 1.42. Apply the AM-GM inequality twice over, a?b + b%c + c?a > 3abc,

ab? + bc? + ca? > 3abe.

Solution 1.43. 1tab — abetab _ .y <1+c>7

1+a 14+a 14+a

l1+ab 1+bc 1+4+ca 1+¢ l1+a 1+0b
=ab be | —— —_—
Tta 140 " 1te © <1+a>+ c<1+b>+ca(1+c

> 3¢/ (abc)® = 3.

Solution 1.44. (%H) + 5+ c%}) (a+b+c) > 5 is equivalent to

1 1 1
+ + (a+b+b+c+c+a)>9,
a+b b+4+c cHa

which follows from Exercise 1.36. For the other inequality use % +1>

Exercise 1.22.

Solution 1.45. Note that

b = at+b’

n+H, (1+D+0+5)++0+7)

n

n n
Now, apply the AM-GM inequality.

Solution 1.46. Setting y; = fwi,

See

then z; = i—l = % Observe that y; +- -+

1
Yn = 1 implies that 1 —y; =37, yi, then 30, y; > (n — 1) <H#i yj> " and

1

H (Zj;ﬁi yj) (mn—1"]] (Hj# yj) n—1

Yi

i %

H%=H(1_,yi)=l T > Hy = (-1
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Solution 1.47. Define a1 =1—(a1+---+ay,) and z; = 1;—“ fori=1,...,n+1.
Apply Exercise 1.46 directly.

Solution 1.48. Y7 =1= 3", ¥~ =n— 1. Observe that

=1 1+a
2 v N TR T
Z e —aj Z (Vaiya; — 1)(Vai — @) (Vai + /a@j)
(I +aj)va;i = (1 +ai)(1 +aj)/ai/a;
Since 1 > 1+a + 1+1a_7» = 1+2+f;jfia], we can deduce that a;a; > 1. Hence the
terms of the last sum are positive.
Solution 1.49. Let S, ::5322155%; and S, = Y0, %, Then
S“_Sb:; a; +b Zal Zb =0,
thus S, = S, = S. Hence, we have
a2 407 1 (a; +b;)? "
28 = Lt > L = i
Zal+bi_2g a; +b; @i

where the inequality follows after using Exercise 1.21.

Solution 1.50. Since the inequality is homogeneous'® we can assume that abc = 1.

Setting = a®, y = b3 and z = ¢3, the inequality is equivalent to
1 1 1
+ + <
r+y+1 y+z4+1 z+ax+1

Let A=x+y+1,B=y+z2+1and C =2+ 2+ 1, then

1 1 1

iS4 <
AT tost

(A—1)(B-1)(C—-1)—(A+B+C)+1>0

=
S+y)(y+2)z+x)—2@+y+2z)>2
e @+y+2)(ey+yz+z0—2)>3.
Now, use that
r+y+z TY + Yz + 2T
3 3

16 A function f(a,b,...) is homogeneous if f(ta,tb,...) = tf(a,b,...) for each t € R. Then, an
inequality of the form f(a,b,...) > 0, in the case of a homogeneous function, is equivalent to
f(ta,tb,...) >0 for any t > 0.

> (xyz)%

wl=

> (zzy)® and
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Second solution. Follow the ideas used in the solution of Exercise 1.15. Start with
the inequality (a? —b?)(a —b) > 0 to guarantee that a® + b® + abe > ab(a + b+ c),
then
1 < c
ad + b3 +abc ~ abe(a+b+c)

Solution 1.51. Note that abc < (%”“)3 = 21—7
oy (Rea) (L —1+1+1+1+i+l+i+L
a b c b ab bc  ca  abe
- + +—
\3/ abe 3/ (abc)2 abc

1 3
=(1+4 ) > 43,
( vabe
Solution 1.52. The inequality is equivalent to (b”) (“XC) (“T“’) > 8. Now, we use

the AM-GM inequality for each term of the product and the inequality follows
immediately.

Solution 1.53. Notice that

a b c
@+ )O+D TG+ De+) T et atr)
_(@+1)0+1)(c+1)—-2 2 >§
 (a+ )+ D)(c+1) (a+1)(b+1)(c+1) ~ 4

if and only if (a4 1)(b+1)(c+1) > 8, and this last inequality follows immediately
from the inequality (%51) (252) (<) > Vavbye = 1.

Solution 1.54. Observe that this exercise is similar to Exercise 1.52.

Solution 1.55. Apply the inequality between the arithmetic mean and the harmonic
mean to get

2ab 2 a+b
= < .
a+b L1417 2
We can conclude that equality holds when a = b = c.

Solution 1.56. First use the fact that (a + b)? > 4ab, and then take into account

that
LI | - 1
>4y — =
; a;b ; (a; + b;)?

Now, use Exercise 1.36 to prove that

n

2

i=1 i=1 al
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Solution 1.57. Using the AM-GM inequality leads to xy + yz > 2y+/zz. Adding
similar results we get 2(zy + yz + zx) > 2(x\/yz + y/2x + 2,/2y). Once again,
using AM-GM inequality, we get x2 +x2 +y? 422 > 4x,/yz. Adding similar results
once more, we obtain 2% + y? 4+ 22 > x\ﬁ Z + yy/zx + z\/xzy. Now adding both

results, we reach the conclusion (w+y+z > x,/Yz + Y/ 2T + 2/Ty
Solution 1.58. Using the AM-GM inequality takes us to z* +y* > 2z y2. Applying

AM-GM inequality once again shows that 2z2y? + 22 > /8zyz. Or, directly we
have that

2 2 A4
x4+y4+%+%24 TVZE = V8zyz.
Solution 1.59. Use the AM-GM inequality to obtain
2 2
T4+ Y o it > 8.
y—1 o-1" "GNy -1

The last inequality follows from \/% > 2, since (z — 2)? > 0.

Second solution. Let ¢« = =z — 1 and b = y — 1, which are positive numbers,

then the inequality we need to prove is equivalent to % + % > 8. Now,
by the AM-GM inequality we have (a + 1) > 4a and (b + 1)*> > 4b. Then,

% + @ >4 (% + 3) > 8. The last inequality follows from Exercise 1.24.

Solution 1.60. Observe that (a,b, c) and (a?,b?, c?) have the same order, then use
inequality (1.2).

Solution 1.61. By the previous exercise
a + 02+ > a’b+ e+ fa.

Observe that (a, 7 C) and (a—lg, b%, c%) can be ordered in the same way. Then, use
inequality (1.2) to get

1 1 1
(ab)3 + (bc)3 + (CCL)3 = 5 b73 673
il 1 1 11
“a?2c b2a c2b
b ¢ a
=4 4=
a b ¢

= a®b+ b%c + a.
Adding these two inequalities leads to the result.

Solution 1.62. Use inequality (1.2) with (a1, a2, a3) = (b1,b2,b3) = (%, %, g) and

(a1,a5,05) = (2., 5)-
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Solution 1.63. Use inequality (1.2) with (a1, a2, a3) = (b1,b2,b3) = ( , i, f) and
(a,ay,a3) = (%’ %, %)

Solution 1.64. Assume that a < b < ¢, and consider (a1, a2,a3) = (a,b,c), then
use the rearrangement inequality (1.2) twice over with (a}, ab,as) = (b,¢,a) and
(¢, a,b), respectively. Note that we are also using

1 1 1
b1,b2,b3) = .
(b1, b2, bs) <b+c—a7c—|—a—b’a—|—b—c)

Solution 1.65. Use the same idea as in the previous exercise, but with n variables.

Solution 1.66. =1+

s— al'

Solution 1.67. Apply Exercise 1.65 to the sequence a1, ..., an, a1, ..., Gn.
Solution 1.68. Apply Example 1.4.11.

Solution 1.69. Note that 1 = (a? + b% + ¢?) +2(ab+ bc + ca), and use the previous

exercise as follows:
1_a+b+c< a? 4+ b2 4 2
3 3 =\ 3 '

Therefore 3 < a® + b + ¢2. Hence, 2(ab+ bc + ca) < 2, and the result is evident.

Second solution. The inequality is equivalent to 3(ab + bc + ca) < (a + b + ¢)?,
which can be simplified to ab + bc + ca < a? + b2 + 2.

Solution 1.70. Let G = /zix2 - - x, be the geometric mean of the given numbers
and (a1,a9,...,a,) = (”g, ”é?,...,%)
Using Corollary 1.4.2, we can establish that

ay ag Gp—1 an G G G G
n< —+—4-+ + =ttt +
a9 as Qp, aq To I3 In I
thus n
<G.
1 1
o T E

Also, using Corollary 1.4.2,

n<ﬂ+a_2+...+ An :ﬂ+@+...+x_"7
T ap ai Ap—1 G G G
then
G < £C1+.’E2+"'+{En'
n
The equalities hold if and only if a; = as = --- = a,, that is, if and only if

X1 =T = "= Tp.
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Solution 1.71. The inequality is equivalent to

71 71 71 al .. .an al .. .an al .. .an
a;’ +ag +--~+aZ > + +
ai ag an

which can be verified using the rearrangement inequality several times over.

Solution 1.72. First note that > , Wierrie S \/% - > V1I—a;. Use
the AM-GM inequality to obtain

1 — 1
E;\/l—aiz

Solution 1.73. (i) v4a + 1 < 22841 =24 4 1.
(ii) Use the Cauchy-Schwarz inequality with u = (v/4a + 1,v/4b + 1,y/4c + 1) and
v=(1,1,1).

Solution 1.74. Suppose that a > b > ¢ > d (the other cases are similar). Then, if
at+c+d, C=a+b+dand D =a+ b+ ¢, we can deduce
%. Apply the Tchebyshev inequality twice over to show that
a® b A B 1 1 1 1 1
e - Z >z 3 b3 3 d3 - - - -
B+C’+D*4(a+ +c+d’) A+B+C+D

L s 11,10
16(a +b°+c+d)(a+b+c+d) A+B+C’+D

19 e o, o (A+B+CHD\ (1 1 1 1
= 5@+ 0+ ) (o .

3 ATB "D
Now, use the Cauchy-Schwarz inequality to derive the result
a?+ b+ +d*>ab+be+cd+da=1
and the inequality (A+ B+C +D)(§ + 5 + & + 5) = 16.
Solution 1.75. Apply the rearrangement inequality to
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and the permutation (a}, ab, a}) (\/; \/— \/—) to derive

oy boey ,s/a2 ,3/62 ,3/02
c a

Finally, use the fact that abc = 1.
Second solution. The AM-GM inequality and the fact that abc = 1 imply that

Lfa a_ b\ sfaab_ola® /a® _
3\b b ¢/ Vbbe Vbe Vabe

1/b b ¢ l/¢c ¢ a
sl-t+t-+=-)2>0 and7<7+7+7>267
3\c ¢ a a a b

Similarly,

and the result follows.

Solution 1.76. Using the hypothesis, for all k, leads to s — 2z > 0. Turn to the
Cauchy-Schwarz inequality to show that

(Z s—gxk> (Z(S_%k)) Z (Zx’f) = 5%,
=1 =1 =1

But 0 < >y _, (s — 2zy) = ns — 2s, therefore

n

2
Z T s
k: 2 .
s — 2xp n—2
k=1

Solution 1.77. The function f(z) = (z + %)2 is convex in RT.
Solution 1.78. The function

a b c

1—a)(1—b)1—
brerl Tarerttarprr TA-al-b-q

fla,b,¢) =

is convex in each variable, therefore its maximum is attained at the endpoints.

Solution 1.79. If x = 0, then the inequality reduces to 1 + \/13_—2 < 2, which is
y

true because y > 0. By symmetry, the inequality holds for y = 0.
Now, suppose that 0 <z < 1and 0 <y < 1. Let w > 0 and v > 0 such that
r=e " and y = e~ 7, then the inequality becomes
1 n 1 < 2
Vite 2 VI+e 2 = /14e @)’
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that is,
fw) + f(v) <y U+U
2
where f(x) = \/ﬁ Since f"(z) = %, the function is concave in

the interval [0, c0). Thus the previous inequality holds.
Solution 1.80. Find f”(x).
Solution 1.81. Use log(sinx) or the fact that

. . . (A+B A-B\ . (A + B A- B
sinAsinB=sin| —— 4+ —— |sin | —— — ——
2 2
Solution 1.82. (i) If 14+nzx < 0, the inequality is evident since (142)™ > 0. Suppose
that (1 + nz) > 0. Apply AM GM inequality to the numbers (1,1,...,1,1+ nz)
with (n — 1) ones.
(ii) Let ai,..., a, be positive numbers and define, for each j = 1,...n, 0; =
vt oy . . g Y . 0j .
%. Apply Bernoulli’s inequality to show that <0j11> e (j—1),

which implies

. . O . . i—
7}z oy (357 = (1)) = od i = (= o) = ol
.

Then7 Z Z Z % Z ananflazig 2 e Z nQGp—1 A1

Solution 1.83. If x > y > z, we have 2" (z — y)(z — 2) > y"(x — y)(y — z) and
2"(z —x)(z —y) > 0.

Solution 1.84. Notice that z(x—2)?+y(y—2)?—(x—2)(y—2)(z+y—2) > 0 if and
only if z(x — 2)(x —y) + y(y — 2)(y —x) + z(x — 2)(y — z) > 0. The inequality now
follows from Schiir’s inequality. Alternatively, we can see that the last expression
is symmetric in z, y and z, then we can assume = > z > y, and if we return to the
original inequality, it becomes clear that

w(z -2 +yly—2>>0> (@ —2)(y—2)(z+y—2).

Solution 1.85. The inequality is homogeneous, therefore we can assume that a +
b+ ¢ = 1. Now, the terms on the left-hand side are of the form ﬁ and the

function f(x) = ﬁ is convex, since f”(z) = (‘ffig)i > 0. By Jensen’s inequality

it follows that (1_aa)2 + (1_bb)2 + (1_06)2 Z 3f (%W) = 3f (%) = (%)2

Solution 1.86. Since (a+b+c)? > 3(ab+bc+ca), we can deduce that l+m >
1+ m. Thus, the inequality will hold if

9 S 6
(a+b+c)2 = (a+b+c)

1+
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2
. . . 3
But this last inequality follows from (1 — m) >0.
Now, if abc = 1, consider x = %7 y = % and z = %; it follows immediately
that xyz = 1. Thus, the inequality is equivalent to

3 6
1+ >
xytyzt+zer  TH+y+z

which is the first part of this exercise.

Solution 1.87. We will use the convexity of the function f(x) = 2" for r > 1 (its
second derivative is 7(r — 1)2"~2). First suppose that r > s > 0. Then Jensen’s
inequality for the convex function f(x) = x applied to 3, ..., 2% gives

tia 4 bl > () et E

and taking the %—th power of both sides gives the desired inequality.

Now suppose 0 > 7 > 5. Then f(z) = x5 is concave, so Jensen’s inequality
is reversed; however, taking %—th powers reverses the inequality again.

Finally, in the case r > 0 > s, f(z) = x* is again convex, and taking 1-th
powers preserves the inequality.

C

Solution 1.88. (i) Apply Holder’s inequality to the numbers 5, ..., z¢, y§, ...,
yS with @/ = ¢ and b’ = 2.
(ii) Proceed as in Example 1.5.9. The only extra fact that we need to prove is

Tiyiz < 228 4+ $yb 4 12¢, but this follows from part (i) of that example.

> ¢~
Solution 1.89. By the symmetry of the variables in the inequality we can assume
that a < b < c. We have two cases, (i) b < € and (i) b > 2t2+e,
o (1) +b+
Case (i): b < 5T,

It happens that %b*c < % < ¢, and it is true that %”*C < bfe < ¢ Then,

there exist A, u € [0, 1] such that

b b b
c;a:)\c—i—(l—)\) (%) and %:uc—k(l—u) <%)

Adding these equalities, we obtain

2 -2
# = (A pet (2-A—p) <%b+c) =(2—\—p) <%)+20'

Hence,
a+b—2c a+b—2c

therefore 2 — (A + ) = 2 and (A +p) = 1.
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Now, since f is a convex function, we have

f(“b) < L@+ 1)

2 )2
f(b;C) < uf(e)+ (- (3
(%) =@+ a -

thus, adding these inequalities we get

F(50) + £ (55) 41 (550) = 5 U@+ 0+ 50

Y. +b+
Case (ii): b > #5==.

It is similar to case (i), using the fact that a < “;“C < %b*c and a < “7“’ < %b*c.

Solution 1.90. If any of a, b or c¢ is zero, the inequality is evident. Applying Popovi-
ciu’s inequality (see the previous exercise) to the function f: R — R defined by
f(x) = exp(2x), which is convex since f”(z) = 4exp(2z) > 0, we obtain
2

exp(2x) + exp(2y) + exp(2z) + 3exp (W)

> 2[exp(z +y) + exp(y + 2) + exp(z + z)]

= 2 [exp(z) exp(y) + exp(y) exp(z) + exp(z) exp(x)] .
Setting a = exp(x), b = exp(y), ¢ = exp(z), the previous inequality can be rewrit-
ten as ‘

a? 4+ 0% + ¢ + 3Va2b2c® > 2(ab + be + ca).
For the second part apply the AM-GM inequality in the following way:
2abc + 1 = abe + abe + 1 > 3V a2b2c2.

Solution 1.91. Apply Popoviciu’s inequality to the convex function f(z) =z + %
We will get the inequality % + % + % + ﬁ > bi—c + Cia + aier. Then multiply
both sides by (a + b+ ¢) to finish the proof.

Solution 1.92. Observe that by using (1.8), we obtain

2 4y + 22— fallyl — lyllz| — [ellal = 5 (12l — ly)? + & (9]~ 21)% + 2 (1] ~ Ja])?
which is clearly greater than or equal to zero. Hence

vy + yz + za| < |ally| + |yllz| + |2]|z] < 2 + 4% + 2%
Second solution. Apply Cauchy-Schwarz inequality to (z,y,2) and (y, z, ).
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Solution 1.93. The inequality is equivalent to ab 4 bc + ca < a? + b? + ¢2, which
we know is true. See Exercise 1.27.

Solution 1.94. Observe that if a + b + ¢ = 0, then it follows from (1.7) that
a® + b3 + ¢ = 3abe. Since (z —y) + (y — 2) + (z — z) = 0, we can derive the
following factorization:

(@ =)+ =2+ (z—2)° =3(z —y)(y — 2)(z — 2).

Solution 1.95. Assume, without loss of generality, that a > b > ¢. We need to
prove that
—a® + b3 + ¢ 4 3abe > 0.

Since
—a® + b® + ¢ + 3abe = (—a)® + b + ¢ — 3(—a)be,

the latter expression factors into
1
5(-atb+o(at b)?> + (a+c)? + (b—c)?).

The conclusion now follows from the triangle inequality, b + ¢ > a.

Solution 1.96. Let p = |(x — y)(y — 2)(z — z)|. Using AM-GM inequality on the
right-hand side of identity (1.8), we get

3.
4y 422 —ay—yz — 2z > 5\3/]92. (4.1)
Now, since |z —y| <z +y, ly— 2| <y+z, |z — 2| < z+ =z, it follows that
Ae+y+2) >z —yl+ly—z[+]|z -z (4.2)
Applying again the AM-GM inequality leads to

2 +y+2)>3Yp,
and the result follows from inequalities (4.1) and (4.2).

Solution 1.97. Using identity (1.7), the condition 2% + y® + 2% — 32yz = 1 can be
factorized as

(x+y+2) @ +y? +22 —ay—yz—2z) =1 (4.3)
Let A= 2%+ 92+ 2% and B = 2 +y + 2. Notice that B2 — A = 2(zy + yz + zx).
By identity (1.8), we have that B > 0. Equation (4.3) now becomes

2 _
p(a-Zo4) o

therefore 34 = B? + %. Since B > 0, we may apply the AM-GM inequality to
obtain

2 1 1
A=B*+ = =B+ -+ = >
3 + i) + B + 5= 3,
that is, A > 1. For instance, the minimum A = 1 is attained when (z,y,2) =

(1,0,0).
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Solution 1.98. Inequality (1.11) helps to establish

16>(1+1+2+4)2_ 64
Ca4+btc+d

a b ¢ d~ a+b+c+d
Solution 1.99. Apply inequality (1.11) twice over to get
2
at b (@40 (TP (atb)
> 5 P

4 4
=l 2>
a -+ T T2 3

Solution 1.100. Express the left-hand side as

V2P (VP (V2R

r—+vy Y+ z Z+x

and use inequality (1.11).

Solution 1.101. Express the left-hand side as

x? y? z

+ + )
axy +bzx  ayz+bry azx+ byz

2

and then use inequality (1.11) to get

x? y? 22 (x+y+ 2)? 3
+ + > > )
ary +bzx ayz+bry azx+byz ~ (a+b)(zy+yz+zx) " a+b
where the last inequality follows from (1.8).
Solution 1.102. Rewrite the left-hand side as
a® b? c? b2 c? a®
+ + + + +—,
a+b b+c a+c a+b b4+c a-+c
and then apply inequality (1.11).
Solution 1.103. (i) Express the left-hand side as
22 . y? . 22
22+ 22y +3zx  y2+2yz+3xy 22+ 2zx+ 3yz
and apply inequality (1.11) to get
x n Yy z S (r+y+2)?
T+2y+32z y+22+3x z+2x+3y 22 +y2+22+5(xy+yz+z2x)
Now it suffices to prove that
2
(e +yt2) 1
) T2

22+ y? + 22 +5(xy +yz + 22
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but this is equivalent to 2% + y? + 22 > zy + yz + zx.
(ii) Proceed as in part (i), expressing the left-hand side as

1U2 $2 y2 Z2

xw+2yw+3zw+xy+2xz+3xw+yz+2yw+3xy+zw+2xz+3yz’

then use inequality (1.11) to get

w x Y z
x—|—2y—|—3z+y—|—2z+3w+z+2w+3x+w+2x+3y
- (w+a+y+2)°
T A wr + 2y +yz+ 2w+ wy +32)

Then, the inequality we have to prove becomes

(w+a+y+2)°
4wz + zy + yz + 2w + wy + 2)

2
>_7
-3

which is equivalent to 3(w? + 22 +y? + 22) > 2(wz + zy +y2z + 2w +wy +x2). This
follows by using the AM-GM inequality six times under the form z2 + 32 > 2xy.

Solution 1.104. We again apply inequality (1.11) to get

5172 y2 22
GrEts) G rowte)  Groety
> (x+y+2)?

22+ 2+ 22+ 3(xy +yz + z2a)
Also, the inequality

(z+y+2)>
224+ y2+ 22+ 3(xy+yz+ zx

53
) — 4
is equivalent to

x2+y2+z2 > xy +yz + zT.
Solution 1.105. We express the left-hand side as

a? b? c? d?
ab+c) betrd cdra)  datd)

and apply inequality (1.11) to get

a? N b? N c? N d? - (a+b+c+d)?
alb+c) blc+d) c(d+a) dla+b) ~ alb+2c+d)+blc+d)+db+c)
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On the other hand, observe that

(a+b+c+d)?
(ac + bd) + (ab + ac + ad + be + bd + cd)

a? + b2 + 2 + d? + 2ab + 2ac + 2ad + 2bc + 2bd + 2¢d
(ac + bd) + (ab+ ac + ad + be + bd + ¢d)

To prove that this last expression is greater than 2 is equivalent to showing that
a® +c? > 2ac and b? + d? > 2bd, which can be done using the AM-GM inequality.

Solution 1.106. We express the left-hand side as

a? b2 2 d? e?
ab—|—ac+bc—|—bd+cd+ce+de—|—ad+ae—|—be

and apply inequality (1.11) to get
a? b2 c? d? e? (a+b+c+d+e)?
+ + + + >
ab+ac  bc+bd cd+ce de+ad ae+ be > ab

Since
(a4+b+c+d+e)? :Zaz—i—ZZab,

we have to prove that

2Za2+42ab2 52&(),
22@2 ZZab.

The last inequality follows from Y a? > > ab.

which is equivalent to

Solution 1.107. (i) Using Tchebyshev’s inequality with the collections (a > b > ¢)

2 2 2 .
and (% > % > <), we obtain

2 2 2 2
a_+b_ c_>(a+b+c)
x Y z  rty+z
Therefore
ad@ b A (a+b+c)? a+b+tec
—+ —+—2 . .
x y z r+y+=z 3
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(ii) By Exercise 1.88, we have

ol

a® b3\ 1
<—+—+—> I+1+D)3(x+y+2)2 >2a+b+c

T Y z

Raising to the cubic power both sides and then dividing both sides by 3(x 4y + 2)
we obtain the result.

Solution 1.108. Using inequality (1.11), we obtain

i R
T+ T+ -+ Xy

" S
T1+x2+- -+ Ty T XA+ Ty 1+ T2+ F+ Xy
(1 +a22+-+an)? w1+ ao+-+a,
Tz tao ot m,) n )

Thus, it is enough to prove that
kn

t
) le.xQ.....xn.

r1+To+ -+ Ty
n

Since k = max {z1,%2,...,2n} > min {x1,22,...,2,} = t, we have that an >n
and since fitr2tdin > 1 hecause all the x; are positive integers, it is enough
to prove that

(x1+x2+~~+xn>”
le.xz.....xn’
n
which is equivalent to the AM-GM inequality.
Because all the intermediate inequalities are valid as equalities when z; =

To9 = --- = x,, we conclude that equality happens when 1 = x5 = -+ = x,,.

Solution 1.109. Using the substitution a = 57 b= % and ¢ = Z, the inequality
takes the form
ad b3 c? > 1
&+2+w+2+&+2*’
and with the extra condition, abc = 1.
In order to prove this last inequality the extra condition is used as follows:

a® n b3 n 3 B a® n b3 n 3
ad+2 BB+2 B+2 ad+2abc b3+ 2abe 3+ 2abe
a? b> c?
:a2+2bc+b2+2ca+cz+2ab
(a+b+c)?

=1
a? + b2 + 2 + 2bc + 2ca + 2ab
The inequality above follows from inequality (1.11).
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Solution 1.110. With the substitution z = 7, y = _, z

£, the inequality takes

the form
a b c 3
+ + >z,
b+c c+a a+b 2
which is Nesbitt’s inequality (Example 1.4.8).
Solution 1.111. Use the substitution x; = Z—f, To = Z—z, ey Xy = 3711 Since
Tortas; = 1924 m 5 = afaga; and similarly for the other terms on the
a ay a

left-hand side of the inequality, the inequality we have to prove becomes

aq as (79
+ 4+t > 1
a1 +as +as as +as+ aq an, +a; +as
But this inequality is easy to prove. It is enough to observe that for alli =1,...,n

we have
a; + ait1 +aip2 < ap+az -+ +ap.

Solution 1.112. Using the substitution # = 1, y = }, 2 = 1, the condition ab +
bc + ca = abe becomes x + y + z = 1 and the inequality is equivalent to
ac4—|-y4 y4—|—z4 24 4 2t
{,C3+y3 y3+z3 ZS+.’E3

Tchebyshev’s inequality can be used to prove that

x4+y4 > a:3+y3x+y

2 - 2 2 7
thus
e T e o S e LYtz zte
4+yd 3 243 T 2 2 2
Solution 1.113. The inequality on the right-hand side follows from inequality
(1.11). For the inequality on the left-hand side, the substitution x = %, y=%,

z= %b transforms the inequality into

r+y+z > [yz + zax + 2y
3 - 3 '

Squaring both sides, we obtain 3(zy + yz + zz) < (v + y + 2)?, which is valid if

and only if (zy + yz + 2x) < 22 + y? + 22, something we already know.
Solution 1.114. Note that
a—2 b—2 c¢—2 1 1 1
<0&<3-3 <0
a+1+b+1+c+1_ <a+1+b+1+c+1>_

1< 2 + ! + :
Ta+1l b4+1 e+l
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2x 2y 2z

Using the substitutiona:?,b-;,c:;,we get

LN SRS SRR S B

a+l b+l e+l 241 2yg o 24
oy z x
_2x+y+2y+z+2z+x

Y2 42 2
= + +
2zy +y?2  2yz+22  2zx+ 22
(z+y+2)>

> =

— 2zy +y?2 + 2yz + 22 + 2zx + 22
The only inequality in the expression follows from inequality (1.11).
Solution 1.115. Observe that

2 2
[5,0,0] = 6(a5 +0° + %) > 6(a3bc+ b’ca + cab) = [3,1,1],

where Muirhead’s theorem has been used.

Solution 1.116. Using Heron’s formula for the area of a triangle, we can rewrite
the inequality as

a2+b2+62>4\/§\/(a+b+0) (a+b—c)(a+c—b)(b+c—a)
2 5 5 5 5 )

This is equivalent to

(a® +0° +¢*)? 2 3[((a +0)* = ) ( — (b~ a)?)]
= 3(2¢%a? + 26202 + 2a%b% — (a* + bt + ),

that is, a* + b* + ¢* > a?b? + b%c? + c%a?, which, in terms of Muirhead’s theorem,
is equivalent to proving [4,0,0] > [2,2,0].

Second solution. Using the substitution
r=a+b—c, y=a—-b+c, z=—-a+b+c,

we obtain x + y + z = a + b + ¢; then, using Heron’s formula we get

4(ABC) = /(a4 b+ c)(zyz) < \/(a+b+c)(x+g7+z)3 _ (aglz/-_?q)-c) '

Now we only need to prove that (a+b+c)? < 3(a? + b? + ¢?). This last inequality
follows from Muirhead’s theorem, since [1,1,0] < [2,0,0].
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Solution 1.117. Notice that
a b c 9
+ + <
(a+b)at+c) (b+c)b+a) (ct+a)(c+b) ~ 4la+b+c)
< 8(ab+be+ca)(a+b+c) <9(a+b)(b+c)(c+ a)
& 24abc+ 8 Z(a2b +ab*) <9 Z(aQb + ab?) + 18abc

& 6abe < ab+ ab® + b2c + b? + Pa + ca®
< [1,1,1] <[2,1,0].

Solution 1.118. The inequality is equivalent to
a®+ 034+ >abla+b—c)+be(b+c—a)+calc+a—b).
Settingx =a+b—c,y=b+c—a,z=a+c—0b, we get a = ”’Tm, b= 2ty

2
y+
2

¢ = T2 Then, the inequality we have to prove is

%((z+x)3+(ac+y)3+(y+z)3) >

which is again equivalent to

((z4)(z+y)z+(z+y)(y+2)y+(y+2)(2+2)2),

PN

3(x%y +yir + - 4 2%2) > 2(2y +---) + 6ayz
or
22y 4+ Pz +yPz + 22y + 22+ 2tz > 6ayz,

and applying Muirhead’s theorem we obtain the result when z, y, z are non-
negative. If one of them is negative (and it cannot be more than one at a time),
we will get

22y +2) + 2 (z +2) + 22 (x +y) = 222c + y*2a + 2726 > 0
but 6zyz is negative, which ends the proof.

Solution 1.119. Observe that

3 b3 3
e + + € >a+b+ec
b2 —bc+c?2  c2—ca+a? a?—ab+b2
is equivalent to the inequality
3(b b 3(a+b
a*(b+c) (c+a) ca+ )Za+b+c,

b3+03 C3+CL3 a3+b3
which in turn is equivalent to
a*(b+c)(a® + ) (a® +b*) + b*(c + a) (b + ¢*)(a® + b%)
+c3(a+b)(a® + ) (% + c?)
> (a+b+c)(a® + )0 + ) (P + a®).
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The last inequality can be written in the terminology of Muirhead’s theorem as

2
=[7,3,0] +[6,4,0] + [6,3,1] + [4,3, 3]
1[9,1,0] > [7,3,0],

[9,1,0] + [6,4,0] + [6,3,1] + [4,3,3] > (1[1,0,0]) ([6,3,0] + %[3,373])

a direct result of Muirhead’s theorem.
Solution 1.120. Suppose that a < b < ¢, then

1 1 1
T40)(1+0 - (+0(0+a) = Uta)(1+b)

Use Tchebyshev’s inequality to prove that

a® b? &
10 (140  (+9(+a)  (ta)d+0)
> 1(a3+b3+03)< ! + ! + . )
=3 0+0)(10) (+a(+o (Utra(d+d)
e 34 (a+b+c)

3 1+a)1+b)(1+c)

Finally, use the facts that §(a® + b3+ ¢3) > (tb+e)3, atbte > 1 and (1+a)(1 +
b)(1+¢) < (‘“’*"’fJFHC)3 to see that

1,4 5 4 3+(a+b+a) <a+b—|—c)3 6 6
(@ +b° +c > > .
3( )(l—I—a)(l-i-b)(l-i—c) 3 (1+ atbte)s = 8
a+b+c
For the last inequality, notice that W > %

Second solution. Multiplying by the common denominator and expanding both
sides, the desired inequality becomes

Aa* 40+t + P+ 03+ ) > 31+ a+ b+ c+ ab+ be+ ca+ abe).

Since 4(a* + b* + c* +a® + b3 + ) = 4(3[4,0,0] + 3[3,0,0]) and 3(1 +a+b+c+
ab + be + ca + abc) = 3([0,0,0] + 3[1,0,0] + 3[1,1,0] + [1,1,1]), the inequality is
equivalent to

4[4,0,0] + 4[3,0,0] > [0,0,0] + 3[1,0,0] + 3[1,1,0] + [1,1, 1].

Now, note that



140 Solutions to Exercises and Problems
where it has been used that abc = 1. Also,

1 1
3[4,0,0] > 3[2,1,1] = 3§(a2bc + b%ca + cab) = 3§(a +b+4c) =3[1,0,0]

and
33,00 >3| 2,2 1 —31(a%b%c% +oiclab +ctatnh)
3] 73
1
3§(ab+bc+ca) = 3[1,0,0].

Finally, [3,0,0] > [1,1,1]. Adding these results, we get the desired inequality.

4.2 Solutions to the exercises in Chapter 2

Solution 2.1. (i) Draw a segment BC of length a, a circle with radius ¢ and center
in B, and a circle with radius b and center in C', under what circumstances do
they intersect?

(ii) It follows from (i).

({i)a=2+y, b=y+z c=z+zer="20 = atboc »_ bieca

Solution 2.2. (i) c<a+b= c<a+b+2Vab= (va+Vb)? = c< /a+Vb.
(ii) With 2, 3 and 4 it is possible to construct a triangle but with 4, 9 and 16 it is
not possible to do so.

(iii) a<b<c:>a+b<a+c<b+c:> b+c <
see that

c+a < a—+b7 then it is sufﬁmerllt to

1
and it will be even easier to see that = < e T oar

a+b < b+c + c+a’

Solution 2.3. Use the fact that if a, b, ¢ are the lengths of the sides of a triangle,
the angle that is opposed to the side c is either 90° or acute or obtuse if ¢? is equal,
less or greater than a® + b2, respectively. Now, suppose that a < b <c<d <e
and that the segments (a,b,c) and (c,d,e) do not form an acute triangle; since
2> a?+b% and €2 > 2 + d?, we deduce that €2 > a? + b2 +d2 > a’ + b2 + 2 >
a? 4+ 0% +a?+ 0% = (a+b)%+ (a—0b)? > (a+0b)?, hence a + b < e, which is a
contradiction.

Solution 2.4. Since ZA > /B then BC > CA. Using the triangle inequality we
obtain AB < BC + CA, and by the previous statement, AB < 2BC.

Solution 2.5. (i) Let O be the intersection point of the diagonals AC and BD.
Apply the triangle inequality to the triangles ABO and C'DO. Adding the inequal-
ities, we get AB + CD < AC + BD. On the other hand, by hypothesis we have
that AB+ BD < AC + CD. Adding these last two inequalities we get AB < AC.
(ii) Let DE be parallel to BC, then ZEDA < ZBCD < /A; therefore DE > AD
and hence %AD < DE < BC. Refer to the previous exercise.
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Solution 2.6. Each d; is less than the sum of the lengths of two sides. Also, use the
fact that in a convex quadrilateral the sum of the lengths of two opposite sides is
less than the sum of the lengths of the diagonals.

Solution 2.7. Use the triangle inequality in the triangles ABA" and AA’C to prove
thatc<ma+%aandb<ma+%a.

Solution 2.8. If «, 3, v are the angles of a triangle in A, B and C, respectively, and
if o7 = ZBAA’ and ap = LA’ AC, then, using D2, 8 > a1 and v > as. Therefore,
180° =a+ B+ v > a1 + az + a = 2a. Or, if we draw a circle with diameter BC,
A should lie outside the circle and then ZBAC < 90°.

Solution 2.9. Construct a parallelogram ABDC, with one diagonal BC and the
other AD which is equal to two times the length of AA’ and use D2 on the triangle
ABD.

Solution 2.10. Complete a parallelogram as in the previous solution to prove that
me < %. Similarly, m, < “T“ and m, < “TM. To prove the left hand side

inequality, let A’, B’ and C’ be the midpoints of the sides BC, CA and AB,
respectively.

B A c

Extend the segment C’'B’ to a point A” such that C’A” = BC. Apply the previous
result to the triangle AA’A” with side-lengths m,, m; and m..

Solution 2.11. Consider the quadrilateral ABC'D and let O be a point on the
exterior of the quadrilateral so that AOB is similar to ACD, and thus OAC and
BAD are also similar. If O, B and C are collinear, we have an equality, otherwise
we have an inequality.'”

Solution 2.12. Set a = AB, b= BC,c=CD,d = DA, m = AC and n = BD.
Let R be the radius of the circumcircle of ABC'D. Thus we have!8

(ABCD) = (ABC) + (CDA) = %};Cd),
(ABCD) = (BCD) + (DAB) = "(”CT;M).

17See [6, page 136] or [1, page 128].
183ee [6, page 97] or [9, page 13].
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Therefore

m _ be+ad

n ab+ cd

>1< bc+ad>ab+ cd
< (d—b)(a—c)>0.

Solution 2.13. Apply to the triangle ABP a rotation of 60° with center at A.
Under the rotation the point B goes to the point C, and let P’ be the image of
P. The triangle PP’C has as sides PP’ = PA, P’"C = PB and PC, and then the

result.
A
A

P/

P/
P
Second solution. Apply Ptolemy’s inequality (see Exercise 2.11) to the quadrilat-
erals ABCP, ABPC and APBC; after cancellation of common terms we obtain
that PB < PC + PA, PA < PC + PB and PC < PA + PB, respectively, which
establish the existence of the triangle.

Third solution. For the case when P is inside ABC. Let P’ be the point where AP
intersects the side BC. Next, use that AP < AP’ < AB=BC < PB+ PC.Ina
similar way, the other inequalities PB < PC' 4+ PA and PC < PA + PB hold.

Solution 2.14. Set a = AB, b = BC, © = AC, y = BD. Remember that in
a paralelogram we have 2(a? + b?) = 22 + y2. We can suppose, without loss of
generality, that a < b. It is clear that 2b < x + y, therefore (2b)? < (z + y)? =
22 + y? + 22y = 2(a® + b?) + 22y. Simplifying, we get 2(b* — a?) < 22y.

Solution 2.15. (i) Extend the medians AA’, BB’ and C'C’ until they intersect the
circumcircle at Ay, By and C1, respectively. Use the power of A’ to establish that
A'A = %. Also, use the facts that m, + A’A; < 2R and that the length of
the median satisfies m2 = M7 that is, 4m2 + a® = 2(b* + ¢?). We have
analogous expressions for my and m..

(ii) Use Ptolemy’s inequality in the quadrilaterals AC’GB’, BA'GC’ and CB’'GA’,
where G denotes the centroid. For instance, from the first quadrilateral we get
2 Me c my

2 a b 2
TMay < 57% 5% , then 2my,a® < abm. + camy.
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Solution 2.16. Using the formula 4m3+b® = 2(c?+a?), we observe that mi —m?2 =

(&
%(02 —b?%). Now, using the triangle inequality, prove that mj, +m,. < %(b—i—c). From
this you can deduce the left-hand side inequality.
The right-hand side inequality can be obtained from the first when applied

to the triangle of sides'® with lengths mg, my and m..

Solution 2.17. Let a, b, ¢ be the lengths of the sides of ABC. If E and F are the

projections of I, on the sides AB and C'A, respectively, it is clear that if r, is the

radius of the excircle, we have that r, = [,LF = FA = AF = F'I, = s, where s is

the semiperimet:r of ABC. Also, if h, is the altitude of the triangle ABC from
D

vertex A, then 57 = :‘,—“ Since ah, = bc, we have that

AD  hq _ bc _ (abc 4Rr 1Y\ _4Rr

DI, r, as \4R a? rs) a2’

where 7 and R are the inradius and the circumradius of ABC| respectively. Since

2R = a and 2r = b+ ¢ — a, therefore S—Z = l”’fT_a = % — 1. Then, it is enough to
2

prove that l%c < /2 or, equivalently, that 2bc < a?, but be = Vb2c2 < # =%.

Solution 2.18. Simplifying, the first inequality is equivalent to ab + bc + ca <
a®+b2+c?, which follows from Exercise 1.27. For the second one, expand (a+b+c)?
and use the triangle inequality to obtain a? < a(b+ c).

Solution 2.19. Use the previous suggestion.
Solution 2.20. Expand and you will get the previous exercise.
Solution 2.21. The first inequality is the Nesbitt’s inequality, Example 1.4.8. For

the second inequality use the fact that a + b > “F2+¢  then o < a flf+c.

Solution 2.22. Observe that a? (b +c¢ —a) +b*(c+a —b) +c?(a + b — ¢) —2abc =
(b+c—a)(c+a—>)(a+b—c), now see Example 2.2.3.

Solution 2.23. Observe that
a(b2+02—a2)+b(02+a2—b2)+c(a2+b2—02)
=ad’(b+c—a)+b*(cta—b)+c*(a+b—rc),
now see Exercise 2.22.

Solution 2.24. Use Ravi’s transformation with a =y + 2, b=z2+z,c=x + y to
see first that

a®bla —b) +b%c(b—c) + alc — a) = 2(xy® 4+ y2° + 22%) — 2(zy’2 + 22yz + xy2?).

Then, the inequality is equivalent to %2 + % + % > x+y+z. Apply then inequality
(1.11).

19Gee the solution of Exercise 2.10.
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Solution 2.25.

a—b b—c c—a
a+tb btec c+a
cab
S @t )b+ )cta)

a—b b—c c—a
+ +
at+b b+c c+a

1
<=,
-8

For the last inequality, see the solution of Example 2.2.3.
Solution 2.26. By Exercise 2.18,
3(ab+be+ca) < (a+b+c)* < 4(ab+ be + ca).
Then, since ab + bc + ca = 3, it follows that 9 < (a + b+ ¢)? < 12, and then the
result.

Solution 2.27. Use Ravi’s transformation, a = y+ 2z, b= z+x and ¢ = x +y. The
AM-GM inequality and the Cauchy-Schwarz inequality imply

1 1 1 1 1 1

—+-+-= +
a b ¢ y+z z4+ax x+y

1 1 1 1
< =
-2 <\/y_z + VZT + ,/J;y)
_VEE VYtV
B 2. /xyz
<¢3m+y+z
- 2. /xyz
VB faty+z VB
=5\ " o

TYZ 2r

For the last identity, see the end of the proof of Example 2.2.4.

Solution 2.28. The part (i) follows from the following equivalences:

(s—a)(s—b) <abe s —s(a+b) <0
Sat+bte<2a+d)
Sce<a+bd.

For (ii), use Ravi’s transformation, a =y + 2, b= z+x, ¢ = x + y, in order
to see that the inequality is equivalent to

Aey+yz+zr) <(y+2)(z+0) +(z+2)(@+y) + (@ +y)(y + 2).

In turn, the last inequality follows from the inequality zy + yz + zx < 22 +y? + 22,
which is Exercise 1.27.
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Another way to obtain (ii) is the following: the given inequality is equivalent
to 3s% — 2s(a+ b+ ¢) + (ab + be + ca) < 2HEEA which in turn is equivalent to
3(ab + bc + ca) < 4s%. The last inequality can be rewritten as 3(ab + bc + ca) <
(a+0b+c)

Solution 2.29. Applying the cosine law, we can see that

VaZ + b2 — 2v/a2 — b2 + 2 = v/2abcos Cv/2accos B

= 2a+/(bcos C)(ccos B)
2abcos C—;—ccos B 2

Solution 2.30. Using the Cauchy-Schwarz inequality, for any z, y, z, w > 0, we
have that

VEY + V2w <A/ (2 + 2)(y + w).

Therefore
Z Va2 + b2 — c2v/a2 — b2 + 2 :% Z (\/a2+b2—62\/a2—b2—|—02
cyclic cyclic

+\/62+a2—b2\/02—a2+b2>

1
- 2)(902) —
< 5 Z Vv (2a2)(2¢?) = Z ac.
cyclic cyclic
Solution 2.31. Consider positive numbers z, y, z with a =y + 2z, b = z +  and

c = x + y. The inequalities are equivalent to proving that

3 and + + >3
2z 2y 2z y+z z4+zx x+y

+z z4+x x+ 2x 2 2z
Y n n ZUZ Y

For the first inequality use the fact that ¥ 4 % > 2 and for the second inequality
use Nesbitt’s inequality.

Solution 2.32. Since in triangles with the same base, the ratio between its altitudes
is equal to the ratio of theirs areas, we have that

PQ PR _PS _(PBC) (PCA) (PAB) (ABC)
20 " BE T CF T (4BC) T (4BC) T (ABC) ~ (4BO) -

Use inequality (2.3) of Section 2.3.

Solution 2.33. (i) Recall that (S1 + S2 + 5'3)(:%1 + s% + s%,) >9.
(ii) The non-common vertices of the triangles form a hexagon which is divided
into 6 triangles Sy, So, S3, T1, Ts, T3, where S; and T; have one common angle.
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Using the formula for the area that is related to the sine of the angle, prove that
515253 = T1ToT5. After this, use the AM-GM inequality as follows:

1 1 1 1 1 1
Sl—4+—4+—)>(1+Sa+Ss+T+To+T3)| —+ —+ —
<51+52+53>—( 1+So+S3+T1 +Ts + 3)<Sl+S2+SS)
S 18V/S15: 8T ToT5
- /515555

The equality holds when the point O is the centroid of the triangle and the lines
through O are the medians of the triangle; in this case S1 =S, =S35=T1 =T =
Ty = L5,

18.

Scoglution 2.34. If P = G is the centroid, the equality is evident since % = % =
=2 =2,
GN

¢ AP BP cpP AL BM CN
On the other hand, 1fﬁ—|—m—|—ﬁ=6,wehave ﬁ+W+W:9' It

is not difficult to see that % = Eigg;, % = Eigé; and £N = %’ég;, therefore

CN
LL  EM 4 B — 1. This implies that

AL BM CNY(PL PM PN\ _,
PL  PM  PN)\AL BM CN) 7
. . . : . ) AL _ BM _
By inequality (2.3), the equality above holds only in the case when 7 = 537 =
GN = 3, which implies that P is the centroid.

Solution 2.35. (i) It is known that HD = DD’, HE = EE' and HF = FF’, where

H is the orthocenter.2’ Thus, the solution follows from part (i) of Example 2.3.4.

(ii) Since ‘j—% = ADXigD/ =1+ 4D we also have, after looking at the solution
AD' | BE' | CF' HD HE HF

to Example 2.3.4, that 7D+ﬁ+ﬁ=1+ﬁ+l+ﬁ+l+ﬁ=4.

AD | BE , CF\(AD' | BE , CF'
AL BE | CF) <AD + 55 + W) > 9, we have the result.

Since (

Solution 2.36. As it has been mentioned in the proof of Example 2.3.5, the length
of the internal bisector of angle A satisfies

12 =be (1— (bic)2> = (bifi)z (s(s — a)).

Since 4be < (b + ¢)?, it follows that (2 < s(s —a) and Il < sv/(s —a)(s —b) <
S(s—a)—i—(s—b) — <
2 2
Therefore, l,lpl. < s\/s(s —a)(s=Db)(s—c) = s(sr), lalp + Lle + ll, <
s(@Ee) = g2 and 2+ 12 +12 < s(s—a) +s(s —b) + s(s —¢) = s°.

208ee [6, page 85] or [9, page 37].
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Solution 2.37. Let « = LZAMB, 8 = Z/BNA, v = ZAPC, and let (ABC) be the
area of ABC. We have
abc

1
(ABC) = §a~AMsina = IR

C

Hence, AbM = 2Rsin a. Similarly, 5% = 2Rsin 8 and 6‘3—?, = 2Rsin~y. Thus,

—— + —— +—— =2R(sina+sin B +siny) < 6R.

Equality is attained if M, N and P are the feet of the altitudes.

Solution 2.38. Let A, By, C7 be the midpoints of the sides BC, CA, AB, re-
spectively, and let By, Co be the reflections of A; with respect to AB and CA,
respectively. Also, consider D as the intersection of AB with A;Bs and E the
intersection of CA with A;C5. Then,

2DF = BQCQ < CQBl + 3101 + ClBQ = A1B1 + 3101 + ClAl = S.

Use the fact that the quadrilateral A;DAE is inscribed on a circle of diameter
AA; and the sine law on ADFE, to deduce that DE = AA;sin A = m,sin A. Then,
s > 2DE = 2m, sin A = 2m,5 = “5*, that is, am, < sR. Similarly, we have
that bmy, < sR and ecm. < sR.

Solution 2.39. The inequality is equivalent to 8(s — a)(s — b)(s — ¢) < abe, where
s is the semiperimeter.

Since (ABC) = sr = Z—ZE = /s(s —a)(s — b)(s — ¢), where r and R denote

the inradius and the circumradius of ABC, respectively; we only have to prove
that 8sr? < abe, that is, 8sr2 < 4Rrs, which is equivalent to 2r < R.

Solution 2.40. The area of a triangle AB C satisfies the equalities (ABC) = abc =
(a+b+o)r
2

, therefore b+ +— = 211% > R2 , where R and r denote the c1rcumrad1us

and the 1nrad1us respectlvely

Solution 2.41. Use Exercise 2.40 and the sine law.

Solution 2.42. Use that?! si ‘;‘ =4/ w , where s denotes the semiperimeter

of the triangle ABC, and similar expressions for sin 5 and blIl , to see that

C — —b)(s — 2
singsingsin—:(s a)(s )(s C)zi—LS

2 abe abe 4R

| =

where R and r are the circumradius and the inradius of ABC| respectively.

b2 42 —q?
2INotice that sin? A_l-cosd 1= 2he = a? = (b—c)? _(s=b(6—0
2 2 2 4be be '
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Solution 2.43. From inequality (2.3), we know that

1 1 1
(a+b+¢) <—+—+—) > 9.
a b ¢

Since a 4+ b+ ¢ < 3v/3R, we have

1 1 1_+3
ST T S 4.4
a + b + c” R’ (44)
Applying, once more, inequality (2.3), we get
1 T T 3 3
Y — > — = 4.5
3<2AJr Jr2(])*%(%14—34—(]) 2 (4:5)

Let f(x) = log 5, since f"(z) = %2 > 0, f is convex. Using Jensen’s inequality,
we get

3(log A+log2B+log2C> log[l <2A+ " +%>}

Applying (4.5) and the fact that logx is a strictly increasing function, we obtain

3
] log 41 > log 2. 4,
<°g2A+°ng+°g2C>—og2 (4.6)

We can suppose that a < b < ¢, which implies A < B < C. Therefore % >
and log 5°¢ > log 55 > log 5. Using Tchebyshev’s inequality,

1 1 1 log .= + log 5% + log o=
log flogf+flog7r >( ++C>(Og2‘4+0g23+0g20).

>

S =
o [=

2A 2B 2C b

Therefore, using (4.4) and (4.6) leads us to

1
log log—+ 1og— > —log —.
2A 2B

Now, raising the expresions to the appropriate powers and taking the reciprocals,
we obtain the desired inequality. In all the above inequalities, the equality holds
if and only if @ = b = ¢ (this means, equality is obtained if and only if the triangle
is equilateral).

Solution 2.44. By the sine law, it follows that

sinA_ simnB  sinC 1
a b ¢ 2R’
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where a, b, ¢ are the lengths of the sides of the triangle and R is the circumradius
of the triangle. Thus,

2 b2 2

A D 0 i i
1
= @+ + )
1 9
< 9R*="
< g IR =

where the inequality follows from Leibniz’s inequality.

Solution 2.45. Use Leibniz’s inequality and the fact that the area of a triangle is
given by (ABC) = k.

Solution 2.46. We note that the incircle of ABC is the circumcircle of DEF.
Applying Leibniz’s inequality to DEF, we get
EF? 4+ FD? + DE? < 9r?,

where r is the inradius of ABC. On the other hand, using Theorem 2.4.3 we obtain

52 > 27r2, hence
2

EF?+ FD?+ DE? < ‘%

Solution 2.47.

a? n b? n @ ad’be+bca+cPab  abc(a+b+c)
hyhe — heha  hohy 4(ABC)? ~ 4(ABO)?
_ abe(a+ b+ c) _ 2R >4
4Lbc (a+b+o)r r
4R 2
Solution 2.48. Remember that sin2§ = % and use that cos A + cos B +

cosC < 3 (see Example 2.5.2).

Solution 2.49. Observe that

9abce o 4V/3rs <
c

2
_Jave e2/3s<9Re > <R
a+b+

9-4Rrs
4V3(ABO) < g
( ) < 7 33

The last inequality was proved in Theorem 2.4.3.

Solution 2.50. Use the previous exercise and the inequality between the harmonic
mean and the geometric mean,

; < Va2bh2c2.
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Solution 2.51. Use the previous exercise and the AM-GM inequality,

2,12, 2
Va2p2e2 < M.
- 3

Solution 2.52. First, observe that if s = %HC, then

>+ 0+ c*—(a—b)?—(b—c)?—(c—a)P=
=a®*—(b—c)?+b0*—(c—a)* +c* — (a—b)?
=4{(s=b)(s—c)+(s—c)(s—a)+(s—a)(s—D)}.

Hence, if t = s —a, y = s — b, z = s — ¢, then the inequality is equivalent to

\/gx/xyz(x +y+2z) <zy+yz+zx.

Squaring and simplifying the last inequality, we get
ryz(z+y+ 2) < 22y? +y?2? + 222,

This inequality can be deduced using Cauchy-Schwarz’s inequality with
(zy,yz, zx) and (zz, 3y, y2).
Solution 2.53. Use Exercise 2.50 and the inequality 3 {/(ab)(bc)(ca) < ab+bc+ ca.
Solution 2.54. Note that

3(a+ b+ c)abe S 9abe

b 2>3(ab+b
ab+bc+ca ~a+b+c & (e+b+e)” 23(ab+be+ca)

& ad?+ b2+ > ab+be+ca,

now, use Exercise 2.49.

Solution 2.55. Using (2.5), (2.6) and (2.7) we can observe that a®+b*+c? +4abc =
192,
2

Solution 2.56. Observe the relationships used in the proof of Exercise 2.39,

(b+c—a)(cta—-Db)(a+b—c) 8(s—a)(s—b)(s—¢c)

abc abc
_ 8s(s —a)(s—b)(s—c¢)
4R8(4%§)
8(rs)? 2r
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Solution 2.57. Observe that

a? b2 2 1 a? b2 2
=+ 2\ 3 + +

_1 sa n sb bt sc
T 2\s—a @ s—b s—c ¢
s a n b n c
T 2\s—a s—b s—c y
_ s (a+ b+ c)s? —2(ab + be + ca)s + 3abe .
2 (s—a)(s—b)(s—¢)
_ 5 [28% —2s(s® + 7% + 4rR) + 3(4Rrs)|
) r2s
_ _ R
_ 2s(R—1) Z2S(R ) 23\/37"]%:3\/5}%,
r r T

the last two inequalities follow from the fact that R > 2r (which implies that
—r > =f%) and from s > 3v/3r, respectively.

Solution 2.58. Start on the side of the equations which expresses the relationship
between the 7’s and perform the operations.

Solution 2.59. If 1, 1 — z1, 3, 1 — 9, ... are the lengths into which each side
is divided for the corresponding point, we can deduce that a? + b% + ¢ + d? =
S (@2 4+ (1 — x;)?). Prove that 3 <2(z; — $)>+ 3 =27+ (1 —2;)? < 1.

For part (ii), the inequality on the right-hand side follows from the triangle
inequality. For the one on the left-hand side, use reflections on the sides, as you
can see in the figure.

Solution 2.60. This is similar to part (ii) of the previous problem.
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Solution 2.61. If ABC is the triangle and DEFGHI is the hexagon with DFE,
FG, HI parallel to BC, AB, C'A, respectively, we have that the perimeter of the
hexagon is 2(DE+ FG+ HI). Let X, Y, Z be the tangency points of the incircle
with the sides BC, C' A, AB, respectively, and let p = a+ b+ ¢ be the perimeter of
the triangle ABC. Set x = AZ = AY, y = BZ = BX and z = CX = CY, then
we have the relations

DE AE+ED+DA 2

a D D
Similarly, we have the other relations
PG _ 2 HI_ 2

c p’ b p’

Therefore,
p(DEFGHT) = 2zatybtze) dlals—a) +b(s =)+ c(s = c))
p 2s
_d(latbrds— (@ 1B+ )
B 2s

(a® + b + c2)

=2(a+b+c)—4 @tb+0)

)

but @ + b? + ¢ > L(a+ b+ c)(a+ b+ c) by Tchebyshev’s inequality. Thus,

p(DEFGHI) <2(a+b+c)—3(a+b+c)=2(a+b+c).

Solution 2.62. Take the circumcircle of the equilateral triangle with side length 2.
The circles with centers the midpoints of the sides of the triangle and radii 1 cover
a circle of radius 2. If a circle of radius greater than %g is covered by three circles
of radius 1, then one of the three circles covers a chord of length greater than 2.

Solution 2.63. Take the acute triangle with sides of lengths 2ry, 2ry and 2rs, if it
exists. Its circumradius is the solution. If the triangle does not exist, the maximum
radius between r1, ro and r3 is the answer.

Solution 2.64. We need two lemmas.
Lemma 1. If a square of side-length a lies inside a rectangle of sides ¢ and d, then
a < min {e, d}.
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Through the vertices of the square draw parallel lines to the sides of the
rectangle in such a way that those lines enclose the square as in the figure. Since
the parallel lines form a square inside the rectangle and such a square contains
the original square, we have the result.

Lemma 2. The diagonal of a square inscribed in a right triangle is less than or
equal to the length of the internal bisector of the right angle.

Let ABC be the right triangle with hypotenuse C' A and let PQRS be the
inscribed square.

It can be assumed that the vertices P and @) belong to the legs of the right
triangle (otherwise, translate the square) and let O be the intersection point of
the diagonals PR and QS.

A

Since BQOP is cyclic (LB = Z0 = 90°), it follows that ZQBO = ZQPO =
45°; then O belongs to the internal bisector of ZB. Let T be the intersection of
BO with RS, then ZQBT = ZQST = 45°, therefore BQT'S is cyclic and the
center O’ of the circumcircle of BQT'S is the intersection of the perpendicular
bisectors of SQ and BT. But the perpendicular bisector of SQ is PR, hence the
point O’ belongs to PR, and if V is the midpoint of BT, we have that VOO’ is a
right triangle. Since O'O > O'V, then the chords SQ and BT satisfy SQ < BT,
and the lemma follows.

Let us finish now the proof of the problem. Let ABC'D be the square of side
1 and let [ be a line that separates the two squares. If [ is parallel to one of the
sides of the square ABCD, then Lemma 1 applies. Otherwise, [ intersects every
line that determines a side of the square ABCD. Suppose that A is the farthest
vertex from [.
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A D F
E
a
b
B
ol H C

If [ intersects the sides of ABCD in E, F, G, H as in the figure, we have, by
Lemma 2, that the sum of the lengths of the diagonals of the small squares is less
than or equal to AC, that is, v/2(a + b) < v/2, then the result follows.

Solution 2.65. If a, 8, v are the central angles which open the chords of length a,
b, c, respectively, we have that a = 2sin 5, b = 2 sing and ¢ = 2sin % Therefore,

W) = 8sin3(30°) = 1,

where the inequality follows from Exercise 1.81.

Solution 2.66. The first observation that we should make is to check that the
diagonals are parallel to the sides. Let X be the point of intersection between the
diagonals AD and CE. Now, the pentagon can be divided into

(ABCDE) = (ABC) + (ACX) + (CDFE) 4+ (FAX).

Since ABCX is a parallelogram, we have (ABC) = (CXA) = (CDE). Let a =

(CDX) = (EAX) and b = (DEX), then we get ¢ = 455 = (Cpy) = “2t, that

is, ¢ = 155 Now we have all the elements to find (ABCDE).

abc = 8sin %sin gsin % < 8sin® (

Solution 2.67. Prove that sr = s1R = (ABC), where s; is the semiperimeter of
the triangle DEF'. To deduce this equality, it is sufficient to observe that the radii
OA, OB and OC are perpendicular to EF, F'D and DE, respectively. Use also
that R > 2r.

Solution 2.68. Suppose that the maximum angle is A and that it satisfies 60° <
A < 90°, then the lengths of the altitudes hy and h. are also less than 1. Now, use

the fact that (ABC) = 2}:;:1‘2 and that § < sin A < 1. The obtuse triangle case
is easier.
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Solution 2.69. Let ABCD be the quadrilateral with sides of length a = AB,
b=BC,c=CD and d= DA.

() (ABCD) (ABC) (CDA)— abb;nB_chs;nD < ab+cd

(ii) If ABCD is the quadrilateral mentioned with sides of length a, b, c and d,
consider the triangle BC'D which results from the reflection of DC'B with respect
to the perpendicular bisector of side BD. The quadrilaterals ABCD and ABC'D
have the same area but the second one has sides of length a, ¢, b and d, in this
order. Now use (i).

(ili) (ABC) < 2, (BCD) < %, (CDA) < ¢ and (DAB) < 4.

— 2 )

Solution 2.70. In Example 2.7.6 we proved that

R
PA-PB.-PC > (pa + 1) (py + pe) (Pe + Pa).

Use the AM-GM inequality.

Solution 2.71. (i) £A% 4 PB® | PC* 5 3.4/ PA PB2 PC2 5 g0/ (4R)2 > 19
PvPe PcPa papb PvPc PcPa PaPb

y _PA PB PC PB__PC 3 R
() 5 + oopn Tt 2 3\/pb+pr Detpn patmy 2O 23
oy PA PB PB 3/4R
(i) Vbope T Vpeps \/p p 3\/\/?1)10:: \/PePa \/pap >3 = 6.

For the last inequalities in (i) and (iii), we have used Exerc1se 2.70. For the
last inequality in (ii), we have resorted to Example 2.7.6.
(iv) Proceed as in Example 2.7.5, that is, apply inversion in a circle with center P
and radius d (arbitrary, for instance d = py). Let A’, B, C' be the inverses of A,
B, C, respectively. Let p, p}, p’, be the distances from P to the sides B'C’, C'A’,

a’ Pbr Pe

A’B’, respectively.

Let us prove that p/, = M . We have

PB'-PC'-B'C' p,PB-PC'-B'C'
PA] - & ’

p,B'C' =2(PB'C’) =

_ p,PC’-PA’

where A/ is the inverse of Ay, the projection of P on BC'. Similarly, pj = B

! !
and pl, = pi”P’Z PB

The Erd8s-Mordell inequality, applied to the triangle A’ B'C’, guarantees us
that PA’ + PB' + PC’" > 2(p}, + p, + p.).
Now, since PA-PA’ = PB-PB’ = PC - PC' = d?, after substitution we get

1 1 1 Pa Pb Pe )
51+ 75+ pe 22 (pope T v pA t Pe Pa
and this inequality is equivalent to

PB-PC+ PC-PA+PA-PB>2(p,PA+p,PB+ p.PC).

Finally, to conclude use example 2.7.4.



156 Solutions to Exercises and Problems

Solution 2.72. If P is an interior point or a point on the perimeter of the triangle
ABC, see the proof of Theorem 2.7.2.

If h, is the length of the altitude from vertex A, we have that the area of the
triangle ABC satisfies 2(ABC) = ah, = apq + bpp + cpe.

Since h, < PA+ p, (even if p, <0, that is, if P is a point on the outside of
the triangle, on a different side of BC than A), and because the equality holds if P
is exactly on the segment of the altitude from the vertex A, therefore aPA+ap, >
ahe = apg + bpy + cpe, hence aPA > bpy + cpe.

This inequality can be applied to triangle AB’C’ symmetric to ABC with
respect to the internal angle bisector of A, where aPA > cpy + bp., with equality
when AP passes through the point O.

Similarly, bPB > ap. + cp, and cPC > apy, + bp,, therefore

b b
PA+PB+PC> (=47 pat (S +2)mo+ 5+ ) pe
c b a c b a

We have the equality when P is the circumcenter O.

Second solution. Let L, M and N be the feet of the perpendicular from point
P to the sides BC, C'A and AB, respectively. Let H and G be the orthogonal
projections of B and C, respectively, over the segment M N. Then BC' > HG =
HN + NM + MG.

Since /BNH = ZANM = ZAPM, the right triangles BNH and APM are
similar, therefore HN = %BN . In an analogous way we get MG = %CM .

Applying Ptolemy’s theorem to AM PN, we obtain PA-MN = AN - PM +
AM - PN, hence

AN -PM + AM - PN

MN
PA ’
from there we get
PM AN -PM + AM - PN PN
BC > ——BN —CM.
Oz paBNT PA T pa’

Therefore,

BC-PA>PM-AB+ PN -CA.

Then, PA > py< + p.2. Similarly for the other two inequalities.

Solution 2.73. Take a sequence of reflections of the quadrilateral ABC D, as shown
in the figure.
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Note that the perimeter of PQRS is the sum of the lengths of the piecewise line
PQR'S”P”. Note also that A”B” is parallel to AB and that the shortest distance
is AA” as can be seen if we project O on the sides of the quadrilateral.

Solution 2.74. First note that (DEF) = (ABC) — (AFE) — (FBD) — (EDC).
Ife=BD,y=CFE,z=AF,a—x=DC,b—y=FAand c—z= FB, we
have
(AFE)  z(b—y) (FBD) x(c—=z) (EDC)  yla—x)

(ABC) ~ o ° (ABC) ~  ac ™ UBO) T ta

Therefore,

DED 21 2 (1 2) (=)
)

I R R e e R T

The last equality follows from the fact that _*—- ﬁ - —*~ = 1 which is guaranteed
x _ oy

because the cevians occur. Now, the last product is maximum when £ = § =
2 and since the segments concur the common value is % Thus P must be the

<’

centroid.

Solution 2.75. If x = PD, y = PE and z = PF, we can deduce that 2(ABC) =
ax + by + cz. Using the Cauchy-Schwarz inequality,

b
(a+b+c)* < <%+§+§) (ax + by + cz).

Then & + 3 +<> (gabgé); and the equality holds when x = y = z, that is, when

P is the incenter.
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Solution 2.76. First, observe that BD? 4 CE? + AF? = DC? + EA? 4 FB?, where
BD? — DC? = PB? — PC? and similar relations have been used.

Now, (BD + DC)? = a?, hence BD? + DC? = o> —2BD - DC'. Similarly for
the other two sides. Thus, BD? + DC? + CE? + AE? + AF? + FB? = a® + b® +
> —2(BD-DC+CE - AE + AF - FB).

In this way, the sum is minimum when (BD - DC + CE - AE + AF - FB) is
maximum. But BD-DC < (%)2 = (%)2 and the maximum is attained when
BD = DC'. Similarly, CE = EA and AF = F' B, therefore P is the circumcenter.

Solution 2.77. Since {/(aPD)(bPE)(cPF) < PDHEE+ePE _ 2ABC) (e can

deduce that PD - PE . PF < £ UBCY Noreover, the equality holds if and only
if aPD = bPE = cPF.

But ¢- PF =b-PE < (ABP) = (CAP) & P is on the median AA’.
Similarly, we can see that P is on the other medians, thus P is the centroid.

Solution 2.78. Using the technique for proving Leibniz’s theorem, verify that
3PG? = PA? + PB? + PC? — L(a® + b? + ¢?), where G is the centroid of ABC.
Therefore, the optimal point must be P = G.

Solution 2.79. The quadrilateral APM N is cyclic and it is inscribed in the circle of
diameter AP. The chord M N always opens the angle A (or 180° — ZA), therefore
the length of M N will depend proportionally on the radius of the circumscribed
circle to APM N. The biggest circle will be attained when the diameter AP is the
biggest possible. This happens when P is diametrally opposed to A. In this case M

and N coincide with B and C, respectively. Therefore the maximum chord M N
is BC.

Solution 2.80. The circumcircle of DEF is the nine-point circle of ABC, therefore
it intersects also the midpoints of the sides of ABC and goes through L, M, N,
the midpoints of AH, BH, CH, respectively.
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Note that t2 = AL - AD, then

t2 AL - AD ,
D=2 ap =2 AL=2.04
A+ B
= E RcosASSRcos%w:SRCOSﬁ()O:gR_

2
Observe that we can prove a stronger result »_ ,% = R + r, using the fact that

cos A+ cosB +cosC = 5+ 1 See Lemma 2.5.2.
Solution 2.81. (i) Notice that

Pa  Pb  Pe_ OPa  bpy  CPe
he hy he ahy Dbhy  che
_ 2(PBC) +2(PCA) +2(PAB)

N 2(ABC)

Now use the fact that

Pa  Pb | Pec ha  hp hc)
- [ (R R B
(ha h h) (pa P Pe

(ii) Using the AM-GM inequality, we have

3
Pa Pb Pc Da Do | Pec
g7 (LalbPe) o (Lo Poy Pe)
7<ha o h) = <h Tt h) /

where the last equality follows from (i).
(iii) Let x = (PBC), y = (PCA) and z = (PAB). Observe that a(h, — ps) =
ah, — ap, = 2(y + z) > 4,/yz. Similarly, we have that b(hy — pp) > 4v/zx ¥
c(he — pe) > 4,/xy. Then,

a(ha — pa)b(hy, — pp)c(he — pe) > 64ayz = 8(apabpsepe)-
Therefore, (ha — pa)(hy — o) (he — De) > 8PaPvDe-
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Solution 2.82. Assume that a < b < ¢, then of all the altitudes of ABC, AD is the
longest. If F is the projection of I on AD, it is enough to prove that AE > AO = R.
Remember that the internal bisector of ZA is also the internal bisector of ZEAO.
If I is projected on E’ in the diameter AA’, then AE = AE’. Now prove that
AE' > AO, by proving that I is inside the acute triangle COF, where F is the
intersection of AA" with BC.

To see that COF is an acute triangle, use that the angles of ABC satisfy
/A < /B < ZC, so that %43 < 90° — ZA, %40 < 90° — ZA. Use also that
LCOF = LA+ £C — ZB < 90°.

Solution 2.83. Let ABC be a triangle with sides of lengths a, b and c. Using
Heron’s formula to calculate the area of the triangle, we have that

a+b+ec
—

If s and ¢ are fixed, then s — ¢ is also fixed. Then the product 16(ABC)? is
maximum when (s — a)(s — b) is maximum, that is, if s — a = s — b, which is
equivalent to a = b. Therefore the triangle is isosceles.

(ABC) = \/s(s —a)(s — b)(s — ¢), where 5= (4.7)

Solution 2.84. Let ABC be a triangle with sides of length a, b and c. Since the
perimeter is fixed, the semi-perimeter is also fixed. Using (4.7), we have that
16(ABC)? is maximum when (s — a)(s — b)(s — ¢) is maximum. The product of
these three numbers is maximum when (s — a) = (s — b) = (s — ¢), that is, when
a = b = c. Therefore, the triangle is equilateral.

Solution 2.85. If a, b, ¢ are the lengths of the sides of the triangle, observe that
a+b+c=2R(sin LA+sin ZB+sin ZC) < 6R sin (W#), since the function
sinx is concave. Moreover, equality holds when sin /A = sin /B = sin ZC.

Solution 2.86. The inequality (Im + mn + nl)(I +m +n) > a?l + b*m + c*n is
equivalent to

12—|—m2—02+m2+n2—b2+n2+12—a2

ilm mn nl

+3>0
& cos LZAPB + cos ZBPC + cos ZCPA + ; > 0.

Now use the fact that cosa 4 cos 3 + cosy + % > 0 is equivalent to (2 cos QTH} +
cos a—;ﬁ)Q + SiHQ(#) > 0.

Solution 2.87. Consider the Fermat point F' and let p; = FA, po = FB and
ps = FC, then observe first that (ABC) = %(plpg + paps + p3p1)sin120° =

\/Tg(plm + paps + p3p1). Also,

a® 4+ b% + ¢ = 2p? + 2p3 + 2p2 — 2p1p2 cos 120° — 2pap3 cos 120° — 2p3p; cos 120°
= 2(p{ + p3 + p3) + P12 + paps + Papr.-
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Now, using the fact that 22 4+ ¢ > 2zy, we can deduce that a® + b + ¢ >
3(p1p2 + paps + p3p1) = 3 (3V3(ABC)). Then, a* + b* + ¢ > 4V/3(ABC).

Moreover, the equality a? + b% 4 ¢ = 4y/3(ABC) holds when p? 4 p3 + p? =
p1P2 + p2p3 + p3p2, that is, when p; = ps = p3 or, equivalently, when the triangle
is equilateral.

Solution 2.88. Let a, b, ¢ be the lengths of the sides of the triangle ABC' In the
same manner as we proceeded in the previous exercise, define p; = FA, po = FB
and p3 = F'C. From the solution of the previous exercise we know that

4V3(ABC) = 3(p1p2 + paps + psp1)-

Thus, we only need to prove that

3(p1p2 + pap3 + p3p1) < (p1+p2 +p3)%,
but this is equivalent to p1ps + paps + pap1 < p? + p3 + p3, which is Exercise 1.27.

Solution 2.89. As in the Fermat problem there are two cases, when in ABC' all
angles are less than 120° or when there is an angle greater than 120°.

In the first case the minimum of PA + PB + PC is CC’, where C’ is the
image of A when we rotate the figure in a positive direction through an angle of
60° having B as the center. Using the cosine law, we obtain

(CC")? = b? + ¢ — 2bccos(A + 60°)
=b% + % —becos A + bev/3sin A

1
= 5(a2 + 0%+ %) + 2V3(ABC).
Now, use the fact that a? + b2 + ¢? > 4y/3(ABC) to obtain (CC")? > 44/3(ABC).
Applying Theorem 2.4.3 we have that (ABC) > 3/3r2, therefore (CC’)? > 3612,
When ZA > 120°, the point that solves Fermat-Steiner problem is the point
A, then PA+ PB+ PC > AB + AC = b+ c. It suffices to prove that b+ ¢ > 6r.

Moreover, we can use the fact that b=x+ 2z, c=x +y and r = | /%zj_z.

Second solution. It is clear that PA + p, > h,, where p, is the distance from
P to BC and h, is the length of the altitude from A. Then h, + hy + h. <
(PA+PB+ PC)+ (pa+ps +pe) < 3(PA+ PB+ PC), where the last inequality
follows from Erdés-Mordell’s theorem.

Now using Exercise 1.36 we have that 9 < (h, + hy + hc)(i + hib + h%) =
(ha + hy + he)(L). Therefore, 9r < hy + hy + he < 3(PA+ PB + PC) and the
result follows.

Solution 2.90. First, we note that (41 B,C4) = %AlBl - A1C4 -sin Z/B1 A1 C4. Since
PB1CA; is a cyclic quadrilateral with diameter PC, applying the sine law leads
us to A; By = PCsinC'. Similarly, A;C; = PBsin B.
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Call @ the intersection of BP with the circumcircle of triangle ABC, then
/B1A1C; = ZQCP. In fact, since PB1CA; is a cyclic quadrilateral we have
ZBlCP = 4BlA1P Similarly, 401.BP = 401A1P Then 43114101 = 4BlA1P
+ /C1A1P = /B;CP + ZCBP, but ZC1BP = ZABQ = ZACQ. Therefore,
/B1A1Cy = £B1CP + LZACQ = LQCP.

Once again, the sine law guarantees that % = %.

1

(AlBlCl) = 514131 . AlClsinéBlAlCl
= %PB - PCsin Bsin C'sin ZQCP

1 P
= §PB - PC -sin BsinC P—gsin /ZBQC

= %PB-PQ-SinASiDBSiHC

_ (R* — OP*)(ABC)

4R?

The last equality holds true because the power of the point P with respect to
the circumcircle of ABC is PB - PQ = R? — OP?, and because (ABC) =
2R%sin Asin BsinC. The area of A;B;C, is maximum when P = O, that is,
when A; B1C is the medial triangle.

A
C1 4)
Y/

4.3 Solutions to the problems in Chapter 3

Solution 3.1. Let a = A1 A3, b = A1 A3 and ¢ = A; Ay. Using Ptolemy’s theorem
in the quadrilateral Ay A3A4As, we can deduce that ab+ ac = bc or, equivalently,
aya_q

b c
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Since the triangles A; A3 A3 and B;ByBj3 are similar, gigi = ﬁi—ﬁi =

and from there we obtain B; By = %. Similarly C1Csy = “—j Therefore %

Z—j + ‘Z—s = azczzt‘zlzbz = (b;fcc)zz > 2((bbicc))22 = 1. The third equality follows from
ab 4 ac = be and the inequality follows from inequality (1.11). The inequality is
strict since b # c.

Note that % + % = (¢ + 2)* — 29 =1 20",

The sine law apphed to the trlangle A1 AzAy leadb us to

| <o

2 2w a2 T
a®  sin" 7 B sin® %
- 2 4n 2w 21
be  sin =% sin =% ~ 2sinZE = sin = cos =
sin? 7 sin? %
= . 2 27 2T 27 o 2
2(1 — cos? =) cos =+ T 2cos =& 2 (1 + cos 25) (1 — cos &)
sin? & 1

— 7
4cos 2T (1 + cos 27 ) sin® T 4cos—(1—|—(:0827”)

- 1 B 1 V21
dcosT(1+cosT) 4?(14_?) 2

2

Thus % + % =1-29 <1 (V2-1)=2-+2.

Solution 3.2. Cut the tetrahedron along the edges AD, BD, CD and place it on
the plane of the triangle ABC'. The faces ABD, BCD and CAD will have as their
image the triangles ABD;, BC Dy and C AD3. Observe that D3, A and Dy are
collinear, as are Dy, B and Dy. Moreover, A is the midpoint of Dy D3 (since both
D1 A and D3 A are equal in length to DA), and similarly B is the midpoint of Dy Ds.
Then AB = %Dng and by the triangle inequality, Do D3 < CD3 4+ CDy = 2CD.
Hence AB < CD, as desired.

28

Solution 3 3. Letting S be the area of the triangle we have the formulae sina = 92,

siny= 2% andr = 2 = Using these formulae we find that the

sin ﬁ ca ’ ab s a+b+c
1nequahty to be proved is equivalent to

a b
242 >
(bc+ + b)(a+b+c)_9,

which can be proved by applying the AM-GM inequality to each factor on the left
side.

Solution 3.4. Suppose that the circles have radii 1. Let P be the common point of
the circles and let A, B, C be the second intersection points of each pair of circles.
We have to minimize the common area between any pair of circles, which will be
minimum if the point P is in the interior of the triangle ABC' (otherwise, rotate
one circle by 180° around P, and this will reduce the common area).

The area of the common parts is equal to m — (sin « + sin 8 + sin~), where
«, (B, v are the central angles of the common arcs of the circles. It is clear that
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a+ B+~ = 180°. Since the function sin x is concave, the minimum is reached when
a = 3 =« = %, which implies that the centers of the circles form an equilateral

triangle.

Solution 3.5. Let I be the incenter of ABC, and draw the line through I perpendic-
ular to IC. Let D’, E’ be the intersections of this line with BC, C'A, respectively.
First prove that (CDE) > (CD'E’) by showing that the area of D'DI is greater
than or equal to the area of EE'I; to see this, observe that one of the triangles
DD'I, EE'I lies in the opposite side to C' with respect to the line D'E’, if for
instance, it is DD’I, then this triangle will have a greater area than the area of
EFE'I, then the claim.

Now, prove that the area (CD'E’) is 512[:20, to see this, note that C1 = '+

and that D'T = —". then

cos £
2
(CD'EY= L pE.cr=pr.cr= 2 e
2 - _2sin%cos%_sin0* '

Solution 3.6. The key is to note that 24X > v/3(AB+ BX), which can be deduced
by applying Ptolemy’s inequality (Exercise 2.11) to the cyclic quadrilateral ABX O
that is formed when we glue the triangle ABX to the equilateral triangle AX O of
side AX, and then observing that the diameter of the circumcircle of the equilateral
triangle is %AX7 that is, AX(AB + BX)=AX -BO < AX - %AX. Hence

2AD = 2(AX + XD) > V3(AB 4+ BX) +2XD

> V3(AB + BC + CX) +V3XD
> V3(AB + BC + CD).
Solution 3.7. Take the triangle A’B’C’ of maximum area between all triangles

that can be formed with three points of the given set of points; then its area
satisfies (A’B’C’) < 1. Construct another triangle ABC' that has A’B'C’ as its
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medial triangle; this has an area (ABC) = 4(A’B'C") < 4. In ABC we can find
all the points. Indeed, if some point @ is outside of ABC, it will be in one of the
half-planes determined by the sides of the triangle and opposite to the half-plane
where the third vertex lies. For instance, if @) is in the half-plane determined by
BC, opposite to where A lies, the triangle QB’C’ has greater area than A’B'C’,
a contradiction.

Solution 3.8. Let M = 143+ --+1. Let us prove that M is the desired minimum
value, which is achieved by setting 1 = o = --- = x,, = 1. Using the AM-GM
inequality, we get 2 + (k — 1) > kay, for all k. Therefore

3 a3 Ty 1 n—
nt—+o ot 2ottty —— =1+ 2+ Ty —nt+ M.
2 3 n 2 n

On the other hand, the arithmetic-harmonic inequality leads us to

1+ X2+ -+ xp n
n L1y 1

We conclude that the given expression is at least n — n + M = M. Since M is
achieved, it is the desired minimum.

Second solution. Apply the weighted AM-GM inequality to the numbers {xg} with
1

weights {tj = #}7 to get
J

x] 1

U (Z;) (122 -20) " 3 zz;

J
The last inequality follows from n {/ ml—l e EL <X mL =n.
n i

Solution 3.9. Note that AFE and BDC' are equilateral triangles. Let C’ and F’
be points outside the hexagon and such that ABC’ and DEF" are also equilateral
triangles. Since BF is the perpendicular bisector of AD, it follows that C’ and F’
are the reflections of C and F on the line BE. Now use the fact that AC’ BG and
EF'DH are cyclic in order to conclude that AG + GB = GC' and DH + HE =
HF'.

Solution 3.10. Leibniz’s theorem implies OG? = R? — é(a2 + b2 + ¢?). Since

rs = ‘i—%, we can deduce that 2rR = aﬁgﬁrc. Then we have to prove that abc <
2 2 2
(atbte) (a’+b°+e7) g1 which we can use the AM-GM inequality.

3 3
Solution 3.11. The left-hand side of the inequality follows from

1
\/1+a:o+x1+-~-+x¢_1\/acl-+-~-+xnS5(1+xo+-~-+xn)=1.
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For the right-hand side consider ; = arcsin (z¢ 4 - -+ + ;) for i = 0,...,n. Note
that

\/1—|—1‘0—|—"'—|—J)i_1\/l‘i—|—"'—|—1‘n = \/1—|—sin91-_1\/1—sin91_1
= cosf;_1.

It is left to prove that 37 Snfrsinfis 7. But

cos 0;_1

0, +6,_1 . 0;—0;_
sinf; —sin@;_1 = 2cos +2 Lsin 5 ! < (cos;—1)(0; — 0;_1).

To show the inequality, use the facts that cos@ is a decreasing function and that
sing <0 for 0 <0 < 5. Then

sin 91 — sin 91‘_1 - o s
ZW <D i 0i =000 = .

Solution 3.12. If Y7 o, = 1, then 1 = (X0, z;)° = S, 22 + 2>, TiT;
Therefore the inequality that we need to prove is equivalent to

DL 22
Zl—al

=1

Use the Cauchy-Schwarz inequality to prove that

mn 2 n n
(Zx) < _11:%2 1—a).

=1 =1

Solution 3.13. First prove that Y ;" ; Zn41(2nt1—2;) = (n—1)22 ;. The inequality
that we need to prove is reduced to

Z \/xi(anrl —2;) <Vn—1lz,qq.

i=1

Now use the Cauchy-Schwarz inequality with the following two n-sets of real num-
bers: (\/Z1,...,1/Tn) and (\/Tpi1 — T1, -, V/Tnt1 — Tn)-

Solution 3.14. First, recall that IV is also the midpoint of the segment that joins
the midpoints X and Y of the diagonals AC and BD. The circle of diameter OM
goes through X and Y since OX and OY are perpendiculars to the corresponding
diagonals, and ON is a median of the triangle OXY.

Solution 3.15. The inequality on the right-hand side follows from wzx + zy + yz +
2w = (w+y)(z+2)=—(w+y)?<O0.
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For the inequality on the left-hand side, note that

|lwz + 2y + yz + 2w| = [(w + y)(z + 2)|

We can again use the Cauchy-Schwarz inequality to obtain
lwr + zy +yz + zw]? < (w? + 22 + 2 +22) (@2 + 2 + 22 Fw?) =1

Solution 3.16. For the inequality on the left-hand side, rearrange as follows:

an + a2 a1 + as ap—1 + a1 ay a2 as a2
+ + -t =4+ ——+ 4+ — + —,
a az Qn as ay az as Qn ay

now, use the fact that (% + %) > 2.

Set S,, = a"at“? + “1:2“3 + “2:3“4 + a"%:al Using induction, prove that
Sy < 3n.

First, for n = 3, we need to see that %—l—“’T"—i—‘%b <9.Ifa=0=c
then % + “’Ta + “T*'b = 6 and the inequality is true. Suppose that ¢ < b < ¢ and
that not all numbers are equal, then we have three cases: a = b < ¢, a < b=rc,
a < b < c. In all of them, we have a < b and a < ¢. Hence 2c=c+c¢ > a+ b and

“T“’ < 2, and since “T“’ is a positive integer we have ¢ = a + b.

Thus, b€ 4 cf¢ 4 ofb — at2b 4 206b 17 — 3495 4 9% Since 22 and 2¢
are positive integers, and since (22) (2%) = 4, we have that either both numbers
are equal to 2 or one number is 1 and the other is 4. This means the sum is at
most 8, which is less than 9, then the result.

We continue with the induction. Suppose that S,—1 < 3(n — 1). Consider
{a1,...,a,}, if all are equal, then S,, = 2n and the inequality is true. Suppose
instead that there are at least two differents a;’s. Take the maximum of the a;’s;
its neighbors (a;—1,a;+1) can be equal to this maximum value, but since there are
two different numbers between the a;’s for some maximum a;, we have that one of
its neighbors is less than a;. We can then assume, without loss of generality, that
an 18 maximum and that one of its neighbors, a,_1 or a, is less than a,. Then,
since 2a,, > a,_1 + a1, we have that % < 2 and then “”%:”“ =1, for which
Gp = Gp—1 + a1. When we substitute this value of a, in .S,, we get

ap—1+a1+a az +a Up—9o2 +an_1+a an—1+a
1 1 2+ 2 3+.__+ 2 1 1+ 1 1

Sp =
ay a2 Ap—1 an—1 + a1
ap—1+a a2 +a Up—o+a
=142 22 By 2 4L
a1 az Gp—1

Since S,,—1 < 3(n — 1), this implies that S,, < 3n.
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Solution 3.17. Since the quadrilateral OBDC is cyclic, use Ptolemy’s theorem to
prove that OD = R (% + g—g% where R is the circumradius of ABC. On the
other hand, since the triangles BC'E and DC'A are similar, as well as the triangles
ABD and FBC, it happens that R(% + %) = R(?g + %). We can find
similar equalities for OF and OF, OF = R (% + %) and OF = R (C—g + %).
Multiplying these equalities and applying the AM-GM inequality, the result is
attained.

Another way to prove this is using inversion. Let D', E’ and F’ be the
intersection points of AO, BO and CO with the sides BC, CA and AB, re-
spectively. Invert the sides BC, CA and AB with respect to (O, R), obtain-
ing the circumcircles of the triangles OBC, OC A and OAB, respectively. Then,
OD -OD' = OFE -OFE'" = OF -OF' = R If z = (ABO), y = (BCO) and
z = (CAO), we can deduce that

AO z+x BO x4y CO  y+z

oD’ — y’OE’: z and OF =z

This implies, using the AM-GM inequality, that ﬁ;hop > 8; therefore, OD -
OFE - OF > 8R3.

Solution 3.18. First, observe that AY < 2R and that h, < AX, where h, is the
length of the altitude on BC. Then we can deduce that

la AX
2 sin®A4 2 AY sin® A
ha
> - -
- Z 2Rsin? A
= Z ha since sind _ 1
o asin a 2R

S e
asin A bsin B e¢sinC
=3

since h, = bsinC, hy = csin A, h. = asin B.

Solution 3.19. Without loss of generality, z; < xo <--- < z,.Since 1 <2 <--- <
n, we have, using the rearrangement inequality (1.2), that

A=x14+2x0+ - +nx, >nxy +(n— g+ -+ 2z, = B.

Then, |[A+B|=|(n+1)(z1+- -+ z,)|=n+1, hence A+ B = +(n+1). Now,
if A+ B = (n+1) it follows that B < 2 < A and if A4+ B = —(n+ 1), it is
the case that B < —"TH <A

If we now assume that %t or —H is between B and A, otherwise A or B
would be in the interval [—"5%, »1] then either |A| or |B] is less than or equal

2 0 2
to 2! and we can solve the problem.
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Suppose therefore that B < —%“ < ’%1 < A.
Let y1, ..., y, be a permutation of z1, .. ., ,, such that 1y; +2ys+- - -+ny, =
C takes the maximum value with C' < —™H. Take i such that y; <y <--- <y,

and y; > y;41 and consider

D=y +2y2+ - Fiyipr + (0 + Dyi + (0 + 2)yira + -+ nn
D —C =iyip1 + (0 + Dy — (iyi + (0 + 1)yig1) = i — yir1 > 0.

Since |yil, |yit1] < "+1, we can deduce that D — C = y; — y;41 < n + 1; hence
D<C+n+1and thereforeC<D<C’+n+1 < "+1

On the other hand, D > — ”;rl, since C' is the max1mum sum which is less
than —"T“. Thus —”TH <D< "T“ and then |D| < %rl

Solution 3.20. Among the numbers x, y, z two have the same sign (say x and y),

since ¢ = z (5 + %) is positive, we can deduce that z is positive.

Notethata—l—b—c:Q%J)—i—c— —2yz c—i—a—b—%arepositive.

Conversely, ifu—a—l—b—qv:b+c—aandw—c—i—a—barepositive,
taking u = 2“’ LU= 2gz7w— 2%ﬂwe can obtain a = M—Tw =2 %+§>7 and so
on.

Solution 3.21. First, prove that a centrally symmetric hexagon ABCDEF has
opposite parallel sides. Thus, (ACE) = (BDF) = (ABCQiF). Now, if we reflect
the triangle PQ R with respect to the symmetry center of the hexagon, we get
the points P/, Q’, R’ which form the centrally symmetric hexagon PR'QP’'RQ’,
inscribed in ABCDEF with area 2(PQR).

Solutlon 3.22. Let X = 21 (22, X; = X — a3; it is then evident that X =
1S | X;. Using the AM-GM inequality leads to $X; > ¢/a3a3a? = - similar

inequalities hold for the other indexes and this 1mpheb that X > 37
Using Tchebyshev’s inequality we obtain

= lml
x?+x§+x§+xi>x%+x§+x§+xi T+ T2+ T3+ 24
4 - 4 4 '

2 2 2 2
Thanks to the AM-GM inequality we get Wﬂ > {/(z1727314)% =1, and
therefore X > .| ;.

Solution 3.23. Use the Cauchy-Schwarz inequality with u = (\/3?, V\y/;l, v 21)
and v = (Vz, /y, V).

Solution 3.24. If « = ZACM and 8 = ZBDM, then %é:%g = tanatan 8 and

a+ 3= 7. Now use the fact that tan o tan §tany < tan® (%), where v = 7.

Another method uses the fact that the inequality is equivalent to (M CD) >
3V/3(M AB) which is equivalent to 2t > 31/3, where [ is the length of the side of
the square and h is the length of the altitude from M to AB. Find the maximum
h.
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Solution 3.25. First note that % + % + gf% = 1. Now, use the fact that AL,
BM and CN are less than a.

2
Solution 3.26. Since % . % < i (% + %) , it is sufficient to see that % +
Qe _ 1
QA ’
A
B P
Q C/
B C

A/
Draw BB’, CC' parallel to the median AA’ in such a way that B’ and
C’ are on PQ. The tria}ngles APG and BPB’ are similar, as well as AQG and
CQC’, thus % = i’g and % = %. Use this together with the fact that
AG =2GA’' = BB + C(C".
Solution 3.27. Let I be the circumcircle of ABC, and let R be its radius. Consider
the inversion in T'. For any point P other than O, let P’ be its inverse. The inverse

of the circumcircle of OBC' is the line BC, then A}, the inverse of A;, is the
intersection point between the ray OA; and BC. Since??

R?. PQ
Pl ! - - %
@ OP-0Q
for two points P, @ (distinct from O) with inverses P’, @), we have
AAy R*-AA  AA z+y+z

OA,  OA'-OA,-0A,  OA  y+z °

where z, y, z denote the areas of the triangles OBC, OCA, OAB, respectively.
Similarly, we have that

BB, r+y+z

CcCy _rty+=z

0B~ z+z M GE T oy
Thus
AA1+BBl+Cclz(x+y+z)< LI S )zg.
0OA; OBy  0C; y+z z4+zx x4y 2

For the last inequality, see Exercise 1.44.

22See [5, page 132] or [9, page 112].
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Solution 3.28. The area of the triangle GBC is (GBC) = @ = ¢CL Therefore
GL = 2489 Similarly, GN = 2459

In consequence,

GL-GNsinB  4(ABC)%sinB
2 N 18ac

4(ABC)%®  (ABC)?p?

(18abc)(2R) — (9R 2%)(4R)

(GNL) =

 (ABO)R?
9-4R?
Similarly, (GLM) = (‘L;i%)zcz and (GMN) = (Agig.gzaz. Therefore,
(LMN) 1 (a*>+b*+c*\ _ R*-0G?
(ABC) 9 4R? ~ 4R?2

The inequality in the right follows easily.
For the other inequality, note that OG = %OH . Since the triangle is acute,
H is inside the triangle and HO < R. Therefore,

(LMN) _ R? - 3O0H? R’ -3k _2_ 4
(ABC) 4Rz ~ 4R2 97 27

Solution 3.29. The function f(z) = %

15 1s convex for x > 0. Thus,

3 3 :3—|—ab—|—bc—|—ca
3 1

f(ab) + f(bc) + f(ca) > <ab+bc+ca) 3
S N L

the last inequality follows from ab + bc + ca < a? + b% + 2.
We can also begin with
1 1 1 9 9 3
> > = —.
1—|—ab+1—|—bc+1—|—ca*3—|—ab—|—bc—|—ca*3—|—a2—|—b2—|—c2 2

The first inequality follows from inequality (1.11) and the second from Exercise
1.27.

Solution 3.30. Set x = b+ 2¢, y = ¢+ 2a, 2 = a + 2b. The desired inequality

becomes
x z z xr z T
(+y>+<y+>+<+>+3<y++>215,
Yy Z z y Z z T y z
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which can be proved using the AM-GM inequality. Another way of doing it is the
following;:
a b c a? b? c? (a+0b+c)?
+ + = + + > :
b+2c c¢+2a a+2b ab+2ca  bc+2ab  ca+2bc — 3(ab+ be+ ca)

The inequality follows from inequality (1.11). It remains to prove the inequality
(a + b+ c)? > 3(ab + bc + ca), which is a consequence of the Cauchy-Schwarz
inequality.

Solution 3.31. Use the inequality (1.11) or use the Cauchy-Schwarz inequality with
a b c d
, , , and (Va+0b,vVb+ec,Ve+d,Vd+a).
(¢a+b Vbt Ve+d \/d+a> ( :

Solution 3.32. Let x =b+c—a,y=c+a—band z =a+ b— c. The similarity
between the triangles ADE and ABC' gives us

DE _ perimeter of ADE 2z
a  perimeter of ABC  a+b+c

Thus, DE = %; that is, the inequality is equivalent to ;:(_f—;fz) < %. Now
use the AM-GM inequality.

Solution 3.33. Take F' on AD with AF = BC and define E’ as the intersection
of BF and AC. Using the sine law in the triangles AE'F, BCE' and BDF, we
obtain

AE" AFsinF  sinE'  sinFF  BD AE

E'C ~ sinE' BCsimB sinB FD EC’
therefore E' = F.

Subsequently, consider G on BD with BG = AD and H the intersection
point of GE with the parallel to BC passing through A. Use the fact that the
triangles EFCG and FAH are similar and also use Menelaus’s theorem for the
triangle C AD with transversal EF' B to conclude that AH = DB. Hence, BDAH

is a parallelogram, BH = AD and BHG is isosceles with BH = BG = AD > BE.
Solution 3.34. Note that ab + bc + ca < 3abc if and only if % + % + % < 3. Since

1 1 1
(a+b+¢) <—+—+—) > 9,
a b c
we should have that (a + b+ ¢) > 3. Then
3atb+c) < (a+b+c)?

_ <a3/2a_1/2 13212 —|—c3/2c_1/2)2

s sy (to1 !
g(a+b+c)(a+b+c

§3(a3—|—b3—|—c3).
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Solution 3.35. Take y; = _“5 ;= 1,2,...,n and suppose that the inequality
is false, that is,

>n— 1.

I
1+ 1+ 1y 14y,
1 1 Yi
> 1—-— ) = J
14y, jz< 1+yj> #il—i—yj

Z(n_l)n_i/ (AR :
T+y) T 4wy) 1 +yn)

where y1 - -+ ;- - - yn, is the product of the y’s except y;. Then

Then

Y Yn
>(n—-1)" ,
H1+yi ( ) (I +y)- (L+yn)
and this implies 1 > x; - - - x,,, a contradiction.

Solution 3.36. Use the Cauchy-Schwarz inequality with (, /%7 cee %) and
(\/M77\/m) to get

(a:1+~-~+acn <\/7\/3Ty1+ \/ZL\/W>2

( +> (Y1 + -+ Tnyn) -
W Yn

Now use the hypothesis > z;y; < > a;.

IN

Solution 3.37. Since abc = 1, we have

(@-D-D(e—1)=a+b+ec— (1+%+1)

and similarly

bn o cen

(a”—l)(b"—l)(c”—l):a"+b"+c"—(1 —l—i—l—i).

The proof follows from the fact that the left sides of the equalities have the same
sign.

Solution 3.38. We prove the claim using induction on n. The case n = 1 is clear.
Now assuming the claim is true for n, we can prove it is true for n 4 1.
Sincen < vn?+i<n+1,fori=1,2,...,2n, we have

T\ 2 .
{\/n2—|—i}:\/n2—|—i—n< n2—|—i—|—<2i) = —.
n
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Thus
(n+1)? n’ (n+1)? n2_1 12
> AVip =XV X (Vi st g X
Jj=1 j=1 j=n2+1 i=1
B n—|—1)2—1
N 2

Solution 3.39. Let us prove that the converse affirmation, that is, 2% + y> > 2,
T 2 3 3 4 : : 2442 3/ x3+y3
implies that x° + y° < 2° + y*. The power mean inequality \/I = < \/m -

implies that

22+ y? < (28 + 2232 < (2% + y?)23(a® + B3 = 2 1y
Then 22 — 23 < y3 — y? < y* — 3. The last inequality follows from the fact that
yiy—1)?° =0
Second solution. Since (y — 1) > 0, we have that 2y < y2 + 1, then 2y® < y* +¢%.
Thus, 23 + 4% < 23 + y* + y? — 3% < 22 +¢?, since 23 + y* < 22 + 93

Solution 3.40. The inequality is equivalent to

1 1
. _ e @y —Ty) F ——— >,
(o — 21) +(x1—x2)+ -+ (Tn—1 —n) + n

(330 — 331) + (xnfl — xn) >

Solution 3.41. Since %?’b > vab3, % > /bct and % > V/ca?, we can deduce
that

17

(a + 3b)(b+ 4¢)(c + 2a) > 60aizb 15 .
b

Now prove that cis > qi2h20 or, equivalently, that ¢® > a°b3.

Solution 3.42. We have an equivalence between the following inequalities:

7(ab+ bc+ ca) <2+ 9abe
& T(ab+be+ca)(a+b+c) <2(a+b+c)® 4+ 9abe
& a®btab? +bvc+bc®+cFatca <2(a® +07+E)
For the last one use the rearrangement inequality or Tchebyshev’s inequality.

Solution 3.43. Let E be the intersection of AC and BD. Then the triangles ABE
and DCE are similar, which implies

|AB - CD| |AB|

|AC — BD| |AE — EB|’

Using the triangle inequality in ABFE, we have % > 1 and we therefore

conclude that |[AB — CD| > |AC — BD|. Similarly, |AD — BC| > |AC — BD|.
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Solution 3.44. First of all, show that a; +---+a; > %an, for j < n, in the
following way. First, prove that the inequality is valid for j = n, that is, a; +-- -+
Gy > ”%rlan; use the fact that 2(a1+- - -+an) = (a1+an—1)+- -+ (an-1+a1)+2a,.
Next, prove that if b; = Gt Ha then by > by > --- >0, > % (to prove by

TH—4j
induction that b; > bj;1, we need to show that b; > (;{:11 which, on the other
hand, follows from the first part for n = j + 1).

We provide another proof of a; + --- +a; > %an, once again using

induction. It is clear that
a1 > ai,
a2 aq aq a2 a2 az
_— = — — - > = - = .
a1+2 2+2—|—2_2—|—2 az
Now, let us suppose that the affirmation is valid for n = 1,...,j, that is,
a1 > a;

ag
a1—|—52a2

G+ 2+ Y sy
1 2 j_ e

Adding all the above inequalities, we obtain

. . a a;
ga1+(3—1)§+~~+7?za1+-~-+aj.
Adding on both sides the identity
a LQy
a1+252+"'+j7,j=aj+"'+a1;

we obtain

. a aj .
(F+1) <a1—|—22+"'+jj) > (a1 +aj)+ (az+aj—1)+---+(a; +a1) > jaji1.

Hence
a9 aj ]
242> o
R R I A
Finally, adding (;{:11 on both sides of the inequality provides the final step in the
induction proof.
Now,

a a 1 el 1
2 n
a5 A= (et +a")+,_1<j j+1)(a1+ +a;)

J
n—1 o/
1
LA RODA W w B[ 50 D
2n — JjG+1) 2n

n

J
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Solution 3.45.

4 2
_ 2
g T; = g Ty +2 g T34
1<i<n 1<i<n 1<i<j<n
>4 x2 2 T
= A etV
1<i<n 1<i<j<n
_ 2 o
=8 E T; E T T
1<i<n 1<i<j<n
_ e (2 2
=38 zix; (2] + -+ 7y)
1<i<j<n
2 2
> 8 E zxj(z] + 7).
1<i<j<n

For the first inequality apply the AM-GM inequality.

To determine when the equality occurs, note that in the last step, two of
the z; must be different from zero and the other n — 2 equal to zero; also in the
step where the AM-GM inequality was used, the z; which are different from zero
should in fact be equal. We can prove that in such a case the constant C' = 1 is

8
the minimum.

Solution 3.46. Setting /a = = and /b = y, we need to prove that (22 + 32)% <
2(x3 + y?)? for z, y > 0.
Using the AM-GM inequality we have
3aty? < ab ¥y +ady?
and
322yt < b + 23y + 259,
with equality if and only if 2% = 23y3 = 9% or, equivalently, if and only if z = y.
Adding together these two inequalities and adding 2% + 35 to both sides, we get
a® + 4% + 32y (a? + %) < 2(2° + 40 + 2279°).
Equality occurs when x = y, that is, when a = b.

Solution 3.47. Denote the left-hand side of the inequality as S. Since a > b > ¢
and z > y > z, using the rearrangement inequality we have bz + cy < by + cz, then
(by + ¢2)(b2 + ey) < (by + 2)* < 2(by)? + (¢2)?).

Setting o = (ax)?, B = (by)?, v = (cz)?, we obtain
a’z? S a’z? B «
(by +c2)(bz +cy) ~ 2((by)? + (c2)?)  2(B+7)
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Adding together the other two similar inequalities, we get

1 o 16} ¥
S>> + + :
s 2 (ﬂ +7 yt+ta a+p )
Use Nesbitt’s inequality to conclude the proof.

Solution 3.48. If XM is a median in the triangle XY Z, then XM? = %XY2 +
%XZ2 — iYZ27 a result of using Stewart’s theorem. If we take (X,Y,Z, M) to
be equal to (A,B,C,P), (B,C,D,Q), (C,D,A,R) and (D, A, B,S), and then
substitute them in the formula, we then add together the four resulting equations
to get a fifth equation. Multiplying both sides of the fifth equation by 4, we find
that the left-hand side of the desired inequality equals AB?+ BC? +CD?+ DA?+
4(AC? + BD?). Thus, it is sufficient to prove that AC? + BD? < AB? + BC? +
CD? + DA?. This inequality is known as the “parallelogram inequality”. To prove
it, let O be an arbitrary point on the plane, and for each point X let x denote the
vector from O to X. We expand each term in AB? 4+ BC? +CD? 4+ DA? — AC? —
BD?, writing for instance

AB? = |a—b* = |a]* — 2a- b+ |b]?
and then finding that the expression equals

laf> + 6> + |c? + |d? —2(a-b+b-c+c-d+d-a—a-c—b-d)
=la+c—b—d? >0,

with equality if and only if a + ¢ = b+ d, that is, only if the quadrilateral ABC D
is a parallelogram.

Solution 3.49. Put A = 22 + 3% + 22, B = zy + yz + zzx, C = 22y + y22% + 2222,
D = 2yz. Then 1 = A+2B, B2 = C+2zyz(z+y+2) = C+2D and 2 +y*+ 2% =
A2 —2C =4B? —4B +1—2C =2C — 4B + 8D + 1. Then, the expression in the
middle is equal to

3-2A+(2C —4B+8D+1)=2+2C +8D > 2,

with equality if and only if two out of the z, y, z are zero.

Now, the right-hand expression is equal to 2+ B + D. Thus we have to prove
that 2C+8D < B+ D or B—2B?—3D > 0. Using the Cauchy-Schwarz inequality,
we get A > B, so that B(1 —2B) = BA > B2. Thus it is sufficient to prove that
B?2-3D=C-D >0.But C > xyyz+yzzx + zxxy = D as can be deduced from
the Cauchy-Schwarz inequality.

Solution 3.50. Suppose that a = 7, b= %, ¢ = 2. The inequality is equivalent to

z
Y

(x—1+z> (y—1+§)(f—1+y)§1
Yy y) \z z) \z x
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and can be rewritten as (z+z—y)(z+y—2)(y+2z—x) < zyz. This last inequality
is valid if z, y, z are the lengths of the sides of a triangle. See Example 2.2.3.

A case remains when some out of the u = z4+2—y, v = x+y—z, w =y+z—=x
are negative. If one or three of them are negative, then the left side is negative
and the inequality is clear. If two of the values u, v, w are negative, for instance
u and v, then u + v = 2z is also negative; but x > 0, so that this last situation is
not possible.

Solution 3.51. First note that abc < a + b + ¢ implies (abc)? < (a+ b+ ¢)? <
3(a® 4 b% + c?), where the last inequality follows from inequality (1.11).

By the AM-GM inequality, a® + b® + ¢ > 3{/(abc)?, then (a? + b2 + ¢?)3 >
33(abc)?. Therefore (a? + b2 + c2)* > 32(abc)™.

Solution 3.52. Using the AM-GM inequality,

(a+b)(a+c)=ala+b+c)+bc>2+/abc(a+ b+ c).

Second solution. Setting * = a+ b, y = a+ ¢, 2z = b+ ¢, and since a, b, ¢ are
positive, we can deduce that x, y, z are the side lengths of a triangle XY Z. Thus,
the inequality is equivalent to % > (XY Z) as can be seen using the formula for
the area of a triangle in Section 2.2. Now, recall that the area of a triangle with
side lengths x, y, z is less than or equal to %’.

Solution 3.53. Since x; > 0, then z; — 1 > —1. Next, we can use Bernoulli’s
inequality for all ¢ to get

(T4 (z; — 1)) > 1+i(z; — 1).

Adding these inequalities together for 1 < i < n, gives us the result.

Solution 3.54. Subtracting 2, we find that the inequalities are equivalent to

(a+b—c)la=b+c)(—a+b+c)

0
< abe

<1

The left-hand side inequality is now obvious. The right-hand side inequality is
Example 2.2.3.

a > a4/3
VaZ+8be = ai/3xbi/34 /30
get the result. The last inequality is equivalent to

it will be clear how to

Solution 3.55. If we prove that

. 2
<a4/3 + b4/3 4 C4/3> > a2/3(a2 + 8bC).
Apply the AM-GM inequality to each factor of

<a4/3 + b4/3 n c4/3>2 _ <a4/3>2 _ (b4/3 4 C4/3> (a4/3 4 a4/3 i b4/3 n C4/3> '
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Another method for solving this exercise is to consider the function f(z) = %,
>0) For 0 < a, b, ¢ < 1, with

this function is convex for z > 0 (f"(z) = 4\ﬁ

a+b+c =1, we can deduce that f + 7 + f \/m Applying this

to x = a® + 8bc, y = b%® + 8ca and z = ¢ + 8ab (previously multiplying by an
appropriate factor to have the condition a + b+ ¢ = 1), we get
a b c 1
+ + > .
Va2 +8bc Vb2 +8ca V2 +8ab Va3 + b3+ 3+ 24abe
Also use the fact that

(a+b+c)® =a®+b° + +3(a®b + a’c + b%a + b%c + c*a + ¢*b) + Gabe
> a® + b3 + ¢ + 24abe.

Solution 3.56. Using the Cauchy-Schwarz inequality > a;b; < /Y aZy/>_ b? with

- — T
a; =1, b; TralTalr 722 We can deduce that

T X2 T
1+22  1+a?+a3 1+x%+-~-+x%*f\/zi

Then, it suffices to show that > b7 < 1.
Observe that for i > 2,

b2 — Li 2_ xf
L+t +a2) T (L at 4 ad)?
22
< 2
T+t tal A+t ad)
1 1

Tt ait+a2,) (422t tad)

2
For i = 1, use the fact that b3 < 12@% =1- ﬁ Adding together these inequal-

ities, the right-hand side telescopes to yield

n 2
T 1
b} = : <1- <1.
2 Z(l—i—x + - +x$> - l4at44a?

Solution 3.57. Since there are only two possible values for «, 3, 7, the three must
either all be equal, or else two are equal and one is different from these two.
Therefore, we have two cases to consider.

(1) a = B = +. In this case we have a + b+ ¢ = 0, and therefore

A0+ AN (aB b (a+ )P
abe N —ab(a + b)

_ ((a+b)?—a®+ab—b*\*  (3ab Ly
N ab ~\ab ) 7
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(2) Without loss of generality, we assume that a = 3, v # «, then c =a + b
and

A+ AP+ +(a+b)?  (a+b)P+a?—ab+?

abe N ab(a +b) N ab
2a2 + 2b% + ab a b

S TETO o (Y2 4.
ab b «a

If @ and b have the same sign, we see that this expression is not less than 5, and
its square is therefore no less than 25. If the signs of a and b are not the same, we
have § + g < —2, therefore 2 (% + g) +1< -3 and (2 (% + 2) + 1)2 > 9.
Thus, the smallest possible value is 9.
Solution 3.58. Using the AM-GM inequality, b(aib) + c(blﬂ) + a(cia) > %, where
X = Vabe, Y = {/(a+b)(b+c)(c+a). Using AM-GM inequality again gives
7

a+b+tc a+b+c 3 2 1
XST andY§2T7thenWZ (7)

(a+b+c)? "
Solution 3.59. The inequality is equivalent to a* + b* + ¢* > a?be + b*ca + c*ab,
which follows using Muirhead’s theorem since [4,0,0] > [2,1,1].
Second solution.
a® b A3 a* b ct

be  ca ab abe abc  abe
< (a? +b% + ¢?)?

- 3abc
(a+b+0)?* [a+b+tc 3(a+b+c)
27abc 3 abc
> (abe) (Lb—i—c) =a+b+ec
abc

In the first two inequalities we applied inequality (1.11), and in the last inequality
we used the AM-GM inequality.

Solution 3.60. Take f(z) as f(x) = 1% Since f"(x) = ﬁ > 0, f(x) is convex.

Using Jensen’s inequality we get f(x) + f(y) + f(z) > 3f(%) But since f is
increasing for x < 1, and because the AM-GM inequality helps us to establish
that “*¥*2 > o/Zyz, then we can deduce that f(**47%) > f(yzyz).

Solution 3.61.
a +1 b +1 c +1 -1
b+c 2 c+a 2 at+b 2]~

is equivalent to (2a + b+ ¢)(2b+ ¢+ a)(2c+a+b) > 8(b+ ¢)(c+ a)(a+b). Now,
observe that (2a +b+c¢)=(a+b+a+c)>2y/(a+b)(c+a).
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Solution 3.62. The inequality of the problem is equivalent to the following inequal-
ity:
(a+b—c)la+b+c) (b+c—a)b+c+a) (c+a—>b)(c+a+b)
>9
c? + a? + b2 -
which in turn is equivalent to (a;b)z + (bzzc)z + (ch;)z > 12. Since (a + b)? > 4ab,
(b+c)? > 4bc and (c + a)? > 4ca, we can deduce that

(@a+b)? (b+c)? (c+a)? _ 4ab  4bc = 4ca s/ (ab)(bc)(ca)

2 + o2 + b2 > 2 te + el > 12 oy 12.
Solution 3.63. By the AM-GM inequality, z2 + \/z + /z > 3z. Adding similar
inequalities for y, z, we get @? + y*> + 22 + 2(VT + VY + V2) = 3(x +y + 2) =
(r+y+2)2 =22 +9%+ 22+ 2(xy +yz + 22).

Solution 3.64. If we multiply the equality 1 = % + % + % by Vabe, we get v abc =
\/% + %C + \/c—f. Then, it is sufficient to prove that Ve+ab > Ve + @.
Squaring shows that this is equivalent to ¢ + ab > ¢ + %b + 2v/ab, ¢ + ab >
c+ab(l—1—1)+2Vabora+b>2Vab

Solution 3.65. Since (1—a)(1—-0)(1—c¢)=1—(a+b+c)+ab+ bc+ ca— abc and
since a + b + ¢ = 2, the inequality is equivalent to

1
0<(l-a)1-b)(1-0) < 5.

But a < b4 ¢ =2 — a implies that a < 1 and, similarly, b < 1 and ¢ < 1, therefore
the left inequality is true. The other one follows from the AM-GM inequality.

Solution 3.66. It is possible to construct another triangle AA; M with sides AAq,
Ay M, M A of lengths equal to the lengths of the medians m,, mys, me.

A

Cy By M

B A, C

Moreover, (AA; M) = 3(ABC). Then the inequality we have to prove is
V3
(AA M)

1 1 1
+

MaeMp mpme McMg,

+

<3
— 4
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Now, the last inequality will be true if the triangle with side-lengths a, b, ¢ and
area S satisfies the following inequality:

R 3\f
ab  be ca*4S

Or equivalently, 41/3 S < ai“bbjc, which is Example 2.4.6.

Solution 3.67. Substitute cd = 2 and da = £, so that the left-hand side (LHS)
inequality becomes

1—|—ab+ 1+ ab +1—|—bc+ 1+ bc
14+a ab + abe 1+ bc + bed

1 1 1 1
= be) | — .
(1+ab)<1—|—a+ab+abc)+(1+ c>(1—|—b+bc—|—bcd)

Now, using the mequahty + 2

(4.8)

v = I+y,we get

4 4

LHS) > (1 _ 1 B T
(LHS) > ( +ab)1+a+ab+abc+( +bc)1+b+bc—|—bcd

B 1+ ab 1+ bc
o l+a+ab+abc 1+b+ bc+ bed

_ 4 1+ ab n a + abc _
o 1+a+ab+abec  a-+ab+abc+abed)

Solution 3.68. Using Stewart’s theorem we can deduce that

2
12 = be (1— (bic) ): (bj)_CC)Q((b—i—c)Q—az) i((b+c) a?).

Using the Cauchy-Schwarz inequality leads us to
(lo 41 +1e)* < 3(05 + 15 +12)

= §((a+b)2+(b+0)2+(c+a)2_a2_b2_cz)

4
3 2
< Z(a +b+c)”.
Solution 3.69. Since ﬁ =3 + the inequality is equivalent to
1 n 1 n 1 S 2 n 2 n 2
b+c c+a a+b 2a+b+c 2b+a+c 2c+a+b
Now, using the fact that 1 + % > ﬁ, we have

Y

9 1 n 1 n 1 4 n 4 n 4
b+c c+a a+b a+b+2c b+c+2a cH+a+2b

which proves the inequality.
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Solution 3.70. We may take a < b < ¢. Then ¢ < a + b and

/9 /9 2
7f:7f(a+b+c>>7f(2c): V2em > b+ e

Since a < b, we can deduce that

n
(b + g) =b" 4+ nb"_lg + other positive terms

n
> b+ 5@()"‘1 >b" +a”.
Similarly, since a < ¢, we have (¢ + §)" > ¢" 4 a™, therefore

a V2 a
(@™ +b™M)7 + (" + )7 4 (" +a)w <b+§+7\/_+c+§

:a-l—b-i-c—i—ﬂ :1+ﬂ.
2 2
Second solution. Remember that a, b, ¢ are the lengths of the sides of a triangle if
and only if there exist positive numbers z, y, z witha =y+z2,b=z4+z,c =z +y.
Since a + b+ ¢ =1, we can deduce that z +y + z = %
Now, we use Minkowski’s inequality

(Z(% +yi)m> < (Z x?) : + (Z yZ")
i=1 i=1

=1

to get
1 1 1 1 n
(" +6")7 = ((y+2)" + (2 +2)")" < (@" +y")7 +(22")7 <c+ V22
Similarly, (b" + ¢")n < a+ ¥/2z and (¢" 4 a™)» < b+ {/2y. Therefore

n n2
(@ +b")% + (V" + )7+ (" +a")T <a+b+c+ \/§(x+y+z):1+7\/_.

Solution 3.71. First notice that if we restrict the sums to ¢ < j, then they are
halved. The left-hand side sum is squared while the right-hand side sum is not,
so that the desired inequality with sums restricted to ¢ < j has (1/3), instead of
(2/3), on the right-hand side.

Consider the sum of all the |z; — ;| with ¢ < j. The number z; appears in
(n — 1) terms with negative sign, xo appears in one term with positive sign and
(n — 2) terms with negative sign, and so on. Thus, we get

—(n—1)x1 —(n—3)x2—(n—5)x3—-~-+(n—1)xn:Z(2i—1—n)xi.
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We can now apply the Cauchy-Schwarz inequality to show that the square of this
sum is less than > 22 Y7(2i — 1 —n)%

Looking at the sum at the other side of the desired inequality, we immediately
see that it is n > 27 — (3 2;)?. We would like to get rid of the second term, which
is easy because if we add h to every z; the sums in the desired inequality are
unaffected (since they only involve differences of the z;), so we can choose an h to

make > 2; zero. Thus, we can finish if we can prove that > (2i —1—n)? = @,

D Ri—1-n)?=4) " —4(n+1)) i+n(n+1)°
2
= gn(n +1)2n+1) —2n(n+1)* + n(n +1)2
-n(n+1)22n+1)—6(n+1)+3(n+1))
1
= gn(n2 —1).
This establishes the required inequality.

Second solution. The inequality is of the Cauchy-Schwarz type, and since the prob-
lem asks us to prove that equality holds when x1, x2, ..., z, form an arithmetic
progression, that is, when z; —x; = r(i—j) with r > 0, then consider the following
inequality which is true, as can be inferred from the Cauchy-Schwarz inequality,

2
Soli— gl =l | <D =) (i — ).
4,7 %, %,

Here, we already know that equality holds if and only if (z; — ;) = (¢ — j), with
r > 0.
Since 33(i —j)? = (2n—2) 12+ (20— 4) 2+ + 2+ (n - 1)? = =1,

0.

we need to prove that ) [i — j||z; — 2| = § > |x; — x;|. To see that it happens
2% 0,J

compare the coefficient of z; in each side. On the left-hand side the coefficient is

-1+ G@E-2)+-+@—0—-1)—((E+) =)+ ((t+2)—i)+ -+ (n—1))

(i—=1)i (n—i)(n—i+1) :n(2i—n—1)
2 2 2 '

The coeflicient of x; on the right-hand side is

i) =ty -y ="

1<j 7>t

Since they are equal we have finished the proof.



4.3 Solutions to the problems in Chapter 3 185

Solution 3.72. Let x,4+1 = 1 and x,,+2 = z2. Define

Zq

and b, = x; + Tip1 + Tiya, @€ {1,...,n}.

a; =
Ti+1

It is evident that

ﬁai = 1, ibl:?’ixl =3.
=1 i=1

i=1

The inequality is equivalent to

Using the AM-GM inequality, we can deduce that

1
>

n
Vo5, 3

IR 3
—E b > Vbbb, —> /b1 -b, &
n 4 n
i=1
On the other hand and using again the AM-GM inequality, we get

3

b; by bn:n{l/bl--bn:{l/bl---bn

n 2
a; a a vay---a n n
2 : 7 Zn" 1 n n 2

Solution 3.73. For any a positive real number, a + % > 2, with equality occurring
if and only if @ = 1. Since the numbers ab, bc and ca are non-negative, we have

P(x)P (1) = (az® + bx + ¢) (axl2 + bi + c)

x
2,52 2 1 1 2 1
=a"+b"+c"+ab(x+—)+bc|lo+ - | F+calax"+—
x x x

> a? +b% + ¢ + 2ab + 2bc + 2ca = (a + b+ ¢)? = P(1)%

Equality takes place if and only if either z = 1 or ab = be = ca = 0, which in view
of the condition a > 0 means that b = ¢ = 0. Consequently, for any positive real

x we have
PP (1) = ()2

T

with equality if and only if either x =1 or b=¢ = 0.
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Second solution. Using the Cauchy-Schwarz inequality we get
1 ) 11
P@)P |~ ) =(az"+bx+c) a5 +b-+c
x x x

=((¢5w)2+(\@)2+(ﬁ)2) (f):(ﬁ) + (vo)?

> (ﬁx? + @\\/f; + ﬁﬁ) =(a+b+c)? = (P1))>

Solution 3.74.

a?(b+c) +b*(c+a)+c2(a+b)
(a+b)(b+c)(c+a)

a’b+ a%c+ b2c+ b%a + Fa + b 3

> _

2abe + a?b + a?c + b2c + b2a + c2a +c2b ~ 4

& a?b+a’c+ b2c+ bvPa+ Fa+ b —6abe >0

< [2,1,0] > [1,1,1].

>3
— 4

The last inequality follows after using Muirhead’s theorem.

Second solution. Use inequality (1.11) and the Cauchy-Schwarz inequality.

Solution 3.75. Applying the AM-GM inequality to each denominator, one obtains

1 1 1 1 1 1
> .
1+2ab+1+2bc+1+2ca = 1—|—a2—|-bz+1—|—b2—|—02+1—|—02—i-a2

Now, using inequality (1.11) leads us to

1 1 1 (1+1+1)? 9

= =1.
1+a2+b2+1+b2+c2+1+02+a2_3+2(a2+b2+02) 3+2-3

Solution 3.76. The inequality is equivalent to each of the following ones:

syt A 3y o) > — (B By P+ P+ By + 2P,
Platy+2)+i@tyt+)+2 @ty +2) 3@ +y+2) >0,
(x +y+2)(2® +y® + 2° — 3zyz) > 0.

Identity (1.9) shows us that the last inequality is equivalent to

S+ y+ 2@~y + (g =2+ (s = 0)) 20
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Solution 3.77. Let O and I be the circumcenter and the incenter of the acute
triangle ABC, respectively. The points O, M, X are collinear and OCX and
OMC are similar right triangles. Hence we have

oc _onu
0X oC’
Since OC = R = OA, we have % 8)2 Hence OAM and OX A are similar, so

AM _ OM
we have Ix =

It now sufﬁces to show that OM < r. Let us compare the angles ZOBM and
/IBM. Since ABC' is an acute triangle, O and I lie inside ABC. Now we have
ZOBM =3—/A=4(LA+/B+/C)—£A= (/B+/C—-/A) < 48 = /IBM.
Similarly, we have ZOCM < ZICM. Thus the point O lies inside I BC, so we get
OM <r.

Solution 3.78. Setting a = 22, b = 32, 22, the inequality is equivalent to
z% + y6 + 25> x4yz + y4zx + z4xy.
This follows from Muirhead’s theorem since [6,0,0] > [4,1,1].

Solution 3.79. Use the Cauchy-Schwarz inequality to see that \/zy+ 2z = /z/y +

Vavz <Vt zy+ 2= Jry +2(x +y+ 2) = oy + 2. Similarly, 7z + 2 <
Vyz+x and /zx + y < y/zx + y. Therefore,

Vrey+z+Vyz o +Vzr+y > Jay+Jyz Vet 4y + 2.

Solution 3.80. Using Example 1.4.11, we have

(a+0b+c)(a®+ b+ c?)

a4+ b3 43>

3
Now,
b .
a® + b4 > %(cﬁ—kbz—kcz) > Vabe(ab + be 4 ca) > ab + be + ca,

where we have used the AM-GM and the Cauchy-Schwarz inequalities.

Solution 3.81. Using Example 1.4.11, we get (a+b+c)(a?+b%+c?) < 3(a3+b3+c3),
but by hypothesis a® 4+ b? + ¢ > 3(a® + b3+ ¢?), hence a+b+c < 1. On the other
hand,

4(ab + be + ca) — 1> a® +b* 4+ > ab + be + ca,

therefore 3(ab+ bc + ca) > 1. As
1<3(ab+bc+ca) < (a+b+c) <1,

we obtain a+b+c = 1. Consequently, a+b+c = 1 and 3(ab+bc+ca) = (a+b+c)?,

which implies a =b=c= %
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Solution 3.82. The Cauchy-Schwarz inequality yields
(la| + [b] +|e])? < 3(a® +b* +¢*) = 9.
Hence |a| + |b] 4 |¢| < 3. From the AM-GM inequality it follows that

a® 4+ b? + 2 > 3¢/ (abc)?
or |abe| < 1, which implies —abc < 1. The requested inequality is then obtained
by summation.
Solution 3.83. Notice that
OA, (OBC) 0B-OC-BC 4R

AA, ~ (ABC) 4R, "AB-AC - BC"

Now, we have to prove that
OB-0C-BC+0OA-OB-AB+OA-0OC-AC > AB- AC - BC.
We consider the complex coordinates O(0), A(a), B(b), C(c) and obtain
[ - fe] - [b—c| + lal - [b] - [a = b] + |a| - |¢] - [e = a[ = |a = b] - [b— ] - |c — al.
That is,
|b%c — c2b| + |a®b — b2a| + |c2a — a®c| > |ab® + bc? + ca® — a®b — bPc — c2al,
which is obvious by the triangle inequality.

Solution 3.84. Let S = {i1,i1 + 1,...,j1,%2,%2 + 1,...,j2,. . 4p, ..., Jp} be the
ordering of S, where j; < ipy; for k=1,2,...,p—1. Take S, = a1 +az+---+ap,
So = 0. Then

Zai = Sjp - Sip_l + Sjp—l - Sip—l_l +o +S] - Sil—l
i€S

and

D (ait+a)’= Y (Si—8)%

1<i<j<n 0<i<j<n
It suffices to prove an inequality with the following form:

P

(z1 — a4 -+ (=1)PTa,)? < Z () —@i)* + Zx?, (4.9)

1<i<j<p i=1
because this means neglecting the same non-negative terms on the right-hand side
of the inequality. Thus inequality (4.9) reduces to

P

4 Z il S (p—l)fo

1<i<j<p =1
j—1i even
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This can be obtained adding together inequalities with the form 4xlxj < 2(x? +aj Y,
1 < j,j—1=even (for odd i, z; appears in such inequality [ ] times, and for
even i, x; appears in such inequality [ ] — 1 times).
Solution 3.85. Let 2 = a+b+c, y = ab+bc+ca, z = abe. Then a?+b%4-c? = 22y,
a’b®> +b%c? +c2a? = y? — 22z, a’b?c? = 22, and the inequality to be proved becomes
224+ 2(y? — 222) + 4(2? — 2y) +8 > 9y or 22+ 2y% — 4wz +42? — 17y +8 > 0. Now,
from a? + b% + ¢ > ab + bc + ca = y we obtain 22 = a? + b + ¢ + 2y > 3y.
Also,
a’b? + b2c* + 2a® = (ab)? + (be)? + (ca)?
>ab-ac+bc-ab—+ ac-be
= (a+ b+ c)abc = xz,

and thus y2 = a?b? + b%c® + 2a? + 2xz > 3zz. Hence,

2 8 10
2242y —daz+ 42 — 1Ty + 8 = (z— E) +=(y—3)% + —(y* — 3z2)
3 9 9
35
+ g(ccQ —3y) >0,

as required.

Second solution. Expanding the left-hand side of the inequality we obtain the
equivalent inequality

(abe)? + 2(a?b? + b2 + 2a?) + 4(a® +b* + ) + 8 > 9(ab + be + ca).

Since 3(a?+b%+c?) > 3(ab+bc+ca) and 2(a?b?+b2c? +c2a?)+6 > 4(ab+bc+ca)
(for instance, 2a2b? + 2 > 4v/a2b? = 4ab), it is enough to prove that

(abc)? + a® + b + 2 +2 > 2(ab + be + ca).

Part (i) of Exercise 1.90 tells us that it is enough to prove that (abc)? + 2 >
3v/a2b2c2, but this follows from the AM-GM inequality.

Solution 3.86. Let us write

\/ L 6(atbtc) = \/1—|—6a2bc—|—6b2ac—|—602ab
G G

abc

)

3 .\3/1 + 3ab(ac + be) + 3be(ba + ca) + 3ca(ab + be)
3 abc

and consider the condition ab + bc + ca = 1 to obtain

3 .\3/1 + 3ab — 3(ab)? + 3bc — 3(bc)? + 3ca — 3(ca)?
\/_

abe

_ 3 .\3/4 —3((ab)? + (bc)? + (ca)?)
I3 abc '
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It is easy to see that 3((ab)? + (bc)? + (ac)?) > (ab + be + ac)? (use the Cauchy-
Schwarz inequality). Then, it is enough to prove that

B ef3 1
I3V abc ~ abc’

which is equivalent to (abc)?> < 5-. But this last inequality follows from the AM-

GM inequality,

ab+ be+ ca _ 1
3 s

The equality holds if and only if a = b=c = 1

(abe)? = (ab)(be)(ca) < (

7
Solution 3.87. Using symmetry, it suffices to prove that t; < t5 4 t3. We have
n n
1 ti 1
t: i - 2J
Sudg=nt ¥ (i+i)
i=1 i=1 1<i<j<n
1 1 1 t; t;
=ndt(—+ |+ —(atts)+ D 242,
to 13 tq o (2
(4,9)#(1,2),(1,3)

Using the AM-GM inequality we get

11 2 ti  tj
— =) > ———, to+1t3>2V/tats and — + L >2 for all 4, j.
<t2 t3> = Viots 2 32 2t3 an £t r ()

Thus, setting a = ¢1/+/tats > 0 and using the hypothesis, we arrive at
n n
1 t Viat n?—n 2
9 1 213 2
n—|—1>§ tg —>n+2 +2 +2 —2| =2a+—-+n"—4
i=1 l ot Viats t [ 2 } a

Hence 2a + % —5 < 0, which implies 1/2 < a = t1//tats < 2. So t1 < 24/t2t3, and
one more application of the AM-GM inequality yields t1 < 2v/tats < to + t3, as
needed.

Solution 3.88. Note that 1 +b—c=a+b+c+b—c=a+2b>0. Then

1+1 1 — —
a\3/1+b—c<a< 1+ (1+b C)>:a+ab ac

3 3
Similarly,

be—b
bv/l+c—a<b+ c—ba

—cb
0\3/1+a—b§c—|—ca3 ¢ .
Adding these three inequalities, we get
aVl4+b—c+b¥l+c—a+cVl+a—-b<a+b+c=1.
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Solution 3.89. If any of the numbers is zero or if an odd number of them are
negative, then x1xs - - - z¢ < 0 and the inequality follows.

Therefore, it can only be 2 or 4 negative numbers between the numbers
in the inequality. Suppose that neither of them are zero and that there are 2
negative numbers (in the other case, change the signs of all numbers). If y; = |x;],
then it is clear that y? +y2 + -+ +9y2 = 6, y1 +y2 = Y3 + -+ + Yo and that
L1T2 - -Te = Y1Y2 - - Ye-

From the AM-GM inequality we get

2
Yiy2 < (%) = A%

Also, the AM-GM inequality yields

4 4
Y3+ Ys + Ys + Yo Y1+ Y2 1
Y3Y4YsYe < ( 1 ) = ( 1 ) = A%

Therefore, y1y2 - 1 L AS,
On the other hand the Cauchy-Schwarz inequality implies that

2yt +y3) > (y1 +ya)? = 442
A3 +ys +vE+ue) = (ys +ya+ys +ye)” = 4A%

Thus, 6 = y? +y32 + -+ +y2 > 242 + A% = 3A? and then y1y2 - ys < 2%146 <
2% _ 1

24 — 2°

Solution 3.90. Use the Cauchy-Schwarz inequality with (1,1,1) and (%,2, £) to
obtain
2o 2 a b e\’
1241 (L 42 ) > (24249)
(17 +1° + )<b2+ +a2>_<b+c+a>

The AM-GM inequality leads us to § + ¢ + > 33/abe — 3 then

bca

a2+ﬁ+é >(e b,
b2 a2) = \b ¢ a/’

Similarly, & + 2 —|— > 37 abg 3. Therefore,

Adding ¢ + % + 7 to both sides yields the result.
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Solution 3.91. Note that

a22+2 = (a2_a+12)+(a+1) > (@@ =a+1)(a+1)=V1+as

After substituting in the given inequality, we need to prove that

a? b2 2
@120 +2) T 1)@+ @@ +2)

1
> —.
-3

Set x = a2, y = b2, z = 2, then zyz = 64 and

T Yy z
T+ 2+  Wr2G+2)  GiDE+2)

1
> -
-3
if and only if

Bz 4+2) +ylzr +2)+2(y+2)] > (z+2)(y +2)(z +2).

Now, 3(xy +yz+z22)+6(x+y+2) >ayz+ 2@y +yz+z22)+4(x+y+2)+38
if and only if zy + yz+ zz + 2(x + y + 2) > xyz + 8 = 72, but using the AM-GM
inequality leads to  +y + 2z > 12 and xy + yz + zz > 48, which finishes the proof.

Solution 3.92. Observe that
x5 _ {L‘2 {L‘5 _ {L‘2 xQ(yQ + 252)(51:3 _ 1)2

_ = > 0.
o5+ Y2+ 22 w3(a?+y? 422 a3(ad 2 4 22) (a2 +y? +22) T

Then
5 2 5 .2
Y Y
5 4 y2 + 22 23 (2% 4+ y?2 + 22)

B 1 , 1
a2y 422 T

! Z(x2 —yz) > 0.

>__ - @
Tty + 22

The second inequality follows from the fact that zyz > 1, that is, % < yz. The
last inequality follows from (1.8).

Second solution. First, note that

2’ —a? @442 - @4yt Pyt

a2 422 ad + y? + 22 R

Now we need to prove that

1 1 1 3
< .
x5—|—y2+22+x5+22+x2+x5+x2+y2_x2+y2+22
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Using the Cauchy-Schwarz inequality we get
1
(2 + 12+ 222 < (2 2+ + 22)(a?- =+ y? + 2%)

and since xyz > 1, then z2

- L =1 <yz and we have that
xT xT
(2 + 2+ 222 < (@ + 92 +27)(yz + 92 + 29)

therefore

3 1 <y yz +y* + 22 <Ziy2§z2+y2+z2
Pyt 22 T (22 y? 4 2%)E T (2 +y? o+ 22)?
_ 3
sy 42

Solution 3.93. Notice that

1 1 1
(14 abe) (a(b+1) T her 1) +c(a—|—1)> 3
_l+4+abctab+a 1+abc+bc+b 1+abctca+c
a(b+1) b(c+1) cla+1)
1+a b(c+1) 1+5b cla+1) 1+¢ a(b+1)

b+ 1) T oD T bex) T fex1) TelatD) " farn =%

The last inequality follows after using the AM-GM inequality for six numbers.

Solution 3.94. Let R be the circumradius of the triangle ABC. Since ZBOC =
2/A, /COA =2/B and ZAOB = 2/C, we have that

2
(ABC) = (BOC) + (COA) + (AOB) = % (sin 24 + sin 2B + sin 2C')

2 2A+2B+2
§]Z3Sin<+3+c)

R? ,(27r> 3V3R?
273s1n =

3

The inequality follows since the function sinz is concave in [0, 7).

On the other hand, since BOC is isosceles, the perpendicular bisector OA’ of
BC is also the internal bisector of the angle ZBOC, so that /ZBOA' = ZCOA' =
ZA; similarly ZCOB' = ZAOB' = /B and ZAOC' = ZBOC’ = ZC. In the
triangle B’OC’ the altitude on the side B'C’ is £ and B'C’ = Z(tan B + tan C).
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Therefore, the area of the triangle B'OC" is (B'OC") %(tanB + tan C'). Simi-
larly, (C'OA") = R;(t&mC +tan A) and (A’OB’) = £ (tan A + tan B). Then,

IS

2

(A'B'C") = (B'OC") + (C'OA") + (AOB') = IZ (tan A + tan B + tan C)
2 A+B
> %3 tan <+3+C>
R? T\ 3V3R?
= s (5) ="
The inequality follows since the function tanx is convex in [0, F].
Hence,
2
(A'B'C") > 3\/§R > (ABC).

Solution 3.95. First, note that a®+bc > 2va2bc = 2\/(%\/@ and similarly b2+ca >
2vbevab, ¢ + ab > 2y/cav/be; then it follows that

1 1 1 1 1 1 1
+ + <5 + + :
a?+bc b’ +ca A+ab” 2 <\/ aby/ca  Vbevab  feay bc)

Now, using the Cauchy-Schwarz inequality in the following way

(e e ) (b2 ()
Vaby/ca  vVbevab  Jeavbe) — \ab  bc  ca ca ab be)’
the result follows.

Solution 3.96. From the Cauchy-Schwarz inequality we get

2

Z%Zaiajz > ai =<(n—l)zai> = (n—1)2A%

i#j ) i) i#j
On the other hand,
n 2 n
Zaiaj = (Zal) - (Zaf) =A? - A
i#j i=1 i=1
Solution 3.97. Without loss of generality, take ay < --- < a,. Let dx, = agy1 — ag

for k=1,...,n. Then d = di + --- + dp—1. For ¢ < j we have that |a; — a;| =
aj—a¢=d¢+-~-—|—dj_1.Then,
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j—1

s=Z|ai—aj|=Z (di +---+dj—1)

i<j i=2 i=1

<
3

= (d1+2d2+"'+(j—1)dj,1)

=2
=mn—-1di+(n—-2)2de+---+1-(n—1)dn—1
n—1
= k(n — k)dy.
k=1

Since k(n — k) > (n — 1) (because (k — 1)(n — k — 1) > 0) and 4k(n — k) < n?
(from the AM-GM inequality), we obtain (n —1)d < s < %.

In order to see when the equality on the left holds, notice that k(n — k) =
m—1)enk-1)=k*—-1<k=1o0or k=mn—1,so that (n — 1)d = s only if
d2:"‘:dn_2:o, thatis, ay §a2=~-~:an_1 San.

For the second equality notice that 4k(n — k) = n? & k =n — k. If n is
odd, the equality 4k(n — k) = n? holds only when dy = 0 for all k, therefore
a1 = -+ =a, = 0. If n is even, say n = 2k, then only d; can be different from
zero and then a; = -+ =ap < agq41 = - = agk-

Solution 3.98. Consider the polynomial P(t) = tb(t? —b?) +bc(b? — ) +ct(c* —t2).
This satisfies the identities P(b) = P(c) = P(—=b — ¢) = 0, therefore P(t) =
(b—c)(t—b)(t—c)(t+ b+ c), since the coefficient of t* is (b — ¢). Hence
lab(a® — b%) + be(b? — ) + ca(c? — a®)| = |P(a)]
— (b~ e)a—B)la— fa + b+ o).

The problem is to find the least number M such that the following inequality holds
for all numbers a, b, c:

l(@a—c)(a—b)(b—c)a+b+c) < M(a®+b*+c?)2.

If (a,b,c) satisfies the inequality, then (Aa, A\b, \¢) also satisfies it for any real
number \. Therefore, we can assume, without loss of generality, that a?+b%+¢? =
1. In this way the problem becomes the search for the maximum value of P =
|(a —b)(a—c)(b—c)(a+ b+ c)| for real numbers a, b, ¢ such that a?+b?+c? = 1.
Note that
B(a® +b*+ )] =12(a—b)*+2(a—c)(b—c)+ (a+b+ )
>8|(a—c)(b—c)|[2(a—b)*+ (a+b+c)F
> 16V2]|(a —¢)(b—¢)(a —b)(a+ b+ c)|
=16v2P

The two inequalities are obtained using the AM-GM inequality.
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9
16v/2

Thus, P < —2_, and the maximum value is

16+/2
3V3+v6 p _ V6 V6-3v3
) - 6\/5 :

6v2 6v2
Solution 3.99. Fora =2,b=c= % and n > 3, the inequality is not true.

If n = 1, the inequality becomes abe < 1, which follows from /abe < %b*c =1.
For the case n = 2, let x = ab+bc+-ca; now since a®+b%+c? = (a+b+c)?—2(ab+bc+
ca) = 9—2z and 22 = (ab+bc+ca)? > 3(a?betab’c+abc?®) = 3abe(a+b+c) = abe,
the inequality is equivalent to abe(9 —2z) < 3, but it will be enough to prove that
22(9 — 2x) < 27. This last inequality is in turn equivalent (2x + 3)(z — 3)2 > 0.

Solution 3.100. First, the AM-GM inequality leads us to ca + ¢ + a > 3V/c2a2.
From this we get

because the equality holds

with a = and ¢ =

(a+1)(b+1)2>(a+1)(b+1)2 (a+1)(b+1)2  (b+1)2
3¥2a24+1 catctat+l  (c+1D)(a+1)  (c+1)°

Similarly for the other two terms of the sum; therefore

(a+1)(b+1)? N (b+1)(c+1)? N (c+1)(a+1)?
3Vc2a? + 1 3Va2b? + 1 3Vb2c2 + 1
b+1)2 (c+1)? (a+1)2
~ (e+1) (a+1) (b+1) "

Now, apply inequality (1.11).

Solution 3.101. Using Ravi’s transformation a =z +y, b=y + 2z, ¢ = z + x, we
find that « + y + z = 2 and ayz < (£H+2)3 = L. Moreover,

dabe  (a® + 0%+ c*)(a+ b+ ) + dabe

24 2 2
a”+ 0" +c + 3 3
2+ 2+ e+ 2P+ (e +y))ety+2)+Ay+2)(z+x)(x+y)
N 3
4 3
=3(@+y+2)" —ayz)
3
A3y L)1
-3 2 8 3
Therefore the minimum value is 1—33

Solution 3.102. Apply Ravi’s transformation a =y + 2, b=z2z+2z, c=x + y, so
that the inequality can be rewritten as
) ot ey
(z+2)2z)  (z+y)(2) (y+2)(22)
>(y+2)(z+z)+ (z+a)(z+y) + (z+y)(y+ 2).
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From inequality (1.11) and Exercise 1.27, we obtain

(22)* 4 (2z)* N (2y)* < 8(x? +y? + 22)?
(z+2)22)  (z+y)(2y) (Y+2)(22) " 22 +y* +22+aytyz+2z
8(x2% + y? + 22)?
2w 2 )

On the other hand, (y +2)(z +2)+ (z + z)(z +y) + (x + y)(y + 2) = 3(zy +
yz + zx) + (2% + y? + 22); then it is enough to prove that 4(x? + y* + 22) >
3(xy+yz+zx)+ (22 +y>+22%), which can be reduced to 2% +y%+ 2% > xy+yz+zz.
Solution 3.103. The substitution z = Z—f& y = gf—g, z = f_r—g has the property
that zy + yz + zz = 1. Using the Cauchy-Schwarz inequality, (z + y + 2)? >
3(xy + yz + zx) = 3, therefore |z +y + 2| > V3 > 1.

Solution 3.104. It will be enough to consider the case x <y < z. Then z =y — a,
z =1y + b with a, b > 0.

On the one hand, we have 2z = 1 —zy—yz =1— (y —a)y —y(y + b) =
1 — 2y + ay — by and on the other, 2z = (y — a)(y + b) = y*> — ay + by — ab.
Adding both identities, we get 2xz = 1 —y? — ab, so that 2zz —1 = —y% —ab < 0.
If 2zz =1, then y = 0 and zz = 1, a contradiction, therefore zz < %

The numbers x =y = % and z = %(n—%) satisfy x <y < z and zy+yz+zx =

1. However, 1z = 5= (n — 1) = L — 51 can be as close as we wish to %, therefore
1’ 2n n 2 2n 27 ’

the value 5 cannot be improved.

Solution 3.105. Suppose that a = [z] and that r = {z}. Then, the inequality is

equivalent to
a—+2r a n 2a +r r - 9
a a+2r r 2a + 7 2"

This inequality reduces to

2(f+9>— LN
a T a+2r 2a+4+r 2"

But since 7 + = > 2, it is enough to prove that

a r 3

< —=.
a—|—27‘+2a—|—r 2

But a + 2r > a + r and 2a 4+ r > a + r; moreover, the two equalities cannot hold
at the same time (otherwise a = r = 0), therefore

a T a T 3
+ < + =1<:
a+2r 2a+r a+r a+r 2
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Solution 3.106. Inequality (1.11) shows that

1 1 1 32
at+bte>—4o+->—,
a b ¢ a+b+e

so that %b*c > a+i’+c. Thus, it is enough to prove that a +b+c¢ > -3

Since (z +y + 2)? > 3(xy + yz + 2x), we have

1 1 1 1 1

1 2 3
2> (2424 2) >3+ 4+ =)=
(a+b+c) _<a+b+c> _3(ab+bc+ca) abc(a+b+c),

and from here it is easy to conclude the proof.

Solution 3.107. By means of the Cauchy-Schwarz inequality we get

(a+b+1D(a+b+c?) > (atb+c)

Then
a+b+c? a?+b+c a+b+c¢
(a+b+c¢)? (a+b+¢)? (a+b+c)?
NS S SR S
“a+b+1 b+c+1l c+a+1—
Therefore,

20a+b+c)+ (a®>+b*+ ) > (a+b+c)* =a® + > + 2 + 2(ab+ be + ca),

and the result follows.

Solution 3.108. For an interior point P of ABC, consider the point () on the
perpendicular bisector of BC' satisfying AQ = AP. Let S be the intersection
of BP with the tangent to the circle at Q. Then, SP 4+ PC > SC, therefore
BP+ PC=BS+SP+PC>BS+SC.

On the other hand, BS + SC > BQ + QC, then BP + PC is minimum if
P=Q.

Let T be the midpoint of M N. Since the triangle AMQ is isosceles and MT
is one of its altitudes, then MT = Z(@) where Z is the foot of the altitude of @
over AB. Then MN + BQ + QC = 2(MT + QC) = 2(ZQ + QC) is minimum
when Z, @, C are collinear and this means C'Z is the altitude. By symmetry, BQ
should be also an altitude and then P is the orthocenter.

Solution 3.109. Let H be the orthocenter of the triangle M N P, and let A’, B’, C’
be the projections of H on BC, C A, AB, respectively. Since the triangle M N P
is acute, H belongs to the interior of the triangle M N P; hence, it belongs to the
interior of the triangle ABC too, and therefore

r< HA +HB +HC'<HM + HN + HP < 2X.
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The second inequality is evident, the other two will be presented as the following
two lemmas.

Lemma 1. If H is an interior point or belongs to the sides of a triangle ABC,
and if A’, B’, C' are its projections on BC, CA, AB, respectively, then x <
HA'+ HB' + HC', where z is the length of the shortest altitude of ABC.

Proof.

HA'+ HB'+ HC' HA'  HB'  HC' _(BHC) , (CHA)  (AHB)
@ = he | he  (ABC) ' (ABC) ' (ABC)

O

Lemma 2. If M NP is an acute triangle and H is its orthocenter, then HM + HN +
HP <2X, where X is the length of the largest altitude of the triangle M N P.

Proof. Suppose that /M < /N < /P, then NP < PM < MN and so it happens
that X is equal to the altitude M M’. We need to prove that HM + HN + HP <
2MM' =2(HM + HM') or, equivalently, that HN + HP < HM +2HM'. O

Let H' be the symmetric point of H with respect to NP; since MNH'P is
a cyclic quadrilateral, Ptolemy’s theorem tells us that

H'M-NP=H'N-MP+H'P-MN>HN-NP+H'P-NP,

and then we get H'N + H'P < H'M = HM +2HM'.

Solution 3.110. Without loss of generality, we can suppose that * < y < z. Then
r+y<zt+ao<y+tz oy <z <uyz 222z +y) > 2%z +2) > 22%(y + 2),

1 1 1 . .
< < . 3

TRy S e S et If we resort to the rearrangement inequality

and apply it twice, we have

Ty + 2T

Z\/2x2y+z Z\/2x2y+z

Now, adding >_ \/% to both sides of the last inequality, we obtain

Z 222 + 2yz Z2x +xy + zx

V222 (y + 2) V222 (y + 2)
2232 +z(y + 2)
V222 (y + 2)

Z 223 (y + z)
V222 (y + 2)
= 2(VE+ i+ VE) =2
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Second solution. First, note that

??4yz 22 —aly+z2)tyz x(y + 2)

222(y + 2) 222(y + 2) 222(y + z)
_@-y)lz—2)  Jyt+=
222y + 2) - 2
L @oye-2)  VIEVE

222(y + z) 2

Similarly for the other two elements of the sum; then

22 +yz x
Z«/2x2 yy—|—z >Z(\/2xy2);+z VI VE

Then, it is enough to prove that

(@-y)e—2)  (-2)y—2) (2-2)(z—y)

> 0.
2Ry 12 | PG ra) | 2wty
Without loss of generality, suppose that © > y > z. Then %\/% >0, and
(y—2)y—2)  (z—=)(z—y)
W rn) | Rty
_@—2)y—2) W—2)e-y _ @-yly-2 H-—2)(z-y

>

B V222 (7 +y) B V292 (2 + ) V222(z +y) \/7

1 1
=(y—2)(z—1y) <\/2z2($+y) B \/2y2(z+$)> > 0.

The last inequality is a consequence of having y?(z +x) = y?z+y2r > y22+ 2% =
2
2% (x 4+ y).

Solution 3.111. Inequality (1.11) leads to

a? N b? N c? S (a+0b+c)?
24b+c? 24c+a® 2+a+b? T 6+a+b+ct+at+b2+c2
Then, we need to prove that 6+a+b+c+a?+b%+c? < 12, but since a?+b2+c? = 3,
it is enough to prove that a + b+ ¢ < 3. But we also have (a + b+ ¢)? = a® + b* +
e +2(ab + bc+ ca) < 3(a? +b% + ) = 9.
The equality holds if and only if a =b=c=1.
Solution 3.112. First, note that

1 a—bc 2bc 2bc _ 2bc
atbc 1—b—c+be (l—b)(l—c)_(c+a)(a—|—b).
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Then, the inequality is equivalent to

2bc 2ca 2ab
cra)atd)  (@xbbte)  btolcta)

3
> —.
-2

This last inequality can be simplified to
4[be(b+ ¢) + ca(c+ a) + abla+ b)] > 3(a+b)(b+ ¢)(c + a),
which in turn is equivalent to the inequality
ab + be + ca > 9abe.

But this inequality follows from (a + b + c)(% + % + %) > 9.

Solution 3.113. Notice that (z/y + yv/z + 2/x)? = 22y + y*2 + 2%z + 2(zy/yz +

Yz 22 + z2x,/TY).
The AM-GM inequality implies that

NN N e
then
(/Y +yvz+ /1) < 2%y +yPz + 22+ ay? 4+ y2® 4 22? + 3wy,
Since (z+y)(y+2)(z + x) = 2%y + vz + 222 + 29? + y22 + 222 + 22y2, we obtain

(@vy+yvz+2va)* < (2 +y)(y + 2)(2 + 2) + ayz

< @+ 9y +2)(e+2) + (o) + )+ )

= g(a: +y)(y+2)(z+2).

8
Therefore K? > %, and then K > % When = = y = z, the equality holds with
K= %7 hence this is the minimum value.

Second solution. Apply the Cauchy-Schwarz inequality in the following way:

oy +yVE Ve = Vayry +VivyE+Vever < (et y + 2)(ay +yz + aa).

After that, use the AM-GM inequality several times to produce

(x+y+2) (zy +yz+zx
3 3

(z+y) (y+2)(z+2)
2 2 2

) < Yryzy/ 129222 = zyz <
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Solution 3.114. The left-hand side of the inequality can be written as
a*b?cd+-ab*c*d+abc?d® +a?bed® +a?bc? d+ab’ cd?® = abed(ab+be+cd+actad+bd).

The AM-GM inequality implies that a?b?c?d? < (w)4 = (i)4, hence
abed < 1. To see that the factor (ab+ be + cd + ac + ad + bd) is less than 3 we
can proceed in two forms.
The first way is to apply the Cauchy-Schwarz inequality to obtain
(ab+ be+ ed+ ac+ ad + bd + ba + ¢b + dc + ca + da + db)
<@+ + P+ P+ a0+ P+ d? a2+ +d?) =3

The second way consists in applying the AM-GM inequality as follows:

(ab+ be + ed + ac + ad + bd)
<a2+b2+b2+02+c2+d2 +a2+c2+a2+d2+b2+d2_§
-2 2 2 2 2 2 2

Solution 3.115. (a) After some algebraic manipulation and some simplifications
we obtain
I+z+y)°+Q+y+2)°>+1+2+a)?
=3+4(z+y+2)+ 2@y +yz+zx) + 22 + v+ 22).

Now, the AM-GM inequality implies that

(x+y+2z)>3Yryz > 3,
(zy +yz + zx) > 33/12y222 > 3,
(2 + ¢ + 27) > 3Y/a?y22% > 3.

Then, (1+x+y)?+(1+y+2)2?+(1+2+2)2>3+4-3+2-3+2-3=27.
The equality holds when x =y =2 = 1.

(b) Again, after simplification, the inequality is equivalent to

344(x+y+2) + 2y +yz+ zx) + 2(2? + y? + 22)
<3(2? +y* +2%) +6(zy + yz + 21)
and also to 3 +4u < u?+2v, whereu =z +y+2 >3 and v = zy +yz + zx > 3.
But u > 3 implies that (u —2)2 > 1, then (u —2)2+20>1+4+6=7.
The equality holds when v = 3 and v = 3, that is, when z =y = 2z = 1.
Solution 3.116. Notice that

1 1 1 1
1+a2(b+c) 14alab+ac) 1+a(3—bc) 3a+1—abc
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The AM-GM inequality implies that 1 = M?f*w > Va2b2¢2, then abc < 1. Thus

1 B 1 _ 1
1+a2(b+c) 3a+1—abc ™ 3a’
Similarly, m < % and m < % Therefore,
1 1 1 1 1 1

< 44—
1+a2(b+c¢) + 1+ b%(c+a) +1—|—02(a—|—b) - 3a+3b+30

bc+ca+ab L
3abc " abe’

Solution 3.117. The inequality is equivalent to

(a+b+c) + ! + !
“ ¢ a+b b+c cHa

On the other hand, using the condition a + b + ¢ = ab + bc + ca, we have

) >k+(a+b+ok=(a+b+c+1)k.

1 N 1 N 1 :a2+b2+c2+3(ab+bc+ca)
a+b b+c c+a (a+b)(b+c)(c+a)
a4+ 0%+ +2(ab + be + ca) 4 (ab + be + ca)
N (a+b)(b+c)(c+a)

_(a+b+c)la+b+c+1)
B (a+b+c)2—abc

Hence

b

(a+b+c) 1 N 1 1\ (a+b+c)?
(a+b+c+1)\a+b b+c c+a) (a+b+c)?—abc™

and since the equality holds if and only if abc = 0, we can conclude that k =1 is
the maximum value.

Solution 3.118. Multiplying both sides of the inequality by the factor (a + b+ ¢),
we get the equivalent inequality

9a+b+c)(a® +b>+ %) +27abe > 4(a+ b+ c)?,
which in turn is equivalent to the inequality
5(a® 4+ b3 + ) + 3abc > 3(ab(a + b) + ac(a + ¢) + be(b + ¢)).
By the Schiir inequality with n = 1, Exercise 1.83, it follows that
a® 4+ b + ¢ + 3abe > ab(a + b) + be(b + ¢) + calc + a),

and the Muirhead’s inequality tells us that 2[3,0,0] > 2[2, 1, 0], which is equivalent
to
4(a® + b3 + ) > 2(ab(a + b) + ac(a + ¢) + be(b + ¢)).

Adding these last inequalities, we get the result.
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Solution 3.119. Lemma. If a, b > 0, then ﬁ + L +5> 4

2 2 2
Proof. In order to prove the lemma notice that ﬁ + a% + b% — % = %.
Without loss of generality, z = min{z,y, z}; now apply the lemma with

a=(x—2)and b= (y — 2), to obtain
1 1 1
_l’_

CEmE =

W22 G-2f- @-—2)

Now, it is left to prove that zy + yz 4+ zz > (x — 2)(y — 2); but this is equivalent
to 2z(y + x) > 22, which is evident.

Solution 3.120. In the case of part (i), there are several ways to prove it.

First form. We can prove that

x2 n y? n 22 o (yz + zx + xy — 3)?
(@-12 (y=12 (=12 = (@-12y-1)*(z -1
Second form. With the substitutiona = _*5,b = %7 ¢ = %7, the inequality

is equivalent to a® + b2 4+ ¢ > 1, and the condition zyz = 1 is equivalent to
abc = (a—1)(b—1)(c—1) or (ab+ bc+ ca) + 1 = a + b+ c¢. With the previous
identities we can obtain

a®+b*+c = (a+b+c)* —2(ab+ be+ ca)
=(a+b+c)*=2a+b+c—1)
=(a+b+c—1)2+1,

therefore
A+t =(a+btrc—1)72+1.

Part (ii) can be proved depending on how we prove part (i). For instance, if
we used the second form, the equality holds when a®? +b*+c? =1 and a+b+c = 1.
(In the first form, the equality holds when zyz = 1 and xzy + yz + 2z = 3). From
the equations we can cancel out one variable, for instance ¢ (and since ¢ = 1—a—b,
if we find that a and b are rational numbers, then ¢ will be a rational number too),

to obtain a? 4+ b +ab— a — b = 0, an identity that we can think of as a quadratic

Lot (12_a)(1+3a)7 which will be rational

equation in the variable b with roots b =

numbers if (1 — a) and (1 + 3a) are squares of rational numbers. If a = £ then
m — k and m + 3k are squares of integers, for instance, if m = (k — 1)2 + k, then
m—k = (k—1)? and m + 3k = (k + 1)%. Thus, the rational numbers a = £,

b= %ﬂftl and ¢ = 1 —a—b, when k varies in the integer numbers, are rational
numbers where the equality holds. There are some exceptions, that is, when k = 0,

1, since the values a = 0 or 1 are not allowed.




Notation

expr = e”

chclic f(a’ b7 te

We use the following standard notation:

the positive integers (natural numbers)

the real numbers

the positive real numbers

iff, if and only if

implies

the element a belongs to the set A

A is a subset of B

the absolute value of the real number z

the fractional part of the real number z

the integer part of the real number x

the set of real numbers x such that a <z <b
the set of real numbers x such that a < x < b
the function f defined in [a,b] with values in R
the derivative of the function f(z)

the second derivative of the function f(x)

the determinant of the matrix A

the sum a; +as + -+ an

the product a1 - as - - - ay,

the product of all aq,as,...,a, except a;

the maximum value between a,b, . ..

the minimum value between a,b, ...

the square root of the positive real number =
the n-th root of the real number x

the exponential function

represents the sum of the function f evaluated
in all cyclic permutations of the variables a, b, . ..
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Solutions to Exercises and Problems

We use the following notation for the section of Muirhead’s theorem:

ZI F(x1,...,x,) the sum of the n! terms obtained from evaluating F' in

all possible permutations of (x1,...,x,)
(b) is majorized by (a)

by b2 ai ,.,a2
E x n 7’”‘5 xlxz...

We use the following geometric notation:

A, B, C
a,b,c

A B C
LABC
LA
(ABC)
(ABCD...)
Meg, Mp, M
ha; hba hc
la7 lb» lc

S

r
R

1,0,H,G

Ia7 Ib»Ic

the vertices of the triangle ABC

the lengths of the sides of the triangle ABC

the midpoints of the sides BC,CA and AB

the angle ABC

the angle in the vertex A or the measure of the angle A
the area of the triangle ABC

the area of the polygon ABCD...

the lengths of the medians of the triangle ABC

the lengths of the altitudes of the triangle ABC

the lengths of the internal bisectors of the triangle ABC
the semiperimeter of the triangle ABC

the inradius of the triangle ABC, the radius of the incircle
the circumradius of the triangle ABC, the radius of the
circumcircle

the incenter, circumcenter, orthocenter and centroid

of the triangle ABC

the centers of the excircles of the triangle ABC.

We use the following notation for reference of problems:

IMO
APMO
(country, year)

International Mathematical Olympiad
Asian Pacific Mathematical Olympiad
problem corresponding to the mathematical olympiad
celebrated in that country, in that year, in some stage.
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Absolute value, 2

Concavity

Geometric interpretation, 25
Convexity

Geometric interpretation, 25

discrepancy, 46

Erddés-Mordell
theorem, 81-84, 88

Euler
theorem, 66
Fermat
point, 90, 92
Function
concave, 23
convex, 20

quadratic, 4
Greater than, 1

Inequality
arithmetic mean—-geometric
mean, 9, 47
weighted, 27
Bernoulli, 31
Cauchy-Schwarz, 15, 35
Engel form, 35
Euler, 67
Holder, 27
generalized, 32
harmonic mean—geometric
mean, 8
helpful, 34

Jensen, 21
Leibniz, 69
Minkowski, 28
Nesbitt, 16, 37, 65
Popoviciu, 32
power mean, 32
Ptolemy, 53
quadratic mean—arithmetic
mean, 19, 36

rearrangement, 13
Schur, 31
Tchebyshev, 18
triangle, 3

general form, 3
Young, 27

Leibniz
theorem, 68

Mean
arithmetic, 7, 9, 19, 31
geometric, 7, 9, 19, 31
harmonic, 8, 19
power, 32
quadratic, 19
Muirhead
theorem, 43, 44

Ortic
triangle, 95, 98

Pappus
theorem, 80
Pedal
triangle, 99
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Problem
Fagnano, 88, 94
Fermat-Steiner, 88
Heron, 92
with a circle, 93
Pompeiu, 53

Real line, 1

Smaller than, 1
Smaller than or equal to, 2
Solution
Fagnano problem
Fejér L., 96
Schwarz H., 96
Fermat-Steiner problem
Hofmann-Gallai, 91
Steiner, 92, 94
Torricelli, 88, 90

Transformation
Ravi, 55, 73
Viviani

lemma, 88, 90
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