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Ldi néi dau

Chinh phuc bat cit mot su khé khan nao luon dem lai cho nguoi ta mot niém vui sudng tham ling,
bdi diéu dé ciing cé nghia la day Wi mot duong ranh gidi va tang thém tu do cia bin than.

Quyén sach nay dén véi cac ban chinh la bat ngudn tit cau triét i ay. V6i mong muén dem lai
niém yéu thich va say mé cho cac ban vé mot mang toan khé trong chuong trinh toan hoc clia trung
hoc pho thong nhung an chita trong né biét bao nhiéu diéu thi vi va dam mé. D6 chinh 1a bai toan
ve “Bat dang thic”. Quyén sach cac ban dang doc la su tong hop tit cac bai toan hay va cach giai
that don gian chi stt dung nhitng “chat lieu” thuong gap trong chuong trinh trung hoc phd thong,
nhung lai mang dén sy hiéu qui ciing nhitng diéu tha vi dén bat ngd ma ban quan tri dién dan
http://boxmath.vn/ bién tap lai tit cac bai toan bat ding thiic trén dién dan, nhim mang lai cho
céc ban mot tai lieu hoc tap tot nhat. Va ban bién tap xin gti 16i cAm on chan thanh va kinh trong
t6i thay giao Chau Ngoc Hung - THPT Ninh HA&i — Ninh Thuan da nhiét tinh hé trg ki thuat ve
Latex, dong thoi cAm on cac ban da tham gia giii bai, gidi bai trén dién dan. Chinh sy nhiet huyét
clia cac ban da dem dén su ra doi clia quyén sach nay.

Mabi buée di dé dan dén thanh cong trong bat ki linh viuc nao ctia cudc séong luon gan két véi su
dam mé, tim toi, hoc héi va chét loc kinh nghiém. Vi thé qua quyén sach nay hy vong céc ban sé
tim dugc cho minh nhing gi can thiét nhat cho huéng gidi quyét mot bai toan bat ding thic. Dé c6
duge diéu dé cac ban hay xem quyén sach nhu mot ngusi ban va doc quyén sach nhu cac ban dang
d6i ngau say mé véi ngudi ban tri ky nay vay!

Va quyén sach nay ciing mong mudn mang dén cho céc thay c¢o ¢é them tu lieu dé phuc vu trong
viéc gidng day va gieo cho cac hoc sinh clia minh niém yéu thich v dam meé trong cac bai toan bat
ding thic.

Mac dit da c6 su ¢d ging tap trung cao do trong viec bien tap nhung chic chin khong thé khong
c6 sai x6t, mong cac ban doc thong cam va gii nhitng chia sé ctia minh vé quyén sach dé ban bien
tap c6 them nhiing ¥ kién quy bau dé hoan thién quyén sach hon.

Moi chia sé clia cac ban xin gtii vé dia chi liltee tm@yahoo.com.vn

Thay m#t nhom bién soan, t6i xin chan thanh cam on.

Thai Binh, ngay 29 thang 10 nam 2011.

Dai dién nhém bién soan
Chu bién
Tang Hai Tuan - Lil. Tee
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Cac thanh vién tham gia bién soan

No6i dung
e Tang Hai Tuan - A12 [2008 - 2011] - THPT Nguyén Diic Canh - TP Thai Binh.
e Pham Tuan Khai - THPT Tran Van Ning - Dong Thap.
e Ta Hong Quéng - TP Ho Chi Minh - Viing Tau.
e Nguyén Qubc Vuong Anh - A1 [2008 - 2011] - THPT Ninh Giang - Hai Duong.
e Ding Nguyén Duy Nhan - A1 [2009 - 2012] - THPT Sao Nam - Quéng Nam.
e Giang Hoang Kiet - A6 [2009 - 2012] - THPT Mac Dinh Chi - TP H6 Chi Minh.
e Tran Quoc Huy - THPT Phan Dinh Phung - Phu Yen.
e Nguyén Vian Thoan - Nam Dinh.
e Nguyén Khic Minh - [2009 - 2012] - Truong THPT Kién Thuy - Hai Phong.

e Uchiha Itachi - TP Ho Chi Minh.

ETEX

Ho6 tro ki thuat Latex

e Chau Ngoc Hung - THPT Ninh Hai - Ninh Thuan.

Tang Hai Tuan - A12 [2008 - 2011] - THPT Nguyén Diic Canh - TP Théai Binh.

Pham Tuan Khai - THPT Tran Van Nang - Dong Thap.

Ta Hong Quang - TP Ho Chi Minh - Ving Tau.

Dang Nguyén Duy Nhan - A1 [2009 - 2012] - THPT Sao Nam - Quéng Nam.

Trinh bay bia

e Pham Tuan Khai - THPT Tran Van Ning - Dong Thap.
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MOT SO BAT DANG THUC THUONG DUNG TRONG
CHUONG TRINH THPT

I. Bit diang thic AM-GM.
1. Bat ding thiic AM-GM cho 2 sb.

Cho a,b 1 céac s6 thic khong am. Khi d6 bat dang thitc sau ding:
a+b>2Vab
Dang thitc x4y ra khi va chi khi a = b.

2. Bat dang thic AM-GM cho 3 sb.

Cho a, b, c 1a cac sb thuyc khong am. Khi d6 bat ding thiic sau ding:
a+b+c>3vabe
Déang thtic xay ra khi va chi khia = b = c.

I1. Bat dang thitc Cauchy-Schwarz.

Néu a, b, c,z,y, z 1a cac s6 thuce tiy ¥ thi
(az + by +c2)? < (a® +0* + ) (2® + y* + 2°)

\ a c P .
Dang thiic xay ra khi va chi khi — = — = — (qui u6c: néu mau bang 0 thi tit ciing bang 0).
r Yy oz

Hé qua:

Néu a, b, c 1a cac s6 thuc va z,y, z 1a cic s6 duong thi:

2 2 2 2
.a_+b_+c_2(a+b+c)
T Y z rT+y+=z
1 1 4
o —+— >
r oy Tty
1 1 1 9
o L+ >
r Yy z T+y+z

ITI. Bit ding thiic Véc to.
Xét vee to @ = (a;b), ¥ = (2;y), W = (m;n)
Ta ¢6 |U| + | V| > |« + 7], hay la.
Va2 + b2+ /a2 +y? > \/(a+x)2+(b+y)2
Déng thic x4y ra khi @ va ¥ cung hudng.
Ta co |U| + | V| +|&| > |4 + ¥ + ], hay la
Jﬁ%%ﬂ+vh?+y”+¢m?+n22Vka+$+nw%+®+y+nf
Déng thic x4y ra khi @, ¥ vd @ cling hudng.
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ITI. Bit ding thidc Holder.

Cho a,b,c,z,y,z,m,n,p la cac s6 thuc duong. Khi d6 ta c6
(@® + V> 4 ) (2% + ¢ + 2%) (m® + n® + p?) > (axm + byn + czp)”

Chting minh:
St dung bat dang thitc AM-GM ta cé:
a’ 3 m? 3axm

+ + >
a3—i—b3—|—c3 1’3+y3+23 m3+n3+p3_{/(a3—|—b3—|—c3)(x3+y3+23)(m3+n3+p3)

Thiét lap 2 biéu thitc tuong tu v6i bo (b, y,n) va (c, z,p) rdi cong vé v6i vé ta c6 dicu phai ching
minh.

Diang thiic xay ra khi cac bién bang nhau.

Chu y: Bat ding thic Holder khong dude hoc trong chuong trinh toan phé thong, nén khi di thi
phai ching minh.

IV. Mot s6 bat dang thic hay sit dung.
Véi a, b, c,z,y, z 1a cac s6 khong am. Khi dé ta c6

L.a>+ b+ >ab+be+ ca

(a+b+c)
3
(a+b+c)® > 3(ab+ be + ca)

\V)

LA+ >

Py P 2 > ayz(n oy 4 2)
(zy +yz+2x)’ > 3zyz(z 4+ y + 2)
B+ P+ > (@40 + A

o ot s w

~

(a+b+c)(ab+ bc+ ca) < g(a +b)(b+c)(c+a)

Ching minh:

a?> +b*+c2 > ab+ be+ ca
Lot giai:
Bét déng thic dang do

@’ + b+ > ab+be+ ca < 2 (a® + 0° + ) > 2(ab+4bc+ca) < (a—b)>+(b—c)’+(c—a)> >0

Déang thtic xay ra khi va chi khi a = b = c.

b 2

Lot giaa:
Bét dang thic ding theo bat ding thiic Cauchy-Schwarz

(12+124+1%) (B + 0+ ) > (a+b+c)
Déng thitc xay ra khi v chi khi a = b = c.
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(a+b+c)’ > 3(ab+ be + ca)
Lot giaa:

Bat ding thtc can chitng minh tuong duong v6i 1 bat déng thitc ding sau:
(a+b+¢)” >3(ab+bc+ca) & a?+b* + 2 > ab + be + ca

Déng thitc xay ra khi v chi khi a = b = c.
22y? +y?2% + 222 > ayz(v +y + 2)
Lot giaa:
Bat ding thic ding vi khi ta dit a = 2y, b = yz, c = zz thi bat ding thitc tré thanh bat dang thic
a® + b*> + 2 > ab+ be + ca.
Déng thitc xay ra khi va chi khi 2 =y = 2z hodc y = 2 = 0 hodc 2 = y = 0 hodc z = 2 = 0.
(zy +yz + zx)* > 3zyz(z 4+ y + 2)
Lot giaa:
Bat ding thic ding vi khi ta dit @ = 2y, b = yz, c = zz thi bat ding thitc tré thanh bat dang thic
(a+b+c)* > 3(ab+ be + ca).
Déng thitc xay ra khi vi chi khi 2 =y = 2z hodc y = 2 = 0 hodc x =y = 0 hodc z = 2 = 0.
’ 6] 3(ad 4+ b + ) > (a® + b2+ 2)° ‘
Lo giaa:
Bat ding thic ding vi theo bat dédng thiic Holder ta cé:

(P+1°+1°) (®+0°+ ) (a® +0° + &) > <\3/13.a3.a3 + V13033 + \3/13.03.c3>3 = (a®*+ 0+ 62)3

Déng thtic xay ra khi a = b = c.
(a4 b+ c)(ab+ bc+ ca) <
Loi gidis
St dung bat dang thitc AM-GM ta c6

(a+b)(b+c)(c+a)

ol g

(a+b)(b+ c)(c+a) > 2vVab.2vbe.2v/ca = 8abe

Do dé

(a+b+c)(ab+bec+ ca) =abc+ (a+b)(b+c)(c+a) < <%+1) (a+b)(b+c)(c+a)

Déng thitc xay ra khi a = b = c.

V. Mot sb hing ding thic dang nhdé

c(x+yYy+2)+W+2)(z+a)++a)(z+y) =(@+y+2)° +ay+yz+ 2
e(x+y)(y+2)(z+a)+tayz=(v+y+2)(zy+yz+ )

el 412+ 22 = (x+y+2)° —2xy+yz + 2x)

ol L P+ = (v hy+2)° =3 +y)(y+2)(z+a)
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1 Bai 1l dén bai 20

Bai 1. Cho ba s6 thuc duong a,b, c théa man a’b? + b2 c® + 2a® > a’b*c?.
Tim gid tri nhé nhat cia:

ab? b2c? c2a?

3 (a? +0?) T3 (b2 + ¢2) = (2 +a?)

Loi gidi:
1 1 1
Datrx=—-y=—,z2=—.
a” b c
Khi d6 gia thiet duge viet lai la:
A |
e % .3
+ +
Y2422 224 a2 4y?
Stt dung bat dang thitc AM-GM, ta cé:

z(y® + 2%)

\/—\/2932 2+ 22) (42 + 22)

1 (2x2+y2+z2+y2+z2>3
S_
NG 3

2V3
= —\/_ (2 +y* 4+ 2°) Va2 +y2 + 22

9

2v3
y(22 + 2?) < —\/_ (2 + >+ 2°) Va2 +y2 + 22

9

2v/3
2(2? +97) < i (® + 9>+ 2°) Va2 + 2 + 22

Mat khéc, sit dung bat déng thiic Cauchg—Schwarz va két hgp cac danh gia trén, ta thay rang:
_ 3 . % . 3
y2+22 22+JJ2 x2+y2
- (272 + %+ 22)2
T a(y?+ 22) +y(22 4+ 2?) + 2(22 4+ y?)
(22 + 9 + 22)2

M‘(x2+y2+22)' /22 1 42 + 22
Va2 4y + 22

Tuwong tu, ta ciing co:

v

w

wlwma

>
1

Makhiz=y=2=—thi A=
/ V3

. 1zl 3 1
Vay gia tri nho nhat ctia A 1a g khiz=y=2=

7

Bai 2. Cho hai s6 thuc duong x,y théa min — x+y+ 1= 3xy.

Tim gid tri l6n nhat cia:
3z 3y 1 1

_|_
yle+1)  zy+1) a2 y?

Loi giai:
Cach 1.
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Tit gid thiét

Jry—l=x+y>2oye Vey—1)ByVey+1) >0 Jay > 1<y > 1

Va
y+rt+y+l=dzy< (x+1)(y+1) = 4oy
Ta c6
3x I Bey—xz—-1 Y B 1
yle+1) y* P+l P(e+1) ylr+1)
Suy ra
B 1 . 1 _ 2zy+x+y  Sry—1
yle+1) xly+1) b2y da?y?
. ot — 1
Xét ham s6 f(t) = e voit =xy > 1. Ta c6
20t — 8t(5t — 1) 8t — 202
"(t) = = <0v6it>1
/ f® 16t* ot =V
Vi vay ham so nghich bien véi ¢t > 1
= f()yax =f(1)=1khit=1< Myax=1khiz=y=1
Cdcilz2 )
bat —=a,—=b=a+b+ab=3
T Y
Taco:3=a+b+ab> ab+ 2vVab > 3.5a2b? < ab < 1
Suy ra
ab ab a+1+b+1 5—ab
M = b.(——— ) = ab.
a+1+b 1 a(ab—i—a—I—b—f—l) “ 4
_—[( > — 2ab + ]+3a+1 (ab—1)2+3ab+1<1
— 1 1 <

Dau bang xay ra khi va chi khi a = b = 1.
Bai toan dugc hoan tat.

Bai 3. Cho a,b,c la cdc so thuc duong.
Chatng minh rang:

< Z
3 !

a+b+c 1€/(a+b)2(b+0)2(c+a)2
abe

Lot giazi:
Do bat ding thic thuan nhan nén ta chuan héaa+b+c=1
Ta c6 bat déng thitc tuong duong

27[(a + b)(b + ¢)(c + a)]* > 64abc
Dé thay
(a+b)(b+c)(c+a) > g(a+ b+ c)(ab+ be+ ca)

(bién ddi tuong duong va sit dung AM-GM)
nén ta dudce
(ab+ be + ca)® > 3abe < (ab + be + ca)® > 3abe(a + b + ¢)
Diéu cudi luon ding, do d6 phép chitng minh hoan tat.
Diéng thitc xay ra khi va chi khi a = b = c.
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Bai 4. Cho a,b,c la cic s6 thuc duong théa man abc = 1.

a* + b bt + ¢ ct+at
+ + >3
14+ ab 1+ be 1+ca

Chaing minh rang:

Lot giai:
Ta co
at + vt B 2(a* + b*)

a? b?
I e Dp L
1+ ab po 2+ 2ab p” 2 4+ 2ab e 2+ 2ab

Stt dung bat dang thitc Cauchy-Schwarz va AM-GM ta, c6:

2a+b+c)’ > 2a+b+c)’ S 3

>
Z\/2+2a ST2v/2 + 2ab ab+bc+ca—|—9 2

cyc

Tuong tu

>3
2

Z\/2+2a

cyc

Cong 2 bat ding thiic ta duge
a* +b! b+ ¢t A +at
+ + >3
1+ab 1+ be 1+ ca
Phép chitng minh hoan tat.

Diang thitc xay ra khi vi chi khia = b=c = 1.

Bai 5. Cho a,b,c la cdc so thuc théa man a® + b* + ¢ # 0.

Chiaing minh rdang:
a? —be
g — >0
ol L e

Loi gida:
Cach 1.

Ta cb

Z 2a? — 2bc _Z(a—c)(a+b)+(a—b)(a~l—c)
” 202 + b2 +¢2 2a% + b2 + 2

cyc

—Z a-+b B b+c )

> 2a2 +024+c2 202 +b% 4 c?

_Z(a—c)Q(a2+b2—i—02—ab—bc—ca)

- (2a2 + b + 2)(2¢% + b2 + a?) =0
Bat ding thtc cubi luon ding, do dé ta c6 diéu phai ching minh.
Déng thiic xay ra khi va chi khia=b=c
Cach 2.
Bat dang thic can chitng minh tuong duong
2a — 2bc 2% — 2ac 2¢% — 2ab
+1>3

iRt W tadte atati =
(a+0b)?
= — 7 <3
%202+b2+a2_
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Mat khéc
b+c)? (b+c)? < b? c

2

262+ 02+ a2+ +a?+c2 T a2+62+a2+62

Tuong tu ta duge
(a+c) a? N 2
202 +a? 4+ T b2 +a? b2+ 2

Va )
(b+c) b? N ?
202+ b2+ 2 ~ a2+ 02 a2+ 2

(a+b)°
Y <
;202+b2+a2 <3

Cong vé theo vé ta dugc

D6 chinh la diéu can ching minh.

Diang thiic xay ra khi va chi khia=b=c=1.

Bai 6. Cho a,b,c la cic so thuc khong am théa man a +b+c = 3.

Y a(b+¢) > 3./2abe

cyc

Chatng minh rang:

Lo gidi:
Bat ding thic can chiing minh tuong duong

\/b+c+\/c+a \/a+b
2bc 2ac 2ab —

Ta co 5
1= (LZH_C) > abce
3
va
(a4 0)(b+ c)(c+ a) > 8abc
Suy ra

(a+b)(b+c)(c+a) > 8(abe)?
@3\/(a+b)(b+0)(c+a) .

abe)?
[b+c cta \/a+b
>
< 2be \/ 2ac 2ab =

Ding thiic xay ra khi va chi khia=b=c=1.

Phép chiing minh hoan tat.

Bai 7. Cho a,b,c la cdc so thuc duong.

<1+§> <1+%) <1+§>22+2(5‘C+\/%2)

Chitng minh rang:

Lot giaa:

Ta co:

http://boxmath.vn/
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St dung bat dang thitc AM-GM, ta thay

x+x+x> 3x
Yy oz T Jryz
3
Yoy, Y 3
r oy z  Jryz
z+z+z> 3z
r Yy z  JYryz
Cong ttng vé ta dugc
z z r+y+z
NN S P SN Ct hk)
y oz T x Yy Yryz
Mat khéc:
x+y+z>3
Jryz
Suy ra
r _ 2r+y+=z
G NP AR
Yy z T T Yy =z Jryz

Phép chiing minh hoan tat.
Dang thitc xay ra khi va chi khi a = b = c.

Bai 8. Cho a,b,c la cdc so thuc duong.
Chatng minh rang:
(1+a®) (1+0%)(1+c) > (14 ab?) (1 +bc?) (1+ ca?)

Lot giaa:
Ap dung bat ding thic Holder ta dugc:

(14d®) (14+6%) (1+6%) > (1+ab?)’
(14+6%) (1+¢*) (1+¢) > (14b2)°
(1+)(1+a®) (1+a*) > (1+ caz)3
Nhan ting vé clia 3 bat ding thic trén ta duge
(L) (L+8%) (L4+¢) > (14 ab?) (1+b) (1 + ca?)

Phép chiing minh hoan tat.
Diang thitc xay ra khi va chi khi a = b = c.

Bai 9. Cho a,b,c la cdc so thuc duong théa man a +b+c = 1.
Chaing minh rang:
be
<2

va-+be

2

Lot giai:
Stt dung bat dang thitc AM-GM va két hop gia thiét, ta co:
be bc B bc < 1 ( bc
Va+be \Jala+b+c)+be (a+b)a+c) ~ 2\a+b

http://boxmath.vn/
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Tuong tu ta duge:

ac N ac
b+a bi+c

( ab N ab)
Ve+ab T 2\c+a c+b

Cong vé theo vé cac bat ding thitc tren, ta dugc

1

< Z
vb+ac 2
1

=)

Zbc <1 b+ab+bc+bc+ca+ca _1
a+bc” 2\a+c b4+c a+b a+c b+a b+c 2

Phép chitng minh hoan tat.
. 1
Dang thiic xay ra khi va chi khia=b=c= 3

Bai 10. Cho a,b,c la cdc s6 thuc duong.

Chaing minh rdang:
a b c 1

+ +
Vb+c Vat+c Va+

2

b2—<ﬁ+\/5+ﬁ)

Lo gidi:
Cach 1.
Bat dang thic can chitng minh tuong duong

b

C

Theo bat dang thitc AM-GM ta duge

V2avb+c < 2a—|—Tb+c

\/% a+c§2b+Ta+c

\@,/—HbSQHT‘Hb

Do do6 ta co:

2a 2b 2¢

(VI VB4 V) Vi e (VEa+ VB +vE) JaFe (Bt B+ VE) Va ks

b2

>

N | —

02

2
a
P> =2
~ 2a+5b+ 5c+2b+ 5a + 5c+20+ 5a + 5b (2@2 + bab + bac * 2b2 + b5ab + bbc * 2¢2 + bac + 5bc

Theo bat dang thitc Cauchy-Schwarz

(a+b+c) 1

2 2
Z a - (a+b+c)

2.
2a2 + bab 4+ 5ac —  2a? 4+ 202 + 2¢% 4 10ab + 10bc + 10ca

cyc

Chitng minh hoan tat.
Diang thitc xay ra khi va chi khia = b = c.
Cach 2.

Ta cb

a b 1 1

C
P = + + = (a+b+
Vb+c Vat+c Va+b (a c)(
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Theo bat déng thiic Cauchy-Schwarz ta cé

S S )> 9.(a+b+c)
Vb+c Va+b Va+c)  Vat+b+vVb+cec+e+a

Theo bat dang thitc AM-GM ta cé:

(a+b+c)<

Va+b+Vb+c+veta<y32(a+b+c)

Suy ra
IYa+b+c) 3(a+b+c)
> —V32a+bt+e) =" T > = (Va+Vh+
V32.(a+b+c) V32 ) V2 \/_<\/— \/_)
Phép chitng minh hoan tat.
Diang thitc xay ra khi va chi khia = b = c.
Cach 3.
Do bat ding thic thuan nhat, chuan héa: a +b + ¢ = 3.
Ta sé chiing minh:
LN PR
TR
That vay, ta co:
t _ﬁ_3(t—1)_i(M—\/_)Z(\/T+\/_)(5\/—+6\/_)
=i VE aE VA WBT(VIt VB 1)
Suy ra
a b c
+ > — (Va+vb+ a+btc—3)>—=(Va+Vb+
o V3 b Vioco \/_(\/_ ve)+ \/E( 3) 2 \/_(\/_ ve)

Phép chiing minh hoan tat.
Déng thitc xay ra khi v chi khi a = b = c.

Bai 11. Cho x,vy, z la cdc s6 thuc duong théa man x + vy + z = 6.
Chaing minh rdang:
836 + 8y + 8z Z 4x+1 + 4y+1 + 4z+1

Lot giai:
Cach 1.
bat a =2%,b=2Y, ¢ =2 — abc = 64
Bat ding thitc da cho dugce viét lai nhu sau:

a® +b* + ¢ > Vabe (a® +0* + )
Theo bat déng thitc AM-GM ta co:
3vVabe < (a+b+c)
Suy ra ta sé chting minh
3(a®>+b6°+%) > (a+b+c) (a®+ b+ )
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Ha;
' 2 (a®+ b + ) > ab(a + b) + be(b+ ¢) + ca(c + a)
That vay, theo bat dang thitc AM-GM ta c6:
a® + a® + b2 > 3a%b
a® + a4+ & > 3d%e
a® + b3 + b3 > 3ab?
a® 4+ A+ & > 3ac?
b+ b3 4+ 2 > 3b%e
b3+ + ¢ > 3bc?
Cong timg vé clia cac bat dang thic trén ta dugc

2 (a® + b + ) > ab(a+b) + be(b+ ¢) + ca(c + a)

Phép chitng minh hoan tat.
Déang thtic xay ra khi va chi khi a = b = c.
Cach 2.
bat a =2%,b=2Y, ¢ = 2* — abc = 64
Ta phai ching minh:
a+ 0+ >4(a® + 0> + )
That vay, ta co:
a’® + a® + 64 > 12a?
B+ +64>1202 = a®+0° 4+ +96 > 4(a® +0° + ) +2(a® + b* + &2)
43 +64 > 1262

Ta lai co: 2(a® 4+ b% + %) > 23V a2b2c? = 96
Suy ra ad+ 0+ >4 (a® + b+ )

Phép chitng minh hoan tat.
Déng thitc xay ra khi v chi khi a = b = c.
Cach 3.

Ta co 2( )
2T — YY) (2% 4 2¥
(4w+4y—|—4z)(2"’”+2y—|—2z)+q§czj¢c ( )

8% + 8V + 8 =
+8Y + g g

Theo bat dang thitc AM-GM ta c6

2T 4 W 4 97 > 3 /2utvt: = 3.95F T =392 =12
Do de: 4T 4 4Y 4 47) (2 4 2V + 27
( _|— _|_ )3( _|_ + ) Z 4 <4I +4y +4z) — 4x+1 +4y+1 _|_4Z+1
Dé thay:
2T 9y} (9T 4 ¥

3 ( )7 (27 +2Y) >0

cyc 3
Suy ra:

]% 4 8Y + &7 Z 4x+1 + 4y+1 + 4z+1
Phép chitng minh hoan tat.
Diang thiic xay ra khi va chi khiz =y = 2 = 2.
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Bai 12. Cho x,y, z la cdc so thuc duong théa man xy + yz + zx = vyz.
Chaing minh rdang:

T Y z 1 1 1
E—i—;—i—PZS ?+?+;

Lot giai:
1 1 1
batr=—-y=-,2=-=a+b+c=1.
a b c

Ta can chitng minh:
a? v
— 4+ —+—>3(a®+ b+ )
c a b

Cach 1.

Theo Cauchy-Schwarz ta co:
a2 A at b A (a4 P

c a b a2c | b2a | b~ a®c+ b2a + c2b

Ta sé chiing minh:

(a2+b2+62)2 5 o o
>3 b
a’c+ b%a + 2b — (a+ +C)
& a® + 0+ & > 3 (a’c+bPa+ Ph)
S (a+b+c)(a®+0*+ %) >3 (a°c+b’a+cb)
®a3+b3+03+a02—|—ba2+cb222(@20+b2a—1—02b)
Vay ma theo AM-GM thi:
a’® + ac® > 2d’c
b* + ba® > 2b%a
S+ cb? > 2¢%
& a®+ b+ A +ac® +ba® + b > 2(a’c+ bPa+ )
Phép chitng minh hoan tat. Dang thitc x4y ra khi va chi khia:b:c:§<:>x:y:z:3.
Cach 2.
Ta c6: 2 )
a—+—+6—23(a2+b2+02)
c a b
CL2 b2 02 2 2 2 2 2
@?—l—g—l—?—(aij—l—c) >3(a@®+b0+*) —(a+b+c)
a> v P

<:>?+E+?—(a+b+c)23(a2+b2+02)—(a+b+c)2

o (a—0)2+(b—aa)2+(c—bb)2

@Zc(a—b)Q(é—l) >0

1 1 L. as P
Via+b+c=1= pRAbs > 1, do d6 bat dang thic cudi dang.
a b’ c

Z 2 1
Phép chitng minh hoan tat. Dang thitc xay ra khi va chi khia =b=c = 3 Sr=y=z=23.

2(&—b)2+(b—c)2+(c—a)2

Bai 13. Cho x,y, 2z la cdc s6 thuc duong théa méan x,y > 1,2 +y + 3 = xy.

Tovm gid tri lon nhat cia:

2 —1 21 1
p:\/ +\/y X
x Y r+y

L gidi:
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1 1
bata=—-,b= -
T Yy
b)? 2
Suyra:&+b+3ab—1§a+b+w<:>a+bzg
Ta co:
ab
P=V1-a+V1-b+
a+b
1—(a+0)
< /22— (a?+ b? —_—
< V2R (@ + 0]+ =y
[ 2
< |2 2_(a+b) 11
\ 2 3a+b) 3

2 2
(3) 11 1+8/2

< |2|2—-—~—F — — - =
- 2 +3g 3 6
3
.’ , 1 14 8v2
Dang thic xay ra khi va chi khi a = b = 3 &=y =3. Vay munP = +T\/—

Tovm gia tri nho nhat cia:
20

+
vVr+z o Jy+2

P=z+y+z+

Bai 14. Cho x,vy, z la cdc s6 thuc duong théa man x* + y* + 2% + 2zy = 3(x +y + 2).

Lot giaa:
Cach 1.
Theo bat dang thitc AM-GM ta c6:

3r+y+2)=(@+y)’+22>(z4+y+2)’=0<z+y+2<6

N | —

1
2 93+Z§§(4+x+z)
1
Suy ra:
Poatytet—0 4+ 0 5 iyyyay 520
s V4 xXr z
=Ty Atz+z2 6+y° Y 0+z+y+z
320
Xét f(t) =t
I =t
. 320 .
Ta c6: f'(t) =1 — ———= < 0 véi Vt € (0, 6]
(10 + )

Vay ham s6 nghich bién véi Vi € (0, 6]
Suy ra f(t),, = f(6) =26
Diang thitc xay ra khi va chi khiz =1,y = 2,2 = 3.
Cach 2.
Ta co:
Baty+z)=@+y)’+2>La+y+)’=20<r+y+2<6
Stt dung bat dang thitc Cauchy-Schwarz va AM-GM, ta c6:
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n 20
itz Vy+2

P=x+y+z+

80
>r+y+z+
Y Ve+z+y+2
80
zr+y+z+
V2@ +z+y+2)
16+/2 16v/2 8v/2
=|lr+ty+z+2+ v2 + v2 + v2 -2
ViEz+z+y+2) J@+z+y+2) ViE+z+y+2)

9
> 31/16v/2.16v/2 + \/8% —9

= P > 26.
Diang thitc xay ra khi va chi khi z = 1,y = 2, 2 = 3. Vay minP = 26.

Bai 15. Cho a,b,c la cic s6 thuc duong théa méan a+b+c=1.

Chaing minh rang
1+a a b ¢
<2(-4+-4+-
Zb+c_ (b+c+a>

Lot giaa:
Ta phai ching minh:

a a b b c c
+

b b+c ¢ a+c a a+

>

>

NN GV]

o 0 n be n ab
blb+c) ala+b) clc+a)
(ac)® (be)’ (ab)®

abe(b+c¢)  abe(a+b)  abe(c+ a)

Mit khac: Theo bat déng thic AM-GM ta cé:
(ab+ be + ca)® > 3 (a®be + abc + abc?) = 3abc(a + b+ ¢)

Theo bat dang thitc Cauchy-Schwarz ta co:

(ac)? (be)? (ab)? S (ab+ be + ca)®
abc(b+c¢)  abc(a+b)  abe(c+a) — 2abe(a+ b+ c)

Bai toan dugc chitng minh xong. Dang thitc xay ra khi vi chi khia =b=c =

b
3
2

3
> 2
-2

3
2
1
3

Bai 16. Cho a,b,c la cic s6 thuc duong théa man a+b+c = 3.
Tim gid tri nhé nhat cia
1+ a%b + b? 2 81
P =100 + (ab+ be + ca)— 22T rer e

a?b+ b2c+ cta + (a+b)(b+c)(c+ a)+ abc

Lot giazi:
Ap dung bat ding thic AM-GM, ta c6:
a4+ a® + b > 3ab
B +vd 43 >3 = a4+ 0+ S > a?b+ bPe+ .
A+ A+ a® > 3ac?
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Va: (a+b)(b+¢)(c+a) + abc = (a+ b+ ¢)(ab+ be + ca) = 3(ab+ be + ca).
Cach 1.

faco b+ be + 81
a ¢+ ca
P > 100 b+ b
- rab C+ca+a3+b3+c3+3(ab+bc~l—ca
b+ b 27
= 100 + ab + bc + ca + v bet ca

30 — 9(ab + bec + ca) +ab+bc+ca
Dat ab+ bc + ca =t(0 <t < 3)

Ta co: 81
P=f(t)=100+1¢ —

1) * +30—9t—i_3t

30—-9t)+9t 27 30 27

flit)=1 %——2:1+—2——2<0v610<t§3
(30 — 9t) 13 (30 — 9t) 3
Vay f(t) nghich bién v6i 0 < ¢ < 3
= f()yn = f(3) =113
Diang thiic xay ra khi va chi khia=b=c=1.
Cach 2.

Ta sé ¢6 thém 1 danh gia nhu sau:

a’b + b’c + Pa =

2
(ab+bc+ Pa) + g(azb + b’c + c%a)

IN

(a3 + 03+ 03) + % (aQb + b2+ 02(1)

(a+b+c)(a®+b0°+) =a®+ b+ ¢

O Wl W~ W

—2(ab+ be + ca).

Suy ra:
ab 4 bc + ca 27

a2b+b2c+02a+ab+bc+c&
ab + be + ca 27

9 —2(ab + bc + ca) +ab+bc+ca'

P > 100+ ab+bc+ ca +

> 100 + ab + bc + ca +
bat ab+bc+ca=t0<t <3
) t 27 9 9(9 — 2t) 18 9
Khi d6 P > 100 t+—=295 2t + — —
I T TlRo—m T 2 ]+< +t)+t
Theo bat déng thitc AM-GM ta c¢6

to 9=,
2(9 — 2t) 2 =7

18
2t+7212
9
Matkhéczzi%
Vivay P>95+3+124+3 =113

Két luan: Py ;v = 113 khi va chi khia =b=c = 1.
Bai toan dugc hoan tat.

Bai 17. Cho a,b,c la cic s6 thuc duong. Ching minh ring

1 1 1 3
P= + + >
a(b+1) blc+1)  cla+1) ™ Yupe (\B/abc - 1)
Lot giai:
Dat: z = \3/5792 \3/6722 \3/6
Suy ra
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1 1 1 3

P = >
x3(y3+1)+y3(z3—|—1) +z3(:1:3+1) ~ ayz (zyz + 1)
Ta co:
1 1
M=31 3y82%)
Ly’ x3y—|—1 y3(23+1)+z3(:1:3—|—1)
BB

cyc

Theo bat dang thitc AM-GM ta c6:

2 +1
— >3
ZI3(y3+1) = JTYz

cyc

P +1 3
> >
3 (14+y3) ~ ayz

cyc

Suy ra
3
M > 3zxyz + —
xyz
3,33 3
= (1+2°y°2%) .P > 3ayz+ — —3
TYz
Ta lai co: ) oo
3 3 1 3
—(x3y323+1) (y"=" —wyz+1) =3ryz — 3+ —
xyz(zyz + 1) Yz 2yz
Vi vay
3 3

1 P> (1 e — e P>
(1+2%°) ( +xyz)xyz(:cyz+1) ~ xyz(ryz + 1)

Chitng minh hoan tat. Dang thitc xay ra khi vhchikhiz =y =2 < a=b=c

1+ 2? y? (2* 4+ 1)
— +1 Yy e T
Zx3y+ zy:(y P41 ) Xy;:v?’(y“rl) Zy: (1+¢°)

Bai 18. Cho a,b,c la cdc s6 thic duong. Chiing minh rdng
abc <(a+b)(a~|—b+2c)<1

(a+0)(b+c)c+a) = (3a+3b+2c)

|

Lot giai:
Truée hét ta ching minh:

(a+b)(a+b+2c) < 1
(3a+3b+2¢)> 8

That vay, ta co:
1
(a+b)(a+b+2c) = 5(2@ +2b)(a+ b+ 2c)

_1[(2a+2b) + (a+b+2) 2
=2 2

1
= 5Ba+3b+ 2¢)?

Suy ra
(a+b)(a+b+2c) < 1

(3a+3b+2¢)> 8
Dang thitc x4y ra khi va chi khi a + b = 2c.
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Bai 19. Cho .y, z la cdc so thuc duong théa man x* + y? + 22 = 3. Tim gid tri nhé nhat cia

biéu thic:
1 1 1

xy—|—2+yz+2+zm—|—2

Lot giai:
Theo bat dang thitc Cauchy-Schwarz ta cé
1 1 1 9
+ + >
ry+2 yz+2 zx+2 7 xzytyz+zr+6

Theo bat dang thitc AM-GM ta c6:
x2+y2+22 > xy +yz + zx

Suy ra:

9
P> -
TP+ A6

Bai toan dugc hoan tat. Dang thic xay ra khi va chi khi x =y = 2z = 1.
Bai 20. Cho a,b,c la cic s6 thuc duong théa méan: a + b+ c = 3. Chitng minh ring
Yala+c)(2a+b) + /b(b+ a)(2b + ¢) + ¥/c(c +b)(2c + a) < 376

Loi gidis
Theo bat dang thitc AM-GM ta c6:

at+c 2a-+b
\5/1‘1‘a.a+02a+b<1+1+a+ 9 + 3 2 13a b c

2 3 = 5 5730 "5 10
Tuwong tu ta co:

2  13b c a
°/b(b 2b < 4+
Vol +a)(2+o) < o+ 35+ 5+ g
. 2  13c a b
: b)(2 <Zpe e 0
\/c(c—l— )( c+a)_5+30 =10

Cong vé v6i vé cac bat ding thitc tren, ta dugc:

% [{‘/a(a+ ¢)(2a+b) + /b(b+ a)(2b+ ) + /c(c + b)(2c+a)} < ¥+(£ + % + %) (a+b+c) =3

& Yala+ c)(2a+b) + 3/b(b+ a)(2b + ¢) + elc + b)(2c + a) < 376

Chitng minh hoan tat. Dang thitc xay ra khi vi chi khia =b=c = 1.

2 Bai 21 dén bai 40

Bai 21. Cho a,b,c la cic s6 thuc duong théa man: a + b+ c = 3. Chitng minh ring
1 1 1 5 19 . o
2 + 02 + 2 >a“+b"+c

Lot giaa:
Cach 1.
Do a,bc>0=a?+ 0P+ <(a+b+c)>=9
TH1: Gia st 1 trong 3 s6 a, b, ¢ nhé hon %
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1 1
B + —->9 Bat déng thiic luon ding trong trudng hop nay.

. 1 7
TH2: Glasu’ca380 a,b,cdéulénhdn 3 Doa+b+c:3:>a,b,c§§

1
Khi do tong -+t 55

Ta co: 2
1 9  —(a—1)"(a® —2a 1) 17
E—a —(—4a+4)— a2 ,V(le g,g
Suy ra:
1
E—(I > —4a +4
Tuong tu ta co:
1 2
b—g—b > —4b+4
1
—2—0 > —4c+4
c
Cong vé theo vé, ta dugc:
1 1 1 1 1 1
— ﬁ—i___& — b — 0224(3—a—b—c)—02>—+ 2+—>a + 0 +

b
Déng thitc xay ra khi v chi khia =b=c = 1.

Cach 2.

TH1: V6i a,b,c € (0;1 4 v/2). Khi dé ta c6 uéc ugng:

1
—2—a> —da+4e —at+4a®>—4a*>+1>0
a , luén ding

<:>(a—1)2[2—(a—1)2] >0

Tuong tu
Ly
ﬁ_b > —4b+ 4
Ly
- —c > —4c+4
c
Cong ting vé clia 3 bat ding thic ta duge
1 1 1
——d+ 5P+ 5-F>12—4(a+b+c)>9
a b2 c?

TH2: Néu c6 mot trong 3 s6 a, b, ¢ 16n hon hodc bang 1 + v/2.
Khong mat tinh téng quat gid si a > b > ¢ suy ra:

2 —+/2 1
a>14+V2=b+c<2-V2=c¢< 2\/_:>—226+4\/§
c

Khi d6 VT'(1) > 6 + 4v/2. Trong khi d6 VP(1) < (a+b+¢)* = 9.
Nhu vay trong TH2, (1) ciing ding, ta di dén 16i gidi nhu & trén.
Déang thtic xay ra khi va chi khia =b = c = 1.
Cach 3.
Theo bat dang thitc AM-GM ta dé dang c6 dudc
1,1,1,1,1,1 arbse
b2 ab  bc  ca abe

Va

3abe(a 4 b+ ¢) < (ab + be + ca)?
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Do d6 ta co: ) )
i+l+l>a+b+c: (a+b+c) > 3(a+b+c)

b? —  abc abc(a+b+c) ~ (ab+ be + ca)2

Miit khac:
(@a+b+c)’ = (a®> + 0%+ ) + (ab+ be + ca) + (ab + be + ca)

> 3.\3/(a2+b2 + ) (ab + be + ca)®
& (a+btc)’ > 27 (a® 4+ b° + ) (ab + be + ca)®
3(a+b+c)

> a0t
(ab+ be + ca)

Do do6 ta co:
1 1 1 9 o
-+ -I— - =a 2+ b0+
b2
Chitng minh hoan tat.

Diang thiic xay ra khi va chi khia=b=c=1.

Bai 22. Cho x,y,z théa man 13z + 5y + 122 = 9. Tim gid tri lon nhat cia
Yy 3yz 6zx

= +
2r4+y  2y+z 224z

Lo gidi:
. Y 1 1
aco =17 1 11T 1 171 1 1

B e e el

y oy 3z 3z 3y bz 6x+6z
Theo bat dang thitc AM-GM ta c6

1 1 1
b -
(a+ +c)(a+b+c>_9

Ap dung ta dugc

Cong vé v6i vé cac bat déng thic trén ta dudc
A< 1+23 + 21+1 + 21+2 1(13 +5y+122) =1
—+2- | —+ = —+=)z=-(13x 2) =
=\9 " 72 973)Y T \"37"3 9 Y
Vay Apax =1
Bai toan dugc hoan tat. Dang thic xay ra khi va chi khi z =y = 2z =
Bai 23. Cho a,b,c > 0,ab > 12,bc > 8. Chiing minh ring:
1) 8 S 121

1 1
S=a+b+c+2 + =+ =
ab ' be

3
10

+abc_ﬁ

Loi giai:
Ap dung bat ding thic AM-GM ta co:
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2 a+b>1

ab 18 24 — 2

2 b c_ 3
I T S

be 16 8 — 4
2+a+c>1

ca 9 6
8+a+b+c>4
abc 9 12 6 — 3
13a 1Sb 13
__l’_ >

18 24 3

13¢  13b _ 13
>

24 48 — 6

Cong titng vé clia cac bat dang thiic trén ta dudc
1 1 > 8 1 3 4 13 13 121
142
3
4, c

36 12
—9.

1
b 2 — =)+ —>=-+"
a+b+c+ (b+bc+ ot

Chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = 3,b =

Bai 24. Cho ab+ bc + ca = abc va a,b,c > 0. Ching minh rang

= >1
ab (a® + b?) e (b3 4 ¢3) L (a3 4+03) —
Loi gidi:
Ap dung bat ding thitc AM-GM ta co:
a'+a' +a' + 0" > 4a°b
o' + o' +b" +a' > dab®
Suy ra: 2a* +20* > a* + b + a®b + ab® = (a® + b*)(a + D)
Vi vay:
a+b b+c c+a ab+bc+ca
P> + = =
2ab 2bc 2ac abc

Chting minh hoan tat. Ding thitc x4y ra khi v& chi khia =b=c = 3.

Bai 25. Cho a,b,c > 0;a+ b+ c = 1. Ching minh ring:
V3 V3
Y < (g — _ _aq) < =2
8 = (a—b)(b—c)(c—a) < 13

Lo gidi:
Khong mat tinh tong quat. Gia st a >b>¢ >0

Ta c6 bién doi sau:

(\/ 2ab2ab(a — b)2) 3
1

[(a—b)(b—c)(c—a))* < [(a—b)ab]” <
Ap dung bat ding thic AM-GM ta c6

<{’/2ab2ab(a - b)2>3 . <2ab - 2ab3+ ot ) (a+ b)°

< (a+b+c)°
4 - 4 43— 108
Suy ra:
e D=l < & [a= D) < L

Hay ta c6 diéu phai chitng minh.
Bai 26. Cho x,y,z > 0;xy + yz + 2o = 3. Chiing minh rang:
1 4

3
P T e oG ) 22
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Lo gidi:
Ap dung bat ding thitc AM-GM ta co:
. x
Varyz(r +y)(y + 2)(z + ) <

5
R e e ey
TYz 4

2 T (x+y)(y+2)(z+2)

(y+2)+y(z+x)+z(x+y)
3

=2

=

Mat khéc:
3=xy+yz+zx>3/1?y*2?2 < xyz < 1. Do do
P> ! +xyz2 = +xyz—%22—
TYz 2 TYZ 2

Chitng minh hoan tat. Dang thitc x4y ra khi v chi khia = b= c = 1.

Bai 27. Cho a,b,c théa man a > 4;:b > 5;7 > ¢ > 6;a% + b2 + ¢ = 90. Tim gid tri nhé nhat cia

S=a+b+c
Lot giaa:
bata=x+4,b=y+5,c=2z+6thiz,y,2>0
Ta co:

a’+ b+ ¢ =90
= (x+4)7+(y+5)°+(2+6)°=90
st + P+ 22+ 8+ 10y + 122 =13
Giast:z+y+2<1
Maz,y,z>0=22+y*+22<1
Ta c6:
x2+y2+z2+8x+10y+122:(m2+y2+z2)+8(:p+y+z)+2(y+z)+2z
<14+ @8+2+2)(x+y+2)
<148+2+2=13
Dicu nay lavo li, vivay z +y + 2z > 1
Do d6
S=a+b+c=4+2+54+y+6+2>15+x+y+22>16
Vay Syin = 16
Diang thiic xay ra khi va chi khia =4,b=5,c=T7.

Cha y: viéc tim ra dieu kien o +y 4+ 2 > 1 chi 1a diéu kién can ciia bai toan. Bai toan dudc coi 1a

hoan tat khi chi ra duge dau bing.
Cach 2.

Do a? + b? + ¢ = 90 nén ta sé c6 cac dieu kién rong va hé qua sau day

2
L<a<9=(a—)(9—a)>0ea>

B2 140
5<b<8=(b—5)8—b)>0ab> I;)

2 4o
6§c§7:>(c—6)(7—c)204:)czcj_3

Cong vé theo vé ta dugc

A+ b0+ +42+36+40
13 B

S=a+b+c> 16

Vay Syrv = 16
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Ding thiic xay ra khi va chi khia =4,b=5,c = 1.

Bai toan hoan tat.

Bai 28. Cho a > b > 0. Tim gid tri nhé nhdt cia

2
P =2a+ 5

(a—b)(2b+3)?

Loi gidi:
Cach 1.
Biéu thitc duge viét lai nhu sau:
2b+3 20+ 3 32

P =(2a—2b) + + + ~3
(20 =20+ =5 2 a—b)(2b+3)

Ap dung bat ding thic AM-GM ta co:
26+3 2b+3 32 20+ 3.2 32
+ i ) 4\/ (2a — 2b) (2

= ) e S T @ 1 )y )

Dodo P>8—-3=5
Déng thitc xay ra khi va chi khi 2a — 2b =

2+3 32
2 (a—b)(2b+3)

3
h =—b=
ay a =,

Cach 2.
Ap dung bat déng thic AM-GM

(da — 4B)(2b + 3)(2b + 3) < (4

Twu do ta co:

a—4b+2b+3+2b+3>3_ <4a+6>3_ 8
3 S\ 3 S 27

2 2 2 2 432
P>t 3 a—|r3+ a—|—3+ a—|r3+ 3 3

8 3 3 3 (2a + 3)°
2a+ 3

g7 (2a+ )’

Ap dung bat dang thitc AM-GM

2a+3+2a+3+2a+3 432

+
3 3 3 (2a+3)

> 8

Dod6 P>8—-3=5

, ‘ 2b+3 32
Dang thiic xay ra khi va chi khi 2a — 2b = L

2 (a—0b)(2b+3)

Vay Pyiv =5

2 (a—b)2b+3)°

Bai 29. Cho a,b,c > 0 théa mdn a® + b* + 2 = 3. Chiing minh rang:
a b c

—_

T i3 Pi2ei3 @12a13°2

Lot giai:
Tacod: a’?+20+3=a>+1+2b+2

Ny I\/
N &
+

b c
a+b+1 b+c+1+c+a+l>

Z
< b+1 c+1 a-+1 )
duo

Suy ra

I\/
® N~ N

a+b+1 b+c+1+c+a+1

Ap dung bat dang thrc Cauchy Schwarz t
b+1 c+1 a+1

a+b+1 b+c+1 cH+a—+1
Gyt k) (et )
b+1)(a+b+1) (c+1)b+c+1) (a+1)(c+a+1)
- (a+b+c+3)°
“(a+D(a+c+ 1)+ b+1)b+a+ 1)+ (c+1)(c+b+1)

+

Ta cb
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(a+1)(a+c+1)+(b+1)b+a+1)+(c+1)(c+b+1)
=a*+b+cF+ab+be+ca+3(a+b+c)+3

1 9
:5(a2+b2—|—c2)+ab+bc+ca+3(a+b+c)+§
1
:§(a+b+c+3)2
Tu do )
M > 1(a+b+c+3) .y
5(a+b+c+3)2
3 1
=-—P>2-
2 — 72
& P < !
2

Bai toan hoan tat. Dang thitc xay ra khi va chi khia =b=c = 1.
Bai 30. Cho x,y,z > 0 théa man zy + yz + zx = 3. Tim gid tri nhé nhat cia
1

1 1
P =
x2—l—1+y2+1+z2+1

Lot giai:
Cach 1.
Khong mat tinh tong quat, gia st ¢ >y > 2
Doxzy+yz+ze=3=yz2>1

Ta ¢6 bd deé:
1 1 2

>
y2—|—1+22+1_yz—|—1

That vay, ta co:
(P+2+2) (yz+ 1) >2(12+ D) (2+ 1) e (y—2)>2(yz—1) >0
(ludén diang do yz > 1)

Suy ra
1 1 1 1 2

>
x2+1+y2+1+z2+1_:v2+1+yz+1

Do dé ta sé ching minh

1 n 2 >3
?2+1 yz+1 2
22% +yz +3 3

> 2
?yz+ a2 +yz+1 " 2

s 4+3—yzr—32%yz>0

o 2?4 ay+ vz — 32%yz >0
e x(x+y+ 2z —3zyz) > 0(%)
Tuoaxy+yz+ze=3tacor+y+z>3varyz<1.Dodéoxr+y+2—3xyz >0
Do d6 (*) dang. Vay
p_ 1 n 1 n 1 S 1 n 2
o241 241 2241 T a241 yz+1
Déng thic xay ra khi va chi khi z =y = 2 = 1.
Cach 2.

v

3
2

Pty L L _3 A
S+l yr4+1l o 2241 2+1 0 yr+1 0 2241
Ap dung bat ding thic Cauchy-Schwarz ta duge
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472 472 x? x? T x?

— + = +
32243 32?4 ay+yz+zx T 224axy+az 22?4+ yz x+y+z 2224 yz
Tuong tiu véi 2 biéu thiic con lai.

472 T x? x?
< +y — =1+ -
§3x2+3yz_§cx+y+z §c2x2—|—yz §2x2+yz
2
T
Ta sé chiing minh: — <1
& 0%223524-3;2_

Ta co )
3 z? 1 Yz 1 (yz)
2 _§2x2—|—yz N §§2x2+yz T2 <§ 222y z + 1?22
Ap dung bat ding thic AM-GM — Cauchy-Schwarz ta dugc:
Z (y2)* > (zy + yz + 22)*
202yz + y222 T 2%y? 4 y?2? 4 2222 + 2xyz(x + y + 2)

cyc

cyc

Ding thitcxay ra khi va chi khiz =y =2 =1
Vay Pyn = 5
Bai 31. Cho a,b,c > 0 théa mdn 3a(a + b+ c) = be. Tim gid tri nhé nhit cia
b+c
pP=
a
Lot giai:

) b ¢ bc
Doa>0Onéntaco:3|1+—-+—-)=—
a a a

b

Datz=—,y = € thi ta ¢6 31+x+y) =2ay (z,y >0)
a a

Ta phéi tim GTNN cia P =2 +y

Theo bat dang thitc AM-GM ta c6

2
T+
3(1+x+y):xy§%
T dé taco (z+y)° —12(@+y) —12> 0=z +y > 6+ 43 (do 2,y > 0)
, b
Déng thitc xéy ra khi va chikhiz =y =3+2v3 & - =< =3+ 23
a a

Bai 32. Cho x,y,z > 0 thod man z* + y* + 2% < zyz. Chitng minh rang
T Y z 1

+
m2+yz+y2+zm 224xy — 2

Lot giai:
Ap dung bat ding thie Cauchy-Schwarz, ta co:
2

T T x? 1 /1 x?
- < 2 2 : S ot 2 2
?2+yz x3+ayz T B3+ r2+y 4z 4\x x22+y*+z
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Suy ra:

Ap dung bat ding thic AM-GM ta dugc:
2 .2 .2
l+l+1:xy+yz—|—zx < T+ Yyt + 2 <1
xr Yy oz xyYz TYz

S
Do d6 Y <o =

we 2 +yz — 4 4 2
Bai toan hoan tat. Dang thic xay ra khi va chi khi z =y = 2 = 3.

Bai 33. Cho a,b,c € [3;5]. Chitng minh ring:
Vab+1++Vbc+1++Vea+1>a+b+c

Loi gidi:
Doa,be[3;5]=|la—b <2 (a—b)*<4
Ta sé chiing minh
2WVab+1>a+b
That vay, bat dang thiic can ching minh tuong duong:
dab+4 > a® 4 1% + 2ab < (a — b)* < 4(luon dang)
Tuong tu
2Vbc+1>b+c
2Vac+1>a+c
Cong vé theo vé cac bat déng thiic trén, ta co:
Vab+14++Vbc+14++eca+1>a+b+c
Diang thitc khong xay ra, do do:
Vab+1++vVbc+1++vea+1>a+b+c

Chitng minh hoan tat.

Bai 34. Cho a,b,c > 0. Ching minh rang:

1 a’ 1 a

— B>+ +b
+w%— -+
Loi gidi:
Ap dung bat ding thitc AM-GM ta co:
1 3
P +1+1 Z —
a? 3
—+14+1>—
R
b*+ 141> 3b
1
2 4b>3
Z Z Z 2 a b
Cong ve v6i ve cac bat dang thic trén, ta co:
1 a’ 1
S+ +b°+6>3 + L b) > -+ T b6
b3 b a b
1 ad 1 a
— =+ > —+b
+m+ PR

Bai toan chitng minh hoan tat. Diang thiic xay ra khi va chi khi a = b = 1.

Bai 35. Cho a,b,c > 0. Ching minh ring:
_ a n b n c > 3v/2
Vab+ b2 Vbe+ 2 Vea+ a? 2
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Lo gidi:
Ap dung bat ding thitc AM-GM ta co:

2b b b
Blarh) < +(a+b) a+3

2 92
. 200/2 202 2¢V/2

- a+36+b+30+c+3a

Tu do:

Ta sé chiing minh
M= a . b n c >3
a+3b b+3¢ c¢+3a" 4

That vay, ta co:
2

_a b c
. _a2+3ab+62+360+02+30a
Theo bat dang thiic AM-GM ta c6:
ab+bc+ca<a?+b:+c2
Ap dung bat ding thic Cauchy-Schwarz ta dude
(a+b+c) B (a+b+c)?

2

~ a2+ b2+ 2+ 3ab+ 3bc + 3ca

8
a2+b2+02+§(ab+bc+ca)—l—

Hay la
IS (a+b+c)? _ (a+b+e)?
! 8 — 1
3 (@ + 8+ ) + 2 (ab+ be + ca) g(a—l—b—i—c)Q
Vi vay
a n b n c >3
a+3b b+3c c+3a " 4
T do ta co: Y Y Y Y
2a0v2 202 2ev/2 2
P>V L EVE g p s V2
a+3b b+3c c+3a 4 2

Chitng minh hoan tat. Dang thitc x4y ra khi va chi khia = b = c.

1
3 (ab+ be + ca)

_3
1

Bai 36. Cho a,b,c > 0 théa man a + b+ c = 1. Chiing minh rang:

a b ¢ 10
-+ —+ -+ Vabc >
cTaTpTvers 9(a? +b? + ¢?)
Lot giazi:
Theo bat dang thitc AM-GM ta cé:
a a c 3 3a
c b Yoe  Vabe
Tuong tu:
b b ¢ 3b
- +-+- 2=
a a b v abe
c L ¢ c n a 3¢
b b ¢ / abc
Cong vé theo vé ba bat dang thiic tren ta co
b c_a +b+c
c + + 5 v abc
Suy ra
b
—+ + 5+ Vabe > GO L Yabe
abe
Ap dung bat dang thitic AM-GM ta c¢6
1 \ 2
— + Vabc > -
9V abc 3

Va
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8 8
a+b+c=1= vabc < = — > =
b O vghe 3 8 10
a+b+c 8 2
= ——— + Vabc = + Vabe + > -4+ =-=—
v abc 9\/ab 9;Oabc 3 3 3
=242 —l——+\3/ab62—
c a b 3
Mat khac:
Cung do 10
1 10
b+c=1 b? < - = < —
a+b+c = a® + +c_3 e+ +) =3

T do suy ra
a b ¢ 10
-+ -+ -+ Vabc >
cTaty T ac_9(a2+b2+02)

Chitng minh hoan tat. Dang thitc xay ra khi va chi khia =b=c= 3

Bai 37. Cho a,b,c > 0 théa mdn a? —i— b? + t = 3 Chaing minh rang
>a+b+c

VARAE

Lo giaa:
Ap dung bat ding thic Cauchy-Schwarz ta c6
a b c a’ b? ? (a+b+c)
—t =t ==t =t —= >
Vb Ve Va o oavb bJ/e o/a T avb+byeteva

Ta sé chiing minh

aVb+by/e+ea<a+b+c
That vay,
Ap dung bat ding thic AM-GM ta co:

/b < a(b+1)
by/c <
cva <

Cong vé theo vé cac bat dang thitc trén, ta dugc
avb + b\/c + cy/Ja < %(a—l—bﬁLc—i—ab—l—bc—i—ca)
Talai co: a*> +b0*+c*=3=a+b+c<3
Suy ra: (a+b+c)(a+b+c) > 3(ab+bc+ca) > (a+ b+ c)(ab+ be + ca)
=a+b+c>ab+bc+ca

Do d6 ta co .
a\/g—l-b\/g—i-cx/aﬁ§(a+b+c+a+b+c)<:>a\/5+b\/5+c\/5§a+b+c

(a+b+c) - (a+b+c)

= > =a+b+c
avb + b\/c + ¢y/a a+b+c
b
:>—+—+—Za+b+c
7 Vet va
Dang thiic xay ra khi va chi khia=b=c=1.
Bai 38. Cho a,b,c > 0. Ching minh rang:
Vyte Vete  VEty Az +y+2)
v Y 2 TN+ ) +y)

Loi giai:
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\/y+z+\/z+x+\/x+y2 Az +y+2)

z y z V+2)(z+z)(r+y)
= (y+ Z)\/($I+ y)(z+ 2)

>4z +y+2)

Theo bat dang thitc Cauchy-Schwarz va AM-GM ta cé:
W+ Vetylts)  y+2) (@+vp2)

Z T

(y+2)V/ (= +y)(+2)
2 x
Mait khac theo bat dang thitc AM-GM ta c6:
2
(o ++20) 23+ +2) > (w+y+ )]

(y +2)\/yz 2z

=ytz+——m""—"2ytz+—
T T

Suy ra:

z Tz X
22($+y+z)+2<y—+—+—y>
x Y Z

Tz Yy
= —+—+—=2>a+tb+c
T Y z

-y (y+2)\/(fcx+ y)(z + 2) S 4

rT4y+z)

Chting minh hoan tat. Ding thitc x4y ra khi va chi khi z =y = 2
Bai 39. Cho a,b,c > 0. Ching minh ring:
a(b+c) bla+c) c(a+0b)

(b+c)+a2 (c+a)+b2 (a+b)’+c

6
< Z
— 5

Lot giazi:
Ap dung bat ding thic AM-GM ta co:
b+c)?
PR
a(b+c) < 4a(b + c) _ 4a
a2+ (b+c)? = 4a+3b+3c)(b+c) 4da+3b+3c
Theo bat dang thitc Cauchy-Schwarz ta dugc:

1 < 9a g) 4a a(b+c) 27a 1
3(

_ > = < —
25 a+b+c)+a ~ 4a+3b+ 3¢ a2+(b+c)2_25(a+b+c)+25

3

+Z—L(b+c)22a(b+c)+§(b+c)2: (b+¢) (4a + 3b+ 3c¢)

4

a2—|—(b—|—c)2:

Tuong tu:

b(c+ a) 27b 1
7 S Ry

24 (c4+a) ~ 25(a+b+c) 25
c(c+a) < 27c 1

_l’_
2+ (c+a)’ " 25(a+b+c) 25

Cong vé theo vé cac bat ding thic tren ta dugdc
a(b+c) b(a+ c) cla+0b)
(b+c)+a2 (c+a)+b2 (a+b)+c
Chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = b
Bai 40. Cho a,b,c > 0,abc = 1. Chitng minh ring:
4a® 43 4¢3

a+b+c) 3 6

27
2%(a+b+c) 25 5
=c

IN

+ + >3
(14+0)(14+¢) (Q1+a)(l+c) (14+b)(14a) —
Loi giais
Ap dung bat ding thic AM-GM ta c6
4a3 140 1+4c¢ -
a

I+ 0)(i+e 2 2 7
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4b3 N 1+c N 1+a
(1+¢)(1+4a) 2 2
4a +1+a+1+b>3
c
(14+0)(1+¢) 2 2 -
Cong vé theo vé cac bat ding thic tren ta dugdc
4q3 N Ap? N 4¢3
1+b)(14+¢) (14+a)(l+c¢) (A4+0b)(1+a)
Ciing theo bat dang thitc AM-GM :
a+b+c>3vVabc=3

> 3b

+a+b+c+3>3(a+b+c)

Do dé ta co:
4a3 463 4¢3

- -
(14+b)(14+¢) (I+a)l+c) (1+0b)(1+a)
Ching minh hoan tat. Dang thitc x4y ra khi vi chi khi a = b= c = 1.

>2a+b+c)—3>23-3=3

3 Bai 41 dén bai 60

Bai 41. Cho a,b,c > 0 théa man abc = 1. Chiing minh rang:
6

1 >
+a+b+c_ ab + be + ca
Lot giazi:
1 1 1
bat:a=—-b=—,c=—-=abc=1
x Y z

Khi dé6 ta co:
3 6 3abc 6abc

> &1+ =
a+b+c  ab+bc+ca a+b+c ™ ab+bec+ ca

1+

6 6
&1+ > &1+ >
11 1+1+1 Ty +yz+zr T xt+y+z
a

o R
Theo bat dang thic AM-GM ta co:
3 9

ey +yz + zzx) < (x + +22=>1+—21—|——
(xy +y )< (v +y+2) p——— TR

b ¢

Mat khac:
9 6 3 2
1+ 5 — :<1—|——) >0v6iVxy,2z
(x+y+2) rtyt+z r+y+z
6

=1+

S > =1+ >
(x+y+2) T+y+z yt+yztzx  xrxty+z
Chitng minh hoan tat. Dang thitc xdy ra khi va chikhiz =y=z2=1<a=b=c=1
Bai 42. Cho a,b,c > 0. Ching minh ring:

a n b N c <1 1+1+1
3a2 +20%2 +c2  3b24+2c24+a?  3c2+2a2+02 " 6\a b c

Loi giai:
Ap dung bat ding thic AM-GM ta co:
3a? + 2b% + 2 = 2 (a* + b?) + (a* + %) > 4ab + 2ac

Do dé ta cé:

a < a 1 1
3a2 + 202 4+ 2 ~ 4ab+2ac 2 \2b+c
Ap dung bat ding thic Cauchy-Cauchy-Schwarz ta co:

1 <1 2+1
2b4+c —9\b ¢
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a
— <
3a?2 +2b% + 2 —

SN
+
SN

&~
N

Tuong tu ta co:
b

- <
302 +2¢2 +a? —

c <
3c2 +2a% + b2 —

+
S Q=

N

ol =5l
QIO

+

N N

7~ N

Cong vé theo vé ta c6

a L N c <1 1+1+1
3a2 +202 +c2 32 4+2c2+a?  3c2+2a2+02 " 6\a b ¢

Chitng minh hoan tat. Dang thitc xdy ra khi v chi khia =b=c = 1.

Bai 43. Cho a,b,c > 0 théa man a + b+ c = 3. Chiing minh rang:

S G
3a? —4ab+ 110> — 5

Loi gidi:
t3+1

Xét ham 6 f(t) = g7

t € (0; 3] Ta co:

B3P (3P — At +11) — (£ +1) (6t —4)  3t" — 87 + 33t> — 6t + 4

f (t) (3t2 — 4t + 11)2 <3t2 4t + 11)2
= f'(1) = % Vay phuong trinh tiép tuyén ctia f(t) tai t = 1 la:
/ 13 13,3
yt) = f() =)t -1) =yt — 5= %(t 1) & y(t) = 5075 =
Xét: g(t) = f(t) — y(t)

3 +1 13 3
) 3t2 —4t+11 50 50
t—1)" (11t + &1
o gty = Lo DAMABY g e 0,3

©50(3t2 — 4t + 11)
2+ 1 13 3
= — > —t——;Vte (0;3
3t2 —4t+ 11 — 50 50 (0;3]
Véi ¢ a:> a® + b3 13a — 3b
1t=—
b 3a2 — 4ab + 1162 — 50
Tuong tu ta co:

v+ 3 S 13b — 3¢

302 — 4bc + 112 — 50
a® + 3 - 13¢c — 3a
. 3c2 —4ac+11a?2 — 50
Cong vé theo vé cac bat dang thic trén, ta dudc:
a® + b3 v+ P a®+ A

3a? — 4ab + 11b? * 30% — 4bc + 11¢2? + 3¢ —4dac+ 11a® = 5
Chitng minh hoan tat. Dang thic xdy ra khi va chi khia=b=c=1

1
>—(a+b+c):§

Bai 44. Cho a,b,c > 0. Chiing minh ring:

1 1 1 9 1 1 1
St ——— > + +
a b ¢ at+b+t+e a+b b+c c+a

Loi gidi:
Do bat ding thic thuan nhéat nén ta sé chuan héa a +b+c =1
Khi do:

1 1 1 1 1 1
BDI's —4+-4+-492>4 + +
a b ¢ a+b b+c c+a

1 1

11 1
& (a+b+c) (a+—+g)+924(a+b+c)(

b a+b+b+c+c+a
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<:>b+c+c+a+a+bz4(a b c )

a b c b+c+c+a+a+b

Ap dung bat ding thic Cauchy-Schwarz ta co:

a a 4a b b 4 ¢ ¢ 4c

Tt > Z > “4 >

b b+cc a a+ca b a+b

Cong vé theo vé cac bat dang thiic trén, ta duge
b ¢ b b ¢ ¢ 4qa 4b 4c
-4+ —-+-+-+-+-= + +
a ¢ a a b7 b+c cH+a a—+bd
b+c c+a a+bd a b c
& - - >4 - -
a b c b+c c+a a-+b

Chitng minh hoan tat. Dang thitc x4y ra khi va chi khi a = b = c.

Bai 45. Cho a,b,c > 0;abc = 2. Chitng minh rang:
@+ +>avbtct+b/atct+eva+b

Loi giai:
Cach 1.

Ap dung bat ding thic AM-GM ta co:
a® + b - ab(a+b) abla+0b) a+b
2 2  abe ¢

3403 b
03+a; > 3 a—l— > 2cv/a+b

T do ta co:

Tuong tu ta co:
3., .3
v e zb3+aT+c > 2by/at e
b+ b
a’ + ;—C Za?’—l—i > 2avb+ ¢
a
Cong vé theo vé cac bat ding thiic trén, ta dugc:
A+ +c>avbtct+b/atct+eva+b
Bai toan dugc chitng minh xong. Déng thiic x4y ra khi va chi khia = b = ¢ = /2.
Cach 2.
Ap dung bat ding thic Cauchy-Schwarz ta co:
(a\/b+c+b\/a+c+0\/a+b)2 <2(a+b+c)(a®+b*+c*) =abe(a+b+c)(a® + b + 32)

Ma:

b +

1
abc(a+b+c) < g(ab + be + ca)?

= abc(a +b+c) (a® + 0 + ) < (a® + 0% + ) (ab+ be + ca)”
(a?

IN

a®+ 0+ +ab+be+ca+ab+be+ca)’  (a+b+c)°

34 34
T do ta co

2 6
(a\/b+c+b\/a+c+cx/a+b> SW

(a+b+c)?
32

sSavb+cec+b/a+e+eva+b<
Theo bat dang thitc Holder ta cé:

(I+14+1)5@+ 0+ ) >a+btc= (a®+ b0+ %) >
Nhu vay,
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AP +E>avbte+bv/ate+eva+b
Bai toan dugce ching minh xong. Déng thiic xay ra khi va chi khi a = b= ¢ = V/2.

Bai 46. Cho a,b,c > 0 théa mdan a +b+c = 1. Tam gid tri l6n nhat cia

p_ L 1 1
S l4a? 1482 142
Loi gidis
P N % -2z 1 —27
et i s f(s) = iz € (061] = ') = =2 1 (3) = 55
) . ) 1
Tiép tuyén ctia ham s6 f(z) tai z = - la:
1 (1 1 —27x 2T
- - - - —_ = Rt — _
w0 -1 (3) =1 (3) (2-3) e v =2+ 5
Ta co: )
1 —27x 27 3z —4)(3x — 1)
- = - 5 | = > 0;V 0;1
f@) o) = 73 ( 50 25) 01427 = e O
1 —27x 27

= > -
1422~ 50 + 25
V6i x = a, b, c ta c6 cac bat dang thrc:

1 S —27a+27
1+1a2 — 50 25

=276 27

> + =
1+0b*>— 50 25
1 —27c 27

v

) o 1+~ 50 2
Cong vé theo vé cac bat dang thiic trén, ta dugc:

1 n 1 n 1 S 27 (+b+)+327 27
— | (a c —_ ==
I1+a®> 140+ 14c¢2 \50 25 10

. ) A 1

Bai toan dugc hoan tat. Dang thic xay ra khi va chi khia =b=c= 3

Bai 47. Cho x,y > 0 thay doi théa man x + 22 — xy = 0. Tum gid tri nhé nhat cia
72 y?
P= +
448y 1+=x

Lot giai:
Tt gid thiét ta co:
x4+ 2y = %.m.Zyg é.(w+2y)2<:)(:v+2y)(x~l—2y—8) >0 r+2y>8
Theo bat dang thitc Cauchy-Schwarz:
S N ) M Gy ) &
42+8y 14z 448y 4+4r — 8+4(zx+2y)

véit > 8

) 8+ 4t
. t
Xét ham so f(t) = voit > 8
20(8 +4t) — 4.2 4t + 8t
_ 28 +4t) O it > 8
8
= [ v = f(8) = 5
Bai 48. Cho x,y,z > 0 théa man x +y + 1 = z. Chiing minh rang
33 4

bat: x +2y =t = P =
844t
- (8 + 41)° (8 +4t)°
Dang thitc xay ra khi va chi khi z = 4,y = 2.
(@ +y2)(y + 22) (2 + 2y)” =729
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Loi giada:
Cach 1.

Ta co: 5 5 5 5
-y Ty

(x+y2)y+22)(z+ay)’ (c+y+tyr+v?)y+a+a2+yr)(1+z+y+yz)
Ap dung bat ding thic AM-GM:

2 3,7
2 vy wy Yy o/ 2y
— Dy v sl
r+ytryt+y =r+y+ 5 + 5 + 9 + 5 = 16
+ytay+ fy W LT T g Ty
THYtay I =a byt > 16
y

T T
(1+x+y+xy)2:<1+—+—+g+—+

Nhan vé theo vé ctia ba bat dang thic trén, ta duge:
5 _ 72923y3

(z+y+yz+y?)(y+az+2*+yz)(1+z+y+yz) 1

Hay la:
33 < 4
(x4 y2)(y + z2)(z + xy)® ~ 729
Diang thiic xay ra khi va chi khiz =y =2,2 =5

Cach 2.

Ta co:
z—1=z+y
y+yz=yz—y+z-—1=wy+)(z-1)=(y+1)(r+y)
ytzr=zz—x+z—1l=@+1)(z—1)=(z+1)(z+vy)
z4azy=xy+zrz+y+1l=(x+1)(y+1)

Do do:

x3y3 x3y3

(@ +y2)(y +22)(z +ay)” (e +y) @+ 1)y +1)°
Ap dung bat ding thic AM-GM ta co:
r+y> 27y = (x+9)° >4:1:y

a:—{—l—%—l— +1>3\/ :>x—|—
2742
y+1——+ Y 11> 3¢ :>y+ 5>

Nhan vé theo vé ctia ba bat dang thu?c tren, ta du’oc.
(@ +y) (@ + 1)y +1)° > day

[}

272 27y*  7292%y°
44 4

Nhu vay: . )
3y <
(x 4+ y2)(y + zz2)(z + zy) 729

Chitng minh hoan tat.
Diang thiic xay ra khi va chi khiz =y = 2,2 = 5.

5 .
Bai 49. Cho a,b,c > 0 théa man a® + b* + 2 = 3 Ching minh rang:
1 1 1 1
b ¢ abc
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Lo gidi:
Ta co:
(a+b—c)> >0 v6i Va,b,c > 0 nén:
1
be+ ca —ab < §(a2+b2+02)®bc+ca—ab§
Chia ca 2 vé ciia (*) cho abc ta duge:
bc 4 ca — ab 5 1
< <
~ 6abc

abe abe

Chitng minh hoan tat.

5.9 Do a,b,c > 0= abc > 0
3 6
1 1 1< 1

b ¢ abc

a

Bai 50. Cho a,b,c > 0 va a® + b? + ¢ < abe. Tim gid tri lon nhat cia:

Cc

= +
a? + be

+
b? + ca

2+ ab

Loi gidi:
Cach 1.
Theo bat déng thitc AM-GM ta co:

a?+b>+c2>ab+bc+ ca

Ap dung bat dang thic Cauchy-Schwarz ta co:

a <1 1+a
a?+bc — 4\a be
b 1 1+b
b 24+ac — 4\b ac
c 1/1 c
L
c24+ab — 4 \c ab
Cong vé theo vé cac bat dang thiic trén, ta co:
B a n b c <1 1+1+1+a+b+c
o a2+be b24ca 2+ab —4\a b ¢ be ac ab
2,12, .2 2,12, .2
<l a”+b°+c*+ab+ bc+ ca <1 a4+ b +c <1.
— 4 abe -2 abe -2
Diang thiic xay ra khi va chi khiz =y = 2 = 3.
1
VaymaxP:i
Cach 2.
Theo bat dang thitc AM-GM ta c6:
1
a® + be > 2av/be = a4 < @ _
- a?+bc = 2avbe  2Vbe
Mat khac:
2 <1+1:> a <1 1+1
Voe b ¢ at+be T 4\b ¢
Tuong tu ta co:
b <1 1+1
b24+ac — 4 \a c
c <1 1+1
c2+ab " 4\a b
Cong vé theo vé cac bat ding thitc trén, ta co:
a b c 1/1 1 1 1 (ab+ be + ca 1 /(a?+ b+ 1
+ + <=4t )=z—Fri— )5 (—F—7—) <2
a?+bc b 4+ca cE+ab " 2\a b ¢ 2 abe 2 abe 2

Diang thitc xay ra khi va chi khiz =y = z = 3.
Vay mazP = 3
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Bai 51. 37. Cho a,b,c > 0;a +b+c= 1. Tim gid tri l6n nhat ciua:

P=\/@+(l):l—c)2+\/b+@+\/c+@

Lot giai:
Ta co: ) ) ) )
a+<b_40) —(a+b_gc) Za(a+b+0)+(b_46) —<a+b;c>
b—c)®  (b+c)’
_ 4@__(2@ — e <0
Tu do , ) .
(b—c) b+c (b—c) b+c
A - A e Z -
= a-+ 1 <la+ 5 = Ala+ 1 <a-+ 5
Tuwong tu:
2
b+(a:lc) Sb—i-a;_c
—b)? b

Cong vé theo vé ta co:

f%:%a+g;fi+wﬁ+xa;@?+¢a+m;mz§2m+b+@:2.

Diang thitc xay ra khi v& chi khi a = b = 0;¢ = 1 va cac hoan vi clia ching.

Vay maxP = 2.

Bai 52. Cho a,b,c > 0. Ching minh ring:

CL+b+62>(+b+) 1+1+1
bca_a Cabc

Lo giaa:
Ta co: )
L R Y @aé+w+cé+ +b+ >3+ - +b+
b ¢ a) — a b ¢ b? b b
Ap dung bat ding thic AM-GM:
a ¢ b
- +-+->3 (1
c + b + a (1)
a b c
-4 -2>3
) b ¢ a
Mat khac, cling theo bat dang thitc AM-GM:
a? IR 2a
b2 b
b? 2b
S +1>—
c c
c? 2c
— T 1>—
) ; a a
Cong ve v6i ve ta ¢
6L2+-62+C2+3>2 +b+c ﬁ+ﬁé+8+3> +b+ ~+3
b? b ¢ b2 b
<:>2+b2+02 a+b+c(2)
) b? 2 a> 7 b ¢ a
Cong ting vé cta (1) va (2) ta duge:
a2+b2+02+a+ —|—C>3+a+b+c
b? 2 2 b — b ¢ a

Chitng minh hoan tat. Dang thitc x4y ra khi va chi khia =b = c.
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Bai 53. Cho a,b,c > 0. Ching minh ring:
S=vat+ b+ Vb + At + Vet +at > V2(a+b+c)

Loi gidi:
Ap dung bat ding thic AM-GM ta co:
2 2\2
at bt > (a® +b%) > (a+3b) = VA F it > a+b
2 2 73
Tuong tu:
b+ c
Vbt 4t >
A
+c
Vat+ A > 2
VB
Cong vé véi vé, ta co:
2 b
Vat + b+ Vbt 4 ct + Vat + ct > %z V2(a+b+c)

Chitng minh hoan tat. Dang thitc x4y ra khi va chi khia = b = c.

Bai 54. Cho a,b,c > 0. Chiing minh ring:

a’ b c
P=\|———F+ =+ ———>
a®+ (b+c) b+ (a+c) A+ (b+a)
Lot giazi:

Viét lai P duéi dang

a3 b3
P: —_i._ . —
\/a3+(b+6)3 \/b3+(a+0) \/ (b +a)’ czy; Czy;

Ta sé chiing minh:

That vay, ta co:

1o (2 (2

1

(b+c)3Z 1/b+c\”
1+ 1+§( >

a3 a

= b
+c
cye 1
S

Mit khéc, do 3 (b+¢)* < 322 (b* + ¢2) nén ta co:

cyc cyc

St S e o T - S e
Lib+c\? S22+ (b+c) ~ S22 +2(0+ ) Sa’+b+c

cye 1 -
(%)
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1
P2y ;21
cyc 1 b+C
1+§( )

Chitng minh hoan tat. Dang thitc x4y ra khi va chi khia = b = c.

Bai 55. Cho a,b,c € R. Chitng minh rding:
(a2 4+3)(L*+3) (P +3)>4(a+b+c+ 1)

Lot giaa:
Cach 1.
Ap dung béat ding thic Cauchy-Schwarz ta c6:

b+c\?  [(b+c)’ b b ?
(> +1+1+1) (1+( —50) +( —12—0) +1>2(1.a+ ;C.1+ ;C.1+1.1)

& 4 (a® +3) <2+@> >4(a+b+c+1)

Mat khéac, 4p dung bat dang thitic AM-GM ta c6:
(0*+3) (*+3) =30 +37 + b +1+8=20"+2 + (V¥ + 7)) + (b*c*+ 1) + 8
> 262 +2¢% + 2bc + 2bc + 8 = 2(b+ ¢)” + 8

_4 <(b+26)2 +4>

(a®+3) (" +3) (¢* +3) 24(%#1) (a*+3) >4(a+b+c+1)?

Nhu vay,

Diang thiic xay ra khi va chi khia=b=c=1.
Cach 2.
Ap dung bat ding AM-GM ta dugc:

2 2 2
(a2_|_1_|_1_|_1) (1+(WT+1) _+_(b+%+1) +(b+CT+1>>

btct+1l bdetl bte+1\?
> 1la+

3 T3 T3
(b+c+1)°

<:>4(a2+3)<1+ 3

) >4(a+b+e+1)

Ta sé chiing minh:
(b+c+1)°

(b2+3)(02—|—3)24[1+ 3

&30 +5 (b + ) —8(b+c)—8bc+11>0
S 2b4+c—27+b—c)P+30bc—17>0

Diéu cudi luon ding. Do d6 ta c6

(a®+3) (b* +3) (¢ +3) 24(@4&) (@ +3) >4(a+b+c+1)?
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Chitng minh hoan tat. Dang thitc x4y ra khi v chi khia =b=c = 1.
Bai 56. Cho x,y,z > 0 théa man x +y + z = 9. Chiing minh rang:
A A L A -
Cxy4+9  yz+9 zx +9 7

Lot giaa:
Cach 1.
Ap dung bat déng thic Holder ta co:

3 3 3\ 3 1 3 3 3\ 2 3
<x2—|—y2—|—22> (1+1—|—1)3Zx+y+z:>3<x2—l—y2—l—22> >(r+y+2)
Ap dung bat dang thic Cauchy-Schwarz ta co:
3 3 3 (x% +y2 +Z§>2 3
x y 2 S (x+y+2)

+ +
xy+9 yz+9 x2z24+9 " zy+yz+axz+27 7 327+ zy +yz+ zx)

2
3 3 3
N Gl s BN e
ry+9 yz+9 2249 " zy+tyz+axz+27 327+ 2y +yz + zx)

Cong ting vé ta dugc:

23 Y3 23 Y3 28 x? 20x +y+2)°
+ + + + + >
ry+9 yz+9 x249 zy+9 yz+9 xz+9 327+ zy+yz+ 21)

Mat khac, theo AM-GM ta c6:

2 3 3
2 2.9

=9
327+ zy +yz+ zx) — 3.(27 4 27)

Bai toan dugc chiing minh xong.
Dang thitc x4y ra khi va chi khi z =y = 2.
Cach 2.

By P 3B
oy 4+9  yz+9 zx +9

Ap dung bat ding thic Cauchy-Schwarz ta co:

L1 1 A3 43
z + > =
ry+9 z2x+9)  zy+az+18 x(9—x)+18

3 1 1 43 493
y + = =
xy+9 zy+9 ry+yz+18  y(9—vy)+ 18

5 1 1 423 423
z + > =
rz+9 2y+9) " xz4+yz+18  2(9-—2)+18

Cong vé theo vé ta dugc:

LSy (PR R N ) (S S (e ——
ry+9  zx+9 yz+9 yr+9 rz2+9  zy+9

43 493 423
> + +
9r — 22+ 18 9y —y?+18 92 —22+418
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473

Xét ha o: = ———— V0i 0;9
ét ham so: f(z) 97 —22518 " iz e (0;9
1222 (92 — 22 + 18) — 423(9 — 2z 11
:f/(l,): ( 2) 5 ( ) :f/(;))):_
(9x — 22 + 18)
Ta c6: f(3) =3
Phuong trinh tiép tuyén ctia ham s6 f(z) tai x = 3 la:
11 11 21
g($)—f(3)=f/(3)($—3)@g(x)—?):Z($—3)@9($):Z$—I
Ta sé chiing minh:
43 11 21
— - (= -Z=)>0
J@) = 9(2) = 558 (4"’3 4) =
& 162° — (11z — 21) (92 — 2® + 18) > 0
& 272° — 1202” + 92 + 278 > 0
& (r—3)*(9z+14) >0
Diéu cudi luon ding, do do6
43 11 21
- > — 7 - —
9r — 22+ 18 — 4 4
Tuong tu ta co:
Ay 11 21
9y — 2 +18= 47 4
423 11 21
>, =
92 — 22418 — 4 4
Cong vé theo vé 3 bat dang thiic trén, ta dugc:
43 n 493 . 423 S 11 (z+y+2) 3.21 9
— (z z)— —— =
Or — 22+ 18 ' 9y — 12 +18 92— 22118~ 4 Y 4
Vay P > 9
Déang thtic xay ra khi va chi khi z =y = 2
Cach 3.

Theo bat dang thitc AM-GM ta cé:
2+ 2%+ y® > 32y
Pyt + 2 > 3ay?
:>4($3+y3) > 2 4+ o 4 327y + 329 = (x—i—y)S
Mit khac, ciing theo bat déng thitc AM-GM ta c6: (z + y)* + 36 > 12 (z + 1) va day < (z +y)*

S+yd 4B +yP ’ 36 3
LTty Aty (x+2y) . y_—QZ%Ly_M:IJFy_S
ry+9  4ry+36 T (z+y)*+36 (z+y)" +36 (v +y)
(*) Tuong tu ta co:
25 4y
> -3
zy—|—9_z+y
3 3
vz >r+2z2—3
xz+9
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Cong vé theo vé 3 bat déng thic trén, ta dudc:

43 . 4973 . 423 11( byt 2) 3.21 9
x 2)— —— =
0r 22118 O9y_ 2118 [ 9:_ 2418 4 Y 4
Vay P > 9
Dang thitc xay ra khi v chi khi z =y = 2
Cach 4.
Sit dung bat déng thitc quen thuoc 4 (23 +33) > (z +y)® ta co:
Pyt @ty | @4y’ ey t6 o wy 9
ry+9 ~ day+36  |4xy+ 36 24 6 2
Ap dung bat ding thic AM-GM:
3 3
(x +y) +4xy—|—6+32333'(x+y) .4xy+6:3.x+y
4xy + 36 24 4oy +36 24 2
$3+y3>3(x+y)_@_9
xy+9 — 2 6 2
Tuong tu ta co:
z3+y3>3(z+y)_zy_9
2y+9 — 2 6 2
z3+x3>3(z+w) zx 9
zx+9 2 6 2
Cong vé theo vé 3 bat déng thic trén, ta dudc:
B+ P+ 2 +ad vy +yz+zz 27
pP= 3 wryETer 2L
wy+9+yz+9+zx+9 (w+y+2)- 6 2
Theo bat dang thitc AM-GM ta c6:
2
27 27 27
S A I R

Vay P > 9
Dang thitc x4y ra khi v chi khi z =y = 2

Bai 57. Cho a,b,c > 0. Ching minh rang:
V(@b + b2 + 2a)(ab® + be? + ca?) > abe + {/(a? + abe)(b3 + abe) (3 + abe)

Loi giai:
Do abc # 0 nén ta chia ca 2 vé clia bat dang thiic cho abe. Ta dugc:

a b ¢ b ¢ a be ca ab
T T 2] > 3 _ - -
\/(c+a+a) (c+a+b)_1+\/(1+a2)(1+b2>(1+02>
ca ab a2 b 2 be ca ab
;S B W R AN H S | 1+ ) (1+2) (1+2
\/+ st gttt +\/< +&2>(+62)(+CQ>
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. bc ca ab
Dat:sz;y:b—Q;zZE:xyzzl

Khi d6 ta phéi chiing minh:

T 1 1
\/3+x+y+z+5+§+;21+{’/(1+x)(1+y)(1+z)

<:>\/3+x+y+2+xy+yz+zx21+€/2+x+y+z+xy+yz+zx

batt=V2+o+y+z+ay+yz+ 2z
Ap dung bat ding thic AM-GM ta co:
TH+y+zt+ay+yz+zr>6Fryzayyz.az =613z =6
=t>V2+6=2

Bat ding thtc da cho tuong duong véi:
VBH1> 14+ttt +1>8P 42+ 1 -2 -20>0<t(t+1)(t-2)>0

(dang v6i t > 2)
Chitng minh hoan tat. Dang thitc x4y ra khi vi chi khia =b= ¢
Bai 58. Cho a,b,c > 0. Ching minh ring:

- i)/3(@ +b+c)(a+b)b +2c)(c+ a)
(ab+ bc + ca)

1 1 1
b 4+ Z24+43)>3
(a+ +c)(a+b+c)_

Lot giaa:
Diéu phai chitng minh tuong duong véi:

E+IZ+E+E+E+EZ33 3(a—l—b—|—c)(a~|—b)(b+20)(c—|—a)
c a a c (ab + be + ca)

b b

Ap dung bat ding thic AM-GM ta co:
a’c + a’c + b’a > 3V adb2c2 = 3ava2b2c?
a2c 4 b+ b > 3V a2b2cd = 3cv/ a2bic?
ba + b2a + b > 3Va2bpc = 30V a2b2c?

Cong vé v6i vé cac bat dang thiic trén, ta duge:
a’c+b*a + b > (a+ b+ c) Va2b?e?

Mat khéac, ta co:

b+c a26+bza+02a>(a+b+c)\3/a2b202_a+b+c

E+E E: abc - abc  Yabe
Tuong tu:
b ¢ aib20+cza+a2b>(a+b+c)\3/a26202 a+b+c
a b ¢ abc - abc  Yabe
Cong vé v6i vé 2 bat dang thitc nay ta dudc:
a b ¢ b ¢ a_2(a+b+c)
e R R uE
b ¢ a a b c v abe
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Ta sé chiing minh:
(a+b+c \/ (a+b+c)a+b)(b+c)(c+a)

(ab+ be + ca)®
@8(a+b—|—c > 8l(a+b+c)(a+b)(b+c)(c+a)
abe (ab+ be + ca)?

& 8(a+ b+ ¢)*(ab + be + ca)® > 8labe(ab + be + ca)(a + b)(b+ ¢)(c +a)(a + b+ c)
& 8(a+b+c)’(ab+ be + ca)® > 8labe(a + b) (b + ¢)(c + a) = 81(ac + be)(ca + ab)(ab + be)
Ap dung bat ding thic AM-GM ta co:

8(ab + be + ca)®

81(ab + be)(be + ca)(ca + ab) < 81. o7

= 24(ab + be + ca)®

Mat khac:
3(ab+ be + ca) < (a+b+c)?

= 24(ab + be + ca)® = 8.(ab + be + ca)®.3(ab + be + ca) < 8(ab + be + ca)*(a+ b+ ¢)’
= 8labc(a 4 b)(b+ ¢)(c+ a) < 8(a+ b+ ¢)*(ab+ be + ca)?
Suy ra diéu ching minh 14 dang hay

%a+b+c)>3SEMa+b+cﬂa+®®+wﬂo+®
Vabe T (ab + be + ca)®

a b ¢ b ¢ a_2(a+b+c) 3 (a+b+c)a+b)(b+c)(c+a)
e R
b ¢ a a b ¢ abe \/ (ab + be + ca)®

Chitng minh hoan tat. Dang thitc x4y ra khi va chi khia = b = c.

Bai 59. Cho a,b,c > 0. Ching minh ring:

E+Ij+f 2>(a—|rb—|rc) 1%—l—l—1
b ¢ a) a b ¢

Lot giaa:
Bat ding thtc can chiing minh tuong duong:

a’c + b%a + 2a 22 (atbt o ab + be + ca
abe abe

& (a’c+bPa+ ch)Z > abc (a+ b+ c) (ab+ be + ca)
Ap dung bat déng thic Cauchy-Schwarz ta c6:

(a*c+b%a+ ) (c+a+b) > (ab+ be + ca)?

1
(ac+b2a+62b <— — —) a—i—b—l—c
a b
Nhan vé v6i vé 2 bat dang thiic nay ta dudc
2 2 2 \2 L1 1 2 2
(a*c+b’a+c’a)” (a+b+c) —+—+E > (ab+bc+ ca)*(a+b+c)
c a

ab 4+ bc + ca

2 b2 2 \2 b
& (aPc+ba+cPa) (a+b+c) e

) > (ab+be+ ca)(a+ b+ c)?

& (a’c+b’a+ cza)2 > abc (ab+ bc + ca) (a+ b+ c¢)
Chitng minh hoan tat. Dang thitc x4y ra khi va chi khia =b = c.
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4 Bai 61 dén bai 80

Bai 60. Cho x.y > 0 théa man x + vy + 1 = 3zy. Tim gid tri lon nhat cia:
3z 3y 11

+
yx+1) x(y+1) a2 42

Loi giais
Cach 1.
Ta co:
p_ 3y N 3zy 1 1_y+(x—|—1)+x+(y—|—1) 11
(41 2 (y+1) 22y Pa+1l) 22(y+1) 22y
1 1
ep=—1t 4 T __

+
v(x+1) 22(y+1) yle+1) =z(y+1)
1 1
bat:a=—b=-=a+b+ab=3
z Yy
Ap dung bat ding thic AM-GM ta co:

—a+btab> ab+2vVab < ab+2Vab—3 < 0 < (\/%—1) (\/%+3) <O0=Vab<leab<l

Khi d6 ta co6:
ab ab 1 1 a+b+2
P = + =ab —— | =ab.———
a+1 b+1 <a+1 b—l—l) (a+1)(b+1)
(3—ab)+2 ab.(5 —ab)  —(ab)* 4 5ab
~ U abtatb)+1 4 4
[—(ab)2+2ab—1}+3ab+1
B 1
—(ab—1)* 4 3ab+ 1
B 1
Diang thitc xay ra khi va chi khia=b=1 1=y =1.
Vay maxP =1
Cach 2.

Dita=x+yvab=aythitacoéa,b>0; a+1=3b a®>4b.
= Bb—17>4= 9’ —10b+1>0 (9—1)(b-1)>0=>b>1

1
Ma+1=3bsb>-)

3
Ta co:

3 N 3y _i_i_SxQ(y—l—l)—i—SyZ(x—i—l)_x2+y2

yx+1) z@w+1) 22 32 rylzy +x+y+1) 2272
CBayle+y)+3(*+y?)  2P4y? Bay(r+y)+3 [(:v + y)2 — 2xy] [(3: + y)2 — Qxy]
o owyleytarty+l) 2% vylry +a+y+1) - 22

3ab+3(a2—2b) a2—2b 3b(3b—1)+3[(3b—1)>—2b]  [(3b—1)° — 20]
" blat+b+1) 2 blb+ (3b—1) + 1] - 42
C3b(Bb—1)+2[(Bb—1)"—26] 21 19 L]

4b2 4 4b 202
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21 19t ¢2 19
Xét f(t):Z—T+§7t€ (0,1] :>f/(t):t—z<OV61vt€ (O,l] :>f(t) <1
Diang thitc xay ra khi va chi khia=b=1< 1=y =1.
Vay maxP =1
s . ? ~ 3 p . ? A ?
Bai 61. Cho a,b,c € [0;1] théa man a+ b+ c= 5 Tim gida tri nho nhat ciua

A = cos (a® + b* + )

Loi gidi:
T gia thiét suy ra:
3
O<a2—|—b2+c2§a+b+c:§<

bo |

Do d6 A dat GTNN khi Q = a? + b* + ¢? dat GTLN.
Khong mat tinh tong quat, gia st

N | —

3
a§b§c=>§:a+b+c§3c<:>cz

T do suy ra:
2

3
Q:a2+62—1—c2:(a+b)2—2ab+c2§(§—c> +c?

Ta co: )
3 5 _ D
——c) +c §Z<:>(c—1)(20—1)§0
FS 2 - A . ~ - P2 5
Bat dang thic cuoi luon ding, do do @ < 1

, 5
Vay GTNN cua A la cos 7

) 1
Dang thitc xay ra khi (a;b;¢) = (0; 3 1> va cac hoan vi.

Bai 62. Cho a,b,c > 0 va a+ b+ c= 3. Chiing minh rang:
a b c

> abc.
2c12+bcjL 2b? + ca i 222 +ab ="
Lot giaa:
Bat dang thtc can chiing minh tuong duong:

1 1 1
+ + >
2a2bc + b%2c2  2ab’c + c2a?  2abc? + a?bh?

Ap dung bat ding thiec Cauchy-Schwarz va chi § bat ddng thic quen thuoc

2

bt )2
(ab+ be + ca)? < &iﬁﬂi =9
ta co:
1 . 1 . 1 S 9
2a%bc + b2c?  2ab’c+ c2a?  2abc® + a?b? T a?b? + b2 4 b?c? + 2abc(a + b+ ¢)
9
_ 2> 1.
(ab + be + ca)

Vay bat dang thiic duge chitng minh. Dang thiic xay ra khia =b=c = 1.
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Bai 63. Choa,b,c>0vaa+b+c=2. Tim GTLN ctia biéu thic:
ab be ac

\/20+a \/2a+bc V2b + ac’

Loi gidi:
Két hop gia thiét bai toan va ap dung bat dang thiic AM-GM ta dugc:

ab 1 1 1 1
P = = T~ ab + a+b+c)=1.
S e S s <15 (et ey) =200

cyc

Vay P dat gia tri 16n nhat bang 1. Déng thic xay rakhia =b=c = %
Bai 64. Cho a,b,c > 0. Chiing minh ring:

a3 b3 A3
Slatbto)?
v 2oV oraa g 2 olat it

—_

Lo gidi:
Dau tien ta can chi ¥ hai bat déng thitc quen thudc:
2 | 2 1 2
a’+ b+ §(a+b+c).

3(ab+ be + ca) < (a+ b+ ).

Ap dung bat ding thic Cauchy-Schwarz va hai bat ding thic tren ta co:
2

2\ 2
(a+b+c)
(a2 + 0% + 2)° ( 3 > 1
_ > = — b .
Zb+2c Zab—i—2ac 3(ab+be+ca) ~ (a+b+c) gla+bto)

cyc

Bat ding thtc da duge chiing minh. Dang thitc xay ra khi a = b = c.

Bai 65. Cho x,y,2 >0 va x4y + 1=z Tim gid tri lon nhat cia biéu thic:
. 23y
(x+y2)(y +w2) (2 +ay)”

Lot giai:
T gia thiét ta co:
rtyz=yz—y+z—1=(wy+1)(z—1).
y+zr=zx—cv+z—1=(x+1)(z—1).
z+ay=ay+r+y+1l=(r+1)(y+1).
z—1=xz+uy.
Do do6:

P _ ‘,L,3y3 _ x3y3 _ x3y3 |
(z+y2) (y+22) (z+ay)? (-1 @+1)°@y+1)° (@+y°*@+1)°y+1)°

Ap dung bat ding thitc AM-GM ta co:

T4y > 2Ty = (x+y)° > dxy.

r 27
1== 1> > a2
T+ 2+2+ 3\/ :>:c+ Z 7

27 2
1

[\)

yr1=Y1 Y 138

= 1)° >

Y.
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e z2y° |
Tuw do ta co: P < 7 o :ﬁg'

day. 22 2y
et 4Z
Vay gi tri 16n nhat ctia P 13 755" Dang thtic xay ra khi (x;y;2) = (2;2;5).

Bai 66. Cho a+ b+ ¢ < 2. Chitng minh:

/ 1
P:Z &2+b_22§'

cyc

~J

Lo gidi:
Ta dé dang thay P > 0. Ap dung bat ding thic Cauchy-Schwarz ta co:

2 2 11 1\’ 9 81
P>(a+b+e)+|-+7+-) 2(atbte) + —.
a b ¢ (a+b+c)
Ap dung them bat ding thic AM-GM va cha ¥ gia thiét a 4+ b+ ¢ < 2:
81 16 65 97
(a+b+@2+—————3::ka+b+@2+ 2]+ 5> —.
(a+b+c) (a+b+c) (a+b+c) 4
97 ., 2
Suy ra P > g Dang thic xdy rakhia=b=c= 3
Bai 67. Cho a,b,c > 0 va abc = 1. Tim g¢id tri nhé nhat cia biéu thic:
3 3 3
= “ + + ¢ :
1+b)(1+¢) (A4+c)(1+a) (Q+a)(l+Dd)
Lot giaa:
Ap dung bat ding thic AM-GM:
a? 1+ 1+4+c¢_ 3a
> — (1).
T+0)(l+o 8 s 27 W
b 1 1 b
i +c +a > 3_ (2).
(14+c¢)(1+a) 8 8 4
3 l+a 1+b_ 3¢
> — (3).
ixoasn s T 5 2729
a+b+c>3Vabe =3 (4).
. 3 1 3 b 33
K&thDJ%,@LM)wyMLP+Z+Zm+h+f)ZZm+b+@¢szgi?iE—zzz.

. 3 .
Vay gia tri nho nhat ctia P la T Dang thic xay ra khia=b=c=1.

Bai 68. Cho z,y la cdc s6 thuc khong am thay doi. Tim gid tri ldn nhat va gid tri nhé nhat cia:
_ =y —=y)

(L+2)*(1+y)"

Lot giaa:
Cach 1.
p-—=* __ Y
(+1)°  (y+1)°
) t .
Xét ham s6 f(t) = ——, V¢ > 0 thi ta c6 két qua sau 0 < f(t) < 1.

(t+1)

T do suy ra:
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Pmaxzm%{ f(x) —min f(y) =-.

y>0 4
1
Cach 2.
,P,:( —y)(1 —=zy) (z +y)(1+zy) 1
(1 +@%1+w T @ty (+ay)) T4
1 1
:>Pmax:_7p -
4 4
Bai 69. Cho a,b,c >0 vaa+b+c=1. Tvm gid tri l6n nhat cia:
P_1+a2+1+b2+1—|—02
14 14+ 1+a?
Loi giada:
1
Giés&a:max{a,b,c}iggagl.
Tu do ta co:
1+a2+1+b2+ ¢ L1 _1+a2+1—|—62+62+ 1
14 1+ 14 1462 1402 1+ ¢2 1+ a2
1+ a? 2
< 1+ (b <24a*+(1- :
STip + 14 +c) T = +a"+(1—a) +1—|—a2
Xét ham s6 f(a) = a®+ (1 —a)’ + ——, véia € 1'1 ta duge f(a) <f(1):§.
14 a?’ 3’ ' - 2

7
Suy ra: P < R
Dang thtic xay ra khi (a;b;c) = (1;0;0) va céc hoan vi.

Bai 70. Cho a,b > 0 va a+ b+ ab = 3. Ching minh:
a b ab

<
a+1+b+1+a+b_

DN W

Lot giai:
Tit gia thiét suy ra: (a 4+ 1)(b+ 1) = 4. Ap dung bat ddng thiic AM-GM:

3:a+b+abzab+2\/£:>0<ab§1.

Do dé bat dang thic da cho viét lai:

1
- 1) + = 1
4a(b+ )—|—4b(a—|— )+a

+

3—ab ab ab 3
i 273 2
ab ab 3
4

< 4 +3—ab

Xét ham s . . ;
Ly 2 <1) = .
f=te o Pocicy = pe <o

Vay bat dang thiic duge chitng minh. Dang thiic xdy ra khia = b = 1.

Bai 71. Cho a,b,c > 0 va /a + Vb+ \/c = 1. Ching minh:
2 2 2
a” + be b* + ca c~|—ab>\/§'

+ +
avb+c bJ/c+a cva+b
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Loi gidi:
St dung bat dang thic Cauchy-Schwarz lien tuc:

Za\/b~|—c Za\/b—l—c Z\/E\/ab—l—ac Zabc\/b—l—c

cyc

(a+b+c) (ab+ be + ca)? > (a+b+c) (ab + be + ca)®

_Z(\/E\/ab+ac) abcd va+b \/2 (a+ b+ c)(ab+ be+ ca) abed va+b
cyc cyc cyc
(a+b+c) 3abc(a + b+ c) 3 3(a+b+c)

>

> (a+b+ c) +

(a+b+c)y/2at+b+c) abeVatbd V6(a+b+c)

cyc

= /6(a+b+c)> V2.

Z 2 ? 1
Vay bat dang thiic duge chiing minh. Dang thic xay ra khia =b0=c = 9

Bai 72. Cho a,b,c > 0. Tim gid tri nho nhat cia:
P 3(b+c¢) N 4CL—|—3C+ 12(b —¢)
- 2a 3b 2a + 3¢

Lot giazi:
bat z =2a,y =3b,z = 3c.
Biéu thic da cho viét lai:

y+z 20+2 4dy—4z yt+ztr—x 2v+z 4dy+de—4r—4z
+ + = + +

P =
T Y Tr+z T Y T+ z
4 4
=<y+§)+<z+x+w+z+ SR )—5210—5:5.
Tz Yy T Y TH+2z xT+z

Vay gia tri nhé nhat can tim 1a P = 5.

Bai 73. Cho a,b,c > 0 va i + b12 + i = 3. Chiing minh:
1 1 3
+ < -
—I—\/(a—i—b)?’—kabc 1+1/(b+¢) +abc 1+ /(c+a)’+ abe
Lo gidi:
Cach 1.

Ap dung bat ding thic Cauchy-Schwarz ta co:

1 1
+ 1/ (a+b)® + abe v\ (a+b)? +abe  y/(a+b)?>+abe  y/(a+b)®+ abe
1+ 3 + 3 + 3

1 9
<—11
=16 +

(a + b)* + abe
Stt dung bat dang thitc AM-GM va bat dang thitc Cauchy-Schwarz, ta cé:
1 1 1 3
<

\/(a+b)3+abc \/(a+b)(&+b)2+abc ~ V/(a+b)dab + abe B V/9ab(4a + 4b + ¢)

3 (1 1
< \lct—F -
-2 (Qab 4a—|—4b+c)
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1 <1 4+4+1
4a +4b+c — 81 b

Tu do ta co:

3 1 /74 4 1
\/m 32ab+%(5+5+2)'
3 1 1 1 9 /1 1 1

Mat khéc ta c6 hai bat ding thic quen thuoc sau:

S S A U
a b ¢~ a?2 b2 2) 7

1+1+1<1+1+173

ab  be a a2 b2 2 7

=> <4 =3+-3="C
cyc 1—|— (a+b)3+ab

Bét déng thic duge chitng minh. Déng thic xdy ra khia =b=c = 1.
Cach 2.
Ap dung bat ding thic AM-GM:

1 1 1 3
3———|—b—2 —Eméabc>l
Do do:
1 1 (a+b)3+1—1
3 <L 2
cyc 1+\/(a+b) + abe eye 1+ (a+b) +1 cye
Ta co: . . ) )
2 V1 3—1 1
2 3 2
Suy ra:

Z (a+b)3+1_1<1 1 + 1 + 1 <1 1—1-1—1-1 <1 3 l+l+l —§
(a+b)3 —2\a+b b+c c+a) " 4\a b c¢) 4 a2 b2 ) 4

cyc

Bét dang thiic duge chiing minh. Dang thiic xay ra khia =b=c = 1.

Bai 74. Cho a,b,c > 0 va ab+ bc + ca = 3. Chiing minh:
1 1 1
< 1.

212 Pi2 @r2=

Loi gidi:
Bét dang thitc da cho tuong duong:

a? N b? L ¢ oy

a?+2 *+2 242

2
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Ap dung bat ding thic Cauchy-Schwarz:

a? N b2 N ¢ (a+b+e)° (a+b+c) B
a2+2 B2+2 AA+2 a2+ +A+6  a?+b2+c2+2(ab+be+ca)

Bét déng thiic duge chitng minh. Dang thic xdy ra khia =b=c = 1.

Bai 75. Cho x,y,z > 0 va 23 + y3 + 23 = 3. Chitng minh.:

x Y z 3
G+ Gra @ty 10
Lot giai:
Cach 1.
Ap dung bat ding thic AM-GM:
T x3 1 1 1 =z
i 6T T8 2y
y v 111y
(z+2)" 16 16 16~ 224
2 21 1 1 =z
Gty 16 16T 201y
B SCINES Y S SUNRNE N R RS Y NS
(y+2)* " 2\y+2z z+z z+y 16 8722 16 8 16

cyc
Bat ding thtc duge ching minh. Dang thic xady ra khi z =y = 2 = 1.
Cach 2.

Ap dung bat ding thic AM-GM:

02(333—|—y3+z3)+323(x2+y2+z2)@32x2+y2+22.

4
cyc y+2) cyc cyc cyc T2 2

Bat ding thitc duge chiing minh. Dang thiic xay ra khi # =y = 2z = 1.

x T - x _ z RO N S N
.Z( ZZ4(yQ+z2)2_24(3—:152)2_216352M.M 2@y =

Bai 76. Cho x,y,2 >0 wvax +y+ 2= 1. Tim gid tri nhé nhat cia:
x? 5y 24 2P
p=152 424 2=
z * 36 z * 25y

Loi gidi:
Ap dung bat dangt thic AM-GM:

22 5 yr 24 2
=0 —F==——4+—=—2 =1.
. +36 . +25 " r+y+=z

L s 1 5
Vay gia tri nhé nhat can tim 1a P =1 < (z;y;2) = (12; 2 E) .
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Bai 77. Cho a,b,c > 0 va abc = 1. Ching minh:
1

1 1
P = < —.
a2+2b2+3+62+2c2+3+c2+2a2+3 -2

Lot giai:
Ap dung bat ding thic AM-GM:

@’ +20° +3=(a®+b*) + (b°+ 1) +2 > 2ab+ 2b+ 2.

:>P<1< R — ! ) . S : T
=5 ~ 9 1 1 1
2\ab+b+1 bc+c+1 cat+a+1 2 ab+b+1 E—i-%-i-l E+a+1

1

1 1 ab b

:2(ab+b+1+b+1+ab+1+ab+b) T2

Bat ding thtc dugce chiing minh. Dang thic xdy rakhia =b=c=1.

Bai 78. Cho a,b,c >0 va a+b+c=1. Tim gid tri nhé nhat cia:
a+b b+c c+a

vab+c¢  Vbc+a  ea+b

Lot giai:
Két hop gia thiét a + b+ c = 1 v bat dang thitc AM-GM:
b b
Poy Ly
SlVabtcla+btce) S \/lat)(b+c)

s vz, ) 1
Vay gia tri nho nhat can tim & P = 3. Dang thic xay ra khia =b=c = 3"

Bai 79. Cho a,b,c >0 va a+ b+ c=1. Ching minh:
a?+0+2 V+AE+2 A+aP+2 -

12.
a+b—ab + b+c—bc + c+a—ca —

Lo gidi:
Bat dang thic da cho tuong duong:

2, 12
(a+b)(a+b+c)—ab

cyc

a’ + b 42
= > 12
Za2+62+ab+bc+ca_

cyc

<:>(2—ab—bc—ca)z

cyc

1
a2+ 02 +ab+bc+ca —

Ap dung bat ding thic Cauchy-Schwarz:

1 9(2 — ab — be — ca)
2 —ab — be — =
( a C Ca)za2+b2+ab+bc+ca ~ 2(a?+ b2+ )+ 3(ab+ be + ca)

cyc

B 9(2(a+b+c)2—ab—bc—ca) B
©2(a2+ b2 +c2) + 3(ab + be + ca)

Vay bat dang thic duge ching minh. Déng thitc xdy ra khia = b =c = 3.

Bai 80. Cho x,y,2 >0 vax+vy+ z=1. Tim gid tri Ion nhat cia:
4
P=xy+yz+zx— ga:yz
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Loi giada:
Cach 1.

Dau tién ta sé chiing minh bat déng thic sau:

ryz > (x+y—2)(y+2z—z)(z+x—y) (%)

Ta chi can chitng minh bat dang thic (*) v6i truong hop khong tam thudng .y, z 1a do dai ba canh

tam giac.
That vay, ap dung bat déng thitc AM-GM:

(x—l—y—z)(y—i—z—x)g [(-’B‘l’y_z)‘Z(y‘l’Z_I)] :y2'

Tuwong tu ta ciing co:
(y+z—a)(z+a—y) <22
(z4+z—y)(z+y—2) <22
Tit d6 suy ra bat dang thic (*).
Quay lai bai toan.
Ta c6:

zyz 2 (@+y—z)y+z—a)(z+z—y)=(1-22)(1-2z)(1 -2y)
1 9zyz
<:>xy+yz+zx§1+ 1

Ap dung bat ding thic AM-GM ta duogc:

deyz 1 1layz 1 1 /x+y+2\> 23
P = - - <S4 (dTEY) 22
WAy S T T —4+12( 3 ) 81
) 23 e _ . 1
Vay maxP = TR Dang thitc xdy rakhix =y =2 = 3
Cach 2.
Gia st

0<zr<y<z=0<z<

Wl =

T do suy ra:

P:x(y—l—z)—l—yz(l—%) gx(l—x)+(1:l$)2 <1—4§>.

(1-2)’

Khéo sat ham s6 f(z) = z(1 —z) + ;

4 .
(1 — Ex) ta cling duge ket qua trén!

Hoac phan tich va danh gia nhu sau:

92
2]

4( 1)2< +—11>+
2 s 2 —A4lx— = T
:c(l—x)—l—(l ) (1_4x>: 4 —x” + 20 +3 3 12

4 3 12 12

Bai toan dugc chitng minh.
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5 Bai 81 dén bai 100

3 2 1 .
Bai 81. Cho a,b,c > 0 va — —f—g—i— — = 1. Tim gid tri nho nhat cia:
a c
P=a+b+c.

Lot giai:
Ap dung bat ding thie Cauchy-Schwarz:
3 2 1>h@+v§+n2
- .

=>4+

b ¢~ a+b+c
2
=P=a+b+c> (\/5—1-\/5—1—1).

Vay pmin = (\/§ +v2+ 1)2. Dezmg thic xay ra khi

mwxﬁ:(v§+v%+&v§+v%+zv§+v§+1)

Bai 82. Cho a,b,c > 0. Ching minh:
1\* /243
4}:O+—>—¢§ :
a

cyc 2+ abce

vV

Lo gidis
Bét dang thic da cho tuong duong:

4 4 4 4
1
I R T e T :
a b c 2 + abc

Ap dung bat ding thic AM-GM :

n\* n\* n\* t n\* n\* n\*
L+—) +(1+-) +(1+=) =3¢/ (1+-) (1+7) (1+-) .
a b c a b c
Ta lai c6:
1+1 1+1 1+1 > (1+ ! 3— 1+ 3 3> 1+ 5 3
a b c/) Y abc N 3\3/ abe - 2 + abc .

Tit d6 suy ra diéu phai chiing minh. Dang thiic xdy ra khi a = b = c.

Bai 83. Cho a,b,c >0 va (a —b)(b—c)(c —a) # 0. Ching minh:

1 1 1
(ab 4+ be + ca) ((a—b)2 + 0o + (c—a)z) > 4.

Lot giai:
Gid st ¢ = min{a, b, c}. Tt d6 ta co:
ab + be + ca > ab.
1 1
(b o 0)2 b2 '
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Do d6 ta chi can chiing minh:

1 a b
b — + = -+ ->4
a ((a— 62) )2+b+a_

ab a—b)
Tt a 2P

Ap dung bat ding thitc AM-GM cho (*) ta d& dang c6 diéu phai chitng minh.
Bai 84. Cho a,b,c > 0. Ching minh:

(52) (B) * v

Lot giaa:
Dat
a=k b=k, c=kZ.
Y z x

Bat déng thitc can chiing minh tuong duong:

y+z+x Y n z . T S 9
r oy z)\y+tkr z+ky x+kz) " 1+k

Ap dung bat ding thic AM-GM:

Yy oz T Y z T rT+y+=z Y z T
S+ 4= - - > 3¢ : :
r Yy oz y+kx z+ky z+kz Jryz y+kr z+ky v+ k=

_ 3(x+y+=2)
Yy + kz) (z + ky) (z + k2)

-9

=14k

Vay bat dang thiic duge chitng minh. Dang thiic xay ra khia =b=c = 1.

Bai 85. Cho x,y la cdc so thyc théa man x?y? + 2yz* + 1 = 0. Tim gid tri nhé nhat, gid tri lon
nhat cla:
2 1 1
P=—=+—-+yly+t-+2]).
2z T
Lot giada:
Dat

1
a=—b=y+1=ad>+0>=1,P=da*+ab.
x

Tiép tuc dat

a = cosa: b = sina = P = cos’a + sina.cosa = — + ——cos <2a — E)
C et = - TS T A 1)
1 1 1 1
:>Pmax:_+_; Pmin:___-
2 V2 2 V2
Bai 86. Cho a,b,c > 0 va abc = 1. Ching minh:
1 1 1 1
+ + > .
a’(b+2¢)*  B(c+2a)?  AS(a+20)° 3
Lot giai:
Dat
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Bat ding thic da cho viét lai:
3

Z(x—>

cyc z+ 2y)

w|»—n

Ap dung bat ding thic AM-GM:

3 +z+2y+z+2y>3x
(z +2y)? 27 27 — 9

T dé suy ra:

Z x3 Jrtytz 3YayE 1
(z42y)° ~ 9 -9 3

cyc

Vay bat dang thiic duge chitng minh. Ding thiic xay ra khia =b=c = 1.

Bai 87. Cho a,b,c >0 va a+b+c=3. Tivm gid tri nhé nhat cia:
1 1 1

(1+x/%>2+ <1+\/E>2+ (1+ Vea)”

Lot giai:
Ap dung bat ding thic Cauchy-Schwarz ta co:

81

1 1 ! ! LY
3P =3 <1+\/@)2+< ) 1+\/_ 2(1+\/%+1+\/%+1+\/a>
3+\/_+\/_+¢_) o

v

9
-

= P>

=

3 2
Vay minP = T Dang thic xay rakhia=b=c=1.

Bai 88. Cho a,b,c > 0. Ching minh:
(a+b+c) N 18v/3 . 8l

abe Va2 +b2+c  atbtc

Loi giais
Stt dung béat ding thic quen thuoc sau:
3abe (a +b+¢) < (ab+ be + ca)®
N (a+b+¢)*  3la+b+o) - 3(a+b+c)?
abc 3abc(a+b+c) — (ab+bc+ca)2‘

Do d6 ta chi can ching minh:
3(a+b+c)’ 18v3 8l
(ab+bc+ca)® Va2 +02+E2  a+b+c
That vay, ap dung bat ding thitc AM-GM:

3(a+b+c)’ 9v/3 N 9v3 - 27(a+b+c)
(ab+bc+ca)® VaZ+0E+E V@ F P2+ {’/(ab+bc—|—ca)2(a2—|—b2+c2)
27(a+b+c)
>
= (ab+ bc+ ca) + (ab+ be + ca) + (a® + b* + ¢?)
3
!
Ca+b+c
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Vay bat déng thitc duge chitng minh. Ding thiic xay ra khi a = b = c.

Bai 89. Cho a,b,c > 0 va a® + b® + ¢ < 3. Chitng minh:
ab be ca

+ + <
V3+c V3+a V3+b

[\CRNGV]

Lot giai:
Ap dung bat ding thic AM-GM:
3(a+b+c) < (A®+0°+P)+6<9=a+b+c<3

—_

ab+bc+ca < Z(a+b+c)? <3

w

Ap dung bat ding thic Cauchy-Schwarz:

( ab + be + -4 )2<(ab+bc+ca)(
V3+c V3+a 3+0b) T

ab bc ca
3+c+3—|—a+3—|—b)
<3{ ab N be N ca }
~ llate)+(b+ce) (b+a)+(c+a) (b+c)+ (b+a)

ab ab & ca ca
< + — - - +
at+c b+c b+a cH+a b+c bta
ab n be n ab n ca N be n ca <§(a+b+c)<g
a+c c+a b+c b+c b+a b4+a)| 4 4

Vay bat déang thiic duge chitng minh. Dang thiic xay ra khia =b=c = 1.

=W s w

Bai 90. Cho a,b,c > 0 va a+ b+ c = 1. Ching minh:

ab be ca 3\/§
3 * 3 + 3 < g
\/<1—c)<1+c) \/(1—a)(1—|—a) \/(1—6)(1+b)
Loi gidi:
Ta co: ;
g\/(l—c)s(lw _czyc “+bv1—c2
ab ab
—;(a—l—b)\/(a—kb—i—cf—c?_g(a+b)\/a2+b2+2(ab—|—bc—|—ca)'

Ap dung bat ding thic AM-GM:
e a’ + b+ 2(ab+ be + ca) > 2(ab+ be) + 2(ab + ca).

oa—l—bZQ\/%.

Do d6 ta co:

)3 - <3213
(a+b)\/a?+ b2 +2(ab+ bc +ca) ~ 2 2(ab + be) +2 (ab+ ca)

cyc

Wzy: \/ab(i be abC—LIr ca
ﬂjz(ﬂb@ )
- Lvava= 22
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Vay bat déng thitc duge chitng minh. Ding thic xay rakhia =b=c = -.
Bai 91. Cho a,b,c > 0 va abc = 1. Ching minh:

) 1 <.
2@ +1)+3+c T 2

Lot giaa:
Dat

=220 =1y =22 = ayzr = 1.

Ap dung bat ding thic AM-GM:

1 1 1
- <
%2(@34—1)—4—()3—1—03 §2(5ﬂ+1)+y2+z2—;2(x2+1+yz)

1 T
:Zz<xz+1+yz>:§;m
T 1
—Z 2x2+1 ZQ(x2+2x) :§2(x+2)'

Vay ta chi can chting minh:

1
DRI
(v +2)
Dat
m n p
r=—Yy=—,2=—.
n p m

Bién doi tuong duong va sit dung bat ding thitc Cauchy-Schwarz

Z 1 _n n P n m
” (r+2) m+2n n+2p p+2m
n 1 p 1 m 1 3

n—|—2p 2+p—|—2m 2 2

1 P 3
== + + =
2 m+2n n—|—2p p+2m 2
1 2 p? 3
2 +2nm n2 +2pn - p?+2mp 2
o1 (m -+ n + ) L3_ 1.8,
2 |m2+n2+ p2+2nm + 2pn + 2mp 2 2 2

Vay bat dang thiic duge chitng minh. Ding thiic xay ra khia =b=c = 1.
Bai 92. Cho a,b,c > 0. Chiing minh:
a

c
<1.
a++/(a+b)(a+c) b+\/b+c b~|—a ++/(c+a)e+b)

Lot giai:

Ap dung bat ding thic Cauchy-Schwarz:

V(a+0b)(c+a) > Vac+ Vab.

Do dé ta co:

a a B Ja )
Czy;a—i- (a+b)(a+c)S%;GJF\/@JFM—%;\/ajL\/EJF\/E_
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Vay bat déng thitc duge chitng minh. Ding thiic xay ra khi a = b = c.
Bai 93. Cho a,b,c > 0 va a® + b? + ¢ = 3. Chitng minh:

a2b2—|—7+ b202+7+ ca® +7

(a+b)?> (b+c)? (c+a)

> 6.

Lot giai:
Ap dung bat ding thic AM-GM:
a262+7_a2b2—|—1+2(a2+b2+02) 2ab + 2(a® + b* + *)

(a+b)? (a + b)? - (a + b)?
I e oS e sl S B
a (a—i—b)Q - 2(a2+b2) 2 a?+b?

a’b> +7 _ 9 c?
O N L AT N
Z(a+b)2 -2 czy;a”b?

cyc

Ap dung bat ding thic Cauchy-Schwarz:

Z C2 . Z C4 > (a2 + bZ + CQ>2 > 3 (a21)2 + b202 + C2CL2) 3
a2c? + 022 7 2 (a2h? + b2c + c2a?) T 2 (a2b? + b2c? + c2a?) 2

a? 4+ b2
cyc cyc

a?’+7_ 9 3
= — > -+ - =06.
Z(a+b)2_2 2

cyc

Vay bat dang thiic duge chitng minh. Dang thiic xay ra khia =b=c = 1.
Bai 94. Cho a,b,c > 0 va a® + b + 3 = 3. Ching minh:
a? b? c?

+ + <1
VB +8 VA +8  Vad+38

L gidi:

’ 3 3 3 a b c
(Z\/—bi” ) <Z\/W>S(a+b“)(3(b+2)+3(c+2)+3(a+2)>'

cyc cyc

Ta sé chiing minh:

a+b+c<1
b+2 c¢c+2 a+2 "

& a’c+bPa+ b+ 2(a® + b + ) < abe + 8.

Mic khac: a? + b* + ¢ < 3. Do do6 ta chi can chiing minh: (gid st b 1a s6 & giita)
a’c+b%a+ b —2 — abc < 0 & a’c+ b*a +b(3 — a® — b*) — 2 — abc < 0

—(b—1*(b+2)—alb—c)(a—b) <0

Bat ding thtc cubi luon ding, do dé bai toan dude ching minh.
Déng thiic xay ra khi a = b= c = 1.
Bai 95. Cho z,y,z > 0. Chiing minh:
(x+y+2)° x4y + za?
3xyz 3+ y3 + 23

> 10.

Lo gidi:
Ap dung bat ding thic AM-GM:

(z4+y+2)° =+ + 22+ 3 +y+2)(xy +yz + zx) — 3wyz > 2° + 7 + 2° + 24xyz.
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(m—l—y+z)3+xy2+yz2+zx2>x3+y3—|—z3 3xryz

+8>2+8=10.
3xyz 43 +23 T 3xyz 3+ y3 + 23 -

Vay bat dang thiic duge chitng minh. Déng thitc x4y ra khi z =y = 2.
Bai 96. Cho z,y,z > 0 va xyz = 1. Ching minh:
341 P+ 1 2 +1

+ +
Vatty+z Vyttztz oty o

> 2\/ry +yz + zw.

Loi gidi:
Ap dung béat ding thic AM-GM:

2/ (2 4y + 2) (xy + yz + 22) = 2¢/[24 + 2yz(y + 2)] (xy + yz + 22)

2+ 1
=2/(2% + 922 + y22) (22y + 222 +ayz) < (z+y+2) (2P +y2) = (x+y +2)
3
N r°+1 ZZx\/xy%—yz%—zx'
\/a:4+y—|—z r+y+=z
Z v 41 2y +yz + zx
e VT Tyt 2 '
Vay bat dang thiic duge chitng minh. Déng thitc x4y ra khiz =y = 2 = 1.
Bai 97. Cho a,b,c >0 va a+ b+ c = 1. Ching minh:
ab bc ca ab be ca
2 + + > - + .
ctab a+bc a+ca c+ab a+ be a+ ca
Loi giaa:
Ta co:
a?b? + b2 + a® + 2abe(a + b+ ¢) = (ab + be + ca)’.
b+b ?
abc(a+b+c) < (ab + §+ca) :
Ap dung bat ding thie Cauchy-Schwarz:
ab N be L (ab + be + ca)?
c+ab  a+bc  a+ca T a?b?+ b2 + c2a? 4 2abc(a + b+ ¢) + abe(a + b+ ¢)
2
> (ab+ be + ca) 2:§(1).
(ab + bc + ca) 4

(ab+ be + ca)’ +

3 ab . be / /
c—+ab a+bc a+ca) — c+ab a+bc a—+ca

Tu (1) va (2) suy ra:

ab be ca ab be ca
2 + + > + + .
c+ab a+bc a-+ca ¢+ ab a+ be a+ca

Z 2 2 ]-
Vay bat dang thiic duge chiing minh. Dang thic xay ra khia =b=c = 3

I T 1
Bai 98. Cho a,b,c >0 va 16(a+b+c) > — + 5T Chitng minh:
a c

> 1 <
Cyc|:a+b+\/a7—|-6i| )
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Loi gidis
Ap dung bat ding thic AM-GM:

1 1 1 16

o—+g+—§16(a+b+c)$ab+bc+ca§16abc(a+b—|—c)Sg(ab—i—bchca)z.
a c

3
— <
= 16 ab + be + ca.

oa+b+m_a+b+\/a+c \/a—l—c \/a+b)2(a+c).
<a+b+m) >— (a+b)(a+c).

N 1 < 2 Z 1
s < o - -
cyc [a+b+\/2(a+c)] 21 cyc (a+b)(a+c)
4 a+b+c 64 2 (a+b+c) <64 (ab+ bc+ ca) (a+b+c)
2T (a+b)(b+c)(c+a) Sl (a+b)(b+c)(ct+a) = 81 (a+b)(b+c)(c+a)
64 (a+b)(b+c)(c+a)+abc 64 ) abc 64 1~|—1 8
81 (a+b)(b+c)(c+a) 81 (a+b) (b+c)(c+a) _81 8) 9
Z 2 2 1
Vay bat dang thic duge chiing minh. Dang thiic xay ra khia:b:c:z
T 1T 2 <
Bai 99. Cho a,b,c>0vd—+—:5. Tim Gia try nho nhat cia:
a c
a+b c+b
P = .
2a—b+20—b
Lot giai:
. 2
T gia thiet suy ra: b = a@
a—+c
:>P:a+30+c+3a:1+§<g+g)24.
2a 2c 2\c a

Vay minP = 4. Dang thitc xay rakhia =b=c = 1.
Bai 100. Cho a,b,c € [1;3] va a+b+c=6. Tim gid tri l6n nhat cia:
P=a*+b+ .

Lo giaa:
batr=a—-1,y=b—1,2=c—1 thi:

e (z—-2)(y—2)(2—2)<0& 2y +yz+zzx) <8—4(v+y+2) —ayz=—4—zyz < —4.
e P=0+ 9y +22+2x+y+2)+3= 20y +yz+zz)+18< 14

Vay Puax = 14. Dang thiic xay ra khi (a;b;¢) = (1;2;3) va cac hoan vi.

6 Bai 101 dén bai 120

Bai 101. Cho a,b,c >0 va a+b+c=3. Tim gid tri nhé nhat cia:
1 1 1

“eil T eritert
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Loi gidi:
Ap dung bat ding thic AM-GM:
I a? a
az+1

=2

cyc

a?+1— 2

Vay minP = % Déng thitc xady rakhia =b=c = 1.

Bai 102. Cho z,y,2 > 0 va © +y + z = 3. Ching minh:
x? y> z
- -
y2—2y+3 22—-2243 22—-2x+3

2

3
> —.
— 2

L gidi:

322 RY

x? 3z - -
32— (r+y+2)2u+@+y+2)? 22+2%+ 224222

y? —2y+3 B 3y2 — 3.2y +32

Ap dung bat ding thic AM-GM:

LUQ

2 +y? 4 2%
x? 3 x? 3
-y - >N _°
Czy;yz—2y—l—3_202y;x2+y2+zz 2

3x?

22 4 2y? + 22 4+ 222

3
> —.
-2

Vay bat déang thiic duge chitng minh. Dang thiic xay ra khiz =y = 2 = 1.

Bai 103. Cho x,y,z > 0 va xyz > 1. Ching minh:
1 1 1

-+ <
Z4+x3+y2 -

$4+y3+22+y4+23+$2

Lot giai:
Ap dung bat ding thie Cauchy-Schwarz:
(@' + 5+ )Ly +2) 2 (@ 4y + 22
Do do:

1+y+ 22 1+y+ 22

3+ aty+ztrat4+yi+22

1
Zx4—|—y3+22_

cyc

2 TP Ay )

cyc

- Z (x2 +y2 +22)2

cyc

(a2 + 9 + 22)°
Maic khac, ap dung bat dang thic AM-GM:
(@ + 12422 > 32 4y + 27) = (a2 492+ 22) + (22 + 32 + 22) + (a2 + 9 + 22)

(e+y+2)(e+y+z
3

> 4P+ 22+ )—1—3\3/1:23/2222x2+y2+z2+x+y+z+3.

1
= — < 1.
Z$4+y3—|—22_

cyc

Vay bat dang thiic duge chitng minh. Déng thitc x4y ra khiz =y = 2 = 1.

Bai 104. Cho a,b,c > 0. Ching minh:
a® + 2b?

\/a2+ab—|—bc+

& + 2a?

>3
\/02+ca—|—ab_

b? + 2¢2

\/bz—kbc—l—cajL
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Lo gidi:
Ap dung bat ding thic AM-GM:

Z a? + 2b? >33\/ a? 4+ 2b2 \/ b2 + 2¢2 \/ c2 4 2a?
> a2 +ab+be — a2+ ab+bc NV b2 +bc+ca N c2+ca+ab

Maic khac, ap dung bat déng thiic Cauchy-Schwarz:

(a2 + 26%) (b + 2%) = (a® + B° + b)Y (B* + 2 + &) > (b + be + ac)”.
(b 4+ 2¢°)(* +2a*) = (V¥ + + ) +a* +a*) > (¢ +ca+ ab)Q.
(4 2a?)(a® + 2b%) = (¢* 4+ a® 4 a®)(a® + b* + b*) > (a® + ab + bc)2.

\/ a? 4+ 2b? \/ b2 + 2¢2 \/ c? 4+ 2a? > 1
a?+ab+bc Vb2 4+bc+ca V c24+ca+ab

Vay bat déng thic duge chitng minh. Déng thiic xdy ra khi a = b = c.

T do suy ra:

Bai 105. Cho a,b,c > 0. Ching minh:
a’>—ab b —bc —ca

> 0.
a+b + b+ c + ct+a —
Loi giada:
Ap dung bat ding thic AM-GM:
a®> — ab a2——“2§b2 _ a® —b? :a—b
a+b T  a-+b 2(a+0) 2
2 _ _ _ _
Za abza b+b—c+c a:O_
a-+b 2

cyc

Vay bat déng thiic dude chitng minh. Ding thic xay ra khi a = b = c.

Bai 106. Cho a,b> 0va £ + 3 = 2. Tum gid tri nhé nhat cia:
P=a*+b+a(b®—6)+ b(a? — 6).

Lo gidi:
St dung bat dang thic AM-GM, ta co:

T do ta co:
P =a®+ b+ a(b® — 6) + b(a®> — 6) = (a + b)(a® + b* — 6) > (a + b)(2ab — 6) > (2)(2.1 — 6) = —8.

Vay minP = —8. Déng thiic x4y ra khi a = b = 1.

b 4 2 ) )
Bai 107. Cho ab # 0 va 4 + — = - — —. Tim gid tri nho nhat, gid tri lon nhat ciua:
a

b ' a b
P=a*+b*—a+3b.

Lot giai:
T gidi thiét ta co:
a2+ 02 =4da—2b = (a—2)° + (b+1)°> =5.
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a=2+vV5sina=b=—1++V5cosa.

1
P =9+5(5sina + cosa) =9 + V130 sin f, (B = a—i—arcsin—) :

V26
= 9—+/130 < P <9+ V130.

Vay Pain =9 — v 130, Puax = 9+ V130.
Bai 108. Cho a,b,c > 0 va a+ b+ ¢ = 3. Chiing minh:

a+b b+c c+a
+ + >3
c+ab a + bc b+ ca
Lot giai:
Ap dung bat ding thic AM-GM:
\/a+b+\/b+c+\/0+a S 30 (a+b)(b+c)(c+a)
c+ ab a+ be b+ca =~ "\ (c+ab)(a+be)(b+ca)

a+b+c+3)6_

= 64.
3

4(c+ab)(a+be) < (c4ab+a+be)* = (b+1)*(a +¢)*.

= 64(c+ ab)*(a +be)* (b + ca)® < (a+1)°(b+1)*(c+1)*(a+0)*(b + ¢)*(c + a)®
< 64(a+b)>(b+c)’(c+a).

(c+ab)(a+be)(b+ ca) < (a+b)(b+c)(c+ a).

(a+ 170+ 1+ 1) < (

Dén day ta dé dang c6 diéu phai chiing minh. Dang thic xay ra khia =b=c = 1.
Bai 109. Cho a,b > 0. Ching minh:

3 3 1 1
2 - 2 _ > _ —
(CL +b+4) (b +a—|—4)_(2a+2> <2()—|—2>.

1 2>0<:> 2+1> & 2+b+3> +b+1
a 5 > a 4_a a 4_a 5"

Lot giai:

b 1 2>0<:>b2+1>b<:>b2+ +3> +b+1
- = " a+—2>a —.
2/) = 4 = 4 = 2

Ap dung danh gié tren va bat ddng thic AM-GM:

ere ) reae s forney L O]y

- 4 2 4

2z 2 2 1
Vay bat dang thic duge chitng minh. Dang thitc xay ra khi a = b = 5
Bai 110. Cho a,b,c > 0 va a® + b* + ¢ = 3. Chitng minh:

a b ¢
—+-+-+a+btc>6.
b ¢ a
Lot giaa:
Cach 1.
Dat

a+b+c=3—-1"=—\/3-V3<t<\/3-V3
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Ta co:

a b ¢ 2(3 — 2)? ) (5 —12)
—+ -+ - b —-6>——F-— -3 —-t'=—=
Fto o tatbtc > G T T
Cach 2.
Ap dung bat ding thic Cauchy-Schwarz:
+b+ a+b+c) 3 49
b _ab+bc+ca ab + bc + ca

Ta sé chitng minh bat dang thiic sau:

———+ta+b+c>14
ab + be + ca

+a+b+c—4>0

(a+b+c)°—3
e (a+b+c—3)a+b+c+2)>0

Bét dang thitc cudi luon ding, do d6 bai toan duge chitng minh xong.
Diéng thiic xay ra khia =b=c=1.

T 1T 1
Bai 111. Choabc>Ova—+b—|———1 Tim gid tri nhé nhat clia:

b+c c¢c+a a—+bd
+ + .

P= a? b2 c?

Lot giaa:
] i 1 1
batr=—-, y=—-, z2=—-=2+y+2=1
a b c
Ap dung bat dang thitc AM-GM va Cauchy-Schwarz ta co:

b 4a*
P= Z +9) = >2(a+b+c)=2.
c

cyc cyc

\ﬁiy Prin = 2.
Diang thitc xay ra khia =b=c = 3.

Bai 112. Cho a,b,c >0 va a+b+c=1. Tim gid tri nhé nhat cia:
3

:a2+b2+62+ab—|—bc—|—ca'

Lot giaa:

2.2 2 2 1 2 1 5+ 2 2 2 1
Ta ¢6: a® + b* + ¢ Zg(a+b+c) =3 Dat a® + b* + ¢* = t, t2§ .
Do do: 5 6

P=ft)=-+——.
Xét ham s6 f(t), tu do6 suy ra
PZ4<2+\/§).
\/éﬁf-anjn = 4:(2 + \/Gg)
Bai 113. Cho x.y > 0 va 2% + 2y? = 1. Chitng minh:
VIt2r4+VT+2y>1+V1+V2
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Li gidi:

Ta co6:

2
<\/1+2m—|— 1+2y> =24+ 2@ +y)+ 21+ 2 +y) +day > 2+ 2z +y) +2/1+ 2(z + y).

Mac khac:

2 2?42y 1 2
(a:+y)2:a:2+2xy+y22?+y2:Ty:§:>m~l—y2\/7—.

<\/1+2x+\/1+2y)222+\/§+2\/1+\/§=(1+\/1+\/§)2.

Vay bat dang thitc duge chitng minh. Dang thitc xay ra khi (z;y) = (0;

Do dé

5)

Bai 114. Cho z,y,z > 0 va z +y + z = xyz. Tim gid tri l6n nhat cia:
2 1 1

P = + + .
Vi+a?  J1+y2 V1422

Loi giada:
Dat
a:l;bzl;c:liab—l—bc—l—ca:l.
x Yy z
L p_ 2a n b n c .
Vita? Vi+p® Vit

Ap dung bat ding thic AM-GM:
B 2a b c

= + +
Vie+b(a+c) Jb+a)(b+c) +/(c+a)(c+b)
< 1 n 1 ) 1 n 1 n 1 n 1 9
=9\arb  ate 4b+¢c) a+b ¢ 4(b+c) a+c) 4
) 1
Vay Puax = Z Dang thitc xay ra khi (z;y;2) = (g, V15; \/ﬁ) .

Bai 115. Cho a+b+c= 0. Tim gid tri nhé nhat cia:
P=3+4°+3+4b+/3+ 4.

Loi gidi:
Ap dung béat ding thic Cauchy-Schwarz va AM-GM:

V(3+1) (34 49) > 3+ 2%

3429 4+3+2°43+42°  9+43V2ethte

6.
2 2

:>Z 3+ 40 >

cyc

Vay Puin = 6. Dzzmg thic xay ra khia =b=c=0.

Bai 116. Cho a,b,c > 0 va a + b+ ¢ = 1. Chiing minh:
A+ +2 VP+A+2 A+al+2 S
a+b—ab b+c—bc ct+a—ca —

12.

Lot giai:
Ta co:
a+b—ab=(a+b)(a+b+c)—ab=a*+b*+ab+bc+ ca.
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Do do:

Za2+b2+2_z a2+b2+2
a+b—ab *Cyc a2+ b2+ ab+ be + ca

cyc

_Z a ‘|‘1 i a +1
N a?+b2+ab+bc+ca 2+ a?+ab+be+ ca

cyc

- a2—|—a2—|—b2—|—62+2(ab—|—bc+ca)

4@ +1) 4@ +1)
—Z "2 g B

p” +(a+b+c)

P ) 1
Vay bat dang thic duge chitng minh. Dang thitc xay ra khia =b=c = 3
Bai 117. Véi moi so thuc duong a,b,c théa man a + b+ c = 1. Tim gid tri nho nhat cia biéu
thic:

p_ CL3 N bd N 03
C(1—a)? (1=b? (1-¢)
Lot giaa:
Ta sé chitng minh bat dang thic phu sau:
a’ 1
- >a-=
-1 ="

That vay, bat déang thitc trén tuong duong véi bat dang thic ding sau:

) ; + = ! >0« Ly’ >0
T Ui “T3) =
Twong tu, ta ching minh dugc:

v
=
|

AV4

o

|
[ e N

(c—1)°

Cong ba bat déng thiic trén theo vé ta duge:

3 1
P> b —— ==
Za+b+c 171

. .1
Vay gia tri nho nhat ctia P bang T

Diang thiic xay ra khi va chi khia =b=c= =.[]

OJI>—‘

Bai 118. Cho cic s6 thuc duong a,b,c théa man a +b+c < 1. Tim gid tri nhoé nhat cia biéu

thic sau:
1 1 1 1

a?+b% + 2 Jrab(cH—b) +cb(c%—b) +ac(a+c)

Lot giai:
Theo bat dang thitc Cauchy-Schwarz, ta co:
1 1 1 9
>

>9 1
a2—|—b2—|—02+ab+bc+ca+ab+bc+ca_(a+b+c)2_ (1)
Ap dung bat ding thic AM-GM ta dugc:
1 . 1 N 1 S 3 S 27 2)
ab(a+b)  cb(c+0b) acla+c) </<a +b+c)® 8(ab+be+ca)®  2(ab+be+ ca)
27 ' 27

Mat khac:
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27 2 23

2(ab + be +ca) ab+bc+ca+2(ab+bc—|—ca)

2 N 23
= 2
ab+bc+ca §(a+b+c)2
2 69

ab+bC—|—Ca+ 2 (3)

Tu (1), (2) va (3) ta suy ra:

1 . 1 n 1 N 1 N 87
a?+ 0+ abla+b)  cb(c+b)  aclat+c) T 2
. .87
Vay gia tri nho nhat cia A bang 5
) 1
Dang thiic xay ra khi va chi khia=b=c= §'D

Bai 119. Ching minh rdng vdi moi so thuc khong am a,b, c thod a + b+ c =1 thi:

1 1 1
> 10
a2+b2+b2—|—02+02—|—a2 -

Lot giazi:
Gia st ¢ = min{a, b, ¢}, ta c6 cac danh gia sau:

c? c? 2 c\2
a2+b2§(a2+ac+z>+<b2+bc+z :<a+—> +(b+—)

b?+c2§(b+§)
Tuong tu:
o 2
62+a2§<&+§>
Do do: { 1 1
P> 2 7 T 5 T 2
(a+3) +(b+3)  (+3) (e+3)
“r3) T3 2 2
B 1 +1 1 n 1 +3 1 n
- cN 2 c\2 4 c\ 2 cN 2 4 2
5) ~(r5) TL0+3) ()] TL0+3)
/ ?(a+2>+<+2 +2 a—|—2 +2 a—+
Theo bat dang thitc AM-GM, ta c6:
1 1 n 1 >1 2
ey (o) P09 ()
(b+5) (e+3) LGS
3 1 1 3 2 3 8
2 + > 2. > 2. =
4 — 4 — 4

—_
—_
—_
(=)

P> + - +
Tl (028 (o9 (arG) o
(a+3) +(b+3) )\
Ap dung bat ding thic Cauchy-Schwarz, ta co:
4 6 10
a+b+f+f) (@a+b+¢) (a+b+c)

2 2

Vay bat ding thitc da dude ching minh.

) 11
Dang thitc xay ra khi va chi khi (a;b;¢) = <§, 3 0) O
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Bai 120. Cho cdc so thuc duong a,b, ¢ théa man abc = 1. Tim gid tri nhdé nhat cia biéu thic:
o d+ N b’ 4 ¢ N ¢’ +a®
a2t ab+ b B24be+ 2 2+ ac+

Lot giaa:
Ta co:
(a+0b)(a®>—ab+b*) (b+c)(b* —bc+c?)  (c+a)(c* —ca+ a?)

P=
a?+ab+ b b2 + be + 2 c? +ca+a?

Ta sé chiing minh:
22 — xy +y? 1
2oy +y? T3
That vay, bat déng thic trén tuong duong véi bat ding thic ding sau:
20x —y)? >0
Ap dung két qué tren ta suy ra:
Pz%@+h+b+c+c+ay:§m+b+@
Lai theo bat dang thitc AM-GM, ta c6:
P> ;.3%_& =2
Vay gia tri nhé nhat ctia A bang 2.
Déng thitc xay ra khi va chi khia =b=c=1.0

7 Bai 121 dén bai 140

Bai 121. Cho z,y la cdc so thuc duong. Tim gid tri nhé nhat cia:
ju 3+ 3 + Tey(z + y)

zy\/a? P

Lot giaa:
Ap dung bat ding thic AM-GM, ta c6:
2
/2:1:y. /12 + y2 < @
2
o SRR < <f"2+_f?2ﬁ

Do doé:
P> 22008 +y° + Tay(z +y)]  2V2(x +y)(2® + 4% +6xy)  2V2[(x +y)? + day]
- VEy(z +y)? VTy(z +y)? VTY(z +y)
Lai theo bat ding thitic AM-GM, ta c6:
8v2
P> V2 /Ty(x + y) _8y3

VTY(T +y)

Vay gia tri nhé nhit cia P bang 8v/2.
Déng thitc x4y ra khi va chi khi 2 = y.O0

Bai 122. Cho x,y, 2 la cdc 56 thuc duong. Chiing minh ring:
72 ., 2 .\
Qu+2)2z+y) (2z+4+x)2x+2) (2x+y)(2y+x)

2

1
>
-3

Lot giaa:
Ap dung bat ding thic AM-GM, ta c6:
1 9
(2y+2)(22+y) < 7By +32)" = J(y + 2)°
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Tuwong tu:

(22 4 2) (20 + 2) < Z(z o)
(e +y)(2y+1) < (@ +y)
Dods: 2 2 2 2 2
& + J + - > [ -y Y4 2 }
Qu+2)2z24+y) (2z+z)2x+2) QRx+y)Ry+z) 9 |(y+2)? (z+2)?2 (x+y)?

Theo bat dang thitc Cauchy-Schwarz. ta co:

4[ x2+y2+z2 }>4(5L’+y+z>2
9| (y+2)? (2422 (x4y?| 21\y+z z+4+zx z+y
X 4 1 )
Bay gio ta can ching minh 77 (y i . + . —:iy- . + . j_ y) > 3 la bai toan dugc giai quyet.
That vay, bat dang thitc trén lai tuong duong véi bat dang thiic ding sau:
3 . s
SN > — (bat dang thic Nesbit)
y+z z4+zx x4y 2

Vay bat déng thitc da duge ching minh.

Déang thtic xay ra khi va chi khi z =y = 2.0
Nhan zét: Ta sé chiing minh bat dang thiic Nesbit nhu sau:

Ta co: . . |
x z
+ 24 :(x+y+z)( + + )—3
y+z z+x T+yY r+y y+z z+x

1 1 1
[(x+y)+(y+z)+(z+x)]( + + )—3
Ap dung bat ding thic AM-GM, ta dugc:
1 1 1 1 9 3
—[(:c+y)+(y+z)+(z+x)]( + + )—3>——3:5

N | —

2 r+y y+z z+x
Phép chitng minh hoan tat.

Bai 123. Cho a,b,c la cic s6 thuc duong théa man ab + be + ca = 1. Tim gid tri nhé nhat cia
biéu thic:

_\/a2+1\/b2+1+\/b2+1\/c2+1+\/c2+1\/a2+1

P
41 a?+1 Vi +1

Loi gidi:
Dé ¥ rang:
a*>+1=(a+b)(c+a)
V+1=(a+b)(b+c)
A4+1=(b+c)(c+a)
Khi d6 biéu thitc P viét lai thanh:
P=(a+b+(b+c)+(c+a)=2(a+b+c)
Mat khac, ta lai co:
(a+b+c)* > 3(ab+bc+ ca) =3
Do doé:
P>2V3
Vay gia tri nhd nhat ctia P bang 2v/3.

? 3
Déng thitc xay ra khi vi chi khi a = b = ¢ — g.m
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Bai 124. Cho a,b,c la cdc s6 thuc duong. Ching minh ring:
2
V3a . 6b . 6¢ <53
(a+b)(a+c) (b+a)(b+c) (c+a)(c+Db)

Lot giaa:
Viét bat dang thiic can chitng minh duéi dang:
2a 2/3b 2V/3¢c

Vie+b)(a+c) - V(b+a)(b+c) - V(c+a)(c+b)

Ap dung bat ding thic AM-GM, ta co:
2a a a

< +
(a+b)(a+c)  a+b a+c

<5

Tuong tu:
2v/3b - b N 3b
(b+a)b+e)  bt+a b+c
2\/50 < c 3¢

< +
(c+a)(c+b)  ct+ta c+b
Cong cac bat dang thic trén theo vé, ta duogc:
2a N 2/3b N 2v/3¢
@thatd Jotab+a Jietaeth)
a b c a 3b 3c
< + + + + - =5
. a+b b+a c+a a+c b+c c+0b
Dang thic khong xay ra. Do doé:

2a N 2v/3b N 2V/3¢
Vie+b)(a+c) b+a)b+c) /(c+a)(c+D)

Vay bat déng thitc da dude ching minh.O0

<5

Bai 125. Cho a,b,c la cdc so thuc duong. Ching minh rang:
1 1 1 27

a(a+b)+b(b—|—c) +c(c—|—a) = 2(a+b+c)?

Loi gidi:
Ap dung bat ding AM-GM, ta co:
1 1 1 1
> 3
aary) Tioro T dera) 3\/abc(a+ Db+ o)(cta)

3
abe < <%b+c> 2)

2a+b+c)]’
e

(@+b)(b+c)c+a) < [
Tu (1), (2) va (3) suy ra:
1 L 1 + 1 S 27
ala+b) bb+c) clc+a) ~ 2(a+b+c)?
Vay bat dang thiic da duge chiing minh.
Déng thitc xay ra khi va chi khi ¢ = b = .00

(1)

Bai 126. Cho a,b la cdc so thuc duong. Ching minh rang:
R S W IR

?+b_2+a2+b2 — (a+b)?

Loi gidi:

Ta co:
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11 4 (a? +b*)? 4a2b?

2T rTa + b2 a?b?(a? + b?) * a?b?(a? + b?)
Ap dung bat ding thic Cauchy-Schwarz, ta co:
(a® + b?)? 4a’>b* S (a*> 4+ 0*+2ab)*  (a+b)*
a?b?(a? +b?)  a?b?(a? 4+ b2) T 2a2b2(a? +b2)  2a2b2(a? + 1?)
Ta can chiing minh:

(a+b)* 32(a® + b?)
2a20%(a®> +0%) = (a+Db)*
That vay, bat déng thic trén tuong duong véi:
(a+0b)* > 8ab(a® + b?)
& [(a2 4 ) + 2ab]’ > 8ab(a? + b?)
S (a—-0)*>0

Bét dang thitc cudi luon ding véi moi a, b.

Vay bat déng thic da duge ching minh.
Dang thitc x4y ra khi v& chi khi a = 0.00

Bai 127. Cho z,vy, z la cdc so thiuc duong théa man x +y + z = 3. Tim gid tri nhé nhait cia
biéu thic:
P =%+ 2y* + 324

Loi gidi:
Ap dung bat ding thic Cauchy—Schwarz ta co:
(z* + 2y* + 32%) ( +——|—

7 \/_) > (22 + V/2y% + x3/§z?)2 (1)

1 1
2% 4 2y% 4+ /322 (1+—+—)> r+y+2)7=9 2
( y ) oG > (z+y+2z) (2)
Tu (1) va (2) suy ra:
P> 81 i
(1+ 55+ 55)
o V2 V3
Vay gia tri nhé nhat ctia P bang " i
14—+ =
(55 7)
(x_ 3\3/6
V6+ 3+ V2
Diéng thitc x4y ra khi va chi khi { y = 3V3
T+ B
32
z =
Y6+ V32

Bai 128. Cho a,b,c la cic so thuc duong théa méan a+b+c = 3. Tim gid tri nhé nhat cia biéu

thice:
P +1+1+1
a2+ b2+ b2

Loi giai:
Ap dung bat ding thic AM-GM, ta c6:
1 1 1 1 1 1

b2 ab ' be | ca
Do do:
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A > ; + 3_2 + 3_2 + 3_2
) o T a?+b0+c2 9ab  9bc  9ca
Lién tiep st dung bat dang thitc Cauchy-Schwarz, ta dugc: ,
1 9
= a?+ b2 4 2 N 9(ab + bc + ca)
S 102
T a?+ b2+ 2+ 9(ab+ be + ca)
102
(a4+b+c)?+ 7(ab+ bc + ca)
Theo bat dang thitc AM-GM, ta c6:

7(ab + bc + ca) < g(a+b+c)2:21

Do do:
102 10

> =

10 — 32421 3

Vay gia tri nhé nhat cia A bang 5
Diang thiic xay ra khi va chi khia =b=c= 1.0

Bai 129. Cho a,b,c la cdc so thiuc duong théa man a + b+ ¢ = 3.
Tim gid tri nhé nhat cia biéu thic:
A=a>+0+ S +a®+ 0+ 2+ abe

Loi gidi:
Xét ding thic sau:
a® 4+ b+ & —3abe = (a+ b+ c)(a® + b* + 2 — ab — be — ca)
Suy ra:
abe = %(a3+b3+c3) —(@®+ V0" +c*) +ab+be+ca
Do doé:

A=—-(a*+V+c) +ab+bc+ca

v

(a®> 4+ b* + ) 4+ ab+ be + ca

= (a+b+c)2+g(a2+b2+02)
5
6(a2+b2+62)

Ap dung bat ding thic Cauchy-Schwarz, ta co:

N ON| W Wl >

(a+b+c)?

a’?+ b+ 2> 3

=3
T do suy ra:

A>T
Vay gia tri nhé nhat ctia A bang 7.

Déng thitc xay ra khi va chi khia =b=c=1.0

Bai 130. Cho a,b,c la cdc s6 thuc duong théa man a + b+ ¢ = 3.
Tm gid tri nho nhat cia biéu thic:
a’ b3 c3

+ +
a?+3ab+b2  b24+3bc+c? 2+ 3ca+ a?

L gidi:
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Bién doi va sit dung bat dang thic AM-GM, ta c6:

a? ab(?)a +b) S ab(3a+0b) 2a—10
_ =g ———7t_>a- =
a? + 3ab + b2 a? 4+ 3ab + b2 — 5ab 5
Tuong tu:
b 2b — ¢
>
b2+3bc+c2— 5
c3 2c—a

>
) 2+3ca+a®>~ 5
Cong ba bat dang thic trén theo vé, ta dugc:
A> atbte 3
3 - 5 5
Vay gia tri nhé nhat ciia A bang E
Déng thtic xay ra khi va chi khi a = b =c = 1.0

Bai 131. Cho a,b,c la cdc so thuc duong. Ching minh rang:
2a? 20° 2¢3

(I2+b2 +b2+02 +02+ 2 ZCL—’-b—l-C
Loi giai:
Bién déi va sit dung bat ding thic AM-GM, ta co:
2a3 5 2ab2 9 2ab? 5 b
—— =20— —— a— ——=2a—
a’ + b2 a?+b> — 2ab
Tuong tu:
203
b2 + 2 + c? 22—
2c3
. c?+a? = 2c—a
Cong ba bat dang thitc trén theo vé, ta duge:
2a* 263 2c3

>a+b+ec

+ +
) a2+ P+ A+a® T
Vay bat dang thic da duge chitng minh.

Dang thitc xay ra khi v& chi khi ¢ = b = .00

Bai 132. Cho a,b,c la cdc so thuc duong. Ching minh rdng:
1 1 1 < a+b+c

a2—|—bc+62+ca+02+ab_ abe

Lot giazi:
Ap dung bat ding thic AM-GM, ta c6:
a’® + be > 2av/be
b + ca > 2b\/ca
2+ ab > 2cvab

Do doé:
L 1 1 1 Vab+Voc+ e
a’?+bc  b*+ca c2—i—ab 2a\/_ 2b\/ﬁ 2evab 2abc
Ap dung bat ding thic AM-GM, ta lai c6:
Vab+Vbe+ea < a+b+c
T do suy ra:
1 n 1 N 1 <a+b+c
a?+bc b +ca E+ab—  abe

Vay bat dang thiic da duge chiing minh.
Diang thiic xay ra khi va chi khi a = b = .00
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Bai 133. Cho a,b,c la cdc so thuc duong théa man abc = 1. Chiing minh rang:
va Vb Ve

- - >1
2+bv/a 24¢vb 24 ayc T

Lot giazi:

Pit va=—2, V=12, Je=1
Yy 2z
Khi d6 vé tréi ctia bat dang thitc can chiing minh tré thanh:
() (zy)* (y2)°
(xy)? + 2zy2?  (y2)? +22%yz  (22)? 4 22y°%2
Ap dung bat ding thic Cauchy-Schwarz, ta co:
(e (zy)? (y2)°
(xy)? + 2zy2?  (y2)? + 22%yz  (2x)? + 22y%z
(zy + yz + 21)?
— (@y)? + (y2)? + (22)* + 2zyz(e +y + 2)
Vay bat dang thic da duge chiing minh.
Déng thitc xay ra khi vi chi khia = b=c= 1.0

Bai 134. Cho x,y, 2 la cdc so thuc duong théa man x,y,z € (0;1) va xyz = (1—2)(1—y)(1—2).
Chatng minh rang:

%+ yt 2420 2242 15
S S >

Y z x 8
Lot giai:
. 11—z 1—y 1—2z .. . . .
bat a = , b= ,c= . T dieu kién ta ¢6 abc =1 va a,b,c > 0.
x Y z
Nhan zét:

Trong 3 s6 a, b, ¢ ¢6 tich bang 1 ludén ton tai 2 s6 nam ciing phia so véi 1. Gid st 2 s6 d6 1a a va b.
Khi do:

1
(a—1)(b-1)>0satb<ltab=-—"C
c
Ap dung bat ding thic Cauchy-Schwarz, ta co:
1 1 1 1
+ > +
2 2 = a
Y (e (1+ab)(1+§>
B b L a
~ (1+ab)(a+b) (1+ab)(a+Db)
I
S l4ab c+1
Suy ra:
T N
R P R C N A C A
c 1

1 T ery
=1 33
4(c+1)2 4~ 4
Stt dung bat dang thic Cauchy-Schwarz, ta cé:
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2 2 2 2.2 .2)2

Yy +z_> (x* 4+ y* + 27)

r T 2ly+yie+ 22
(22 + y? + 2%)?

- \/(xQ + 92 + 22) (2292 + y222 + 2272)
(22 + 9> + 2%)?
2?4 y? + 2P

\/(x2 + 9%+ zQ)—( % )
= \/3(22 + y2 + 22) >
Mait khéc, theo bat dang thitc Cauchy-Schwarz ta ciing co:
(@ +y*+ 2@ ty+2) > (@ +y* 277 (%)

3@+ +2%) > (x+y+2)° (M9

[\CR V]

(1)

T (*) va (**) ta co:
Suy ra:

Cong (1) va (2) theo vé ta dugc:
w24+t Pt 2242t 15
+ + =2
Y z T 8
Vay bat déng thic da dude ching minh.

Dang thitc xay ra khi va chi khiz =y = 2 = =.00

N | —

Bai 135.
a) Cho a,b,c la cic so thuc duong. Chiing minh rang:
(a+0b)(a+c)>24y/abc(a+ b+ c)
b) Cho a,b,c la cic s6 thuc khong am. Chiing minh ring:
3a3 + 1763 > 18ab?

Lot giaa:
a) Theo bat dang thiic AM-GM, ta c6:
(a+b)(a+c) = (a* + ac + ab) + bc
=ala+b+c)+be
> 24/ abc(a + b+ c)
Vay bat dang thiic da duge chiing minh.

Dang thitc x4y ra khi v& chi khi a(a +b+c¢) = be. Cuthé a = 1,b = 2,¢ = 3.0

b) Theo bat dang thitc AM-GM, ta c6:

3a® + 170 = 3a® + 8b° + 9b* > 3V/216a3b6 = 18ab?
Vay bat dang thiic da duge chiing minh.
Diang thitc xay ra khi va chi khi a = b = 0.0

Bai 136. Cho cdc so thuc duong a,b, c théa man a,b,c > 1 va abc = 8.

Tum gid tri nhé nhat cia biéu thic:
1 1 1

I T A s

Li gidi:
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Tru6c hét, ta chiing minh:
1 1

2
+
l4a 140~ 1++Vab
That vay, bat déng thic trén tuong duong véi bat dang thic ding sau:

1 1 1 L. Wa—bP(ab—1)

— + — >
l+a 14++vab 1+b 1+ab (1+a)(1+b)(1 + Vab)
Diang thitc x4y ra khi va chi khi a = b.

Ap dung két qua tren, ta co:
1

v6i moi a, b > 1

>0 v6imoiab>1

1 1 1 2 2
+ + - > +
l+a 1+b 14+c 14+ vabe 1++ab 1+ vVabc
4 4

> —
T 14+ Vatbict 14 Vabe

1 1 1 3

- > —1
l+a 1+b 1+c™ 1+ Yabe
Vay gia tri nho nhat ctia P bang 1.

Déng thitc xay ra khi vi chi khi a = b= c = 2.0

T do suy ra:

Bai 137. Cho a,b,c la cic so thuc duong théa man abc = 1. Tim gid tri ldn nhat cia biéu thic:
Va2 + 1+ VP +1+VE+1
a+b+c

F =

Lot giaa:
Ap dung bat ding thic Cauchy-Schwarz, ta co:

VaZ +1++v2a < /2(a2+ 1+ 2a) = 2(a+ 1)

Tuwong tu:
V1420 <V2(b+1)
VEFT4+V2e <V2(c+1)

Cong ba bat dang thiic trén theo vé, ta dugc:
\/a2+1+\/b2+1+\/02+1+\/§<\/5—|-\/5+\/5> <V2B+a+b+c)
<:>\/a2+1+\/62+1+\/02+1§\/5(3+a+b+c)—\/§<\/5+\/5+\/5)
Mait khéc, theo bat ding thic AM-GM ta cé:
Va+Vb+ /¢ > 3vabe =3

Do do:

Va2 + 1+ VB +1+VA2+1<V2(a+b+c)
2 2 2
@\/a +14+VR2+1+Ve 1_ s
a+b+c

Vay gia tri 16n nhat cia F bing /2.
Diang thiic xay ra khi va chi khia =b=c= 1.0

Bai 138. Cho a,b,c la do dai ba canh cia tam gidc. Chiing minh rang:
a b c

>1
3a—b—|—c+3b—c—|—a+30—a—|—b_
Lot giaa:
Ki hiéu:
a b c
P —
3a—b+c+36—c—|—a+30—a+b
Ta co:
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4a n 4b N 4c
3a—b+c 3b—c+a 3c—a-+b

Q=4P =

3a—b+c 3b—c+a 3c—a+b
a+b-—rc b+c—a c+a—>

3a—b—|—c+ 3b—c+a + 3c—a+b

(a+b—c)? (b+c—a)? (c+a—10)?
(a+b—c)(Ba—b+c) (b+c—a)B3b—c+a) (c+a—0b)(3c—a-+Db)
Ap dung béat ding thic Cauchy-Schwarz, ta co:

— 3+

=3+

0>34+ (a+b+c)?
- (a+b—c)Ba—b+c)+(b+c—a)3b—c+a)+ (c+a—0b)(3c—a+1D)
_34 (a+b+c)? B
B a? + b2+ c2 +2(ab + bc + ca)
Suy ra:
a b c

P > 1 hay

+ + > 1
, 3a—b+c 3b—c+a 3c—a+b
Vay bat dang thic da dude chitng minh.

Déng thtic xay ra khi va chi khi a = b = ¢ & AABC déu.0d

(3a—b+c)+(a+b—c)+(3b—c+a)+(b—|—c—a)+(30—a—|—b)+(c+a—b)

Bai 139. Cho a,b,c la cdc s6 thuc duong théa méan a + b+ ¢ = 3. Chiing minh rang:

a? N b? N c? - 3
a+b> b+c2 c+a 2
Lot giai:
Bién déi va sit dung bat ding thic AM-GM, ta co:
a’ ab? ab? byv/a
—— =0 ——= >0 —— =0 — ——
a+ b? a+b? 2by/a 2
Tuong tu:
2
eV
b +2 2~ 2
S . W/
. c+a?— 2
Cong ba bat dang thitc trén theo vé, ta dugc:
a? b? c?

1
>a+b+c—§<b\/5+0\/5+a\/5)

+ + >

a+b® b+ c+a?
Bay gio ta can ching minh by/a 4+ ¢v/b + a/c < 3 1a bai toan duge giai quyét.
That vay, theo bat ding thic Cauchy-Schwarz ta co:

bva + Vb + ave = Vivab + vevbe + Vav/ea

< +/(a+b+c)(ab+ bc+ ca)

b 2
Do do:
a? n b? n c? >3
a+b2 b+c2 c+a2 2

Vay bat dang thiic da duge chiing minh.
Déng thitc xay ra khi vi chi khia =b=c=1.0

Bai 140. Cho a,b,c,d la 4 s6 thuc duong théa man a + b+ c+ d = 1. Chiing minh ring:
1 1 1 1

1

<
a4+b4~|—c4+abcd+b4~|—c4~|—d4~|—abcd+c4+d4+a4~|—abcd+d4~|—a4+b4+abcd_ abed

Lot giaa:
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Ap dung bat ding thic AM-GM, ta c6:
a* + bt + ¢ > a?b? + bR + Pa?
a’b? + b2 + *a® > abc(a+ b+ c)
Do dé6:
at +b* + ¢t > abe(a + b+ c)

& a' + b1 + ¢t + abed > abe(a + b+ ¢+ d)
1 d

<
<~ at + bt + c* + abed — abed

Chting minh tuong tu ta co:
1 a

<
bt + ¢t +1d4 + abed — abbcd

<
ct+d4 +1a4 + abed — abed
c

<
) d* + a* + b* + abed ~ abed
Cong cac bat dang thiic trén theo vé, ta duge:
1 1 1

1

<
a4+b4—|—c4—|—abcd+b4—|—c4—|—d4+abcd+c4+d4+a4+abcd+d4+a4+b4—i—abcd_ abed

Vay bat dang thiic da duge chiing minh.

Déng thiic xay ra khi va chi khia=b=c=d = -.[]

| =

8 Bai 141 dén bai 160

Bai 141. Cho a,b,c la cdc so thiuc duong théa man a + b+ ¢ = 3. Chiing minh rang:
a

<1

a3—|—b2+c+b3+02—|—a+03+a2+b -

Lot giai:
Ap dung bat ding thic Cauchy-Schwarz, ta co:

1 1
a<—+1+c> a(——|—1+c>
a a < a _l4+a+tca

5102 tc 1 = btoc)? 9
e (a3+b2+c)(—+1+c) (a+b+c)
a
Tuong tu:
b <1+b—|—ab
B +c2+a — 9
c <1—|—c—|—bc
? Stat+b= 9
Cong ba bat dang thiic trén theo vé, ta dugc:
a n b n c <3+a+b+c+ab+bc+ca
add+b2+c B+c24+a A4+a24+b T 9

Mat khéc, theo bat dang thitc AM-GM ta c6:
1
ab + be + ca < g(a—l—b—l—c)2 =3

Do doé:
a . b . c <1
) ad++c BP4+c+a A+a’+b—
Vay bat dang thitc da dugce chiing minh.
Déng thitc xay ra khi vi chi khia = b=c=1.0
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Bai 142. Cho a,b,c la cdc so thuc khong am théa man a + b+ c = 3.
Tum gid tri lon nhat cia biéu thic:

P = av/b + b\/c + cy/a — Vabe

Lot giai:
Dit . = a, y = Vb, z = \/c.
Diéu kién trd thanh 2% + y? + 22 = 3 va P = 2%y + v*2 + 2%z — zyz.
Dé thay P > 3 theo bat dang thitic AM-GM.
Khong méat tinh tong quat, gia sit y 1a s6 nim giita z va 2.
Khi do ta co:

2y —z)(y —2) <0 vz + 2%z — ayz < y2?
Do do:
P <ya® 4 yz* = y(a® + 2°)

Mat khéc, theo bat dang thic AM-GM ta cé:

22 (e 1 2)(a? 4 2) < {

2(2% +y? + 2%) 3 _q
3 } B
T do suy ra:
P <y(a?+22) <2

Vay gia tri 16n nhat ctia P bang 2.

a=b=c=1
r=y=2z
. a=2
Dang thic xay ra khi va chi khi {z =0 & b1 va cac hoan vi.[l
x? = 292 a
c=10
Bai 143. Cho a,b,c la cdc s6 thuc duong théa man abc = 1. Tim gid tri nhé nhat cia biéu thic:
1 1 1 2
P= + +

(14a)?  (1+0)? (1+c)2+(1+a)(1+b)(1+c)

Lo giaa:
Trong ba s6 a,b, ¢ ¢6 tich bang 1 luon ton tai hai s6 cling nam mot phia so vdi 1.
Gi4 st hai s6 d6 1a a va b.
Khi d6 ta co6:

1
(a—1)(b-1)>0satb<1tab=-—"C
c
Suy ra:
(1+a)(1+b)(1+c)=1+a+b+ab)(1+c)
2(1 2
S2(1+ab)(1+c):u
c
Ap dung bat ding thic Cauchy-Schwarz, ta co:
1 1 1
+ > +
2 2 = a
(I+a)*  (1+0) (1+ab)(1+g> (1+ab)(1+9)
a
B b n a
 (14ab)(a+0b)  (1+ab)(a+D)
I
S l4ab c+1
Do doé:
UL 1 L _c(c+1)+1+c_1
e+l (e+1)2 (c+1Z2 (e+1)2
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Vay gia tri nhé nhat ctia P bang 1.
Déng thitc xay ra khi vi chi khia = b=c= 1.0

Bai 144. Cho cdic so thuc khong am a,b,c théa man min{a +b;b+c;c+a} > 0 wva

a? 4+ b% 4 2 = 2(ab + be + ca). Tim gid tri nhé nhat ciia biéu thic:

P—\/ ab +\/ be N ca
Va2 + b2 b2 + 2 2 + a?

Li gidi:

Ta co:

2ab 2bc 2ca
2P =/ —
V2 \/a2+62+\/b2+02+\/02+a2

\/2ab(a? + b?) N V/2bc(b? + ¢2) N V2ca(c + a?)

a? + b? b2 + 2 2+ a?
Ap dung bat ding thic AM-GM, ta c6:
2ab(a? + b?) S 2ab
a2 + b2 =21

Tuong tu:
2bc(b? + ?) - 2bc
P+ P+
2ca(c? + a?) 2ca
CQ + CL2 - C2 + CL2

Cong ba bat ding thiic trén theo vé, ta dugc:

2ab 2bc 2ca
2P >
V2P > a2+62+b2+02+02+a2

Suy ra: ) , ,
(a+0)" (b+c) (c+a)
Q=V2PH3= e T ara
Ap dung bat ding thic Cauchy-Schwarz, ta co:
0> (a+b+b+ctcta)
- 2(a? + b2 + ¢2)
2 [a® + b* + ¢ + 2(ab + bc + ca)]
B a? + b2 + 2
_ 2.4(ab + be + ca) _4
2(ab + be + ca)

Do do: 43
P> =

V2

Sl -

. . 1
Vay gié tri nho nhat cia P bang E

Dang thitc x4y ra khi va chi khi (a,b, c) = (z,2,0) va cac hoan vi.(J

Bai 145. Cho a,b,c la cdc s6 thuc duong. Ching minh ring:

a2+b2+02>\/a2+b2+\/62+02+ 2+ a?
b c a 2 2 2

Lo gidi:
Ap dung bat ding thic AM-GM, ta co:
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2 2 b b2
C%—a+b)+b:9——%j;—+b

a2+ b2 —ab
=Vva2+b? —ab+Va®—ab+b?

1
VTP bt S b ey

2 2
1
2\/a2+b2—a ;b +§(a—|—b)

la>+b> a+b

Cong ba bat ding thiic trén theo vé, ta dugc:

a2 b 2 a’® + b? b2 + 2 ?+a®
= + +
b c a 2 2

Vay bat déng thic da duge ching minh.
Déng thitc xay ra khi v& chi khi ¢ = b = ¢.00

2
Do do:
2 _ 2 2
a 3(a—b) N [a® +b
b — 2 2
Ching minh tuong tu ta co:
2 _ 2., 2
b S 3(b—rc) N [b* + ¢
c 2 2
0_223(c—a)+ [c* + a?
a 2 2
2

Bai 146. Cho a,b,c la cdc so thiuc khong am théa man a + b+ c = 3.
Tim gid tri l6n nhat cia biéu thic:

P = ay/a+ b/b+ c\/c — Vabe

Lo gidi:
Dit z = a, y = Vb, z = \/c.
Diéu kién da cho tré thanh 22 4+ y? + 22 =3 va P = 2% + ¢® + 23 — ayz.
Dé thay P > 0 theo bat ddng thitc AM-GM.
Khong mat tinh tong quat gid st z >y > 2.
Khi do6 ta co:

P2 <y, +y*=3-22<3
Suy ra:
P=x3+y3+2(22 —ay) <23 +¢°

Mait khéc, theo bat dang thitc AM-GM ta c6:

<27

3(z% + y2)]3

() = (0 2oy )0 oy ) < | 2

Suy ra:
P =21+ <3V3
Vay gia tri 16n nhat ctia P bing 3v/3.
Dang thitc x4y ra khi va chi khi (a,b, c) = (0,0, 3) va cac hoan vi.0J

http://boxmath.vn/

84



Bai 147. Cho a,b,c la cdc s6 thuc duong. Ching minh ring:
b 3
w > av/be + by/ca + ev/ab
Lo gidi:
Ap dung bat ding thic AM-GM, ta c6:
b 2
w > ab+ bc+ ca

ab+ac bc+ba ca+ch
2 - 2 * 2
> aVbe + by/ca + eV ab
Vay bat déng thic da duge ching minh.
Dang thitc xay ra khi va chi khi a = b = ¢.00

Bai 148. Cho a,b la cdc s6 thuc théa man a,b > 1. Tim ¢id tri nhé nhat cia biéu thic:
2 2
a b

b—1+a—1

Lot giazi:
Ap dung bat ding thic AM-GM, ta c6:

a2

+4(b—1) > 4a

b—1

1—1—4(@—1)241)

2

a/ —
Cong hai bat dang thiic trén theo vé, ta duge:

Vay gia tri 16n nhat ctia P bang 8.
Dang thitc x4y ra khi va chi khi a = b = 2.0

Bai 149. Cho a,b,c la cic s6 thuc duong théa man v/a + Vb + \/c = 1.

Tum gid tri lon nhat cia biéu thic:

P—\/ ab +\/ be n ca
“Va+b+2c b+ c+2a c+a+2b

Loi gidi:
Cach 1.
Dit z = v/a, y = Vb, z = \/c.

Diéu kién da cho tré thanh z+y+z=1va P = 2y J o

+ +
\/x2+y2+222 \/y2+22+2x2 \/22+x2+2y2

Ap dung bat ding thie Cauchy-Schwarz, ta co:

p_ Ty n yz
3 //1 1 2 3 //1 1 2
Z 44 = 2 24 952 z -4z 2 2 1 942
2\/<9+9+9)(x +y? + 22?) 2\/(9+9+9)(y+z—|—x)
zZT
+

3 1 1 2
— — _ _ 2 2 L 92
2\/(9+9+9)(z + 22 + 2y?)
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Ty Yz 2T

IA

3:cy22+3y22:z:+3zx2y
5(5*?3) 5(5*5*?) 5(5*5*?)
1<2xy 2:1cy) 1(2yz 2yz) 1(2zx 22;1;)
< - + + - —
4 \z4+2 y+=z 4 \y+z x4y d\z+y y+=z
Crxtyt+z 1
2 2
Vay gia tri 16n nhat ctia P bang %
Déngthﬁ’cXéyrakhivachikhix:y:z:%@a:b:c:%ﬂ

Cach 2.
Ap dung béat ding thic Cauchy-Schwarz, ta co:

1 1 1 1 1
VA(a + b+ 20) = \/5+\/5+2\/E§‘_1(\/5+\/5+\/5+\/E)

ab 1 Vab Vab
a+b+2c= 2 \/a+¢5+\/13+\[c

Suy ra:

Chiing minh tuong tu ta co:

be 1 Vbe Vbe
b+c+2a — 2 \/E+\/a+\/5—|—\/5
ca 1 Vea Vea
Vetrat+2o =2 <\/z+\/5+ \/5+\/5)
Cong ba bat ding thic trén theo vé, ta dugc:

PS%(\/E+\/E+\E)=%

A

. .1

Vay gia tri I6n nhat ctia P bang 3
) 1

Dang thic xay ra khi va chi khia=b=c= §.D

Bai 150. Cho a,b,c la cdc so thiuc duong théa man a* + b* + ¢* < 3. Chitng minh rang:
7172 7 2 7 2
Va2 + b2+ V2 +c2+Vet+a <2390

f/ L S
(a+b)° (b+e)? (c+a)

Lot giazi:
Ap dung bat ding thic Cauchy-Schwarz, ta co:
VaZ + 02+ V2 + 2+ Ve + a2 < \/6(a®+ 02+ 2) < \/6\/3(a4—|—b4—|—c4) <32 (1
Mat khéac, ta co:

~—

(23 + 92 + 23) (x +y +1z)]2 > (242422 (%)
x2+y2+222§(x+y+z)2 (%)

Tu (*) va (**) suy ra:

—_

(23 + 13+ 237 > S (2 + 2 + 22)°

w

Ap dung két qué tren va st dung bat ding thic Cauchy-Schwarz, ta co:
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[ &)

1+1+1>1‘1+1+1]3
(@+b)° (b+e¢° (c+a)’] ~3la+b)? (b+c)? (c+a)

>1' 1 . 1 . 1 3

=3|2@+02) 202+ 2(2+a?)

1] 9 3

>

34 (a4 0+ ?)

r 3

1 9

2_

314/3(at + 01 + c4)]

9

>

= 64

Suy ra:

1 1 1 V3
Jtr o L B
(a+0)° (b+¢)” (c+a) 2
Nhan (1) va (2) ta dugc:
VP VP +E+ VA +a?

i/ R S
(@a+b)” (b+c)® (c+a)
Vay bat déng thic da dugce chiing minh.

Déng thitc xay ra khi vi chi khia = b=c= 1.0

Bai 151. Cho a,b,c la cdc so thuc duong. Ching minh rdng:
a2+ b+ A+a® _ 3(ab+ be+ ca)
+ + >
a+b b+c c+a a+b+c

Lot giai:

Cach 1.

Ap dung bat ding thic Cauchy-Schwarz, ta co:
czQ—l—b2~|_b2—|rc2 02+a2>(a+b)2 (b+¢)?  (c+a)
a+b b+c c+a ~ 2a+b)  2b+c) 2Cc+a)

Mait khéc, theo bat dang thitc AM-GM ta c6:

3(ab + bec + ca)

at+b+c

=a+b+ec (1)

a+b+c>

(2)
T (1) va (2) suy ra:
a?+0 b+ A+a® _ 3(ab+ be+ ca)
+ + >
. a+b b+c c+a a+b+c
Vay bat dang thitc da dugce chiing minh.
Déng thitc xay ra khi v& chi khi ¢ = b = .00
Cach 2.

Bét déng thic da cho tuong duong véi:
<a2—|—b2 ab+bc+ca> <62+c2 ab+bc+ca) <02+a2 ab+bc+ca) -0

a+b a+b+c b+c a+b+c c+a a+b+c

& (a—b)" [2(a+b)+a+2+6] tlo—ey {2(610)+a+2+0}

Hema) |5t | 20
- 2(c+a) a+b+c|

Bat ding thic cubi luon ding nén ta cé:
a>+ b 4+ A+a® _ 3(ab+ be+ ca)
+ + >
a+b b+c c+a a+b+c
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Vay bat déng thitc da dude ching minh.
Diang thiic xay ra khi va chi khi a = b= .0

Bai 152. Cho a,b,c la cdc so thuc théa man 9a? + Sab + 7b* < 6.
T gid tri l6n nhat cia biéu thic:
P ="7Ta+5b+ 12ab

Lot giaa:
Cach 1.
Xét ham so:
f(a;b) = 9a* + Tb* — 4ab — 7a — 5b + 3
Ta co:
A, =-59(20—1)2<0
Theo dinh Ii vé dau ctia tam thiic bac hai, ta co:
fla;b) =0
Suy ra:
7a+5b+ 12ab — 9 < 9a”® + 8ab+ Tb? — 6 < Ta + 5b+ 12ab < 9
Vay gi tri 16n nhat ctia P bang 9.
O

l\DlH

Déng thtic xay ra khi va chi khia = b =
Cach 2.
Theo bat dang thitc AM-GM, ta cé:
Ta+5b+12ab < 7 <a2+i) +5 <b2+i) + 12ab
= [(9a* + 8ab+ 7b?) + 3] —2(a —b)* <9
Vay gi4 tri 16n nhat ctia P bang 9.
O

l\DlH

Déang thtic xay ra khi va chi khia = b =

1 I 1
Bai 153. Gid st cdc so thuc x,y,z > 1 théa man — + —i— — = 2. Chiing minh rang:

\/W>\/x—1+\/y—1+\/z—1

Lo giaa:
Theo bat dang thitc Cauchy-Schwarz, ta co:

<\/x—1+\/y—1+\/z—1>2:<\/§_ 1_§+\/§‘ 1_;4_\/2\/;)2

1 1 1
S(:L'+y+z)(3 —————— )
r oy =z

=r+y+=z
Suy ra:

Vity+tz>vVe—1+y—1++vz2-1
Vay béat déng thic da duge ching minh.

Ding thitc xay ra khi va chi khiz =y = 2z = =.00

l\DIOJ
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Bai 154. Cho a,b,c la cdc s6 thuc duong. Ching minh ring:

a n b n c n ab+bc—i—ca>5
b+c c+a a+b VNV aZ+b2+2 2

Lot giaa:
Theo bat dang thitc Cauchy-Schwarz, ta co:
a+b+c_a2+b2+02
b+c c+a a+b catab ab+bc  be+ca
(a+b+c)
~ 2(ab+ bc + ca)
a?+ v+
=1+
2(ab + bc + ca)

u-“?i?)—ii?v@io<u§1
Ta chi can chitng minh 1 + 2Lu2 +u > g 14 bai toan dudc giai quyét.
Tuy nhién, bat dang thic trén tuong duong véi:
2Lu2—|—u > g & (u—1)*(2u+1) >0 (luon ding v6i moi 0 < u < 1)

a N b n c N /ab+bc+ca>5
b+c c+a a+b a?+b24+c2 72
Vay bat dang thic da duge chiing minh.
Diang thiic xay ra khi va chi khi a = b= .00

Do do:

Bai 155. Cho a,b,c la cic so thuc duong. Tim gid tri lon nhat ciia biéu thic:
ab be ca

:cz+2ab+a2—|—2bc+b2+20a

Lot giai:
Thuc hién phép bién déi biéu thic P, ta dugc :
a’ b2 c?

=3-—-2P =
@ a2+2bc+b2+20a+62+2ab
Ap dung bat ding thic Cauchy-Schwarz, ta co:

2

0> (a+b+c) _

a? + b? + ¢ + 2ab + 2bc + 2ca

T do suy ra:

P<1
Vay gia tri 16n nhat ctia P bang 1.
Déng thitc xay ra khi va chi khi ¢ = b = ¢.00

Bai 156. Cho a,b,c la cdc s6 thuc khong am. Chitng minh rang:

\/ab+ac+\/ab+bc+\/ac+bc>2
a? + be b% + ca 2+ ba —
Lo gidi:

Ap dung bat ding thic AM-GM, ta c6:

2 P P
a+bc+122 [a —|—bc<:> [a —|—ch 2a(b + c)
ab + ac ac + ab ac+ab ~ (a+b)(c+a)

Tuong tu:

http://boxmath.vn/

89



/ab+bc> 2b(c+a)
>+ ca — (b+c)(a+Db)
/ac+bc> 2c(a+b)
24+ba ~ (c+a)(b+c)

Cong vé theo vé ba bat dang thtc trén, ta dugc:

ab + ac \/ab—l— be \/ac—l— be { a(b+ c) b(c+ a) c(a+b)
a2+bc b2+ca 24+ba~ |[(a+b)(c+a) (b+c)a+bd) (c+a)(b+c)
a(b+c) b(c+ a) c(a+b)

> 1 1a bai toan dugce giai

Ta chi can chiing minh (a+b)(c+a) (b+c)a+b) (c+a)b+c)

quyét.
Tuy nhién, bat dang thic trén lai tuong duong véi bat dang thic ding sau:
a(b+c)* +blc+a)?+cla+b)*—(a+b)(b+c)(c+a) >0« dabe > 0

\/ab+ac N \/ab—i—bc N Jac+be 5
a? + be b + ca c2+ba
Vay bat dang thitc da duge chiing minh.

Dang thitc x4y ra khi va chi khi (a,b, c) = (x,2,0) va cac hoan vi.(J

Do do:

Bai 157. Cho a,b,c la cdc so thiuc duong théa man a + 2b — ab = 0.

Tum gid tri nhé nhat cia biéu thic:
a? b

“Ii% T 1tra

Loi gidi:
Theo gia thiét, ta co:
1 2
a+2b=abs -+ —-—=1
b a

Theo bat dang thitc AM-GM, ta c6:

1 2 2
—+—>2~/—:>\/@>2\/§

Mat khéc , 1an lugt sit dung bat dang thu’c Cauchy Schwarz va AM-GM, ta co:

a? b?
_ a2 . b2 _ n +8'E
4+8 1+a 4 o 8 g
b a
NEIN
AR _ VR s
20 20 5

Vay gia tri nhé nhat ciia P bang —
Déng thitc x4y ra khi va chi khi a = 4,b = 2.0

Bai 158. Cho a,b,c la cdc s6 thiuc duong théa man ab + be + ca = 3.

T gid tri lon nhat cia biéu thic:

IR B
S a?+2 B +2 242
Lot giaa:
Thuc hién phép bién doéi biéu thic P, ta duoge:

a? b? c?

=3-2P =
@ a2—|—2+b2—|—2+02+2

Theo bat dang thitc Cauchy-Schwarz, ta co:
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Q> (a+b+e)® (a+b+c) _1
T a2+ 2+ 246 a2+ b2+ 2+ 2(ab+be+ca)

Do dé:

3—-2P>1<P<1
Vay gi tri 16n nhat ctia P bang 1.
Déng thitc xay ra khi va chi khia =b=c= 1.0

Bai 159. Vdi x,y, 2 la cdac so thue duong. Chitng minh rang:
xy +yz + zx N (m+y+z)3
22+ y? + 22 Yz

> 28

Loi giada:
Theo bat déng thitc Cauchy-Schwarz va AM-GM, ta co:

3
1 1 1 1 2
(x+y+2) :§($2+y2+22) (_+_+_>+ (xy +yz + zz)(x +y + 2)

9zyz Ty Yz  2Zx 9zyz
(@4 +2) 9 | 234w 3y
- 9 Ty +yz+zw 9zyz
2+ y? + 22
R s
Ty +yz + zx

Theo bat dang thitc AM-GM, ta lai cé:
2+ y? + 22 Ty +Yr + 27

2
xy+yz+zr x4y +22 T )
3
8 P 8(3yayz
tyte)l, Byav) (3)
9xyz 9xyz
Cong (1), (2) va (3) vé theo vé, ta dugc:
3
Yy +yz + z2x N (x+y+ 2) > 98

2+ y? + 22 xyz
Vay bat dang thiic da duge chiing minh.
Déng thitc xay ra khi va chi khi z =y = 2.0

Bai 160. Cho a,b,c la ba so duong thod man a+b+c = 1. Tim gid tri nho nhat cia biéu thic:

1 1 1 1

:a2+62+02+%+g+ca

Lot giai:
Lien tiép sit dung bat dang thitc Cauchy-Schwarz, ta cé:
1 9

> +
T a2+ 4+ ab+be+ca

1 4 7
a2+ 2 +Q(ab—H)c—i-ca) * (ab + be + ca)
9 N 7
T (a4+b+c)?  ab+bc+ca
7
_9+ab—|—bc+ca

Mat khéac, bat dang thitc AM-GM cho ta:
3(ab+bc+ca) < (a+b+c)* & ab+ be + ca < %
Do do:
P>9+21=30

Vay gia tri nhé nhat ciia P bang 30.
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Diang thiic xay ra khi va chi khia=b=c= =.[]

Wl

9 Bai 161 den bai 180
Bai 161. Cho z,y, 2 la ba s6 duong thod man /Ty + /yz + /zx = 1.
Twm gid tri nhé nhat cia biéu thic:

P g

.172 y2 Z2

r+y y+z z+4+x

Lot giai:
Theo bat déng thitc Cauchy-Schwarz va AM-GM, ta co:
(r+y+2)° Tty +z
T 2x4y+z) 2

S VEY Y2+ Ve 1
= 2 T2

. L N 1
Vay gia tri nho nhat ctia P bang 3

) 1
Dang thic xay ra khi va chi khi x =y =2 = §'D
Bai 162. Cho .,y la hai s6 thuc duong thod man x + 1y = 1. Chiing minh rang:
T 4 Y S 2
V1= 22 1—y2 V3

Loi giai:
T gid thiét suy ra:
Y T Y

V3 (1 —a2?) * V3 (1 —1y?) B 3y (y + 2z) * V3z (z + 2y)

Mait khéc, lan luot sit dung bat dang thiic AM-GM va Cauchy-Schwarz, ta cé:
T T Y

+ > +
V3y(y+2x)  3x(x+2y)  2y+tz 2x+y
22 2
LY
24+ 2xy  y?+ 2y
2
(+y)” 2

(+y)" +2zy 3

v

Do do:

y 22

L@ Bl 3
x Y 2

& + —
Vi—a? /12 3
Vay bat dang thiic da duge chiing minh.

v

Déng thiic xay ra khi va chi khi z =y = =.0

DO | —

Bai 163. Cho a,b,c la cdc so thiuc duong thod man a + b+ c < 3.

Tim gid tri l6n nhat cia biéu thic:

B ab n be . ca
Vab+3c  Vbe+3a  ea+3b

Lot giazi:
T gid thiét suy ra:
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ab bc ca
P= \/ab+(a+b+c)c+ \/bc+(a+b+c)a+ Vea+ (a+b+ce)b
ab bc ca
V(b+c)(c+a) " V(c+a)(a+b) " V(a+0b)(b+c)

Mat khac, lan lugt stt dung bat déng thitc AM-GM va Cauchy-Schwarz, ta dugc:
2ab 2bc 2ca

< - -

“(b+c)+(c+a) (c+a)+(a+b) (a+b)+(b+c)

< 1/ 2ab n 2ab n 1/ 2bc n 2bc n 1/ 2ca n 2ca

“4\b+c c+a 4 \c+a a-+b 4 \a+b b+c
3

— 7 <z

2 _32

Vay gia tri 16n nhat ctia P bang 3

Déng thitc xay ra khi vi chi khia = b=c= 1.0

Bai 164. Cho z,y, 2 la cdc s6 thuc duong thod mén x? + y? + 22 = 3.

T gid tri nhé nhat cia biéu thic:
1 1 1

+ +
ry+1 wyz+1 zzx+1

Loi gidi:
Viét lai biéu thitc da cho duéi dang:
p_g_ vy oy
1+2zy 14+yz 142z

Lan lugt stt dung bat déng thiic AM-GM va Cauchy-Schwarz, ta co:

P23 (VA VI V)

1
23—5\/3(xy+yz+zx)

1 3
>3- 5\/3(;1:2+y2+22) =3
. 1z .3
Vay gia tri nho nhat ctia P bang 3
Déng thitc xay ra khi va chi khiz =y = 2 = 1.0

Bai 165. Cho x,vy, z la cdc s6 thuc duong thod man x3 + i3 + 23.
Twm gid tri l6n nhat cia biéu thic:
P=x+y+z

Lot giai:
Theo bat dang thitc AM-GM, ta cé:
2P+ 1+12>3Va% =3
Tuong tu:
v+1+1>3y
B41+1>32
Cong ba bat dang thiic trén theo vé, ta dugc:
3xt+y+z2)<+yP+22+6=9
Sr+y+2<3
Vay gia tri 16n nhat ctia P bang 3.
Déng thtic xay ra khi va chi khi v =y = 2 = 1.0J
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Bai 166. Cho x,y, 2 la cdc 56 thuc duong thod man x + 2y + 4z = 12.

T gid tri lon nhat cia biéu thic:
. 2xy Syz dzx

_x+2y+2y+4z+4z+a:

Lot giaa:
Tit bat dang thitc Cauchy-Schwarz, ta suy ra:
. 2xy 8yz . dzx
242y 2ytdzr 4zt
1 2z 2x 8yz 8yz dzx Adzx
< SR N R )

< Z
4\ 2y 2y 4z 4z x

1
= 1[2(x+2y+4z)] =6
Vay gia tri 16n nhat ctia P bang 6.
Dang thitc x4y ra khi v& chi khi (z;y; 2) = (2;3;1).0

Bai 167. Cho cdc s6 thuc x,y, z théa man 2> +y* + 22 =5vaxz —y+ 2z = 3.
Tum gid tri nhd nhat va gid tri lon nhat cia biéu thic:
r+y—2
242

Lo gidi:
Tt dieu kien ta co: ) 9
+y)2 + (z —y)
z 7 +y 9
& (r+y)’=10-222— (3 2)°

S (r+y)’=1+62—32°

Dé thay z # 0. Ta c6:
P(z+2)+2=2+y
S [P(z4+2)+2°=1+62z—32°
& (P?+3)22+ (4P? +4P —6) 2 +4P?+ 8P +3 =0
Phuong trinh c6 nghiém an z khi va chi khi
A.>0e (2P +2P —3)" — (P? +3) (4P + 8P +3) > 0

36
&S -——<P<O0
23—~
-V6i P =0 khi vachikhiz=2y=0,2z=1.
2
—Vc’iiP:—% khivachikhix:—o,y:—@,z:l.
23 31 31 31

L . 1z, 36
Vay gia tri l16n nhat ctia P 1a 0, gia tri nho nhat cta P la —2—3.D

Bai 168. Cho a,b,c la cic so thuc duong thod man a + b+ ¢ < 3" Chiing minh rang:

thtet sty l s
a c+—=+—=+—=>—
a? b 2T 2
Lot giai:
Theo bat dang thiic AM-GM, ta co:
1 4
— +4>-
a a
Tuong tu:
1 RS 4
b? )
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1 4
S 4>
C C

Cong ba bat ding thiic trén theo vé, ta dugc:

1 1 1 4 4 4
_+ﬁ+_2__+5+__12
1 1 1 4 4 A4
<:>P_a+b+c+—+b2+—><a+b+c+ +o+ )—12
Mat khéc, theo bat ding thitc Cauchy-Schwarz ta co:
4 4 4 62 36
-+-+-2= =
a b ¢ a+b+c a+b+c
Suy ra:
36
P>a+b+c+ ———12
a+b+c

Dén day, stt dung tiép bat dang thic AM-GM ta dugc:

135
P = [a+b+c+

4(a+b+c)] +4(a+b+c)

9 21 27
> _— — =
_2\/(a—|—b—|—c) [4(a+b+c)]+2 2

Vay bat dang thiic da duge chiing minh.

; 1
Dang thiic xay ra khi va chi khia=b=c= E.D

Bai 169. Cho cdc s6 thiuc duong a,b,c cé tich bing 1. Chitng minh ring:
(a2 + b2 + 02)3 Z 9(@3 _|_ b3 + 03)

Lot giai:
Chiung ta can chitng minh tinh ddng bac clia bat dang thiic sau:
(@ +b* + *)3 > 9abe(a® + b° + ¢3)
Theo bat dang thitc AM-GM, ta c6:

31343 343 3\?
9abe(a® + b + %) = 27(@5)(GC)M < (ab +ac+ %)
(a+b+c)(a>+ b2+ c—ab—bc—ca)l]’
= |ab+b
ab + bc + ca + 30

Dé két thiic chiing minh, ta can chi ra ring:
(a+b+c)(a®+ >+ —ab—be — ca)
ab + bc + ca + 3
a
Tuy nhién, bat dang thitc trén lai tuong duong voéi:

(a*> +b* + ¢ — ab — bc — ca) (1—

< (a®+ b+ )3

>0
3a -

Danh gia trén thi luon ding do ta c6 thé gia sit a = max{a, b, ¢}
Vay bat déng thitc da dude ching minh.
Déng thitc xay ra khi vi chi khia = b=c= 1.0

a—I—b—i—c)

Bai 170. Cho a,b,c la cic so thuc duong. Tim gid tri lon nhat cia biéu thic sau:

Vab N Ve L Ve
c+2Vab  a+2vVbe b+2y/ca

Loi gidis
Cach 1.
Biéu thic da cho duge viét lai thanh:
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Vab Vbe Vea 1 1

1
P = + + = + +
c+2vVab  a+2Vbe b+ 2y/ca L+2 b 19 L+2
ab Vea Vbe
Dat
a b c
—:x’—: ’—:Z
Vo Ve " Vab
Suy ra
. 1 1 1
ryz=1va P = +
242 24y 24z
N 1 1 1
Ta sé ching minh rang P = + + <1

24z 24y 24z
That vay , bat dang thitc trén tuong duong véi:

(z+2)y+2)+y+2)(z+2)+(z+2)(z+2) < (z+2)(y+2)(2+2)
Saytyztze+4r+y+2)+12 <ayz+ 2@y +yz+z2x) +4(x +y+2) + 8
Say+yz+ze >3
Bat dang thtc cudi hién nhién ding theo AM-GM ta co:
zy 4+ yz 4 zx > 3¢/ (zyz)? =3
Vay gia tri 16n nhat ctia P bang 1.
Déang thtic xay ra khi va chi khi a = b = c.0

Cach 2.
Ta bién déi biéu thitc P nhu sau:
2P:2\/%+2\/E:+2\/a:3_( c__,_a . b )
c+2vVab  a+2vVbe b+ 2y/ca c+2vab  a+2vVbe b+2yca
(Huéng 1)

Theo bat dang thitic AM-GM, ta c6:
2Wab < a+b; 2vbe <b+¢; 2/ca < c+a
Do doé:

2P < 3 — c 4@ 0 _9
ct+a+b a+b+c btcta
(Huéng 2)

Theo bat dang thitc Cauchy-Schwarz, ta co:

(Va+ Vb + /e
2P <3 — =2
a+b+c+2vVab+ 2vVbe + 2\/ca

T do suy ra:

P<1
Vay gia tri 16n nhat ctia P bang 1.
Dang thiic xay ra khi va chi khi a = b= .0

Bai 171. Cho cdc so thuc duong a,b, c thod man a + b+ ¢ = 3abc.

Tum gid tri nhé nhat cia biéu thic:

1 1 1
P=Gt5Ta
Lot giai:
Ta co:
1 1 1
a+b+c=3abcss —+ —+—=3
o ab  bc  ca
Theo bat dang thitic AM-GM, ta c6:
1
Iiiis?
as a
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Tuwong tu, ta ciing co:

3 1 3
— 4 141>==+14+1>=
b3+ + _b’c3+ + -
Do do: L1
P+623(—+—+—)
a c

Tit bat dang thitic AM-GM, ta c6:

Suy ra:
1 1 1
-+-+->3
a b ¢
Do do:
P>3

Vay gia tri nhé nhat ctia P bang 3.
Déng thtic xay ra khi va chi khi a = b =c = 1.0

Bai 172. Cho cdc so thuc a,b thod man a® +b* < a+b. Tim gid tri lon nhat cia biéu thitc sau:
P=a+2b

Lot giaa:
Ta co: ) |
ad+V¥<a+bs (a—§)2+(b——)2 <

2
Biéu thitc P dugc bién doéi thanh:

N | —

1 1 3
o P—(a—§)+2(b—§)+§
Theo bat dang thitc Cauchy-Schwarz, ta co:
(a—2)+20 - 1)}2 <2+ [(a— Y - 1)2] <2
2 27 — 2 27 7 2
T do suy ra:
p o3t V10

2
3++v10
5

Vay gié tri 16n nhat ctia P bang

? 5+ /10 5+ 210
Dang thitc xay ra khi va chi khi (a;b) = ( +1B/_§ +10\/—> 0

Bai 173. Cho cdc so thuc duong a,b, c. Chiing minh rang:

ab+bc+ ca+ 1 3€/(a+b)(b+c)(c+a)>1
(a+b+c+1)° 8 abc -
Lot giai:
Ta sé chitng minh bat déng thitc sau:
ab+ba +ca+1 2abc
7 2
(a+b+c) (a+b)(b+c)(c+a)

(Huéng 1)
That vay, bat ding thiic trén tuong ducng véi:
a’ +b* + 2 —ab —be — ca)(a+ b+ ¢+ abe) + 2abc(ab + be + ca) + (ab + be + ca)(a + b+ ¢)
> dabe(a + b+ ¢) + 3abe
Tit bat dang thitc AM-GM, ta suy ra:
(@®+bv*+c*—ab—bc—ca)a+b+c+abc) >0 (1)
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(ab+be+ ca)(a+b+c) _ 34/ (abe)* 3Vabe

3 > 3 = 3abc (2)
p
2abe(ab + be + ca) + 2(ab + be + cga)(a +b+c) > 4\/(ab + bc + ca)?).abc(a +b+c)
> 4\/Babc(a +b+ c;abc(a +b+e) dabe(a+ b+ o) )

Cong (1), (2) va (3) vé theo vé ta dugc:
ab+ba+ca—|—1> 2abc

(a+b+c)? ~ (a+b)(b+c)(c+a)

(Huéng 2)
St dung bat dang thitc Cauchy-Schwarz, ta cé:
(ab+bc+ca+1)(%+9+f+1)z(a+b+c+1)2
c a
b ¢ a 5
(ab+bc+ca+1) —+5+—+1 >(b+c+a+1)
a c

Cong hai bat dang thiic nay lai theo vé, ta thu dugc:

(ab—l—bc+ca+1)(a+b)(b4l;c)<c+a) >2(a+b+c+1)?
abc
T do suy ra:

ab+bc+ca+1> 2abc

(a+b+c+1)° ~ (a+b)(b+c)(c+a)
Nhu vay, ta chi con phai chiing minh:

2abc 35/(a+b)(b+c)(c+a)
(a+b)(b+c)(c+a)+§\/ abc =1
Bét dang thiic nay lai ding theo AM-GM:
2abc §§/(a+b)(b+c)(c+a)

(a+b)(b+c)(c+a) 8 abe

B 2abc 1if(a+b)(b+c)(c+a) 1i/(a+b)(b+c)(c+a)

B (a+b)(b—|—c)(c—|—a)+§\/ abe +§\/ abe
13/(a+Db)(b+c)(c+a)
§\/ abe

256 abc
Vay bat dang thiic da duge chiing minh.
Déng thitc xay ra khi va chi khia =b=c=1.0

24</abc [(a+b)(b+c)(c+a)r: )

Bai 174. Cho cdc so thuc duong a,b, ¢ thod man (1 —a) (1 —b) (1 — ¢) = 8abc.
Chiaing minh rdang:
a+b+c>1

Lot giai:
Gia stt a > b > ¢.Vi 8abc > 0 nén ta xét 2 truong hop sau:
Truong hop 1: @ > 1, b > 1, ¢ < 1. Khi d6 bat dang thitc da cho hién nhién ding.
Truong hop 2: a <1, b< 1, c< 1.

Ta co:
1—a 1—b1—c_

8
a b c

(1—-a)(1=0)(1—c)=28abc <
Dat:
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1—a 1-0b 1—c
= gj’ = gj" =
. 8 b ¢
Tu dieu kién ta c6 zyz = 8 va bat dang thic can chitng minh tré thanh:
1

i 1
> 1< >6
T+l gl zp1o o TrTyTEs

Bat ding thitc trén luon ding theo AM-GM:

T+y+z2>3Yryz =06
Vay bat dang thiic da duge chiing minh.

Déang thtic xay ra khi va chi khia =b=c= -~.00

Wl

Bai 175. Cho cdc s6 thiuc duong a,b,c thod mén a® + 2b* + 3¢ = 3abc. Chiing minh rdng:

8§ 6 4
P=3a+2b+c+—+ -+ -
a b ¢

Lo gidi:
St dung bat dang thic AM-GM, ta co:

b 4 3 4 4
P=a+-+2(a+—-)+5|b+7 )+ |ct+-
2 a 2 b c

b 3
> —+2-44--4+4
> a+ 5 + + 5 +
2a+ b
- a; +18
Mat khac:
3abc = (a® + ) + 2(b* + ¢*) > 2ac + 4bc
< 3ab > 2(a + 2b)
N 3 S 2 N 1
o 27 a b
Ma theo bat dang thitc Cauchy-Schwarz, ta co:
2 1 9
42>
PR
T do suy ra:
2a+b>6

Do dé:

P> g + 18 =21
Vay gia tri nhé nhat ctia P bang 21.
Déng thitc xay ra khi vi chi khi a = b= c = 2.0

Bai 176. Cho cdc s6 thuc a,b,c lon hon 1 va théa man diéu kién a + b + ¢ = abe.

Twm gid tri nho nhat cia biéu thic sau:
a—2 b—2 c¢—2
P= b? * c? a?

Lot giai:
Tt gid thiét, ta co:
1 1 1
a+b+c=abces —+ —+—=1

) , . ab  bec ca
Ta bien doi biéu thiic P thanh:
(a—1)+0B-1) 1 G-1)+((c-1) 1 (¢c=1)+(a—1) 1
P = - -+ — -+ -
b2 b c? 1 a? a

oo g)oon (e B) o (3 2)- (e

Theo bat dang thitc AM-GM, ta c6:
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P22(a—1)+2(b—1)+2(0—1)_ 1+1+1
ab be ca a b ¢
B 1+1 1 _ g 1+1+1
“\a b ¢ ab  bc ca
1 1 1
=—4+-+--2
b ¢

>

Q@

111
3<—+—+—)—2=\/§—2

ab  bc  ca
Vay gia tri nhé nhét ciia P bang v/3 — 2.
Déng thic xay ra khi va chi khi a = b = ¢ = /3.0

Bai 177. Cho z,y, z la s6 thuc thuoc doan [1;4] va x > y;x > 2.

Tum gid tri nhd nhat cia biéu thic sau:
x Yy z

:2x+3y+y+z+z+x

Lot giai:
5 Yy 2 T 1 R
Data:—,b:—,c:—vat:\/bc.TacoZgagl,abc:lvalgtSQ
x Y z
Khi dé:
1 1 1

? T3at2 b+l o+l
Theo bat dang thiic AM-GM, ta c6:

1 n I bt+c+2 n 1—bc S 14 1—bc B 2 2

b+1 c+1 (b+1)(c+1) — be+tbt+c+1l = bet2vbe+1 Vbed+1 t+1
Do do:

>1+2—1+2—t2+2—f(t)

~3a+2 t+1 3 t+1 2243 t+1

t_2+2

Xét ham f(t) trén doan [1;2], ta thay f'(t) = 2 3t N vi

I 212 +3)°  (1+0)?2]

VA - @3 < 0 ey < 230 - e g = DU

Do d6 f(t) nghich bién trén doan [1;2].
Vivay P > f(2) =

<0

33
. . 34
Vay gia tri nho nhat ctia P bang 33
Dang thitc xay ra khi va chi khi (z;y; 2) = (4;1;2).0

Bai 178. Tim gid tri lon nhat va gid tri nhé nhat cia xyz biét:
8 — at N 8 —yt N 8 — 2t >0
16+a2* 164+y*  16+2* —

Lo gidi:
Biéu thitc da cho duge bién déi thanh:
8—x4+8—y4+8—z4>0® 1 N 1 N 1 >1
16+2*  16+y* 16+ 2* — 16+2* 16+y* 16+2* — 8

T dé suy ra:
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1 >1_ 1 _ 1
16+24 =8 16+y* 16+ 24
1 1 1 1
16 16+y 16 16+ 4
v A

16(16 + %) | 16(16 1 =)
Theo bat dang thitic AM-GM, ta c6:
% . 222

I6(16 1 y7) ' 16(16 + =) ~ 8/(16 + y*)(16 + z%) @

Tuong tu ta co:

24 x? 2272
=+ > (2)
16(16 4 2%) ~ 16(16 +*) — 8,/(16 + 24)(16 + 24)
74 y4 x2y2

16(16 + 1) 1616+ ) = 8/(16 + 27)(16 + y*) )

Nhan (1), (2) va (3) vé theo vé ta dugc:
1 - (zyz)*
(16 + 24)(16 + y*) (16 + 2*) — 8(16 + x*)(16 + y*)(16 + z4)
& (vyz)t < 83
o 42 < ryz < 42
—V(’jixyz:—4\4/§khivéchikhix:y:z:—\Vg—V(’jixyz:ll{k/ikhivéchikhix:y:z:\7@
Vay gia tri 16n nhat clia zyz bang 4v/2; gia tri nho nhét cta xyz bing —4v/2.0

Bai 179. Cho cdc so thuc duong a,b,c. Chiing minh rang:
a’ b? c?

<1
2a2+bc+2b2—|—ca+202—|—ab_

Loi giadi:
Bét dang thitc da cho tuong duong véi:
bc n ca n ab S
. 20> +bc 202 +ca  2c2+ab
Theo bat dang thitc Cauchy-Schwarz, ta co:
bc L ab (be)? (ca)? (ab)?
202 +bc 202 4ca 22 +ab  2a2be+ (be)®  2ab%c+ (ca)®  2abc + (ab)®
S (ab+ be + ca)®
= (ab)® + (be)* + (ca)® + 2abc(a + b+ ¢)

1

=1

Vay bat dang thiic da duge chiing minh.
Déng thitc xay ra khi va chi khi ¢ = b = ¢.00

Bai 180. Cho cdc s6 thuc duong a,b,c. Chitng minh rang:
a b c S 4 +b+c

- -
b24+bc+c?2 c24+ca+a? a?+ab+b2 — ab+be+ca

Loi gida:
Stt dung bat dang thitc Cauchy-Schwarz, ta cé:
a b c a? b? c?
+ + = + +
2+bc+c2 +ca+a?  a?+ab+b>  ab?+abec+ c?a be? +abe+a?b - ca® + abe + b3c
S (a+b+c)
~ ab(a + b) + be(b + ¢) + ca(c + a) + 3abe

Dé ¥ rang:
ab(a + b) + be(b+ ¢) + ca(c + a) + 3abe = (a + b+ ¢)(ab + be + ca)
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Do do:
a b c S a+b+c

- -
) b24+bc+c?2 c24+ca+a? a?4+ab+b%2 — ab+bec+ca
Vay bat dang thic da duge chitng minh.

Diang thitc x4y ra khi v& chi khi ¢ = b = .00

10 Bai 181 dén bai 200

Bai 181. Cho cdc s6 thuc duong a,b,c. Chiing minh rang:
a b c a+b+c

a2+ab+b2+b2—|—bc~|—02+02—|—ca—|—a2 ~ a?+ b2+ 2

Lot giai:
Theo bat dang thitc Cauchy-Schwarz, ta co:
a b c a? b? c?
+ + = + +
a?+ab+b2 B2H+be+c2 E4cat+a?  ad+ab+ab? B +b2c+ b2 B+ c2a+ ca?

S (a+b+c)
T+ B+ A+ abla+b)+be(b+c)+ calc+ a)

Dé ¥ ring:
a®+ b+ +abla+0b) +be(b+c) + calc+a) = (a+b+c) (@ + b* + ?)
Do doé:

a n b n c S ot b+c
. a?+ab+0>  2+bc+c? EHcat+a® T a2+ b2+ 2
Vay bat dang thitc da dude chitng minh.
Diang thiic xay ra khi va chi khi a = b= .00

. 9
Bai 182. Cho x,vy, z la cdc s6 thuc théa man x® +y* + 22 =1 — Exy

Twm gid tri lon nhat cia biéu thic sau:

P=zy+yz+zx

Loi gidis
St dung bat dang thitc AM-GM, ta dugc:

124/5 — 17 124/5 — 17 124/5 — 17
\/_—332+ V5 y* > v5 zy (1)
32 VB 322 E 16
49 —12v5 , =z 3vh—2
BT VO e 2 S OVO T 9
32\/_y+22_\/_4 y= (2
49-12V5 , 22 _ 3/5—2
Iz Teve 2o ZvVY 2
22 x+2_ T (3)
Tu (1), (2) va (3) suy ra:
9 3v5H —2
m2+y2+z2+1—6xy2\/_T(zy—l—yz+zx)
Do doé: Y
4 4(3v5 + 2)
zy +yz+zx < =
Y ~3V5-2 41
. . 4(3vh+2
Vay gia tri 16n nhat ctia P bang %
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( 2 /82

= /= (15+2
=\ 35 (15 +2V9)
Déng thic x&y ra khi va chi khi y:f_l %(15+2\/5) .

1
\ z:\/%(15—2\/5)

Bai 183. Cho a,b,c la cdc so thuc duong théa man a* + b + ¢* = 3.

Twm gid tri lon nhat cia biéu thic sau:

po Vb Ve | e
4—~ab 4—+be 4—+Jca
Lo giaa:
Dit a = 22, b = 9%, ¢ = 2°.
Diéu kien da cho duge viét lai 2t +y* + 24 =3va P =—2 4 9= =
44—y 4—yz 4—zx
Ta co:
Q_P+3_ 2 N 2 N 2
2 d—zy d—yz 44—z
Ma:
2 . 2-wmy B 4 — (zy)”
4 —xy 4 —xy 9—<xy—1)2
2 2
§1_4—(wy) _1_§+(xy)
9 9 9
_5, (@)
S99
Chtng minh tuong tu, ta duge:
2 5 (y2)?
< -+
4—yz 9 9
2 <5+(zx)2
4—zx — 9 9

Do do: 5 202 4 2,2 4 242
Q=g+ Ty Ty 5
Tuy nhién, theo bat déng thitc Cauchy-Schwarz ta lai co:
(2292 + 222 + 22022 < (2 +yt + 242 =9
& a2y 42?4+ 22? <3

Vi vay:

+-=2hay P<1

w | ot
W

Q<
Vay gi tri 16n nhat ctia P 1a 1.
Diang thiic xay ra khi va chi khia =b=c= 1.0

Bai 184. Cho a,b,c la cdc so thuc duong théa man a + b+ c = 1. Ching minh ring:
a+0+2 V+F+2 A+adi+2
+ > 12
a+b—ab b+c—bc c+a—-ca

Loi gidi:
Ta co:
a+b—ab=(a+b)(a+b+c)—ab=a*+b*+ab+bc+ca
Do doé:
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2, p2 2, 2
VT — a®+b"+2 b*+c” +2

A +a” +2

(@®>+1)+ (* +1) B+ 1)+ (2 +1)

_l’_
a2+ b2+ab+bc+ca  b2+c2+ab+be+ ca

2+ a2+ ab—+bc+ ca
(+1)+(a®+1)

a?+b2+ab+bc+ca  b2+c24+ab+be+ ca

c2+a?2+ab+bc+ca

cyc

>Z 4(a2+1)
- a?+a?+b%+ 2+ 2 (ab+ be + ca)

cyc

_Z a2—i—1 n (I2+1
N a2+ +ab+bc+ca 2+ a2+ ab+be+ ca

4(a®*+1) 4(0* +1) N 4(c*+1)
T a2+ (a+b+¢) B+(a+b+e)? E+(a+b+c)

>4(a2+1) 4 +1) 4(2+1)
— a?+1 bQJlrl 2+1

Déng thiic xay ra khia=b=c = 3

=12

a

b ¢
f-+—Fa+btc>6
b ¢ «a

Bai 185. Cho a,b,c la cdc so thuc duong théa man a® + b* + ¢ = 3. Ching minh ring:

Lot giadi:

3

P 2 a
St dung bat dang thic Cauchy-Schwarz, ta c¢6: — +

b ¢ (a+b+c)?

e = 2
b ¢ a ab+bcHca ab—kbc%—cajL

Ta can chiing minh:
3

. ab + bc + ca
Dit t = a + b+ ¢ > 0, bat dang thitc trd thanh:

+a+b+c>4

Tuong duong (t — 3)%(t +2) > 0 (luon dang)
Ding thiic xdy rakhia=b=c=1

. 1 1 1
Bai 186. Cho a,b,c la cdc so thuc duong thoa man: — + ;o= 1. T'm GTNN cua
a c
b+c c4+a a+b
P = 3 + 2 + =
Loi giai:
Cach 1.1 ) .
Datx:_a Yy= -+, 2= —
a = b c
Khi dé gia thiet duge viet lai 1a
r+y+z=1
va 2 2 2
p_rlyts) vyt 2ty
Yz xz xy
St dung bat dang thitc AM-GM ta c6
1
wy < ;@ +y)’
1
yz < 74y +2)°
1
rz < Z(:c + 2)?

Do do ta ¢6
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2 y2 Z?

—~ -
y+z z+x T+YyY
Mait khéc, sit dung bat déng thic Cauchy-Schwarz ta co

P>

o y? ? @ty +2)? rtytz 1
y+z z+x wt+y 2@tytz) 2 2
. 1
De“mgthfrcxéyrakhivachikhix:y:z:gﬁ)a:b:c:&
Cach 2. . .
bter=—-y=—-z2=—-2r4+y+2z=1
a b c
Khi dé:

11 11 11
P:a:?(—+—)+y2<—+—)+22<—+—>
Yy oz zZ r oy

Stt dung bat dang thiic Cauchy—SChwarz ta co

2 2 2 2
x Yy z
Vyt+tz+ —-vztao+ T+ <2 + +
(W N 7Ty y> - (y+z s+ w+y)
22 y? 2*

1
= _
y+z+z+x+x+y 2@+y+@

Mait khéc, st dung bat ding thiic Cauchy-Schwarz:
(1 1 x? 1 1 42
i —+- )= y+2)|-+-) 2>
Yooz y+z Yy oz y+z

2 2 2
P42 4 2 )=
y+z z4+x Tty

Déng thitc xay ra khi v chi khiz =y = 2z =

Do do:

,haya=b=c=3.

OJI»—t +

Bai 187. Cho a,b,c la cdc so thuc théa man: a + b+ c = 0 .Tim gid tri nhé nhdt cia:
P=\3+49+3+40+3+4°

Loi giada:
Cach 1.
Ta co:
344 =1414144%>4v/4e = /3140 > 2¢/4e
Do do:

P > 2.3v/ /404 4c = 6 ¥/4atb+e = 6
Déng thitc x4y ra khi va chi khia = b = ¢ = 0.

Cach 2.
VB V3t 3t &
Mznkovskl
\/(f+f+f) + (20 + 20+ 2)°
AM—-GM
> \/27 + 9(,3/2a+b+c)2 -6

Diang thitc xay ra khi va chi khia =b=c = 0.
Cach 3. X
Ta sé chiing minh bat ding thic sau: /4% + 3 > (5 In 2> r+2véixeR.

Tt d6 suy ra dieu phai chiing minh.
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Bai 188. Cho a,b,c la cdc so thuc duong théa méin a + b+ c = 1. Chiing minh ring:
1 1 1 27
+ <2

1—ab 1—bc+1—ca_ 8

Lot giai:
Ta co
a+b+c=p=1,ab+bc+ca=q,abc=r = q<
3 — 2(ab + bc + ca) + abe(a + b+ c) <§
1 — (ab+bc+ ca) + abe(a+ b+ c) — a?b?c? — 8
%g§@3+19r—11q—2w220 (1)
Ta luon co:

1
. < .

Wl =

BDT <

(a+b—c)b+c—a)lct+a—0b) <abce (1 —2¢)(1 —2b)(1—2a) <abc <=4¢<149r (2)

T (1);(2) = 11(1 +9r) < 43+ 19r — 27r%) & (1 — 27r) + 4r(1 — 27r) > 0 (luon ding do (*))
Vay bat dang thiic da cho ding!

Bai 189. Ching minh ring néud <y < x < 1 thi:

1
$\/§—y\/§§1

Cach 1.
Vi0<z<1nén x> x?

Ta c6:

1 1 1
y\/§+1—12yx2+122\/1.332y:x\/y
1
Do doé: — < =
o do6: z\/y y\/E_4

. 1
Dang thitc xay ra khi va chi khi (z;y) = (1; =)

4
Cach 2.
Ta co: )
AM—-GM U+ VT — Sy T 1
1T~ 9T = VEAVE - T) < ﬁ-(f > f) <<
. =1 rz=1
Dang thiic xay ra khi & 1

Bai 190. Cho a,b,c la cdc so thuc duong. Ching minh rang:

20\ 2 2b\ 2 2¢\ 2 2
P20 (12 () s Natbd oS
b c a ab + bec + ca

Lot giai:
Cach 1.
Theo bat dang thitc AM-GM, ta c6
% + g + p >3
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a b ¢ a b c\? a b
>2( -4+ -4+— )+ (-+-+=) +4(-+-+-
b ¢ «a b ¢ «a b ¢ «a
> 2 g—i-l—)-i-g +3 g+l—)+E +4 2+§+£
b ¢ «a b ¢ «a b ¢ «a
B a+b+c
n b ¢ «a
>9(a+b+c)2
. — ab+ bc+ ca
Dang thiic xay ra khi va chi khi a = b = c.
Cach 2.
Ta cb

2a\ > 20\ ? 2¢\ ?
VT :(1+—a) +(1+—b) +(1+—C>
b c a
1 a b ¢ 2
> 2( 24+ -4 2
_3(3+ (ﬁﬁa))

Mat khéac, 4p dung bat ding thiic Cauchy-Schwarz ta c6

%+I—)+E) (ab+bc+ca) > (a+b+c)?
c a

(a+b+c)? _a
ab+bc+ca ~ b

a b ¢ 2 a b ¢
342(-+-+—)) =27 +-+-
b ¢ «a b ¢ «a

Dt ¢ — % + 24 % (¢ > 3), th bat déng thiic tré thanh:
c a
(34 2t)? > 27t
S (t—3)(4t—-3)>0
(luon dang do ¢ > 3)
Déng thitc xay ra khi va chi khi a = b = c.

b ¢
_+_
c a

+

nén ta can chiing minh

Bai 191. Cho a,b,c la cdic so thuc duong. Tim gid tri nhé nhat cia biéu thic:
a+b b+c c+a

a+b+c bi+c+4a a+c+16b

Lot giai:
bat
r=a+b+c
y=b+c+4a
z=c+a+ 16b

Khi do ta co
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a =
3
z—x
h—
< 15
21z — 5y — 2
c= —"—
\ 15
v 6z+5y+z 200—5y 16
—6x z x — T —z
P = yrE L Yy
15z 15y 152
-4 y Az z 162

5 T30 3y 15a ! 15
Mat khéc, theo bat déng thiic AM-GM ta, c6

y 4dx _ 4
2>
3 3y — 3
z 16x 8
> =

5z 152 = 15

nén ta suy ra
P>_4+4+8—16
-5 3 15 15

Déng thitc xay ra khi va chi khi:

y _4x 5
3r 3y *=3¢
54
z 16z 3
= - b= —c
15 15z 7
Bai 192. Cho a,b,c la cdc s6 thuc duong théa man a + b + ¢ = 1. Ching minh rang:
ab n bc . ca_ _ 3
1—c2 1—a*> 1-0*"8
Loi giai:
Ta c6
AM-GM

l1-c=(a+b+e)—c=a*>+b+2(ab+bc+ca) > 2(ab+ bc)+2(ab+ ac)
Mat khéc, 4p dung bat ding thic Cauchy-Schwarz ta co

1 1 1 1
< =
2(ab+bc) +2(ab+ac) ~ 4 (2(ab + be) i 2(ab + ac))

Do dé
ab ab 1 ab ab
< < — +
1—c2 7 2(ab+bc)+2(ab+ac) — 8 \ab+bc  ab+ ac
be

1 be n be
1—a?2 — 8 \bc+ac bc+ab
ac 1 ac ac
< - +
1—b2_8(ac+ab ac+bc)

ab n be n ac <1Z ab n be _3
1—c2 1—a?2 1-0 — 8 ab+bc  ab+bc) 8

cyc

Tuong tu ta ciing co

Cong lai thi ta c6

, 1
Dang thitc xay ra khi va chi khia=b=c= 3
Bai 193. Cho a,b,c la cdc so thuc duong théa man ab + be + ca = 3. Chiing minh rding:
a2 b2 2

- + > 1
VP +8 VA +8  Vad+8
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Lo gidi:
Theo bat dang thitc AM-GM thi ta c

VB +8=/(b+2)(b2 —2b+4) < %(62 —b+6)
Tuwong tu thi ta cling c6
V3 +8< %(62 —c+6)
Va3 +8 < %(a2 —a+6)
Do do6
a? b? c? 2a? 2b> 2c?

\/b3+8+\/c3+8+ a’ +8 = b2—b—|—6+02—c—|—6+a2—a+6
Mat khéac, 4p dung bat ding thiic Cauchy-Schwarz ta co
a? b? ? - (a+b+c)?
62—b+6+02—c+6+a2—a~|—6 T a2+ b+ —(a+b+c)+18
Do d6, ta can chiing minh

2(a+b+c)? .-
a?+b+c—(a+b+c)+18 —
S2a+b+e)?>(a+b+c)? —(a+b+c)+12
Sa+bte)P+(@a+b+c)—12>0
Ma diéu trén thi luon ding bdéi vi
a+b+c> \/B(ab—l—bc—l—ca):B
Déang thtic xay ra khi va chi khi a=b=c=1.

Bai 194. Cho a,b,c la cdc sb thuc duong . Chiing minh rang:
1 N 1 N 1 S 2% + 2010y 2 + 201022 N 22 4+ 201022
x oy oz x3+42010y°  y3+2010z% 23 + 201023

Lot giai:

Theo bat dang thiic Holder thi ta c6

(2% +2010¢°)%(1 + 2010) > (2% + 2010y%)?

(2% 4+ 2010y%)(1 + 2010) > (z + 2010y)?
Do do ta ¢o

2011% (23 + 201053)% (2% + 2010y%) > (22 + 2010y°)%(x + 2010y)>
2 1 20102 2011
v? 4201057 _ 0 0

3 +2010y% — =+ 2010y
Tuong tu thi ta ciing c6

y* + 201022 . 2ou

y3 + 201023 ~ y + 20102 @)
2 2
224201027 _ 2011 @)

23+ 201023 — 2z + 2010z
Cong (1), (2), (3) vé theo vé ta c6
S 22+ 201042 _ 2011 2011 2011

2 1201007 = 2+ 2010y | y 420102 =+ 2010z

cyc
Mic khac, stt dung bat dang thitc Cauchy-Schwarz ta c6
1 1 20112
2010.—+ = > ———
x oy 2010z +y
1 1 20112
2010.— 4+ - > 20T
y oz 2010y + =

2010 1 n 1 S 20112
2z x T 20102+ x

(4)
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Cong lai ta ¢6

1+1+1 2011 L+ 2011 n 2011 (5)
r y =z 2010z+y 2010y +z 2010z 4+ =z

Tu (4), (5) ta c6
1 1 1 _ 22420100% 9% +20102% 22+ 20102

I T B o008 T F 20108 T B+ 201048
Déang thtic xay ra khi va chi khi z =y = 2.

Bai 195. Cho a,b,c, d la cic s6 thuc duong théa man a+ b+ ¢+ d = 4. Chiing minh ring:
a b c d
1 > 2
’ 1+620+1+02d+1+d2a+1+a26_
a+1 b+1 c+1 d+1 -

2
’ b2+1+c2+1+d2+1 a?+1 "~
Lot giai:
Cach 1.
Ap dung bat ddng thic AM-GM ta c6
a ab’c ab’c 1 1 1
1+b2c_:a_1+b202“_25\[0:a_§b"/“'acza_1b(“+ac>:“—1(ab+a60)

Tuong tu ta co
b

1
>ph_ =
1+02d_b il(bc—!—bcd)
c
>0 =
e =€ le(cd+cda)
c
>d— =
T a2 d 4(da+dab)

Cong lai ta ¢6

a
§1+b202(a+b+c+d)

Mat khéac, theo bat dang thiic AM-GM thi ta c6
ab+bc+cd+da=(a+c)(b+d) <

1

1
4(ab—|—bc+cd+da)——

abc + bed + cda + adb
4

(a+b+c+d)?=4

e~ =

abc + bed + cda + adb
b(c+d)+ cd(a+b)

Il
o

(a+b)*(c+d)+ i(c +d)*(a +b)

VAN
N e > B

(a+b)(c+d)(a+b+c+d)

< —(a+b+c+d?=4

&=

Do d6 ta co ; J . .
a c
>4——-4—--4=2
. 1+b20+1+02d+1+d2a+1+a2b_ 4 4
Dang thic xay ra khi va chi khia=b=c=d = 1.

Cach 1.
Ap dung bat ding thic AM-GM ta c6
a+1 (a+ 1)b? (ab+ b)b 1
per Ot zaet 2 etloglabtd)

Tuong tu ta co

b+1 1
>b+1——=(b
CQ_ﬁ'll_ + 2(c+c)

c
PP >c+1—=(cd+d)
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d+1
a?+1

1
2d+1—§(ad+a)
Cong lai ta co

a+1
b2+ 1

cyc

1 1
2(a+b+c+d)+4—§(a+b+c+d)—5(ab+bc+cd+da)

1 1
:§(a+b+c+d)+4—§(ab+bc+cd+da)

Theo bat dang thitc AM-GM ta lai c6

1
ab+bc+cd+da:(a+c)(b+d)§Z(a—|—b+c+d)2:4
nén suy ra
a-+1 1 1
>4t d—--4=4
Pri-2 T3

cyc

Diang thiic xay ra khi va chi khia=b=c=d = 1.

‘ 1 1 1 .
Bai 196. Cho a,b,c, d la cic so thuc duong thoa man — + — + — = 2. Ching minh rang:
! va vboe ! !
1 N 1 n 1 <1
vVa+3b Vb+3c Ve+3a T

Lot giaa:
Theo bat dang thitc AM-GM ta c6
a+3b=a+b+b+b>4Vab?
T do6 suy ra

1 < 1 <1<1+1><1<1+1+2>_1(1+3>
Vat3b = 2/Vab V2~ A \Vab VB2 T8 \Va Vb Vb 8 \Va Vb
Tuong tu ta co
1 <1<1 + 3)
b+3c ~ 8 \Wb c
1 1(1 3>
<-|—=+—F=
c+3a 8 c a
Cong lai ta ¢6
1 1 1 3 1 1 1 1
<N (=+F)=cd|=+—+—]=1
N ) R R C AN
) a=b=c 9
Déang thiic xay ra khi va chi khi 1 1 1 @a:b:c:z
4+ = R
VARV
Bai 197. Cho a,b,c, d la cic 6 thuce duong. Chiing minh rdang:
a’ b3 c3 a+b+c
+ + >
a?+ab+b%2  b2+bc+c2 2+ ac+ a? 3
Lot giai:
Cach 1.
Ta co >
a
- >2a—-0b (1
ArarE et W
That vay

(1) & 3a® > (2a — b)(a® + ab + b?)
& (a—0b)*(a+b) >0 (luon diang)
Tuong tu ta co
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3b°
- >9h—
b2 +be+c2 — ¢
33
— > 2c—a
2+ ac+ a?
Cong lai ta ¢6
a’ b3 3 1 a+b+c
> —(2a — b+ 2b — 2c—aq) = ———
) a2+ab+b2+62+bc+02+02—|—ac+a2_3(a + c+2—a) 3
Dang thiic xay ra khi va chi khia =b=c¢

Cach 2.
Ap dung bat ding thic Cauchy-Schwarz ta c6
4 2 72 2)2
VT — Z a Z ((I + b +c )
a(a® 4+ ab+b?) = > (a(a® 4 ab + b?))

cyc cye

Ta c6 hing dang thiic
> (a(@® +ab+ 1)) = (a+b+c)(a® +0* + )
cyc
va theo bat ding thitc Cauchy-Schwarz thi ta cé
1
a?+b*+c* > §(a+b+c)2

Do doé ta c6
a? + b* + S a+b+c

VT > >
. a+b+c 3
Déang thiic xay ra khi va chi khia =b=c.
Cach 3.
Ta c6
a? b3
— =a—>b
a’?+ab+0> a4+ ab+b?
nén ta co
o v b) + (b 0
LaraiE Lavarr @ rlogrlema =
a’ b3
®§a2+ab+b2_;a2+ab+lﬂ

T do suy ra

a® + b3
2VT:Za2+ab+b2

cyc

Ma ta lai c6
a®+b* > =(a+0b)(a® + ab + b?)
& (a+0b)(a—0)? >0 (luon diang)

W

Do do6
2(a+b+c)

1
2VT2§Z(a+b): 2

cyc

ey Athte

Ding thitc xay ra khi va chi khia = b = c.

Bai 198. Cho a,b,c, d la cic s6 thuc duong. Chitng minh rang:

a? b2 2 1
—(vab+ Vb >a+b
ChLb+b+c+CHL+2(\/a_+\/_c+\/a)_a+ +c

Lo gidi:
Bat ding thic da cho tuong duong véi:
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%(\/%+\/E+\/E)z(a— - )+(b— a )—i—(c— a )

a+b b+c c+a
1 ab
—(v Ve + vea) >
<:>2( ab+ Vbe + Ca)_za—i—b

cyc
Mit khéc, theo bat ding thic AM-GM thi
ab ab Vab
<
a+b~ 2v/ab 2

Tuong tu ta ciing co
be Vab
b+ c 2
Jac
2

ca

c+a

%(\/@—i—\/@—k\/@) ZZa(:i)b

Cong lai thi ta c6

cyc
Déng thitc x4y ra khi v& chi khi a = b = c.
Bai 199. Cho z, y, z la cdc so thuc duong théa man xy + yz + zx = 3xyz. Chiing minh rang:

2 22 2
+ + > 1
xy? + 22?2 za? 4222 yz? 4 22
Loi gidi:
1 1 1
Dita=—-,b=—-, c=-
T Y 2
Khi d6 diéu kien duge viét lai 1a
a, b, c>0
a+b+c=3
va bat ding thitc can chiing minh tré thanh
a’ b? c?
>1
? ot 2 brad  ct2a
Theo bat dang thiic AM-GM ta c6
a® 2ab? 2ab? 2 2
S A -2 Yab-ab 1>a—=(2ab+1
T T e p R 2 gy g Vebab 1 za—g(2ab)

Tuong tu ta ciing co

Y b 2t 1)
_— — —(2bc
b~|—2262 - 9
c 2
>c— —(2 1
C+2a2_c 9(ac—|— )
Cong lai ta ¢6
a? b? c?

4 2
> b — —(ab+1b _z
a+252+b+202+c+2a2_(a+ ) 9(a +be + ca) 3

Ma theo ta lai c6 )
ab+ bc+ ca < g(oz—i-b—i-c)2 =3
Suy ra
a? b? c? 4 2 2

>3
a+2b2+b+202+c+2a2_ 913
Déngthfrcxéyrakhivachikhia:b:c:1(:)x:y:z:g.
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Tivm gid tri lon nhat cia:
P=(-1)(y-1(E-1)

Bai 200. Cho =, y, z la cdc s6 thuc duong lon hon 1 théa man xy + yz + zx > 2xyz.

Lot giai:
Tu gia thiét ta suy ra
1 1
—+-+-2>2
y oz
Do dé ta co )
lzy—l_{_z—l22 y—1 z2—-1
x Y x Y x
1 _2z2—-1 zx-1 z—1 -1
-2 > 2 :
Y z x x
lzx—l y—122/x—1.y—1
\ 2 x Y z Y
Suy ra
LZS y—l'z—l'z—l'm—l'x—l'y—l
xyz Yy x z x x Y
1
SE-DE-1eE-1)<g
1 r=Yy==z 3
Vay Max P=-<<<¢1 1 1 Sr=y=z=—
8 4+ =9 2
x Yy =z

11 Bai 201 dén bai 220

P=zy+yz+zx+

Bai 201. Cho z, y, z la cdc s6 thuc duong théa man x* + y* + 22 = 3. Tim gid tri [6n nhat cia:
5)

rT+yt+z
Loi gidi:
Ta co 10
2P +3= (2 + >+ 22+ 2y +yz+z22))+ ————=(z+y+2)? +
(=% +y (zy +y ))m+y+z(y)

Datt =z +y+ 2z thitaco

t< 324y +22=3

(> Ty eV
va
2P + 3 = f(t) =t2+170 (t € (v/3;3])
Ta c6 265 5)
f'(t) = >0 Vte (v/3; 3]
Suy ra ham s6 f(t 7d(5ng bién Vt € (v/3; 3]

)
RO
??+yt 22 =3

14 14
HayPZ?.VayMaxP:§(:) r+y+z=3 Sr=y=z=1

x,Yy,z2 >0
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Bai 202. Cho a, b € [0;1]. Ching minh rang:
a+b ab

— <
14+4a+b— 2 3

Lot giada:
Bing phép quy dong ta c6 bat dang thic can chitng minh tuong duong véi
6<6(l+a+0b)—3a+b)(l+a+b)+2ab(l+a+0b)
< a(l —a)(3—2b) 4+ b(1 —b)(3 —2a) > 0(luon ding do a, b € [0;1] )
Déng thitc x4y ra khi va chi khi a = b = 1.

Bai 203. Cho a, b, c la cdc so thuc duong théa man a®b* + b*c + c2a® > a®b*c?.
Tim GTNN cia:
a’b? b?c? a’c?
+ +
Ala2+02) a2+ V(a2 + 32)

Li gidi:
1 1

c
Khi do dleu kién du’dc viét lai 1a

@I»—

1
bat x = — Y=

z, Yy, >0
P4yt 22 >1

A= Zy +22

cyc

Theo bat dang thitc Cauchy Schwarz ta cé

(x2 +y? + 2%)?
A=Y T I S e )

cyc

Mat khéc, theo bat dang thic AM-GM ta c6
x(y? + 2%) —\/2x2 (y? + 22) - (y? + 22)

1 <2:c +y2+z2+y2+z2)3
S_
/2 3

2v3
= %_(x2+y2+z2)\/x2+y2+z2

cyc

Tuong tu ta ciing co

2v/3
y(a? + 2%) < \/_(x + 2+ 2222+ g+ 22

9
2, .2 2v/3 2 1 .2 1 2
z2(z® +y%) < 9 —— (P + P+ 22+ yr + 2
Do do6 3 V3
3 3
A> =2 \/i2 424 2=
2 2
VayMaxA:i_@ Y Sr=y=z2=—<a=b=c=+3
2 2yt =1 V3
Bai 204. Cho a, b la cdc s6 khong am théa man a® + b* = 4. Chitng minh ring:
ab
— < V2-1
a+b+2_\/_
Lot giaa:
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Ta co

ab :(a+b)2—(a2+b2):(a+b)2—4:a+b—2 )
a+b+2 2(a+b+2) 2(a+b+2) 2
Lai c6
it b < IETT =245
nén ta co
a+g—2§2¢i—2: 51 (@
Tu (1) va (2) ta c6 diéu phai chiing minh.
Déng thitc x4y ra khi vi chi khi a=b Sa=b=12
a’*+ b =4
Bai 205. Cho a,b,c,d, e € [0;1]. Ching minh rang:
2i@+2ib+2_023abc
Loi gidi:
Theo bat déng thic AM-GM, ta c6
(a—12>0=a2—-a)<1l& Qia > a (do a € [0;1])

Tuwong tu ta cling c6

N}
—_
v
S

= |
S8

)
|
o
vV
o

Suy ra

1 1 1
> b 1
2—a+2—b+2—c_a+ +c (1)

Ma ta lai c6 a, b, c € [0;1] = a® + b*> + ¢ < 3 nén két hop véi bat dang thitic AM-GM thi ta c6
3(a+b+c) > (a®+ 0>+ A)(a+b+c) > 3Va2b2c? - 3V abe = 3abe
S a+b+c>3abe (2)

T (1) va (2) ta suy ra
! + ! + LN 3abe (dpem)
2—a 2-b 2—c- 0P

Déang thtic xay ra khi va chi khia =b = c = 1.

Bai 206. Cho a, b, ¢ la cdc s6 thuc duong théa man ab+ a + b = 3. Chitng minh ring:
3a i 3D . ab <a2+b2+§
b+1 a+1 a+b~— 2
Lot giai:
T gid thiét ta suy ra
ab=3— (a+1b)
(a+b)?

3—(a+b)=ab<

Ta c6 bat dang thitc can chiing minh tuong duong véi
3((a+0b)*—2ab) +3(a+0b) 3—(a+0) ) 3
< b)* — 2ab+ =
btatbil oty Sl —2ab4g

b)? — — b b — b
<:>3(a—i- )2 —6(3—(a+0b)+3(a+ )+3 (a + )g(a+b)2—2(3—(a+b))+§
4 a+b 2
Dit t = a + b(2 <t < 3) thi ta can chitng minh

=a+b>2
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3tP4+9t—18 33—t ., 9
<t"4+2t— =
4 + t + 2
& 3t 4+ 9t7 — 18t + 12 — 4t < 4¢% 4 8t* — 18t
& (t—2)(t* +t+6) >0 (luon ding do t > 2)
Vay bat déng thic da cho ding.

. , CJa+b=2
Dang thitc xay ra khi va chi khi Sa=0=1
ab=1

) b .
Bai 207. Cho a, b, c la cdc so thuc duong thoa man a + b+ c = 3—C Chitng minh rang:
a

24/3 -3
6
Lot giai:
Ta cb ) 0 )2
C +c
b =—<

atbote 3a = 12a

Suy ra

124> + 12a(b+ ¢) — (b +¢)?

<
a \? a
< 12 + 12 —-1<90
(b+0> (b+0>

o e +3+2¢§ a  2V/3-3 “0
b+c 6 b+c 6

a <2\/§—3

=
b+c ™ 6

& a < MT_?) - (b+ ¢)(dpem)

b=c
Oy

E

Bai 208. Cho a > b > 0. Chiing minh rang:

1\° 1\
204 — | < [264 —
(7e3) <(*+3)

Déng thitc x4y ra khi va chi khi

Lo giaa:
Bat ding thtc can chitng minh tuong duong véi
In(1 4 4° In(1 +4°
a

In(1 + 47)

Xét ham f(z) = v6i z > 0. Ta co:

oy = & In4® — (14 47) In(1 + 4°)

22(1 + 47)
Suy ra f(x) nghich bién trén khoang (0; +o00)
Do f(x) nghich bién trén (0;4+00) vaa > b > 0 nén f(a) < f(b) va ta c6 diéu phai chiing minh.

<0

Bai 209. Cho z, y la cdc s6 thuc duong théa man x +1vy > 4. Tim GTNN ciia
322 +4 3+ 2
A= +
4x y?

Lot giai:
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Ta co

(T 1 T oy 2y oy
_<4+x>+<2+2>+(y2+4+4>

Do do ta ¢6

9
A>1+2+_:§
r 1
4 s =9
Ding thiic xay ra khi va chi khi{ z +y =4 &
2y y=2
y> 4
Bai 210. Tvm GTNN, GTLN ciia ham so
2z —V1-az+4
v= Vi+yv1l—xz+42
Lot giaa:
Ta c6
—3V1—-z
y—2= <0
Ve+V1l—x42
Suy ra

Vay Max y =2 & x=1
Mat khac, ta co
- Vr+2(1—+v1—ux)
ViV -z +2

>0

Suy ra
Vay Miny =1<x=0

Bai 211. Cho a,b,c la cdc so thuc duong théa man a® + b* + ¢ = 3. Tim gid tri nhé nhat clia:
2

a b? c?

1—|—ab+bc+1+bc+ca+1+ca+ab

Loi giaai:
Stt dung bat dang thic Cauchy Schwarz ta c6
a? N b? N c? - (a+b+c)? (a+b+c)? B
l4+ab+bc 14+bc+ca 1+ca+ab ™ 3+2(ab+bc+ca) a?+ b2+ 2+ 2(ab + be + ca)
a? b? c?
Vay Mi =la=b=c=1
a A <1+ab+bc+1—|—bc—|—ca+1—|—ca+ab) ¢ ¢

Bai 212. Cho a,b,c la cdc so thuc khong am. Chiing minh rang:

(ab + be + ca) ((a—lb)2 + (b—lc)Q + (c—la)2> >4

Loi gidi:
Khong méat tinh téng quat gid st a > b > ¢, khi dé ta c6

1 1
ab+bc+ca2ab, (b——c)Q Z b—2,
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Do d6 ta ¢o

S ab a n b
“(a=b)? b a
ab (a — b)?
pumy 2
(a —b)? * ab *
Mat khéac, 4p dung bat dang thitic AM-GM ta c6
ab N (a — b)* S 9
(a —b)? ab
Suy ra
VI>2+2=4
2 C = 0 c= O
Dang thiic xay ra khi va chi khi &
(a—b)2 = ab a:3+2\/gb

Bai 213. Cho z, y, 2 la cdc so thuc duong théa man xyz = 1. Chiing minh rdang:
1 1

< —
x2—|—2y2+3+y2+222+3+z2+2x2+3 -2

Lot giazi:
Ap dung bat ding thic AM-GM ta c6
22+ 9% > 2y
y 4+ 1> 2
Suy ra
1 1

<
242y +3 7 2xy+ 2y + 2
Tuwong tu ta ciing c6
1 1

<
Y2 +2224+3 7 2yz+22+2
1 1

<
22422243 7 2024+ 22+ 2
Do doé ta c6

1 1 1 1
VT < — + +
2\zy+y+1 yz+2z+1 zx+zxz+1
Mit khac, do xyz = 1 nén ta c¢6
1 1 1

+ +
zy+y+1 yz+z+1 zx+x+1
1 x
n Y I Y
y+y+1 zy+y+1 zy+y+1
ry+y+1
ry+y+1
=1

1
Suy ra VT < 5
Déng thiic xay ra khi va chi khiz =y = 2 = 1.

Bai 214. Cho z,y la cdc so thuc duong. Tim gid tri nhé nhat clia:

3 43
x3 + 8y? v+ (z+y)?

Lot giaa:
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Do z > 0 nén ta co

4

3
1+(5+1)
Y
1 4
P = e —
V 1+ 83 14 (341)3

Mat khéc, theo bat déng thiic AM-GM ta, c6
1+8t2 = (1+26)(4t* =2t +1) <

Y S S
14+8t3 — 21241

Dat t = (t > 0) thi ta co

SRS

(4t +2)% = (2t + 1)

NN

Ta sé chiing minh

4 2t2
1 Z 2t2 + 1 (2)
1+ (; +1)3

That vay, ta co
(2) & 24+ 1) > " +t(t+1)°
& (t—1)*(2t* +t + 1) > 0(ludn ding)
Tu (1) va (2) ta suy ra

P> + 2t =1
2241 2241
, , , , o1+t =42 -2t +1
Vay Min P =1, Dang thic xay ra khi va chi khi St=1r=y
t=1

Bai 215. Cho cdc s6 thuc duong a, b, ¢ théa man: a +b+c = 3 va lam cho biéu thic T luon
xzac dinh. Tim GTLN cua:
T=vVa?+a—1+V2+b—14+vV2+c—1

Lot giazi:
Biéu thic T c6 nghia khi va chi khi
a, b, c> V-1
2
Ta co:
4 4 -2
Tuong tu ra co
3b—1
VP2 +b—1< 5
3c—1
Ve2+e—-1< 02
Suy ra
T§3(a+b2+6)_3:3

Vay Max T =3 rx=y=2=1.

Bai 216. Cho cdc so thuc duong a, b, ¢ théa man: ab+ be + ca = 5. Tim GTNN ctia biéu thic
3a+ 3b+ 2c

V6(a2+5) +1/6(b>+5)+ V2 +5

Lot giai:
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Tit gid thiét ab + be + ca = 5 va theo bat dang thitc AM-GM thi ta c6
24/6(a? +5) + 21/6(b2 +5) + 2V + 5
= 2/6(a+b)(a+c) 4+ 2/6(b+ a)(b+ c) + 2¢/(c + a)(c + b)
= 2v/(3a + 3b)(2a + 2¢) + 21/(3b + 3a)(2b + 2¢) + 21/ (c + a)(c + b)
< 3a+3b+2a+2c+3b+3a+2b+2c+c+a+c+b
= 3(3a + 3b + 2c)

Do do6
3a + 3b+ 2¢

P =
V6(a% +5) +1/6(b2+5) + V2 +5
Suy ra Min P = 1.

Diang thiic xay ra khi va chi khia=b=1, ¢ = 2.

2
> Z
-3

Bai 217. Cho cdc s6 thuc duong z, y théa man: 2x + 3y = 5. Tim GTNN ciia biéu thic
VO+a)(1+y2) -1 0 +23)(1+y3) -1
_'_
2y 3x?

P —

Lot giai:
Theo bat déng thiic Cauchy Schwarz thi ta c6
VI+a)(1+y2) -1 JO0+a3)1+y?) -1
+
2y 32
I+ay—1 1+ /x3y?—1
> +
- 2y 3x?
2 3z
x x
3 6 6yx 6y

Mat khéc, sit dung bat ding thic AM-GM ta c6

P =

Suy ra
sz+g_2x+3y:5
3 2 6 6
xT=y
, 5 T oYY
Vay GTNN P=-&{-=""F5 Sr=y=1.
w =g 6 6z vy
20 +3y =5
Bai 218. Cho cdc so thuc duong a, b, ¢ théa man: abc = 1. Tim GTLN ctia biéu thic
ab be ca
= - +
a+b+ab b+c+bc c+a+ab
Lot giazi:
. 1 1 1
DatﬂU:g, Yy=@m =3
Ta c6 dieu kién da cho dude viét lai thanh
ryz =1
x, Yy, >0

va
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1 1 1
_:1:3+y3+1+y3+z3+1+353+23+1
Ta lai ¢6 2% +4* > zy(r + y) & (z — y)*(z + y) > 0(luon dung)

Do do6 ta co

1 1 z

<
BHy3+1 Tyl +y) tayr x+y+z

Tuong tu ta co
1 T

<
y+23+1 " c+y+z
1 < Y
B+23+1 " c+y+z

Suy ra
Ppc—" 4+ Y 4
r+y+z x+y+z r+y+t+z

Vay Max P = 1, Déang thtic xdy rakhi vachikhiz =y=z2=1oa=b=c= 1.

Bai 219. Cho cdc so thuc duong a, b, ¢ théa man: ab + bc + ca = 3. Chitng minh ring:
1 1 1 1

< —
T2+  1+0a+e) 1+ E(atd) = abe

Lot giazi:
Ap dung bat ding thic AM-GM ta c6

3
abc = ab-bc-acg\/(ab—i_b?)ﬂ) =1

1 1 1
14+ a?(b+c) * 1+ b%(a—+c) i 14 c2(a+0)

1 n 1 . 1
abc+a?(b+c¢)  abc+b*(a+c)  abc+ 2(a+Db)

B 1 1+1+1
ab+bct+cal\a b ¢

Suy ra

IN

B 1 ab + be + ca
~ ab+bc+ ca abce
1

"~ abe

) _ ~lab=bc=ca
Dang thitc xay ra khi va chi khi Sa=b=c=1
ab+bc+ca =3

Bai 220. Cho cdc s6 thuc duong a, b, ¢ théa man: a + b+ c < 2. Ching minh rang:
1 1 1 1

< —
a2+bc+62~|—ac+02+ab_ abe

Lot giaa:
Ap dung bat ding thic AM-GM ta c6
VT < 1 L+ 1 n 1
~ 2a-vVbe 20y/ac 2\ ab
~ Vab+ Vbe + yac

2abe
St dung AM-GM ta ¢6

1 1 1
\/ab—i—\/bc%—\/acg§(a+b)+§(b+c)+§(a+c):a+b+c§2
Do do

2 1
T< —=—(d
VT < 2abc abc( pem)
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2 a = b =C
Dang thitc xay ra khi va chi khi
a+b+c=2

IS

|

S8

|

o

|
Wl N

12 Bai 221 dén bai 240

. 3
Bai 221. Cho cac so thuc duong a, b, ¢ théa man: a + b+ c = 1 Tim GTNN cia:

1 1 1
= - + +
Ja+3b Yb+3b e+ 3a
Loi gidi:
St dung bat dang thic AM-GM ta c6
1 1 1
= + +
va+3b Vb+3b e+ 3a
1 1 1
>
Z U F3b+1+1  bt3c+1+1 ct3atltl
3 3 3
3 3 3

Ca+3b+2 T3t cr3arz
Mat khéc, st dung bat dang thitc Cauchy Schwarz ta c6
1 1 1 9 9

+ + > = =
a+3b+2 b+3c+2 c+3a+2 4la+b+c)+6 3+6

Suy ra P > 3

3
) a+b+c=— 1
Vay Min P =3 & 4 sa=b=c=-.

a=b=c 4

Bai 222. Cho a,b,c la cdc so thuc duong théa man abc = 1. Chitng minh ring:
2

2
@r 241 (

<1
b+1)2+02+1+(a+1)2+62—|—1 -

Lot giai:
Ap dung bat ding thic AM-GM, ta c6:
(a+1)24+b*+1=a>+b*+2a+2>2(ab+a+1)

Suy ra:
2 < 1
(a+124+0+1 " ab+a+1
Tuong tu:
2 < 1
(b+1)2+c2+1 " be+b+1
2 1

<
(c+1)2+a2+1" cat+c+1

Cong theo vé ba bat dang thiic trén, ta dugc:
2 2 1 1

1

<
(a+1)2+1)2+1+(b+1)2+02+1+(a+1)2+62+1 - ab+a+1+bc+b+1+

T diéu kién abc = 1, ta co:
1 1 1 1 a

ab

ca+c+1

ab+a+1+bc+b—|—1+ca+c+1 ab+a+1+abc+ab+a+a2bc+abc—|—ab

1 a ab

=1
Do do:
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2 2
<1
(a+1)2+02+1 * (b+1)24+c2+1 * (a+1)2+02+1 "~
Vay bat dang thiic da duge chiing minh.
Dau bang xay ra khi v chi khia =b=c= 1.0

Bai 223. Cho a,b,c la cic so thuc duong. Tvm gid tri nho nhat cia biéu thic:
p_ 3a 4b 5%

= + +
b+c c+a a+b

Lo gidi:
Cong hai vé ctia biéu thitc P véi 12, ta dugc:

3 4 5
P+12=(atb+c) (b—i—c+c—|—a+a—|—b>

Ap dung bat ding thitc Cauchy-Schwarz, ta co:

3 4 5 (V3 +2++/5)?
+ >
b+c c¢c+a a+b— a+b+c
Do do: /3 VB
3+2 5
P—|—122(a—|—b+0)( +2+v9) S P>(V3+2+V5)?2-12

a+b+c
Vay gia tri nhé nhat ciia P bing (v/3 + 2 +v/5)? — 12.

b b
+c_c—|—a:a+ O

i 2 s

Diang thitc xay ra khi va chi khi:

Bai 224. Cho a,b,c la cdc so thiuc duong théa man a + b+ ¢ = 3.
Tim gid tri l6n nhat cia biéu thic:

po Lo, 1
S a?—a+3 B2—b+3 E—c+3

L gidi:

Dau tién ta chiing minh:

1 4—a
< ,Va € (0;3) (*
a?—a+3 - 9 ae(0:3) ()

That vay:
)e9<(@-a)(a*—a+3)= (a—3)(a—1)*<0
Biéu thic trén luon ding Va € (0; 3)

Tuong tu, ta co:
1 4—-0

<
b2—1b+3— 9

4—c

<
. 2—c+37 9
Cong theo vé ba bat dang thic trén, ta dugc:
1 n 1 L 1 < 12—a—-b—c
a?—a+3 bB*—-b+3 2—c+37 9 B
Vay gia tri 16n nhat ctia P bang 1.

Déng thitc xay ra khi vi chi khia = b=c= 1.0

1

Bai 225. Cho a,b,c la cic s6 thuc duong théa man vab+ vbe + v/ca = 1.

Chatng minh rang:
2 b2 2

a C

- -
a+b b+c c+a

1
>
-2

Loi giada:
Ap dung bat ding thie Cauchy-Schwarz, ta co:
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a? v? c? (a+b+c)* a+b+ec
+ + > = (1)
a+b b4+c c+a " 2a+b+o) 2
Theo bat dang thitc AM-GM, ta c6:
b b
a—l—b—i—c:a; + ;C+C;a2\/%+\/b_c+\/£:1 (2)
T (1) va (2), suy ra:
a? N b? n c? >1
a+b b+c cH+a 2

Vay bat déng thiic da dugce ching minh.
DAu bang x4y ra khi vi chi khia=b=c=1. 0

Bai 226. Cho a,b,c la cdc s6 thiuc duong théa man ab + bc + ca = 1. Chiing minh ring:
1 1 1 1
{’/—+6b+§’/—+6c+<’/—+6a§ —
a b c abc
Lot giai:

Ap dung bat ding thic AM-GM, ta co:
/1 6= 3/3.9bc.(1 + 6ab) o 4+ 9bc + 6ab
a 9v abc N 9v abc

31+6 <4+9ca~|—6bc
J— C —_—
Vb ~  9Vabe
1 4 + 9ab + 6¢ca
\3/——|—6a <
c 9v/abc

Cong theo vé ba bat dang thiic trén, ta dugc:

1 1 1 12 4+ 15(ab + bc + ca) 3
3—+6b+\3/—+60—|—€/—+6a§ = 1
\/a b ¢ 9V abe V abe @

Tit diéu kién ab + be + ca = 1 va bat dang thiic AM-GM, ta co:
1 = ab+ bc+ ca > 3va2b2c? &

Tuong tu:

3 < L (2)
Vabe — abc

4/ 1 4/ 1 4/ 1 1
—+6b+{/-+6c+ /- +6a< —
a b c abe

Vay bat dang thiic da duge chiing minh.
V3

Dau bang x4y ra khi vi chi khia =b=c= ?.D

Bai 227. Cho a,b,c € [0,1] va a + b+ ¢ # 0. Chitng minh rang:
1 1 1 5)

<
ab+1+bc+1+ca+1 T a+b+ec

T (1) va (2), suy ra:

Loi gidi:
Khong mat tinh tong quat ta gid st 1 >a >b> ¢ > 0.

Ta co:
c a b <a+b+c<1+b—|—c+(1—b)(1—c)—|—bc_

ab+1+bc+1+ca—|—1_ bc+1 — be+1
Mat khac:

a+b+b+c+c+a:<a—|—b_1)+(b+c_1)+(c+a_1)+3
ab+1 bc+1 ca+1 ab+1 bc+ 1 ca+1
L 0-a(h) (-H0-9 (-90-a)
ab+1 bc+ 1 ca+1
<3(2)

2 (1)
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Cong (1) va (2) theo vé ta dugc:
a+b+c a+b+c a+b+c 1 1 1 5
+ <5& + + <
cab+1 bc+1 ca+1 ab+1 bc+1 ca+1 " a+b+c
Vay bat dang thitc da dude chitng minh.
Dau bang xay ra khi va chi khia =b=1,¢ = 0 va cac hoan vi.(]

Bai 228. Cho a,b,c la cdc so thiuc duong théa man a + b+ ¢ = 1. Chiing minh rang:
1 1 1 2 2 2

>
1—a+1—b+1—c_1+a+1+b+1+c
Lot giaa:
. R 1 1
Ap dung bat dang quen thudéc — + — > , ta co:
r Yy r+y
1 1 4 4
+ > =
l1—-a 1—-07"2—a—-b 1+c
Tuong tu:
1 N 1 S 4
1-b 1—c 1+a
1 1 4
>

. 1—c+1—a_1—|-b
Cong theo vé ba bat dang thtc trén,ta dugc:

21+1+1>41+1+1
l—a 1—-b 1—c¢) — l14a 1+4+b 1+c

<:>1+1+1>2+2+2
l—-a 1-b 1—¢c~ " 14+a 14+b 1+4+c¢

Vay bat déng thic da dugce chiing minh.

L 1
Dau bang xay ra khi va chi khia=b=c= g.D

Bai 229. Cho a,b,c la cdc so thiuc duong théa man a + b+ ¢ = 1. Chiing minh rang:
a?+3ab b+ 3bc 2+ 3ca

<2
a+b + b+c c+a
Lo gidi:
St dung bat dang thiic quen thudc 4ry < (z + y)?, ta co:
a® + 3ab +2ab < +1( )
——=a+—<a+=(a
a—+b a+b— 2
Tuong tu:
b% + 3bc 1
<b+ —=(b
b+c — + 2( +¢)
c + 3ca

<c+3(cta)
c+ =(c+a
) ct+a 2
Cong theo vé ba bat dang thic trén, ta dugc:

a’?+3ab  b*+3bc A+ 3ca

o a+b b+c + c+a
Vay bat dang thic da duge chiing minh.

<2(a+b+c)=2

Dau bang xay ra khi vi chi khia=b=c= -. O

1
3

Bai 230. Cho a,b,c la cdc so thuc duong. Chitng minh rang:

a? b3 3
> 1
a3+(b+c)3Jr bi’>+(c+a)3jL A+ (a+b)3—

Lot giaa:
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Vé6i moi s6 thue x duong, ta co:
41+2%) =41+ 2)(1 —x +2?) < (24 2?)?
Ap dung bat déng thic tren va bat déng thic Cauchy-Schwarz:

3 2
1+(b+c> 2+(b+c>
a a
{a + ( b+c ] <a2—|—b2+02)2
S4 | — _

a® + b—l—c a2+b2—|—c2

4

a

§l2—|—

Tuong tu:

b3+ (c+a)? czZ~|—b2+c2

>
(a+b) - a2+b2+c2
Cong theo vé ba bat dang thiic tréen, ta dugc:

a’ b 3
ad+ (b+c)? - b3+ (c+a)? * A+ (a+0)3

Vay bat déng thitc da dude ching minh.

Dau bang x4y ra khi va chi khia =b=c. O

2(b? + 02)]2

. 3 .
Bai 231. Cho a,b,c la cac so thuc duong théa man a + b+ ¢ = T Chiing minh rang:

Va+3b+ Vb+3c+ Ve+3a<3

Lot giazi:
Ap dung bat ding thic AM-GM, ta c6:
3b+2
a+ 3b +1+1z3{*’/@+3b<:>%wr?,bgu
3
Tuong tu:
b+ 3c+ 2
Vb+3c < —-—
+3c < 5
c+3a+2
3 3 <—
v+ oa < 3

Cong theo vé ba bat déng thic trén, ta dugc:
Va+3b+ v/b+3c+ e+ 3a <
Vay bat déng thitc da duge ching minh.

4a+b+c)+6

=3

PN , , 1
Dau bang xay ra khi va chi khia=b=c= T 0

Bai 232. Cho a,b,c la cdc s6 thuc duong théa man a + b+ ¢ = 3.

Twm gid tri nho nhat cia biéu thic:
3 b3 3

a C

a+bc+b+ca+c+ab

Lo gidi:
Ap dung bat ding thic AM-GM, ta co:
a’ a+bc 1
+ 5>
a+ bc 4 2 2
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b3 +b—|—ca+1>3b
b+ ca 4 27 2
c? +c+ab+1>3c
. ¢+ ab 4 27 2
Cong theo vé ba bat dang thic trén, ta dugc:
¢ O aibro) - Mabtbetea) =S
—(a c)— —(a c+ca) — =
a+bc b+ca c+ab 4 4 2
Ta lai c6: .
ab+bc+ca§§(a+b+c)2:3
Do doé:
o a N b3 N c3 >3
5 a+bc b+ca c+ab T 2
Vay gia tri nhé nhat ctia P bang 3
Déng thitc xay ra khi vi chi khia=b=c=1. 0
Bai 233. Cho t ac ABC ¢6 b ha,b,c tho 7l ! + ! + !
ai . o tam gidc ¢6 ba canh a,b, c thoa man =
g ' T a?+1 b2+1 c2+1

Chatng minh rang:

V3

Sapc < 5

Loi gidi:
a? b? 2

=1
a2+1+b2+1+02+1
Ap dung bat ding thic Cauchy-Schwarz, ta co:
a? b? ? (a+b+c)?
+ + >
a?+1 ’+1 41" a®>+b2+c2+3

Tt dicu kién da cho ta bién ddi tuong duong:

Do do:

(a+b+c)? 3
<1 < —
PP rers s (:)ab+bc+ca_2

Ap dung hai bat ddng thitc quen thuoc:
e(a+b—c)b+c—a)(c+a—>b)<abc
e 3abc(a+b+c) < (ab+ be + ca)?

Ta co:

SABC:}l\/<a+b+c)(a+b—c)(b+c—a)(c+a—b)

Vabe(a+b+c)
\/(ab + be + ca)?

3
_ V3
- 8

Vay bat déng thitc da dude ching minh.

<

INA
I I R

Dau bang xay ra khi vi chi khia=b=c= . O

ol

Bai 234. Cho a,b,c la ba canh cia tam gide. Chitng minh rang:
a+c a+b 2a

3a+b+3a+c+2a+b+c

L&i gidi:

Do a,b, c la ba canh cta tam giac nén: a +b > c,b+c¢ > a,c+a > b
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a+b a+tc

Ta dit: z = Y= ,z=a (x,y,z>0)
Suyra:x+y >z, y+z2>z,24+1 >y
Ta co:
a+c a+b 2a x Y z
- = - +
3a+b 3a+c 2a+b+c y+z z4+zx THY
Mat khac:
+y>z 22(r+y) >zety+2) & 2Z>Z
x z z(x z(x z
Y Y Y rT+y+z T+Y
Tuong tu:
2x T
>
r+y+z y-+=z
2y Y

>
r+y+z z+z
Cong ba bat ding thiic trén theo vé, ta dugc:
x Yy z

+ <2
y+z z+x x4y

Do do:
a+c a+b 2a

) 3a+0b 3a—|—c+2a—|—b—|—c
Vay bat dang thic da duge chitng minh.[]

<2

Bai 235. Cho a,b,c la cic so thuc duong. Tim gid tri lon nhat ciia biéu thic:

Vab Ve Vea

= + +
c+3vVab  a+3vVbe b+3yca
Lot giai:
Dit z = v/a,y = Vb, z = \/c. Khi do:
Yz ZT Ty

_x2+3yz+y2—|—3zx+22—|—3xy

1 22 2 2
1 + +
3\22+3yz  y?*+3zx 22+ 3y
Ap dung bat ding thitc Cauchy-Schwarz va bt ding thic 3(xy + yz + 22) < (z +
2 2 2 2
A S SN (z+y+2) -
2 4+3yz  y?+3zx  22+4+3zy  (v+y+z2)P+aytyz+zr
3
Suy ra: P < 1

+ 2)?, ta co:

Y
3
4

L .3
Vay gia tri 16n nhat cia P bang e

Diang thiic xay ra khi va chi khia = b =c. O

Bai 236. Cho a,b,c la cdc so thic théa man a + b+ ¢ = 6. Ching minh ring:
{4 1 8b 4 8 > 4a+1 + 4b+1 + 4c+1

Loi gidis
Dit x =2y =2 2=2° Ta co
ryz = 200t = 64, (29,2 > 0)
Bat ding thtc can ching minh tuong duong véi:
2Pt 28> A R+ 22)
Ap dung bat ding thic AM-GM, ta c6:
23+ +y? > 3ay?
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234+ 23+ 22 > 3x2?

= 223 + 223 +22% > 3w(y? + 22) & 5a® + 2y + 22% > 3w(2? + y? + 2?)
Tuong tu:
5y + 223 + 22% > 3y(x® + y? + 2%)

523 + 223 + 2% > 32(2% + y? + 27)
Cong ba bat dang thiic theo vé, ta dugc:
32’ +¢ +2°) =2 (e +y+2)(@" +y' + 27)
Theo bat dang thitic AM-GM, ta lai cé:
r+y+z=>3Yryz =12
Suy ra:
P+ 22> A 4y + )
Vay bat déng thic da dude ching minh.
Dau bang xay ra khi vi chi khia=b=c=2. 0

Bai 237. Cho a,b,c la cdc so thiuc duong théa man ab + bc + ca = 1. Chiing minh ring:

b 3
¢ 4 I G SVTI

1+a2 1102 ize-

Lot giai:
A B C
Dat a = tang, b= tang, c= t(mg voi A, B,C € (0,7)
T diéu kién ta co:

A B C
tan—tan— + tan—tan— + tan—tan— =1

2 2 2 2 2 2
tan— 4+ tan—
1
N _ 2 2
tan— 1-— tan—tanE

stan (T2 —wan (B4 €
an 5 9 = ian B 9

SA+B+C=nm
Bat ding thitc can chiing minh tuong duong véi:

1 1 C

QsmA + EsinB + 3sin§ < /10
That vay, ap dung bat ddng thitc Cauchy-Schwarz ta cé:

1'A+ 'B+3'C—'A+B A—B+3,
551 551N s = sin—ps—cos— sin
C A-B 30 C
= c0S—cos sin—
2 2 2

C .
< cos— + 33m5

C C
< \/1_0\/00525 + sz’nQE =10

Vay bat déng thitc da dugce chiing minh.

A—B
cos =1
L 2
Dau bang x4y ra khi va chi khi cosg sing Sa=b=-3++10,c=30
2 _ "3
1 3
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Bai 238. Cho a,b,c la cdc s6 thuc duong. Ching minh ring:
a+b+ b+c+ c+a S 32 3(a+b)(b+c)(c+a)a+b+c)
(ab + be + ca)?

c a b

Lot giaa:
Ap dung bat ding thic AM-GM, ta c6:
a+b+ b+c+ c+a > 32 (a+b)(b+c)(c+a)
(ab + be + ca)?
Stt dung bat dang thitc (v 4y + 2)? > 3(xy + yz + 2x), ta lai co:

3a+b+c)
2> e
(ab + be + ca)* > 3abe(a + b + ¢) & abc — (ab+ be + ca)?

(1)

c a b

(2)
T (1) va (2) suy ra:

a+b+b+c+c—|—a > 3 3(a+b)(b+c)(c+a)(a+b+c)
(ab + be + ca)?

c a b
Vay bat dang thiic da duge chiing minh.
Dau bang x4y ra khi va chi khia =b=c. O

Bai 239. Cho a,b la hai so thuc duong. Ching minh rdang:
(1+ a®b)(1 + %)
<2
(@>—a+1)(1+0%) —

Loi gidi:
Truéce tien ta chitng minh bat déng thic sau:
(14 2)(1+y)(1+2) = (1+ y77)° (+)
That vay, ap dung bat dang thitic AM-GM ta cé:
I+2)1+y)(1+2)=14z+y+z+ay+yz+zx+ayz
> 1+ 3¢ryz + 3¢/ 229222 + vyz = (1 + Jzyz)?
Do dé bat dang thiic (*) da duge chiing minh.
Dau bang trong (*) xay ra khi va chi khi z =y = z.
Ap dung bat dang thic (*), ta co:
(1+a®)(1+a®)(14b%) > (1+a®b)?

1+D)(1+1)(1+a*) > (1+a)

14+ 1)1 4+*)(140%) > (1+0?)3
Nhan ba bat déng thitc trén theo vé, ta dudc: ( 21)( ;
14+a*b)(1+b
8(1+a®)P(1+0%)2 > (1+a)(l+d?)(1+)° < et DA S

Vay bat dang thiic da duge chiing minh.
Dau bang xay ra khi vd chi khia =b=1. O

[\CR N

Bai 240. Cho a,b,c la cdc so thiuc duong théa man a +b+c <

Tim gid tri nhé nhat cia biéu thic:
1 1 1
P=a+b+c+—-—+—-+-
a b ¢

Loi gidis
Ap dung bat ddng Cauhy-Schwarz va bat ding thic AM-GM ta co:
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1 1 1
P=a+btect =4+~
a C

b
>a+b+c+ —F
a+b+c
+b+c+ + 27
= |a C
da+b+c) 4la+b+c)
>23+272 15
-2 43 2
15

Vay gia tri nhé nhat cia P bang 5

Déang thtic xay ra khi va chi khia =b=c= =. [

[\DI»—

13 Bai 241 dén bai 260
Bai 241. Cho a,b la hai s6 thuc théa man (a + b)® + 4ab > 2.
Tim gid tri l6n nhat cia biéu thic:
P =3(a* +b* + a??) — 2(a®> + b*) + 1

Lot giaa:
Tit didu kién va bat dang thiic quen thudc (a + b)? > 4ab, ta co:
b)? + 4ab > 2

(a+0)" +4ab 2 = (a+b>*+(a+b)?*>2a+b>1

(a+b)? > 4ab

Suy ra:
(a+0b)?

2 bQ>
a®+ 0" > 5

>

N | —

Ta co:
P =3(a* +b" + a®b*) — 2(a* + V*) + 1

3[(a® +b*)? — a®b?] — 2(a* + %) + 1
2 1 p2)2
>3 [(aQ +b*)? — (CLJFT)} —2(a®+b*) +1
9
P> Z(a2 + %2 —2(a® + ) + 1
Lo 1o 2 2 2} 1 1
= (a®+b ( b>—2.(2 2) =
L (@ +0%)% + [fa-f-f V2a® + /2 NACIRE
=L vy (Vae 1 var - L 2+1
4 V2 2
S 11 n L 9
~ 44 2 16 0
Vay gia tri nhé nhat ciia P bang 6
1
Diang thiic xay ra khi va chi khia = b = 3 0
1 1 1
Bai 242. Cho a,b,c la cdc so thuc duong théa man — s+ 5 72 + — = 1. Tum g¢id tri lon nhat cia
biéu thatc:
B 1 n 1 n 1
V5a2 4+ 2ab + 202 /502 4+ 2bc + 2¢2 /52 + 2ca + 2a2
Lo giaa:
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Tt diéu kien, ap dung bat dang thic Cauchy-Schwarz ta dugc:

1 1 1 1 1 1
TR - (NI R
a+b+c_\/ (a2+b2+02) V3
Ta c6: 5a* + 2ab + 2b* = (2a + b)? + (a — b)* > (2a + b)?
1 1
Do dé:

<
Vvba? +2ab+2b2 ~ 2a+b
Ap dung bat ding thic Cauchy-Schwarz, ta lai c6:

1 <1 2+1

2a+b -9 \a b

1 <1<2+1)
Vba2+2ab+2b2 ~ 9 \a b

Suy ra:

Tuong tu:
1

1
< —
V50?2 +2bc +2¢2 9 <
1
9

1

<
V5c2 4 2ca + 2a?
Cong ba bat ding trén theo vé, ta dudc:

(11, 1) V3
3\a b ¢

) . 3
Vay gia tri 16n nhat ctia P bang 3
Déng thtic xay ra khi va chi khia =b=c= /3. O

Bai 243. Cho a,b,c la cdc so thuc duong théa man a + b+ ¢ = 3. Chiing minh rang:
3(a® + b* + %) + 4abc > 13

Lot giaa:
Cach 1.
Bat ding thtc can chiing minh tuong duong véi:
3[(a+b+c)* = 2(ab+ bc + ca)| + 4abc > 13
<3[9 —2(ab + bc + ca)] + 4abc > 13
< 3(ab + be + ca) — 2abe <7
Khong mat tinh tong quat ta gid st a <b<c=a<1

Ta co:
3(ab+ bc + ca) — 2abc = 3a(b + ¢) + be(3 — 2a)
b 2
§3a(b+c)+< 9 (3 —2a)
3 — 2
3a(3—a)+ . 4a> (3 — 2a)
1, 3, 27
= 2a —|—4a + 1
z N S 1 3 3 2 27 P
Xethamsof(a):—ia —i—Za +ZV610<6L§1
Ta c6: f'(a) = —%aQ + ga = ga(l —a)>0Va e (0;1]

= ham s6 f(a) luon dong bién tren (0; 1]
= fla) < f(1) =7
Do do:
3(ab+ bc + ca) — 2abe <7
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Vay bat déng thitc da dude ching minh.
Dau bang x4y ra khi va chi khia =b=c=1. [
Cach 2.

Ta co:
(a+b—c)(b+c—a)(c+a—0b)=(3—2a)(3—2b)(3—2c)

=27—18(a+ b+ ¢) + 12(ab + bc + ca) — 8abe

= 12(ab + bc + ca) — 27 — 8abe
Tt bat dang thiic abe > (a +b—c)(b+ ¢ — a)(c+ a — b), ta co:
abc > 12(ab + be + ca) — 27 — 8abe < abe > %(ab +bc+ca) —3
Do doé:
3(a® 4+ b? + ) + dabe > 3(a® +b* + 2) + 1—36(ab +bc+ca) — 12

1 8
= —(a®* +b* + ) + =(a® + b* 4+ & + 2ab + 2bc + 2ca) — 12

3 3
> %(a+b+c)2+§(a+b+c)2— 12=13
Vay bat dang thiic da duge chiing minh.
Dau bang x4y ra khi vi chi khia=b=c=1. 0
Cach 3.
Khong mat tinh tdng quét ta gia st c¢(1 —a)(1 —b) > 0 = abc > c(a +b) — ¢
Khi do:
3(a® 4+ b* + ¢?) + dabc > 3 B(a +b)2 + 02} + 4c(a +b) — 4e

=3 [%(3—6)2—|—62:| + 4¢(3 — ¢) — 4c

Vay bat déng thic da dude ching minh.
DAu bang xay ra khi va chi khia =b=c=1.0J

Bai 244. Cho a,b,c la cdc so thuc khong am théa man a + b+ c > 0.
Tim gid tri nhé nhat cia biéu thic:
a® + b + 1663

(a+b+c)?
Lot giaa:
Dit b ¢ (2> 0)
at v = = z = .Y, %
' a+b+c7y a+b+c’ a+b+c 9
Khi do:

r+y+z=1
P =24y’ +162°

Ap dung bat ding thic Cauchy-Schwarz, ta co:

1

(2?2 + y? + 42?) <1+1+Z) >(x+y+z2)Pi=22+y?+422 >

16

(x+y+2) (2 +9°+162%) > (2% + y? + 42%)? = 23 +9° + 162° > 1
16

Vay gia tri nhé nhat ciia P bang T

O W~
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Ding thitc xay ra khi va chi khiz =y =42 & a =b = 4c. O

Bai 245. Cho a,b,c la cdc so thiuc duong théa man a® + b + ¢ = 3. Chiing minh rang:
ab® 4+ bc?® + ca®? < 2+ abe

Loi gidi:
Khong mat tinh tdng quét gid st b nam gitta a va c. Ta c6: (b—a)(b—c) <0
Do dé:
ab®* + bc® + ca® — abe = b(a® + ¢*) + a(b — a)(b — ¢)
< b(a® + )

_ 2\/b2‘a2+c2‘a2+02
2 2

Suy ra:

ab® + bc? + ca®? < 2+ abe
Vay béat déng thitc da dugce chiing minh.
Dau bang x4y ra khi vi chi khia=b=c=1. 0

1o
a(2a 12 Th@b—12 o1y =

Bai 246. Cho a,b,c la cdc so thua duong théa man ab + be + ca = 2abe. Chiing minh rang:
1

Lot giai:
1 1 1
Datx:_my:_azz_
o a b c
Tu dieu kién ta c6: x +y + 2 =2
Bat ding thtc can ching minh tuong duong véi:
3 . % . 3 . 1 3 . % . 53
2 T o (@ry?

>

N | =

C—ap By Ty
That vay, 4p dung bat dang thic AM-GM ta c

3
x y+z+y+z2§x
+2?2 8 8 4
3
Y z+x z+x _ 3
> 2
Gtz 8 T 77
23 r+y x4y _ 3
> 2
@ry? 8 8 4
Cong ba bat ding thiic trén theo vé, ta dugc:
i + v + z AL LSS 3(++)
x z
(y+2)2  (2+2)*  (x+y)? 2 ~ 4 Y
@x3+y3+23 1(++)
> —(x 2
Wt22 (zta? (@+y? -4’V 2
Vay bat déng thitc da dude ching minh.
L s , , 2 3
Daubéngxéyrakhivachikhix:y:z:gﬁ)a:b:c:ﬁ.D
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Bai 247. Cho a,b,c la cdc s6 thuc duong théa man ab 4+ be + ca = 1.
Tum gid tri nho nhat cia biéu thic:
P = 2a% 4 2b* + 2

Lot giai:
Ap dung bat ding thic AM-GM, ta co:
VIT—1, VIT—1, VIT—1

> -
1 a 1 b= > 5 ab
— V1 1 V17T -1
%zﬂ +52 vir=1,.

2
9 — 17 9 V17T -1
1 a® > 5 ca

e
2
Cong ba bat ding thiic trén theo vé, ta dugc:
V1T—-1 V1T -1
20° + 207 + ¢ 2 o (ab+ be + ca) =
N . V1T —1
Vay gia tri nho nhat ctia P bang —5
) 1 V1T—1
Dang thiic xay ra khi va chi khia =0 = ——=,c= — .0
V17 217

Bai 248. Cho a,b,c la cdc so thuc duong théa man a® + b3 + ¢ = 1.
T gid tri l6n nhat cia biéu thic:
P=a+2b+5c

Loi giai:
Ap dung bat ding thic AM- GM ta co:

3 a

b 2v/2 2v/2 2a
T2V 5vs  1ravaiss \/1+2f+5f)
3 5v/5 5v/5 5a

_l’_
I 2215V 11 2vitovs \/1+2\/‘+5\/‘)
Cong ba bat déng thic trén theo vé, ta dudc:

3
G+ ++2> (a + 2b+ 5c¢)

{1+ 2v2 + 5V5)
S a+2b+5e < €/(1+2¢§+5\/3)2
Vay gia tri 16n nhat ctia P bang \3/(1%—2\/5—1—5\/3)2.
L b= V2 c= V5 .0
V1+2v2+5v6 V1+2v2+5/6 V1+2V/2+5V5

Bai 249. Cho a,b,c la cdc so thuc duong théa man abc = 1. Ching minh rang:
1 1

Dau bang xay ra khi va chi khia =

<1
a2+b2+1+b2+62+1+02+a2+1 -
Loi gidi:
Dat 23 = a?y? =%, 2% = 2 (z,9,2 > 0).

Ta c6 %932 = a?V*? =1 = 2yz = 1

Bat ding thtc can ching minh tuong duong véi:
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1 1
<
4yt +1 +y3+23+1 +z3—|—:1:3+1 -

That vay, ap dung bat dang thitc AM-GM ta cé:
P+t + 1= (v +y)(2® + 9 —2y) + Yz

1

> (z+y)ry + xyz

=zy(lx+y+2)
Suy ra:
1 1
<
B+yi+1 7 aylr+y+2)
Tuong tu:
1 1
<
v +22+1 7 yz(@+y+2)
1 1

<
243 4+17 zz(z+y+2)
Cong ba bat dang thiic trén theo vé, ta dugc:
1 1 1 1 1

+ + < + +
B3+l PP+l B4t +1l T oyl +y+2) ylet+y+z) zx(z+y+2)

1 <1 1 1)
=\ —+—+—
rt+y+z\ry Yz zx

1 rT+y+z

r+y+z ayz
1

:—:1
Ty

Vay bat dang thiic da duge chiing minh.
Dau bang xdy rakhi vachikhiz=y=2=1a=b=c=1.0

Bai 250. Cho a,b la hai so thuc duong théa man a+b = 2. Tim ¢id tri nhd nhat cia biéu thic:
a b

P =
1+b2+1+a2

a+b B _ab2 +b_ba2
1+ 112 \“ T 13m 1+ a2

Li gidi:

Ta co6:

_ ab? ba?
14+ 14+a2
ab®>  ba?

>o W20

- 2b 2a

=2—ab

1

Vay gié tri nhé nhat ciia P bang 1.
Déng thitc xay ra khi v chi khia =b=1. 0

Bai 251. Cho a,b,c € (0,1]. Chiing minh rang:

ﬁZ%—F(l—a)(l—b)(l—c)

Lo giaa:
£ 2 2 2 a
Khong mat tinh tong quat tagiast1>a>b>c>0=> —— >

Ap dung bat didng AM-GM, ta co:
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(1=0)+(1—c)+(1+b+c)>3Y(1—-b)(1—c)(1+b+c)
@1>(1—b)(1 )1 +b+c)

1—
&2 (- a1 -h(1 o)
1—a 1—a ~
0 > né
a+b+c~ 1+b+c )
—a
— > (1-=-a)(1=0)(1-
e 2 (0 H -9
a
>(1—a)(1—-0)(1-— _
a—l—b—i—c_( a)( A C>+a+b+c
1

> g-l—(l—a)(l—b)(l—c)
Vay bat déng thitc da dude ching minh.
DAau bang x4y ra khi vh chi khia=b=c=1. 0

Bai 252. Cho a,b,c la cdc so thic théa man abc = 1. Chiing minh rdang:
1 1 1

<1
a+b+1+b+c+1+c+a+1_

Loi giai:
Dit 2% = a, y3:bz3:c(x y,z > 0).
Ta c6 23228 =abc =1 = 2yz =1
Bat ding thiic can chiing minh ttll’dng duong véi:

1
<1
4y +1 +y3+23+1 +z3+x3+1 -
That vay, ap dung bat déng thitc AM-GM ta co:
Pyt = (v y) (2 oy —ay) +ayz

> (z+y)ry + xyz

=ay(r+y+2)
Suy ra:
1 1
<
By +1 7 aylz+y+2)
Tuong tu:
1 < 1
Y H+2+1 7 yz(@+y+2)
1 1

<
243 +1 7 ze(r+y+ 2)
Cong ba bat ding thiic trén theo vé, ta dudc:
1 1 1 1 1 1

+ + < + +
B+l PP+l B4+l T ayle+y+2) ylet+y+z) zx(r+y+2)

1 (1 1 1)
=\ —+—+—
r+y+z\ry Yz z2x

B 1 rT+y+z
_x—i-y—l—z' TYZ

1
:_:1

TYZ

Vay bat dang thiic da duge chiing minh.
Dau bang xdy rakhi vachikhiz =y=2=1a=b=c=1.0
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Bai 253. Cho a,b,c la cic so thue duong. Tvm gid tri nhdé nhat cia biéu thic:

P = {/4(a® + ) + /4% + ) + /4(P + a3) + 2 ( + 3 + i)

b2 a?

Loi gidi:
Ap dung bat ding thic AM-GM, ta c6:
4(2* +9°) = 2° +y° + 3(x +y) (2 +y* — )
> a3 48+ 3(z +y)xy

= (z +y)’
Suy ra:

b
PZ(a+b)+(b+c)+(c+a)+2(%+§+§>
b
2(a+bret st

AM—-GM
> 12

Vay gia tri nhé nhat ciia P bang 12.
Déng thiic xay ra khi va chi khia=b=c=1.0

. 3
Bai 254. Cho a,b,c la cic so thuc duong théa man a + b+ ¢ < 5

Tim gid tri nho nhat cia biéu thic:
1 1
P:(a—l—b)\/ +2—b2+\/62+g
Lot giai:

Ap dung bat déng thiic quen thuoc \/a? + a2 + /b7 + b3 > /(a1 + b1)? + (ag + by)?, ta co:

1 1\* 1
P:\/(a+b)2+(a+g) + CZ—Fg
1 1 1\°
2\/(a+b—|—c)2+(—+——|——)
a b ¢

Theo bat dang thitc Cauchy-Schwarz, ta lai cé:
11 1 9
-+ +t-=2—F
a b ¢ a+b+c

Do do:

81
(a+ b+ c)?

=4/ |(a+b+c)*+ ik + 1215
16(a+b+c)?|  16(a+ b+ c)?

AM-GM
sou o 155 3VT
2 4 2

\/_
2

PZ\/(a+b+c)2+

Vay gia tri nhé nhat ciia P bang

Dang thitc xay ra khi vi chi khia =b=c==. O

l\DI»—
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Bai 255. Cho a,b,c la cdc s6 thuc duong théa man a +b+c = 1.
T gid tri lon nhat cia biéu thic:
P =+/a?+ abc + Vb? + abc 4+ V/¢? + abe + 9V abe

Lot giai:

Ta cob:

P =+/a2(a+b+c)+abc+\/b2(a+ b+ c) + abc + \/c2(a + b+ ¢) + abe + abe
= Vala+b)(a+c)+ /b +c)(b+a)+ /c(c+ a)(c+b) + 9abe
Ap dung béat ding thic AM-GM:
S Vala 1 0at A < ¥ gvalle+8) +(a+ o] = 3 5 vala+ 1)

cyc cyc cyc
Ta lai co: | | .
5\/5(a+1)+\/abc: 5\/5(a+1+2\/b_c) < 5\/a(a+b+c+ 1)
Do doé: )
P<s(atbtet 1)(va + Vb + /c) + 6Vabe
1 b ’
< Slatb+et1)V3atbtc)+6 (%ﬂ)
5
== .
. . 5V3
Vay gia tri I6n nhat ctia P bang 3
) 1
Dang thiic xay ra khi va chi khia=b=c= 3 U
<. . .z , 1 8 27
Bai 256. Cho a,b,c la cic so thuc duong thoa man — + 7 + —=1.
a c

Tim gid tri nho nhat cia biéu thic:
P=a>+1”+c?

Lot giai:
Ap dung bat ding thic Cauchy-Schwarz, ta co:

1 8 27
(a+2b+ 3c) (—+5+—> >(1+4+9)2=a+2b+3c>196
a Cc

(> +0*+c*)(1+4+9) > (a+2b+3¢)* = a® + b* + ¢* > 2744
Vay gia tri nhé nhat ctia P bang 2744.

1 2 _
7 _+§+_7:1 a=14
Déng thifc xdy ra khi va chi khi ¢ ¢ 0, ¢ = < {p=28.0

17373 c=42

Bai 257. Cho a,b la hai so thuc duong. Chiing minh rang:

(1+ a) (1+§> (1+%)22256

Ap dung bat ding thite Cauchy-Schwarz, ta co:
b
(1+a) (1+5> > (1+v/b)?
2

(1+Vb)? (1+%) > (1+3)

Lot giai:
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Nhan hai bat ding thtc tren theo vé, ta dugc:

9 \?
14a)(1+ - 1+—] >256
a0 (1+3) (1+55) 2
Vay bat dang thiic da duge chiing minh

Dau bang x4y ra khi va chi khi a = 3,b = 9. [

Bai 258. Cho a,b la hai so6 thuc khdc 0. Tim gid tri nhé nhat cia biéu thic
at* v a® b

a b
p=4 4,2 _ & _ 7 22
i ad T 2t

Lo gidi:

_ a b ,  a° 2
b a b2
Khi dé:

P=@t-22-2-(#-2)+t=t"—52+t+6
= P+2=t"—52+t+8=(t+2)(¢

—2t2 —t +3)
e Néu ¢ > 2 thi:
B3—22—t+3=(t—-2)(*-1)+1>1
= P+2=0t+2)# -22—t+3)>(2+2).1
=P >2(1)
e Néu t < —2 thi:
3 —202 —t+3=(t+2)[(t—2)*+3]-11<-11<0

= P+2=(t+2)

—22—1t+3)>0
=P>-2(2)

T (1) va (2) ta c6: P > —2
Vay gia tri nhé nhat ctia P bang —2.

Diang thiic xay khi va chi khit = —2 < a = —b.0

Bai 259. Cho a,b,c la cic so thuc duong théa mdn abc = 1. Ching minh rang
a

c

<1
a—l—b3+c3+b—|—c3+a3+c+a3+b3 -
Loi giai:

Ap dung bat ddng Cauchy-Schwarz, ta co:

(@ + b2+ 2)? < (a+b+3)(a®+b+c)

a* + ab + ac
a+b+c3 7~ (a2+b2+ c2)?
a a* 4+ b* + ¢* + 2(ab + be + ca)
= <
Gea+ 03+

(a2 + b2 + ¢?)?
Ta can chiing minh:

a* 4+ b* 4+ ¢* + 2(ab + be + ca) .
(a® + b + ?)? -
S a?b? + b2 + *a® > ab+ be + ca
That vay, ap dung bat dang thitc Cauchy-Schwarz va bat dang thitc AM-GM ta c6
3(a*b? + b*c* + *a?)

> (ab + bc + ca)?

a?b? + b?c? + 2a? > 3v/atbict = 3
Nhan theo vé hai bat déng thtc trén, ta duge:

(a®V? + b2 + ?a?)? > (ab + be + ca)?
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S a?b? + b2 + *a® > ab + be + ca
Vay bat déng thic da duge ching minh.
Dau bang x4y ra khi v chi khia=b=c=1. 0

Bai 260. Cho a,b,c la cdc so thuc duong théa man a® + b* + c2 = 1. Chiing minh rang:
a b? c 3v3

>
b2+c2+02+a2+a2—|—b2 - 2

Loi gidi:
Ap dung bat ding thic AM-GM, ta co:
1
a?(b? + c*)? = E.QaQ(l —a®)(1 —a?)
1/2a2+1—a?+1—a%\"°
-2 3
4
27
Suy ra:
24/3 a 3v3
2., 2 2
a(b® + ¢*) < 9 <:>1)2+c2_ 5 a
Tuong tu:
b 3v3 2
2+a? = 2
c o 3\/362
. a’?+b = 2
Cong theo vé ba bat dang thic trén, ta dugc:
b? 3v3 3v3
° 4 > \/_(aQ—l—bQ—i—cQ):i
) 2+c? c24a? a?+0b? 2 2
Vay bat dang thic da duge chitng minh.
L s 3
Déu bling xéy ra khi va chi khi a — b = ¢ = g 0
14 Bai 261 den bai 280
Bai 261. Cho a,b,c la cdc so thiuc duong théa man abc + a +c = b.
Twm gid tri l6n nhat cia biéu thic:
2 2 3
= - +
a?+1 b?+1 A2+1
Loi gidis
Ta co:
abetate=beb=21C
1 —ac
Diat a = tanA,b = tanB, ¢ = tanC. Khi do:
tanA + tanC'
tanB = =tan(A+C) B=A+C
an 1 — tanAtanC an{4+C) *

Do do:
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2 2 3
T 14+tan?A 1+ tan®B + 14 tan2C
= 208> A — 2¢0s’> B + 3c0s*C

= c0s2A — c0s2B + 3co0s*C
= 2sinCsin(A + B) — 3sin*C + 3

2

1 1
= — |V3sinC — —=sin(A+ B)| + gsinQ(A +B)+3

V3

Cgy L 10

- 3_103

Vay gia tri 16n nhat ctia P bang 5
(V2
sin(A—B) =1 a= 5

, . I
Dang thiic xay ra khi va chi khi smngsm(A—B)@ b=+v2.0

B=A+C L_ V2
\ 4

Bai 262. Cho a,b,c la cic so thuc duong théa man ¢ = Sab. Tim gid tri lon nhat cia biéu thic:
c c

- 4a+2b+3+4bc+3c+2 Jr2ac—|—3c+4

Lot giai:
2
Dat 2% = 2a,y? = 2b,2° = = (z,y,2 > 0)
c

8ab
:>:U2y222:i:1:>xyz:1
c

Ta co:
1 1 1

P =
2x2+3+y2+2y2+3+z2+2z2+3+x2
B 1 N 1 N 1
@)+ @D H2 P D) 2 (2 a?) (1) +2

AM-GM ] 1 1 1
< = + +
2\zy+z+1 yz+y+1 zzx+z+1

1 1 x Ty
2\zy+ax+1 wzyzt+ay+z  2%yz+aoyz+ oy

1 1 n x L Ty 1
S 2\ay+z+1 xy+r+1 zy+z+1) 2

Vay gia tri 16n nhat ctia P bang 3

, 1
Dangthﬁ’cxéyrakhivachikhix:y:z:1<:>a:b:§,c:2.D

Bai 263. Cho a,b,c la cdc so6 thuc duong théa man a® + b + ¢ = 3.
Tum gid tri l6n nhat cia biéu thic:
P=vVa+3b+4+Vb+3c+4+Vc+3a+4

Lot giazi:
Ap dung bat ding thic AM-GM, ta c6:
(a+3b+4)+8+8>12ya+3b+ 4
& Varmhrig 00

12
Tuong tu:
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m< b+ 3c+ 20

Ve+3a+4<

Cong theo vé ba bat dang thiic trén, ta dugc:
Va+3b+4+Vb+3c+4+Ve+3a+4<

12
¢+ 3a+ 20
12

4(a+b+c)+60
12

Ta lai c6:

a+b+c< 32+ +c2) =3
Do doé:

Va+3b+4+ Vb+3c+d+Vc+3a+4<6
Vay gid tri 16n nhat ctia P bang 6.
Déng thitc xay ra khi vi chi khia =b=c=1.0

Bai 264. Cho a,b,c la cic so thuc duong. Ching minh rang:
a? b? c? b? c? a’

+ + > + +
Vb+c Vet+a Va+b T Vb+c Jeta Va+b

Loi giais
B6 dé: V6i hai day sba > b>c > 0,0 >y > 2> 0. Taco: ax + by + cz > br + cy + az (*).
That vay:
ar + by +cz > br 4+ cy +az
s xla—b)+ylb—c)+z2(c—a)>0
< x(a—b)—yla—b)+yla—c)—z(a—c) >0

S@-—ylla-b)+y—z)(a-c)=0
Bat dang thiic cudi luon ding. Vay (*) da dugc chiing minh.
Khong mat tinh téng quat ta gid st a > b > ¢

=a> >0 > ! > ! > !
T Wb+ e Veta  Va+b
Ap dung bd dé tren ta co:
a? b? c? b? c? a?

+ + > + +
Vb+c Vet+a Va+b T Vb+c Veta Va+b
Vay bat dang thic da duge chiing minh.

Dau bang x4y ra khi va chi khia =b=c. O

Bai 265. Cho a,b,c la cdc so thic duong théa man a + b+ ¢ < abe. Ching minh ring:
1 1 1 1
< —
a2—|—2bcjL b2 + 2ca * 2 +2ab ~ 3

Loi gidi:
Ap dung bat ding thic AM-GM, ta c6:
a’ + 2bc = ai + be + be 21 3V a2b2c2

& < —
a? +2bc = 3V

Tuong tu:
1 < 1
b2 + 2ca — 3V a2bh2c2
1 1

<
Z+2ab ~ 3Vl

Cong theo vé ba bat déng thic trén, ta dugc:
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1 1 1 1
<
a? + 2be T + 2ca = +2ab — V/a2b2c?

Ta lai co:
be > b > 3v/ab ! <1
avc 2 a+b+c > aCiW_g
Do da 1 n 1 n 1 <1
o do: -
a?+2bc b2 +2ca  c2+2ab T 3

Vay bat déng thic da dude ching minh.
DAau bing xay ra khi v chi khi a = b= c = /3. O

Bai 266. Cho a,b,c la cic so thuc duong. Tim gid tri nhoé nhat cia biéu thic:
4a b+ 3c 2c

:a—l—b—{—20+2a+b+0_a+b+30

Lot giai:
r=a+b+2c a=—-2r+y+z
bat y=2a+b+c .Tacé: b=5xr—1y— 3z

z=a+b+3c c=—1+z
Khi do:
P_4(—2x+y—|—z)+5x—y—32+3(—x+z) _2(-z+2)
B x Yy z
9y 4z 2x 2
— Y
xr  xr oy z
4y 4z 2x 2
>4 1 =8v2-11

vy oz
Vay gia tri nhé nhat cia P bang 8v/2 — 11.
b c

a
= = O
2-2vV2 —4+5V/2 1-2
Bai 267. Cho a,b,c la cdc so thuc duong théa man ab + bc + ca = abc. Chitng minh rdang:

Va+be+Vb+ca+e+ab>Vabe+a+ Vb+ /e

Déng thitc x4y ra khi va chi khi

Lot giai:
1 1

Datx:_7y:_7zz_

o a b c
Tu dieu kien ta coé: x+y+2=1
Bat ding thitc can chiing minh:

Vetyz+\y+ze+/z+ay > 1+ /oy + Jyz + 2z
That vay, ap dung bat dang thitc Cauchy-Schwarz ta cé:
VZtyz=a(x+y+2z)+yz
= V(@ +y)(a+2)

PR

VY+ 28 2y ++/z22
Vztay = z+ /1y

Cong theo vé ba bat dang thitc trén, ta dugc:

Vetyz+Jytze+\z+ry>x+y+z+ Jry+ Jyz+Vze =14+ Jry 4+ Jyz ++/zx

Vay bat dang thic da duge chiing minh.

Tuong tu:

PR 1
Daubéngxéyrakhivachikhix:y:z:§<:>a:b:c:3.D
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Bai 268. Cho a,b la hai so thuc duong théa man a® + 2b> = 1. Chitng minh rang:

4
St s 233

B2 g2 b2

Loi gidi:
Ap dung bat ding thic AM-GM, ta c6:
at at a*

252522 2 2 2\ 3 3
a=.b”. a®+b°+b 1
3 3

2
;»Z > 8%l = © > 3v3a? (1)

16b* S 16b* B 165*
202(a2 + 02) (a2 +02) = /202 + a2 + b2 + a2 + b2 3 2 3
3 3
IR LT RN > 3/3.20% (2)
(a2 + b2)2 ~ 2+ 02 = :
Cong (1) va (2) theo vé, ta duge:
a 4b
b_2 + CLQ——I—b2 > 3\/3(@2 + 2()2) = 3\/§

Vay bat dang thiic da duge chiing minh.

Dau bang x4y ra khi va chi khia =b = 73 O

Bai 269. Cho a,b,c la cic so thuc duong. Ching minh rang:
1 6

+ >
at+b+c (a®2+b02+c2)? " a3+ +3

Lo giaa:
Ap dung bat ding thic Cauchy-Schwarz, ta co:
(@®+0+c)(a+b+c) > (a®+b* +*)?
3(a®+b0*+c*) > (a+b+c)
Nhan theo vé ba bat dang thiic trén, ta dudc:
3(a®+ b+ ) > (a+ b+ c)(a® + b* + 2)
a® + b+ > a? +b*+ ¢ 1)
o a+b+c 3
Cing tu hai bat dang thic trén cho ta:

3(a3 +b3+c)2 (@ +b* + )3

(a® +b® + ¢?)? > 1
(a2 4+ b2 + 2)* = 3(a? + b2 + 2)
3
6(a® +b —|—c)Z 2v/3 )
@+ +c2)? = Va2 + 2+ 2
Ap dung bat ding thic AM-GM, ta c6:
2 b2 2 3 3
a”+0"+c V3 V3 >3 (3)
3 Va2 +b2+c2  Va?+b?+c?

Cong (1), (2) va (3) theo vé ta dugc:
A+ +c 6(a®+ b+ )
a+b+c (a2 4+ 0%+ c%)? —
6

=4 + >
atb+c (a2+02+c2)?2 " ad+03+8
Vay bat déng thic da dude ching minh.
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Dau bang x4y ra khi va chi khia =b=c=1.

Bai 270. Cho a,b la hai s thuc khdc 0 théa man (a + b)ab = a® + b* — ab.

ﬂm g’ld 1’;7.2' ld/n nhét Cﬁ,a blé?u th'LZ’C.'
P —
CL3 b

Loi gida:
Bién ddi tuong duong diéu kien:
(a+b)ab=a*+b* — ab
& (a+b)ab = (a+ b)*> — 3ab
Sl 1 <1+1)2_3
a b a b ab
Tit bat dang thiic quen thuoc 4ry < (z + y)2. Ta cé:

Ta co:

(a+b)(a® +b* — ab)
a’b?
(a+b)(a+b)ab
a’b?

Vay gi tri 16n nhat ctia P bang 16.

Déang thtic xay ra khi va chi khia = b = . [

N —

Bai 271. Cho a,b,c la cdc so thuc duong. Ching minh rang:

a—l—b+b—|—c+c—£a 22\/(a—|—b—l—c)(ab—l—bc—l—ca)
c a

abe

Lot giaa:
Ap dung bat ding thic AM-GM, ta c6:
2¢m+ﬁ+fﬂw+bo+m)<a+b+c+ab+m+fa_b+c a

a
+-+-4+2
c b

abc a be a
Ta can chiing minh:

b+c a a a+b b+c c+a
+-+-+2< + +
a c b c a b
b ¢
©2< -+
c b

Bat ding thitc cudi luon ding.
Vay bat dang thiic da duge chiing minh.
Dau bang xay ra khi va chi khia =b = c. O
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Bai 272. Cho a,b,c la cdc s6 thuc duong théa man a + b+ c = 1. Chitng minh rang:
1 1 1

>
ab+202+20+bc+2a2+2a+ca—1—262+26 ~ ab+ bc+ ca

Lot giai:
Ap dung bat ding thic AM-GM, ta c6:
(ab+ be + ca)? = a*b* + b*c* 4 *a® + 2abc(a + b + ¢)

= a’b* + (b*c® + *a®) + 2abe
> a2b% 4 2abc® + 2abe
= ab(ab + 2¢* + 2c)

Suy ra:
1 S ab
ab+2c¢% +2¢ — (ab+ be + ca)?
Tuong tu:
1 S bc
be +2a% +2a — (ab+ be + ca)?
1 ca

>
ca+ 202 +2b — (ab+ bc + ca)?

Cong theo vé ba bat dang thiic tréen, ta dugc:
1 1 1 1

>
7 b2 12 bet 20 +2a  cat 2P +2b° ab+be+ca
Vay bat dang thitc da dugce chiing minh.

PN 1
Dau bang xay ra khi va chi khi a =b=c = 3 0J

Bai 273. Cho a,b,c la cdc so thuc duong. Ching minh rang:
a b c
<

1
4a+4b—|—c+4b+4c+a+4c+4a+b 3

Lot giai:
Bat ding thitc can chiing minh:

a(4a+ 4b+ 4c) b(4a+4b+4c)+c(4a+4b—|—4c)<(4a+4b—|—4c)
da+4b+ ¢ 4b+4c+a de+4a+b 3
o ad 3ca o 3ab s 3bc < (4a + 4b + 4c)
a+ —F—- — +c
da+4b+c 4b+4c+a dc+4a+b — 3
o ca n ab . be a+b+c
da+4b+c 4db+4dc+a  de+da+b T 9
That vay, 4p dung bat dang thitc Cauchy-Schwarz ta co:
ca B ca <1 ca . ca n ca
da+4b+c  (a+a+b)+(ata+b)+(b+b+c)~ 9\2a+b 2a+b 2b+c
ab B ab <1 ab . ab . ab
4b+4c+a  (b+b+c)+(b+b+c)+(ctct+a)  9\2b+c 2b+c 2c+a
be be 1 be be be
= <= + +
de+4a+b  (c+c+a)+(c+c+a)+(a+a+b) =~ 9\2c+a 2c+a 2a+Db
Cong theo vé ba bat dang thiic trén, ta dugc:
ca N ab . be < 1 2ca L be . 2ab . ca . 2bc . ab
da+4b+c  4b+4c+a 4dec+4a+b 7 9\2a+b 2a+b 2b4+c 2b+c 2c+a 2c+a
_atb+tc
9

Vay bat déng thic da dugce ching minh.
DAu bang xay ra khi va chi khi a = b= c. [
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Bai 274. Cho a,b, ¢ la cic $6 thue duong théa man 2vab + J/ac = 1.

Twm gid tri nho nhat cia biéu thic:
_ 3bc | 4ca | Hab

P -
a b c
Lot giai:
Ap dung bat ding thic AM-GM, ta co:
bc  ca
—+ - =>2
21? Qbab
_C + — 2 4b
a c
3ca  3ab
— + — = 6a
e z 2 b C
Cong theo vé ba bat dang thtc trén, ta dugc:
3bc  4ca  bab

+ — 4+ — >06a+4b+ 2c
b c

a
Tiép tuc st dung bat déng thic AM-GM:
6a +4b+2c =4(a+b) + 2(a + ¢) > 8Vab+ 4\/ac = 4

3bc  4ca  Hab
—t—F+—2>4
) . a b c
Vay gia tri nho nhat ctia P bang 4.
. 1
Dang thitc xay ra khi va chi khia=b=c= 3 O

Bai 275. Cho a,b,c la cdc s6 thuc khong am théa man a + b+ ¢ = \/5. Ching minh rang:
[(a® = 8*)(b* = A)( — a®)| < V5

Lot giaa:
Khong mat tinh tong quat ta gia sit a = min {a, b, c}
Taco:b+c=+v5—a<+5
Dat: P =|(a* — b*)(b* — ¢*)(c* — a?)|
Ap dung bat ding thic AM-GM, ta co:
P2 _ (b2 . CL2)2(C2 . a2)2(b2 . 02)2
< bt (b —c)*(b + c)?
< 5%t (b — c)?

<5 be + be + be + be + (b2 + 2 — 2b¢)1°
- 5
275
5
=P <5
Vay bat déng thitc da dude ching minh.
P , , 5+1 5—1

Dau bang xay ra khi va chi khi a = 0,b = \/_2+ ,C = \/_2 va cac hoan vi. U

Bai 276. Cho a,b,c la cdc s6 thuc duong théa man a + b+ c = 3. Chitng minh rang:
1 1 1

<1
a2~|—b+c+b2—|—c—|—a+02+a+b_

Lot giai:
Ap dung bat ding thic Cauchy-Schwarz, ta co:
(@>+b+c)(1+b+c)>(a+b+c)?
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N 1 1+b+c
a?+b+c” (a+b+c)?

Tuong tu:

1 < l14+c+a

+c+a~ (a+b+c)?
1 < l1+a+b

A+a+b~ (a+b+c)?
Cong theo vé ba bat dang thic trén, ta dudc:

1 1 1 <3+2(a+b+c)

0L2+b+cJr 62+c+a+02+a+b ~ (a+b+c)?
Vay bat dang thiic da duge chiing minh.
Dau bang xay ra khi vi chi khia=b=c=1. 0

Bai 277. Chitng minh rang vdi moi so thuc  ta co:

12\"  /15\"  [20\"
== = =) >34 45m
Loi gidi:

Ap dung bat ding thic AM-GM, ta co:

(2 (2) -
(5 (3)
(2 (5

Cong theo vé ba bat dang thitc trén ta dugc:

12\ 15\° 20\ °
() (%) +(3) 2oy
Vay bat déng thic da duge ching minh.
DAu bang xay ra khi va chi khi 2 = 0. J

Bai 278. Cho a,b,c la cdc so thuc duong. Ching minh rang:

a b ¢\°_ 3/a+b b+c cH+a
—+-4+-] == + +
b ¢ a 2 c a b
Lot giaa:

b

Datx—a,y—— :E:>xyz:1
S c a
Bat dang thiic can chting minh:
(x+y+2)?> g(xy+yz+zx+x+y+z)
That vay, ap dung bat dang thitc AM-GM ta cé:
r+y+z>3YrYz =3
(e+y+2)?23@+y+2) (1)
Ta cling co:
(z+y+2)* > 3(zy +yz + 22) (2)
Cong (1) va (2) theo vé, ta dugc:
20 +y+2)?2>3@y+yz+zet+r+y+z)
S(@+y+z)?> ;(xy+yz+zx+x+y+z)
Vay bat dang thiic da duge chiing minh.
Dau bang xdy rakhi vachikhiz =y=2=1<a=0b=c. O
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Bai 279. Cho a,b,c¢ > 0 théa a + b+ c = 1. Tim gid tri nhé nhit cia biéu thic sau:
1 1

:a2+b2+02+%

Lot giai:
Cach 1.
Stt dung bat dang thitc AM-GM, va chti ¥ a +b+c =1, ta co:

ab + bc + ca > 3{3/(abc)2(a +b+4¢)* > 9abe

Stt dung bat dang thic Cauchy-Schwarz, két hop véi danh gia tren ta co:

P= Lo L Ly T
S \a2+ 82+ 9abe  9abe 9abc
9 7 9 7
Z o + =z 2+ 3
a? + b4 c? +2.9abc ~ 9abc ~ (a+ b+ c) (a+b+c)
27

=30

9.

1
Khia:b:c:gthiP:ZSO.

) 1
Vay gia tri nhé nhat cia Pla 30 khia=b=c= 3

Cach 2.
V6i gia thiét a + b+ ¢ = 1, biéu thic P duge viét lai nhu sau:

1 +a+b+c_ 1 +1+1+1
a? + b2 + 2 abe a2+ b2+c2 ab  be  ca

Stt dung bat dang thitc Cauchy-Schwarz va danh gia quen thuoc ab + be + ca < 3

1 9
- a2—|—b2—|—02+ab—|—bc—|—ca

1 1 1 7
B (a2+b2+02 +ab~|—bc+ca+ab+bc+ca) +ab—l—bc%—ca
9 n 7
(a+b+c)®  ab+bc+ca
9 7
= 5+ 2
(a+b+c)” (a+b+c)
3

v

=30

Khia:b:c:%th‘lP:Z’)O.

. 1
Vay gia tri nho nhat cia P1a 30 khia=b=c= 3

(a+b+c)

, ta co:

Bai 280. Cho a,b,c khong am va a + b+ c =3, hdy ching minh ring:
a’?+b>+ 2+ abe > 4

Loi gidi:
Khong mat tinh téng quat, gia st: a >b>¢>0. T do ta cé c < 1
Dé ¥ rang ta c6 phan tich sau véi gia thiét a + b+ ¢ = 3:
a?> +b* + ¢ +abec = 9 — 2(ab + be + ca) + abc = 9 + ab(c — 2) — 2¢(3 — ¢)
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b2 3—c? L
a—2|— ) = ( 26) vac<ldandenc—2<0

Nhu vay ta dé dang suy ra dugc:

Ta lai c6: ab < (

2

) —2¢(3—c¢)

3—
a?+ b+ +abe > 9+ (c — 2)( ¢

Viéc con lai ctia ta la ching minh :

3_ 2
&Y —2e(3—c) >4

Ma: (¢ —1)*(¢+2) > 0 (bat déng thitc nay luon ding)
Nhu vay, bai toan duge ching minh xong.
Déng thiic xay ra khi va chi khia=b=c=1.

15 Bai 281 dén bai 300

Bai 281. Cho a,b,c >0 théa a+ b+ c = 1. Tun gid tri ldn nhat cia biéu thic sau:
P = a*b + b*c + c*a

Lot giaa:
Gia st a = max {a; b; c}, ta di xét 2 trudng hop :

* —a > b > cdan dén két qua sau:

P < a?b+abe+ 2b=b(a® + ac+ ) < bla+¢)* <

%l2b+(a+?+(a+c)r:i

* —q > ¢ > bdan dén két qua sau:

P < a’c+ bc+abe = c(a? + b* 4+ ab) < bla+¢)* <

. 21
Dang thitc xay ra khi (a;b;¢) = (57 3 0) va céc hoéan vi.

Vay gia tri 16n nhat ctia biéu thiec la: 7

Bai 282. cho a,b > 0, théa man ab+ a + b = 3. Chitng minh ring:

3a 3b ab 2 12 .3
P T o T <@ +0°+5

Lot giai:
V6i gia thiét : ab+ a 4+ b = 3, vé tréi ciia biéu thic duge viét lai nhu sau:

LHS:(ab+a+b)a (ab+a+b)b ab
b+1 a+1 a+b
_a*(b+1)+ab b (a+1)+ab ab
B b+1 * (a+1) +a+b
ab ab ab

2 2
= b
@+ +b+1+a+1+&+b

Stt dung bat dang thitc AM-GM, va chi ¥ ab+a+b =3, ta cé:

b b b
A+ D Ty
b+1 a+1 a+b

alb+1) (a+1)b a+b
4 4 4
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Vay bai toan dugc chiing minh.
Bai 283. Cho x,y,z > 0. Ching minh rang:

1 1 1 3 + + +
x Y z 2 x Y z

Lot giai:
Cach 1.
Bat ding thtc can ching minh tuong duong

x4 3 3423 B4l 3 x+ +z z4=x
RN SRS A R O
z x Y 2"z T Y
Ma ta co
T+
x?’—{—yg_( ?/)
4
ta dat

Do d6 ta can chiing minh:
124 (a® + 0>+ %) > 6(a+b+c)
Ma theo AM-GM ta c¢6
a®+8+8>12a
b +8+8>12b
A +8+8>12c
6(a+0b+c) > 36

Cong vé theo vé ta co diéu phai chitng minh Déang thiic x4y ra khi z = y = z.
Cach 2.
Stt dung bat dang thitc AM-GM ta cé:

(=% + 9’ + 2%) (; +i+i> > (x3+y3+z3)xi

|
<

<o
N

w

Ta sé chiing minh

3 3
(x3+y3+23)_2_<y+z+z+x+x+y>
Tyz — 2 x Y z
& 2(2° +y* +2°) > (%y + v’z + 2%2) + (22 + yPr + 2y)

Theo AM-GM ta ¢6
2+ 2%+ y? > 3%y
y3+y3+z3 23y2z
242413 > 3%
:>x3+y3+23 2x2y+y2z+22x
Mat khac
2+ 23+ 23 > 3222
P+t + 2 > 3y

2428y > 3%
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=P+ y° + 22 > 2% oyt + 2y
Cong vé véi vé ta c6 diéu phai ching minh.
Déng thtic xay ra khi z = y = 2.

Bai 284. Cho a,b,c la cdc so thiuc duong. Chiing minh rang:
1 1 1 S b+ c c+a a+b

= + +
a b ¢ " at4+bc b2 4ca 2+ ab

Loi gidi:
Cach 1.
Ap dung bat déng thitc Cauchy-Schwarz co:
at+tb  (a+bd? (a +b) v a?

2+ab  (a+b)(c2+ab) a(b®+c2)+bla?+c2) ~ a(b? + ) * b(a? + ¢2)

Lam tuong tu cho céc biéu thitc con lai co:

b+c c? N v
a?+be ~ bla®+c2)  c(a®+ b?)
2 2

cta < a n C
b +ca = c(a®+b%)  a(b®+ ?)

5 B 1,11
ab®>+c2) a b c

sym

Dé ¥ rang :

Cong 3 bat dang thiic trén ta c6 diéu phai chiing minh.

Déng thiic xay ra khia =b=c.

Cach 2.

Khong mat tinh tong quat gia stt b = max {a; b; c} . Bat dang thitc can chiing minh tuong duong véi:

1_ a+b + l_u + 1_ a+c >0

a c+ab ¢ a?+be b b:+ac) —

) 2){( 1 B 1 ]_i_(b—c)(b—a)zo
a

e@-a 2 +ab)  c(a®+ be) b3 + abe
(c—a)(c+a)(bc+ab—ca) (b—c)(b—a)

>0
ca(c® + ab)(a? + be) b® +abc  —
Bat ding thic cudi luon ding, do dé bai toan chitng minh xong.
Diang thitc xay ra khi a = b = c.
Bai 285. Cho a,b,c > 0. Chiing minh rdang:
1+1+1> 2a N 2b n 2c
at bt A T a0 W+t S+ at
Lot giaa:
Cach 1.
Stt dung bat dang thitc 22 + y? + 22 > zy + yz + zz va bat dang thiic AM-GM ta co:
1 1 1 1 1 1
¥+b_4+g = a?b? +b2c2 +c2a2
_a b c
a3k - b3 ¢2 + 3a2
2a 2b 2c

> + +
“ab bt WS4t B4 at
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Bét dang thitc da dugce chiing minh.
Dau bang x4y ra khi va chi khi a = b = c.
Cach 2.
Stt dung bat dang thitc Cauchy-Schwarz va bat dang thitc AM-GM nhu sau
% P (L AL
2 \ab bt b e
1 +1)2  (b+1)? +1)?
L@ 0417 et
2\ ab+ bt b + ¢* b+ a*
S 2a n ) n 2c
) “aS+bt WS+t S+ at
Bat dang thiic da dugce chitng minh.

Dau bang x4y ra khi va chi khi a = b= c.
Bai 286. Cho a,b,c > 0 . Chiing minh rang:
a’? —be b? —ca 2 —ab
- + <
202 +ab+ac 202+ bc+ba  2c¢2+ ca+ch

Lot giai:
Cach 1.
Bing phuong phap bién déi them bét, bat déng thic da cho tuong duong véi

) 2ac + 2bc + ¢* + ab
> (a—1b) >
(2a% 4 ab + ac)(2b? + be + ab)

cyc

Bat ding thitc da duge chiing minh.
Dau bang x4y ra khi vi chi khia=b=c .

Cach 2.
Bét dang thic can chiing minh tuong duong véi
- be — a? 14 ac — b? g ba — c? 1>3
2a% + ab + ac 262 + ab + be 2¢2 + cb+ ac -
((a+b)(a—|—c) (b+c)(b+a) (c—l—a)(c~|—b)) -
a2a+b+c)  b2b+a+c)  c(2c+b+a))
Ta lai co:

_(la+bd)a+c) (b+c)b+a) (c+a)(lc+D)
VT_<a(2a+b~|—c) b(2b+ a+ c) c(20+b+&))
3la+b)(b+c)(c+a)

& Yabe(a+b)(b+c)(c+a)(2a+ b+ c)(2b+ ¢+ a)(2c + a + b)
:Sv (a+b)(b+c)(c+a)f?
abe(

20+ b+c)(20+a+c)(2c+a+b)
Gio ta chi can chiing minh:

3\3/ [(a+b)(b+c)(c+a)]?
\/ abe(

2a+b+c)2b+a+c)(2c+a+b) —

& [(a+b)(b+c)(c+a)* > abe(2a+b+c)(2b+a+c)(2c+a+b)

& (ab+ be + ca)*(a + b+ c) > 2abe(a + b+ c)* + 3abe(ab + be + ca)
That vay ta co
(ab+ bc + ca)(a+ b+ c)(ab + be + ca) - 9abe(ab + cb + ac)
3 - 3
2(ab + be + ca)*(a+ b+ c) - 2.3abc(a+b+c)(a+b+c)
3 - 3

= 3abc(ab + be + ca)

= 2abc(a + b+ c)?
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Cong timg vé clia hai bat ding thic trén trén ta c6 diéu phai ching minh. O
Cach 3.
Bét dang thic can chiing minh tuong duong véi

be a
> -
22a2+ab—l—a0_22a+b—l—c

cyc cyc

Ap dung bat ding thic Cauchy-Schwarz ta c6

Z be - (ab+ be + ca)® ~ (ab+bc+ ca)’
202 +ab+ac ~ Y. bc(2a2 +ab+ac)  4abe(a+ b+ c)

cyc

3
> 2
— 4

cyc

Con vé phai duge danh gia nhd bat dang thiic Cauchy-Schwarz

Sarmsis(Frae) -
2a+b+c_4cyc a+b a+c) 4

cyc

Do dé6 ta co b .
Bat ding thtc da dude ching minh.
Bai 287. Cho a,b,c > 0 thdéa man %abc > 3(a+b+c)+4. Tim gid tri nhé nhat cia biéu thic
P=a+b+c

Lot giaa:
Ta co: X
(a+b+c) - 2Tabc S
4 - 4

3a+b+c)+4

Twong duong véi
(a+b+c+2)* (a+bt+c—4)>0a+bt+ec>4

Vay Min P = 4. Dau bang dat dugc khia =b=c= -. [

W W~

Bai 288. Chitng minh rang: Néu a +b > 0 thi
(a+b)(a® +0*)(a® +1°) < 4(a® 4+ 1°)

Lo gidi:
St dung bat dang thic Cauchy-Schwarz ta c6
(a® 4+ b”)(a +b) > (a® + b°)?
(a® 4+ b°)(a + b) > (a® + b*)?
4(a® + %) > (a +b)?

Nhan vé theo vé ba bat dang thic trén ta c6 diéu phai ching minh.
Dau bang x4y ra khi va chi khia = b = c.
Bai 289. Cho a, b, ¢ la cdc so thuc duong. Ching minh rang:
a+b+3c n a+3b+c . da+b+c S 15
3a+3b+2c 3a+20+3c 2a+3b+3c 8
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Loi giada:
Cach 1.

Dat o = 3b+3c+2a, y = 3a + 3c+2b, z = 3a + 3b+ 2c . Khi d6 bat dang thitc can chiing minh

tuong duong véi

7T /x oz
@—(—+—)+
8\z =«

7
(3416
z oy S8\y =

Ap dung bat ding thic AM-GM

Vv

T(y =z T(x y 27 _ 15
Sttt - ==
z oy S\y =z 8

8
42
8

7

8

(

X

z

z

T

)+

7

8

(2

Bét dang thitc da duge chiing minh.

DAu bang x4y ra khi vd chi khia = b = c.

14

-8

Y 14 14
—+=]=z2=-+=+

8

8

42

8

Cach 2. - b
c a
VT =1+ -
- 3 (20+3a+3b - 2b+ 3a + 3¢ * 2a+3b+3c>
1 1
=147 b -7
+Tlatb+e) (2a+3b+30 % 3c43a 20+3b+3a)
63(a+b+c) 15
- 8(a+b+c) 8
Bat ding thtc da dude ching minh.
Dau bang x4y ra khi va chi khia = b = ¢. O
Bai 290. Cho a, b, ¢ la cdc s6 thuc duong thod man a + b+ ¢ = 3.
Tum gid tri nho nhat cia biéu thic
a’ b3 c3
T b2cta) datb) a@bto
Loi gidi:
Cach 1.
Ap dung bat ding thic Cauchy-Schwarz ta c6
(Va3 + VB + V) (Va+ Vo++/e) = (a+b+c)’
=3v3(a+b+c)
> 3(va+ Vb + /)
= (Va3 + VB + V&) >3
T day ap dung bat ddng thiic Cauchy-Schwarz mot 1an nita ta c6
p o (V@@ + V0 + V)
—  3(ab+ bc+ ca)
L (V@ + VB 4+ VY
- (a+0b+c)?
32
> e 1

Bat ding thitc da duge chiing minh.
Dau bang x4y ra khi vi chi khia = b = ¢ = 1.
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Cach 2.
Ap dung bat ding thic AM-GM ta c6

a’ B a’ +b+20+a b 2¢ a
b(2c+a) b(2c4a) 3 9 39 9
b 2¢ «a
4— - — — _ 2
- 3 9 9
_Sa_b_Qc
9 3 9
Do dé ta co:
a® b 3

T b2cta)  c2atd) a2+

S 8a_b_20 . 8b_c_2a . 80_&_21)
—\9 3 9 9 3 9 9 3 9
a+b+c

:—:1
3

Bat ding thitc da dugc chiing minh.
DAu bang x4y ra khi vi chi khia = b = ¢ = 1.

Bai 291. Cho a, b, ¢ la cdc so thuc duong thod mén ab + bc + ca = abc. Chiing minh rang:

Va2 + 3b% N Vb2 + 32 n V2 + 3a2

> 2
ab be ca -
Loi giada:
Cach 1. L1
Ta co ab+bc+ca:abc<:>—+5—|——:1
a c

Theo bat dang thitc Cauchy-Schwarz ta c6

(14 3)(a® +3b%) > (a+3b)* = Va®+3b*> a3

tur day ta suy ra
a? + 3b? b +3c2 V2+3a®> _a+3b b+3c c+3a I 1 1
) ab +\/ bc i ca = 2ab N 2¢cb * 2ac :2(5+5+E):2
Bét déng thitc da dugce chiing minh.
Dau bang x4y ra khi va chi khia = b = ¢ = 3..
Cach 2.
Ap dung bat ddng thitc Minkowski ta 6

/a2 2

cyc
cyc

1 1 1 1 1 1)\?
> -4+ 4= +3—+—+— )
a b ¢ a b ¢

Bat ding thtc da duge ching minh.
Dau bang xay ra khi vi chi khia = b = ¢ = 3. O

Bai 292. Cho a, b, ¢ la cdc so thuc duong. Ching minh rang:
ab be ca < a? +b? +

a2+bc+ca+b2+ca+ab+c2+ab+bc_ ab 4 bec + ca
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Lo gidi:
Cach 1.
Bat dang thiic can chiing minh (ky higu BDT) tuong duong véi

a
a — >0

) Leye (ab+bc—|:ca a2—|—bc—|—ca)_

C6 the coi ¢ = min{a; b; c}, bang phép bién doi tuong duong ta c6

BDT &Y a(——r ) >0
cyc

ab+bc+ca a®+be+ ca
ala=b)(a+b)(at+c) bb—c)b+c)(b+a) clc—a)lc+a)(c+Db)
+ + >0
a2+ be + ca b2 +ca+ cb c2 +ab+ be

a(a —b)(a+b)(a+c) N bb—a+a—c)(b+c)(b+a) clc—a)(c+a)(c+D) -

a? +be+ ca b? 4 ca + cb c? 4 ab + be
c(a+b)(a —b)*(a* + b* + ab + ca + cb)
(a® + bc + ac)(b? + ca + ab)
(b+c)(c—a)(c—b)(2ac* + 2ab* + abc + ¢*b + b*c)
- (b2 + ca + ¢b)(c* 4 ab + be)
Ding do ¢ = min{a; b; ¢}
Bét dang thitc da duge chiing minh.

>0

Dau bang xay ra khi vi chi khia = b = ¢. [
Cach 2.
Theo bat déng thiic Cauchy-Schwarz ta cé
(a® + be + ca) (b + be + ca) > (ab+ be + ca)?

ciing theo bat dang thitc Cauchy-Schwarz
2 2 2

a c
—+—+—->a+b+c,
c a b
Nén suy ra: a?b+ b3c+ ca > abc (a + b + c)
) ab® +bc® + ca® + 2abc (a +b+c¢) _ a*+ >+
Vay 5 <
(ab + be + ca) ab +bc + ca

Tt cac danh gia trén ta co:

Z ab . Z ab (bQ +bC+C(I>
a2 +bc+ca -~ (a® + be + ca) (b? + be + ca)

cyc

< Zab(lﬁ%—bc#—cz)
e (ab+bc+ ca)
ab® + b + ca® + 2abc (a + b+ ¢)
(ab + be + ca)®
< a? 4+ b* + 2
~ ab+ bc+ ca

Cubi cling ta chiing minh duge
ab be ca a+ 0%+

) a2~|—bc~|—ca+bZ~|—ca+ab+02~|—ab+bc_ab+bc+ca
Bat dang thic da dude chitng minh.

Dau bang x4y ra khi va chi khia = b = ¢. O

Bai 293. Cho a, b, ¢ la cdc so thuc duong thod méan a + b+ c = 3. Ching minh ring:
2(a?b + b*c + c*a) + 3(a® + b* + ¢*) + dabc > 19

Lot giai:
Ta co 19=27-8=3(a+b+c)*—8=3(a* 4+ b*+ c*) + 6(ab + bc + ca) — 8.
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Khi dé, bat dang thic tuong duong véi
a’b + b*c + c*a + 2abc + 4 > 3(ab + be + ca).
Lai c6, 3(ab+ bc+ ca) = (a+ b+ c)(ab + be + ca) = (a®b + b*c + c*a) + (ab* + bc? + ca?) + 3abe.
Nén bat dang thic tréd thanh
4 > ab® + bc® + ca® + abe.

Khong mat tinh tdng quét gid st b nim gitta a va ¢, suy ra a(b — a)(b — ¢) < 0, hay

ab® + ca® < abe + a®b.
Nhu vay, ab® + bc? + ca? + abe < a?b + b + 2abc = b(a + ¢)? = 4b - (%“)2 < 4<#>3 =4.
Ta c6 diéu phai chiing minh.
DAau bang x4y ra khi vi chikhia = b = ¢. = 1.

Bai 294. Cho a, b, ¢ la cdc so thuc duaz%d ngqu)nmh ring:
; ab+1 20

Lo gidi:
Bét dang thic can ching minh tuong duong véi
a(a —b) +a(c—b) (a —b)?ac (a —c)(a—0)
2 1+ ab L Ara(ra) A ra)(dtad =
cyc cyc cyc
Diing theo bat dang thiic Schur . Bat dang thitc da duge chiing minh.

Dau bang x4y ra khi va chi khia = b = ¢. O

Bai 295. Cho a, b, ¢ la cdc so thuc duong thod méan a + b+ c = 3. Ching minh ring:
1 1 1 9

+ + >
l+bc  1+ca 1+ab~ 2(/a+ b+ /)

Slt+ab  Ail+ab T 42 4
Dat © = /a + Vb + y/c Ta can chiing minh:

15_x2>3<:>(:c—3) (:1:4——3—'—2\/@) (a:——?)_;/ﬁ) <0

Ta co:

4 2z
bat ddng thitc nay ding Vo € [v/3;3]. Bat dang thitc da duge chiing minh.
Dau bang x4y ra khi va chi khia = b = ¢= 1. 0O

Bai 296. Cho 0 < a,b,c <1 . Chitng minh rang:
a b c

b+c+1+c+a+1+a—|—b—|—1

t(1l-a)l—b)(l-c)<1

Lot giaa:
Gia stt: a > b > ¢ khi do6 suy ra

a a+b-+ec 1—a
e L
b+c+1 b+c+1 1+b+c

cyc

Ta chi can chiing minh
1—a

L=a)(1=b)(1 =)= oy <0

12 xong. Diéu d6 tuong duong véi

1-b)(1—c)(1+b+c)—1<0
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bat déng thiic cudi ding theo AM-GM. Bat ding thiic da duge chitng minh.
Dau bang x4y ra khi va chi khia = b = ¢(=0 hay = 1). U

Bai 297. Cho x +y+ 2z = zyz va x,y, 2z > 1. Tim gid tri nhé nhat cia biéu thic
y—2+ Z—2+l’—2

P= 2 y? 2
Lo giaa:
~ .« 9 .« Z 1 1 ]_ . B
Tu gia thiet ta suy ra — + — + — = 1. Ta lai co:

Yy Yz zx

P:(?J—l)—i—(a:—l)+(z—1)+(y—1)+(x—1)z—i;(z—1))_(1 1 1)

r Yy =z

Tiép tuc bién doi

2\/3.(i+i+ 1) 2(1

Ty Yz T2 Ty
=v3-2

Vay gia tri nhd nhat ctia P = /3 — 2.

Dau bing xay ra khi va chi khiz = y = 2z = /3.

Bai toan da dudgc giai quyét. O

Bai 298. Cho z,y,2 > 0,z +y + 2 =1 . Chiing minh rang:

Izyz + 1 > 4(xy + yz + zz).

Lot giai:
Cach 1.
Ky hieu BDT la bat ding thic can chiing minh, khi dé ta cé:
BDT & (z+y+2)° —4(z+y+ 2)(wy +yz + x2) + 9zyz > 0
Sr@—ylr-—2)+tyly—2)y—2)+2(z-2)(z-y) 20
Gia stz >y > z > 0. Khi do ta c6:

w(x—y)(x—Z)er(y—Z)(y z) = ( y)(@® — 2z —y* +y2)
=(x—y*r+y—2) >0
Cong cac vé clia hai bat déng thiic trén ta duge diéu phai chitng minh.

PN . , 1
Dau bang xay ra khi va chi khi x =y =z = 3 O

Cach 2.
Gid st z = min (x;y; 2)
BDT & zy(92—4)+1—-42(1—2)>0

N (1—2)°

: (92 —4)4+1—-42(1—2)>0
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Bat ding thic cudi ciing ding. Bat dang thic da duge ching minh. O
Cach 3.
Ta c6 bat dang thiic quen thudc sau: (danh cho ban doc)

wyz > (r+y—2)y+z—z)(z+z—y
Két hop véi diéu kien « +y + 2 = 1 ta co:
BDT < xyz > (1 —22)(1 — 2z)(1 — 2y)
Sayz>1-2(x+y+2)+4(xy +yz + zx) — 8xyz

S O2yz > 1 -2 +y+2) +4(xy + yz + z2)
Luuy oz +y+2z=1,thdo ta cé diéu phai chitng minh. O

Bai 299. Cho z,y,z € [0;1] . Chitng minh rang:
2(x® + 2 + 23) — (%y + y* + 2%x) < 3.

L gidi:

Ta c6 (x —1)(y — 1)z > 0. Nen suy ra 22 — 2%y < x — zy Tuong tu cho cac bo s6 khac. Tu day suy

ra

223 + o + 23) — (2l + Pz 4 2%2) < 2(2 + 97+ 2P) — 2%y — Py — 22

§x2+y2+z2+x+y+z—xy—yz—xz
Mit khéc ta ¢6: (x —1)(y —1) > 0. Nensuyraxz —zy <1—y
Cho nén ta nhan dugce

Pyt eyt z—ay—yr—awz < ¥y —r—y—2+3=z(x—1)+yly—1)+2(z—1)+3 < 3

Bat ding thic da dude chiing minh. Dau bing xay ra khi va chi khiz =y =2=1. 0

Bai 300. Cho a,b,c > 0,a+ b+ c=3 . Chitng minh rang:
a+b b+c c+a 3
=3

ab+3 bc+3 ca+3

Lot giaa:
Ky hieu BDT la bat ding thic can chiing minh, khi dé ta cé:
BDT < 4abe(ab + be + ca) + 6(a + b+ ¢)(ab + be + ca)+
+ 18abc + 36(a + b+ ¢) > 3[a®b*c® + 3abe(a + b+ ¢) + 9(ab + be + ca) + 27
S4qr+27>3r* +9r +9q (%)
Véip=a+b+c=3,gq=ab+bc+ca<3,r=abc<1
Do ta c6: 3r2 +9r +q(9 — 4r) < 3r2 +9r +3(9 — 4r) = 3r(r — 1) + 27 < 27, nén (¥) dung.
Bat ding thtc da duge ching minh.
Dau bang x4y ra khi vi chi khia=b=c=1. 0
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16 Bai 301 dén bai 320

Bai 301. a,b,c duong thod mdn a + b+ c=3 . Chiing minh rang:
a®b bie cta - 3

2a—|—b+26—|—c+20+a_ 2

Lot giaa:
St dung bat dang thitc Cauchy-Schwarz ta c6

a’b 1.a%b  a?b  a%b a+b+c¢)? 3
Z <Z_(_ ):g 5

%atb 249" Ta T
cyc cyc

Bat ding thtc da duge ching minh. O

Bai 302. a,b,c la cic s6 thuc duong tuy 1j. Ching minh ring:
ab bc  ca S 1 a+b+b+c+c+a

§+a2+§_2( 1 a b )

Lo gidi:
Cach 1.
Bat ding thiic can chitng minh tuong duong véi

Z a(b+;)ig —c)? >0
Lu6n ding do a; b; ¢ > 0.
Bat ding thitc da duge chiing minh.
Cach 2.
Sau khi quy dong va pha ngoic ta duge bat ding thiic tuong duong:

2((ab)® + (be)® + (ca)®] > > (ab)*(ac + be)

cyc

Dit ab = x,bc = y,ca = z , ta can chiing minh:

20 +¢° +27) > Y Py+2) = wy(r+y)

cyc cyc

ap dung m? + n3 > mn(m +n) ta c6

ng—l—yg > Z:L‘y(x—i—y)

cyc cyc

DAu bang x4y ra khi vh chi khia =b =c¢. O

Bai 303. a,b,c la la cdc s6 khong am thod man a + b+ c < 3 . Chitng minh rdang:
a? bre 4+b3 ctra 4+03 _a+b ' < 1(CL2—|—I)2-|—02)2
2 2 2 -3
Lot giai:

Ap dung bat ding thic AM-GM ta co:
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ag(b+ c>4 s C)Q.Qa(lﬂ— c)(b+c)

2 25
8(a+b+c)’
26012 | 2
a’b? + a*c?
- 2
T day suy ra:
b+c\* 1
3 2;2 | 22
Z( ! ) <33 (@)

Bat ding thitc da dugc chiing minh.
DAu bang x4y ra khi vi chi khia =b = c¢.

Bai 304. a,b,c la la cdc s6 khong am thod mdan a + b+ c < 3 . Chitng minh ring:
at (EE) o (S0 e (D) L@+ B+ )
2 2 2 -9
Lot giaa:

Ap dung bat ding thic AM-GM ta co:
Trong bai trén ta da ching minh:

4 2 (1,2 2
as(b"‘c) < (b2+c)

a5(b+c>6 _ a3(b+c)4 a*(b+c)?

2 2 ' 22
a? (b* + *) a* (b* + &)

2 ' 2
5 2a%. (b + 2) . (b + ¢&2)

8

_ a2‘(a2 +b2 4+ 02)3

- 27

Ta c6 cac két qua sau day:

Tu day suy ra:

b+c\° @+ +c)°  (@++c3)!
5 < 2 2 2 ] —
Za( 5 ) < (a®+ b0+ ) o o

cyc

Mt khéc theo két qua bai 303 ta co:

b+c S|
Zag( 5 )Sg(a2+62+02)2

cyc
’ b+c\*
< 3 ¢
< |ze ()
cyc
2 (a2 40242
' 27

Tt cac két qua trén ta nhan dudc:

()

S5

cyc

< %(a2+b2+c2)
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Bét dang thitc da dugce chiing minh.
Dau bang x4y ra khi va chi khia =b = c¢. [

Bai 305. a,b,c la la cdc s6 thuc duong. Ching minh ring:
a’(b+c) b (c+ a) 2(a+b) S 2(a® +b* + ¢?)
+bc+c2 AE+cat+a? a?+ab+b> T a+b+c

Léi gidi:
Ap dung bat ding thic AM-GM ta co:
4(ab + be + ca)(be + b* + ¢*) < (ab+ be + ca+ be + b* + %) = (b+ ¢)*(a+ b+ ¢)?

T day suy ra:
a?(b+c) - 4a*(ab + be + ca)

b +bc+c2~ (b+c)(a+b+c)?

)

Z a? - (a+b+c)(a® +b* + ?)
b+c — 2(ab + be + ca)

Vay

4(ab + be + ca) a?
VT >
- <; b+c

(a+b+c)?

Do d6, dé chitng minh bat dang thiic

cyc

Ta sé chiitng minh

a? (a+b+c)
> — b
Zb+c_2(ab+bc+ca) (a+b+c)

cyc

Hay can phai ching minh

Z( a? - (a+b+c)?

~ 2(ab + be + ca)

Diéu d6 tuong duong véi

Z “ (a+b+c)?
Cycb+c_2(ab—+—bc+ca)

Bat dang thiic cudi ciing hién nhién ding theo Cauchy-Shwarz. Bat déng thitc da duge chitng minh.
DAu bang x4y ra khi vi chi khia =b =c¢. O

Bai 306. a,b la la cdc so thuc duong thod man a® + b* =1 . Ching minh ring:
2
1 1 b
S o Y b \ﬁ
a b b a

Ta thuyc hién cac phép bién doéi tuong duong
1 1 b
o>t D 2
a b b a
<:)a—|—b+2ab22\/§ab+1
Sa+tb+(a+d)?—1>V2(a+b)?+1-+2
S(1-V2)P+t+vV2-2>0t=a+b
& (1= VA VIt —1) >0

Lot giai:
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Tit didu kien dau bai dé suy ra dude 1 < ¢t < /2 nén bat déng thitc cudi cliing ding.
Dau bang x4y ra khi va chi khia =b. O

Bai 307. a,b,c la la cdc s6 thuc duong thod man a® + b* + ¢ = 3 . Ching minh rang:

1 n 1 n 1 >3
2—a 2—-0 2—c—
Lot giaa:
Cach 1.
Ta c6 bat déng thiic sau day ding
1 a®+1
>
2—a— 2
Do ta c6 a(a —1)? >0
Do d6
LS SN a2+b2—|—02+3_3
2—a 2-b 2—c— 2 B
Cach 2.
Bét dang thic can chiing minh tuong duong véi
a n b n c >3
2—a 2—-b 2—c—
Do:
a b c (a+b+c)? (a4 b+0)?

> =
2—a 2-b 2—c  2a+b+c)—(a®2+b2+c*) 2a+b+c)—3 "
Tuong duong véi
(a+b+c)*+9>6(a+b+c)
(dtng theo bat dang thiic AM-GM )
Cach 3.
Bét déng thitc can ching minh tuong duong véi

Ta ching minh

>
2(a®+ b3+ c2) — (a* + bt + 4) 23

Thay vay, bat déng thiic can chiing minh tuong duong véi
a'+b'+ct+3>2(®+ 00+ )
Hay tuong duong véi
(a*+a®) + (0" +0*) + (" + ) = 2(a® +b* + )

Bét dang thiic cudi cling ding theo bat dang thitc AM-GM
Tit day, sau khi 4p dung bat ding thitc Cauchy-Schwarz ta c6

a b c_ o (a® + 0%+ &)’ S
2—a 2-b 2—-c 2(@+bB+c)—(a*+0r+ct) T
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Bét dang thitc da dugce chiing minh.
Dau bang x4y ra khi va chi khia =b = c¢. [

Bai 308. x,y,z la la cdc so thuc duong thod mdan xy + yz + zx = 1 . Chiing minh rang:

1 1 1 1 1 1
—+ —+—2>3+ —2—|—1—|— —2+1—|— —2—|—1
Ty yz X A Yy z

Lot giai:
Cach 1.

Ta co6:

/1 /1 /1 11 1
3+ ﬁ+1+ E+1+ ;+1§3+\/3(P+E+?+3)

Gio ta phai chiing minh:

1 1 1 1
—+—+—2=23+ 3(—+—2+——|—3)
Ty Yz zZx Y

1 1 1 1 1 1
S(—+—4+—-3?2>3(=+5+—+3
<xy+yz+zac )_<x2+y2+22+)
2
-3
- (x + y2+2zi >0
x2y?z
(z—y)?*+y—2)°+(—2)
= 22,2
22x%y
Bat ding thtc cudi cling hién nhien ding
Bat ding thic da duge ching minh.

>0

DAau bang x4y ra khi vi chikhiz =y =2 = —. O

Sl

Cach 2.

Ta co
1 1 1 1 1 1
—+—+—=(wyt+yz+zx) | —+—+—
Yy Yz zx x
z z x X
34242422488
r Yy Yy z z x

1 T+ T+ z 1
=3+ = y+ = _+_+_+_+Q+Q -3
2 T T 2 \z Y z T
>34 :1:'—|—y:c—|—z_|_ y—l—z‘y—irx z+:cz—|—y+1'6_3
T T Y Y z z 2
1 1 1 1
=3+ +tl+y/ 5 +l+y s +1+—+—+—
z Y Ty Yz 2x
z  z r x
::O+—+—)+@+Q+Q)+Q+—+—)
y x oz z oy
z x z x
:3+<_+§+_)+(_+Q+_>
y Tz x oz oy
3 1/[z x 3 1/(z x
>3+ |-+ = —+y+— +|z+3 _+Q+_
2 2\y =z =z 2 2\z =z wy
1 z z T z
—)+<1+—)+(1+—)+(1+—)+(1+yﬂ
xr Y Yy z z

N |
1
~—
—_
+
SHESS
~—
+
~—
—_
+
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1 (x+y)+(w+z)+(y+z)+(y+x)+(z+x)+(z—|—y)

>34 =
- +2 x Y z
+y) (x+ +2) (y + +1) (2 +
oy VETETS VT  VEFD Y
x Yy z
2?2 +xy+yz+ 2o 4oy +yz+ oz 224+ oy +yz+zx
23+\/ y+y LV eyt LV y+y
x y z
> 3 \/x2+1 \/y +1 \/z2—1—1
>3+\/—+1+,/—+1+\/;+1
Cach 3.
T gid thiét dat——tanA ——tcmB ——tanC’ Tudaysuyra A+ B+C=n
x Yy z

Khi d6 bat ding thiic can chiing minh tuong duong véi:

Z sinAsinBcosC > H 3cosA + Z cosAcosB

& Z sin’A > 6 H cosA + 2 Z cosAcosB

S1>2 H cosA + Z cosAcosB
( Bat dang thitc cudi ciing ding theo AM — GM ) Bat dang thiic da duge chitng minh.
Dau bang xdy ra khi vachi khiz =y =2 = —. O

V3

Bai 309. a,b,c la la cic 56 thuc duong. Ching minh ring:

1 1 1 9 1 1 1
St ——— >4 + +
a b ¢ a+b+e a+b b+c c+a

Loi gidi:
Nhan (a + b+ ¢) vao hai vé bat dang thiic can chiing minh; sau khi thu gon ta dugc:

1 1 4c
LGPzl

cyc cyc

Bét déng thiic cudi ciing tuong duong véi
2
Z C(CL b) Z 0
" ab(a +b)

hién nhién ding.

Dau bang x4y ra khi va chi khia =b = c¢. [

Bai 310. a,b,c la la cdc s6 thiuc dua’ng Chiaing minh rang:

chc b = chc v —ab+ b?

Lo gidi:
. a® a® — ab + b?
Ta co chc D = chc .
Ap dung bat ding thic Cauchy-Schwarz ta nhan dugc

2—ab+ b’ 2
(a+b+c) <chc %) > (chc va? —ab+ b2)

vy Yo Va? —ab+b>>a+b+c
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2

Tu day suy ra (a+b+c) (chc %) > (a+b+c) (chc Va2 — ab + b‘2)

Bat ding thtc da dude ching minh.
Dau bang x4y ra khi va chi khia =b = c¢. [

Bai 311. a,b,c la cdc s6 khong am thod mdn a” + b7 + " < 3 . Chiing minh rdang:

1 n 1 n 1 <3
2—a 2—-b 2—c
Lot giai:
., 1 T+6
Ta ¢6 bat dang thic dai dién: 5 < a;k
—a

(do tuong duong vé6i (a — 1)%(a® — a* — 2a® — 3a® — 4a — 5) <0 ()

Vi:a < /3. Nena® < v36 <5

Tu day suy ra a®—a*—2a%—3a> —4a—-5<0
Vay (*) diing).Tuong tu 4p dung cho hai bat dang thitc con lai.

Bat ding thtc da dude ching minh.

Dau bang xay ra khi vichikhia =b =¢ = 1. O

Bai 312. Cho z,y,z la 6 thuc duong thod x + y + z = 3zyz
Tim gid tri nho nhat cia

P=2%+%+3%

3 Yy

Lot giaa:
Stt dung bat dang thitc AM-GM ta cé:
1

—+=+1>— :ﬁﬂ%+§+§)+mﬁ%i+1+i):%¢$+§+§23

Ty yz zx

Vay gia tri nhé nhat cia biéu thiic bang 3 dat duge khi x =y = z = 1.
) 1 1 1 N
Bai 313. a,b,c la cdc 50 khong am thod man —; + @ + — = 3. Ching minh rang:
a c

1 1 1 3
+ + Sl_l
L+4/(a+b)’+abe 144/(b+c)*+abe  1+4/(c+a)’+abe

Lot giaa:
T dieu kién ta co:
5 1 1 1 S 3
T2 Rt eT Yapa

& 3Va2h22 > 3 < abe > 1

1 1 1
VT < + -
T+ (a+b)°+1 144/(b+)’+1 1+44/(c+a)’+1
Vie+b)P+1-1 (b+e)+1—-1 y/(c+a)’+1-1
= + +

(a+0b)° (b+c)? (c+a)

Do do:

Mat khac ta co:
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Vitad=y/(1+2)(1—x+a?)

- (1+2)+ (1 — 2+ 2?)

Suy ra:

<
~
IA

1 . 1 i 1
a+b b+c c+a
1+1+1
a b ¢

1 1 1
¢3C§+5?+9)

IN

IN

AW == = N

Bat ding thic da dude ching minh.
Dau bang xay ra khi vi chikhia =b =c = 1. O

Bai 314. a,b,c thuc duong thod man a* + b* + ¢ = 3. Chiing minh rang:
1 1 1 4 4 4
>

a~|—b+b+c+c+a_a2~|—7+62~|—7+02+7

Lot giaa:
Ta cob:
1 1 4
+ > ,
a+b b+c  a+2b+c
1 1 4
+ > ,
b+c c¢c+a  a+b+2

1 1 4
>

c—i—a+a+b_ 20 +b+c

Tu day suy ra:
1

1 1 2 2 2
>
a+b+b+c+c~|—a_a—|—2b+c+a—|—b—|—26+2a+b—|—c
B 4 N 4 N 4
20+ 204+2b+2¢  2a+2b+2c+2¢  2a+ 2a+ 2b+ 2¢
> : + : +
T @+ ) +P+H)+ P+ D)+ (2+1) (@+ D)+ @+ 1)+ (E+1)+(2+1)
4
_|_
@+ D)+ (@+ D+ @)+ (@+1)
4 n 4 n 4
@47 B4+T7 247
) ) 1 1 4 4 4
Vay ta co: >

) a+b+b+c+c+a_a2—|—7+b2—|—7+62—|—7
Bat dang thic da duge chitng minh.
Dau bang x4y ra khi va chi khia =b =c = 1. O
Bai 315. a,b,c thuc duong thod mdn a* + b* + ¢ = 3. Chiing minh rang:
a b c

+ - <V3
Va2+b+c V2+c+a VAE+a+b o

Lot giai:
Cach 1.
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Ta co:

LHS — av1+b+c bvl+a+c n cv1l+a+b

< avVi+b+c+b/I+a+c+ce/1+b+a

- a+b+c
Ta chi can chitng minh:
avV1+b+ce+byl4+a+c+ev1i+b+a <3

a+b+c
Hay tuong duong véi chitng minh

aVI+b+c+b/I+a+tc+ev/i+b+a<v3a+b+c)
Bién déi vé trai bat déng thic cubi ta co

aV1+b+ce+b/l+a+c+eVl+b+a<

<V(a+b+c)(a+ab+ac+b+ be+ ba+ c+ ac+ cb)

=V(a+b+c)(a+b+c)+2(ab+ be + ca)]

+b+c)?
< \/(a+b+c)[(a+b+c)+2%]
<V(@+b+o)la+b+c)+2a+b+c)]=vV3a+b+c)
Bat ding thtc da duge ching minh.
Dau bang xay ra khi vi chikhia =b =¢c = 1. O

Cach 2.
Ta c6 cac danh gia sau:
atb+c< 3@+ +2)=3=a>+b+

(1+b+c)(a®+b+c)>(a+b+c)

2
<Z;> S(a+b+0)< @ 4 b, )
we Va?+b+c a?+b+c b’ +c+a A+a+bd
<S.a(l—kb—i-c)+b(1+c+a)+c(1+a+b)

N (a+b+c)?
a—+b+c+ 2ab+ 2bc+ 2ca
(a+b+c)

a? 4+ b? + ¢ 4 2ab + 2bc + 2ca

(a+b+c)

= 3.

<3

Tu day ta co:

a
— <3
Z\/a2+b+c_

cyc

Bét déng thitc da dugce chiing minh.
DAau bang x4y ra khi v chikhia =b =c = 1. O

V(@ +b+c)(1+b+c) " VO+c+a)l+a+e) (E+a+b(l+a+b)

Bai 316. a,b,c la cic s6 khong am . Chiing minh rdang:

(@>+b0+ A2 >4(a+b+c)a—Db)(b—c)(c—a)

Lot giazi:
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Khong méat tinh tong quat, gia stt b nim gitta a va c. Khi d6, ta c6 hai trusng hop xay ra.
a/ Néu a > b > ¢, thi bat dang thiic hién nhién ding do VT >0 > V P.
b/ Xét trusng hop ¢ > b > a. Sit dung bat dang thic AM-GM, ta c6

4(a+b+c)(a—b)(b—c)(c—a) = 4(c—a)(c—b)(b—a)(a+b+c) < [(c —a)(c—b) + (b—a)(a + b+ c)]’
Mzt khéc, lai thay
(c—a)c—b)+(b—a)a+b+c)—(a®>+b*+c*) =—a(2a+2c—b) <0

Két hop hai danh gia nay lai, ta c6 ngay két qua can chiing minh.[]
Bai 317. a,b,c thuc duong thod man a* + b* + ¢ =1 . Ching minh rang:

1—ab n 1—be n 1—ca
(a+b)? (b+c)? (c+a)?

3
> =
-2

Loi giai:
Cach 1.

Ta c6 cac két qua sau day
9 9 9

Z(a+b)2 ST et A@ R 1

cyc

2
3 c2 >1Z ¢\ Newit 1/3\* 3
(a+0b)°* ~ 3 a+b - 3\2) 4

cyc cyc

l—ab  12—2ab  12(a*+b*+c*) —2ab

(a+b)? 2(a+b)? 2 (a+b)°
1 1 +(a—b)2 e >1{ L 2 }
20 (@+b)?  (a+b)?  (a+b)’| T 2[(a+b)?  (a+b)
Tu day rat ra:
1—ab 1 1 c? 1/9 3
> — — Y ——— >+
Czy;(a+b)2_2 Czy;(a+b)2 czyc:(aer)Q _2<4 4)

Vay, ta da chiing minh dugc:

1—ab n 1—be n 1—-ca >3
(a+b)?> (b+e)? (c+a)? 2
Bat ding thtc da duge ching minh.
, N 1
Dau bang x4y ra khi vachi khia =b =c = —. O
g xay \/§
Cach 2.
Ta c6 cac két qua sau day
9 9 9
Z 5 = 2 2 7 2 2124 .2y 4
< (a+b)" " (a+b) +(b+c) +(cta) A2 +D2+) 4
(a+b)2
1—ab L= 4

1 1

@+b> = (a+b?  (a+b)? 4
1—ab 1 3
> - -

Czy;(a+b)2_czy;(a+b)2 1
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Tu day rat ra:
1—ab 1—bc 1—ca

@tb) 1ol (cxay

Bat ding thtc da dude ching minh.

3
> =2
-2

p < 1
Dau bang xay ra khi vachikhia =b =¢c = —. [

g xay \/§
Cach 3.

Tu dieu kien suy ra: 1 =a? + 0> +c2 > ab+bec+ca = 2> a® +b* 4+ ¢ + ab + be + ca Do d6 ta co:
1—ab 2 — 2ab

(a+b)?  (a+b)?
S a?+ b+ 2+ ab+ be + ca — 2ab

N (a+b)*
B (a —b)* 4 ¢+ ab+ bc + ca - (c+a)(c+0b)
B (a+b)° ~ (a+0b)

Tu day suy ra:

1—ab 1—bc 1—ca (c+a)(c+b) (a+Db)(at+c) (b+c)(b+a)

@r0?  or’ T erarl T @by b+ o) cra? 2°

Vay ta co

1—ab 1—bc 1—-ca 3
P

@0 (brof  (eraP -2

Bét déng thitc da dugce chiing minh.

PN , , 1
Dau bang xay ra khi va chi khia =b =c = —. I

V3

Bai 318. a,b,c thuc duong thod mdn a +b+c=1 . Ching minh ring:

ab n be n ca
c+6ab a+6bc b+ 6ca

1
< Z
-3

Lo gidi:
Ta lan lugt c6 cac két qua sau:
ec+6ab=c(a+b+c)+6ab= (ab+bc+ ca)+ (c* + 2ab) + 3ab

'Z ab B ab N be n ca _1
p” ab+bc+ca ab+bc+ca ab+bec+ca  ab+be+ca
2

3_% o g (a+b+c)
ab cye c2 -+ 2ab Cauchy—Schwarz CL2 + b2 + C2 + 2(ab + be + CCL)
P :
- 2+ 2ab 2 2
ab ab 1 ( ab ab ab >

- < = a
* ¢+ 6ab (ab + be + ca) + (¢? 4 2ab) + 3ab — 9 ab+bc+ca+c2+2ab+3ab

ab 1 ab ab 1
<S5 B R R R
Zc+6ab_9(Zab+bc+ca+262+2ab+ >—9< 1+

cyc cyc cyc

=1

T day két luan

ab 1
> <3
c+6ab — 3

cyc
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Bét dang thitc da dugce chiing minh.
.4

Wl =

DAu bang xay ra khi vi chi khia =b =¢ =

Bai 319. a,b, ¢ thuc duong thod mdn a + b+ ¢ = abc. Chiing minh rang:

1 | 1 1
< =
21400 " Pltca) E0tab) 4

Lo giaa:
Cht ¥ dang thitc quen thudc sau:

ac ac
> + —a+b+c
a+b c+b

cyc

1 1
Dat r=—4Yy=_,
a b

Khi d6 Bat déng thiic can ching minh tuong duong véi:

1
z=—-Tacory+yz+zx=1
c

2 2 2
ryz zx zZ°x
y y v .

1
1+yz 1+z:c+1+xy_é_l

Ta ¢6 cac danh gia sau:
2
yz TY. T2 < 1 ( Ty-oz_ | TY0 )
Ty +yz 2x + Yz

L+yz  (zy+yz)+ (zx+yz) ~ 4

22y Y. T2 Y. T2 1
Zl+yz __Z(meryz zx+yz) —Z—L(xy—l—yzjtzx)——

cyc

Tu day suy ra
Yz 22x 22 1
vz | ylew ey 1
1+yz 14zxr 142y~ 4
Bat ding thtc da dude ching minh.

DAau bing xay ra khi va chi khia =b =¢ = /3.0

Cach 2.
Ta ¢6 cac danh gia sau
- T S S
a2(1+bc)  b*(1+ca) c2(1+ab) a(a+abc) bb+abc) clc+ abe)
1 1 1

a(2a +b+c) +b(2b+a+c) Jrc(20+b—l—0z)

= Zy: (4a(a1—|— b) T a1+ c)>

(
11 11
4

4ab  4bc  4ca
Va ta ciing co:

1 1 abe be

a2+a2bc:a2—|—a(a+b—|—c) Cala+b+co)2a+b+c) (a+b+c)(2a+b+c)

Do biéu thtic cubi cling 1a dong nhat nén ta cé thé gia st a+ b+ c = 1.
(Néu a + b+ c =k, ta ¢ thé dat a = ka'; b= kb, ¢ = kc'.) khi d6 ta c6

be be 1 be be 1
vr=y —— N <- <z
Czy;?a+b+c Czy;a+b+a+c_4czy;(a+b+a—l—c)_4
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Bai 320. a,b thuc duong. Ching minh rang:

Va++vbh) _14a+b
<
a+b ~ Vab

2
1+(

Lot giadi:
Bat ding thiic can chitng minh tuong duong véi

(a + b)Vab + 2(va + Vb)Vab < (a+b) + (a + b)?

Ta c6
(aJ;b)Q . (a+b;.2\/% _ Vab(a+b)
@0 | () > VIR o e vV

Cong cac vé clia hai bat déng thiic trén ta c6 diéu phai chitng minh.
Dau bang x4y ra khi va chi khia =b = 1. O

17 Bai 321 dén bai 340

Bai 321. Cho x,vy, z la cdc s6 thuc khong am théa man 2 + y* + 22 = 3.

T gid tri lon nhat cta biéu thitc
P=x3+1y3+ 2% —ayz

Lot giai:
o x2§yz:>x2—yz§0
Giastr<y<z=
P +22=3-22<3
Khi d6 ta ¢6

P=y*+22+a@®—y2)<y*+2°=Q
Mat khéc, theo bat dang thitc AM-GM ta c6:

3
W)

Q*=(y+2)°(* —yz+25)? = (P +2yz + 2 (W2 —yz + 22 (Y —yz +22) < ( 3

= P<Q<3/3

Déng thic xay ra khi z = y = 0, z = v/3 hodc cac hoan vi.
Vay gia tri 16n nhat ciia P 1a 3v/3.
Bai 322. a,b, ¢ thuc duong théa man a* + b* + ¢ = 3. Chitng minh rang:

a262+7+b202+7+02a2+7
(a+0)?  (b+c)*  (cta)

>6

Loi gidis
Cach 1.
St dung gia thiét va két hop véi bat dang thiic Cauchy-Schwarz ta cé:
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a?b?* +7 _ 2ab+ 2(a® + b* + ) a® + b + 2¢2 a?+b*+2* 3 c?
2 Z 2 :1+ 2 Z + 2—2 + B 5
(a+b) (a+0) (a+0) 2 (a? +b?) 2 a*+b

Tu do6 ta ¢o 2w g ) 0 3
a + c
_ > = —_— > -4+ — =6
Z(a+b)2—2+za2+b2—2+2

cyc cyc

Bat ding thic cudi ding theo Nesbit.
Bat ding thitc da duge chiing minh.
Dau bang x4y ra khi vi chi khia =0 = 1.

Cach 2.
Ta ¢6 cac danh gia sau:
a’* +7 _ 2ab+ 2(a® +b* + 2) a® +b? + 2c2
> =l+—=—

(a+0b)> ~ (a +b)? (a+b)?

2b2 7 2 b2 22
Z“ +223+Z%
(a+0) (a+0b)

cyc cyc

Tit (a +b)* < 2(a® 4 b?) suy ra

Suy ra:

(a+b)°(b+c)*(c+a)” <8(a+b*) (b + A) (P + a?)

Tt két qua
4(@®+ ) (a®+ ) < (a® + 0+ 202)2
Suy ra
64[(a® + b2)(b% + A)( + a)]* < (a® + 1% +2¢2) " (0% + 2 + 20%)° (2 + a® + 207)°
8(a® + b*)(b* + *)( + a®) < (a® +b* +2¢%) (b* + 2 +2a%) (¢ + a® + 2b°)
Tu doé ta co
(a+b)*b+c)(c+a) < (a® 4+ 0> +2¢%) (b° + ¢ +2a°) (¢ + a® + 2b°)

Stt dung bat dang thitc AM-GM

>3

a? 4+ b* 4+ 2¢2 Y (a® + b+ 2¢%) (b* + & + 2a?) (¢® + a® + 21?)
(a+0)?® — (a+b)°(b+c)(c+a)

cyc

Vay ta nhan dugc:

Bat ding thitc da dugc chiing minh.
Dau bang x4y ra khi vd chi khia =0 = 1. J

Cach 3.
Ta ¢6 :
a?b’ +7 P’V ++1+2(a® + b0+ ) - 2ab + 2¢* i1
(a+b)? (a+b)? ~ (a+0b)?
2ab + 2¢?
Vay gio ta sé ching minh: > ﬁ >3
Ta ¢6 :
2ab + 2c* 2 —a? -0
(a+b)?  (a+b)?
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Gia sit: a < b < ¢, khi d6
22 S 202 S 2a>
(@+b)? =~ (c+a)? = (b+c)?

Va
a? + b? a’+ c? b2 + 2

(a+0)2 7 (a+c)> ~ (b+c)?
Vay bat déng thiic ding theo Cheé-bu-sép . Bat dang thitc da duge chiing minh.
Dau bang x4y ra khi va chi khia =0 = 1. O

Cach 4.
Ta co: 02 4 02 4
Z a + Z Z a +
- (a+ b)? - 2(a® + b?)
Déibién a®> =2, b? =y, > = zvadiat v +y + 2 = p, vy + yz + 20 = ¢, vyz = r. Ta can chiing minh:

T+y

cyc

tuong duong vé6i chiing minh

Y @y + Ny +2)(z+1) > 120z +y)(y + 2)(z + )

cyc

khai trién va thu gon lai ta cé:
0+ T7q+ ¢ +rp > 12pg — 12r

& ¢* —29¢+ 157 + 63 > 0(p = 3)
49 —9

Theo bat déng thic Schur ta c6 r >
Suy ra

4q —9

q> —29q + 157 + 63 > ¢* — 29¢ + 15. +63=(q—3)(g—6) >0(g<3)

Bat ding thic da duge ching minh.
Dau bang x4y ra khi va chi khia =b = 1. O

Bai 323. Cho z,y, 2 thuc duong théa man xy + yz + zx = 1. Chitng minh ring:
x Y z 9
>
g2 Aty el )

Lot giaa:
Ta ¢6 cac danh gia sau day:
P+ et 2 fayz (e y+2) = (ay +yz +22)° —ayz (x +y + 2)
8(zy +yz 4 zz)® 8
27 T 27
(x+y+z)=(@+y+2)(ry+yz+z2z) < g(x—l—y) (y+2)(z+x)

Do d6 néu ky kieu VT - vé trai ctia bat dang thitc can ching minh ta sé cé:

xyz(x+y)(y+2)(z+x) <
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VT:Z y (14 22?) ;y(:c—iry)(x—l—z)

cyc

:Z 22 (y + 2)
> xyz(x+y)(x+2)(y+2)
22y? + 2%y? + 2?2 + ayz (v +y + 2)
ryz(x+y) (y+2) (2 +x)

B (:zcy—l—yz+z:c)2 B (r+y+2)
zyz(x+y)(y+2)(z+z) (x+y)(y+2)(z+2)
2079 9
>20 22
- 8 8 4
Vay ta c6
x L Y n z >9
y(l+2%)  2z(1+9?) x(1+2%2) — 4

Bat ding thic da dude ching minh.
PN 1
Dau bang xay ra khi va chi khix =y = 2= —.
g Xay Y /3

Bai 324. Cho z,y, 2 thuc duong théa man xy + yz + zx = 1. Chitng minh rdng:

T n Y L z >9
Y1422 2(I+a?)  a(lty?) 4

Lot giai:
Ta ¢6 cac danh gia sau:
(ry +yz+2y)® 1
3 ~ 3
(x+y+2)? >3y +yz+ax2)=3

ryz(x+y+2) <

Vay ta co:
x N Y n z
y(1+22)  2(1+22)  z(1+9?)
(z+z+y)?
Tay+yzt+az+ayz(x+y+2)
9
>
I — 4
Bat dang thtc da duge chiing minh.
1

Déu bing xay ra khi vachikhiz =y = 2= —. [J
g xay Yy \/g

Bai 325. Cho a; b; ¢ thuc duong théa mdn a + b+ c = 1. Chitng minh rang:

A+ +2 V+AE+2 A4+ad*+2

> 12
a+b—ab b+ c—be c+a—ca
Lot giai:
Ta lan lugt danh gia
aA?+024+2 P+ +2 A+a’+2 1 1
+ => (a®+1) +
a+b—ab b+c—bc c+a—ca at+b—ab a+c—ac

cyc

1) 4(a* 4+ 1) 4(a* 4+ 1)
22a+b+c—a(b—l—0) %;2a+1—a—a(1—a) Czyc: a?+1

http://boxmath.vn/ 178



Bat ding thic da duge ching minh.

DAau bang x4y ra khi v chikhia =b =c= =. [

W

Bai 326. Cho a,b,c thiuc duong théa man a + b+ ¢ = 1. Chiing minh rang:

ab n be n ca < 3v2
VI —cP(l+c) V1—aP(l+a) JA-0b31+b) 8

Lot giazi:
Ta nhan thay rang
ab ab

VI =cP(l+c)  (a+b)y/(a+b)lat+ect+bte)

<1 ab <1 Vabvab
- (a+b)a+c+b+c) — (a+b)2+/(a+c)(b+c)

<1 1 b
—2\[4\ (a+ ) b+c_2 a+c b—l—c

Tit day, sau khi 4p dung bat déng thtc Cauchy—SChwarz ta sé ¢o

b 1 /9 32
T < < 42 =22
v Z (a+c+b+c)_2 8 8

Bat ding thitc da dugc chiing minh.

Dau bang x4y ra khi va chi khia =b =c= ~. O

W

Bai 327. Cho a,b, c thuc duong théa man a® + b 4 ¢ < 3. Chiing minh rang:

ab . be N ca <
V3+c V3+a V3+b 2

| o

Loi gidi:
Ta co
9>a®>+1+1+0°+1+1++1+1>3(a+b+e)
Suyra3 > (a+b+c)vatat 9> (a+b+c)* > 3(ab+ bc+ ca) suy ra 3 > (ab + be + ca)

Tu d6 ta co
ab be ca ab be ca

+ + < + +
V3+c V3+a V3+b Va+b+c+c Va+b+c+a Va+b+ce+b

ab be ca
+ + (ab + bc + ca)
at+c+b+c a+c+b+a a+c+b+bdb

3 ab ba 3
< | = b
- 4(§a+c+b+c> 4(a+ teo) <

Bat ding thtc da duge ching minh.

IN

l\DICAD

Dau bang x4y ra khi va chi khia =b =c= 1. [
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1 1 1
Bai 328. Cho a,b, ¢ thuc duong thoa man

Chatng minh rang:
ab+be+ca <3

> 1
a2+b2+1+b2+02+1+02+a2—|—1_

Lot giaa:
Ap dung bat ding thic Cauchy-Schwarz ta co:

<Y 1 <y 1+1+a®> 6+a°+0*+¢
TP+l S (atbto) (a+b+c)?

Tu day dé dang suy ra

ab+bc+ca < 3

Bat ding thitc da duge chiing minh.
DAau bang x4y ra khi v chikhia =b =c= 1.

Bai 329. Cho a,b,c thiuc duong théa man a + b+ ¢ = 3. Chiing minh rang:

a?+b*+c >+ +a A4+a®+b
+ +4/—— >3
a-+b+c? b+ c+ a2 c+a-+b?

Lo gidi:
Taco 2 2 2 2
@+ +c)a+b+c?) < (45 ZC +3)
a?+b+c a?+b*+c - 2(a* +b* +¢)
atb+c  J(@r+o)(atbt+c) T a?+b+cE+3
suy ra

2+ + P+ A+ A+ ad*+a+b+e)
a? + 0>+ +3
C AaP+ B+ )+ 6
a2+ +2+3

a+b2+c b2+02+a+ A+a+b
a+b—|—02 b+c—+ a? c+a+b?
>

Ta can chitng minh

4(a* +b* +*) +6 -3
a2+ b2+ c2+3
Twong duong véi chitng minh
a+b+c>3
Diéu do luon dung v6i moi a,b,c >0 va a+b+c =3 bdi vi:

(a+ b+ c)?

=3
3

A+ 42>

Bét dang thitc da duge chiing minh.
Dau bang x4y ra khi v chikhia =b =c= 1. [
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Bai 330. Cho a,b,c thiuc duong théa man a® + b3 + ¢ = 3. Chiing minh rang:

a? b? c?

1
b+5+c+5+a+5 2

Lot giai:
Ap dung bat ding thic AM-GM ta co:
2

a n b? n 2 < 1 Z a?
b+5 c+5 a+57" 23 Vb +2

cyc

Theo bat dang thitc Cauchy-Schwarz ta lai c6

() e (5

cyc

Ta chi can chitng minh

YS!

cyc

+

Hay tuong duong véi
D ala+2)(b+2) < (a+2)(b+2)(c+2)

cyc

& a’c+bPa+ b+ 2(a® + V¥ + ¢?) < 8+ abe

Bat ding thtc cudi suy ra tit hai bat déng thic sau

A+ +32<3
a’c + b%a + b < 2 + abe
Hai bat ding thiic nay danh cho doc gia nhu la mot bai tap nho.
Bat ding thic da dude ching minh.
Dau bang x4y ra khi v chikhia =b =c= 1. O

Bai 331. Cho a; b; ¢ thuc duong théa man (a + b+ c)* = 9abe. Chiing minh rang:

+ + <
V1+3a2 V1432 V1432~

1 1 1 3
2

Lot giai:
Cach 1.
bat a = yz; b = zz; ¢ = xy, ta co:
9529222 = (zy + yz + 22)° © 3ayz = 2y + Yz + 20 > 3Yryz = wyz > 1
Khi do6 ta co:
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1 1 1

VT = + +
V1+3y222 V1432222 /1 + 3022
T Y z
= + +
Va2 + 322222 \Jy? + 302222 (/22 + 3a2y222
x Y z
< + +
Va2 +3zyz Y +3ryz /22 + 3ayz
x Y z
< + +
V2 tay+yz+zr YRt ayt+yz+zz 2 +ay+yz+oex
z
< + J +
Vet @tz i+ ><y+w) V(z+ o) z+y>
1 x x 1 Y 1
<z + + = =
2\z+y z+=z 2\y+=z y—l—x 2 z—i—x
1 y

N | —

1 3
Z < =
(y—i—z z—l—y) 2(z+x x+z)_2

Dau bang x4y ra khi va chi khia =b =c= 1. [

z Y
<z + +
2\z+y y+=zx

Bat ding thic da duge ching minh.

Cach 2. )
Tit gid thiét (a + b+ ¢)? = 9abe > 3(ab + b+ ca) va dit v = —, y =
a

S =
ol

Tacoxr+y+2z<3.
Do 3(xy +yz +z2x) < (x+y+2)><9nén zy +yz+ 22 < 3
Khi d6 bat ding thic can chitng minh tuong duong véi

3

E:VFT__ 2

cyc

That vay, ta co:

1 T 3
_ - + — =
Z\/T Z\/x2—|—$y+yz+zx Z\/x+y Jx+2z) 2;($+y $+Z> 2

cyc cyc cyc

Bét déng thitc da dugce chiing minh.
Dau bang x4y ra khi va chi khia =b =c= 1. O

Bai 332. Cho a; b; ¢ thuc duong théa man abc = 1. Tim gid tri nhoé nhat cia biéu thic

a’b bc 2a

a+b+b+c+c+a

Lot giazi:
— x y z e )
Ta c¢6 abc = 1, nén c¢6 thé diat a = =, b= <, ¢ = =. Khi d6 ta co:
Y z x

oyt 42+ 3 (2P + YR+ 2R
_ (a:2+y2+22)2+(m2y2+yzz2+22x2)
4
3(96 —I—y +z)
T day suy ra:
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Ap dung bat ding thic AM-GM ta co:

2 2
Y srtop2 X mraap
2wz + 212 x? + 22 4 29

cyc cyc

Lai 4p dung bat ding thiic Cauchy-Schwarz ta c6
2 2 2 2\2

2.2 x >0 (x* 4+ y* + 2°)
" .Z'Z + 22 + 2y2 .774 +y4 + Z4 + 3(1-23/2 +y222 + 221'2)

5933
=%17 2

T day suy ra

a’b 3
p— > 2
Za—l—b_Q

cyc

Gi4 tri nhé nhat nay ctia P dat duge khichoa = b = ¢ = 1.

Bai 333. Cho a; b; ¢ thuc duong théa man a* + b* + ¢ = 1. Chitng minh rang:

a b c 3v3

= + + >
B24+c2 c24a?2 a24+02— 2

Lot giaa:
Theo bat dang thitc AM-GM ta c6

27.2a> (0> + %) (b* + *) < 8(a® +b* + 02)3 =38

T dé suy ra:

a S 3\/§a2
b2+c2 — 2
Thiét lap hai biéu thiic tuong tu va cong vé véi vé, ta co:

3V/3 33

PZT(CL2+b2+C2):T

Vay ta c6 dieu phai ching minh.

Dau bang x4y ra khi vi chi khia =b=c= O

b
NG

Bai 334. Cho a; b; ¢ thuc duong théa mdn a + b+ c = 3. Chitng minh rang:

a’b N b’c N a -1
2a+b 2b+c¢c 2¢c+a
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Li gidi:

Ta co6:

r 1 <1 1+1+1 1 2+1
20+b a+a+b~9\a a b) 9\a b

Tu day suy ra

2 1
a?b <&bg+g:2w+f
2+b~ 9 9
Tuong tu cho hai phan s con lai , ta c6 duge
a®b bie ca

1
<= b+c)=1
2a—|—b+2b—|—c+2c+a_9(a+ +e)

Bai 335. Cho a; b; ¢ la do dai cdc canh cia tam gide. Chitng minh rang:
(a+b)*+ (c+b)*+ (a+)*+ > 9(a* + b* + ¢*)

Lo giaa:
Sau khi pha ngodc va rit gon, bat dang thitc can chiing minh tuong duong véi

6(a’b® + b*c* + c*a®) — 7(a* + b* + c*) + 4(a®b + ab® + b + cb* + a’c + ac®) > 0

Ap dung AM-GM ta ¢6
4(a®b + ab® + b + b + a’c + ac®) > 8(a?b* + b + c*a?)

Ta lai c6 theo bat dang thiic trong tam giac

14(a®V® + b + *a®) = T(a* +b* + ) =T(a+b+c)a+b—c)la—b+c)(b—a+c) >0

tu day suy ra

6(a’b? +b%c* + c*a®) — T(a* + b* + ¢*) + 4(a®b + ab® + b + eb® + a’c + ac®) > 0

Bat ding thitc da dugc chiing minh. O

Bai 336. Cho x,y, 2 la cdc s6 duong théa man xyz = 1. Chiing minh rang:

* + Y + >
T+ 82 Y+ 8z z+ 8y —

Loi giai:
Cach 1.
NN N P 2 a1 a b cC
T dieu kién ta c6 the dat v = -y = —;2 = —
b c a

khi dé bat dang thic can ching minh tré thanh

a b c
+ + > 1
Vaz +8bc Vb2 +8ca ¢ +8ab —

Truée hét ta chitng minh bat déng thic dai dien sau:
a a3

>
Va2 + 8be — a*? +2(bc)?/3
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Twong duong véi chitng minh

Hay tuong duong véi
2
(be)3 + a3 (be)3
Bét déng thtc nay dang theo AM-GM
Tu day suy ra
a b c
+ +
Vaz+8bc Vb2 +8ca V2 + Sab
aA/3

= Z a3 4 2(bc)?/3 =

cyc

ai/3
Z aA/3 L A3 L A3 -

cyc

Bét déng thitc da duge chiing minh.

Dau bang x4y ra khi va chi khia =b =c= 1. O

Cach 2.

Ciing bién doi nhu trén ta can chitng minh

a
- >1
Z\/aQ—i-Sbc_

cyc
Ap dung bat ding thic Cauchy-Schwarz:

VT > (a+ b+ c)?
~ ava? + 8bc + bv/b2 + 8ac + cv/c2 + 8ba

Lai 4p dung bat ding thiic Cauchy-Schwarz

(ava? + 8bc + bvV/b2 + 8ac + cvV'c2 + 8ba)* < (a + b+ c)(a® + b* + ¢ + 24abc) < (a + b+ ¢)*

Tu day suy ra

ava? + 8bc + bVb? + 8ac + cVc® +8ba < (a+ b+ ¢)?

Bat ding thitc da duge chiing minh.
DAau bang x4y ra khi v chikhia =b =c= 1. [

Bai 337. Cho a; b; ¢ la cdc s6 thuc duong thod man a® +b* + ¢ = 12. Tim gid tri nho nhat cia
biéu thic

R DR SR
S l4ab 14bc 1+4ca
L&i gidi:
Cach 1.
Ta cob:

9 9 3
>

> .
“34+ab+bct+ca " 3+a?+b2+c2 5
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VayMiangkhia:b:c:Q. O
Cach 2.

Ta cb

Ap dung bat ding thic AM-GM ta co:
ab+bc+ca<a®+b+c=12

Khi do ta co
1 1 1 9 9 3

= + + > > =
1+4ab 14+bc 1+ca— 3+ab+bc+ca — 3+12 5

VamePzgkhia:b:c:Q.D

Bai 338. Cho a; b; ¢ la cdc so thuc duong. Chitng minh rdang:
a? n b? n c? S @ +b+c
V3a2 4+ 802 + 14ab /302 + 8¢ + 14bc /3¢ + 8a? + ldca — 5

Loi gidi:
Cach 1.
Ta c6: 3a® + 8b* + 14ab < (2a + 3b)?, suy ra

a? a? a’  2a+3b 20 +3b a+b+c
> > 2 . — =
Z\/3a2+8b2+14ab _%;2a+36 = %;\/2a+3b 25 2 25 5

cyc cyc

Bét dang thitc da duge chiing minh.
Dau bang xay ra khi vi chikhia =b =c= 1. O

Cach 2.

Ta co:
2 2 2

a a a
2 =2 =3
— \/3a + 802+ Lab 4~ \/(2a 3 = (a—b) e 20+3

Ap dung bat ding thic Cauchy-Schwarz ta c6

Z a? >(a+b+c)2_a+b+c
2a+3b ~ 5(a+b+c) 5

cyc

Bat ding thtc da duge ching minh.
Dau bang x4y ra khi va chi khia =b =c= 1. [

Bai 339. Cho a; b; ¢ la cdc s6 thue duong man dieu kién 3ab + be + 2ac = 6. Tim gid tri lon

nhat cia biéu thic

1 N 4 N 9
a?2+1 bH2+4 249

Lot giazi:
Cach 1.
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b R
Datx:a;y:§;z:§. Tu dieu kién suy ra xy +yz + 20 =1
Tu day ta co
22 y? 2
= + +
1+22 149> 14 22
(x+y+2)?
T+ Y+ 2243
(z+y+2)?
(x+y+2)?2+1
1
(r4+y+2)?%+1
1

>1— :§
- 3y +yz+zx)+1 4

3—A

Vay
1 N 1 N 1 _9
Cl4a? 14y 14227 4

Dau bang dat dugc khi va chi khi

1
Tr = = = —
SERVE
Twong duong véi
1 2
a=—-—b=—c=1+/3
V3 V3
Cach 2.
bat:a=z,b =2y,c = 3z
Tu dieu kién, suy ra: xy + yz + zz = 1. Khi d6 ta c6
JRE S T
224+l 2+l 22+
1 1 1
= + +
224+ay+yz+ze Yy H+oyt+yz+zx P2Hay+yz+zo
1 1 1
= + +
(+y)z+z)  W+2)y+z) (E+o)(z+y)
B 2 +y + 2)
(@ +y)(y + 2)(z + )
2@ +y+2)(vy +yz+zo)
(z+y)(y+2)(2 +2)
Do:
(x+y+2)(xy+yz+z22)=(x+y)(y+2)(z+x)+2yz
Suy ra:
ryz
A=2[1+ ]
(z+y)(y+2)(z+2)

Ap dung bét ding thitc AM-GM ta c6: 8zyz < (x4 y)(y + 2)(z + z), nén ta c6

TYZ
(z+y)y+2)(z+2)

1
< Z
-8

9
SuyraASZ

Vay MazA = Z
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Tuong duong véi

(\V]

1
a=—b=—"—c=3

P
P

Cach 3.

1 1 1
Data=x,b=2y,c=3z, suyrazy +yz+ zx = ltacé A =

x2+1+y2+1+z2+1

Tiép tuc diat z = tana, Yy = tang; z = tan— ta co

A B C
2A = (cos® = + cos>— + cos®>—)

2 2 2
:3+cosA+cosB+cosC§3+g
-9
0 S 2
Vay A < T Déu bang dat dugce khi va chi khi
1 2
e =) b = —, CcC = \/g
V3 V3
Bai 340. Cho a; b la cdc so thuc duong. Ching minh rang
(L%)O+ﬁ>(y+9)2>%6
a/ p— JE—
a Vb))
Lo gidi:
Cach 1.
Ta c6 theo bat dang thitc Cauchy-Schwarz:
b 9 9
T+a)(1+ )1+ —F2)* > (1+VD)’(1+ —=)°
(1+a)1+-)( \/5) ( )°( \/5)

> (1+3)* =256
Diang thitc xay ra khia = 3;b=9. 0
Cach 2.
Ta c6 theo bat dang thitc Holder:

b 9 b
(14 a)( 1+—) 1+a+ - +b)(

(1111++\/_\[\/>\/» = 256

Diang thitc xay ra khia = 3;b=9. 0
Cach 3.

Loy
Vb

b 9
VT:(1+a+a+b)(1+—)2

Vb

SAM-GM (1 1 2/h 4 B)(1 + —=)?

Vb
9 12
= [(1+ VD) (1 + %)] > 256

(Bat dang thitc cudi cing ding theo AM-GM) Déng thiic xay ra khi a = 3;b = 9. O
Cach 4.
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Stt dung dong nhat thic sau

e (142) (10 5 ) =m0 a2 - 7 - 2 - var (14 )

Déng thtic xay ra khi a = 3;b = 9. [J

18 Bai 341 dén bai 360

Bai 341. Cho a; b, ¢ la cdc s6 thuc duong théa man a + b+ c = 3. Chitng minh rdng

1 1 1
<1
a2+b+c+b2+c+a+02+a+b_

Lot giaa:
Cach 1.

Ta co:

(1+b+c)a®+b+c)>(a+b+c)

Suy ra

1 I1+b+c 3+2(a+b+c)
- < -
> >

a2+b+c~ at+b+c)?  (a+b+c)?

cyc cyc

Bat ding thitc da dugc chiing minh.
DAu bang x4y ra khi vi chikhia =b =c= 1. [

Cach 2.
Stt dung phuong phép tiép tuyén ta c6 :

4—a 1 _(3—a)(a—1)2>
9 a2+3—a  9a*+3—a)

Do dé

a?+b+c > 4+c+a A+a+b— 9

cyc

Bét dang thitc da duge chiing minh.
DAu bang x4y ra khi vh chikhia =b =c= 1. O

Bai 342. Cho a, b, c la cdc s6 thuc duong théa man ab + be + ca + abe = 4. Chiing minh rang

Vab+ Vbe + /ea < 3
Lo gidi:
Cach 1.

Dit z = Vbe; y = v/ca; 2 = Vab Suy ra
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P+ + 2 ayz =4
S (r4y+2)°—4=2xy+yz+ 22) — Y2

S@ty+2) —daty+z)+4=2-2)2-y)(2-2)
6—2—y—=2
S(#)g
Datt =z +y+ 2z, ta co:
(t—6)° +27(t* — 4t +4) <0

& (t-3)(t+6)2*<0

St<3
& Vab+ Vbe + vea < 3

Bat ding thtc da dude ching minh.
Dau bang xay ra khi vi chikhia =b =c= 1. O

Cach 2.
Dit vab = 2z, vVbe = 2y; \/ca = 22 ta co:

4y 2+ 2y =1
s : 3 .
Ta can ching minh x +y + 2z < 2 that vay
St dung phuong phép lugng giac, dat x = cosA, y = cosB, z = cosC ta co

A+B+C 3
cosA + cosB + cosC < 3003(%) =3
Bat ding thtc da dude ching minh.

Dau bang x4y ra khi vi chikhia =b =c= 1. O

Bai 343. Choa, b, ¢ la cdc s6 khong am théa man a+b+c = 3. Tim gid tri nhd nhat cia biéu thic

A a n b n c
SR+ 2+l 2+a2+1 a2+ b2+1

Loi giai:
Ap dung bat ding thic Cauchy-Schwarz ta c6:

Za(b2+02+1)].A2 (a+b+c)*=9

cyc

9
A> ——
“a®+2+1)

P=a®*+c+1)=3+abla+b)
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Gia sit a > b,a > ¢ suy ra
ab(a +b) < ab(a + b) + 2abc + ca(a + ¢)
=abla+b+c)+acla+b+c)

=3a(b+c) < z(a—l—bjtc)2
o7

4
Bét dang thiic thiic cudi cting ding theo AM-GM.
T day suy ra
39

pP<—
4

Vay

4> 12
=T

Déng thitc khi @ = b = =, ¢ = 0 va cac hoan vi. [J

Bai 344. Cho —1<a <

=1 o1 o w

. Tum gid tri l6n nhdt va nhé nhat clia biéu thic

 V5—da—+V1+a
vVh—4a+2vV14+a+6

Loi gidic

Ta chiing té rang gia tri 16n nhat va nhé nhat bieu thic bang - va ——. That vay ta c6

p_1_1 2v5 —4da—5V1+a—6
3 3 Vhi—da+2V/1+a+6 —

4 )

Ding vi ham 6 —2+/5 —4a+5+/1 + a don diéu do c¢6 dao ham bing N +2\/1+
—4a a

> 0. Gia

tri 16n nhat nay dat dugce khi cho a = —1 Ta c6 tiép

P+1_ 1 7v5—4a—4/1+a—6
6 6 V5—da+2V/I+a+6

Diang do ham & tit s6 don dieu. Gia tri ndy dat duge khi cho 2 = —. [

| Ot

Bai 345. Cho x,y, 2 la cdc s6 thuc duong théa man x +y+ 2z = 1.
T gid tri nho nhat cia biéu thic

2y 3yz 2zx

P = + +
z+xy x+yz y+zzx

Loi gidic

I R
Ta sé chiing minh P > 3 bang phuong phap dong bac.
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2xy . 3yz . 2zx
(e ta)zty) @yl +e) (y+2)y+a)

Dat _ 2x(x+y) +3yz(y + 2) + 2za(z + 2)
(z+y)(y +2)(z + )
Xét
T 5 Gay(x+y) +9yz(y +2) + 6za(z + 2) — b (ay(x +y) + yz(y + 2) + za(z + 2) + 2zy2)
3 3x+y)(y+2)(z+ )
_Is
- MS
V6i

TS =xy(x+y) +4yz(y+ 2) + zz(z + ) — 10zyz
= 2(y? +ay + 2% 4 22) + dyz(y + 2) — 102y2
> 202 /yz + Syx\/yz — Sxyz = 2\/yz(x — 2/y2)* > 0
1

PN 1 1
Dau bang xay ra khi va chi khi x = FY=pE=7 OJ

Bai 346. Cho a,b,c la cdc so thuc duong théa man abc = 1. Chitng minh ring:
1+

>
at+b+c ~ ab+bc+ca

Lot giaa:
bat

bat ding thic duge viét lai dudi dang

1+ >
Ty + Yz + a2 r+y—+z
Ap dung bat déng thic quen thuoc

(z+y+2)°>3(xy +yz + 22)

ta co 3 9
I+—2>1+——
Ty +yz+ 2z (z+y+2)
Ap dung bat ding thic AM-GM cho ta
9 6
1+ >

(z4+y+2)° T4+y+=z

T d6 suy ra diéu phai chiing minh. Dang thiic x4y ra khi va chi khia =b = ¢ = 1.

. f 3 .
Bai 347. Cho a,b,c la cdc so thiuc duong thod man a® + b + ¢* < 1 Chiing minh rang

11 1
(a+b)(b+c)(c+a)+$+ﬁ+5225

Loi giai:
Ta co:

3
2 > a4+ b2 + 2 > 3Va2h2? = abe <

Ma stt dung bat déng thitc AM-GM ta co:

co| =

(a+0)(b+ c)(c+ a) > 8abc
1,113

ad b 3 7 abe
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Twu do ta co

1 1 1 23
P= b)(b — 4+ — 4+ = >8ab >2423=2
(a+b)( +c)(c+a)+a3+b +03_8a C+8abc+8abc_ +23 5
, 1
Déang thiic xay ra khia =b=c= 3

Bai 348. Trong tam gidc ABC c6 cdc canh a,b,c. Chiing minh rang :
a® 4+ b® + & + 3abe > a(b® + ) + b(a® + 2) + c(a® + b?)

Lot giaa:
Bat ding thtc can ching minh tuong duong véi

(a+b—c)(b+c—a)(c+a—0b) <abe

Theo bat dang thitc AM-GM ta c6:

2

a+b—c+b+c—a> _

2

(a+b—c)b+c—a) <(
Xay dung cac bat dang thic tuong tu:

(b+c—a)(c+a—0b) <
(a+b—c)(c+a—10b)<a’
Nhan 3 bat dang thitc trén ta sé c6 di¢u phai chiing minh.
Bai 349. Cho cdc so a,b,c, € [0;1]. Chimg minh ring :
a(l=b)+b(1—c)+c(l—a)<1

Lot giai:
Do a,b,c, € [0;1] nén ta c6
0<(1—a)(1-0)(1-c¢)
s0<1—(a+b+c)+ab+bc+ca—abc<1—(a+b+c)+ab+bc+ ca
S (1-b)4+b1—c)+c(l—a)<1

Dau bang xay ra khi a = b= 0,c = 1 va cac hoan vi.
Bai 350. Cho a,b,c > 0 va ab+ be + ca = 1. Chiinh minh rang

41 4/ 1 4/ 1 1

S 46+ - +6c+ /= +6a < —

a b c abe
Lot giai:

Ap dung bat ding thic AM-GM:

3

3 3 At 6ab+ Y2

(1+6ab)." =3 < —— 1
a

Xay dung cac bat dang thitc tuong tu rdi cong lai ta dugc :

12 + 6(ab + be + ca) + ﬁw

1 2 1 1
VT < abe  _ 9.3 < _ b
- 3v3 V3t 3abc — 3abe + 3abc  abc
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1
Vi (abe < ——=
X ( —3\/5)
Ding thiic xdy rakhia=b=c= —.

V3

Bai 351. Vdi so thuc duong x, hay tim gid tri nhé nhat cia

11 7
T=x+—+,[4(1+ =
2x x2
Lot giaa:

St dung bat dang thitc AM-GM ta cé:

7\’ 3\’
<3+E> +7(1_5) 11 3 7
Zr+ —+-+-—=

T +—+ +—+ ’ +r+ ) > ; +2 B
=TT 5 - t+tr+ -2 = r.—=—
2z 4 - 20 2 2z 2 r 2 T 2
Déng thtic xay ra khi z = 3.
5
Vay minP = Ch
Bai 352. Cho z,y,z € [0;2] va x +y + 2. Tim gid tri I6n nhat cia
A=ty +2°
Lot giai:
Do z € [0;2] ta ¢6 :
2—2)2-y)(2—2)>20& —4+2(xy+yz+z2x) —ayz >0
Do d6
A=9—-2@y+yz+zx)<5—ayz<5
Diang thitc xay ra khi z = 2,y = 1,z = 0 va cac hoan vi.
Vay maxA = 5.
Bai 353. Goia,b,c la do dai 8 canh cia 1 tam gidc ¢6 chu vi a + b+ c = 2. Chiing minh rdng
52 2 12 2
— < a®*+b°+ "+ 2abc < 2
27
Lot giai:

Via+ b+ c=2nén do dai mdi canh nhd hon 1.
Stt dung AM-GM cho ba s6 duong: 1 —a,1 — b, 1 — ¢ ta duge:

3—(a+b4+¢)>3Y(1—a)(1-0b)(1—-¢c)>0

<:>i>(1—a)(1—b)(1—c)>0

27 —
28
<:>2—72&b+bc+ca—abc>1
56
(:)2<2ab+2bc+2ca—2abc§§
56
<:>2<(a+b+c)2—(a2+b2+c2+2abc)g2—7
52
@§§a2+bz+02+2abc<2
2 2 . 2
Dang thic xay ra khia =b=c = 3
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Bai 354. Cho x,y la cdc so thuc. Tvm gid tri nhé nhat cia
A= Jle =142+ /@t )P g2ty -2

Lot giai:
St dung bat dang thitc véc to va bat dang thitc vé tri tuyet doi, ta cé:

A:\/(:r—l)2+y2+\/(x+1)2+y2+|y—2|

= |[(x—1)*+y?] <_T\/§>2+(%)2 + [z +1)* +y2] (?):(%)2 + 12 — g

-3 3
> —\/_(x 1)+g+£($+1)+g + 12—y
2 2 2
—V3 y V3 y
>l— (-1 +Z+— H+Z+2—
> |-+ o+ )+ +2—y
=243
PN , . 1 . .
Daubéngxayrakhlx:(),y:%.VaymmA:2+\/§.

Bai 355. Cho cic so thuc x,y, z théa man: x2 + y? + 22 = 2. Tim gid tri lon nhat, gid tri nhé
nhat cia biéu thic:

P=ax3+y3+ 2% — 3zyz

Lot giaa:
St dung hing ding thiic quen thuoc co:

P=(zx4+y+2)(a®+9*+ 22 —xy —yz — 2x)
Stt dung bat dang thitc AM-GM, ta cé:

P2 = (22 + > + 22+ 20y + 2yz + 222) (2® + 92 + 22 —wy —yz — 22) (2 + P + 22— xy — yz — 22)
2 2 2\73
S[Z%(x +vy +z)] _3

3

Do d6 ta co:

—V2 < P <22
Tt d6 ta c6 két luan
max P = 2\/5
minP = —2\/5

Bai 356. Cho a,b,c > 0 thod mdn a + b+ ¢ = 1.Ching minh ring:

—+1+\/—+1+,/?+1>2(\/'+f+f)

Ap dung bat ding thic Cauchy-Schwarz ta c6 :

Lot giaa:

(c+b)(a+c) > (Vac+ Vo)
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Do do:

/%b—l— :\/ab+c(ac+b+c): (C+b)(fc+a)z@;5@:\/a+ﬁ)

Tao cac bat déng thiic tuong tu cong vao ta sé ¢6 didu phai chiing minh.
Ding thitc xdy rakhia=b=c= —.

Bai 357. Cho z,y # 0 thod man %Zz’éu kien xy(x +y) = 2* — xy + y*. Tim gid tri [6n nhat cia:
P=+t y—lg
Lot giai:
Dit a = l, b= 1
iy Yy

Khi d6 gia thiét zy(z +y) = 2% — 2y + y* duge viét lai la a + b = a® — ab + b* va
P=a*+1 = (a+0b)(a® —ab+b*) = (a+b)’

St dung bat dang thitc AM-GM ta c6

2
a+b=a®—ab+b* = (a+0b)°—3ab> (a+b) —3.(a—2b)
= (a+b)’—4(a+b) <0=0<(a+d) <4
= P=(a+b)°<16

Vay maxP =16 khi x =y = %

Bai 358. Cho a,b,c la cdc s6 thuc duong. Chiing minh rang :
(20 +b+c)  (2b4+c+a)’  (2c+a+0b) .
202+ (b+¢)> 22+ (c+a)® 232+ (a+0b)°
Lot giazi:
Dé ¥ ring
(2a+b+c)  2b+c—a)
B 202 + (b + ¢)’ N 202 + (b + ¢)°
Bat dang thic can chiing minh tuong duong
2b+c—a)®  2c+a—-0>  2a+b—rc)’ .-

202+ (b+¢)* 22+ (c+a)’ 22+ (a+b)*
St dung bat dang thitc Cauchy-Schwarz ta c6
2(b+c —a)’ S 2(b + ¢ — a)’ (b+c—a)’

22+ (b+c¢)® ~ 26> +200° +2) @+ P+

Thiét lap 2 biéu thic tuong tu, sau dé cong vé theo vé, ta duge

b+tc—a)l+(cta—b>+(a+b—c)
a? + b2 + 2

LHS >

Stt dung bat dang thitc Cauchy-Schwarz, ta thay ring

(b+c—a)’ (c+a—b)2>(b+c—a—|—c+a—b)2:c2
2 2 - 2+2
(c+a—-0)° (a+b—c)® _ ,
+ >a
2 2 -
a+b—c) (b+c—a) S b2
2 2 -
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Cong vé theo vé cac bat dang thic trén, ta dugc:
(b+c—a)’+(cta—b>+(at+b—c)?>a®+0*+
T do ta co

2b+c—a)® 2c+a—0b)°  2a+b—c)’ > 1
202+ (b+¢)* 22+ (c+a)® 22+ (a+b)* "

Bai toan dugc chiing minh xong. Dang thitc xay ra khi va chi khi a = b = c.

Bai 359. Cho a,b,c la cdc s6 thuc duong théa man abe = 1. Chitng minh rang :
1 1 1 3
>

a’(b+ c) * b3(c+ a) * Ala+b) — 2

Lot giai:
1 1 1 .. o
bat x = —,y = -, 2 = — thi zyz = 1. Khi d6
a b c

2 2

2

1 1 1 ryz.x?  ayzy?  wyz.2? T 2
+ + - RV TVRE + Y =P
ad(b+c) bc+a) Ala+d) y+z 24+ r+y y+z z+x x4y
St dung bat dang thitc AM-GM, ta cé:
2 [2
x n Y+ 2z > 9 - .
Y+ z 4 4
Tuong tu cho 2 biéu thiic con lai, cong vé véi vé ta de:
P+ilTE sty
3
L p> T+yY+z S 3Yxyz :§
- 2 - 2 2
Dang thtic xay ra khi: a =b=c = 1.
Bai 360. Tim gid tri nhé nhat cia P vdix +y+2=1va x,y,2 >0
P =2(a? +y* + 2%) — dzyz — 9z + 2011
Loi gidis
Cach 1.
P =22 +y*+ 2% — doyz — 9z + 2011
> 2% + (y+ 2)° — 2(y + 2)° — 9z + 2011
=227 + (y + 2)° — 92 + 2011
=2(z —1)*+ (y+2)> = 5(z — 1) + 2004 > 2004.
Vay minP = 2004 khi x = 1;y = 2 = 0.
Cach 2.
P =2(2* +y* + 2%) — dovyz — 9z + 2011
> 2% + (y+ 2)° — z(y + 2)* — 9z 4 2011
=227 + (1 — 2)° — 9z + 2011
= —2® 4+ 52% — 120 + 2012 = f(x), (z € [0;1])
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Ta co:
fl(x) = =32+ 102 — 12 < 0, = € [0;1]

= f(z) > f(1) = 2004
Vay minP = 2004 khi x = 1;y = 2 = 0.

19 Bai 361 dén bai 380

Bai 361. Cho a,b,c la cdic so thuc duong théa man abc = 1. Chitng minh ring :
a b c
<1
cﬁ+2+iﬂ+2+c1+2—
Lot giaa:
St dung bat dang thitc AM-GM, ta c6
a b c a b c

<
a2+1+1+b2+1+1+02+1+1_2a—|—1+2b+1+2c+1

Ta sé chiing minh

a N b N c <1
20 +1 2b+1 2c+1 —

That vay sau khi quy dong va rtt gon, v6i chit ¥ abe = 1 ta c6
2(a+b+c) > 6
Bat ding thitc ding theo AM-GM, do dé bai toan chiing minh xong.
Déng thitc xay ra khi vi chi khia = b=c = 1.
Bai 362. Cho a,b,c la cdc so thuc d;mngb théccz man a29+ b2 4 ¢? = 3. Chiing minh ring :
ptetatarore

Loi giada:
Stt dung bat dang thic Cauchy-Schwarz ta cé:

2
g_i_é E>(a+b+c)
b ¢ a ab+bc+ac
Ta sé chiing minh
2
(a+b+c) S 9 3 9

= 2> ————
ab+bc+ac  a+b+c ab—irbc—ircaL+ T a+b+c

Dét a + b+ ¢ =t thi ta can ching minh

6 L y5 0
t

2 > t+3)(t—32>0
23122 & (t+3)( )" >

Bat dang thtc cudi luon ding, do dé bai toan duge chiing minh xong.

Déng thitc rakhia =b=c= 1.
Bai 363. Cho a,b,c > 0 vamin{a+ b;b+ c;c+ a} > 0 thod man a*+b*+ c* = 2(ab+ bc+ ca).

Chaing minh rang
\/ ab n \/ bc . ca_ 1
a? + b? b + 2 cc+a® = 2
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Li gidi:

Ta co6:

\/ ab  \Jab(a® + b?) - V2ab
a2+ a2+ T a2+ b
Do d6 ta chi can chiing minh:

2ab 2ab (a +b)?
Do p et 5 1o a2t

cyc cyc cyc

St dung bat dang thitc Cauchy-Schwarz ta c6

Z (a+b)? S Aa+b+c) _y 4(ab + bc +ca)
" a2 +b2 = 22+ b2+ 2 a?4+ b4z
Bai toan dugc chiing minh xong.
Déng thitc x4y ra khi va chi khi a = 0,b = ¢ va céc hoan vi.
Bai 364. Cho .,y la hai s6 thuc duong thod man dieu kien x? 4 y? = 1.

Tum gid tri nhd nhat cia biéu thic

P = (1+2?) <1+§)2+(1+y)2(l+é)2

Lot giai:
Stt dung bat dang thitc Cauchy-Schwarz va bat dang thitc AM-GM, ta c6

(1+xf(1+$)?+ﬂ+yf<1+§)2
Z[U+mﬂ<1+§)+(y+w(1+%)r
:(1+§+x+§+1+§+y+%)2

C o, 11 , 11 ?
T\Y' +5+5 )yl +5+ 3
2 2 2 2 r Yy
+=+=)+2

_ 2
2 2
Y 3/ T
x.3\3/—+y.3\/—
4 4 +<z+y)+2
xy y

2P =2

v

Y

_|_

(\]

+

[\

I

N\
(@)
—_

+

[\
N————

v

\/_
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) 2
Vay P > 17+ 12\/5, dang thic dat duge khi x =y = £

5
Bai 365. Gid st a,b,c >0 vaa?+ b* + ¢ = 1. Chiing minh rang :
1 1 1
—+-+-+a+b+tc>4/3
a b ¢

Lot giaa:
St dung bat dang thitc AM-GM ta cé:

1
l=a>+ 0>+ >3Va22c? = abe < ——
3v/3

Do d6
1,1, 13 3
+ 5

PR
a \/ abc 1

3\/5
1 1
:>2(—+—+—) 6v/3 (1)
b ¢

Mat khac cting theo AM-GM thi

1 1 1 3 3 1 5
—+—-+-+3a+3b+3c> ——+33Vab 23(, +3\/abc> > 6v/3
a b ¢ vabe v abe
1 1 1
=~ 2+~ +3a+30+3c 2 6V3 (2)

Cong vé v6i vé (1) va (2) ta c6 diéu phai ching minh.

Bai 366. Cho cdc so thuc khong am thod man x + vy + z = 1. Chiing minh ring
?+1 yP+1 22417
+ + <z
yv+1 2241 22417 2
Lot giai:
Gia st a = maz {a,b, c}. Ta sé ching minh rang
b2+1+c2+1 < b+
c
2+1 a?+1~ a?+1
That vay. bat déang thitc da trén tuong duong véi
c? - (b+c)’+(b+c) +E -1 - c? < (b + ¢)*c® + 2bc + 2¢2
a’?+1 — 2+1 a?+1— 2+1

Luon dang do a = max {a,b,c}.

Do doé:
a2—|—1+b2+1+c2+1 -
+1 2+1 a®>+17

a*+(b+c)+1

a?+1
Nhu vay ta sé ching minh:

24 (b+e)+

Bat dang thic cudi luon ding do
1>a>

Wl =

Bai toan dugc chitng minh xong. Déang thitc xdy ra khi a = 1;b = ¢ = 0.
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Bai 367. Cho a,b,c la cdc s6 thuc duong théa man a® + b* + ¢ = 1. Chitng minh rang:

2
a’y/1 —bc+ b*\/1 — ca + V1 — ab > \/;

Lot giai:
Bat ding thic can chiing minh tuong duong tuong duong :

a2 — 2bc + b*V/2 — 2ca + V2 — 2ab >

Sl

St dung bat dang thitc AM-GM ta c6

a’V2 —2bc > a®\/2 — (B2 + 2) = a*V1 + a% = Va* + a°

Tuong tu

b>\/2 = 2ca > Vb* + 1S
AV2 —2ab >Vt + ¢S

T do ta ¢o

LHS > Va*+ ab + Vbt + b5 + /¢t + b

> \/(a2 + 02+ )’ + (a® + 0+ ¢3)?

2 1 2 (B4 +3)
— /2 4= 34432 >, 24 T~ T (1
\/3+3+(a+ +c)_\/3+ 7 (1)

Mit khac theo Cauchy-Schwarz ta cé

@+ +)a+b+c) > (a®+ b+ A)

(a+b+c)<+/3(a2+ 12+ c2)

(a® + b2 + ) _ L (2)

ad+ b+ 3) >
( )2 V3(a2+ 12 + ) 3

T (1) va (2) ta co
2
a’v1 —be+ b*V1 — ca+ AV1—ab > \/;

Bai toan dugce chiing minh xong.

) 1
Dang thic x4y ra khi va chi khia=b=c= —.
g Y /3
Bai 368. Cho a,b,c > 0 thod abc = 8. Tim gid tri lén nhat cia
1 1 1

2 tbt6 21ct6  2etat6

Loi gidi:
Dit a =222, b=2y?,c =222 S ayz =1
1 1
2 22$2+y2+3

Mat khéc
P+ +3) =) [+ )+ (@ +1)+2 =) 2y +x+1)
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1

Taco: ) ——— =
Yy +x+1
That vay, dya vao tich xyz = 1 ta ¢6 :
1 1 1 Yz 1 x T
> = Tt J = + +—
ryt+oe+1 xtaoy+l y+-+1 zx+z+aoyz vtay+l azy+or+1 zy+ao+1

1 1 1

Nentaco P< - — < —
o ta co _4ny+x+1_4

. 1
Vay gia tri 16n nhat P,,,, = 1 dat dugc khia=b=c= 2.

Bai 369. Cho cdc so thuc a,b,c théa man: ab+ be+ ca = 1. Tim gid tri nhé nhat cia biéu thic

P = 40a® + 27b* + 14¢?

Lot giaa:
Theo AM-GM ta c6
16a® 4 9b* > 24ab

24a% 4+ 6¢% > 24ac
186 + 8¢% > 24be

Cong vé theo vé clia cac bat dang thitc cling chiéu ta co :
P > 24(ab+ bc + ca) = 24

Vay minP = 24.
Bai 370. Cho a,b,c la cdc so thuc duong va théa man dieu kien a® + b? + ¢ = 3.

Tum gid tri nhd nhat cia biéu thic

9 2 2 \? 2 \?
P=(3a+—— |+ |30+ + [ 3c+
b+c c+a a+b

L& gidi:

Ta co:

2 2 2 \? 2 \?
P=13a+-—— |+ |30+ + [ 3c+
b+c cta a+b
b 1 1 1
=9(a2+b2+02)+12( ° 4 +— >+4( 5+ 5+ 2)
b+c ct+a a+b (@a+0b)” (b+¢)” (c+a)

St dung béat dang thic Nesbit va bat dang thiic Cauchy-Schwarz ta cé:

4/ 1 1 1 \?
P227+12;+—< + + )

3\a+b b+c c+a
4 92
>45+ o
3 22(a+b+c)
27
> 45 + =48

3(a? + b + ¢?)
Dau bang xdy rakhia=b=c= 1.
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Bai 371. Cho a,b,c la cdc s6 thuc duong va théa man dieu kién a®> + b* + ¢ = 3.
Tum gid tri nho nhat cia biéu thic

2 3 2 3 2 3
P=(6a®>—6a+5+ + | 66> —6b+ 5+ + [ 62 —6c+ 5+
ab + ac bc + ba ca + cb

Lot giai:
St dung bat dang thitc AM-GM ta c6

6a*> — 6a + 5 + =5(a* 4 1) — 6a + a* +

ab + ac ab + ac

2 2
> da + a® + =2a+2a+ [ a®+
ab + ac ab + ac

2
> 3§’/2a.2a. (a2 + )
ab + ac

2 \° 8
= (6a% —6a+5+ > 97 (40t + 22
ab + ac b+c

Tuong tu
2 &b
6b° — 6b+ 5+ 227 4p*
bc+ba c—l—a
6% — Ge 45+ - 227 gt 4 ¢
+cb a+b

P> 108 (a* + b* + ¢*) + 216 +—
b+c c+a a+b

Tu do ta co:

2
2108(a +b3+c) +2162

= 648

Vay gia tri nhé nhét ctia biéu thic P = 648. Dat dudc khia =b=c=1
Bai 372. Cho z,y, 2 la cdc s6 thuc duong va théa man dieu kién x + 1y + z = 3zyz
Tum gid tri nhé nhat cia biéu thic:

z
—+= 4= Y

1 1 1\’ zt 4 4
P:(x y z> [(xy—i—l)(xz—l—l)+(yz+1)(y:v+1)+(2x+1)(2y+1)

Lot giaa:
Cach 1.
St dung bat dang thic AM-GM ta cé:

ps_ 9 (22 + 3% + 22)° - 27(2? + y* + 2%)
T Y222 |y y+2) F3 4 2@y + 2+ zx) | T oayz(r +y+2) + 34 2(zy + 2y + 22)

Ta sé chiing minh
27(2* + y* + 27) L2
zyz(x +y+2)+3+2(xy+ 2y +zx) — 4
S 4@ +y* +2°) > ayz(r +y+2) + 3+ 2(xy + 2y + 21)

Lai co:
2(z% + y° + 2%) > 2(xy + yz + 21)

2@ +y* +2%) > S(w+y+2)° =2xyz(z +y+2)

[GSH )
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Nén cong viéc trd vé chiing minh
vyz(r+y+2) >3

That vay dua vao diéu kién ta c6 zyz > 1 nén bat ding thiic trén ding theo AM-GM .

, 27
Dang thic xay ra khi x =y = z = 1. Vay minP = T
Cach 2.
Stt dung bat dang thic Cauchy-Schwarz va két hop gia thiét, ta cé
81 4 4 4
P> . { - + Y + - ]
(x+y+2)° [(ay+1)(ez+1)  (yz+1)(yr+1) (22+1)(zy+1)
9 4 % A
= + +
x2y?z? [(my +1)(2z+1)  (yz+1)(yr+1)  (2x+1)(2y + 1)}
22 % 2
—9 + +
Y22 (xy+ 1) (xz+ 1) 2222 (yz+ 1) (yr+1)  22y?(zx+1)(zy+1)
_g TY.TZ N Yz.Yx N 22.2
B (ay+ D) (1) B3 (yz+ 1) (yr+1) 23y (zr+1) (zy + 1)
1 1 1
bata=—,b=—,c=—
Yz 2x Ty
Tt dieu kién ta c6 a + b+ c = 3. Khi d6 P dudc viét lai 1a
3 b3 3
P=9 - + + <
(140 (1+¢) (I4+c)(14a) (1+a)(l+0D)
Ap dung AM-GM :
a’ N 1+b 1+c - 3
—-a
1+b)(1+c) 8 s —1
v lte 1+a §b
(14+¢)(1+a) 8 8 — 4
c3 N l+a 1+0b S 3
—c
(I+a)(I+b) 8 8§ — 1
T do ta co
« + b + ¢ +3+1(+b+)>3(+b+)
-+ - (a c)>—(a c
(1+b)(14+¢) (Q+c)(14+a) (Q+a)(1+b) 4 4 4
N a’ N b3 N c3 - 3
(1+b)(1+¢) (1+c¢)(14+a) (I4+a)(1+0b) — 4
27
Vay P > Z

, 2
Gia tri nho nhat cua P = I7 dat dugc khia=b=c=1.

Bai 373. Cho a,b,c la cdc so thiuc duong théa man ab + bc + ca = 3. Chiing minh ring
1 1 1 1

< —
1+ @0bt0)  1+Rcta) 1+Eath) — abe

Loi giai:
St dung bat dang thitc AM-GM ta cé:

ab+ be + ca = 3> 3Va2b?? < abe < 1

T do ta suy ra
1+ a*(b+c) > a(ab + bc + ca) = 3a

http://boxmath.vn/

204



Tuong tu 2 biéu thic con lai, ta c6 :

Z 1 < 1 . 1 ab + be + ca . 1

1+a?(b+c) — 3a 3 abc ~ abc
cyc cyc

Bai toan dugce chiing minh xong.

Déng thitc xay ra khi va chi khia = b=c = 1.
Bai 374. Cho a,b,c la cdc so thuc duong théa man a + b+ ¢ = 1. Chitng minh ring

av/14+b—c+bJl+c—a+cvl+a—0<1.

Lot giai:
St dung bat dang thiic AM-GM ta cé:

3+b—c

LI(1+b—¢) < 3

T do ta co:

a\3’/1+b—c+b\3/1+c—a+cgl+a—b§Z(a—i—ab_ac) =1

cyc

Bai toan dugc chiitng minh xong.

. 1
Dang thiic xay ra khi va chi khia=b=c= 3
Bai 375. Cho a,b,c la cic so thuc duong théa main x? + y? + 22 = 3. Chiing minh rang:
72 y? 52 ,
+ + >3
14+yz 1+zzx 1+uay
Loi gidi:
Cach 1.
Stt dung bat dang thic Cauchy-Schwarz ta cé:
2 2 2 2 2 2)2
= Y F Z(x—i—y—l—z) > 9 22§
l+yz 1+zx l1+zy = 3+zyz(z+y+2) 3+(1:y+yz+zx) 2
3

Bai toan dugce chiing minh xong.
Déng thitc xay ra khi vi chi khiz =y =2 =1

Cach 2.
Ta co 2 2 2 2 2 2
x Yy T I I e Yy zx 2 xy
1+yz+1+zx+1+xy_x Tyt <1—|—yz 1—|—zx+1+xy)
1
>3- 1 (2®(1+y2) + y* (1 + 22) + 2°(1 + zy))
9 1
Zz—ﬁ(xy—kyz—l—zx)Q
9 L s 2 22
zz—ﬁ(a: + 9y’ + 2°)
3
=5

Bai toan dugce chiing minh xong.
Déng thiic xay ra khi va chi khiz =y = 2 = 1.
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Bai 376. Cho a,b,c la cdc so thuc duong théa man ab + bc + ca = 1. Tim gid tri nhé nhat cia
P = a?+ 2b* + 5¢2

Lo gidi:
St dung bat dang thic AM-GM ta c6

2 3
P=Zad*+

1 1
3 §b2 + §b2 +2¢% + 3¢ + gaZ > 2(ab + be + ca) = 2.

. 3 2 1

Dang thtc xay ra khi va chi khi (a;b;¢c) = : : )
8 Y ( ) (\/11 V11 \/11>

Vay minP = 2.

Bai 377. Cho a,b,c la cdc s6 thuc duong théa a® + b* + ¢ < abc. Tim gid tri l6n nhat ciua
T a N b n c
“Ve6az+9 " Verto9 662 + 9
Lot gida:

St dung bat dang thitc AM-GM ta cé:

a 3 a 3 1 3 2 5
T2 <3 < = == < = Z4 2
Y i i e w5t

1+1+1:ab+bc+ca§a2+62+02 <
a b ¢ abe abe

T do6 ta suy ra T' < \/é

Déang thitc xay ra khi vi chi khi a = b= ¢ = /3.
Bai 378. Cho a,b,c la cic so duong thoa man: a + b+ ¢ = 1 Chiing minh rang:

1 1
+ + >3
va+3b Vb+3c Je+3a

Lot giai:
St dung bat dang thic AM-GM ta cé:

a+3b+1+1> 5

5 > +a+3b

T do ta suy ra
1 3

>
VvVa+3b  a+3b+2

Chting minh tuong ti v6i 2 hang t1t con lai, sau d6 cong vé theo vé, ta c6

1 1 1 1 1 1
+ + > 3 + +
vVa+3b Vb+3c Ve+3a <a—|—3()+2 b+ 3c+2 c—|—3a+2>

Dén day, stt dung bat dang thitc Cauchy-Schwarz ta c6

1 1 1 27
3 > =3
<a+3b+2+b+30+2+c+3a+2> “4(a+b+c)+6

Nhu vay
1 1 1 -

+ +
Va+3b Yb+3c e+3a T
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Bai toan dugce chiitng minh xong.
) 1
Déang thiic xay ra khi va chi khia=b=c= e
Bai 379. Cho z,vy, z la cic s6 thuc duong théa man x + vy + z = 1. Chitng minh rdng:

Ty Yz 2T 3
+ + <2
Y+ 2 Yz +x zr+y 2
Lo giaa:

St dung gia thiét « +y + 2z = 1 va bat déng thitc AM-GM ta co:

LHS = it + vz + =
ry+z(z+y+2) yz+a(r+y+2) zr+y(r+y+2)
Ty Yz ZT
+ +
\/(Z+17)(y+2) \/(I+y)(2+$) \/ +2) l’+y)

T Y 1 Y 1
+ + = =
z+x y+=z 2 x+y z+x 2 y+z x4+
T z z
+ + Y + + Y + -
24+ z+4z y+z y-+=z r+y xT+vy

Bai toan dugc chiing minh xong.

IN

N W N~ N =

. 1
Dang thiic xay ra khi va chi khi x =y =2 = 3

Bai 380. Cho a,b,c la cdc s6 thiuc duong va théa man a + b+ c = 3.

\/ ab +\/ be n ca <£
2a% + 3b%2 + 7 202 +3c2 + 7 22 +3a2+7 7 2

Loi gidi:
St dung bat dang thic AM-GM ta cé:
ab _ ab < ab < ab (i N 1 )
202 +302+7  2a@®+1)+3(0*+1)+2 " da+6b+2 7 4 \6b 4da+2

Dén day, sit dung bat ding thic Cauchy-Schwarz ta co:

ab <ab 1+ 1 _a+1 ab <a+1ab 1+1+1_a+b+ab
da+6b+2 = 4 \6b 4a+2) 24 8a+a+1"24 8§ N

T do ta co
ab < 4 . b n ab
202 +302+7 — 24 36 72
Tiép tuc st dung bat déng thic Cauchy-Schwarz va két hop danh gia trén, ta cé
ab bc ca )

LHS* <3
= (2a2+3b2—|—7+262+3c2+7+2c2—|—3a2+7

<3|:(i+£_|_a_b)+(£+£+@)+(i+i+%>}
- 24 36 72 24 36 T2 24 36 T2
3(a—|—b+c+a—|—b+c ab+bc—|—ca>

24 36

e~ |

Nhu vay

ab be \/_
\/2a2+3b2+7+\/262+362+7+ ey
Bai toan dugce chiing minh xong.
Déng thitc xay ra khi va chi khia =b=c = 1.
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20 Bai 381 dén bai 400

Bai 381. Cho a,b,c la cdc so thuc duong théa man a® + b + ¢ = 3. Chiing minh rdng:

Ve Ve Ve =
a2+b+c+ b2—|—c+a+ 02+a+b_

Loi gidi:
Cach 1.
St dung bat dang thitc Cauchy-Schwarz ta c6

(> +b+c)(L+b+c) > (a+b+c)
2

2
< 1
a2+b+c (a—l—b—l—c) (1+b+0)

/ [a(1+b+c)

a2+b+c a+b+c a+b+c

[ a? [ a [a(1+0b+c)

— < . 1
:>Z a2+b—|—c_2 a+b+c a+b+c (1)

Tiép tuc st dung bat ding thic Cauchy—Schwarz ta co:
Z [a(1+b+c) a Za(l—l—b—l—c)

a+b+c a+b+c a+b—|—c a+b+c
1 hs 2 (ab + bc + ca) < 2a+b+c)

a+b+c 3(a+b+c)

2 2
=1+§(a+b+0)§1+§\/3(a2+b2+02):3

Z a /a(l—l—b+c)<
a+b+c a+b+c ~

Két hop (1) va (2) ta duge

o gl el i
- <
a2~|—b+c+ b?%—c%—abjL c+a+b—

Bai toan dugce chiing minh xong.

T do ta co

Diang thitc xay ra khi va chi khia =b=c=1.
Cach 2.
Stt dung bat dang thitc Cauchy-Schwarz ta c6

eat+b+tc< 3@+ +c2)=3=a>+0+c
e(1+b+c)(a®>+b+c)>(a+b+c)

Tu do ta co
a b c a(l+b+c)+b(l+c+a)+c(l+a+b)
+ + < 3
a?+b+c V+ct+a A+a+b (a+b+c)
_a+b+c+2ab+ 2bc+ 2ca
(a+b+c)
a? +b* + ¢ + 2ab + 2bc + 2ca
(a+b+c)

<
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Mat khéc, cling theo bat ding thic Cauchy-Schwarz thi

2
a b c
- - baf— - -
(ﬁ\/a2+b+c+\/_\/62—l—c—l—a+\/z c2+a+b>
a b c

S(a+b+c)< <3

a2+b+c+b2+c+a+02~l—a+b) -

Can bac 2 hai vé ta c6 diéu phai chitng minh.
Déng thitc xay ra khi v chi khia =b=c = 1.
Bai 382. Cho a,b,c la cdc s6 thuc duong va théa man a + b+ c = 3.

1 3
2 < + + ) </ —
V3a2+402+5 V32 +4c2+5 3c2+4a2+5 abe

Lot giai:
Bét déng thic can ching minh tuong duong

\/ abc n \/ abce n \/ abc < V3
3a? + 4b% +5 302 +4c2+5 3c2+4a?+5 — 2

St dung bat dang thic AM-GM ta c6

abc B abc < abe
302+ 402 +5 a2+ b2+2a2+2+3b2+3 ~ 2ab+ 4a + 6b

Mit khéc, theo bat déng thic Cauchy-Schwarz ta co

abe <abc 1 +1 <abc 1+1+1 +ac_c+abc+ac
2ab+4a+6b — 8 \ab+2 3b) ~ 89 \ab 24 72 36 24

T do ta suy ra
abe c abc  ac

3 P15 T2 36
Thiét lap 2 biéu thic tuong tu, sau dé cong vé theo vé, ta duge

abc n abe n abe
3a2 +4b2+5 32 +4c2+5  3c2+4a?+5

J(c  abe ac\  (a ab b\ (b abe b
—\T72 36 24 72 36 24 72 36 24

Stt dung bat dang thiic Cauchy-Schwarz ta cé

LHS <3 ( abe abc abe )

3a2+462+5+3b2—|—4c2+5+302+4a2+5

3 c+abc+ac n a+abc+ba n b+abc+bc
72 36 24 72 36 24 72 36 24

a+b+c 3abe ab+be+ ca 3
+ + <

IN

3 72 36 24 4

Nhu vay

\/ abe . \/ abe . \/ abe < V3
3a2 +4b%2 +5 302 +4c2 +5 3c2+4a2+5~ 2

Bai toan dugce chiing minh xong.
Déng thitc xay ra khi va chi khia =b=c = 1.
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Bai 383. Cho a,b,c la cdc s6 thuc duong théa man a® + b* + ¢ = 3. Chitng minh rang

a n b n c_ S 3 b
—abc
14bc 14+ca 1+ab ™ 2
Loi gidi:
Cach 1.
Bét déng thic can ching minh tuong duong véi
1 n 1 + 1 S 3
ab (1+ab)  be(1+bc) ca(l1+4+ca) ~ 2

Dé ¥ ring ta c6 phan tich sau:

1 _ 5—3ab (ab—1)*(3ab+4)

d(l+ab) 4 dab(1+ab)

Thiét lap duong tu doi véi be va ca ta co:

1 5-3bc  (bc—1)*(3bc+4)
be(l1+bc) 4 4bc(1 4+ be)

1 _ 5—3ca  (ca— 1)*(3ca + 4)
ca(l+ca) 4 dea(l + ca)

Cong vé v6i vé cac bat dang thiic trén, ta duge

ab—1)*(3ab + 4
Z( ) ( )

* dab(1 + ab)

1 15 — 3(ab + be + ca) (ab—1)*(3ab+4) _ 3
_ > —
Z ab( * Z 2

1+ab) 4 4ab(1 + ab)

cyc cyclic

3
> 2
; -2
cyclic
Bai toan dugce chiing minh xong.
Déng thitc xay ra khi vi chi khia =b=c = 1.
Cach 2.
St dung bat dang thitc Cauchy-Schwarz ta c6

e(a+b+c)’<3(a>+0°+c%) =9
o (ab+be+ ca)® < (a2—|—b2+c2)2:9

Mait khéc, ciing theo bat dang thitc Cauchy-Schwarz thi

a_ b L (a+b+c) _ (a+0b+c)’

14+bc 14ca 14ab ™ a+b+c+3abc  (a+b+c)’+3abe(a+b+c)
(a+b+c)?

(a+b+c)* + (ab+ be + ca)?

(a+b+c)’

o

v

IV

abe.

Vv
DO o

Bai toan dugc chiing minh xong.
Déang thtic xay ra khi va chi khia =b = c = 1.
Bai 384. Cho a,b,c la cdc s6 thuc duong théa man a + b+ ¢ = 3.
vaz—ab+b V2 —bc+c2 V2 —ca+ a?
a2+b2 b2+02 02+6L2

[\CR V]
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Lot giaa:
Stt dung bat dang thic Cauchy-Schwarz ta c6

(a+b)Va2 +b> —ab=+/(a+b)(a3+b3)>a>+V?

T do ta suy ra
Vva? —ab+ b? - 1

a? + b? “a+b

Thiét lap tuong ti, ta c6

Vb?% —be + c? S 1

b2 + 2 “b+c
V2 —ca+ a? < 1
2 +a? T c+a

Cong vé v6i vé cac bat dang thiic trén, ta co:

Va2 —ab+ b VB2 —bc+ 2 2 —ca+ a? 1 1 1 9 3
+ + > +— 4 > =2
a® + b? b + 2 2 +a? ~a+b b+c c+a 2a+b+c) 2

Bai toan dugce chiing minh xong.
Diang thiic xay ra khi va chi khia=b=c=1.
Bai 385. Cho cdc s6 thiuc duong x,vy, z. Chiing minh rdng

T 2
(z+y+2) (;+g+;) > 3/3(22 + y2 + 22)

Lot giai:
St dung bat dang thitc Cauchy-Schwarz ta c6
x z
(E4242) Gyt yst o) 2 oyt o)
y z x
Mit khac, theo AM-GM ta co:

3(zy 4+ yz + 22)/3(22 + Y2 + 22) = \/27(1'2 + 2 + 22)(xy 4+ yz + 22)°

< \/(x2+y2+z2—|—2xy—|—2yz—|—2zx)3
=(x+y+2)]°

Nhan vé v6i vé hai bat dang trén ta cé

x z
(x+y+2) (_+y+_> > 3/3(22 + y2 + 22)
y z x
Bai toan dugce chiing minh xong.
Ding thitc xay ra khi z =y = 2.
Bai 386. Cho z,y,z la cdc so thiuc duong théa man 13x + 5y + 12z = 9. Tim gid tri l6n nhat

cua:

T 3yz 6zx
T=—Y 4 W
2v+y  2y+z 224z

Loi giada:
St dung bat dang thic Cauchy-Schwarz ta c6
2x +y _ 1 1 1 S 9

1Y y y v ytytw

http://boxmath.vn/ 211



T do suy ra

Ty <2y+x

2e+y — 9
Tuong tu ta co:
3Yz 2y + z
<

20+z2z— 3
6zx <4x+22
2z2+x 3

Cong vé v6i vé ba bat dang thic trén ta co

T < 13z + 5y + 12z _ 1

9

Vay gia tri 16n nhat ctia T 1a 1.
Bai 387. Cho cdc so duong a,b,c thod man abc = 1. Ching minh ring
b
va_ | Vb Ve oy
2+0vVa  2+4¢eV/b 2+ ay/c

Lo gidis

Vi abc = 1 nén ta c6 thé dat /a = z,\/l_): g,\/E: il
Y z

St dung bat dang thitc Cauchy-Schwarz ta cé:

22_'_()\/— Z _ Z (xz) - (xy +yz + zx)

Lo 2wy 4 (y)” T (2y)” + (y2)” + (22)” 4 2zyz(e + y + 2)

|@ Q@IH
M

x
y
Bai toan dugc chiing minh xong.
Déng thitc xay ra khi vi chi khia = b=c = 1.

Bai 388. Cho a,b,c la s6 thuc duong théa man a + b+ ¢ = abe. Chiing minh ring

be n ca n ab Z3\/3
a(l4+bc) b(l+ca) c(1+ab) 4

Lot giai:
1 1 1
bata=—-,0=—-,c= - thl gia thiét duge viét lai 1a: xy + yz + 2z = 1.
x y
Dé thay v +y + 2 > \/3 (zy +yz + 22) = /3.

Stt dung bat dang thitc Cauchy-Schwarz ta c6

T Y (x4+y+2)° B (z+y+2)°
yz+1 ze+1 ay+1 " Bayz+r+y+z 3uyzle4y+2) + (@ +y+2)°
- (¢ +y+2)° _(aty+e)

(@y+yz+za) +(@+y+2)° 1+@+y+2)
(r4+y+2—V3) Az +y+2)’+V3a+y+2)°+3) 3v3
= - +
414 (x+y+2)7) 4

> —3\/5.
- 4

Bai toan dugc chiing minh xong.
Déng thtic xay ra khi va chi khi a = b = ¢ = V/3.
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Bai 389. Cho x,vy, z la cdc s6 thuc duong thod man xy + yz + zx = 3zyz. Chitng minh rang:
5 2 )

Y
>1
xy? + 222 * za? 4 222 * yz2 + 29>

Lot giaa:
bat x = é,y = %,z = % thi gid thiét duge viét laila a+b+c =3
Khi do6 ta co:

2 22 2 a2 b2 2
2 2 T2 3 T2 - + +
xy? + 222 za? 4222 y22 422 a+202  b+2¢2  c+2d?
2ab? 2bc? 2ca’
—a+b+c—
arbre (a+2b2+b+202+c+2a2)

2
Za—i-b—i—c—g (\R’/aQbQ—i—\?/ch?—i-\s/cQa?)

St dung bat dang thitc AM-GM ta c6

VP = Vabap1 < B tab+l

Tuong tu

W< bC+bC+1
- 3

W< CG+CCL+1
- 3

Tu do ta co

2 2
a+b+c—§<€/a2b2+\?/b202+\9702a2> 2a+b+c—§(2ab—|—2bc+2ca+3)21

Bai toan dugc chiing minh xong.
Diéng thitc xay ra khi va chi khiz =y = 2 = 1.
Bai 390. Cho a,b,c € [—1;4] théa a + 2b+ 3¢ < 4. Chiing minh rdng
a? + 2b% + 3¢* < 36

Loi gidi:
Via,b,c € [—1;4] nén ta c6
(a+1)(a—4)<0&a®><3a+4
2(b+1)(b—4) <0« 20> < 6b+8
3c+1)(c—4)<0e 32 <9c+12

T do suy ra
a® + 20> 4+ 3¢® < 3(a+2b+ 3c) + 24 < 36

Bai toan dugce chiing minh xong.
Déng thitc xay ra khi vi chi khi a = c= —1,b = 4.

‘ 1 I 1 .
Bai 391. Cho x,y, 2 la cac so thuc duong thoa man x + vy + z > — + — + —. Ching minh rang:
x

Yy oz
3 2
r+y+z2> +
rt+y+z Yz
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Lo gidi:
Theo gia thiét va sit dung bat ding thic quen thudc a? + b* + ¢ > ab + be + ca ta c6

1 1 1\2 1 1 1 T4yt 2
(:c+y+z)22(5+—+—) z3<—+—+—)= Iryre

y oz Yy Yz @ Zx TYz

Tu do ta co
—(x+ —|—z)>i
3 4 T ayz

Nhu vay, ta cé

+y+ 1(++)+2(++)>11+1+1+2(++)> k +2
x z2=—-(x 2)+ - (x 2)>2-—-—+-4+- —(x z
4 3 Y 3 Y “3\r y =z 3 4 T r+yt+z wyz

Bai toan dugce chiing minh xong.
Déng thiic xay ra khi va chi khiz =y = 2 = 1.
Bai 392. Cho a,b,c la do dai 3 canh cia tam giac. Chiing minh :

1 1 2 c
<2
a(3a+b+3a+c+2a+b+c) +3a+c+3a+b

Lot giaa:
Nhanxét:Néux,y,z>0,x<ythiz<I+Z
Yy y+z
Do do
1 n 1 N 2 n b n c a+c+a+b+ 2a
a —
3a+b 3a+c 2a+b+c 3a+¢ 3a+b 3a+b 3a+c¢c 2a+b+c
- 2a + 2b n 2a + 2¢ n 4a
da+b+c 4da+b+c 4da+b+c
= 2.

Bai toan dugce chiing minh xong.
Bai 393. Cho z,y > 0 théa man: x +y = 2. Chitng minh ring
222 (22 +y?) < 2

V4
x3y3(:c3 + y3) <9

Loi giadi:
St dung bat dang thitc AM-GM ta c6

(x+y)° (2ay+ a2 +4°)°

1
—. . =2
4 2 4

1
o Z.2xy.2:cy(:c2 +9?) <

:)sy+$y+:vy~l—x2—xy+y2>4_2
: -

o %3 (2% + ) = 2wy ay.ay(2® — zy + 7)) < 2(

Déang thtic xay ra khi va chi khi v =y = 1.
Bai 394. Cho a,b,c la ba s6 thuc duong. Ching minh ring
(a+2)(b+2) (Bb+2)(c+2) (¢+2)(a+2)

b+1)(b+5) (c+1)(c+5) (a+1)(a+5)

>

=~ ©

Lot giada:
Ta c6 bat dang thitc luon ding sau:
(b+2) S 3

S A2 +16b+16 > 302 +18b+ 15 < (b—1)* >0
b+ (b+5) ~ 4(b+2) F16b+16 2 30"+ 18h + 15 & (b= 1) 2
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T do ta suy ra

Tuong tu
b+2)(c+2

b+2)(c+2) 3

(c+1)(c+5) ~ 4(c+2)
(c+2)(a+2) S 3(c+2)
(@a+1)(a+5) ~ 4(a+2)

Cong vé v6i vé cac bat déng thic trén, va stt dung bat dang thitc AM-GM cho 3 s6, ta dugc:

(b+2)

v

(a+2)(b+2) N (b+2)(c+2) N (c+2)(a+2) - 3[(a+2) N (b+2) N (c+2) - 9
b+1)(b+5) (c+1)(c+5b) (a+1)(a+b) 4| (b+2) (c+2) (a+2)] 4
Bat dang thic duge ching minh.
Déng thitc xay ra khi vi chi khia =b=c=1
Bai 395. Cho a,b,c la cic so thuc duong. Ching minh rang:
1 1 1 3
>
c(1+0) b1t c(lta)~ 1+abe
Lot giaa:
Dita =k b=kZ c=kZ v6i k>0
Y z x
Stt dung bat dang thitc Cauchy-Schwarz ta c6
ps=Y L -y Ly vy aj
-~ a(l+0) - k2(1+ k) - kxz + kxy -~ kaib, + k?aic
(a1 + bl -+ 61)2 3

> >
- (kQ + k)(albl + bic; + clal) ~ k24 k
v6i a; = yz; by = zz;¢; = xy. Nhu vay ta can chiing minh
B4A1>E 4k (E-D*k+1)>0

Bat ding thtc cudi luon ding, bai toan duge ching minh xong.
Déng thitc xay ra khi va chi khi a = b = c.

Bai 396. Cho a,b,c la cdc so thiuc duong théa man abc = 1.
(a®>+8)(* +8)(*+8) < (a+b+c)

Lot giai:
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St dung bat dang thic AM-GM ta c6

(a*>+8) (b* +8) (> +8)  (a®+ 8abc) (b* 4 8abe) (¢* + 8abe)
(a+b+c)° B (a+0b+c)°
(a 4+ 8bc) (b + 8ca) (¢ + 8ab)
B (a+b+c)°
[a+ b+ c+ 8 (ab+ be+ ca)]’
27(a+b+c)°

3
27(a+b+¢c)°

1 L8 ’
S 2T\a+b+c 3
1

(s +5)
27\ 3v/ab
=1.

3
[a+b+c+§(a+b+c)2]

IN

IN

Do do6
(a®> +8)(b* +8)(c*+8) < (a+b+c)°
Bai toan dugce chiing minh xong.

Déng thitc xay ra khi v chi khia =b=c = 1.
Bai 397. Cho a,b,c la cdc so thuc duong théa man a + b+ ¢ = 1. Chiing minh rang:

a+ vab+ Vabe < =

Lo gidi:
St dung bat dang thic AM-GM ta c6

e Vab=2 b< +b

+b+4c
o Vab —1/ b(4c) §

a+Vab+ 3abc§@—§

Tu do ta co

Bai toan dugce chiing minh xong.
16 4 1
Diang thi khi hi khia=—,b= —,c= —.
ang thiic x4y ra khi va chi khi a = 57 51 ¢ = 91
Bai 398. Cho z,y, 2 la nhiing s6 duong théa méin x +y + z > 6.
23 % 53

+ +
yt+z x+z x4y

>6

Loi giada:
Cach 1.
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St dung bat dang thic AM-GM ta c6

3 3 2 3

z @ +(y+z) S 3.
y+z2z y+=z 8 2

3 3 2

Y n Y (z + =) Z§y2
z4+x z+zx 8 2

3 3 2 3
r+y z+y 8 2

Cong vé v6i vé cac bat déng thic trén, ta co

a’ Y 2 Ly 2 2
2 + + +—- (" +y + 2 tay+yz+z2x) >
(y+z z+w :L'—l—y) 4( Y vy )_

DO | o

(x2 + y2 + 22)

o9 3 N y3 N 23 >5(2+ 2, 2) 1( n n )
—(x 7)) — - (x z+zx
y+z z4+zr x4+y) 4 4 4 gy

Mat khac, ta c6

5 1 )
—($2+y2+z2)—1(xy+yz+zx)ZE

1 1
. (r+y+2) = Slety+a) =@yt >12

Do do . ; .
T Y z _

+ z
y+z xT+z T+vy

Bai toan dugce chiing minh xong.

Déng thiic xay ra khi va chi khiz =y = 2 = 1.
Cach 2.

St dung bat dang thitc Cauchy-Schwarz ta cé:

4 4 4 2 2 22 2 2 2 2
x Yy 2 S (x* 4+ y* + 2%) STy 2 >(x—|—y+z)

+ +
zy+z) yle+a) zz+y) " 20@ytyz+zr) 2 - 6

=6

Do dé 5 5 5
x Y z _,

+ + 2
y+z xT+z xT+VY

Bai toan dugc chiing minh xong.
Dang thitc xay ra khi va chi khi z =y = 2 = 1.
Bai 399. Cho a,b,c la cdc so thuc khong am théa man a + b+ c = 3. Tim gid tri l6n nhat cia:
P = (a®—ab+ b*)(b* — be + *)(? — ca + a?)

Lot giai:
Gié stt a = min{a,b,c}. Tac6b+c=3—-¢c <3
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St dung bat dang thic AM-GM ta cé:

= (a(a —b) +b*) (> —bc+ ) (ala — ¢) + &)
< b*(b* — be + )c?
43 3 ,
—§§bc “be(b* — be + )
3 3 3
A —bc—|— bc—i—(b — be + ¢?)
< -.
-9 3
- 2 3
4 (b+c)
93
<12

Diang thitc xay ra khi a = 0,b = 2,¢ = 1 va cac hoan vi.
Vay gi tri 16n nhat ctia P 13 12.
Bai 400. Chitng minh rang vdi moi a,b,c khong am ta cé:

[ab + bc + ca < i,/(cH—b) (b+c¢)(c+a)
3 - 8
Lot giai:

St dung bat dang thitc AM-GM ta thu dugc

abe = Vabe.Va2b? < a-i-;)—l—c.ab—i—b?)c-kca _ (ab+bc+cg)(a+b+0)

Ma theo 1 hiing dédng thic quen biét thi
(ab+bc+ca)(a+b+c)=(a+b)(b+c)(c+a)+ abe

Do doé ta ¢6
8

§(ab+ be+ca)(a+b+c) < (a+b)(b+c)(c+a)

Mat khéac, sit dung bat ding thic AM-GM ta c6

3/ (a+b)(b+c)(c+a)<(a+b)+(b+c)+(cta)=2(a+b+c)

T do6 suy ra

oo

(a+b)(b+c)c+a)>=(ab+bc+ca)(a+b+c) > (ab—H)c—i-ca).;{’/(a+b)(b+c)(c+a)

[ab + bc + ca < i/(a—i—b)(b—i—c)(c—l—a)
3 - 8

Bai toan dugc chiing minh xong.

Ne)
Nejiee

hay tuong duong

Dang thitc xay ra khi va chi khi a = b = c.
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