Chuong 1

Ham sinh so Bernoulli

1.1 Chuéi liiy thira hinh thic
Cho R 12 mot mién nguyén giao hoén vé6i don vi (bing 1) ta c6 tong

o0
Zant”:ao—|—a1t+a2t2+a3t3+...

n=0

v6i 4n t va hé sb trong R dudc goi 1a mot chudi Iy thita hinh thic véi hé s trong
R, va tap hop clia tht ca cdc chubi liiy thita hinh thifc nhu vay dudc ky hiéu 1a R[[¢]].
Hai chudi lily thira hinh thifc dugc x4c dinh 1a bang nhau khi va chi khi tt ca cac
hé sb ctia ¢ bang nhau. Vi du dién hinh d6 sé& xuit hién trong phan nay 1a: (ta liy

R=Q)

o0

tn t % 3
el=Y —=14+—4+—+—+..
;n! 11 2! 3!
va: .
tn 2 13
log(t +1)= —)l = —
g );:o( =t

Day 1a chudi Taylor mS rong cac ham e* va log(1+x) quanh x =0, ta coi day
nhu chudi liy thita hinh thiic. Ta st dung cac ky hiéu e* va log(1+x), V& phéi la

chudi Iy thira hinh thic va sé khong coi chiing nhu cdc ham 4n ¢. Phép toan tong
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va tich hai chudi Iy thira hinh thuc 1a:

0,0] o0 o0
Zant" +ant” :Z(“" +b,)t"
n=0 n=0 n=0
o0 o0 x o0
(Za,,tn) . (antn) S entmen=S b
n=0 n=0 n=0 n=0

Va phép nhan phan phdi phép cong:
(ag+at+ast®+ast>+..).(bo+bit +bat?+bst>+..)

=aobo+(aoby +a1by)t +(aob, + a1by + azbo)tz +...

Dé thay R[[t]] 12 mdt vanh giao hodn c6 don vi. phan ti 0 va don vi ctia cac chudi
luy thua hinh thuc la:
0+0.t+0.£24+0.£3+....

va

140.40.£240.£3+....

Va ciing dudc ky hiéu don gian 1an lugt 12 0 va 1. Tap cac chudi liy thira hinh thic
c6 tit ca c6 hé s6 12 0, ngoai trit cac hang sb dudc xdc dinh mot cach tu nhién trong
R. Hon nita, Xét mot da thiic P(¢) véi hé sb trong R nhu 1a mot chudi liiy thita hinh
thic trong d6 c6 hé sb a, bang 0 khi 7 16n hon bac ctia P(t), khi d6 ta c6 thé xem
x€t R[t] nhu mdt vanh con cua R[[t]]. Cac dinh nghia phép toan trong R[[¢]] 1a

nhiing khai quat ty nhién cua da thuc.

Vi gia st R 1a mot mién nguyén thi R[[¢]] ciing 12 mot mién nguyén.
Cu thé, ta c6
Ménh dé 1.1.1 Vanh R[[t]] khong co wdc ciia khong. Cu thé, néu A#0va A.B =
AC suy ra A(B— C)=0(A, B, C thudc R[[t]]) thi B=C.

Chitng minh: Cho A=ag+at+at>+ast3+...va B=by+b1t+byt?>+bzt3+....
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1a c4c phan tit khac khong goi ay, b; 1a hé s6 khac khong dau tién khi d6 hé s6 ¢y

cia t5*+! trong A.B 1a: ¢+ c1t + cot? +cst3 +... 1a:
Ck+1 = aobrri+a1bryi1+...+arh;+arri—1b1+arybo=arb,

Vi R 1a mién nguyén nén cyy; = aib; khic khong suy ra A.B #0.

) A )
NeuA.B=0suyraA(B—-C)=0& do vayneu A#0thi B=C
B=C

Ménh dé 1.1.2 Mot chudi liy thita hinh thitc Y. a,t™ la khd nghich trong R[[t]]
n=0
néu va chi néu hé sé tu do ay khd nghich (ay#0).

Chirng minh: i) Gia st chudi f(¢) khéa nghich, khi d6 ¢6 chudi g(¢)= ). b,t" €
n=0
R[[t]] sao cho f(t)g(t)=1. Tu do suy ra apby =1 hay ay #0.
Cl()b() =1

i1) Negudc lai, gid st ag #0, taco: f(t)g(t)=1 < n
) Ngugc lai, g 07 f(t)g(r) S an by =0;¥n=1,2,..

j=0
Tu Clobo =1co b() = 6161. Tu a0b1 +6llb0 =0 co: bl = (—albo).aal. aobz +

Cllbl +612b0 =0 suy ra bg = —(alb1+dgbo).dal = d%bodalaal — agaal.aal.
Tuong tu nhu vay, ta xac dinh dugc bs, by, ..., by, .....

o0
Tiic 1a tim dugc chudi g(t)= Y. b,t" € R[[t]] sao cho f(t)g(r)=1.

n=0
(0.9] (0.¢]
Dao ham hinh thic cta chudi f(t)= D a,t"1a f'(t)= D na,t" .
n=0 n=1
2,0 N N A N . . < R « X 2 X - S f(n)(o) n
V6i mot ham bét ky xdc dinh tai ¢ =0, ta bi€u dién n6 qua chubi f(1)= > = t".
n=0 .

Ta ky hiéu A(0) 1a hé sb tu do ctia chudi A(t). Nhu da dé cap trude d6 ta khong
thé thay ¢ bdi mot gia tri dic biét nao, du viy thay ¢ bang 0 thi dudc va ta st dung
ky hiéu dac biét nay trong truong hop nay.
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Tiép theo, ta chi ra ring ta c6 thé dinh nghia mot téng vd han cic phan ti cla
n
R[[¢]] trong mot diéu kién nhat dinh. Cho {A (1)}, A(t) = > a(l.k)ti la mot ho
i=0
vO han cta chuoi liy thira hinh thiic. Gia st cdc chudi nay thoa man diéu kién

V6i mdi i, chi ton tai hitu han k sao cho a(l.k) #0
Noi cach khéc, néu ta viét Ax(t) = a(,,kk)t”k + (s6 hang bac cao hon) (a(nkk #0) ta co

n — 00 khi k — oo. Khi do6 ta dinh nghia

xX
A1+A2+A3—|—...:Zaiti
i=0

o0
a :Za(ik)
k=1

Tém lai, ta 1ay tong cac hé sb trong cing mot bac cung diéu kién trén thi mdi tdng

12 mot tong hitu han

Trong trudng hdp dic biét, ta dit dudc chudi liy thita hinh thic véi hé sb hiang
(0.¢] o
bi khuyét vao mot chudi khac. Cu thé néu A(¢) = Y. a,t” va B(t) = > b,t"

(B(0)= by =0), khi do6 ta c6 cong thuc:
AB(1)= ) _ai(B(1))
i=0

Vi tit by =0, da thifc a;(B(¢))’ it nhit bit ddu tir 6 hang bac i, ta cé ho {a;(B(1))'}_
théa man diéu kién trén.

Mot vi du kha dé hiéu:

el =1ttt
_ r t2 3
T
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va
—t)?> (-1)3
log(l—t)zlog(1+(—t)):—t—( 2) +( 3 T
t2 3
=—f—————
2 3
két qua:
elog(1+t):1+t
va

log(1+(e"—1)=t
c6 thé coi két qua thu dudc 12 hgp ctia mot chudi nay vao mot chudi khac Ta ciing
c6 thé tinh chudi nghich ddo véi s6 hang 1 bang cach nay.
Pau tién ta thiy 1 — ¢ 1a nghich ddo ctia 1+t + 2+ 13+ ...

1
— =+
1—t

Ta c6 thé biét diéu nay bang cach tinh tich (1—¢)(14+¢+124+13+...). Cho 1+ B(¢) 1a
chudi véi hé s6 hing 13 1. Khi d6 B(t) 1a mot chudi khong c6 hé s6 hing (B(0) = 0),
Va do vay nghich ddo cta B(t) c6 thé tinh theo:

1 1

= = — _ 2
7B 1-By | TBEF BN

Vi du: ta tinh cdc s6 bernoulli dau tién sit dung ham sinh s6 Bernoulli (sé& dudc

trinh bay dudi day.)

Meénh dé 1.1.3 Cho mét chudi I thita hinh thicc A(t) = ao+ a1t + ast?+... khi dé

ton tai mot chudi B(t) sao cho
B(0)=0,A(B(t))=t

néu va chi néu ay =0 va a, khd nghich. Trong truong hop nay B(t) la duy nhdt

va ta cé B(A(t)) = t. Noi cdch khdc A(t) va B(t) la nghich ddo cua nhau vdi moi
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thanh phan.

Chitng minh: Néu ton tai B(t)=bo+b;t+b,t2+... va théa min A((Bt)) =t bing
cach so sanh s6 hang tu do va sd hang bac 1, tacé ag=0 va a,b; =1 diéu nay cho
thiy diéu kién dugc thda man.

Ngudc lai, gia st A(¢) thdoa man ao =0 va a; kha nghich. Ta s€ chiing minh cac
hé s ctia B(t)=Dbo+ byt + bot2+ ... thda man A(B(t))= 1. Pau tién ta thiy hé sd
clia t 12 a;b; = 1. vi a; 1a kha nghich, ta dit b; = a;'. Cho n > 2, thi hé sb cia ¢

trong A(B(t)) bang hé s ctia ¢" trong
a\(B(1))+ aa(B(1))* +as(B(t))’ +...+an(B(1))"

vi khong c6 s6 hang t" va sau d6 1a B(t)=0. Piéu nay c6 thé viét la:

ab,+ (da thic trong ay, as, ..., an, by, b2, bs,...,by_1) néu by, by, bs, ..., b, da xac
dinh khi d6 ta c6 b, duy nhit tir cong thic trén 1a biang 0 va a, 1a kha nghich.
Piéu nay ching td rang chac chan ton tai duy nhat B(t). vfa B(t) thu dudc thda man
B(0)=0, va b, 1a kha nghich. Dop viy ta thiy ring c6 mdt C(t) (C(0)=0) sao cho

B(C(t))=t
va ta thay C(t) cho t trong biéu thuc t = A(B(t)), va ta ¢6 B(C(t))=t ta dugc
C(r)=A(B(C(1))= A1)

do vay ta co

B(A(t))=t
Cong thiic ta dé cap dén trudc do

elog(l—i—t) — 1=t




Ham sinh s6 Bernoulli Chudi lity thita hinh thiic

va

log(1+(ef —1))

c6 thé gidi thich 1a log(l +t) va e! —1 la nghich dao cta nhau
Pao ham cua chubi Z a,t", dugc viét la: = (Z an t”) dudc dinh nghia 1a dao

n=0
ham ctia tiing s6 hang khéc nhau:

d o0 o0
7 (Zant”) =Znant”_1 =a,+2a,t+3ast*+...
n=0

n=0

< A _ 5 —1_ 2 _¢3 -
vidu: (e')Y =el,va(log(l+t)y=1—t+t P =1

Dinh nghia nay ciing théa man quy tac thong thudng ctia dao ham clia téng va tich.
Ta sé chiing minh quyy tac nhan: (f(¢).g(¢)) = f/(t)g(t)+ f(¢).g’(¢).
Cho f(t)= Y. ant™ va g(t)= Y. b,t". khi d6

n=0 n=0

(f(r).g(2)) = (i (iaibni) t") =i (nzn:aibni) "

n=0

i (Zza b, _ ,—i—Z(n—z)a b, _ l)
n=1
i (Zm b,_ 1) " 1+Z (Z(n—z)a b, ,)
n=1
=f(t)g(e)+ f(2).8'(t)

Do vay, khi R D Q tich phin

S

Y a,t"dt dugc dinh nghia thong qua tich phan
n=0

tiing s6 hang.

tZ
=d0t+01?+...

t
o0 o0
tn+l
a,t"dt=Y) a
| Sanrar=Y a2
0 n=0 n=0
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Dinh nghia 1.1.4 Chudi liy thita hinh thiic Laurent' véi hé sé trong R,

o0
Z a;t’ (Véi N la sé nghuyén bdt ky)

i=—N

Duogc dinh nghia la R((t)).

Téng va tich trong R((¢)) ciing dudc dinh nghia giéng nhu R[[]] va R((¢)) 1a mot
o0
mién nguyén giao hoan chda R[[¢]] nhu 12 mdt mién con. Do vy, Y a;ti kha
i=N

nghich trong R((t)) khi va chi khi sb hang khac khong dau tién a_y kha nghich.

Viéc chung minh la tuong tu.

1.2 Ham sinh sb6 Bernoulli

Ta da xac dinh cac sd Bernoulli bdi mot cong thic truy hdi. Tuy nhién, tim s
Bernoulli bing cach st dung ham sinh ciing 1a mot cach thong dung. Va duéi day

ta s& chiing minh mot dinh 1y véi s6 Bernoulli ¢6 lién quan dén ham sinh.

Pinh ly 1.2.1 Cho B, (n =0,1,2,...) la cdc s6 Bernoulli. Ta cé cong thiic sau
trong Q((1)):

Chitng minh: Ta chi ra ring (Z;OZO Bn%)(et —1)=te’. tu dinh nghia phép nhan
trong chudi lily thira hinh thuc ta c6:

! Pierre Alphonse Laurent ( sinh ngay 18 thdng bdy nam 1813 tai Paris, Phép - qua d&i vao ngay 02 thang 9
1854 tai Paris, Phép)
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Diéu phai chiing minh.

Nhén xét: Ngudc lai, Néu ta dinh nghia B,, b&i cong thiic trong dinh ly trén thi ta

00 in
Z n!
n=0

Khai trién v€ trdi va so sanh véi vé phai ching ta c6 cong thic ( ??). Diéu nay

7,

chuing t6 la dinh nghia ( ??) va dinh nghia st dung ham sinh trong dinh ly trén la

dong nht.

By gid ta tinh mot vai sé6 Bernoulli:

Viét chubi trén dudi dang

By
—(pX _ k
x=(e*-1) E —k!x
k=0
1 1 1 B, B;
s — 2 — 3 — 4 LU . — 2 — 3 LU
x—(x-l—Z!x +3!x —|—4!x + By+ By x + or X + ™ +

By 9 By B, B 3 By B B, B3 4
x—BOx+(Bl+2—!)x +(§+2—!+2—!)x + Z+§+ﬁ+§ X +-
Pong nhit hé sb ta dudc
1

0
St dung ham sinh ta dé chitng minh dudc ménh dé sau:

1 1
By=1,Bi=—=+ By=~,B3=0, By=—
0 1 2 2 6 3 4
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Ménh dé 1.2.2 Néu n la mét sé nguyén 1é 1dn hon hodc bing 3 thi B, =0

Chitng minh: Ta chi cin chi ra la chudi liiy thira hinh thic £~ — £ khong ¢6 sb
hang bac 1. Tu d6 ta co

tet

t tle!=1+1) ¢t ¢t
el—1 2 el —1 2 el—1 2

r r

(-t (-1)_ -t

t

= 1=

e -1 2 l—ef 2 e'—1 2

Nhu viy £~ — £ khong thay d6i khi ta thay ¢ bdi —r. Hay hé sb ctia s6 hang c6

bac 1€ 1a bing 0.
Ménh dé 1.2.3
n—1 2n
@n+1)Bpn=— ) B Bon-m(1 > 2)
m=1 2m

Chitng minh: Theo ménh dé trén, néu ta trir s6 hang bac 1 tit cong thifc ham sinh

s6 Bernoulli, ta sé dudc ham sinh s6 Bernoulli ctia cac s6 hang chin Bs,,.

tel  t & r2n
— = By, ——
et—1 2 nz:(:) " (2n)!

Dit vé trdi 1a f(t). LAy dao ham cta f(¢) ta c6:

2
flo)— tf’(t)=f(t)2—%

Thay thé 3. Bon o V0 f(1) ta c6

0 o0 n

t2n 2n l—Zn l—2
E 1-2n)B = E E Bs,,, Bo— - —
n:O( ) 2"(Zn)! ( (Zm) 2m 22(n m)) 2n) 4

n=0 \m=0
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So sanh hé sb ctia hai vé ta dudc:

n

2n
(1 - 2n)BZH — Z (Zm) BZm BZ(n—m)

m=0

Vé6i n > 2. Tu d6 sbd hang v6i m =0 va m = n sinh ra s0 2By, chuyén vé, nhan

v6i —1, ta c6 cong thiic trong ménh dé.
Hé qua 1.2.4 Vi moi n>1, ta c6 (—1)*"' By, >0

Chiing minh: V6i n=1, By = > 0. Gia st ménh dé diing v6i moi s6 nguyén nho
hon 7. Nhan (—1)"~! vao cong thidc trong ménh dé trén ta dudc:

n

(1—2n)(-1)"" B =) _ (22:1)(—1)’”‘1BZm(—l)"‘m‘lem_m)

m=0

theo gia thiét vé phai duong, do vy (—1)"1B,,, > 0, diéu phai chiing minh.

Ménh dé 1.2.5 Khai trién Taylor ciia tanx va Khai trién Laurent ciia cotx trong

lan cdn x =0 la:

0 Lo ) x2n—1
tanx = 1) 2" —-1)2°"B,, ——
;:1( ) ) 20 )]
1 5 2n—1
cotx =—+ —1)"2°"B
. nZ_lj( V12 Bon s

Véi diéu kién ciia vé phdi ldn luot la: |x| < Zva0<|x|<m

Chirng minh: Ta c6:

11
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Thay ¢ bdi 5 ta dudc:

X X X X tet t
—coth(—):—-|- = S
2 2 2 e*—1 et—-1 2

Khi d6 theo ménh dé 1.2.3 suy ra:
x 2n
X X X
—coth—=)» By,——
2 2 ; " (2n)!
Ta coi day 1a khai trién Laurent clia coth(%). Thay x béi 2ix ta thu dugc:

(ix)Zn

ixcoth(ix)= ) By,——
; (2n)!

trong d6 i = v/ —1, chia hai vé cho x va st dung icoth (ix)= cot x, ta dudc:

1 o 5 x2n
cot(x)=— i“‘"B
(x) x;) o o)

Suy ra:
2n—1

 — X
cotx=—+ —1)"2?"B
. ;( V12 B’y

Va day 1a khai trién Laurent clia cot x.

Tur hai cOng thic trén ta cho cotx cung véi
1
cot(2x) = E(cotx —tanx)

ta co

tanx = cotx —2cot(2x)

Diéu nay chi ra rang khai trién Taylor ctia tan x c6 thé thu dudc tir khai trién Taylor
cta cotx.
2n-1

2= trong khai trién Taylor cua tanx,
n—1)

Nhan xét: Hé so cua

B
T, = (_l)n—l(ZZn _ 1)22nﬂ
2n

12
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Ham sinh so Bernoulli

Doi khi ta goi s6 nay 12 s6 tang, né 1a mot sd nguyén duong.
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