binh ly Chevalley — Warning
Truong Phudc Nhan , 31/07/2017
Phat biéu bai toan :

Bai toan 1: (Chevalley — Warning)

k
Néu P, P,,...R €Z [, %,,... X, ] , trong d6 p la mdt s6 nguyén t6, sao cho D degP, <n thi s cc vector
i=1

X = (X, X,,.... % ) € Z" sa0 cho P (x)=0 v&i moi 12,.., k la mot boi sb cua p.

Ching minh : Goi N 1a sb cac vector X =(X;,X,,...,X, ) thda man yéu cau bai toan thi

N= Y (1-R()7)2-P(0")(1-R (%)) (mod p)

X=(X1, Xy peens Xy )eZ',‘)

( Luu ¥ : str dung dinh ly Fermat ta luén c6 aP™ =1 (mod p) v&i moi aZ0 (mod p nén sé hang
(l— fl(x)pfl)(l— fz(x)pfl)...(l— fk(x)p*l)sl (mod p) néu f,(x)=0 v&imoi 1,2,..,k va =0 (mod p)
trong treong hop nguoc lai)

Pat P(x)=(1— f,()"") (1= £, ()"} (1= £ (x)"7). Khido N= 3> P(x) (mod p) (*).

X=X, X s X JEZ,
Khai trién da thac P(X) ta duoc mot to hop tuyén tinh cua cac don thuc ¢ dang x¢xg...x7 . Khdng lam
mét tinh tong quét ta chi can ching minh hé thirc (*) cho trudng hop P(X)= XXz ..x7 Véi X :(xi, Xy, X1 )

Hién nhién D XXX =f[[ > x?j] (*%)

X=(%, X X JEZY, =1\ xj€Z,
k
Str dung diéu kién tir dau baitasuy ra t,+t, +..+t, <(p-1)>_degP <(p-1)n. Do dé ta tim dwgc mot
i=1
chi s i sao cho t; < p—1. Theo mot két qua vé dai sé thitap Z \{0} la mdt nhom cyclic nén ton tai mot sb
2 2\ .4 t (wh )p B
W sao cho Zp\{O}z{l,W,W ey WP } nén > x' = Z(W V=2~ =

wi —1
X €Z, j=0
Tir diéu nay kép hop véi hé thire (**) ta suy ra diéu phai chitng minh. Két thiic chitng minh cua bai toan.

=0 (st dung dinh ly Fermat ).

Bai toan 2: ( Chevalley )
k
Gia st B,P,,...R €Z [X,%,,... X,] théamin > deg P, <n . Néu céc da thuc P, P,,..., P, c6 mot nghiém

i=1
chung x=(X.,X,,....X,) € Z" thi chiing con cé mot nghiém chung khac.

Chirng minh thir 1: D& dang nhan thay tir bai toan 1 ( dinh ly Chevalley — Warning) do s6 cac nghiém
chung cua cac da thac P, P,,..., P, labsicaa p vachdng cé it nhat mot nghiém nén sé cac nghiém chung
phai 16n hon hodc bang 2 va do d6 phai ton tai mot nghiém chung khéc.

Ching minh thir 2: Gia sir cac da thic B, P,,..., P, chi c6 duy nhat mét nghiém chung (s, s,,...,S, ).

' ~n

Xét da thic : P(xi,xz,...,xn):ﬁ(l—ﬂ(><1,x2,..., a ) CH [T (x;—a). trong dé ¢ duoc chon sao

i=1 j=1 acz\s }

cho P(s,S,,...s,)=0. Hién nhién ¢ =0 (néu nguoc lai tasuy ra P(s,,s,,...,s,)=1, mau thuan véi cach
chon ¢) . Tas& chang minh P (X, X,,..., %, ) =0 v&i moi (X, X,,.... X, ) € Z. (*)

That vay, néu (X, X,,..., X, ) =(S,,S,,-., S, ) thi hé thire (*) hién nhién dung theo cach chon ¢ duoc théa mén,
trong truong hop nguoc lai phai ton tai mot da thic P, sao cho P (X, X,,...,X,)=0 (néu khong thi

(X4, %,,..., X, ) 12 mot nghiém chung khéc ).

Khi d6 : P(xi,xz,...,xn):ﬁ(l—Pi(xl,xz,..., ) CH [T (x,-a)=0

i=1 j=1 acz\s }




(Luu§: 1-P (%, %0 % )" =0 VA (X, %000, X, ) # (81,5, nenH [T (x,-a)=0)

i1 acz\s;}

m Kk
Mat khac, dé dang nhan thay da thirc H(l— P (X, Xy, xn)pfl) co bac (p—1)> degP <n(p-1), da thic
i=1 i=1

CH [T (x;—a) cobac n(p-1) néndathic P co bac n(p-1). Pong thoi he s6 cua sb don thirc

j=1 aez \{ }
X x . xP bang ¢ .
Ap dung dinh ly Combinatorial Nullstellensatz ( xem thém vé bai viét “Pinh 1y khéng diém t6 hop”) trong
d6 S, =S, =..=S, =7, ta tim dugC Mot bd (X, X,,...,X, ) € Z}, 580 cho P(x;,X,,..., X, ) #0.

Diéu mau thuan nay két thic ching minh.
Ung dung ciaa dinh ly Chevalley — Warning :

Bai toan : (Erdos — Ginzburg — Ziv)
Cho n>1va a,a,,...,a,, , la mot ddy gobm 2n—1 s6 nguyén ( khdng nhat thiét phan biét ).

Ching minh rang : Ton tai mot day con gom n s6 &, ,a, ,...,a, sao cho a, +a, +...+a =0(modn)

( xem thém bai “ Bé dé Permanet va ing dung” c6 trinh bay mot huéng tiép can khéac cho

dinh ly Erdos — Ginzburg — Ziv )

Chirng minh : Ta chi can chirng minh bai toan cho trueong hop n= p la mot so6 nguyén to. Gia su
a,,8,,....8,,, 1a 2p—1 sb nguyén modulo p . Xét cac da thuc

p-1 | yp-1 p-1
P (X Xpremns Xy ) = X4 XE e XD

Q(x1 Xy ey Xg 1) ax' " +a X a,, XY
Nhan thiy deg P +deg Q <2 p—2 <2 p-1 va (0,...,0) la mot nghiém chung cua P va Q. Ap dung dinh ly
2p-1

Chevalley — Warning , P va Q phai c6 mot nghiém chung khéng tim thuong (sl,sz,...,sn). Str dung dinh ly

Fermat ( hoac sy kién Z \{0} la mot nhém nhéan c6 bac p—1) ta thu dwoc cac két qua sau :
P(S,,Sy0.08,) =8 +8) . 4+50 Y =M
Q8,508 ) =S, +a,8) t +.+ 3, S0 =D 8
ieM
trong d6 M ={i:s =0 trén Z } (luuy do (s,,S,,....s,) khong tim thuong nén M =) va hién nhién
0<|M|<2p-1 . Theo dinh nghia ctia b (s,,S,,....S,) tasuy ra
> a,=0(mod p) va [M|=0 (mod p) hay |M|=p (theo nhan xét trén)

ieM
Tir day suy ra didu phai chang minh.
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