Ung dung cia dinh ly Combinatorial Nullstellensatz
Truwong Phudc Nhan , 01/08/2017
Xem lai cac bai viét “Dinh Iy khong diém t6 hop”, “Bé dé Permanet va @ing dung” va
“Pinh Iy Chevalley — Warning”.

Bai toan 1: (Troi-Zannier) Cho p l1a mot sé nguyén té va S,,S,,..., S, 1a tap cac s6 nguyén khéng am , mdi
tap déu chira s6 0 va chira cac s6 nguyén phan biét theo modulo p. Gia st »"(|S;|—1)= p. Ching minh
rang v6i moi bo (a,,a,,...,a, ) € Z', phuong trinh a,x, +a,X, +...+a,%, =0 Iudn c6 mot nghiém khong tam
thuong (X, X, ..., X ) €S, xS, x...x §

Chitng minh :
Xét dathic P(X, X, %)= (2% +a% +.tax )’ —1+c [T (x-s) [T (=5 ) [T (% =5

0#s, €S, 0+#s, €S, 0#s, €Sy

trong d6 ¢ dwoc chon sao cho P(0,...,0) = 0. Nhan thay: bac cia da thic (ax +a,x, +...+akxk)p’l la p-1

va baccuadathic ¢ [T (x-s) [T (x.=s2)- [] (% —sc) 12 D (|Si|—1). theo gia thiét ta suy ra bac
0+#s,€S; 0#s,€S, 0=, €Sy i

ciia da thirc P la )’ (]S;|-1). D& dang nhan thdy ¢ 0 (néu nguoc lai tasuy ra P(0,...,0)=—1 ) nén h¢ sb

s
X2

S

ciia don thue x> x>

- X*bing ¢ =0.

Ap dung dinh If Combinatorial Nullstellensatz cho da thic P ta tim dugc bo (t,,t,,...,t, ) €S, xS, x...xS,
sao cho P(t,t,,...t)#0.

Néu at, +ayt, +...+at, =0 st dung dinh ly Fermat tasuy ra (&%, +a,%, +...+ax, )" =1. Do
P(t,t,,...t, ) #0 nénvector (t,t,,...t,) [a khdng tam thuong ( hiéu theo nghia #(0,...,0)) nén

c [T (x-s) [T (x.=5)- [T (%—5)=0. diéu nay suy raring (ax +a,x, +..+ax)" #1, mau

0#s, €S, 0+#s,€S, 03, €Sy

thuan. Tur day ta suy ra a X, +a,X, +...+aXx, =0.

Bai toan 2: (Alon) Cho p la mét s6 nguyén té va a,,a,,...,a, cac s nguyén modulo p (khdng nhét thiét
phan biét). Chiring minh rang véi by,b,,...,b, (k < p) la cac sb nguyén modulo p phan biét ta ludn tim duoc
mot hodn vi ¢ sao cho cac s6 & +b,,.8,+b ,,....a,+b , laphanbigt.

Chiing minh : Dat B ={b,,b,,...,b}. Gia s phan chang , véi moi cach chon b, ,b ..., b, thiludn co it
nhat 12 hai phan tir trong s6 céc phan tir & +b,;,a, +b,,),....8 +b,, tring nhau. Picu d6 c6 nghia 1a néu

X, Xp... X, 12 C4C phan tir phan biét thuoc Bthi [ (x+a —x;—a;)=0 trén Z .
1<i<j<k
Xét dathic 1 P(x, %, %)= [ (% =%)(x+a-x -a;).

1<i<j<k

P (%)= TT (%=X + Q0 %,

1<i<j<k

trong d6 Q la mot da thirc ¢6 bac nho hon [ (x —x,)° . Do d6 degP=k(k -1).

1<i<j<k
Tur nhan xét trén ta suy ra da thirc P(Xl, Xy yeeey Xk) triét tiu véi moi (Xl, Xyyeens Xk)e BX.

Ta can xdc dinh cac bd (t,,t,,...,t )VSi t,+t, +..+t, =k(k—1), t, <k —1va hé s6 cua don thic

Xy Xz ...x¢ khong triét tiéu trén Z . Nhan thiy I tir hai diéu kién ddu tasuyra t, =t, =...=t, =k—1. Tacan
xéc dinh hé s6 ctia don thirc X 'x5 *..x¢ . Do degQ <k (k —1) nén ta chi can tinh h¢ s ctia don thirc

2
X s LxS T trong da thirc H (Xi —XJ.) .

1<i<j<k




. . k(k-1) _ :
Cha ¥ réing béing ki thuat xir ly dinh thic ta thu dwoc : | [T (x —x, )2 =(-1) 2 (%%-%)" ] {1—ﬁJ

1<i<j<k 1<ix j<k X;

X.

Do d6 van d¢ tro thanh xac dinh hé so tu do trong khai trién caa biéu thirc H Ll——'} . Ta can den ket qua
1<i# j<k i

phu manh mg sau day :
Bo dé : Cho a,,a,,...,a, lacic so nguyén khong am. Néu ki hiéu f (a,,a,,...,a,) 1as6 hang tu do cua “ da

: %) (a,+a,+...+a,)!
thice” 1-—2| thi f(a,a,..,a)= .
Jsil:j[sk£ X,—J (8,35, ala,l.a!
a1+a2+...+ak)!.
ala,l.a!

Ta ching minh bang qui nap theo a, +a, +...+a, dang thic f(a,,a,,...8,)=0(a,a,... ).

Ching minh bo dé : bat g(a,a,,...,a, )= (

Vi a, =a, =...=a, =0 thi hé thuc la hién nhién. Ta c6 2 nhan xét co ban sau vé dai luong g(a,,a,,....8,):
1) 9(a,a,..a)=9(a-1a,...a)+09(a,a-1..,38,)..+9(a,a,..a —1) néu tat ca cac a déu duong
2) 9(a,-a.0,8,,.,3 ) =9(a,8,8,,-3)

Do vay ta chi can ching minh f (a,a,,...,a,) ciing thoa man cac hé thirc truy hoi twong tu :

1) f(a,a,..a)="f(a-1a,..,a)+f(a,a-1..,a)..+f(a,a,..,a —1) néu tat cd cic a, déu

duong. That vy, déng thirc trén suy ra tir sy kign | Ll—ﬁJ =3 H{l—ﬁJ H(l—ﬁJ

1<% j<k X i1 | jA X; ) A X;

-1

( str dung cong thirc ndi suy Langrange cho da thirc P(x)=1 vé&i cac mdc ndi suy X;,X,, ..., X, ta thu duoc hé

-1
thic 1= "] |[1—ﬁ] va Xét tai gid tri x=0)
X.
]

i=1 i

2) f(a,..2,.4,0,8,,..8)=f(a,..8.4,a,,..3 ). That vay, néu a =0 thi

I1 {1—ﬁ) =11 (1—ﬁ}i nén f(a,..a.,,0a,,...a)="f(a,.a.,8.,...8).

1iz j<k X; 1<i j<k X;
i, j=l

Tir day ta suy ra diéu phai ching minh.

(1+1+...+1J!
Tir bo dé trén ta nhan thay hé so tu do trong khai trién cua biéu thirc H 1-—+4 | la —— = =Kk!
1<i% j<k X; .1
nén hé s6 ciia don thirc X x5 *..x¢* trong khai trién ciia biéu thac [ (x —x )2 la
1<i<j<k
k(k-1)
(1) 2 k!#0(0<k<p) trén Z . Theo dinh ly Combinatorial Nullstellensatz ta tim dwoc mot vector

(xl,xz,...,xk)e B* sao cho P(xl,xz,...,xk);to, mau thuin. Két thac chitng minh.
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