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Dinh Iy Bruck — Ryser — Chowla : Néu ton tai mot (v,k, 1) - design va v 1¢ thi phuong trinh

v-1
2* =(k—A)x* +(~1)2 4y* c6 mot nghiém nguyén khdng tam thuong (x,y,z)#(0,0,0).

Chitng minh : Bé chimg minh dinh Iy trén ta s& chirng minh lai mot két qua kinh dién caa ly thuyét sé hoc
co dién sau : , . L i o
bPinh ly Lagrange: Moi s6 nguyén duong déu co thé biéu dién dudi dang tong cua bon so chinh phuong
D& dang nhan thay rang : (X +3 +3¢ +X; ) (Y + Y + Y5 +Yi ) =2 + 23+ 2 +2;
trong d6 L =X Y XY, XY+ XYy,
Z; =X Y1 =X Y, X Y3 — X5,
Z3=X3Y1 = XY, =X Y3 T XYy,
2, =X XY, = XY =X Y,
That vay , vai cac so6 phuc a,b,c,d bat ki,
—_ —2 _ —\ = _ -
‘ac+bd‘ +|bc—ad|2:(ac+bd)(ac+bd)+(bc—ad)(bc—ad)
= aacc+bbdd +bbcc +aadd
2 2 2 2 2 2 2 2
=[a"[c]" +[of"|d[" +b[*[c|" +[a]"|d]
2 2 2 2
= (af" +Iof"}(|c[* +[<")
dé thu dugc két qua can ching minh ta dit a=x +X,i, b=Xx,+X,ji, c=y, +V,i, d =y, +Y,i, boivi
ac+bd =z +z,i va bc—ad =z, +z,4i.
Nhan xét trén kéo theo rang néu m va n c6 thé biéu dién thanh téng cua bén sé chinh phwong thi mn
cling nhu vay. Boi vi 2 =12 +1% +0% +0? nén ta chi can chirng minh khing dinh cta b dé cho truong hop p

la mot sb nguyén t6 lé. Ta can ket khang dinh quan trong sau trong qua trinh Iap luan :
Khang dinh : Néu p 1a mot s6 nguyén té Ié thi ta ludn tim dwoc cac s6 nguyén dwong X,y v m sao cho

1+x°+y*=mpvaO<m<p
Chitng minh khiang dinh : Tat ca cac phan tir cua tap A= {x |0<x< pz_ } nam trong cac 16p thiang du

khac nhau theo modulo p . That vy, véi hai phan tir phan biét a® va b? thi hiéu a*—b? =(a—b)(a+b)
chia hét cho p khi va chikhi a—b hoic a+b chiahét cho p, diéu d6 1a khong thé xay ra duoc.

Lap luan twong tu, tt ca cac phan tir cua tap B = {—1— y2|0<y< pT—l} nam trong cac lop thing du khéc

Ls . \ ; +1 \ ,
nhau theo mod p . Nhan xét rang ca hai tap nay déu co pT phan tir, va do do6 ta c6 thé tim dugc x° € A

va —1-y? e B cling nam trong mot I6p thiang du. Néi cach khac ta tim duoc mot sé nguyén m sao cho
2

1+X° +y? =x* —(-1-y*)=mp vado 0<1+x*+y’ <1+2(§J <p’nén 0<m<p.
Chiing minh b6 dé : o 9 ‘ ’

Giastr p la mot so nguyén to Ié. Ap dung cac khang dinh ta suy ra dugc Su ton tai cua cac so nguyén
X,, X, X5, X, VA MGt $6 nguyén duong m< p sao cho mp=x>+x2 +x2+x.. (lru yrang 1=1°+07)

Goi m, la sd nguyén nho nhét trong cac s6 nguyén m nhu vay. Theo khang dinh ta suy ra my < p . Ta s&
chi ra rang m, =1, gia st phan ching m, >1.

Néu m, 1a sb chan thi X2 +x2 +x2 +x2 la s6 chan va cac s6 nguyén X, X,, X,, X, hoac tat ca déu chan
hoc tat ca déu lé hodc c6 chinh xac hai s6 chan va hai s I¢ , ta tam gia sir trong truong hop nay x,, X, chin
con x,,%, Ié; trong bét ki truong hop nao ta déu nhan thay rang cac sé X, +X,, X, —X,, X, +X, Va X, — X, déu




2 2 2 2
la cac sb chﬁnvé%p:(%j +(X1;X2J +(X3J2rx“j +(X3;2X4j .Dodé%p c6 thé dugc biéu

dién thanh tong caa bén sé chinh phuong, mau thuin véi tinh nhé nhat caa m, .
Do d6 m, lasé Ié vado vay m, > 3.

C4c s6 nguyén x,, X,, X,, X, khong thé cing dong thai chia hét cho m, ; néu nguoc lai m? s& 1a wéc cua
m,p =X +x +x2+x. vadodo m, laudc caa p, diéu ndy khong thé xay ra duoc vi 1<m, < p. Ta chon

cac so nguyén by, b,,b,,b, sao cho y, =x —bm, va |y| <% V6i i =1,2,3,4 . Theo nhan dinh trén thi co it

2
nhat mot trong cac s6 nguyén y,,Y,,Y,, y, khac khong, nén 0< y? +vy2 +y2 +y2 < 4(%} =m

Boivi X2 +x2 + X +x2 va tat ca cac hieu y? —x* =h’m? —2xhbm, déu chia hét cho m, nén
Y2 + Y2 +y2+y? cling nhu vay. Do d6 ta co thé tim dwgc s6 nguyén m, sao cho
Vi + Y+ Y5 +y, =mym,, trong d6 0<m, <m,
Khi d6 m?m p =2z’ +22+22+122,trong d6 7,,7,,2,,2, dugc xac dinh nhu & phan dau caa phan tich.

4 4 4
Nhan xét : z, =%y, = > % (% —bm,)=>_x* =0 (modm,), bang phuong phép twong tw z,,2,,z, déu
i=1 i=1 i=1

chia hét cho m,. Do d6 ta c thé tim dugc cac sO nguyén t; sao cho z =myt; (i=12,3,4), vatasuyra
mp =t +t; +t; +t;
Nhung 0<m, <m, < p, mau thuan véi tinh cuc tiéu ciia m,. Diéu nay suy ra rang m, =1

Chirng minh dinh ly Bruck — Ryser — Chowla :
Str dung dinh Iy Langrange ta s& tim duoc c4c so nguyén a,b,c,d sao cho n=k —1=a?+b%+c? +d?.

-a b ¢ d
3 , - b a d —C X > , . , A , T T
Bang cach dat H = c d , ta dé dang ching minh dugc cac hé thatc HH' =H H =nl,.
- a
d ¢ -b a

Giasir A la ma tran lién thudc cua (v, k,)t) - design. Str dung hé thire co ban cua ly thuyét cau hinh
ATA=nl, +/J,. Do v I& nén ta can xét hai trudng hop sau :
Truong hep 1: v=3 (mod4).

0 H O 0
A 0 H .. ., . , )
bit B= , K= la c&c ma tran kich thude (v+1)x(v+1). Bang cac phép

0 0 1 0 O H

k 4 A0

Aok A0

tinh toan trén cac ma tran khdi ta ¢ cac hé thacsau :B'B=| ... ... v |y KTK =01,
A A .. kO
0 0 0 1

D& dang nhan thay rang B 1a mot ma tran kha nghich , bang cach tinh dinh thirc hozc bién d6i ma tran dé
tinh hang cia B'B. Bat P =B™K, hién nhién tit ca cic phan ti caa ma tran P 1a cc sb hitu ti. Néu
X = (X Xpeems X\,Jr!)T eQ™ va y=(y,Y, yv+l)T € Q" théa man phuong trinh x = Py thi Bx=Ky va
y'K'Ky = x"B"Bx
S0V Y+t Yo ) =K (G + X )+ X+ A Y

1<i, j<v,iz |



= n(yf FYI Lt yf+1):/1(xl+x2 +...+xv)2+x3+1+n(x12+x22 +...+xV2) *)

Bay gio ta s& chi ra rang hé phuong trinh x =Py theo 2(v+1) an X, va y; c6 mot nghiém trong Q sao
cho y,., =1 va x? = y? voi 1<i <v. Bang cach dit y,,, =1, khi d6 ta nhan thiy v phuong trinh dau ciia hé
c6 dang :

X Y1 Prvaa
=R|.. [+] .. |,

Xv yv pv v+l

trong d6 ma tran R 1a ma tran con duoc tao thanh tir r cot va r hang dau tién cia ma tran P . Khong qué
kho dé ta cd thé chirng minh duoc rang : véi moi matran R cap vxv trén Q thi ta luén cé thé tim duwoc ma

tran E =diag {#,,¢,,...&,} dé cho matran R—E kha nghich, trong d6 ¢ e{-11} . Bang cach dit x, =&y,
ta thu dugc mot hé phuong trinh tuyén tinh theo cac bién y, véi matran hé sé la R—E kha nghich, nén ta
ludn tim duoc cac bo x, va y, voi 1<i<v. Thay c4c gia tri vira tim dugc vao phuong trinh cudi cling ta tim
dugc giatri x,,, .
Thay nghiém nay vao (*) ta thu dwoc hé thic :
n=ny?, =2(x +..+x,) +x2, ,trong d6 X, Xy, X, 4 €Q.

2 2
Do d6, ton tai cac s6 nguyén x=0,y va z sao cho n= A(%) +(§J , va do d6 phuong trinh
2> =nx? — 4y ¢6 nghiém khdng tam thuong.
Truong hep 2: v=1 (mod4)
H 0 n 0
H 0 n 0
Pit K = ...| lamatran cap vxv, khidé K'K = ... | Bang céach ap dung
H O n O
O 0 .. 0 1 0 0 .. 01

lai 16i 1ap luan da st dung trong truong hop 1) , néu x= (%, %, X, )" V& Y=(¥,, Y5, Y,) thoa
x = A"Ky thi n(yf +ot yvzfl)+ Y2 = n(xf +...+xV2)+/l(xl+...+xv)2 :

Nhu trong truong hop v=3 (mod4), ta cd thé tim duoc cac s X,,..., X, € Q sao cho
1=nx?+A(x +...+x,)". Do do, tn tai céc s6 nguyén x,y,z khong dong thai bing khong sao cho
2’ =nx* + 4
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