LGOI GIAI DE THI HOC SINH GIOI TOAN 9

THANH PHO HA NOI 2018

V6 Quéc Ba Cén — Lé Phic Liv - Nguyén Lé Phudc

1. Dé thi

Bai 1 (5.0 diém).
1 1

2017

a) Cho cacsé thuc a, b, c thdamina +b +c¢ = 2018 va lerc t+ ot =

Tinh gid tri ctia biéu thiic
a b c
b+c+c+a+a+b'
b) Tim tit ca céc cdp s6 nguyén (x, y) théa man phuong trinh
X =Yy W,
X2 4+ xy 4+ y2 13

P =

Bai 2 (5.0 diém).
a) Giai phuong trinh:
6x%2+2x +1 =3x+/6x + 3.
b) Giai hé phuong trinh:
X34 x+2=y>-3y%+4y,
2Vx +2 =y +2.
Bai 3 (3.0 diém).

2018~

a) Chiing minh ring khong ton tai cdc s6 nguyén duong m, n, p véi p nguyén td thda man

2019_+.n2019 2018.

m =p

b) Cho x, y, z > 0 thdamin x + y + z = 3. Tim gia tri nhd nhét ctia biéu thiic

P = X n y n z
Y3416 z3 416 x3 416

Bai 4 (6.0 diém). Cho tam gidc A BC c¢6 ba géc nhon véi AB < AC < BC, ndi tiép dudng
tron (O). Goi H 1a hinh chiéu ctia A trén BC, M 1a trung diém ctia AC va P 1a diém thay

ddi trén doan thang M H (P khac M va P khic H).
a) Chiing minhring /BAO = /HAC.
b) Khi ZAPB = 90°, chiing minh ring ba diém B, O, P thang hang.

c) Pudng tron ngoai tiép tam gidac A M P va dudng tron ngoai tiép tam gidc BH P cit
nhau tai Q (Q khéac P). Chiing minh ring duong thang P Q ludn di qua mot diém cb

dinh khi P thay doi.
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Bai 5 (1.0 diém). Cho da gidc déu 27 dinh ni tiép dudng tron (O). Chia 21 dinh nay thanh
n cip diém, mdi ciap diém nay tao thanh mot doan thang (hai doan thang bét ky trong sb n doan
thang dudc tao ra khong c6 ddu miit chung).

a) Khin = 4, hiy chi ra mot cich chia sao cho trong bén doan thang dugc tao ra khong c6
hai doan thang nao c6 do dai bang nhau.

b) Khin = 10, chiing minh ring trong mudi doan thang dudc tao ra ludn ton tai hai doan
thang c6 do dai bang nhau.

2. Ldi giai va binh luan cac bai toan

Bai 1 (5.0 diém).

a) Chocacsbthuca, b, c thbamina +b+c = 2018Véb}rc+cia+aib = %g};.
Tinh gid tri cta biéu thiic
a b c

b+c+c+a+a+b'

b) Tim tit ca cdc cip sd nguyén (x, y) théa man phuong trinh

P =

X =Yy 1
x24+xy +y2 13

Loi giai. a) Tu gia thiét, ta c6

P=(a+b+c) Loy b 3220182217 35014
= (a c -3 = — =3 = .
b+ ¢ c +a a-+b 2018

b) Piéu kién: x2 + xy + y2 # 0. Tu phuong trinh suy ra x — y # 0. Bay gio, ta viét lai
phuong trinh da cho dudi dang

13(x = y) =7(x> + xy + »?). (1)
Tt day, tac6 13(x — y) chiahétcho 7. Ma (13, 7) = 1 nén x — y chiahétcho 7. (2)
Mat khac, ta lai co

1 3 1
X 4xy+yt= o=y’ + x+ )z (= )7
Do d6, két hop véi (1), ta suy ra
7
13(x —y) = Z(X - )%

Tir d6, véi chi y x — y # 0, taco dénh gid 0 < x — y < 2. Két hop véi (2), ta dugc

x — y = 7. Thay két qua nay vao (1), ta tinh dudc x2 + xy + y? = 13.

Giai hé phuong trinh x — y = 7vax2 4+ xy + y2 = 13, ta dudc cic cip sd (x, y) thoa
min yéu cau dé baila (3, —4) va (4, —3). ]
Binh luan. O ciu b), hoc sinh ciing c¢6 thé st dung phuong phap phuong trinh bac hai d€ giai.
Tuy nhién, do cac hé sd clia phuong trinh tuong d6i 16n nén khbi lugng tinh todn sé nhiéu va
tuong d6i vat va d€ chin gia trictia x, y.
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Bai 2 (5.0 diém).
a) Giai phuong trinh:
6x2 +2x + 1 =3x4/6x + 3.
b) Giai hé phuong trinh:
xP 4 x+2=y>-3y%+4y,
2Vx +2 =y +2.

Loi giai. a) Diéukién: x > —1.Do6x2 +2x + 1 = 5x% + (x 4+ 1)? > 0 nén t phuong
trinh, ta suy ra x > 0. Bay gio, dita = +/6x + 3,tacé 6x2 +2x + 1 = 6x2 + %az nén
phuong trinh c6 thé dudc viét lai thanh

1
6x2—|—§a2 = 3xa,
hay
(a —6x)(a—3x) =0.
Tu day,tacéa = 3x hoaca = 6x.
e V6ia = 3x,tacé 9x? = 6x + 3. Tuday, véichiy x > 0, ta gidi dudc x = 1.

e Véia = 6x,tac636x2 = 6x + 3. Tuday, véichiy x > 0, ta gidi dugc x = %‘F

Viy phuong trinh da cho c¢6 hai nghiém x = 1 va x = %‘F
b) Diéu kién: x > —2. Tu phuong trinh thd hai, ta suy ra y > —2. Phuong trinh thi nhat
ctia hé c6 thé ducc viét lai thanh

Ptx=Q-D+0-D.

Ta thdy,néu x > y — 1thi VT > VP, connéu x < y — 1 thi ngugc lai. Dodé x = y — 1
(suy ra y > —1). Thay vao phuong trinh thu hai cua hé, ta dugc

2\/y+1:y+2,

hay
- 2
(Vy+1-1) =o.
Giai phuong trinh nay, ta dugc y = 0. Mot cach tuong ting, ta cé x = —1. Vay hé phuong
trinh da cho c6 nghiém (x, y) duy nhatla (=1, 0). ]

Bai 3 (3.0 diém).

a) Chiing minh ring khong ton tai cic sb nguyén ducng m , n, p véi p nguyén tb thda man

2019+I’12019 2018'

m =p

b) Cho x, y, z > 0 thdaman x + y + z = 3. Tim gid tri nho nhét ctia biéu thic
X y z

P = + + .
y34+16  z3+16 x3416
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Loi gidi. a) Gia st ton tai bo s6 (m, n, p) thdéa man yéu cau. Dé thiy 0 < m, n < p.
Phuong trinh da cho c6 thé dugc viét lai thanh
(m+n)A = p2°'%, (1)

2017 ,2 _

20170 + m n cee—mn

trong d6 A = m?2°18 —m 2017 4 ;2018

Néu A khong chia hét cho p thitir (1), tacé A = 1 va

m4n = p2018 — m2019 + I’l2019.

2018

Tudo,déthdym =n = 1vap = 2, mau thuin. Vay A chia hét cho p.

Dom + n > 1 nénti (1) suy ra m + n chia hét cho p. Khi d6, ta c6
A =2019m?°'®  (mod p).
Do A chiahétcho p va 0 < m < p nén tit két qua trén, ta suy ra 2019 chia hét cho p, hay
p = 2019. Tu day, dé thidy m va n khéc tinh chin 18, hay m # n.
Biy gio, ta viét lai phuong trinh da cho duéi duéi dang
(m3)573 4 (n3)673 = 20192018

hay

(m +n)(m*—mn +n?)B =20192018,

trong d6 B = (m3)®72 — (m3)7 (n3) 4+ --- — (m3)(n3)%7! + (n3)%72. Dom # n nén
m?—mn+n?>=(m—-—n)>2+mn>1,trdétacé m? —mn + n? chiahét cho 2019.
Tuy nhién, diéu nay khong thé xay ra do

m?* —mn +n%=3n% (mod 2019)

#0 (mod 2019).
Vay khong ton tai cic s m, n, p thda min yéu cau clia dé bai.
b) Ta s& ching minh P > 1 véi dau bang dat dugc tai (x, y, z) = (0, 1, 2) (vacdc hodn vi
vong quanh cda bd nay). Bat dang thic P > 1 tuong duong véi
16x 16y 16z
- -
y34+16  z3+16 x3416

16x n 16y n 16z 44 8
X - — - — z—— x z——.
v+ 16 YT 16 PERET 3

Mot cach tuong duong, ta phai chiing minh

8
>_7
-3

hay

xy3 yz3 zx3 U1

—. 1
y3—|—16+z3+16+x3—|—16 3 (1)

Khong mét tinh téng quat, gid s y ndm giita x va z. Ta c6

y3i416=(y+4)(y —2)2+ 12y > 12y

xy3 - xyz

y3i416 — 12°
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Panh gia tuong tu, ta cling co

yz3 yz? zx3 zx?
= ) = .
z3+16 = 12 x3 4+ 16 12
Suy ra
xy? z3 zx3 xy% 4+ yz? 4+ zx?
: y n y n < y y (2)
V3416 22+ 16  x3+ 16 12

Do y nam giita x va z néntacéd (y —z)(y —x) < 0,suyra y2 + zx < xy + yz va
xy2 +zx2 < xy? 4+ xyz. Tudé, ta co dinh gid

xy2 4+ yz?i 4 zx? <y(x*+xz4+z*) < y(x+2)?

=yB—-y)?=4—-(4—-y)(y-—1)
< 4. (3)

Tu (2) va (3), ta thu dugc (1). Vay min P = %. ]
Binh luan. Cic bat ding thic y3 + 16 > 12y va y (x + z)? < 4 trong 13i giai cAu b) c6
thé ching minh dé dang bing céch sit dung bét dang thiic AM-GM cho ba s6 khong am. O
day, ching toi chon trinh bay bing bién ddi tuong duong d€ tranh viéc phai chiing minh lai
bat dang thic nay dudi dang bd dé.

y3 xv2 ) . A \ o
I JJ; = = l—yz, cac em hoc sinh khong nén trinh bay theo kiéu

O doan danh gid

xy3 - xy3 B xyz
y34+16 — 12y 127

vi y van chua chic chan 1a sb khac 0, né hoan toan c6 thé nhan gia tri bang 0. Néu mubn trinh
bay theo 16i ndy, cAn xét hai trudng hop.

Bai 4 (6.0 diém). Cho tam giac A B C c6 ba géc nhon véi AB < AC < BC, ndi tiép
duong tron (O). Goi H 1a hinh chiéu ctia 4 trén BC, M 1a trung diém ctia AC va P la
diém thay ddi trén doan thang M H (P khac M va P khic H).

a) Ching minhring /BAO = /HAC.
b) Khi ZAPB = 90°, ching minh ring ba diém B, O, P thiang hang.

c) Pudng tron ngoai tiép tam gidc AM P va dudng tron ngoai tiép tam gidc BH P
cat nhau tai Q (Q khac P). Chitng minh rang dudng thang P Q luén di qua mot
diém c6 dinh khi P thay ddi.

Lagi giai. a) Tac6 LACB = %sdﬁ = ZAOB (tinh chit géc ndi tiép chin cung). Ma
OA = OB nén LBAO = ZABO, suyra
ZAOB +2/BA0O = 90°.
Tuday,tac6 2ZACB +2/ZBA0O = 90°, hay
/BAO =90°— LZACB = ZHAC (vi ZAHC = 90°).
Vay ZBAO = ZCAH.
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b) Xét ti gidc APHB,tac6 LZAPB = ZAHB = 90° (gt). Ma hai goc nay cung nhin canh AB
nén td gidc APHB ndi tiép. Suy ra ZABP = ZAHP (cung chin cung AP). (1)

Xét tam giac AH C vudng tai H c¢6 M 1a trung di€ém ctia AC nén MH = MC = MA (dudng
trung tuyén bang nita canh huyén). Tir d6 suy ra

LAHP = ZAHM = /MAH = ZCAH = ZBAO = ZABO. (2)

Tu (1) va(2),tac6 LABP = ZABO nén cactia BO va BP trung nhau. Tt d6 suy ra ba
diém B, O, P thang hang.

c) Ta c6 it gisdc BQ P H ndi tiép nén va hai goc BQ P, BH P & vi tri dbi nhau nén
/BQP =180°— 4ZBHP = /PHC = /ZMHC.
Mat khéc, talaico M H = M C (chiing minh trén) nén
IMHC = /ZMCH = ZACB.

Tu day, ta suy ra
ZBQP = ZACB.
Lai c6 tif gidc AQM P nditiépnén LAQP = ZAMP = ZAM H (cing chin cung A P).
Ma/AMH = /MHC + /ZMCH =2/MCH = 2/AC B (tinh chét géc ngoai) nén
ZAQP =2/ACB.

Tir d6
/AQB = /AQP — /BQP = /ACB.
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Hai géc A Q B va AC B cung nhin canh 4 B nén ti gidc A Q C B noi tiép. Bay gio, goi [ 1a
giao diém khac P ctia PQ va (0). Tacd

/BQOI = /BOP = ZACB = ZAQB

nén sdBA = sdE\I, hay BA = BI. Suy ra I la giao di€ém khic A clia cic dudng tron
(B, BA) va (0), tic I cb dinh. Vay duong thang P Q luon di qua / cb dinh. ]

Bai 5 (1.0 dié}n). Cho da gidc déu 2n dinh noi tiép dudng tron (O ). Chia 27 dinh nay
thanh 7 cip di€ém, mdi cip di€ém nay tao thanh mot doan thang (hai doan thang bat ky trong
s6 n doan thang dudc tao ra khong c6 dau muit chung).

a) Khin = 4, hdy chi ra mot cach chia sao cho trong bon doan thang dugc tao ra khong
¢6 hai doan thang nao c6 do dai bang nhau.

b) Khi n = 10, ching minh ring trong mudi doan thang dudc tao ra ludn ton tai hai
doan thiang c6 d6 dai bang nhau.

LJi gidi. Ta ddnh s6 2n dinh ctia da gidc tir 1 dén 27 . Khi d6, d6 dai ctia doan thang nbi
hai dinh c6 thé coi tuong ting véi s lugng cung nhd niam gitta hai dinh d6, ciing chinh 1a
chénh léch giita hai s6 thi tuy theo mod n rdi cong thém 1. Su ton tai hai doan thang cé do
dai bang nhau trong dé bai tuong ting véi viéc ton tai hai cip dinh c6 chénh léch gifta cac sb
thi ty bang nhau theo mod 7.

a) Ta can chi ra cach chia cdp 8 sb tir 1 dén 8 sao cho khong c6 hai cip nao c¢6 chénh léch
gidbng nhau theo mod 4. Cu thé 13, (1, 4), (2, 6), (3, 5) va (7, 8) véi cic chénh léch 1a
3, 4, 2, 1, thda man dé bai.

b) Gia st ngugc lai ton tai cach ghép cip (ay, by), (az, ba), ..., (a0, b1o) cho cic sb tir 1 dén
20 sao cho khong c6 hai sd nio c6 cling sd du khi chia cho 10. Suy ra
|a1 —b1| + |a2—b2| + -+ |611()—b10| =0+1 ++9 (mod 10)
=5 (mod 10).
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Do d6, tong |a; — by| + |az — by| + -+ + |a1o — b1o 12 s6 1é. Chd y rang v6i moi x, y
nguyén thi |x — y| ¢6 cung tinh chin 1é véi x + y. Két hop véi két qua trén, ta suy ra tong
(ay + by) + (az + b)) + --- + (a0 + byo) cling Ié. Mt khdc, ta lai c6

(a1 +b1) + (a2 +b2) + -+ (aro +b1o) =1+ 2+---+20 =210
12 s6 chan. Mau thuin nhan dudc cho ta két qua can chitng minh. [

Binh luan. Viéc md hinh héa thanh viéc ghép cip céc s6 khién bai todn sang stia hon nhiéu bdi
da gia c6 kich thuéc 2n = 20 trong cau b) khong dé d€ ve.
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