PHUONG PHAP NHAN TU LAGRANGE -METHOD OF LAGRANGE
MULTIPLIERS

Tran Trung Kien
TP. Ho Chi Minh- Ngay 30 thang 9 nam 2012

Phuong phdp nhan ti Lagrange (sé dugc hoc trong chuong trinh toan cao cip ciia bac dai hoc)
khd hiéu qud trong nhing bai todn cuc tri cé diéu kién rang budc ngodi ra con cé thé ding dé tim
dieu kién zdy ra dau bing cia bat ding thic.
B Dinh nghia
Cuec tri (cyc dai hodc cyc tiéu) ¢ didu kién ctia ham hai bién 2z = f(z;y) la cue tri ctia ham nay véi
diéu kien 1a cac bién z,y phéi thda rang buoc bdi phuong trinh o(x;y) = 0.
Dé tim cyc tri c¢6 diéu kién ctia ham z = f(z;y) khi hién h@u phuong trinh rang bude ¢(z;y) = 0,
ngudi ta thiét 1ap mot ham bo trg 1a ham Lagrange:
L(z;y\) = f(z;y)+A¢(z;y), trong d6 A 1a mot nhan 1t hing chua xac dinh, goi 1a nhan tt Lagrange.
Diéu kién can ctia cyc tri 1a heé ba phuong trinh. L’ (z;y; \) = fi(z;y) + Ao (z;y) =0
Liy(z;y:A) = fo(ziy) + Apy(23y) =0
p(z;y) =0
Giai he tréen ta tim duge nghiem 1& zo; o; Ao. Van dé ton tai va dic tinh clia cyce tri ¢6 diéu kién duge
gidi bang cach xét dau vi phan cap 2 ctia ham Lagrange tai diém Py(xo;10) v& Ao - nghiém ctia he

phuong trinh trén. Py(xo; o) 1 diém dimg ctia ham L.

&I’L = L', da* + 21", dxdy + L', dy?

Trong dé dx; dy théa man rang buoc bicu thi bing phuong trinh
phdr + ), dy = 0(da® + dy* # 0)

Cu thé xét ham f(x;y) dat cuc dai c¢6 diéu kien néu dL < 0 va dat cuc tiéu c6 diéu kien néu d?L > 0
tai diém ditng Py(zo;70) va nhan ti ).

B Cac budc co ban ctia phuong phap nhan t& Lagrange

1. Phat biéu bai toan dusi dang mo hinh toan hoc. Cite dai hodc cyc tidu clia ham z = f(x;y) véi
diéu kien rang buoc ¢(z;y) =0

2. Thiét lap ham Lagrange L(z;y; \) = f(z;y) + Ap(x;y)

3. Tim diém dimg ctia L, tiic la giai he phuong trinh

Li(z;y;A) =0
Ly(z;9;A) =0
Lh(z;930) =0

4. Xét dau d*L tai diém (2¢;70) ma (z0; Yo; \o) 1& nghiém ctia he phuong trinh & bude 3.
o Néu dL(20; y0; M) < 0zmaz = f (05 ¥0)

o Néu d®L(zo; yo; Mo) > 0zmin = f(x0; o)

Dé ndm vitg phuong phéap trén ta quan sat bai toan don gian sau:

! Joseph-Louis Lagrange (1736-1813) 1 nha toan hoc va thién vin hoc ngudi Phap.
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Cho hai s6 thyc z,y thda man diéu kien x + y = 10. Tim gia tri nhé nhét clia biéu thiec:
flzy) = a® +4°

Giai
Budc 1: Tim cyc tiéu doi véi f(z;y) = 22 + 9 thoa man didu kién p(z;y) =2 +y —10=10
Budce 2: L(z;y; \) = 22 + y* + M + y — 10)
0 -
Buéc 3: —f:2x+)\:()<:>x:—

of ox N 2

L _9 AN=0 < y=—-

oy yt y 2

af -\

o r+y 0=0= 5 0< 0

Diém dimg (5;5; —10)

Buéc 4: L, =2; L), =2; Ly, = 0; d*L(5;5; —10) = 2(d2® + dy?) > 0

Jmin = f(5;5) = 52 4+ 5% =25

Qua bai todn 1 ching ta da phan nao dé ndm duge "tu tudng" phuong phép nay. Dé hiéu sau hon

ta tim hoi qua cac bai toan kho hon sau day.

Néu a va b 1 cac s6 thuc duong théa man a' + b'* = 2 . Chitng minh rang:
5a? N 3v° -3
b a? —
Giai
. a? b3
Thiét lap ham Lagrange L(a,b) = 5? +3— — A(a" + b —2).
a
Diém cuc tri la nghiém ctia heé:
oL 10 b3
T 6 14aBA =0
8. e
—5a
9% 02— 14p13)\ = 0
- ® @
alt 4 pld— 9o
Dit x = %, ta quy uéc mau s6 bang 0 thi ti bing 0 dat P(x) = 5z — 9z + 102* — 6 = 0.
P(z) = (2% — 1)Q(x), v6i Q(z) khong c6 nghieém thuc.

Vay a,b > 0 khi x = 1, diém cuec tri tai @ = b = 1,ta c6 gia tri nhé nhat bang 8.
(British Mathematical Olympiad 1986) Cho a, b, ¢ thyc théa a+b+c = 0 va a® + b*+¢? = 6.

Tim gié tri 16n nhat cta biéu thic:

A =a’b+b’c+ ta

<e P, < P3 N A p N . ™ ™ 8
Bai toan nay dau bang xay ra kha dac biét khi x = 20053; Yy = 20033; z= 2003?.
Chinh vi thé nén bai toan gay khé dé cho cac phuong phap ta da biét, tham chi la phuong phap
manh nhu S.0.S, UMV..... Trong quyén stt dung phuong phap Cauchy — Schwarz dé ching minh
bat ddng thiic anh Can c6 mot 10i giai kha doc dédo nhu sau:
Giai
Xét ham nhan tit Lagrange nhu sau:

flab;c) =a’b+bc+ Pa+ A (a+b+c)+ X (a® +b° + & —6)

Céc diém cuc tri 1a nghiém hé phuong trinh:
of _of _or _,
da  Ob  dc
a+b+c=0
a?+0*+c* =6
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2ab+c+ X\ +2\a =0
2bc + a® + A\ +2Xb=0
S 2ca+ b2+ N +2 =0
a+b+c=0

A+ +=6

\

Cong vé véi vé cia phuong trinh thit nhat, thi hai, thi ba ta duge
(a+b+c)+30+20(a+b+¢)=0e X\ =0

Dén day ta ducc

2ab + c® 4+ 2 a0 =0
2bc + a® + 2\ =0
2ca + b? + 2 9c = 0
a+b+c=0

a4+ b +c*=6

\
Tu day ta co
2ab+c¢*  2bc+a*  2ca+b?
a B b B c
Day la diéu kién ctia dau dang thiic trong bat dang thitc Cauchy — Schwarz nén ta sé chitng minh

=2\,

bai toan nhu sau:
Theo bat déng thiic Cauchy — Schwarz ta co

[a(2ab + %) + b(2bc + a?) + c(2ac + b?)]? < (a® + b* 4 ) [(2ab + *)? + (2bc + a?)* + (2ac + b?)?]
Mit khac ta co: a(2ab + ¢?) + b(2bc + a®) + c¢(2ac + b*) = 3(a?b + b*c + c*a) va
S (2ab + 2)® = 2(ab + be + ca)® + (a® + b2 + ) = 54
Nén do d6 A = a?b + b*c + ca < 6.
Dau "=" x4y ra khi x = 2003%; Yy = 2003%; z= 2003%
Cho z,y, z thuc thoéa z +y + z = 0 va 22 + 2 + 22 = 2. Tim GTLN, GTNN ctia biéu thrc:
P=a®+y’+2°

Giai

Dit f(z;y;2) =28+ 9% + 25 + Mz +y + 2) + Ao(2® + 92 + 22 — 2) Diém cuc tri 1a nghiém ctia he
(of _of _of

or 0Jdy 0z

\ r+y+z2=0

[ 22+ y* 22 =2

322+ M + 22 =0
3y + M+ 2Xy =0
3224 XN +2X2=0
r+y+z2=0

2?4 yP 422 =2

Cong lai ta c6 3(z? + y? + 22) +3A\ 1 + 2\(z + y + 2) = 0 & A\ = —2 Thay vao hé trén ta co6
322+ 2 0 —2=0
3y +2Xy —2=0
322 42Xz —2=0
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O day ta quy udc néu mau bing 0 thi ti bing 0

3x2—2_3y2—2_322—2
r oy oz

= -2\

Ap dung bat ding thic Cauchy-Schwarz ta co:
[2(32% — 2) + y(3y* — 2) + 2(322 — 2)]2 < (2 + v* + 22)[(32 — 2)* + (3y? — 2)* + (327 — 2)?]

=2.[9(z* +y* + 2% - 12] = 12

Do 2 +yt+24 = (22 +y? +22)2 = 2[(zy)* + (y2)? + (22)?] = 4 —2[(xy+ 22 +yz)? —2z2y(x+y+2)] M2
($~|—y+z)2—(x2+y2+z2) 2v/3 2v/3

Yy +rzt+yz = 5 —1 Do dé. z* +y* + 2* = 2 Vay —T<P<—

2 1 1 2
emin P = —L_ khi (z;y;2) = (—; — ——) va cac hoan vi.

V3 V3 VB
2\/3 1 1

emax P = —— khi (z;y; —; ———=; —= | va cac hoan vi.

3 o ( NERRE f)
5| Cho a; b; ¢ thic théa man a? + ¢ + abc = 4. Tim gia tri nhé nhat ciia biéu thiic:

D=a+b+c

Giai
Dat f(a;b;¢c) = a+b+ c;g(a;b;c) = a® + b* + ¢ — 4 + abe

L=f—-Xg=a+b+c—\a®>+ b+ +abc—4)

Diém cuec tri 1a nghiem ctia he

1—Xa—Abec=0 A= !
gﬁ— G "~ 2a+be
=1—-X—dac=0 = 4§ A=
gz Qbeac
—1—Ac—)\ba—0 AZQc—i—ba
1 1 ) .
Do = S (a—0)(2—c¢)=0.Tuong tutacé (b—c)(2—a)=0va(c—a)(2—-0)=0

2a +bc  2b+ ac
Néeua=b=2twta?+b>+c*+abc=4tatimdugcc=—-2vavivaya+b+c=6

Néua=b=c#2tac63a®+a*=4< (a—1)(a+2)*=0
Vaytacoa=b=c=1hoaica=b=c—2vatita+b+c=3hodca+b+c=—6 tacé gia tri nho
nhat cia D = —6

(6] Cho a, b, ¢ thuc duong théa a + b+ ¢+ d = 1. Chiing minh ring:
1 176
< — 4 -
abc + bed + cda + dab < 57 + 57 abed
Giai )
Dat f = abc + bed 4 cda + dab ta sé chiing minh f < —

27
batg=a+b+c+d-1

Ta thiét lap ham Lagrange

12
L:f—/\g:abc+bcd+cda+dab—2—76abcd—/\(a—|—b+c—|—d—1)



Ta co: 176

:bc+cd+db—2—7bcd—/\:0
:ac+cd+da—¥acd—)\:0
—ba+ad+db—¥bad A=0

1
—bc+ca+ab—ﬁbca—)\20

8:| &’%’I SIS

( 27
Tt hé ta tim duge:
1 1
)\—bc—l—cd—i-db—ﬁbcd—ac+cd+da—Eacd-ab%—bd—i—da—ﬁabd—bc—i—ac%—ab—ﬁabc
27 27 27 27
1 1 12
Tt b+ cd + bd — gbcd =ac+cd+da — 2L76acd taco (b—a)(c+d— 2—770d) = (. Thiét lap tuong
tu:
12
(b—c)(a—l—d——7ad)—0
(b— d)(a—l—c—ﬁac =0
(a—c)(b+d——6bd =0
1
Giai phuong trinh nay tacoa =b=c=dvatia+b+c+d=1ntna=b=c=d= 7 Vay

1111 1
f (Z_l’ T Zl) o7 . Tt day ta c6 diéu can chitng minh. Wl

Cho a, b, ¢ thyc théa a + b+ ¢ > 0. Chitng minh rang:
a® + b + ¢ < (a® + b2+ )32 + 3abe
Trong bai toan nay ta sé tim cach dat an thich hop dé tao them diéu kieén rang budc cho céac bién dé

st dung phuong phap nhan ti Lagrange.
Giai
bat
a b c

VEiRtE ' JEirpia N

Bét déng thic can chung minh viét lai thanh
2yt 428 < (4 P+ 22+ By veia? P + 22 =1
Dat
f=a*4+b+c—3abe; g=a*+b0*+c*—1

Ta thiét lap ham Lagrange

L=f—-Xg=a"+b"+c —3abc— \Na* +b*+c* —1)
Ta c6 hé sau:
= 3a? — 3bc —2X\a =0
= 3b? — 3ac —2\b =0

=3c2—3ba —2\c =0

SUSSHISSIS

)= 3(a®* —bc)  3(b* —ac)  3(c* — ab)
2 26 2




Tt trén ta c6 3a?—be) 30— ac)

on = 5 & (a—b)(ab+bc+ac) =0
Tuong tu ta c6 (b — ¢)(ab+ bc+ ac) =0 va (¢ — a)(ab+ be + ac) = 0.
Giai phuong trinh nay ta thu duge a = b = ¢ hoac ab + bc + ac = 0.
Néua=0b=cthi f(a;a;a) =0< 1
Néu ab +be+ac=0thi (a+b+c)? =a®>+ 0>+ c*+ 2(ab+ be+ac) = 1
Vatita+b+c>0tacoa+b+c=1

Vi vay

fla;be) = a® +b° 4+ ¢* —3abc = (a+b+c)(a* + b* + ¢ —ab—bc —ac) = 1

Phép chitng minh hoan tat. W
(China TST -2004)Cho a, b, ¢, d thyc duong thoa abed = 1. Ching minh ring:
1 1 1 1
> 1

(1—|—a)2+(1—|—b)2+(1+c)2+(1—|—d)2 ~

Giai

1 1 1 1
Dat f(a;b;¢;d) =

+ + +
(1+a)? (140> (1+¢° (1+a)
Ta thiét lap ham Lagrange

5 va g(a; b;c;d) = abed — 1

1 1 1 1
L=f—-)g= + + + — Mabed — 1).
L R LR TR R )
Ta ¢6 hé sau
( OL —4 A ( —4a
o T . N2 0 A= 2
da  (1+a) a (1+a)
oL 4 N
b (1+b)? b C(1+b)
OL —4 A = —4e
dc (1+¢) c (1—1—3}
8_L _ 4 _ é —0 — —_4
[ Oc (1+¢)* ¢ [ (+a)?
Tt hé ta thu duce
I R R

(1+a)® (140> (1+0® (1+d°
Ta co:
(a=b)(1—ab)=0; (a—c)(1—ac)=0; (a—d)(1—ad)=0

(b—c)(1=bc)=0; (b—d)(1—0bd)=0; (c—d)(1—cd)=0

Giai phuong trinh ta thu dugca=b=c=dvatitabcd=1néna=b=c=d =1 vi vay ta co

1 1 1 1
L) =-+-+-+-=1
f( )y ) 4 + 4 + 4 + 4
i 1 1 1 1 4 1 5
,5,=2)=-4-4+=-+-==+=->1
f(”Q’) 4+4+9+9 2+9
Nén theo phuong phap nhan tit Lagrange ta két luan duge f(a;b; c;d) > 1. Vay bai toan dugc chiing

minh. l



@Cho a, b, c,d 1a nhitng s6 thyc duong théa a + b + ¢ + d = 4. Chitng minh réng:
1 1 1 1
27l =+-+-4+=)>29@+b*++d% +8.
a b ¢ d

Giai
Ta thiét 1lap ham Lagrange lay vé trai trit vé phai, va dat g la a+b+c+d—4 = 0. Ta dé dang thay
of

25 o
3 @ < (nén no ton tai gia tri cyc tieu.
a
. N . , 0 0
Nén n6 ton tai hang so6 A thoa man—f —ax Y
da da

& —27(%%—&2) =\

T trén ta c6 a, b, c,d = k hoac %

1) Néu a,b,c,d =k thi k = 1, ta tim duge f > 0.
2) Néua,b,c:kvad:%,thik:%véf:O.

3) Néua,b:kzvac,d:%,thikzl,vaf>0.

Tu 1) 2) 3) ta ¢6 diéu can chiing minh. W

@[Cho a,b,c,d thyc duong théa a + b+ ¢ + d + abed = 5. Chitng minh ring:
1 1 1 1
- >4
+b+ +d_
Giai L1 11
Datf(a;b;c;d):—+E—|——+C—Zvag(a;b;c;d):a+b+c+d+abcd—5:O
a c
Ta thiét lap ham Lagrange
1 1 1 1
L=f-X=-+-+-+-—XNa+b+c+d+abed —5)
a b ¢ d
(
L
%—:———/\(l—kbcd)
)
%:———)\( +ClCd):
g—:———)\(l—l—bad)
I
— =——=—X(1
¥ A1+ bea) =
-1 —1 B -1 -1

~ a2(1 + bed) - b2(1 4+ acd) (1 + abd) Rt d?(ach)
Tit 2 phuong trinh dau ta co:

a*(1 + bed) = b*(1 + cad) < (a — b)(a + b+ abed) = 0

Tuta+b+abed >0tacéa=> Tuongtutacba=c=dnéna=b=c=d

St dung gid thiét a+b-+c+d+abed = 5 ta thu duge a*+4a—5 =0 < (a—1)(a*+a*+a+5) = 0 giai

phuong trinh nay ta tim dugc a =1. Dod6a=b=c=d=1. Nen f(1,1,1,1)=14+1+1+1=4

vay ta c6 diéu can ching minh. l

@ Cho a, b, ¢ thyc duong thoa a + b+ ¢ = 1. Chiing minh rang:
7(ab+ bc + ac) < 9abc + 2

Giai
Dat f(a;b;¢) = T(ab+ cb+ ac) — 9abc — 2, g(a;b;¢) = a+ b+ ¢ — 1 Ta thiét 1ap ham Lagrange

L=f—-Xg="T(ab+bc+ac)—9abc—2—ANa+b+c—1)
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Diém cuc tri la nghiém ctia hé

oL

%:7(b+0)—9bc—)\:0 A= 7(b+ ¢) — Obe
%:7(0—#@—9@0—/\ =4 A=T(a+c)—9ac
S = T(a+b)—9ab—A=0 A=T(b+a) = 9a

Nén
T(b+c¢)—9c=T(c+a)—9ac=X\< (b—a)(7—9c) =0(1)
Thiét lap tuong tu ta cling ¢6 (¢ — a)(7 — 9a) = 0(2) va (a — ¢)(7 — 9b) = 0(3) giai phuong trinh ta
cba=b=c= 3 va
21 9
f(a;b;c):7(ab+bc~l—ac)—9abc—2:5—5—220
. " . s . . ) 7 . 14 s
T (1) néu a = b va b # ¢ thi tit phuong trinh trén ta c6 a = 9 =bvaa+b= 9 > 1 dieu nay mau
thudindoa+b<a+b+c=1
Néu 7 — 9c = 0 thi ta khong thé ¢c6 7 — 9a = 0 hodc 7 — 9b = 0 nén tit (2); (3) ta phai c6 b = ¢ va
7
a:cnéna:b:c:§.
Vay gia tri nhé nhat L = 0 hay 7(ab + ac + bc) < 9abe + 2
M Cho a, b, ¢ thyc théa a® + b? + ¢® + d*> = 1 chiing minh rang:
A=a*+ b+ + abc + bed + cda + dab < 1

Giai
Ta thiét lap ham Lagrange

L=a>+b+c 4 d®+ abc + bed + cda + dab — 1 — Ma* + 0> + ¢ +a® — 1)
Diém cuc tri la nghiém ctia hé

=3a’+bc+cd+bd — 2 a =0
=3 +ac+cd+ad—2\b=0
— =3c>+ba+bd+ad—2\c=0

— = 2 —_ —
2d 3d° +bc+ca+ba—2XAd=0

A+ +E+E =1

( o) — 3a? + bc 4 ac + bd

9 a
_3b + ac+ cd + ad

2\

b
2
2)\:30 + ba + bd + ad

c
3d? + ca + bc + ab
\ 2\ = g

Ta quy udc néu mau bang 0 thi tit bang 0 Tt day ta co:

3a® + bc + ac + bd B 3% + ac + cd + ad
a N b




3 +ba+bd+ad  3d*+ ca+ be+ ab
N c N d
Theo bat dang thitc Cauchy — Schwarz ta cé:

=2\

OVT? =Y a(3a® +be+ cd+ db))* < (> +b* + *)[>_(3a” + be + cd + db)’]
=9(a® + 0> + & + d*)* — 2(a®V* + b’ + 2a® + d*a® + d*b* + *d*) — abe(a + b+ ¢)
—bed(b+c+d) —cda(c+d+a) —bab(b+d+a) <9
That vay bat ddng thic cudi tuong duong:
2 (a®0® + b°¢® + *a® + d*a® + d°0* + *d®) > abe (a + b+ ¢)+bed (b + ¢ + d)+cda (¢ + d + a)+dab (d + b + a)

Luon ding do AM — GM. (bo [2;2;0;0] > [2;1;1;0] Bat déng thitc dugce chiing minh. W
112 (IMO Shortlist 2007) Cho ay; a; ...a100 > 0 théa a? + a3 + ... + a2y = 1 chiing minh ring:

2 2 2
ajas + azas + ... + ajged

Giai
Dé thuan tien bién doi ta dit 191 = a1; @102 = a2 VA& .S = alay +azaz+ ... + a%ooal Ap dung bat déng

thitc Cauchy-Schwarz:

100

2 100 100 2
95% = Z g (ar? + 2ak+1ak+2)] < <Z @k+12> Z (ax” + 2a41a542)

=1 k=1 k=1
100 100

2 2 4 2 2 22

= E (ar” 4 2a410842)" = g (ar” +dap app1apq2 + 4ap1 " arg2”)
k=1 k=1

Mat khac theo bat dang thitc AM-GM ta c6

2 20 2 2
dar”apr1ap12 < 2a;(agyy + Gjyy)

Tu trén ta co

100 100
957 < Z [ap + 243 (ajyy + aipy) + 4ai 107 ) = Z [ay, + 6ai ;0 + 2a}ai )
k=1 k=1

St dung cac danh gia don gian

100 100
Z [ap + 2a3 1a; + 2a5a3 5] < (Z a )
k=1

k=1
100
2 2
E gy < a2z 1 a2]
k=1 j=1

50 50 50 2
952 <1+4 (Za%i_l) (Zagj) <1+ Z%Z 1—}—2(12]) =

i=1 j=1

ot
()

Ta dugc:

T day suy ra S < ‘/?5 < ;—g Vay bai toan dugc ching minh W



Bai 1: Cho z,y, z thyc thuoce doan [0; 1], chiing minh réng
2?4yt 422 <1+ a%y e+ 2P

Bai 2: Cho z;y; z thuc duong. Chiing minh réng:

x Y z
+ + S
l4+z+2y 1+y+yz 142422

Bai 3: (USAMO -1997)Cho a; b; ¢; d thiic duong. Chiing minh réng:

1 1 1 1 1 2
25§(a+b+c+d+e)<5+3+z+g+g>s25+6(\/§—\/g)

Bai 4: (USAMO 2001) Cho a, b, ¢ thyc duong thoa a? + b* + ¢* + abe = 4 chiing minh réng
ab + bc + ac — abe < 2

Bai 5: (1999 Canada Math Olympiad) Cho z,y, 2 1a nhitng s6 thyc khong am théa z +y + z = 1.
Chitng minh rang

4

2 2 2
< —
xy+yz+zx_27

Bai 6: (Bat dang thitc Schur) Cho a, b, ¢ > 0.Chitng minh
a® + % + ¢ + 3abe > ab(a + b) + be(b + ¢) + ca(c + a)

Bai 7: (Romanian IMO-BMO TST -2007)Cho céac s6 thuc ai;as;...a,; bi; be;...by(n > 2) théa man
ai+a3+...+a:=0b3+05+ ...+ b>=1; arby + agsby + ... + a,b, = 0. Chiing minh rang

(a1+a2+... +an)2+ (bl +bz+---+bn)2 <n

Bai 8: Cho aq, as, ....,a, > 0 va aj.as....a, = 1.Chting minh

1 1 1

n
...... > min {1 5 | Vk >
(1+a1)’f+(1+a2)"3+ +(1+an)k_mm{ o Vk >0

Bai 9: (VMEO II)Cho a, b, ¢, z,y, z théa ax + by + ¢z = zyz. Chiing minh

T4+y+z> \/4(a+b+c)+ V/8(ab + be + ca)
Bai 10: Cho a, b, ¢ > 0 théa a® + b + ¢ = 3. Chiing minh:
2(a®b + b*c + c*a) + 15 > 3(a + b+ ¢) + 4(ab + be + ca)
Bai 11: Cho a, b, c € R thoéa 2a® + 23 + ¢ = 4. Tim GTLN va GTNN clia
c* — 2ab
Bai 12:Cho a,b,c¢ > 0,a + b + ¢ = 3. Chiing minh rang:

A 4+bvr+F+ab+be+ca>6
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Bai viét xin két thic tai day. Nhan day, toi xin cAm on anh Hoang Qudc Viét-sinh vién truong
Dai hoc Bach Khoa Ha Noi da c6 nhiing ¥ kién déng gép dé hoan thién chuyen dé nay.
Viéc bién soan khong thé tranh khéi nhitng thiéu sét, rat mong nhitng ¥ kién déng gép ciia cac ban

dé chuyeén dé duge hoan thién hon! Moi déng gép xin gii vé dia chi: manmelody193Qyahoo.com
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