Cobng thirc tinh so cach lat bang 6 vuong kich thwéc mxn
béi cac quan domino
Truong Phuac Nhan, 16/08/2018

Bai todn. C6 bao nhiéu cach lat mot bang 6 vuong kich thudc mxn boi cac quan domino kich thude 2x1 ?

Trong bai viét nay ta s& cuing tim hiéu 1oi giai cho cau hoi thi vi vira néu. Cau hoi nay khdng chi don
thuan 1a mot bai toan t6 hop hay va né con dong mot vai tro quan trong trong cac khao sét Iy thuyét cia
nganh vat ly thong ke va Iy thuyét hoa hoc trang thai ran.

Pé don gian hoa van dé ta s& xem xét trén bang 6 vuéng véi m=3 va n=4, nhu sau:

Mot cach lat twong tng cho bang 6 vudng nay sé c6 dang nhu sau:

1

T

Dé don gian hda van dé ta s& khao sat bai toan trén dd thi déi ngau cua bang 6 vudng kich thuéc mxn,
nhu hinh v€ dudi day:

Do d6 ta d& dang nhan thay rang sb cach lat can tim ciia bang 6 vudng kich thuéc mxn chinh 1a s6 cach
ghép cap cua do thi doi ngau caa no.

1. Chérng minh c6ng thwrc Kasteleyn

Két qua 1. (Kasteleyn)
Cho G =(V,E) lamot dé thi con hiru han cia Z2.
Dinh nghia ma tran Kasteleyn ciia do thi G 1a ma tran cép |V |x|V | véi cac hang va cac cot duge danh so
bai cac phan tir cia G va xac dinh bai:
1 (u,v) la mot canh ngang,
K,y =11 (u,v) la mét canh doc,

0 trong cdc truong hop con lai.

Khi d6, s6 ghép cdp hoan hdo ciia G duoc tinh boi /|det K| .

Chwing minh. ‘ i
Gia st G la mot do thi ludng phén véi cac phan X va Y.




1 (u,v) la mot canh ngang,
bat w(u,v)=4i (u,v) la mét canh doc,

0 trong cdc truong hop con lai.
r O A r Y A A re r \ ’ A 5 = z A
Do d6, K = A0 trong d6 A la ma tran cap |X|x|Y| v6i cac hang duge danh so boi X, cac cot dugc

o , ) w(u,v), néu (u,v)eE,
danh so bdi Y va xac dinh boi A, = ( ) ( )
' 0 , truong hop con lai.
Béng cich hoan di vi tri cia cac cot ta nhan thdy rang |det K|=|det® Al=|det A|". Tir day dé ching minh

két qua néu trong khang dinh dau bai ta chi can ching minh rang |det A| bang véi sé ghép cap hoan hao cua
a6 thi G.

=[Y|=nva X ={u,u,,...u,},Y ={v,v,,...v,}, taco

det A= Z 5'9”” ( (1))w(n a(n)) = UEZS: Signow(ul, L )...w(un , v”(n)) .

oes,
Nhan thay riang trong biéu dién cudi cing, sé hang s& bang 0 néu c6 mot nhan tir bang 0, diéu nay cé
nghia la so hang nay sé khac 0 néu o biéu dien cho mot ghép cap.
Xem xét hai ghép cap phan bié¢t M va M', tatam gia su rang hai ghép cap nay tuong tng vai hai hoan vi
laocvao'.

—

Khi do, hop M WM’ cia chiing 12 hop cia cac chu trinh chin phéan bigt nén ta c6 thé bién doi M thanh
M’ bang cach quay cac canh trong mdi chu trinh nay theo cting mot hudng.

Do do, dé chi ra rang hai ghép cap phan biét Xuat hién trong tong trén voi ‘cung mot dau ta chi can chirng
minh ring phép quay cac canh quanh mdi chu trinh ndy khéng anh hudng dén dau caa cac s6 hang tuong
g 1a duogc. Trudng hop riéng, ta chi can khao sat trudng hop khi hop M WM’ chi bao gom mét chu trinh.

Ta can két mot két qua phu quan trong sau cho qué trinh khao sat:

Bo dé. Gia sir V,,V,,...,V,, la mot chu trinh ciia d6 thi Z>.

Néu ta ky hiéu = = (H w(vi,vm)j/E 11 w(vi,vﬂl)j thi z=(-1)""" trong d6 | 1a s6 diém cua 7 gi6i

i1¢é

i chin
han bai chu trinh v;,V,,...,V,, .

Chirng minh bé dé. Ta s& ching minh b d& vira néu bang phuong phap quy nap theo sé | gdm cac diém
cta 7> gidi han bai chu trinh v,,v,,...,V,, .

e Truong hop 1 =0, khang dinh 1a hién nhién.

That vay, chi c6 duy nhat mot kha nang khién cho s6 cac diém cua 7 gigi han bai chu trinh v,,v,,...,V,,
bang 0 nhu trong hinh V& bén dudi:

C oSl

wW(V;,V, )

Khi d6, 7 = =1=(-1)"".

| Wlveru) L |
e Gia st rang khang dinh néu trong bd dé da duoc kiém chang cho moi chu trinh chin ¢6 sé cac diém cua
7% gi6i han bai chu trinh nho hon |. Gia st V,,V,,...,V,, 1a chu trinh c6 s6 diém gisi han dung bang | .
Khong mat tinh tong quat ta cd thé gia sir v, 1a diém nam & vj tri trén cing bén tay trai va ta sé khao sat ba
truong hop con quan trong sau:
Trwong hep 1.



Ta thu duwgc mét chu trinh méi twong tng véi duong gach nét nhu trén hinh Vé.
Chu trinh méi nay ¢6 k' =k, I'=1—1 nén &p dung gia thiét quy nap tasuy ra =’ =(-1)" * =(-1)"".

Do do, 7 = ﬂ'_TI =—7'= (—1)k+l_1 )

Trwong hep 2.

Ta thu dugc mot chu trinh méi twong tng voi duong gach nét nhu trén hinh vé.
Chu trinh méi ndy ¢ k' =k -1, I'=1 nén &p dung gia thiét quy nap ta suy ra z’=(~1)" " = (-2)"".

Do dé, T = 7.['% — —71" _ (_1)k+l—1 '
|
Trwong hep 3.
(A

S

Ta thu dugc mét chu trinh mai twong ng véi duong gach nét nhu trén hinh ve.

Chu trinh mé&i nay ¢d k'=k—1, I’=1 nén &p dung gia thiét quy nap ta suy ra =’ = (—1)“'_l = (—1)k+'_2 :
$2

Do d6, == n'IT =—n'= (—l)kH_l,

Tém lai, trong ca ba truong hop ta lubn cé = = (—1)k+'71, nén theo nguyén Iy quy nap ta nhan duoc diéu

phai chirng minh.
bieu nay chirng minh tinh diing dan caa bo de.
Gia st M UM’ la chu trinh u,,v;,U,,V,,...,u,,V, trong d6 (u;,V,),(U,,V,),....(u,,v,) 1a cac canh cia M

con (u,,v,),(U,,V,),.... (U,,V, ;) 1a cac canh caa M’ tic 1a o 1a hoan vi ddng nhat con ¢’ =(n,1,...,n-1) la
hoan vi vong quanh do dai n, nén signe =1 va signe’ = (—1)"71.
Ap dung két qua néu trong bd dé, ta co
W(UZL’Vg(l))W(UZ’Vg(z))"'w(un’vg(n)) ~w(ug, v )w(uy, v, )..w(u,,v,)
W(ulfvg'(l))W(UZ’V”'(z))"'W(Un’vg'(n)) W(Vl,UZ)W(VZ,VS)...W(Vn,Ul)
trong d6 | 12 s6 diém cua Z° giéi han boi M UM’
Do céc diém gigi han béi M UM’ chinh 1a hop cia cac diém gigi han bai cac chu trinh chin nén | chin.
Do do, Signcrw(ul,vﬂ(l))w(uz,vﬂ(z))...w(un,vﬂ(n)) = Signo’w(ul,vﬂ,(l))w(uz,vﬂ,(z))...w(un,va,(n)) , dpcm.




2. Cong thikc tinh s6 cach lat

Cho truéc hai do thi G, =(V,,E,) va G, =(V,,E, ), ta dinh nghia d6 thi G, xG, nhu sau:

e Tap dinh cua G, xG, latap V,xV,

e Hai dinh (u,,u,) va (v,,v,) ciia dd thi G, xG, duoc ndi véi nhau bai mot canh néu va chi néu
(u,v;) € E, hoac (u,,v,)eE,.

Nhan thiy rang do thi d6i ngdu G cua bang 6 vudng kich thuéc mxn c6 thé biéu dién duoc dudi dang
G=P,xP,,trong d6 P, va P, 1a cac duong di.

D& dang nhan thay rang d6 thi Kasteleyn caa G ¢6 thé duoc biéu dién lai duéi dang:

K=A,®l +i(l,®A),

trong d6 ky hiéu ® dung d chi tich tensor ciia hai ma tran; A va A lan luot Ia cac ma tran ké cia
P vaP;val_ val lacacmatrandonvicip m van.

Theo cdng thirc Kasteleyn thi dé tinh s6 ghép cap cua G ta can phii tinh dugc det K , hay ndi cach khac
la can phai tinh duogc cac gia tri riéng caa ma tran K.

Két qua 2. Gia st cac gia tri riéng ciia A, va A lan luot 1a g (k=1,2,...m) va 4, (j=12,..,n). Gia st
thém rang W,,V; la cdc vector riéng twong ang véi u, va 4.

Khi do, p +i4; (k=1,2,..,m; j=1,2,...,n) la cic gia tri riéng twong wng cua ma tran K , va vector riéng
tuwong ung vai gia tri riéng nay la w, ®v;.

Chirng minh.
K(w, ®v;)=(A,®1,+i(1,®A))(w ®V)
=AW, ®V; +iw ® AV,
=(,ukwk)®vj +iw, ®(/1jvj)
=i, (wk ®vj)+iij (wk ®vj)
=(,uk +i/1j)(wk ®vj).
Do d6 dinh huéng cua ta bay gio d6 chinh 1a xac dinh cac gia tri riéng cia ma tran k& A, cua do thi
duong di P,.

Két qua 3. Gia sir A 1a ma tran ké cta do thi duong di P, .

n

Khi d6, cac gi tri riéng cua A la 2cosi1 (i=12,..,n).
n+

Chirng minh.
Ma tran ke A, c0 dang nhu sau:
[0 1 0 0]
1 1 0 0
1 0 0

0 0 0 .. 01
000 .. 1 0]
Theo dinh nghia, 4 1a mot gia tri riéng cua ma tran A néu va chi néu ton tai mot vector

v:(vl,vz,...,vn)T #0 sao cho Av=Av.




Biéu dién lai hé thuc A v = v theo céc toa d, ta thu dugc hé phuong trinh:
v, =y,

V, +V, = 4,

V, +V, = Av,

V=4V,

Néu ta quy wéc rang v, =v_, =0 thi hé¢ phuong trinh trén tré thinh phuong trinh sai phan tuyén tinh

Vo, +V., =4v,1<i<n.

Tir cong thie nghiém ctia mdt phuong trinh sai phan tuyén tinh ta nhan rarang v, =aa' +b4' (a# )
hodc v, =(ai+b)a' (o= ), trong d6 a, B la cac nghiém cua phuong trinh X* —Ax+1=0.

e o, a+p =1
Tu dinh 1y Viét, ta thu duoc : .
af =1
Tu diéu kién v, =v,, =0, tasuy ra o™ = ™.
2n+2 1
Tu hé thirc of =1, tasuy ra 1, Nén a la mot can bac (2n+2) cua don vi.
a

Tir nhan xét trénta co: A=a+ f = 2Rea=2cosi1, j=01..2n+1.
n+

szzcosn(2n+2—j)
n+1 n+1
Néu j=0 thi 1=2, khi d6 phuong trinh x* —/x+1=0 c6 nghiém kép x =1, nén v, c6 dang ai+b.
Tir diéu kign v, =v,, =0, tanhan rararang v, bang 0, diéu nay mau thuan véi gia thiét ban dau.
Tuong tu, chisd j ciing khong thé bang n+1.

Do 2cos , Nén ta chi can xem xét cac truong hop j=0,1,2,...,n,n+1.

, , ., . 2 ., ., N N Ty . N , ., .y ~ , N
Do d6, cac gia tri cO thé co cua gia tririéng 1 la Zcos—Jl, J=12,...,n, nén cac gia tri nay cling chinh la
n+

tat ca cac gi tri riéng caa ma tran A, béi vi mot ma tran cip nxn c6 chinh xac n gia tri riéng.
Diéu nay két thic ching minh cua ta.

Sau cling, tir cdng thirc Kasteleyn va hai phan tich vira trinh bay & trén ta thuc hién phép tinh sb cach lat
nhu sau:
So cach lat cac quan domino =So cac ghép cap hoan hao cua G

|det K|

= [ﬁn‘ﬂk ik, U;

k=1 j=1

1
m n . 4
(HH(4COS ——— +4cos? ﬂj}
k<t j-i +1 n+1
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