Ung dung céng thiec Cauchy — Binet trong cac bai toan vé dé thi
Truong Phudc Nhan, 28/12/2018
Noi dung bai viét nay trinh bay chting minh céng thizc Cauchy — Binet va ang dung né trong cac bai
toan vé dd thi. Pay la mot cong thirc quan trong dong vai tro then chét trong viéc tng dung cong cu ma
tran va dinh thirc khi khao sat cac van dé vé doé thi.
1. Cong thwc Cauchy - Binet

Codng thwc Cauchy-Binet
Cho A=(a;) lamatran cdp mxn va B=(b,) lamatran cdp nxm.
Khi d6, néu m > n thi det(AB)=0, connéu m<n thi det(AB)= Y (det A[S])(detB[S])

Sc ],2,...,n}
S‘:m

Luu , néu §={j, < j, <...<j,} thi A[S]=(a,, ) véi 1<i<mval<k<m.
Chirng minh cong thic Cauchy-Binet 7 ’ o
Khéng mat tinh tong quat cta van deé ta cé thé gia st m < n, boi vi néu m > n thi tir cac hiéu biét nhan
duoc tir ly thuyét dai s6 tuyén tinh ta biét rang rank (AB) < rank(A)<min{n,m} <m nén det(AB)=0.
Tir dinh nghia tich hai ma tran va tinh da tuyén tinh cua dinh thirc ta nhn duoc két qua

n

Z 111 gl Zal} b
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det AB=det| ... = > det(A(jisfprrdin))biibyaeby (1)
) ; oo =1

Z Ay Dy e Z a,; b,

J'I:1 jm:1

Do det(A(jl,jz,...,jm)) =0 néu céc chi sé j, bi tring lai nén khdng giam tinh tong quét cta bai toan ta
chi can khao sat cac hé chi sb d6i mot phan biét nhau.
Gia st cho tru6c ho S' = (i, j5seeerjl )y 1< ji < jo <o < i Sy S=(Jisjaser ) 12 MOt hoN Vi ndo d6

cuaho S',tacla j. =/’ . v6i o lamot hoan vi cua tap [m |, nén
Ji = Jofi)

det(A(jfysn ) =sgn(c)det(A(j. j5emnrfl,))
Bing cach lay tong cac sb hang det(A(j.jy»-wmsj, ))b; b, ,--b; , trén tht ca cac he S 12 hoan vi ciia S’
va goi 1 la hoan vi nghich dao ctia hoan vi o, ta co

(Z sgn(o) bj;mlb./;@ﬂ'"b./‘;(m)m jdet(A(jl’,jé,...,j;I ))
= (ZT: Sgn(T)bj;(,)1b,~;(2)2---b,~;(m)m jdetA [S,]

=det A[S']det B[S'].
Do d6, det(AB)= " (detA[S'])(detB[S']).

S'g{l,2,...,n}
[$'=m

2. Mot s6 van dé co ban can lwu y khi ap dung dai s6 tuyén tinh khao sat cac bai toan dé thi

Dé c6 thé ap dung cdng thirc Cauchy-Binet trong cac bai toan vé do thi thi viéc du tién ma ta can thyc
hién d6 1a mé ta lai cac thong tin co ban cua mot dd thi dudi dang ma tran.

Cho truéc dd thi vo huéng G veéi cac dinh v,,...,v, .




Ma tran ké cia dd thi G 1a mot matran A(G)=(A,) cap nxn trong d6 A, bang sé cac canh lién
thudc véi cd hai dinh v, va v, .
Trong truong hop G 1a mot do thi ¢6 hudng thi thay cho ma tran ké ta s& khao sat cac ma tran lién
thudc va ma tran Laplacian dugc xac dinh nhu sau:
Ma tran lién thuoc ciia dd thi G lamét matran M(G)=(M,) cip nxm trong d6 phan tir M, cho boi
1, néu dinh v, 1a dinh déu cta canh e,
M, =4~1, néu dinh v, 1a dinh cu6i cla canh e
0, trong céc truong hop con lai.
Ma tran Laplacian cia o thi G 1a mot matran L(G)=(L,) cp nxn trong d6 phantir L, xéc dinh
boi
—nmy, néu i # j vGi m; 12 s0 canh noi dinh v, véi dinh v,
i~ {deg

(v,), néu i = j véi deg(v,) 1a s6 canh lién thudc voi dinh v,.

Két qua 1
Cho trude d0 thi vé huéng G, M(G) va L(G) lan luot 1a ma tran lién thuoc va ma tran Laplacian cua

do thi G.Khidé, L=MM"

Chirng minh két qua 1 ,
Khang dinh trong két qua 1 duoc suy ra truc tiep tir dinh nghia phép nhéan hai ma tran.
Xét hai dinh v,,v; bat ki cua do thi G, nén ta c6 (MMT) > MM,

Y ekeE(G)

Néu i = j thi sé hang M, M, =(M, )" nén (MM") = s céc canh lién thuoc véi dinh v, =deg(v,).
Néu i = j thi s6 hang M, M, =0 khi va chi khi canh ¢, lién thudc véi c4 hai dinh v, va v, .
Hon nira, do ludn c6 mot trong hai s6 hang M, va M, bang 1 va s6 hang con lai bang —1

nén (MMT) =—m, V6i m; 1as6 canh néi dinh v, véi dinh v, .
ij
Bay gio gia st do thi G 12 lién théng va ki hiéu M,(G) la ma tran thu duoc tir ma tran lién thuoc
M (G) bang cach xéa di hang cudi cing va ma tran M, (G) ciing duoc goi la ma tran lién thugc thu gon
ctia do thi G . Khi d6, ma tréin M,(G) ¢6 n—1 hang va m cot.
Nhén xét rang s6 cac hang cia ma tran M, (G) bang véi so canh trong mét cay khung bat ki cua
do thi G.

Két qua 2 ‘ ‘
Giastr S lamot tap hop gom p—1 canh nao d6 cta do thi G.

Khi d6, néu tap hop S 1ap thanh mét cy khung cua do thi G thi det M, [S]==1, con trong truong hop
nguoc lai néu S khong Iap thanh mot cay khung ciia d6 thi G thi det M, [S]=0

Chirng minh két qua 2 ‘ ‘

Neéu tap hop S khéng lap thanh cay khung cia do thi G thi lubn ton tai mot tap con R caa S 1ap thanh
mot chu trinh C cta do thi G . Xét ma tran con M, [R] cia matran M, [S] thu duoc bang cach chi lay cac
cot duge danh tht ty boi céc canh thudc tap R . Khdng giam tinh tong quat cia bai toan ta cé thé gia st chu
trinh C xac dinh béi tap R dwoc tao thanh tir cac canh 14 e,,e,....,e, . Bang cach nhan cac cot ciia ma tran




M, [R] dugc dénh s6 boi e, cho 1 néu ta di chuyén quanh chu trinh C qua canh e, theo huéng cia canh
nay va nhan cho —1 trong truong hop con lai, phép bién doi vira trinh bay 1am cho dinh thtc cua ma tran
M, [R]sai khac khi mot lugng bang +1 Ian gia tri cii. D& dang kieém tra dwgc rang tong cac phan ti trong
mdi hang cuia ma tran M, [R] déu bang khong nén tong tat ca cac cot cua ma tran M, [R] bang 0.

Diéu nay dan dén ma tran M, [S] chia mot tap hop cac cot phu thude tuyén tinh nén det M, [S]=0.

Bay gid gia st tip hop cac canh S 1ap thanh mét cdy khung T cta do thi G, ki hiéu e 1a mot canh nao
d6 cua cay khung T lién thugc véi dinh v . Khi do, cot trong tng véi canh e trong ma tran M, [S] chira
chinh xac mot phén tir khac khong va phan tir nay ¢6 dang +1. Bang cach x6a di khoi ma tran M, [S] hang
va cot chira phén tir khac khong ma ta vira chi ra ¢ trén, ta thu duoc ma tran M;, c6 cap (n—2)x(n—2).

Ap dung cong thirc khai trién Laplace cho ma tran M, [S], ta thu duoc det M, [S]=+det M.

Gia sirdd thi T' 1a cay thu dugc tir cy T bang cach xem canh ¢ nhu mét dinh don u, diéu nay c6
nghia la ta s& hop dinh v va dau mut con lai cua canh e lai véi nhau tao thanh mot dinh don u .

Khi d6, ma tran M, s& thu duoc tir ma tran lién thugc M(T') bang cach x6a di hang dugc danh sb boi
dinh . Bang céch Iap lai cac 1ap luan vira trinh bay & trén ta dé dang nhan thay rang det M) = +1.

Do do, det M,[S]==1

Két hop céc két qua 1) va 2) ma ta vira trinh bay & trén ta nhan dugc cong thac tinh s6 cay khung cua
mot do thi cho trudc.
biat k(G) = ‘{36 cay khung cua d6 thi G}‘

Két qua 3

Cho trude dé thi lién théng hitu han G khong c6 khuyén, L(G) la ma tran Laplacian cua do thi G va
L, 1a ma tran thu duoc tir ma tran Laplacian L(G) béang cach x6a di hang va c6t cudi cling.

Khi d6, x(G)=det L,

Chitrng minh két qua 3
Ap dung két qua 1) ta ¢ hé thiuc L =MM" nénsuy ra L, = M,M, .
Bang céach ap dung cong thic Cauchy-Binet ta thu duoc két qua
detl, =detM,M; = . (detM,[S])(det M [S])

Sc{1.2,....m}
S|=n—1

Nhan xét ring det M, [S]=det M] [S],nén detL,= > (detM,[S]) .
S;ﬁl,2,...,m}
S‘:n—l

Ap dung két qua 2) ta nhan thay ring det M, [S] bang +1 néu tap hop S 1ap thanh mét cay khung cua do
thi G va bang 0 trong trudng hop nguoc lai. Nhu vay, s hang (detMO [S])2 bang 1 néu tap hop S lap

thanh mot cay khung caa d6 thi G va bang 0 trong truong hop nguoc lai.
Do do, det L, =«(G).




Két qua 4
Giastr 0=2, <A, <..<A, lacacgiatririéng cuaa ma tran Laplacian L.

Khi do, x(G)=~] [%.
n-i-

Chitng minh két qua 4

Khang dinh cta bai toan 1a hién nhién néu d6 thi G khéng lién thong, do %, =0 va k(G)=0.

Trong trudng hop G 1a mot db thi lién thong thi dé nhan duoc két qua néu trong khang dinh ta xem xét
cau triic cua da thire dic trung P, (1) cua ma tran Laplacian L.

pautién, £, (1)=(A=2)(A=2,)..(k=2,) =A(A=2,)(A=2;)..(A=2,), nén h¢ s0 cua s6 hang A

bing (~1)"" ﬁki .
i=2

G

k—deg(vl) -L
Tiép theo, P, (A)=det(M - L;)= : : .
~L, k—deg(vn)

Néu ta tinh dinh thir theo cdng thire Leibniz dé tinh dinh thuc trén, tic 12 ta s& bicu dién lai dinh thic
trén nhu tong lay trén tat ca cac hoan vi cua tich cac phan tir cua ma tran twong (rng véi cac hoan vi do, ta
nhan thay rang hé sb cua sé hang A theo céch tinh nay bang (—1)"_1 Zn:det L,[i]= (—1)"_1 nx(G),

i=1

trong d6 L [i] 1a ma tran thu duoc tir ma trén Laplacian L, bang cach xda di hang thir i va cot thu i cua
ma tran.

Do d6, k(G) = lﬁki :
n-i-

3. Mét s6 4p dung trén cac dang dé thi co ban
a) Do thi day du ‘ ) ‘ . ,
Mot d6 thi G duoc goi 1a day da néu moi dinh cua do thi déu lién hop vai tat ca cac dinh con lai.
Mot db thi day ¢t vé6i n dinh dugc Ki higu bsi K.
Khi d6, K, 1a mot 6 thi (n—1)-déu.
Cho truée do thi day du K, do do thi nay 1a (n—1)-déu, nén ma tran Laplacian L cua do thi
c6 dang

n-1 -1 -1 -1
-1 n-1 -1 -1




Khi d6, ma tran L, thu dugc tir ma tran Laplacian L béng cich x6a di hang va cot dau tién [a mot ma
tran cap (n—1)x(n—1) c6 dang

n—-1 -1 -1 -1
-1 n-1 -1 -1
L=| -1 -1 n-1 -1
-1 -1 -1 n-1 (n=1)x(n-1)
Tim céc gia tri riéng cuia ma tran L;:
Nhan xét rang
-1 -1 -1 -1
-1 -1 -1 .. -1
L—nl={-1 -1 -1 .. -l ,
-1 -1 -1 -1

(n—l)x(n—l)
nén matran L, —nl c6 hang bang 1.
Do d6, n 1a mot gia tri riéng ciia ma tran L, —nl véi s6 boi > dim| Ker(L, —nl) |=(n—1)-1=n-2.
n—1

bong thoi, tr(L,)= (n—l)2 = in , nén ta dé dang tinh ra duoc gia trj riéng thir (n—1), A, chinh la
i=1

A tlr(L0 ) - Zceic gid tri riéng con lai clia ma tran L

n-1

A=,

n—1 n—2
i=1 i=1

(n—l)z— (n—2)
=1
Do d6, s6 cay khung ciia d6 thi day dis K, bang
n—l1
k(K,)=det(L,)= H;Li g
i=1

b) Po thi luong phan day di ’ ‘ q

Mot do thi G duoc goi 1a ludng phan néu tap hop cac dinh cua do thi cd thé phan hoach thanh hai tap
con X va Y roi nhau sao cho cac canh cua do thi G ¢6 mot dau mat nam trong tap X va dau mat con lai
nam trong tap Y, ki hieu G =(X.Y,E).

Mot d6 thi ludng phan G =(X.Y,E) dugc goi 1a day di néu moi dinh cua tap X déu dwoc nodi voi tat ca

cac dinh cua tap Y, tuc 1a tap cc canh cua do thi G co dang E ={xy|xe X,y eY}, ki hiéu K-



Cho truée d6 thi ludng phan ddy du K, ,, ma tran Laplacian L cua do thi c6 dang

n .. 0 -1 .. -1
0 n -1 -1
L=
-1 -1 m 0
_1 e -l O e m (m+n)><(m+n)
Bang cach xo6a di hang va cdt cuoi cung cua ma tran L ta thu duoc matran L, nhu sau:
n .. 0 -1 .. -1
0 n -1 -1
L,=
-1 -1 m 0
_1 _1 0 (m+n—1)><(m+n—1)
Tinh dinh thac det L, :
n 0 -1 -1
0O .. n -1 -1
detL, =
-1 - =1 m - 0
. ) _1 i ‘ _1 O T m (m+n—l)><(m+n—l)
Dbau tién, cong tat ca cac hang vao hang dau tién ta nhan duoc
1 .. 1 0 ... O
o .. n -1 - -1
detL, = ,
_1 _1 0 m (m+nfl)><(m+nfl)

trong d6 cac phan tir & phia bén trai caa hang thi nhat déu bang 1 boi vi
n+(n-1)(-1)=n—n+1 (docé n—1 hang chira cac s6 —1)
=1
con cac phan tir & phia bén phai caa hang thir nhat déu bang 0 bai vi
(=1)m+m=-m+m (doc6é m hang chia cac s6 —1)
=0.



Tiép theo, cong hang tht nhat vao tat ca cac hang con lai caa ma tran, ta thu duoc két qua

1 .. 1 0 .. O
0 n -1 -+ =1
detLO = 0 0 m oo O
0 = 00 oml

Ap dung cong thirc tinh dinh thac cia mot ma tran tam giac ta suy ra
detL, =1xXnXxnx.XnxXmxmx...Xxm =n""'m""

m—1 n—1
= K(K n) =det(L,)=n""m

¢) Po thi k- phan day di o 7
Mot do thi G duoc goi la & - phan néu tap hop cac dinh cua G ¢é thé phan hoach thanh & tap con roi
nhau V,,V,,...,V, sao cho khong c6 hai dinh nao nam trong cling maot tap V. lién hop véi nhau,

ki hieu G =(V,,V,,....V,,E).
Mot do thi & - phan G =(V,,V,,...,V,,E) duoc goi 1a day du néu moi dinh ciia tap V, déu duoc ndi véi
tit ca cac dinh cua tap V, con lai, ki hiéu
Cho trude do thi k - phan day du K,

Ap dung céach tiép can tuong tu nhu ddi véi truong hop d6 thi day di va d6 thi ludng phan day du, dé
tinh s6 cay khung cua do thi K, ta s& tinh toan dinh thic cua ma tran Laplacian L bang céch tinh

n—-1

K .
A

My sl

......
toan cac gia tri riéng.
Tim cac gid tri riéng ctia ma tran L:

(n—n1 —7»)]"] ~J n, ~J
det(L(Knl,nz ..... ) )—M) _ —J,:zxn] (n—n, :—k)lnz —J,izxnk |
~J s ~J s, o (n=n =), -

trong d6 I 12 ma tran don vi, J 12 ma tran c0 tat c cac phan t déu bang 1va n=n, +n, +...+n,.
Bang cach cong tat ca cac hang vao hang dau tién ta nhan thay rang tat ca cac phan tir caa hang dau tién
déu bang —A , nhu sau:

H, * *
—J n—-n,—A)1I,_ - -J
det(L([{nl’n2 .... nk)—k]) =) "lzxm ( 2. ) n, ‘ szxnk ’
_Jnkxn] _Jn,\,xn2 T (n - nk - }\‘)[nk
1 Jlx(n]—l) < . , 7 , \ N
trongdo H, = va “#” la cdc ma tran c0 tat ca cac phan tir trong hang
(m-1)x1 (n = 7\‘)[(11171) -

dau tién dau bang 1.



Bang cach cong hang dau tién cho tat ca cac hang tir hang thir n, +1 dén hang thir #, ta nhan dugc
Hn * cee *
(n—n, —k)ln2 +J,

Ny X1y,

det(L([{nl P )_ }\J) —_ Onixm

(n —-n, —k)lnk +Jnk

e xXm X1y

Ap dung két qua tinh toan dinh thtc khéi ta nhan dugc két qua
k
det(L(K —AM ) =—-AdetH det|(n—n —A) +J
( ( ) ) n]:!;[ |:( i ) n; n,-i|

nxn

Tinh detH,
1 J
det Hnl _ 1><(n1—1) _ (n . nl _ 7\‘)11]—1
Oy (n=m =21,
Tinh det| (n—n, =1)1, +J, | véi i=2,k
n—A»a n—-»\)J
det[(n—nl. -, +J,1] = ( ) Hnt
’ ’ J(nl-fl)xl (n - ni - K)]n/—l + Jn[—l
_ (]/l _ 7\‘) 1 Jlx(nifl)
J(n,»fl)x] (I’l - ni - 7\’)111,71 + Jnifl
_ (n _ 7\.) 1 Jlx(n,-fl)
O(n,-—])xl (f’l —-n - 7\«)],1[,1

Bang cach trir tit ca cac hang tir hang thir 2 cho dén hang thir #. cho hang thir nhat, ta nhan duoc
det[(n—nl. —7»)1"_ +J, ] = (n—?»)(n—nl. —K)
Két hop céac két qua vira tinh toan dugc & trén ta nhan duoc két qua sau cing:

det(L(K,,, ., )~M)= ) [T

i=l1

n—1

Cudi cling, tir két qua ndy ta nhan thay rang phé cua ma tran Laplacian gom (k +2) gia tri riéng nhu
sau: gia tri riéng A, =0 véi s6 boi bang 1, A, =n—n, v6i s6 bgi bang (n, —1) (i =1,...,k) va gia tri riéng
Ay, =n Vi sb boibang (k—1).
Ap dung két qua 4) ta suy ra

K(L(Knl’n2 ,,,,, " )) = lnk_] (n —n, )"'_1 (n —-n, )"k_1 = nHﬁ(n —n, )n“_1
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