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Dau “="xay ra khi va chi khi A==J véi J la matran vudng cap n vai tat ca cac phan tir déu bang 1.
n

Pau tién, ta nhac lai mot s6 khai niém va cong cu toan hoc cén thiét cho qua trinh 13p luan nhu sau:
Ham f (x,,...,x,) duoc goi la song tuyén tinh néu f ( Z f;%X; . Thong thuong ta biéu dién

dang song tuyén tinh béi mot ma tran cdp nxn véi phan ti o vi tri (l, j) 1a f;. Do hesocua xx; voiij
trong khai trién cua f (x,,...x,) la f, + f, néntacothé giasr f, = f, vacling bang mot nira hé s6 cua

X, X; ; khi d6 matran F = (fIJ )., - d6i xung.

i o

Tiép theo ta s& khao sat xem dang song tuyén tinh s& bién d6i nhu thé ndo khi ta thuc hién phép bién dbi
tuyén tinh Ién céc bién, c6 nghia 1a ta s& thay x; bdi > ¢y, véi i=1..,n, diu do s& bién doi f (x,,.. X,)
thanh dang song tuyén tinh g(y,, ..., y, ). Néu ma tran cta phép bién doi khong suy bién thi ta co thé tim
duoc ma tran nghich dao caa né va do dé ta c6 thé biéu dién cac y ; theo cac x; va khi do hai dang song
tuyén tinh 1a tuong duong. ) i ’

Ta s& ching minh rang moi dang song tuyen tinh déu twong duong véi mot dang song tuyen tinh “don
gian”. Y tuong nay la mot su mo rong cho truong hop tong quat cua phép “binh phuong du” dung cho cac
phuong trinh bac hai.

Bé dé 1. Cho dang song tuyén tinh f Zf X X: Va vector (aian) sao cho a, #0,

TR

f(a,...a,)=c=0.
Khi d6 phép bién dbi khdng suy bién xac dinh boi

X = a{yl RIS ’”}
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bién f(x,...X,) thanh cy? +g(V,,... ¥, ), trong d6 g 1a mot dang song tuyén tinh theo (n—1) bién.

Chirng minh. DE dang chimg minh dugc rang (1) va (2) 1a nghich déo cua nhau. Dt ¢; 1a hé sb cua vy,

trong x,.Hé s6 ca y; trong f (X Xy) bang Zf” 1Ci Zf” aa; =c vah¢ s6 cua vy, , voi k>2, 1a

P ACKIEANNE qu ,[5 ——’karar}tz ”al( & kar 'j triét tiéu thanh 0, trong do 4, I
1]

ki hiéu Kronecker.




B6 dé 2. Moi dang song tuyén tinh f (x,,...,x,) déu twong duong v6i mot dang song tuyén tinh “don gidn”
(Yoo Yo ) = YE et Yo = Yo —m Yy VGi 0< p<r<n.

Ching minh. Néu f (a,...,a,) triét tiéu véi moi (a,.., a,) thi f, =0 véimoi i, j va ta thu duoc két luan
V6i p=r=0.Néu f(a,..,a,) khic khong tai it nhat mot vector (a,,...,a,) thi a = 0; bang cach sap xép
lai s6 thr tu cc bién (néu can) ta c6 thé gia st a, = 0. Bay gio bang cach &p dung phuong phap dugc sir

1
dung trong Bo d¢ 1 nhung ta thay y, boi z, =y, |c|2, ta thu duoc f(X,....,X, )=z +9(V,,...,¥,). Ket luan
cua b6 dé duoc suy ra don gian théng qua mat phép quy nap.

B6 dé 3. Cacsd p va r néu trong Bo dé 2 duoc xac dinh duy nhat, theo nghia 14, néu ta c6 hai dang song

tuyen tinh tvong duong nhau y? +..+y2 —y2  —.—y? =z +..+22 -2} —..—z thi p=q va r=s.

Ching minh. Dt y, = Zcu ; Vagia sirring p <. Khido ta co thé tim dwoc cac gia tri z;,..., z, khong

dong thoi bang khong sao cho " ¢,z =0 vo&i 1<i< p, boi vi day 1a mot hé thuan nhat goém p phuong

1<j<q
trinh tuyén tinh theo q > p ansd z;. Pat z;, =..=z, =0 va y, = > ¢;z; V6imoi i.
I<j<s
Khidé —y? —..—y? =27 +..+ 2., diéu nay chi c6 thé xay ra khi z =...=z, =0, mau thuan véi cach

chon cac giatri z;,...,z;. Do d6 p=gq. Bay gid néu r <s, bang phuong phéap 1ap luan twong ty ta c thé tim
duoc cac gid tri z,,,,..., z, khong dong thoi bang khéng sao cho > ¢,z =0 véi p+1<i<r, va dat
g+1<j<s

z? 2 'mau thuan véi cach chon.

Z:: —Z =0 tathudu’O’C yl +.. +yp = q+1

Tir B6 dé 3tasuy rarang cac s p va r 1a cac dai lwong bat bién xac dinh dang song tuyén tinh f
thong thuong ta ki hiéu la p(f) va r(f).

B6 dé4.Cho f,(x,...,X,) ladang song tuyén tinh xac dinh béi
fg(Xl,...,Xn):(1—9)f0(xl,...,xn)+6‘fl(xl,...,xn)
bién d6i dang song tuyén tinh f, thanh f, khi @ thay doi tir 0 dén 1.
Khidé, néu r(f,)=n véi 0<o<1thi p(f,)=p(f,).

Chitng minh. Bé don gian cho qué trinh trinh bay ta chi phéac thao so bo phép chirng minh cua Bo dé 4.
D& dang nhan thdy rang p( f,) 1a sb cac gia trj riéng duong cua ma tran doi ximg s, lién két véi dang song
tuyén tinh f,. Bay gio r(f,)=n c6 nghia la ma trén s, khong co gia tri riéng bang 0. Khing dinh cta Bo
dé 4 duoc suy ra tir sy kién cac nghiém ciia mot da thic 1a cac ham lién tuc theo cac hé s6 va do d6 cac gia
tri riéng cua s, ciing s€ la cac ham lién tuc theo &, luu y cac hé s6 cua da thire dic trung cta s, 1a cac da
thuc theo 6.

Tiep theo, ta xét dang song tuyen tinh lién két vai permanent. Hai bo dé sau dugc suy ra don gian bang
phép quy nap theo n.

B6 d&5. Cho a,,...,a, , 1a cic vector véi cac thanh phan khéng &m sao cho vector a, ¢ it nhat n+1—i
thanh phan duong va gia st b=(by,...,b,) Ia vector véi cac thanh phén thuc sao cho per(a,,...,a,,,b)=0.
Khido per(a,,...,a, ,,b,b)<0.

Dau “=> xay ra khi va chi khi b, =b, =...=b, =0, trong d6 per(c,,...,C,) la permanent cua ma tran c6 cac
hang la cac vector c,,...,C

n-*

Bo6 dé 6. Cho a,,...,a,, 1a xac dinh nhu trong B6 dé 5va f Ia dang song tuyén tinh

f(xl’ " n) per(al n2’X X) (3)
trong d6 X =(X,...,X,). Khido r(f)=nva p(f)=1.




Chirng minh.
Dautién xét n=2, véi a, =(a,,a, ) sao cho a, >0, a, >0, va a,b, +a,b =0.

Khi dé per(b,b)=2bb, <0. Dau “=" xdy ra khi va chi khi b, =b, =0

2 2
Hon nita, per(x,x):lexzz(XifEXZJ —(Xiﬁxzj nénr(f)=2va p(f)=

Gia str n>3 va hai b6 dé da duoc kiém chang véi n—1.
Trong dang song tuyén tinh (3) gia tri cua f; 1a permanent cua ma tran cap (n—2)x(n—2) thu dugc

bang cach x6a di hang thir i vacotthir j tematran (a,,...,a,,) néu i= j vadong thoi f, =0. Néu
r(f)<n, matran tvong ung cua dang song tuyén tinh f [a suy bién, nén ta tim dwoc mot vector

(¢-..,C, ) #0 sao cho Z f,c; =0 voimoi i. Diéu nay twong dwong véi sy Kién per(a,,...a,,,¢,X)=0 Vdi

moi X, luu y dény nghla to hop cua f,; trong truong hop riéng per(a,,...,a, ,,¢,c)=0. Hon nira,

i s
per; (a,...,8,,,C)=0 Vi moi j, trong d6 per; 1a permanent thu dugc bang cach x6a di cot thir j .
Béng quy nap, per; (a,,...,a,;,C,C) <0 véi moi j, dau “=" xay ra khi va chi khi ¢, =0 v&i moi k = j, V6i
moi chisd j.Khido

O=per(a1 a, ,,C,C Zan ZJper a, 5,C, C)<O

Do d6 per,(a,....a, ;,¢,c)=0 khi a,_,,>0. BleU nay xay ra d6i véi it nhat hai gia tri caa j (trén thuc

té thi nd xay ra ddi véi it nhat Ia ba gia t:_jzéjlia j);dodé ¢ =...=c, =0, mau thuin véi cach chon c.
Nhu vt ching ta da chimg minh dwoc nira vé dau cua B dé 6, nghia 1a r( f)=n. Déi véi vé sau, xét
fo =per(a,a,,...a,, X x) va f, —per(l ay,. @, X, x) trong d6 1=(1,...,1). Pat f, =(1-0) £, +6f,.
Tir Bb dé 4, néu r( f,)=n,tasuyra p(f,)=p(f,). Theo cich nay tacé thé thay a,,a,,...,a, , béi vector
(1,...,1) va khi d6 ta chi can tinh p( ) cho dang song tuyén tinh f :per(i,i,....,i, X, x).
Khido f; =(n—2)! néu i;tj va f. =0, nén ta chi can xét
(n 2 f—Zxx =(n-1)s*—(%,—s) —..=(x, —5)",

i]

trong d6 S = xl+%(x2 +..+X,). Nhu vay p(f)=1vanhu vay la ta dd chimg minh duoc hoan tat B6 dé 6

véi moi n.
Bay gio ta quay lai véi Bo dé 5, tir gia thiét kéo theo rang per(a,,...,a, ,,a,,)>0.
Do d¢ f ( PIPPE: TP a(n_l)yn): ¢ >0. Khdng mét tinh téng quat, bang cach hoan vi cac cot, ta co thé gia

st @), >0. Bing cach &p dung cach xay dung dugc dé cap trong B6 dé 1, ta thu duoc
f (X X, ) =CYr +9(Yaree Yy ) -
Béng cach ap dung B6 dé 6, g(V,,-.., Y, ) <0 v&i moi (VY,,..., ¥, ), va né ddng nhéat bing khdng khi va chi
khi y,=..=y,=0.
Str dung (2),
f.a . X
_ Q1) Xj :per(ai,...,anfl,x)
Y1 IZJ: c c -
Tur gid thiét cua Bo dé 5tasuyra f (by,...b,)<0. Sauciung f(b,,...,b,)=0 kéo theo y, =...=0 khi

(XX, ) =(by,..sb, ) s néN b =b, =...=h, =0.
Sau day ta sé& trinh bay mot s6 két qua chinh yéu dung cho phép chang minh cua dinh Iy Van der Waerden




Két qua 1. Cho a,...,a, , la cac vector véi cac thanh phan khdng dm sao cho a; c6 it nhat (n+1—i) thanh
phan duong va a_ la mot vector vai cac thanh phan thyc tay y.

Khi do per(al,....,an_l,an)2 2per(al,....,an_z,an_l,an_l)per(al,....,an_z,an,an)
Déu “=" xay ra khi va chi khi a, = Aa__, Vi mot s6 thuc A nao do.

Ching minh. bat per(ai,....,an_l,an)=/lper(a1,....,an_2,an_l,an_l), khi @6 A duoc xac dinh bai vi
per(a,,...,a, , a,,,8,,)>0. Néutadit b=a, —Aa, , thitaco per(a,...,a,,,b)=0, bsi vi permanent la
mot ham tuyén tinh theo mdi hang caa nd. Bang cach ap dung Bo dé 5, ta suy ra
OZper(ai,....,an_Z,b,b)
=per(a,,....a,_,,b,a,)—Aper(a,,....a,,.b,a,_,)
=per(a1,....,an_z,an,an)—ZAper(al,....,an_z,b,an_l)+/12per(a1,....,an_z,an_l,an_l)
=per (..., 8, ,,8,,a, )~ Aper(a,....a, ,,a, ,,a, ;)
2
per(a,,....a,)
per(ai"""an—Z’an—l'an—l)

=per(a,,.... 8, ,, &,,a, ) —

Bang cach ap dung B6 dé 5, ta suy ra
2

per(a,,...a,,a,) >per(a,....a,,,a,,a,_,)per(a,...a,, a,a,),

du “=” xay ra khi va chi khi b=0, hay a = /la,,.
Tur Két qua 1 ta suy ra hé qua sau

H¢ qua. Néu a,,...,a , la cac vector c6 cac thanh phan khdng &m va a, la mot vector bat ki thi ta c6

per(a,,....a, 4,8, )2 > per (8y,...., 8,5, &, 4,8, )per(ay,...,a, 5, a,,a,)

Chirng minh. Béng cach ap dung Két qua 1 cho cac vector a, +(e,...,¢) va cho ¢ tién dan téi khong ta thu
duogc diéu phai chirng minh.
Cho truéc ma tran song ngau nhién A=(aij )i o vector X :(x1 xn) dugc la can bang néu

AX" =x", conghiala ) a,x; =X véimoi i. Matran A duoc goi la decomposable néu tap {1,...,n} c6 the
j

phan hoach thanh hai tap con S va T khéc rong sao cho a; =0 voi ieS va jeT . Sauday ta s€ trinh bay
mot s6 khao sat don gian vé méi lién hé giira hai khai niém vira trinh bay.

B6 dé 7. Néu x=(X,,...,X,) 1a mot vector can bang cua ma tran A véi mot so thanh phan khéng bang nhau
thi A la decomposable.

Ching minh. Néu x=(x,,..., X, )1a mot vector can bang thi (x +c,...,x, +¢) ciing la mot vector can bang;
tir gia thiét khdng 1am mat tinh tong quat ta cd thé gia sir rang tat ca cac thanh phan cua x déu khong am va
mot s6 thanh phan, khong phai tat ca, bang khong. Pat S ={i|x =0} va T ={i|x >0} .
Khi d6 hé thuc Zaijxj = x, kéo theo rang a;=0voiieS va jeT.
j
Nhan thay rang chiing minh ctia Bo dé 7 vira trinh bay & trén chi can dén tinh “ngdu nhién” »_a; =1 Véi
j

1<i<n.Matran song ngau nhién théa man mot diéu kién con manh hon rat nhiéu.

B6 dé 8. Cho A la mot ma tran song ngau nhién vanéu S va T lap thanh mot decomposable cua A thi
a; =0 ngoai trir truong hop i, j€ S hodc i, jeT .

Chirng minh. Ta cé

_Zaij =2 2 =) 1=31=> > a=> ay+ > a,

i,jeS ieS 1<j<n ieS jes jeS I<i<n i,jesS ieT,jes
nén a; =0 khiieT hodc jeS.

Mot ma tran A:(aij) cap nxn duoc goi la minimal néu né 1a song ngu nhién va n6 ¢ permanent nho
nhat trong sb tat ca cac ma tran song ngau nhién cap nxn. Pau tién, ta nhan thiy rang ludn c6 it nhit mot




ma tran minimal ¢ cdp n, bai vi permanent 1a mot ham lién tyc theo céc phan tir ciia ma tran va tap cac ma

tran song ngau nhién la mot tap con déng, bi chan cua khong gian n?- chiéu. Bay gIO ta dé y rang noi dung
cua dinh ly Van der Waerden chi ra rang chi ¢ duy nhit mot ma tran minimal ¢ cip n, d6 chinh 13 ma tran

o g = 1 voi moi i, j . Tiép theo, dé y rang perA ludn duong nén gia tri nho nhat khdng thé bang khang.
n
bit A, lamatrancap (n—1)x(n—1) thu dwoc tirmatran A bing cach xoa di hang thir i va cot thir j .
Theo mot két qua quen thugc vé permanent ta c per(A) = a;per(A;)=> a;per(A).
j i
Tur hé thuc trén ta dé dang thu dugc per (A+B) = per(4)+ tez:bijpe:r(zalij ) + 0(82 ) :
¥

Cho A la mot ma tran song ngau nhién ta ndi B la valid modification cia A néu tong cac hang va tong
cac cot cua B deu bang khdng va néu a; =0thi b, >0; khidd A+eB Ia ma tran song ngau nhién voi moi
& >0 du nho.

B6 dé 9. Néu A 1a mot ma tran minimal va B 1a ma tran valid modification caa A thi

Z:bljper(Aj ) >0

Chirng minh. Khang dinh trén duoc suy ra tir hé thic per(A+ SB) = per(A)JrSZbijper(Aij )+0(82) va
i

dinh nghia ctia ma tran minimal.

B6 dé 10. Ma tran minimal khdng thé 13 decomposable.

Chitng minh. Gia st A 1a ma tran song ngau nhién va a; >0 chikhi i, jeS hodci, jeT,trongdo S va
T la céc tap khac rdng va c6 hop bang véi tap {1,2,...,n} . Tabiét rang per(A)>0 nén ton tai mot hoan vi
7(1),...,z(n) sao cho a,, >0 véimoi i. Goi s vat lan luot 1a hai phantircaa S va T va dat B = (bij) la
ma tran véi hau hét tat ca cac phan tir déu bang khdng ngoai trir b =B,y =-1vab,, =b =1

Do 7(s)eS va z(t)eT nén matran B la valid modification cia A, nén

—per(ﬁgz(s) ) —per(An(t) ) + per(ASn(t) ) + per(An(S) ) >0, suy ratir Bo dé 9.

Nhung diéu nay la khdng thé xay ra bai vi per(Agn(S)) va per(An(t)) la duwong con per(Am(t)) va
per(An(X)) bing khong. Dé don gian ta s& chi dan giai cho per(An(s)) truong hop con lai lam twong tu.
Do matran A, c6 k hang tuong tng véi S, & ddy ta gia si |S|=k, trong khi tat ca cac phan tir duong lai

xuat hién chi trong (k—1) cot twong tng véi S\{z(s)}.
Tir c4c lap luan trén ta suy ra rang ma tran A khong thé 1a decomposable.

B6 dé 11. Néu A 1a ma tran minimal thi per(Aj)>0 VGi moi i, j .

Chieng minh. Néu per(Aj ) =0 thi trmatran A, tatim duoc tap S gdm k >0 cot sao cho tat ca cac phan
tir duong cia ma tran xuat hién trong (k —1) cot twong tng véi S\{j} theo dinh ly Hall.

bat T = { }\S chi yrang T khong rdng , baivi i T . Bang cach hoan vi cac hang va céc cot cua
ma tran A ta thu dwoc ma tran A’ sao cho S chira k hang dau con T chua (n—k) vi tri con lai sao cho tét
ca cac phan tir duong cua k hang dau ndm trong k cot dau va chiing chinh la cot j ban dau va (k —1) cot
duong cua A;. Hién nhién A’ ciing 12 mot ma tran minimal. Mt khac theo céach giai thich néu trén thi A" 1a
decomposable, mau thuan vai B6 dé 10.

Két qua 2. Néu A la ma tran minimal va a; >0 thi per(Aj)=per(A).

Chirng minh. Y tuéng co ban cua chirng minh nay la can sir dung dén tap tat ca cac ma tran B la valid
modifications cua A va co gang chirarang b, =0 khi a; =0. Dau tién ta s¢ chi ra rang ton tai cac hang so

Dyseees s s g -oos fy, S30 CHO per( Ap) =4 + 5 néu a; >0.




Khong mat tinh tong quat, bang cach hoan vi cc cot ta cd thé gia st rang a, >0 véi moi i. Ta ki higu

i — j néu a;, >0;dod6 i —i.Do A khong thé la decomposable nén ton tai mot “dwong di”

, ‘ 1:j0_)j1_)'-:_>jt:j , ,
tr 1 dén j véimoi j. Tanoirang j ¢ khoang cach s néu duong di ngan nhat nhu vira trinh bay ¢ trén cé
do dai la s. V6imoi j>1 & khoang cach s, dat p(j) la chi sé nhé nhat & khoang cach (s—1) sao cho
p(j)— j.Khidé duong di 1= j, — j, —>...— j, = j dugc xac dinh duy nhat néu ta ngam hieu
jeu =P () véi 1<k <s. Céac cung { p(i)—ili >1} c6 thé duoc xem nhu 1a mot cdy dinh huéng xuat
phét tir diém 1. Tandi rang i lato tiéncia j (vatakihiéula i< j)néutaco i=p(j), hodc p(p(j))
hoic i = p((p(]))) dong thoi ta cling ki hiéu i < j khi mubn dién dat rang i = j hoac i< j.

Bay gio ta sé tién hanh xay dung cac hang s6 A,..., A, 14, iy, ..., s, nhu sau:

Déu tién, ta dit 4 =0 va x4 =per(4,,). Véicac chisd j=2 duoc sip xép theo thir tu ting dan cua
khoang cach tir 1 dén ching va ta c6 thé xay dung cac gid tri ; duoc sao cho per(A; ) =4 +; luon ding
trong d6 i=p(j), boivi gid tri cua Aoy d@ dugc xay dung trude do rdi; sau khi da xay dung g, ta & tién
hanh xy dung tiép 4; sao cho h¢ thirc per( A, ) =4 +; Van duoc thoa mén véi i= j.

Tiép theo, tas& kiém lai hé thirc per(A; )=4 +x; véi a; >0 cho cac b (h,k) voi a, >0, h=k va
h= p(k). Dé lam diéu nay ta xét ma tran B c6 hau hét tat ca cac phan tir bang khdng ngoai trir

b, =1,

b, =(i<k)-(j<h) woil<j<n,

by, =(ish)—(j<k) vsi1<j<n,
trong d6 ki hiéu (j < k) nhan hai gia tri 1 hoac 0 phu thudc vao hé thic j <k 1a ding hodc sai cac truong
hop con lai thi twong tu.

Nhan thdy > b, =(j=Kk)+((j<k)-(i=h)+(i=h)-(j=<k))=0va
Dby =(i=h)+((i<k)-(i=h))+((i< h) (i<k))=0; trong h¢ thirc sau ta da sir dung mot sy that rang

j

v6i i ¢ dinh lubn ton tai mot gia tri j sao cho i = p(J) va j~<h néuvachinéu i<h. T diéu vira trinh
bay ta nhan ra rang B 1 valid modification cua ma tran A va tuong tu cia —B ciing nhu vay. Béng cach
&p dung B6 dé 9 ta nhan thay rang Zb per( ) bang khong. Do d6

Z ij (per(Aj)_}‘i _luj):per(Ahk)_}“n My
boivi 4D b, = Zbu =0 va bai mot phép quy nap don gian, hé thic per(A ) A+ u; dugc théa man
j

véi moicap (i, j) da duoc kiém ching trude d6 véi b; # 0 chi ngoai trir dbi véi cap (h,k) cho trugc thi
khang dinh nay chua that rd rang. T hé thic vira dan trén ta nhan thiy hé thic per(Aj ) = + pt; duoc thoa

mén trong truong hop tong quat. ‘ ‘
Bay gio ta sé€ hoan chinh not phan viéc ma ta da dé ra ngay tur day. Bau tién, ta cd
ayper(A; ) =a; (4 +u; ) véi moi i, j . Bang cach sir dung hé thic per(A)= Zaijper(Aj) ta thu dwoc
J

per(A)=4 JrZ:aU,uJ ,u,+Z:aIJ ; veimoi i, j.

Néutadit A= (A, A) =t pty) VA €=(1,..,1)", khi d6 céc két qua trén duoc biéu didn lai
du6i dang ma tran nhu sau A+ Au=pu+A' L=per(A)e. Do Ae=A'e=e néntacé A"+ A" Au=per(A)e
va Au+AA J =per(A)e, tong hop céc di€u trén lai ta thu dugc u=A"Au va 2= A" AL



Bay gio, do A khong phai la decomposable va c6 cac phan tir dwong nim trén duong chéo chinh nén céc
matran ATA va AA", h‘ru ¥ rang chung cﬁng 12:1 cac ma tran song ngau nhién, tham chi cf}ng la Cé\C ma tran
khong decomposable. Bang cach ap dung Bo dé 7 tasuyra A4 =...= /A, va u =...= . Néu ban dau ta chon
), =0 thi A =..=/ =0 vatir cach xay dung ta nhan thay = per(A)e vado dd w =...=p,=per(A4).
Diéu nay chi khang dinh can chang minh.

Bo dé 12. Néu ma tran A 1a minimal thi per(A )>per(A)vdi moi i, j .

Chikng minh. T Két qua 2 ta nhan thay rang chi can xét cac cp (i, j) sao cho a; =0. Khdng mt tinh
tong quat ta cd thé gia str i= j=1 va a, >0. Bang cach ap dung B dé 11 per(A,)>0 va bang cach hoan
Vi céc cot ta co the gia swrang a; >0 va dit B=1— A; tat ca cac phan tir cua B twong tng véi a; =0 déu

khong am, tong cac hang va céc cot déu bang khdng nén B 1a ma tran valid modification cua A.
Ap dung Bo dé 9 ta thu duoc

Os;bijper(AJ) Zper( Ay ) ZalJper(Al)

:per(Au)+(n—1)per(A)—nper(A)=per(A&1)—per(A),
do per(A;)=per(A) véi j>1 theo Két qua 2 va sir dung dén hé thirc per(A)="a,per(A, ).
i

Sau cuing, dé két thiic bai viét ta s& chitng minh hoan chinh dinh 1y Van der Waerden da néu & dau dé muc

B6 d& 13. Néu A la ma tran minimal thi per(A; )=per(A)véimoi i, j.

Chirng minh.

Khong mat tinh tong quét ta gid sir rang i= j =n va gia st thém rang per(A,,)> per(A), 8y 0 > 0.

n-1),n
Khi d6 n>1 va bang cach ap dung hé qua cua Két qua 1 ta thu dugc
2 2
(per(A)) =per(a,,...a,,,a,) =per(a,,...a,,.a,,,a _l)per(ai,...,an_z,an,an).

Mat khéc, per(a,,...,a, , 8,8, ) Zanl per( ) Zanl per(A)=per(A),
va per(a,...,a, ,,a,,a,) Zanjper( ) Zanjper )=per(A),

nén (per(A)) > per(A)”, mau thuan.
Do do per(Ann)=per(A).

2 aA £ . A . L N L e e . e e - . 1 . .
Bo dé 14. Neu A la ma tran minimal véi a; >0 hau hét tai moi noi ngoai trir khi i =n thi a; == véi moi
n

i

Ching minh. Tir B6 dé 13ta co per(a,,...,a, ,,a,,4 Zan ;per(A) =per(A), tuong tu

per(a,,...a, ,,a,,8,,)=per(A). Ap dung diéu kién xay ra dau “="néu & Két qua 1tasuy ra a, = ia, ,
voi mot s6 4 nao d6. Do A la ma tran song ngau nhién nén ta phaico 4=1vado d6 a, =a,,. Lap luan
tuong ty ta suy ra dugc rang tat ca cac hang déu bang nhau va tuong tu tat ca cac cot déu bang nhau. Diéu

A X A M A 5 z A 5 5 A A M 1
nay dan dén rang tat ca cac phan tir caa ma tran A déu bang —.
n

£ : X .. . 1 . .. ) n!
Ket qua 3. Néu A la ma tran minimal thi a; == voi moi i, j, va khido per(A)=—
n n

Chl'rng minh. Dat B 1a ma tran thu dugc tir A bang cach thay mot hang a, boi mot hang a, khac; khi do
per(B Zak ;per(A; ) =per(A). Tuong ty néu tagoi C 1a ma tran thu duoc tir A bing cach thay a, boi

a, thi ta cling nhan duoc per(C)=per(A). Tuy rang chling ta khdng thé biét duoc chinh xac B va C ¢6
phai 1a c&c ma tran song ngiu nhién hay khong nhung ta ¢6 thé khang dinh chic chin dugc rang ma tran




D =%(B+C) s& & mot ma tran song ngau nhién va per(D) =%(per(B)Jerer(A)erer(C))=per(A)

nén D ciling 1a mot ma tran minimal.

Sau mot sb hitu han buéc thyc hién cac qua trinh “trung binh héa” nhu ta vira trinh bay khi xay dung ma
tran D trmatran A ta thu dwgc ma tran minimal E c6 cung hang cudi cung nhu ma tran A. Tiur cich xay
dyng vira trinh bay ta thay rang e, =0 chikhi i=n hoic a,, =..8,4;=0.Domatran A khdng thé 1a

decomposable nén ta khéng thé co Ay =By g = 0. Do vay E la mot ma tran minimal thoa mén tat ca cac

diéu kién néu trong B6 dé 14 nén ta dé dang suy ra hang cudi cung a, cua nd sé bang (%%j Lap luan
tuong tu ta cling nhan thay tat ca cac hang khac cua A ciing ¢ clng gia tri ndy. Diéu nay két thic qua trinh
chiing minh.
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