Permanent caa ma tran
) Truong Phuac Nhan, 13/07/2018
1. Pinh nghia va cac tinh chat co ban

Cho truéc ma tran A= (a1. j) (n<m) véi cac phan tir ndm trén mot vanh F. Permanent ciia ma
' m

RS ER
tran A l1a mot ham nhan gié tri trén vanh F dugc xac dinh boi hé thac perA= Z a8, ,trong do6 téng
duoc lay trén tat ca cac chinh hop chap n cia m chi so phan biét cho truéc. Néu m=n thi tong trén duoc
lay trén tat ca cac hoan vi cia cac phan tir 1,2,...,n va khi d6 permanent ctia ma tran cé dang tuong tu nhu
dinh thurc cia mot ma tran vyéng vé mat hinh thic. ‘

Sau day la mot so tinh chat co ban cua permanent c6 dang tuong ty ve mat hinh thirc véi dinh thic:

(1) Néu matran A cap nxm Vvéi n<m co6 chira mot hang gom toan so 0 thi perA.

(2) Thyc hién phép toan nhan mét hang nao d6 trong so6 nhang ciia mot ma tran A cap nxm (n<m) Véi
mot phan tir ¢ e F bién perA thanh cperA.

(3) Viéc ddi chd cac hang va cac cot cia mot ma tran A khong lam thay d6i permanent caa nd; ndi cach
khac, néu z, va z, lan luot la cic ma tran hoan vi bac n va m thi per(z,Ax, )= perd.

(4) Ky higu A; la ma tran thu duoc tir ma tran A bang cach xéa di hang thir i va cot tha j, con A lama
tran thu duoc tir ma trdn A bang cach thay thé phan tir a; boi 0. Khi do perA = perA; +a;perA, .

That vay, hé thirc trén thu dugc bang cach phan cac sé hang trong cong thic tinh perA thanh hai l6p sao
cho mét lop gdm tét ca cac s6 hang o chira phan tir a; va lép kia chira tét ca cac s6 hang con lai. Tong tat
ca céc sb hang chua a; bang a,perA; con tong con lai thi bang perA; .

H¢ thuc vira néu thuong dugc goi la khai trién cua permanent theo phan tir a; .

(5) Néu a; ,....a

]

k
. la céc phan tur khac khdng cua hang thir i thi perA=)"a, perA, .
v=1

Hé thirc trén duoc goi la phan tich caa permanent theo hang thir i. N6 thu dugc bang cach ap dung lién
tiep khai trién cua permanent theo cac phan tir.

(6) Bat Aliy,....i, | j,,-.., J;] 1a matran con ciia A dugc xac dinh béi giao giita cac hang dugc danh so
L,...,I, vacac cot dugc danh ) Jiveeos I A(il,..., | Jpseees js) la ma tran thu duoc tir A béng cich xda di cac
hang i,,...,i, vacaccot j,..., J,.

Khi do, véi r<s,n—r <m-s,taco

perA= Z perA[il,...,ir | Jyseens js]perA(il,...,ir | Jyreens js), trong do6 tong duoc lay
e Je
theo tat ca cac to hop chap s caa m phanta 1,...,m.
Hé thtrc nay thudng duoc goi la cong thic khai trién Laplace caa permanent.

Cho A la mot ma tran vudng khéi vai cac khdi vuong A, ..., A, nam doc trén duong chéo chinh con tat
ca cac phan tir khac ciia ma tran A déu bang khong, ky higu A=diag(A,...,A/).

Tir cong thirc khai trién Laplace cho permanent ta suy ra perA = perA...perA, .

Nhu vira trinh bay ¢ phan trén, permanent c6 mét sé tinh chat tuong tu véi dinh thirc nhung ta can luu
la trong truong hop tong quat hé thirc det AB =det Adet B khong diing cho permanent. Diéu nay c6 nghia
rang khécqv(yi khai niém dinh thire, permanent ciia mot ma tran véi cac hang hoac cac cot phu thuoc tuyen
tinh co thé khéng can bang khong.

2. Phwong phap tinh permanent

Trong muc nay ta néu ra mot s vi du cho phuong phéap tinh permanent cua cac ma tran vudng so hitu
mot sb tinh chat dbi xtg dac biét. Tinh d6i xing nay cho phép ta chuyén bai toan tinh permanent vé dang
don gian hon hoac thiét 1ap hé thic truy hdi dé xac dinh gia tri cua permanent.



2.1. Permanent ciia té hop tuyén tinh cia hai ma tran hoan vi

Cho ¢, va ¢, la cac hoan vibac n va z; va x, la cac ma tran hoan vi twong ng véi ¢, va ¢,.

Khi d6 ma tran ar, + fr, , trong d6 a, B 12 cac s6 thuc, 1a mot to hop tuyén tinh cua cac ma tran z, va
7[2 .

Ta s& ching minh rang
Kk
per(am, + fr, ) = H(a" + " ), trong d6 1,,...,I, 12 do dai cac chu trinh cua hoan vi ¢, "o, .

i=1
Gia st hoan vi ¢ e, c6 dang ¢;'p, :(al,...,all)(bl,...,blz)...(cl,...,clk) va xét hoan vi
” - a a, b, b,
1 I, |, +1 n-1 +1 n
D& dang kiém tra duoc rang y o 0, = (L., L) (4 +1, ...l +1,).(n— 1 +1,...,n).

c C

L, +1,

Ky hiéu 7 la ma tran hoén vi tuong (tng vai hoan vi y va dat = n_lnl’ T,
Khi do: per(om, + fr, ) = per(aE+[)’E), trong d6 7 = diag(;l, s n_k) Véi 7,
twong Gng vai chu trinh (1,...,1;),i=1,...,.k con E la ma tran don vi.

Do dé: per (o, + fr, ) = perdiag(4,,..., 4, ), trong d6 A ,i=1,...,k, [a ma tran vudng cap I, c6 dang

la ma tran hoan vi cap |,
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Khai trién perA theo phan tir nam & goc dudi bén tay tréi ta nhan dugc perA =a" + " ,i=1,...,.k.
k

Tém lai, per(ar, + fr, ) = H(a'i + )

i=1
2.2. Permanent cia té hep tuyén tinh cia ba ma tran hoan vi
Cho C la ma tran hoén vi twong g véi chu trinh ¢ bac n véi c=(1,.., n).

Xét t6 hop tuyén tinh Q, = aE + BC +yC?, trong d6 a, B,y 14 cac s6 thuc va E 1a mot ma tran don vi.
Ta s& chang minh rang, véi n >3, per(aE+ﬁC+yC2) =r"+r, +a" +y", trong d6 r,,r, la cac phan biét

nghiém ctia phuong trinh x> — fix—ay =0.

bat D, = per
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Khai trién D, theo hang dau tién, ta nhan duoc hé thac truy hoisau D, = gD, , +ayD, , .

Day 1a mot phuong trinh sai phan tuyén tinh hé s6 hang véi phuong trinh dic trung x* — fix—ay =0.
Do d6, D, =C,r," +C,I)', trong d6 1,1, la cic nghiém ctia phuong trinh X* — fx—ay =0.

Céc hé s6 C, va C, duoc xac dinh tir diéu kién ban dau D, =1,D, =  va do d6 ta tinh dugc

I r. .
C,=2,C, =2, voi ,u:«fﬂz+4ay¢0.
7 7
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Do do, D, =—(l’1"+1—l’2”+1),trong do rlzﬁ+'u va rlzﬁ—'u_
7 2 2

Khai trién per(aE +pC +yC2) theo ba phan tir khac khong bat dau tir phan tir nim ¢ goc dudi cling bén

tay trai, ta nhan duoc hé thirc truy hdi sau
per(aE + BC+ yCZ) =pD, ,+2ayD, ,+a" +y".
Thay D, boi biéu thirc tinh dwoc vao khai trién ciia per (ak + SC+yC?) ta nhan duoc khang dinh ban
dau.
Luwu y: Trong truong hop x =0, ta tinh dugc D, =(n+1)(4/2)" va bang phuong phép tuong tu ta ciing c6
thé xac dinh dugc biéu thic tinh caa per(aE+ﬁC+yC2).

3. Danh gia permanent
3.1. Panh gia cho permanent ciia cAc ma tran khdng &m
Tir cong thuc Ryser va bét dang thic Bonferroni suy ra ring véi moi ma tran khong am A=(a;) |
n n
ta ludn co perA< 1_1[2;‘ 8 -
1=l J=
Panh gia vira néu 1a rat thd va trong mot s6 truong hop nhét dinh ta co thé cai thién danh gia trén.
Nhic lai ring mot ma tran khong &m A=(aij )n ~ duoc goi la irreducible néu nhu khong tdn tai mot ma
tran hodn vi 7 sao cho 7 '4rx = {'gi AZ} trong d6 A, A, la cac ma tran vuodng nao do.

Tu Binh ly Perron — Frobenius, ma tran khéng am A c6 moét gia tri riéng duong r la mot nghiém don
ndo d6 cia phuong trinh ddc trung va vector riéng X =(X,,..., X, ) twong tng véi r o tat ca cac thanh phan
1 c&c s6 thuc duong.

Diéu ndy c6 nghia rang AX' =rx".

Khai trién hé thuc trén tasuy rarang > a,x, =rx,i=1..,n.
i1

n n n
Bang cach lay tich cac phuong trinh trén, ta nhan duoc Hzaij X; = r”H X; .

i=1 j=1 i=1
Tur dinh nghia cua permanent perA= Z a; -8, »ta suy ra dugc danh gia sau

n n n
I_IZ:aijxj ZperAl_[xi , v&i moi b thuc duong X,..., X
i=1 j=1 i=1
Két hop hai két qua vira thu nhan dugc o trén ta suy ra rang perA<r".
Néu ma tran irreducible A 1a song ngau nhién thi O<perA <1, vi mot ma tran song ngau nhién thi ludn
c6 gia tri riéng duong bang 1, va chan trén cua danh gia dit duoc cho cac ma tran hoan vi.

n "

3.2. P4nh gia cho permanent cia cac (0,1) —ma tran
Trong phan nay cua bai viét ta néu ra cac danh gia cho chan trén va chan dudi cua céc (0,1) —ma tran dya
vao tong cac phan tu trén cac hang cuand.
Pau tién ta dua ra mdt chan dudi duoc dé xuat bai Minc.
Xét mot (0,1) —ma tran A sao cho Zaij =r2>0,i=1..,n.
j=1

Khi d6, perA> [ [max{r,—n+i,0}.
i=1
That vay, ta chimg minh dénh gia trén bang phuong phép quy nap theo n.
Véi r, =0, danh gid 1a hién nhién. Néu r, >0, khdng mat tinh tong quat ta co thé gia sir rang a,; =1 voi
i=L.r.



Khai trién perA theo hang cudi cing va sir dung gia thiét quy nap theo n ta nhan duoc

perA=iperA(n| j)ziﬁmax{ri -4, +i—n+1,0}
=

ZZI_[max{ri +i—n,0}

=1_[max{ri —n+i,0}.

i=1

Tiép theo ta s& chi ra mot chin dudi cho céc (0,1) —ma tran ciing duoc dé xuat bai tc gia Minc nhung chi
dugc chirng minh chat ch& bai nha toan hoc Bregman:

perA< ll[(l’I ')%
i=1

Dé thuc hién duoc diéu vira trinh bay & trén ta can dén hai két qua phy sau:

v+,

R A r = A A~ A ~ , Vi+. Vg v , N
B& dé 1. Voi moi sb thyc khong am v,,...,v, taluon c6 (v, +...+V,) <VELVQTT trong d6 ta da

quy udc rang 0° =1.

vy Y,

Chirng minh. That vay, bat dang thac (Vl +.ntV, )Vﬁqu < Vfl...vg“q “ can ching minh twong duong véi

danh gia . Tinh dang dan cua két qua nay 1a mot hé qua don

ViV In[vl+...+vqj< v Inv, +..+v, Iny,

q q q
gian tir tinh 16i caa ham y =xInx.

n
Bé d& 2. Cho A=(a )nxn la mot (0,1)—matranva S a tap tit ca cac hoan vi s bac n sao cho l:[aiys(i) =1.
Khido, [ [r=r"", i=1..n,

seS

HperA(i | s(i)): 11 (perA(i | j))perA(i”) Ji=1..n.

seS Jray=l

Chitng minh. Hé thtc thir nhat suy tryc tiép tir dinh nghia ctia permanent.
Vi hai chi sé i, j bat ky, ta co Hs:s(i): j.a;=1s eS}‘ =perA(i]| j), nén do do

HperA( |s(i ) 11 H perA(i H( erA(i |J))perA "

seS j: a,]_ls s(i jra=l
Tré lai véi van dé ban dau, ta s& ching minh khang dinh bang quy nap theo n.
Véi n=1, danh gia 1a hién nhién.
Dit v, =a,perA(i| k) véi moi chisé k sao cho a, =1.
Ap dung B6 dé 1 cho g =r, vao vé phai cia hé thirc sau

27 perA(il j)
(peer)perA :{ Z perA(i | j)] J ,

Jray=l
ta nhan duoc danh gia (perA)perA <t T (perA(| ¥ ))PerA Ny
jray=1

Ap dung B6 dé 2 ta nhan dugc  (perA)™ "< HrperA( |s(i ))

seS
Dé thyc hién danh gid perA(i|s(i)) ta s& can dén gia thiét quy nap. Ky hiéu r; la tong cac phan tir cua
-1,a, o) = =1,

r. ,a ., =0.

hang thir k ciia ma tran A(i|s(i)), khi dé rk'={
1 7%k,s(i)




Ap dung gia thiét quy nap ta nhan dugc perA(ils(i))< ] ((r-1)! )rkl—l IT (v l)%

k=#i: ak‘s(i):l k=i: akls(i):o
.., va ddi thu ty tinh tich gitta k va i, ta duoc

[TeesaGiis)<IT TT ((n-09 [T (3

i=1 k=l izk: gy ;=1 i=k: ay )=0

Bang cach lay tich theo vé véi vé danh gia trén khi i=1,.

Véi k batkyva seS,

Tur phén tich vira néu ta thu nhan dugc

HperA(|s ) H .rk

Mat khéc, bang céch lay tich theo vé véi vé cia hg thic (perA)™™ < rperA(i|s(i)) khicho i=1,...n

seS

va sir dung danh gia HperA( | S ) H rk | ta thu duoc
(pe A)nperA S HH(I’k I)E
seS k=
S l n perA
Do |S| = perA nén tir danh gi4 trén ta ciing nhan ra rang (perA) nerh _ ( j
k=1

=}
= =

Nhan xét:

5 . s 5 1 r
Bang cach &p dung bat dang thic AM-GM ta dé dang chirg minh dwoc (1) < fi+l :

1&,  1n(r+))

1
Thatvay, (r1)s <=k =
atvay, (r!) rikzi‘ R

Do do, perA< H;l

i=1
Tai lieu tham khao:
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