Ung dung ham sinh trong chirng minh dinh ly Sylvester
Truong Phuac Nhan, 24/06/2018
Trong bai viét nay ta s& dua ra mot huéng tiép can khac cho dinh 1y Sylvester dd duoc trinh bay trong bai
viét “Phwong trinh Diophant tuyén tinh”.
Trudc hét, ta nhac lai vé dinh ly Sylvester:

Bai toan. (Sylvester) Cho a,b 1a hai sé nguyén duong nguyén té ciing nhau.

a) Chang minh rang ab—a—b la s6 nguyén duong 16n nhat khong thé biéu dién duoc dudi dang ax +by Vvéi
X,y la céc sé tu nhién.

b) Cho n la mot s6 nguyén khdng &m va nho hon hogc bang ab—a—b. Ching minh rang n viét dugc duoi
dang n=ax+by, vai x,y e N khi va chi khi ab—a—b—n khdng viét dugc dudi dang nhu vay.

Véi hai s6 nguyén duong nguyén to cing nhau a,b va sé tu nhién n ta dit
sy (M) =[{(k1) € Z2 | k.1 2 0;ak +bl =n)].

Ta xét tich ctia hai cap s6 nhan
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Néu ta nhan tat ca c4c thira s6 ta s& nhan dugc chudi lity thira cua cac liy thira Ia to hop tuyén tinh (v6i hé
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Nhu vy, ham sé nay 1a ham sinh ciia day ( Pras) (n))w .
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Ta mudn tim céng thire dep cho Prap (N) bang cach xem xét ki ludng hon ham s & Vé trai. Bé dé tinh

toan hon ta s& khéng xir 1y truc tiép trén ham
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L i Prap, (k)z™", cu thé la ta s& tinh hé s6 tu do ciia ham f (z).
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Chudi >’ Pyap (K) 2" khong phai la chudi Iy thira, vi n6 c6 chira nhiing s6 hang v&i s6 mii 4m. Chudi
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nay duoc goi la chudi Laurent.

D4i v6i chudi lity thira, dé tinh hé sé tu do ta chi can thay z =0 vao nhung vai chudi ¢ lity thira &m thi
viéc thay z =0 vao 1a khong dugc phép. Dé xtr ly tinh hudng nay, ta s& loai bo di tat ca cac sé hang véi s6
mii Am dé duoc chudi liy thira. S6 hang tu do cia né (ciing 1a sé hang tu do cua chudi ban dau) s& duoc tinh
bang cach thay z =0 vao.

Pé tinh s6 hang tu do nay, ta s& khai trién f thanh céc phan thirc don gian. Do cac cuc cia f nam ¢ diém
z =0 véi bac n, tai z=1 véi bac 2 va tai cac can don vi bac a vabac b khac 1 véi bac 1 vi a,b nguyén tb
cung nhau. Do d6, khai trién ciia f thanh tong cac phan thirc don gian s& ¢ dang
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Détinh B,, tanhan f(z) cho (z—l)2 va tinh gi6i han khi z —>1, cu thé 1a




Pé tinh B, ta tinh
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Nhan thay rang ta khdng can phai tinh cac hé s6 A, A,,..., A, Vi s6 hang Ai AZ +ﬁn khong dong
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g6p vao phép tinh sé hang tu do cia f nén ta cd thé bo qua.
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Tiép theo, ta tim cach don gian c4c téng trong biéu thiic trén dé duoc mot cong thirc thuan tién hon.
Ta nghién ctru truong hop dac biét b =1.
Truong hop nay ta co thé tinh duoc dé dang vi khi do Py (N) sE tinh s6 diém nguyén trong mot doan:
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Thay két qua vira tim duoc vao biéu thie tinh caa Py (N) ta thu dugc két qua sau:

Két qua 1. (Popovicu) Néu a va b 1a cac s6 nguyén duwong nguyén t6 cing nhau thi
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Pras; (M) :%_{ban}_{abn}H’ trong d6 a*.a=1(modn) va b™b=1(modn).

Tir két qua vira ching minh ta d& dang chiig minh duoc rang:

Két qua 2. Néu a va b 1a cac s nguyén duong nguyén t6 clng nhau, n [1;ab—1] va khong phai la boi s
cua a hoac b thi p,,, (n)+p,,, (ab-n)=1.

Chirng minh.
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=1- Py, (n), trong do ta da sir dung tinh chat {—x} =1—{x} vdi x khong nguyén.

Tur Két qua 2, ta d& dang ching minh duge dinh 1y Sylvester. Hon nita, ta con chi ra duoc rang véi moi sb
ty nhién n nho hon ab néu n biéu dién duoc dudi dang ax+by véi x,y 1a cac s ty nhién thi biéu dién do
la duy nhat.
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