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Trong bai viét nay ta s& gigi thiéu tong quan co ban vé ly thuyét association scheme.
1. Dinh nghia
Association scheme véi d lop lamottap A={A, A,.... A} gom céc (0,1) -ma tran thoa mén

a) Ay=1.
d

b) Zol A=1J.

=

c) AleA véiméii=1..d.

d) AA =AA espan(A).
thjn‘xét. ‘ ’ ‘ ‘

bieu kién b) chira rang cac ma tran A, A,..., A, doc lap tuyen tinh véi nhau. Biéu kién d) chi ra rang
cau triic dai s6 sinh bai cac ma tran nay c6 sé chiéu bang d +1. Do J bang tong ctia cac A nén nd giao
hoan véi mdi A, diéu nay chi ra rang tong tat ca cac phan tir trén cac hang va cac cot caa A 1a mot hang so.

Mot association scheme duoc goi 1a déi xang néu mdi ma tran A la mot ma tran dbi xtng.

Nhan thiy rang, ta co thé A,..., A, 1a cac ma tran lién hop ctia cac d6 thi dinh huéng X,..., X, véi ciing
tap dinh: Xét X la mot d6 thi vai tap dinh V' va duong kinh d . V&i mdi i=1,.., d, ky higu bai X, 1a d6 thi
V6i tap dinh V va hai dinh lién hop véi nhau trong X, néu khoang céch giira chiing bang i trong X, hién
nhién X = X,. bat A la matran lién hop cua X,,i=1,...,d, A thay cho matrandonvi I .

Khido, A={A,,A,... Ay} la mot association scheme.

2. Po thi strong regular

Association schemes chi ¢6 duy nhit mot 16p 1a don gian nhat. Trong truong hop ndy taco A, =1 va
A =J—1;db thi dinh huéng X, la mot d6 thi day du. Ddi véi cac association scheme gom hai I6p tre Ién,
van dé khao sat cac tinh chat dic trung tré nén kho khan hon nhiéu. Chinh vi Iy do d6 ma ta s& han ché céc
khao sat dé lam giam bét tinh phurc tap cua van de. ‘

_ bautién, ta khao sat cac association scheme doi xing c6 hai I6p va ta s€ chi ra rang ching twong dwong

V€ mat cau truc véi cac do thi strong regular. ’ N

Thay vi trinh bay mét chang minh dai dong va mang tinh may méc ta s€ lay mot vi du lam dan chung cho
khang dinh cua ta.

Xét cac do thi vai duong kinh bang hai va bac 16n nhat bang k. Néu X la mot d6 thi nhu vay va
ueV (X),thiu cotdida k lang giéng va k(k—1) dinh c6 khodng cach dén u bang 2.

Do d6, |V (X)|<1+k+k? —k =k? +1.

Néu ding thirc xay ra thi X 1a mot do thi déu bac k va girth caa do thi nay Ion hon hoic bang nam.

Diéu nay goi ¥ cho ta khao sat1 cac do thi déu bac k c6 k®+1 dinh va duong kinh bang 2.

Gia s X la mot do thi nhu vay va ky hiéu A la ma tran lién hop cua né.

Ta s& ching minh rang A’ + A—(k—-1)1=1J.

That vay, khang dinh trén dugc suy ra tir viéc phan tir (i, j) ciia A® bang s6 cac duong di d¢ dai bang hai
tir i dén j trong X . Sb cac duong di do dai bang hai xut phat va két thic tai cing mot diém bang bac cua
chinh diém d6, do X 1a dd thi déu, (AZ)i =k Sb céc duong di do dai bing hai xudt phat tai mot dinh i va

két thac tai mot dinh j lién hop véi nd bang sé céc tam giéc chira trong X chira canh ij (AZ)i ,=0.8au
ciing, néu i va j 1a cac dinh phan biét va khong lién hop trong X thi (AZ)i ,=1,do X khong chira 4-chu

trinh va duong kinh X bang hai. Két hop céc truong hop trén ta nhan dugc A* + A—(k-1)1=J.
Tiép theo, ta s& trinh bay mdi lién két cua d6 thi X vai cau trdc association scheme.
Ma tran lién hop A cua ddthibl X caa X bing J—1—A.



Turhe thic A*+ A—(k—1)1 =J tasuyra A=J—1—A=A’—Kl .

Do A la mjt da thirc theo A, nén né giao hoan véi A. Bdng thoi ta ciing nhan thiy ring A% 1a mot to
hop tuyén tinh cia 1,A va A. Do AJ = JA=kJ nén ta ciing nhan thiy ring AA va A" Ia cAc tb hop tuyén
tinhcua | va A. Do do, cac ma tran I, A va A lap thanh mot association scheme véi hai 16p.

Ta c6 thé nhan dugc mot sé thong tin quan trong vé do thi X tir hé thic A” + A—(k—1)1 =J . Y tusng
chinh & day nam & chd ta c6 thé xac dinh dugc cac gié tri riéng cua A tir hé thac trén.

Nhan xét rang 1:=(1,...,1) la mot vector riéng cia ma tran A, do AL=K1, va gia trj riéng twong (g cta
né chinh 1a k. Gia st A 1a mot gia tri riéng cia A voi vector riéng twong tng z . Khéng mat tinh tong quéat
ta ¢ thé gia sir rng z tryc giao véi 1, nén Jz=0.Do d6 0=Jz=(A’+A—(k-1)1)z=(2# +A-k+1)z
nén / la mot khong diém cua tam thuc t? +t—k +1. 7 ‘

Goi cac nghiém cua tamthac nay 1a 6 va r. Do 6r =1—k néntaco thé giasurang 6 >0> .

Ky higu m, va m_ Ian luot 1a s6 boi cua cac gid tri riéng 6 va r ciamatran A. Do X c¢6 k?+1 dinh va
k 1a mot gia tri riéng vai s6 boi it nhat bang mot, néntacd 1+m, +m_ =k +1.

bong thoi, tr(A)=0 nén k+m,0+m=0.

Ok* +k

Tur hai phuong trinh trén ta suy ra dwoc m_= :
-7

Ta chia lam hai truong hop con. Pau tién, gia st @ va z la cac sé v ty, ta co
O=k+(m,—m )0+m (0+7)=k—m_ +(m,—m, )0
vado k—m_ 1a mot sé nguyén va @ la vo ty, nén ta suy rarang m, —m_=0. Tir hé thiic nay ta ciing suy ra
duoc rang k =m, =m_, nén tir hé thic 1+m, +m_=k?+1 ta thu dugc k® -2k =0. Chi cd duy nhat mot
nghiém cta phuong trinh nay la phu hgp, d6 1a k=2, nén X =C;.
Do d6, khong mat tinh tong quat, ta cd thé gia sir @ va ¢ la cac sb hitu ty, nén ching ciing 1a cac s6
nguyén. Do € va t la cac nghiém cua tam thic t* +t —k +1, nén ta co (9—r)2 =1+4(k—-1)=4k-3 vado

d6 4k —3 phai 12 mot s chinh phuong. Do 4k —3 1¢ nén ta c6 thé gia sa 4k —3=(2s+1)" va do d6

k=s’+s+1.

(sz+s+1)(s(sz+s+1)+1)
2s+1

Tir két qua vira nhan duoc tasuyra =5 va t=—s—1 vadodo m_=

Bay gio 4s® +4s+4=(2s +1)2 +3

va 85 +8s? +8s+2=2s(2s+1)" +3(2s +1)+5=(4s2 +4s+3)(23 +1)+5.
15
2s+1

Do dé, ton tai mot da thirc p véi cac hé s6 nguyén sao cho 32m, = p(s)+

Nhan thiy rang m_ [a mot s6 nguyén khi va chi khi 2s+1 chia hét 15.

Diéu nay chirarang se{1,2,7} vado d6 k €{3,7,57}.

TOm lai, ta da chi ra duoc rang néu ton tai mot do thi déu bac k véi duong Kinh bang hai trén k? +1 thi
k 1a2,3,7 hodac 57 (twong ttng vai v 1a 5,10,50 hoac 3250).

Truong hop k=2 chinh la C;.

Truong hop k =3 chinh Ia d6 thj Petersen.

Truong hop k=7 1a do thi Hoﬁman-’SingIeton. ’

Truong hop k =57 van con la mot van dé ma chua duoc giai quyét.

3. Dai sb6 Bose- Mesner
Dai sb Bose- Mesner ciia mot association scheme A = {Ab, A,.. Aj} 1a dai s6 duoc sinh bai cac ma tran

A, A,..., A, ; n6i cach khéc, nd bao gom tat ca cac to hop tuyén tinh ciia cac ma tran nay trén C . Ta dinh

nghia tich Schur Ao B cua hai ma tran cliing béc dugc xac dinh boi h¢ thic (A-B). [ =AB



Tich Schur 1a mot tich giao hoan va két hop véi phan tir don vi 12 J . Do dai s6 Bose-Mesner dugc sinh
boi A U{O} vatap nay dong qua phép tinh tich Schur, nén ta suy ra dai s6 Bose-Mesner 1a déng qua phép

tinh tich Schur. Do d6, n6 ciing 1a mot dai s6 voi phép tinh tich Schur. Bong thoi, dai s Bose-Mesner ciing
dong qua phép lay lién hop phuc va phép chuyén vi.

Dai s6 coherent la mot dai s ma tran trén C dong qua phep tinh tich Schur, dong qua phép lay lién hop
phtc va phép chuyén vi, va chra | va J . Moi dai 50 Bose-Mesner Ia mét dai so coherent giao hoan.

Dinh nghia tim cta mot tap cac ma tran hodn vi cap vxv Ia tap gom tat ca cac ma tran giao hoan vai moi
phan tir ciia tap ndy cac ma tran hoan vi nay.

Két qua 1. TAm caa mot tap cac ma tran hoan vi cap vxv la mot dai so coherent.

Chitng minh. Ta chi can chi ra rang tdm ctia mot ma tran hoan vi P 1a mot dai s6 coherent. Diém mau chét
chinh & day chinh 1a can chi ra rang tam cia P 1a dong qua phép tinh tich Schur.

Giast M va N la cac ma tran giao hoan véi P .

Khido, P(M>N)=(PM)(PN)=(MP)<(NP)=(M >N )P vado d6 tim cua P dong qua phép tinh
tich Schur.

Mot nhdm hoan vi T’ trén mot tap V' duoc goi 1a generously transitive néu véi moi cap diém u va v
nam trong V ton tai mot phan tir y thugc T' sao cho uy=v,vy=u.

Két qua 2. Tam caa mot nhdm hoén vi 1a dai s6 Bose-Mesner caa mot association scheme ddi xting khi va
chi khi nhdm nay la generously transitive.

Chirng minh. Gia sar T’ 1a mdt nhém hoan vi tréntap V . Tam cua I' 12 mot dai s6 coherent nén ta chi can
chizng minh rang n6 giao hoan. Cha y rang T' c6 tac dong twong ty nhu 1a mot nhém hoéan vi cua V xV , cac
quy dao cua I' tao thanh mot phan hoach cua tap hop nay.

Tap {(v,v):veV}, thuong duoc goi la dusng chéo cua V xV , la hop cua mot s6 quy dao cua I', va la
mot quy dao duy nhat khi va chi khi ' la tranitive. Gia sir u va v 1a hai diém phan biét. Khi d6 uv va vu
nam trong cung mot quy dao khi va chi khi tdn tai mot phan tir caa I' hoan doi vitricua u va v.

Do d6, néu T Ia transitive thi n6 1a generously transitive khi va chi khi tit ca cac ma tran trong tam cua
I déu di xtrng. Do tich caa hai ma tran dbi xitng A va B 1a d6i xung khi va chi khi AB = BA. Diéu nay
két thlic chizng minh cua ching ta.

4. Lity dang

Cho C[.A] 1a dai so Bose-Mesner ciia association scheme A ={A), A,... A} .

Cac matran Ay, A, ..., A, 1ap thanh mot co s&, mdi ma tran nay la mot iy dang Schur.

Hai lily dang E va F duoc goi la truc giao néu EF =0.

Tiép theo, ta dinh nghia mot thir tu b phéan trén tap céc lily dng ciia mot dai sb giao hoan C[A]:

Giasir E va F la cac lity dang trong C[.A], taki hiéu E<F néu FE = E. Quan hé thda man cac tinh
chét phan xa, phan doi xang va bac cau, nén nd la mot thir tu by phan. Phan tir lily dang toi tieu la phan tir
toi ticu cua tap cac phan ti luy dang khac khong.

Két qua 3. Cho B 1a mot dai s6 ma tran giao hoén véi phan tir don vi trén mot truong dong kin dai s6. Gia
saerangnéu N eB va N?=0 thi N=0. Khidé, B ¢ mot co s gdom cac lity dang truc giao voi nhau ting
d6i mot.

Chirng minh. Pau tién, ta s& chung minh rang mdi phan tir ciia B 12 mot to hop tuyén tinh cia cac liy dang.

Kk
Gia st AeB. Kihiéu y(r) 1a da thic cuc tiéu cia A va gia st rang y(¢)=]](r-6,)"

i=1

Néu ta dat . (t) = % thi cac da thuc y,,...,w, & nguyén t6 cung nhau, do d6 ton tai cac da thuc
t—6,)"
f,(t),..., f, (t) théamin 1= Zf w; (¢). Do do, I—Zf )i (A).
Néu i j thi w, (4)y, (4 )=O, boi vi w chia hét ;.
Béng cach nhan hai vé ciia hé thic | =) f,(A)y;(4) cho f,(A)w,(4), tanhan duoc

£ (A (4)=(4 (4w (1))




Do do, f,(A)y;(4) la liiy dang, ta ky hiéu lai phan tir ndy thanh E,. Chi y rang EE, =0 néu i = j.

Do y chiahét (t-6,)" y; (¢) néntacé (A-6,1)" E, =0. Do do, [ (A-6.)E, | =0 vabing céch st
dung gia thiét dau bai ta suy ra duoc ring (A—6,7)E, =0.

Ta cd thé biéu dién lai he thic | =" f,(A)y, (4) dusidang | =E, +...+E,, nén

A=AE +..+ AE =0F +..+0,E, .
Hé thirc trén ching to rang A 1a mot to hop tuyén tinh cua céc liy dang, hay B duoc sinh ra bai cac lity
dang.
Tiép theo, ta s& chi ra rang ludn ton tai cc phan ti lily dang toi ticu.
Giasu E va F 1a cac liy dang phén biétva E<F .
Khidé, F(1-E)=F—E =0 nhung E(I -E)=0.
Do d6, khong gian cot cia E phai la mot khéng gian con thuc su caa khéng gian cot cua F .
Nhu vy, néu E,,...,E, 1a cac lity dang phén biét va E, <...<E,_ thibang cach lap luan twong tu ta nhan
dugc m<n+1. Diéu nay chi ra sy ton tai cua cac phan tur lily dang cuc tiéu.
Bay gio ta sé ching minh rang mdi phan tir lity dang luén Ia tong ctia mot s6 phan tir liy dang cuc tiéu.
Giastr F 1a mot liy dang va E 1a mot phan tir liy dang cuc tiéu.
Ne‘u EF =0 thi EF <E Va‘do do EFW E. i
bicu nay chi ra rang cac phan tir liily dang cuc tiéu truc giao véi nhau.
Pit F, 1a tong ciia cic phan tir lity dang cuc tiéu E sao cho E<F.
Khi d6 F, la mot phan tir liy dang. Néu F, = F thi F—F, 1a mot phan tu liiy dang nén ton tai mot phan
tir liy dang cuc tiéu trude trude no, diéu ndy mau thuin véi cach chon ciia F,. Do d6, B duoc sinh ra boi
cac phan tir lity dang cuc tiéu.

Gia sir B la mot dai s6 dong kin véi phép lay tich Schur va ¢ chira J . Tir khang dinh vira chieng minh ¢
trénta suy ra B c6 mot co sé gom cac (0,1)-ma tran.

Matran N duoc goi la lity linh néu N* =0.Két qua 3 chi ra rang mot dai s6 giao hoan c6 phan tir don vi
s& ¢ mot co so lily dang truc giao néu nd khdng cd chira cac ma tran lity linh khac O, do mat t6 hop tuyén
tinh khong tim thudng cac ma tran lily dang khac khong truc giao véi nhau khong thé 1a liy linh nén diéu
kién can lIa hién nhién.

Mot dai s6 giao hoan duoc goi la nira don néu né khong chira cac phan ti liy linh khac khong.
5. Liiy ddng caa assciation schemes

Trong phan cudi cua bai viét ta s& ap dung cac két qua ly thuyét vira thu duoc & trén dé khao sat mot s6
diém vé cac dai so

Két qua 4. Gia st B 1a mot dai s6 con giao hoan cua Mat,, (C) déng v6i phép lay lién hop phirc, chuyén
Vi va chira phan tir don vi. Khi do B ¢6 mot co sé lity dang E,,..., E, sao cho

a) EE; =0 voimoi i j.

b) Cac cot cia E, la cAc gia tri riéng cia cac ma tran nam trong B .

C)Zd:Ei:L

d) E =E,.

Chirng minh. Giast NeB va N*=0.

Khi do, (N'N)"=(N")2N?=0 nén t((N'N)" (N'N))=tr((N"N)?) =

Néu tadat H =N"N , thi tr(H"H)=0 khi va chi khi H =0, nén N'N =0.

Khi do, tr(N"N)=0 nén N =0.

Do d6, B thoa man cac gia thiét cua két qua 3, nén B c6 mot co so lily dang truc giao véi nhau timg doi
mot, tatam goi la E,,...,E;.




Néu AeB thi A=Y aE, Vvéicic vo husng a nio do.
i

Do cac phan tir liy dang E, truc giao véi nhau, nén AE, =a E, .
Diéu nay chi ra rang cac cot caa E, 1a cic vector riéng caa A, va vo huéng a, dong vai tro 1a gid tri
riéng tuong tng cua A.

Do | € B nén n6 la mot to hop tuyén tinh nao dé cua cac E,...,Ey: | = aE; véicac vo huéng a, nao
i
do.
Tu phén tich ¢ y trudc ta nhan thay cac vo hudng a. la cac gia tririéng cua | , nén tat ca chiing déu phai
bang 1.

Sau cling ta chi can chi ra rang cac liiy dang E, 1a Hermitian. Do B déng véi phép chuyén vi va lién hop
phuc, nén E; e B. Do do, ton tai cac vo huong ay,...,a, sao cho E/ = "a,E;, nén E'E, = fE .
j

Do tr(EE)>0 va tr(E;)>0, néntasuyrarang f, 0. Nhung do E; la mot phn tir liiy dang cuc tiéu
nén f, =0 néu j=i.Diéu ndychirarang E; la mot bdivo husng cua E;, nhung do tr(E, )—tr(E ) nén
E =E,.

Nhan xét ring dai s6 Bose-Mesner cua mot association scheme thoa man tat ca cac yéu cau néu trong két

qua 4 nén ta c6 thé ap dung truc tiép két qua trén ma khong phai lo ngai gi ca. Do
Sau cung dé chirng té sac manh cua két qua 3, ta sé€ ap dung n6 dé tim lai mot két qua co ban trong dai s6

tuyén tinh. Do =J € B va ban than n6 Ia ma tran liily dang véi hang bang mot nén nd la mét phan tu lay
v

dang cuc tiéu va do d6 n6 1a mot trong sé cac E,, ta quy woc rang nd chinh a E, .

Mot ma tran phicc A dugc goi 1a chuan néu AA" = A"A. Bang thai trong qua khao sat ta ciing s& quy wdc
rang dai so sinh boi cdc ma tran luén chaa phan tur don vi.

Két qua 5. Néu ma tran A 1a chuan thi A dong dang v&i mot ma tran chéo.

Chitng minh. Dai s6 sinh bai A va A" 1a giao hoan va dong véi phép lay chuyén vi va lién hop phic. Ap
dung két qua 3, ta suy ra dai s6 nay chta mot co sé lily linh truc giao F,...,F,. Do mdi matran F, la
Hermitian nén tir diéu kién FF,; =0 tasuy ra khong gian cét cua F, va F;.

Diéu nay chi ra rang tdn tai mot co sé gom cac gia tri riéng cua ma tran A.
6. Cac tham sb dic trung caa association scheme

Vol moi assomaﬂon scheme ta c6 4 loai tham s6 dic - trung cho no la: cac gia tri rleng cac gia tri riéng dbi
ngau, cac s6 giao va cac tham s Krein. Sau ddy ta s& lan Iwot gidi thiéu cac loai tham sb nay va mot sé ung
dung co ban cua chung.
6.1. Gia tri riéng va gia tri riéng doi ngau

Tir c&c khao sat co ban trén dai sO Bose-Mesner ciia mot association scheme, ta nhan ra rang ton tai cac vo

d
huéng p;(j) sao cho A =D p(r)E,,i=0,..,d. Cac vd huéng p,(j) duoc goi la cac gid tri riéng cua
r=0

scheme. Do chung la céc gia tri riéng cta cac (O,l) -ma tran A, nén ching la cac sé nguyén dai s6.
Chu yrang AJ =p,(0)J néndo dé p;(0) bing gia tri hing cua tong cac phan tir trén mi hang cua A .
bat v, = p, (0), va cac gid tri vy, ...,v, duoc goi la bac cua cac scheme.
Do I = in , nén ta cling thu duoc po(i) =1 v&i mdi i.
i

Céc gia tri riéng cua A’ lacacsé p;(j), vsi i=01,..,
Tuong tu, ton tai cac vo huéng g, (j) sao cho E; = Zq )A , j=0,...,d. Cic vo huéng q; () duoc

i a x o, 1 . .
goi la cac gia tri riéng doi ngau cua scheme. Do E, :—ZA , Nén ta suy ra qo(l) =1.
VS



Do céc cot ciia E, 1a cac vector riéng ctia méi ma tran thugc C[.A], nén khong gian cot cua n6 la mot
khéng gian riéng cua C[A]. S6 chiéu cua khdng gian riéng nay bang hang cua E,; .

Do E, 1a lity dang nén c4c gia tri riéng cta nd bang 0 hodc 1 va rank (E,)=tr(E,).

Céc gia tri tr(E;) duoc goi la sb bo cua scheme.

d
Tu hé thuc E; :%qu (r)A ,tasuyra tr(Ei)=%Zqi (r)e(A).
r=0 i
Bay gio, do tr(A )=0 néu r=0 va tr(A))=V, tasuy ra duoc rang tr(E )=g,(0), ta ciing quy uéc ky
higu lai tr(E;) dugidang m;.
Ma tran riéng cua C[.A] la matran P cap (d+1)x(d +1) xac dinhbdi P, =p, (i).
Ma tran riéng d6i ngau cuia C[A] lamatran Q cap (d +1)x(d +1) xac dinh boi Q ; =q; (i).

d d
Tucac he thac A =Y p,(r)E, ,i=0,..,d va E, :%qu(r)A ,j=0,...,d, tasuyra PQ=vl.
r=0 r=0

Tur két qud vira nhan duoc & trén ta nhan thay rang cac gia tri riéng doi ngiu cua C[.A] duge xac dinh bai
cac gia tri riéng. ’

Trudc khi tiép’tuc trinh bay cac loai tham so6 dac trung con lai cua associgtion schemevta s€ ing dung cac
phan tich ly thuyet vira trinh bay ¢ trén vao khao sat lai mot dang cau truc to hop kinh dién, cu thé do la cac
cac do thi strong regular. ) ‘ ‘ N . ,

Mot do thi X duoc goi la strong regular néu nd khdng phai la do thi day du, khac rong va ton tai cac so
nguyén k,a va c sao cho:

a) X la do thi déu bac k.

b) hai dinh lién hgp bat ky c6 chung chinh xac a lang gieng.

¢) hai dinh phan biét khong lién hop véi nhau c6 chung chinh xac ¢ lang gieng.

Néu A la matran lién hop caa X thi cac dicu Kién vira néu tuong duong véi hai phuong trinh ma tran

Al =k, A’ =kl +aA+c(J-1-A).

Ta viét lai phuong trinh thtr hai lai duéi dang A* —(a—c)A—(k—c)l =cJ.

Mot d6 thi strong regular trén v dinh vai cac tham s6 k,a va ¢ nhu trén thuong duoc ky hiéu lai dui
dang srg(v,k,a,c).

D& dang kiém tra duoc rang, bang cach sir dung céc phuong trinh néu ¢ trén, néu A la ma tran lién hop
cua mot do thi strong regular thi 1, A,J —1 — A lap thanh mot association scheme véi hai l6p.

Nguoc lai, mdt association scheme vai hai 16p bét ky c6 thé duoc xét nhu mot do thi strong regular.

Gia sir A 1a matran lién hop caa mot do thi strong regular X va A 1a association tuong ng, véi cac
ma tran lity dang E,, E,, E,.

Néu X la k-déuthi A =E,+E,+E,, A =kE, +0E, +1E,.

Do A, =J—1-A, nén ta cling tinh dugc A, =(V—1—k)E0 —(0+1)E1—(r+1)E2 .

1 k v-1-k 0—1 —k—(v—l)r k+(v—1)r
Dodo, P={1 6 -0-1 |, tuday tatinh dugc Q = 0-1 v—k+1 k—-v-0
1 7z -7-1 ‘ 00—t —k k-6
Céc phan tir nam & hang dau tién cua ma tran Q chinh 1a s6 boi cuia cac gia tri riéng cia do thi.
6.2. S6 giao
Gia sir A la mot scheme véi d 16p. Do C[.A] 1a dong véi phép nhan hai ma tran thong thudng, nén ton

d
tai cac v huéng p, (k) sao cho AA, =>"p,;(k)A, . Cac vo huong p; (k) duoc goi la cic sé giao cua
k=0

scheme. Nhan thay rang p, ; (k) A = A o(AAj ) nén cac sb giao déu la cac sé nguyén khong am.



sum (A (AA;)) _(ATAA) |

Wi Wi

Dong thoi, p,; (k)=

Ta dinh nghia cdc ma tran giao By,..., By boi cac hé thac (B,), = p; ; (k).

Néu ta goi # 1a quan h¢ phan hoach cua tap dinh V (A) thi B = A/x.

Do d6 cac ma trén B,,..., B, sinh ra mot dai s6 giao hoan gom cac ma tran cép (d +1)x(d +1) dang cau
v6i C[.A] nhu mot dai s6. Tuy nhién can luu y rang trong truong hop tong quat né khong dong kin Schur.

Cac s6 giao dugc xac dinh bai cac gia tri riéng cua scheme: gid tri riéng caa ATAA. trén khdng gian cot

:
cua E, la pi(l)pj(l)r(l),tﬁ’héthﬁc piyj(k)=tr(AkTAA")tasuyra P (K Zm p (1 p(1).
k k 1=0

Gia sirrang X,,..., X, la cac d6 thi ciia mot association scheme. Néu X, co dudng kinh s thi cac ma tran
A°,..., A’ 1a doc lap tuyén tinh, diéu nay suy ra tir sy kién s+1 liiy thira du tién ctia A +1 1a doc lap tuyén
tinh. Do d6, duong kinh ciia X, bi chan trén bai d , s6 cac lop ciia scheme.

Mot association scheme véi d 16p duoc goi 1a metric dbi véi quan hé thir i néu duong kinh caa X, bang
d . Néu scheme la metric d6i v&i quan hé thir i thi X, duoc goi 1a d6 thi distance-regular.
6.3. Tham s6 Krein

Cho A la mot scheme trén v dinh voi d 16p.

: Ao 13
Khi d6, ton tai cdc vo huéng q; ; (k) sao cho E -E, == g, (k)E,
, v
Ta goi cac vo hudng nay la cac tham s6 Krein cua scheme, no dong vai tro nhu 1a cac tham sb ddi ngau
cua cac so giao.
sum(EkoEioEj) tr(Ek(EioEj))

v =V
mk mk

Taco g (k)E =VE (E <E,;), vadods q; (k)

Bay gio, tir hé thuc E, < E, °E, = Zq, (DA tasuyra

0, () =— g, (1)a, (1), (T, - ’Zp' p (e (k)

vm, = v}

Néu M [a mot ma tran vudng va p(t) 1a mot da thirc thi ta dinh nghia da thic Schur poM 1a ma tran
xac dinh bai (pe M )i‘j =p(M )i’j .

Ta dinh nghia duong kinh Schur cia mt ma tran M la s6 nguyén duong s nho nhét sao cho ta tim dugc
mot da thirc p cd bac s va poM kha nghich. (Néu A la ma tran lién hop cua mét do thi cé hudng thi
duong kinh cua d6 thi chinh 1a s6 nguyén dwong s nho nhit sao cho ta tim dugc mot da thic p c6 bac s va
po A la kha nghich Schur)

Két qua 6. Néu E 1a mot ma tran vudng véi duong kinh Schur bang s thi cac lily thira Schur J,E,...,E* la
doc lap tuyén tinh.

Chitng minh. Néu E*™™ nim trong spanU, cua r lily thira Schur dau tién cua E thi U, bét bién qua phép

nhan Schur véi E, . Do d6 U, chua tat ca cac da thirc Schur trén E. Néu r <s thi khong c6 da thic Schur
nao trén E 1a kha nghich, mau thuan véi gia thiét dau bai. Diéu d6 chi ra rang cac khong gian U,,...,U, 1a
mot diy ting thyuc s, diéu phai chang minh.

Cho A 1a mot association scheme véi d 16p.

Néu E, 1a mot ma tran lity dang ciia LA vai duong kinh Schur bang s thi s <d . Association A duoc goi
1a cometric d6i véi E; néu dudng kinh Schur cua E, bang d .

Két qua 7. Cac tham sé Krein la cac s6 thuc khdng am.




Chieng minh. T hé thic E < E; =— E 0 ; (k)Ek , ta suy ra rang cac tham so Krein la cac gia tri riéng cua
Vico

ma tran VE < E;. Do cac matran E; va E; la nra xdc dinh duong nén ma tran E; ® E; ciing la nira xac dinh
duong. Ma tran E; - E; la ma tran con chinh cta tich Kronecker nay nén né ciing la nira xéc dinh duong.
Do d6, cac gié tri riéng caa no 1a céc sé thuc khong am.

Sau déy ta s& cung cap thém mot phép chang minh chi tiét hon cho khang dinh: cac tham sé Krein la cac
so thuc khong am.

Gia sir A la mot association scheme trén v dinh va ky hiéu e,,...,e, 1a co s& chuan tac cua C".

bit =) ¢ ®¢ ®e¢,.

i=1

Két qua 8. Cho A la mét association scheme.
Khidéqiyj(k):miH(Ei®Ej®Ek)jH2,vé1 g, (k) =0 khi va chi khi (E, ®E, ®E, )J=0.
k

Chirng minh.
Taco sum(E <E;<E )=J (E ®E; ®E,)J .
Do E, ®F, ®, l liy diing va tu lién hop, nén sum(E, - E, - E, ) =[(E, ® £, ®E, ) 7| .
sum(EkoEioE.)

J

Y

Két hop véi he thirc g ; (k) , ta suy ra diéu phai ching minh.

mk
Néu g, ; (k)=0 thi E,(E, -E;)=0 vado dé mdicot cia E] truc giao véi mdi cot cia E, < E;.
Sau day ta s& trinh bay mot két qua tong quat hon cua nhan xét vira chi ra o trén.

Két qua 9. Cho A la mét association scheme trén v dinh. Néu g, ; (k) =0 va x,y,z la ba phan ti cua C
thi E; z truc giao voi E;x-E,y.

Chirng minh.

Taco J (E ®F,; ®F] )(x®y®z)=1"(Ex-E;y-E 7).

Néu q; ; (k) =0 thi vé trai cua hé thuc nay bang khdng.

Mat khac, vé phai ciia hé thirc trén bang khdng khi va chi khi E; z tryc giao véi Ex-E,y.

Gia sir A 1a cometric di v6i E,. Mot da thirc diéu hoa bac i dugc dinh nghia 1a mot phan tir caa khong
gian cot ciia E, . Mot ham da thirc bac i 1a mot to hop tuyén tinh cua cac da thic diéu hoa co bac ti da bang
i . K&t qua vira chirng minh & trén chirarang néu f la mot da thiee bac 1 va g 1a mot da thuc bac i thi
fogcobactdidala i+1. (chayrang f og 1a tich thong thudng ciia cac ham)
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