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1. Bai toén vén tai nguyén _
Bai toan van tai nguyén 1a bai toan duoc biéu dién dudi dang giai tich nhu sau:

Cho biét céc s nguyén a,,b;,c} va d} véi 1<i<m;l<j<n.

Tim cac s6 nguyén & sao cho

> & =b1< j<n,
i=1

if} =q,1<i<m, 1)
j=1

0<& <ci(1<i<ml<j<n)

va > > di& dat gid trinho nhat. (2)

i=1 j=1

Loai bai toan nay rat hay gap trong viéc phan ph0| hang hoa, giao hang, phan phoi cho ngudi tiéu

thu,V.v... V& ca trong cac van dé co gia tri Iy thuyét.
Bai toan van tai nguyén nay lan luot duoc goi la bai toan Hitchcock hozc 1a bai toan Koopmans.

Nhan xét 1:
Néu he (1) va (2) c6 mot loi giai ¢ third rang & >0,b, >0,¢; >0. (3)
Ngoai ra, khi cong tat ca céc ¢} laitaco Y b, =>"a . (4)
=1 i-1

Cudi cing, ghép cho bai toan mt mang van tai phu voi cac dinh X, X,,eee, Xy Yos Yareers Yo Xoo Yo
trong d6 16i vao x, dugc ndi lién véi méi diém x, boi mot cung c6 kha niang thong qua a,, x, dugc ndi véi
y; boi mot cung c6 kha ndng thong qua ¢} va y; dwoc ndi véi I6i ra y, bsi mot cung co kha ning thong
qua b;.

Néu bai toan giai duoc thi theo dinh ly Gale ta c6

Zmax{ai,Zcij}Zij véimoi J={12...n}. (5
i=1 jed jed
Céc diéu kién (3), (4) va (5) la can va ciing 1a da dé cho bai toan van tai nguyén ¢ 15i giai.
Nhan xét 2:
Dau cua céc sé d} khong quan trong nhung ta ludn ludn c6 thé gia thiét ring nd > 0.
That vdy, trong truong hop nguoc lai thi bang cach dit:
h=-mind; >0,
[
el =d{+h>0,
= ZZe'Jg“j = ZZd;f; +hZai :
[ ] i
Ch y rang néu ta xét bai toan tim cuc dai cua ham > > ei¢} voi diéu kién rang bude nhu ciing thi
T
loi giai ma ta thu duoc ciing chinh la 16 giai cua bai toan ban dau.
Sau day, ta s€ trinh bay mot s6 van dé c6 lién quan den bai toan van tai nguyén thuong hay gap trong cac

bai toan phan phoi hang hda, giao hang, phan phoi cho nguai tiéu thy, v.v...

2. Céc thi du V& bai toan van tai nguyén o o
Thi du 1. (Hitchcock) Can phai xac dinh hanh trinh cta céc tau ché dau, biét rang c6 m bén xép hang
X0 Xp1 s X VA N DEN AT hANG Y, Y,,...r Y, , Oid thiét ring cudc phi mot chuyén ditir x, dén y, la d', bén

xép hang x; ¢6 a; tau, bén dd hang y; can nhan b; tau.



Néu ta ky higu ¢} la s tau dinh cho chay tir bén xép hang x; dén bén d& hang y; va muén lam cyc tiéu
tong cudc phi > di¢ thita sé tro lai dang giai tich da chi ra ¢ trén.
i
Thi du 2. (Votaw va Orden) C6 n cong nhan X, X,,..., X, can phai phan cong lam n may vy, y,,..., ¥ .
Niéng suét cua cong nhan x; trén may y, dugc biéu thi bang s6 d} ma c6 thé xac dinh dé dang bing cach

kiém chiing. Ta lay ¢ =1 néu dinh giao cho cng nhan x, lam may y, va & =0 trong truong hop nguoc
lai. Bai toan duoc dit ra ¢ day 1a lam cyc dai tong ning suat Zd;f; VGi C4c rang budc 25; =1, Zf; =1.
i j=1 i=1

Thi du 3. (Orden) Xét 6 thi c6 huéng gom n dinh X,,X,,...,x, véi kha nang thong qua ¢} =c(x,x;) &
mdi cung caa nd va mot s6 nguyén p <n; ta gia thiét rang tai méi dinh x. vé6i i < p c6 du mot lugng hang
a, trong khi tai mdi dinh x, véi i > p lai can mot lugng b, hang loai do.

Ngoai ra, gia thiét thémring > a, =>'b, =h.

i<p j>p
Néu (x,x; ) 1a mot cung ciia @ thi thi ta c6 thé van chuyén tir x, dén x; mot lrong hang &} >0 va cudc
phi van tai mot don vi la d'. Ta muon thoa mén moi yéu cau va lam sao cho ham tong cudc phi van chuyeén
n n o
I =1
PRILISE
)
D¢ dua bai toan vé dang chinh téc nhw da néu ¢ dau bai thi ta dua thém vao céc bién 4 sao cho
ny =& khii=j, (x,x)eU;
7y =0 khii=j,(x.,x)eU;
My =h—> & khii=j.
k+# j
Céc sb 7, nay thoa mén cac diéu kign sau:

dni=h (j=12..,n),
i=1
211;- =h+a, (iﬁp),
i=1

2 =h=b_(i>p),
i=1

OSnichij (i;éj),
o<ni<h  (i=j).

va ta can lam cyc tiéu ham > > eln! , trong d6 €} =4d], i# j,(x.x;)eU;
i=1 j-L
o0, i # J,(%,%; ) eU.
Thi dy 4. (Cahn) q o
O mét nha kho ta xét mét lugng hang nao do tai céc thoi diém khac nhau 1,2,3,...,n va gia thiét rang da

biét:

k Ia tong dung lugng cua kho;

t, 1a lugng hang ban dau c6 trong kho;

p, la gia ban mot don vi hang hda tai thoi diém i ;

g, 1a gi& mua mot don vi hang tai thoi diém i;



r. 1a gia bao quan mot don vi hang tai thoi diém i .
Trong khoang thoi gian tir 1 dén n ta s& mua ban hang sao cho cudi cung thi lugng hang lai bang luong
hang ban dau t,. Nhu vay ta can tim cac so:
a, 14 lugng hang ban tai thoi diém i ;
B, 1a luong hang mua tai thoi diém i ;
y; 1a lwgng hang chira trong kho sau khi ban lwong hang cii;
o, 1a lugng hang trong kho sau khi mua lwong hang maoi.
Bai toAn ma ta can gidi quyét I1a lam cuc dai tong loi nhuan zn:( Pia; —q; B — 1y, ) Voi céc dieu kién
i=1

6 =0 — % =0,(i=12,...,n-1);

0 — Y =Ly,
yi+ﬁi_5i:0’ (l:1,2,,n_1),
It By =t

0<a, <0,0<f <oo;
0<y,<0;0<0, <k

Bai toan nay dua ngay vé bai toan phan phdi hang trén mang van tai (bai toan trong thi du 4); véi n=4
mang van tai va cac luong trén cac cung cua ndé dugc mo ta nhu trong Hinh vé 1.

Hinh vé 1

Néu hang dugc dinh xuat hda thi tong lvgng hang cd thé mua tai thoi diém n 1a mot s6 cho trude T, vata
c6 biéu dién twong tmg nhu trong hinh v& 2.

Hinh v& 2

3. Phwong phap Hungary

Tir cac diédu kién (1) va (2) ta nhan thay rang bai toan van tai 1a mot trudng hop dac biét cua quy hoach
tuyén tinh va nhu vay thi nd c6 thé giai dwoc bang phuong phap don hinh con ban than ly thuyét @6 thi chi
g6p phan lam don gian cac thu tuc thong thuong cua thuét toan. O déy ta sé& trinh bay ngan gon mot phuong
phéap khac han, dung truc tlep ly thuyet mang VAan tai, phuong phap nay té ra ¢6 hiéu qua hon nhiéu so véi
phuong phap don hinh truyén thong.

Phuong phap nay dau tién dugc Kuhn phét trién nhung sau 6 duoc Ford, Fulkerson, Flood,... mé rong.



O day khong can phai dung cac phuong phéap giai tich va ta van theo quan diém truc quan cua ly thuyét
d thi. Xét mang van tai G véi hai tap dinh roi nhau: X ={x,X,,... X, } V& Y ={y,, Y,,.... Yo} -

Ta ndi 16i vao x, t6i méidinh x; bdi mot cung c6 kha niang thong qua ¢(X,,X )=a,; ndi mdidinh y, Vi
I6i ra y, boi mot cung co kha nang thong qua c(y;, Y, ) =b; ; cudi cting ndi mdi x, véi mdi y; bai mot cung

0 kha nang thong qua C(Xi, Y, ) =

OS(o(u)Sc(u) (ueU);

Tatim luong ¢(u) 1am bdo hoa cac cung két thic, nghia 1a lam sao cho {¢(x,,x)=a
(p(yj,yo):bj, 1<j<n.

V&i mot ludng ¢ nhu thé cong cia ndé duge dinh nghia la: d ZZd go( )

i=1 j=1
Khi d6 bai toan van tai nguyén trg thanh bai toan tim ludng ¢ lam béo hoa cac cung két thic va thuc hién
mot cong Ion nhat.
Ngoai bai todn goc ciing xét bai toan doi ngau dinh nghia nhu sau:
Quy la ham y(u)>0 xac dinh trén cac cung cua mang vén tai G sao cho
y(xo, )er(x,,yj)+y(yJ yo)>d' (1<z <ml<j <n)
O day ta c6 thé hiéu y(u) 1atong so tien tra cho tat ca cac xe van chuyén trén cung u ; mdi xe khi chay
trén doan dudng [ X, X, Y;, Y, | thu mot quy tong cong Ién hon cong d} ma nd phai thuc hién.
Pé don gian ta dat
V(xmxi):ai '
V(yj’yo):ﬁj ,
7(%0 ;) =7}
Kha nang cua quy y dugc dinh nghia la

= ;aiai +ZZc;yij +jzl:bj,8j .

i=1 j-L
Bai toan dit ra la ta phai tim y ¢6 kha ning nhé nhat.

Bo dé. d[p]<c[y] véi moiquy y va véi moiluong ¢.

Chirng minh. |
djo} <o) +7i0, + B9}
Do do,
zgjz_;‘d <za2¢,+§§y1¢;+§ﬁj§¢;
<Za-,0l +ZZC +ijﬁj =c[y].
i=1 j=1 j=1

Theo B6 d vira trinh bay thi néu c6 mot ludng ¢ va mot quy y sao cho d[g]=c[y] thi ¢ s& Ia ludng can
tim.
Pé viéc trinh bay don gian, ta gia thiét rang tat ca Cij bang v6 cung; khi do6 tét ca yij phai bang 0.
Bai toan d6i ngau by gio tré thanh 1a tim cac s6 o, >0 va ;>0 sao cho
o, +,B >d ( =12,.. m;j=l,2,...,n).
Cung véi bai todn gdc va bai toan ddi ngiu ta xét bai toan phuy sau day:
Véi mdi quy y ta dua vao mot ludi van tai phu G_/ nhan duogc tir G bang cach bo di nhirng cung (xi, yj)

Ma o, + ;> d, . Bai toan dit ra 1a tim ludng 16n nhét trén mang vang tai G, .




Két qua 1. Néu véi quy y ma dd thi G, cho mot ludng ¢ 1am béo hoa cac cung két thic thi y Ia quy c6 kha

niing nho nhét con ¢ 14 ludng trén G sinh ra cong lon nhét.

Chitng minh. Hién nhién ¢ 1a ludng trén mang G va né lam béo hoa cac cung két thic cua G .
Cong cuia nd bang
_ i m n i m n
d [go] = 2. dio, :ZZ(ai +ﬁ,—)<0,- =D i+ b =c[y].
o +f=d| i1 j=1 i-1 j=1

Vay theo B6 détasuyra ¢ la ludng trén G sinh ra cong lon nhét con » 1a quy ¢ kha ning nho nhét.

Két qua 2. Véiquy y mamang G, khong cho mot ludng 1am béo hoa cac cung két thic caa nd thi c6 thé
tim dwoc quy ' maico c[y']<c[y].

Chieng minh. Gia sit ¢ Ia ludng lén nhat khong lam bao hoa cac cung két thic cia mang G ; theo dinh Iy
Ford — Fulkerson gid tri ctia ludng d6 bang kha ning thong qua cua thiét dién U, ma n6 lam bio hoa.
Gid st A={X, %y, X, Y1, Yoreer Vs Yo } - DO U, la thiét dién c6 kha nang thong qua bé nhat nén nd
khong chira cung c6 kha ning thong qua bang oo nghia la néu i >r, j<s thisuy raring (x,y;) khong
phai 1a cung cua do thi G, , tc 1a o, + 4, > d. .
Hon nira ¢6 thé coi rang ¢; >0 véi moi i=1..., m hodc la B, >0 véi moi j=1.., n, trong truong hop
nguoc lai dbi véi mot cap (i, j) nao do tase co d} =a, + 8, =0.
Chang han ta gia s &, >0 véi moi i=1.., m.
Khi d6 bang cach dat
e néui<r,
o —1 n€ui>r;
B, néuj<s,
va =4 )
B;+1 néuj>s;
Ta s chi ra rang céc dai luong o/ va g lap thanh mot quy »' méi. That vay, néu i>r va j<s thi
o, +B; >d,, nghiala o/ + ] >d;. Ngoaira, néu i >r thi ¢, >0 nén o >0.
Kha ning cua quy méi bang
c[y]=2 aa+2 b,B=c[y]- 2 a+ 2 b;.
i=1 j=1 i=r+l1 j=s+1
Tu do:
C[y]—c[y'] = Zai —[Zai + Z b, j = Zai —(o_yo >0, tuc la kha ning cua quy maéi nhoé hon quy ban dau.
i=1 i=1

j=s+1 i=1

Thuat toan tim ludng sinh ra céng 16n nhat c6 thé tom tit nhu sau:
o =mind;,
J
Xuat phat tir quy  xéc dinh boi céc diéu kign < B; = max (d; -« ) tatim ludng I6n nhét trén mang G, .
1
7;=0
Néu ludng d6 khong lam bio hoa cac cung két thiic thi ta xac dinh quy méi y' va lap lai tat ca cac cong viec
da lam; néu ludng do6 lam bio hoa cac cung két thic thi n 1a nghiém cua bai toén.
Néu khdng gia thiét tat ca cac c; bang vo cung thi can phai xét ti cac s6 | va ta ludn c6 thé coi ring
y} =max{d; —a, - ;;0}.
Nhu vy ta can xét ba tap hop sau:




P={(i,j)l7;=0.d} =0, + 5},
Q={(i,j)l7;=0.d} <o, +4,},
R={(i,j)7,>0.d} >0, +5,}.
Ciing nhu & phan trude ta xac dinh mang van tai G_/ c6 cac cung cling la cac cung cua G nhung c6 cac

kha nang thong qua nhu sau:
a

=a- » ¢, (i=12..,m);
i(i.j)eR
b=b,— > ¢, (i=12..n);
i(i,j)eR
Ci=

— {C'] néu (i, j)eP

0 néu (i,j)eQuR.

Két qua 3. Néu véi quy y ma mang van tai G ¢6 ludng ¢ lam bao hoa tét ca cac cung két thac thi y 1a quy
c6 kha nang nho nhat. Ngoai ra, d6i véi mang van tai G ludng ¢ sinh ra céng Ion nhat duoc xac dinh bang
¢, n&u (i,j)e PUQ

cac diéu kién sau: (p}z{o (i j) <R
néu (1, ])e

Chirng minh. B
dlo]= >, digj+ D dic|

(i,j)ePuQ (i.j)eR

_n (ai+ﬂi)(p_1 Z dJ j

i=1 j=1 (i,j)eR

aia_,+z,8b +(;Rd}c;
i,j)e

j=1

A3 3 638 3 - T 3 ()

ii(i,j)=R i=L i(i,j)eR (i,])eR (i,J)eR

M 2]

I
iN

c

O

=c[y].
Do dé ta thu dugc d[p]=c[y], theo B d&, ¢ la ludng can tim.
Két qua 4. Néu véi quy y ma G khéng c6 ludng (p lam b&o hoa cac cung két thic thi co thé tim duoc quy

m&i y' ¢6 kha nang c[y']<c[y].
Chitng minh. Gia sit ¢ 1a ludng lon nhat trén G, ; theo gia thiét n6 khong bao hoa cac cung két thic. Ta xét

— m —
tp hop A={X, Xy X, Vi, Yoo Ve Yo} 530 ChO (U )=, < a; .
i=1
Twong tu nhu trong Két qua 2, c6 thé coi rang tat ca o, >0.
Bay gio ta dat
o néui<r,
o —1né€ui>r;

" | B +1néu; >

P _{ﬂj néuj<s,

yi=1 n&ui<r,j>s,(i,j)eRr,
y}i: y;+1 néui>r,j£s,(i,j)eRuP,
yij trong cac trudng hgp con lai.

Trudce hét ta chi ra rang cac s6 mai tao ra & trén xac dinh mot quy nao d6; ta co of >0, B; =0, y” >0.




Dé kiém tra lai rang cac gia tri o/ + 8+ —d} vancon >0 tanghién ciu sy bién thién A cua dai luong
nay nho bang sau:

P P P P Q Q Q Q R R R R

iI<r iI<r | i>r i>r i<r i<r | i>r i>r iI<r iI<r | i>r i>r

J<s | j>s | j<s | j>s | j<s | j>s | j<s | j>s | 1SS | J>s | j<s | |>s

Ao, 0 0 -1 -1 0 0 -1 -1 0 0 -1 -1
Ao, 0 1 0 1 0 1 0 1 0 1
Ao, 0 0 1 0 0 0 0 0 0 -1
A 0 1 0 0 0 1 -1 0 0 0

Truong hop duy nhat ma A =—1 khdng gay ra nhiéu tré ngai cho ching ta bai vi véi (i, j)€Q taco
o +p;+7,—d; >0 nén o/ + B+ —d; > 0.
Bay gio ta chirng minh rang kha niang cua quy giam thuc su.

That vay, o _ . .
C[y']:Zaiai'Jerj,BJ'- +Zc'jy;' =c[y]—Zai +ij - Z cj+ Z cj+ Z ¢
i j i,j i>r j>s i<r i>r i>r
(iff)seR (ifjs)sep (ifjs)seR

:c[y’]—c[y]z—Za_i+Zb_j+Zc_ij:—Za_i+c(U;)<0.

i>r j>s i>r i
j<s
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