Co s6 cia ham sinh
Truong Phuac Nhan, 31/07/2018

Cho trugc mot day (ay,a,,...), ta cho twong Gng day nay véi ham sinh A(X) =a, +a,x+a,x* +...

Luu y rang ta c6 the xem n6 nhu mot phan tir ciia vanh céc chudi lity thira hinh thirc theo x (cach tiép
can nay ta sé str dung nhiéu vé lau vé dai), hoac ta ciing c6 thé xem ndé nhu mot chuoi liy thira thong thuong
theo bién phirc x (cach tiép can nay phit hop cho ngudi méi lam quen). Khi ta xem A(x) nhu mot chudi lity
thira thong thuong thi ta phai quan tam dén tinh hoi tu caa chudi; ta s& vuot qua kho khin nay bang cach gia
st rdng gia tri ctia x chi ndm trong mién hdi tu cia A(x) (do phan lén cac ham sinh ma ta gép déu c6 ban
kinh hoi tu khéc 0). Trong subt bai viét nay, nhiéu khi ta phai thuc hién cac phép nhan cac ham sinh hoic
thyuc hién cac phép bien doi trén cac so hang cua chudi (chang han nhu lay dao ham, tich phan) thi viéc gia
sir néu ¢ trén 1a ly do tot nhat dé bién minh cho viéc thuc hién cac phép tgén cua ta. o 7

Sau day ta s sir dung ham sinh dé giai quyct mét 16p bai toan kinh dién trong ly thuyét té hop, cu thé do
chinh la bai toan tim cong thurc tong quéat caa day truy hoi tuyen tinh cap k .

Mot ddy truy hdi tuyén tinh bac k la mot day théa man a, =ca, , +..+ca, (n=k) trong d6 c; la cac
hang sb va ¢, # 0 vai cac gia tri dau a,,...,a,_, dugc cho trudc.

Truéc khi trinh bay cac két qua tong quét vé bai toan nay ta s& khao sat mot truong hop rat dic biét, do
chinh 1a ddy sb Fibonacci dugc dinh nghia bsi f, =0, f, =1va f =f  +f ,.

DAu tién ta bat dau bang cho twong tng day (f,)  dudidang F(x)= f,+ fx+ £, + 3 +..

Nhan thay, F(x)=x+(f+ f))x*+(f,+f)x*+...

= X+ ( £+ )+ (Fx o+ £ )¢+
=X+ X( f,+ £ )+ X0 (fy+ £x) +...
=X+ XF (X)+X*F (X) +...
_ X
1-x—x*
Bang cach nhan hai vé cho x" va liy téng tat ca cac biéu thirc, ta nhan duoc

DEXT=DE XY X

nén F(x)=

n>2 n>2 n>2
= F(x)-f,— fx= le: f X"+ XZZZ: fx",
n. n=

= F (X)— fo — fx=x(F ()= f, )+ X°F (x)

X
F(x)=—2.

Ké tiép ta tim h¢ s6 cua x" trong F (X).

Dit a,a, lacac s6 théa man 1-x—x* =(1-a.x)(1-a,x).

Bang cach phan tich 1% thanh céc phén thic don gian ta co
— X=X

X 5= A + A , trong 46 A, A, 1a cac hang s6 nao do.
1-x-x° 1l-ax 1l-ayx
Bay gio, ap dung cdng thuc khai trién Taylor dac biét % =1+z+12°+... Véi|z| <1, ta xéc dinh dugc he
.y

A o Ry 5 =R Ja X 2 n n
so cua x" trong khai trién cua biéu thuc T la Aoy + 4,0, .

Bang cach tinh toan truc tiép c6 thé chon oy, a, lan luot bang o, =

1+5 Y 1-5
2 2
Khi do, ta tir viec f, =0 va f, =1 nén nhan dugc hé phuong trinh
0=A+A
1=Aao + A40,.



- 1
Giai h¢ phuong trinh néu trén ta thu duoc A = E A = \/_ va ta nhan duoc cong thuc Binet:

057
"Bl 2 2

Bay gid ta s& tong quat cach tinh vira néu cho trudng hop mot day truy hdi bac k.
Dau tién, ta ciing s& xac dinh cdng thuc ham sinh A(X) =a, +a,X+a,X* +... tuong ty nhu khi ta thuc hién

cho day Fibonacci, A(x)= P() trong d6 Q(X)=1-cXx—C,X* —C,X° —...—C, X* va

7 Q(x)
P(x)= Akl(x)—jzl“cjxjﬁhl(x) Véi A (X)=a, +ax+..+ax.

Cht yrang A(x) l1a mt phan thic véi tir la mot da thiee ¢6 bac khong qua k —1 va mau la mot da thic

bac k.
Lam thé nao ta c6 thé mé rong viéc sir dung chudi Taylor cho cac ham phan thic? Dé tra 1oi cau hoi nay
ta can den két qua phu sau.

Két qua 1. Gia st gz ; la mot phan thuc hitu ti voi Q(x) la mot da thie bac k va P(x) la mot da thirc
X
bac tdi da bang k —1. Gia st Q(x)=][(a;+bx)"™ trong dé a,b; la cac sé phuc.

i=1

N ., S ‘ ; ; X il
Khi do, ton tai cac hang sé A, i=1...r, j=1..,m sao cho ZZ
i1 J—l a +bX

Chwng minh.

Ta nhac lai mot so kieén thirc co ban ¢o lién quan dén dinh ly Bézout trén cac da thic.

bau tién, Bézout khang dinh rang néu a,b la cac so nguyén nguyén t6 cung nhau thi ta luén tim dugc cac
s6 nguyén ¢ va d sao cho ca+db=1. Phép chang minh ciia khang dinh nay chi sir dung mot sé danh gia
don gian trong thuat toan Euclidean; ban than thuat toan nay thudng duoc s dung dé tim wdce chung 16n
nhat cia p va . Phép chirng minh trén cac da thirc cling dugc thuc hién mot cach twong tu; tat ca nhirng gi
ma ta cn do 1a thuat toan chia cho cac da thuc:

Cho truéce cac da thuc a(x) va b(x) # 0 xac dinh trén mot truong nao dé sao cho bac cua a(x) I6n hon
hodc bdng béc ciia b(x). Khi dé, ta ludn tim duoc da thic g(x) va r(x) théa man a(x)=b(x)q(x)+r(x)
va bac cua r(x) 1a nho hon that sy bac ciia b(x) (quy uéc bac cia da thirc khong bang —1).

Bang céach thuc hién lién tiép thuat toan chia, sau mot sé k budc nao do, ta thu duoc chudi cac dang thirc
sau:

a=>bq,+r,
b= G, +1
lh=nrg,+r

Me—a =Ntk Tz
s =N ola t o
) q ‘ o =Nl + ':k ‘
trong do tat ca cac biéu thirc ¢ trén deéu la cac da thac theo bien x va r, bang 0 va r,_, khac khong.

Cha y rang r,_, chia hét r,_,(do r, =0); nén n6 ciing chia hét r,_,; va twong tw nhu trén ta suy ra rang no
chiahétca b va a. Do b va a nguyén té cting nhau nén ta phai c6 r,_, =1. T hé thac thir hai tir dudi 1én
ta nhan thay rang 1 1a to hop tuyén tinh cua r,_, va r,_,; va tiép tuc thuc hién qué trinh nay ta nhan ra rang 1
la to hop tuyén tinh cua b va a.




Tom lai, néu a(x) va b(x) la hai da thirc khong c6 wéc chung trén truong so phic thi ton tai cac da thic
c(x) va d(x) sao cho c(x)a(x)+d(x)b(x)=1.
Ce()
a(x)b(x)
(x

chung trén truong sé phic con e ) la mot da thie khac khong khac trén truong sé phic thi khi d6 ta tim

Diéu nay c6 nghia la néu la mot ham phan thirc voi a(x) va b(x) 1a hai da thirc khong ¢6 udc

- da the s o man S0 _&(x) &(X)
duoc cac da thic e (x) va e, (x) thoa méan 209600 a(x) + b(x)

That vy, néu c(x) va d(x) 1a cac da thuc théaman c(x)a(x)-+d(x)b(x)=1 thi ta chi can dat
e, (x)=d(x)e(x) va e,(x)=c(x)e(x).
Ap dung lién tuc phan tich trén va luu § ring moi da thirc Q(X) déu cd thé phén tich trén trudng s phic

dudidang [ [(a +bx)™ , tatim dugc cac da thic e (X),....e,(X) sao cho
i=1

P(x) _s_ &)

Q(X) i=1 (ai +biX)rni .
S N , A P(x) o e(x)
Bang cach &p dung thuat toan chia trén da thic ta nhan dwoc ——~=E(X)+ ) ————
Q(x) = (a +bx)"

E(x)la mot da thirc nao d6 va cac da thuc €/ (x) c6 bac nhé hon m;.

, trong do

Béng cach chuyén qua gi¢i han khi x — oo, ta nhan duoc E(x)=0.

Phan viéc con lai 1a ta can chi ra rang moi phan thtc ¢ dang ¢(x) = Zm: .
(a+bx) -1 (a+bx)

Nhan c4 hai vé ciia h¢ thirc trén cho (a+bx)", ta nhan duoc két qua tuong duong
=Y A(a+ bx)mfj . Nhung diéu nay thi lai 1 hién nhién, do céc da thuc (a+ bx)wl , ...,(a+bx)0 lap
=)

thanh mét co s¢ trong khdng gian gom tat ca cc da thirc c6 bac khong vuot qua m—1 va hién nhién e’(x)
nam trong khdng gian nay.
Bay gio ta ap dung két qua 1 cho ham sinh A(x).

Néu ta gia sir rang da thirc Q(x) c6 phan tich Q(x) =T ](1-ax)", ta tim duoc céc hing sb

i=1
Aj,i=1..,r, j=1..,m sao cho A(x ZZ -.
i=1 j-1 (1 ax)
Tir phan tich trén ta nhan thay rang dé xac dinh cong thirc tinh a, ta can phai tim hiéu khai trién Taylor
ciiaham f(x)=(1—ax) ", trong d6 s 1a mot s6 nguyén duong.

That may mén khi van dé nay ta da tim duoc Ioi giai va that ra 1 rat quen thugc doi voi ching ta, két qua
d6 duoc dién dat lai nhu sau:

Cho truéc ae R. Dt f, (x)=(1+x)" véi xe(-11).
N fk . ,
Khi d6 chudi Z# Xk = Z(i—)lk x“ hi tu tuyét doi va co tong la f, (x), trong do f)(0) la dao ham
k>0 - k>0 -
cap k cua fmk (0) tai x=0 va lwu ¥ rang dao ham bac 0 chinh 13 ham don vi.

(@),

k!

r . . /4 . 7 s A N r - a
Neéu ta thyuc hién mé rong dinh nghia h¢ so6 nhi thic cho céc chi so thuc bang cach dat ( ]:
n

Khi d6, két qua ma ta vira trinh bay ¢ trén chinh la dang mé rong cua dinh Iy nhi thac:



. - 4 N . x a
V6i moi s0 thuc o va moi so thuc x sao cho (1+x)” Z[kj
k>0

Cha yrang néu a =n 1a mot s6 nguyén duong thi { j ( J véi moi k.

k
Ap dung dinh ly hé sb nhi thac véi a =—s, trong d6 s la mot s6 nguyén duong, ta nhan dugc

Y

k>0

Chu y rang véi s =1, ta nhan dugc %—1+x+x2+...,
véi s =2, tanhan duoc ! =1+2X+3%X" +....

(1-x)°
Tong hop cac két qua phan tich ¢ trén lai ta thu duoc két qua sau

Két qua 2. Gia sir day (a,) , dwoc xac dinh boi hé thuc truy hoi a, =ca,, +..+¢a,, (n>k), trong do

n>
¢, lacac hiang sé va ¢, =0, va cac gid tri ban dau a,,...,a, , dugc cho truéc. Ham sinh A(x) = Za X" 1a

mot ham phan thic hitu ty, didu nay c6 nghia 1a A(x):Q( ) trong d6 Q(x)=1-c,Xx—C,X* —...—C,X* v
X
k-1 — .
P(X)=AL(x)=D c;x A1 (X) véi A(X)=a,+aXx+..+aX sao cho A(X)ZZZLJ'-
j=L i1 j-1 (ai +biX)

L +n-1 )
Khi d6, cong thuc cua ddy a,: a, = ZZAJ [J 4 jai" , trong d6 a; la mot nghiém cua phuong trinh
i=1 j-1 1-

‘-z —c,z? —..—c, =0 con m, lasé boi cua «;. Cac hing s6 A, co thé tim duoc bang cach gidi he k
phuong trinh v6i k 4n cho bai cac diéu kién ban dau.

Cha y rang néu ta sir dung khai niém ham sinh theo nghia chudi hoi ty thi ¢ day ta chi xét |X| < .
max e,
Néu ta bo sung thém vao vé phai cua hé thic truy hdi cia a, mot lugng f (n), ta duoc
a, =ca ,+..+ca , +f (n) (n>k),
P(x)+F
Khi do, A(X)= M , trong d6 F,, (X Z f(
Q(X) n>k

Néu F,, (x) la mot ham phan thirc hitu ty cua x thi bing cach ap dung mét Ian nita phuong phéap phan
thirc vira trinh bay o trén ta cling nhan dugc cong thuc tinh cho day a, .

Sau day ta khao s&t mot truong hop dac biét cua f (n), do chinh la khi f (n) 1a mot da thuc theo n.

Mudn nhu vay ta can phai khao sat chudi P() Zn X" voi mot sb nguyén 1>0.
n>0
V&i | =0, chudi vo han tro thanh 1+ X+ x> +...= —— . !
X
Vi 1> 0, ta co hé thac truy hdi sau PY (x) = x 3 (P (x ))
X




dx ) \1-x
Bing phuong phap quy nap toan hoc ta d& dang chi ra dugc rang:

| | I k | ,
(X%j f(X):Z{k}ijT f (x) voi k =1, trong do {k} la so Stirling loai 2.

|
Diéu nay kéo theo rang P(')(x):ﬁxi) ( 1 J

k=1

Do dk( 1 j: k! nén ta thu duoc P(')(X):ZI:k' ! X—k
dxk 1—X (1_X)k+1’ ¢ e ) k (1_X)k+l'

Bay gio ta chi quan tam dén hé s6 ciia X" & hai vé ctia dang thuc trén thi bén vé trai ta thu duoc n' con &

N . X ok 1 (k+1)+(n-k)-1) (n
bén ve phai ta thu dugc [X ]{WJ:[X ](WJ:( (k+1)-1 ]=[k}
nén do d6 n' :i{L}(n)k .

k=1

Nhu vdy, ta di ching minh dugc rang:
Két qua 3. Cho f(n)=c,+cn+c,n*+...+c,n".

m | k k
Khi dé, ham sinh F (x)=>"f (n)x" duoc cho bsi cong thirc ZC,ZK!{ }X—kl
n>0 =0 k=1 | (1— X)
Tong quan lai ta c6 thé 4p dung phuwong phap phan thire dé giai quyét bai toan xac dinh céng thic cua day
a, thbamédn a, =ca, ,+..+¢a, + f(n) (nxk), trong do f(n) la mot da thic theo bién n.
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