Chuoi liiy thira hinh thic
Truong Phudc Nhan, 09/06/2018

Trong bai viét nay ta s& dé cap toi nén tang cua cac phuong phap dém dung ham sinh. Pay 14 cac phuong
phap dém hiru hiéu va dang duoc phat trién. Khai niém quan trong lam co s& cho viéc nghién ctu va phat
trién cac phuong phap nay 1a chudi liiy thura hinh thuc. Bang cac phép toan dugc dinh nghia trén cac ddi
tugng nay ta co thé bién ching thanh mot céu trac dai s6. Vi thé ma ta s dung duoc cdng cu cling nhu cac
két qua cua cac linh vuc toan hoc khac vao viéc giai bai toan dém trong to hop.
1. Kién thirc vé ham sinh

Trong phan dau caa bai viét ta s& trinh bay nhitng kién thic bo tro can thiét dé s dung cho cac phuong
phap dém dung ham sinh. D6 14 cac két qua co lién quan dén cac phép toan, c4c toan tir va phép truy toan
cho chudi liiy thira hinh thirc. Nho cac phép toan nay ma tap tat ca cac chudi liy thira hinh thic tro thanh
mot cau trac dai s6. Do do ta co thé sir dung duoc cac két qua cia cau tric nay dé giai quyét bai toan dém.
Truéc hét, ta dinh nghia chudi liy thira hinh thiic va cac phép toén trén no.
1.1. Chuéi lity thira hinh thic

Gia st N={0,12,...} latap hop céc s6 tw nhién va C la tap hop cac s6 phirc. Ky higu C" 1a tap tat ca cac

anh xa a tr N vao C.

Pé thuan tién va truc quan ta s& biéu dién mdi phan tir ae C" dudi dang a = a( Za X' trong d6

a; =a(i) cho moichiso i vagoind la chudi lity thira hinh thic ciia a(x). Vai tro ciia X' & day c6 the vi

nhu ngudi cha cua vi tri the i . Sy hién dién cua ching tao ra su gidng nhau cua chudi liy thira va cac ham
giai tich.

Gia st a Za X' va b(x Zb x' 1a hai chudi lity thira hinh thirc. Ta dinh nghia phép toan cong,

phép nhan trong CN va phép nhan cac phan tir cia C" véi vo hudng z € C nhu sau:

zax +sz —z (3 +b)x
gl

i=0 i=0 i=

_z(Zaxj Z a)x.

i=0

Ms
Ms

Dé& dang kiém tra dwoc rang C" 1ap thanh mot khong gian vector trén C . Di véi phép nhan thi CV ¢
phan tir don vi 1a 1(x)=1+>"0.x' ma ta s& ky hiéu don gian Ia 1. Ta ciing dé kiém tra duoc ring C" lap
i=1
thanh mat vanh giao hoan c6 don vi 1a 1 ddi vai phép cong va phép nhan trong C". Phép nhan trong C" va
phép nhan cac phan tir cia CV véi vo huéng z e C thoa man céc hé thie sau:

z[a(x)b(x) |=[ za(x) [b(x)=a(x)[ zb(x)].

Piéu d6 ching to rang C" lap thanh mot dai s6 trén C . Nhu vay, ta da chimg minh duoc két qua sau day.

Két qua 1. Tap C" véi phép toan cong, phép nhan va phép nhan vai vo hudng duoc dinh nghia o trén la
mot dai s6 giao hoan trén C.

Néu v6i ne N ma chudi lity thira hinh thirc a(x) ¢6 a, =0 va a =0 véi moi i>n thi a(x) dugc goi la

n
da thuc bac n va dugc ky hiéu don gian la Zaix' hay a,+aX+...+a,Xx". Hon nira, néu a =0 vai mot chi
i=0

s0 i nao d6 thudc {1,2,...,n—1} thisé hang ax' ciing khong can viét; néu a =1 véi mot chi sé i nao d6

thuoc {1,2,...,n—1} thisd hang a;x' duoc viét don gian lai 1a x'. Phan tir 0(x ZO X' ma ta s& don gian
i=1

|a_1‘i ky hiéu thanh 0, ddy ciing chinh 13 phan tr don vi ciia phép cong trong C", va duge dinh nghia 1a c6 bac
bang —1.
Ky hiéu C,[x] Ia tap tat ca céc da thirc bac nhé hon n.




Khi d6, C,[x] 1a khdng gian con n - chiéu va | JC,[x] la mot dai sé con vo han chiéu ciia C*.
n=0

D& thdy rang ¢:C,[x]—C bién a(x) thanh a, 1a dang cau dai so. Vi thé ta c6 thé dong nhéta, voi
a(x)eC,[x] vacoi C nhu la mot dai s6 con ciia C". Khi d6 phép nhan mot phan tir ciia C™ véi vo huéng
2 € C ¢6 thé xem nhu 1a mot truong hop riéng cia phép toan nhan trong C" .

Két qua 2. Chudi a(x)e C" la kha nghich khi va chi khi a, = 0.
Chirng minh.

Il
-

Chudi a(x)eC" lakha nghich khi va chi khi ton tai chudi b(x be sao cho a(x)b(x)

bong thoi a(x)b(x)=1 khi va chi khi hé phuong trinh sau c6 nghiém:
ayh, =1,
a,b, +ab, =0,
a,b, +ab +ab, =0,

ab, +ab, ,+..+ab, =0,

trong d6 by,b,...,b,,... 12 cac an sb. Dé thiy rang hé nay c6 nghiém khi va chi khi a, # 0.
Néu a(x) la phan tir kha nghich ciia C" thi phan tir nghich dao ciia n ta s& ky higu Ia (a(x))_1 hoic

ﬁ hodc a™(x). Néu a(x) va b(x) la cac da thic véi by =0 thi phan tir a(x)b™(x) thuong duoc ky
X

hicu 12 2 24 duoc goi 14 ham hitu t5.
b(x)
Véi moi a(x)eC" ta dinh nghia

2’ (x)=1,

a"(x)=a(x)a(x)..a(x) cho moi s nguyén dwong n.

n lan
Néu a(x) la phan tir kha nghich va a™(x) l1a phan tir nghich déo cua a(x), thi ta dinh nghia
a"(x)=a(x)a(x)..a(x) cho moisb nguyén dwong n.

n lan

Véi zeC va 0=n,k eN, da thuc (l— X" )k la kha nghich theo Két qua 2. Két qua sau dy chi ra cach
tinh nghich dao caa da thirc nay.
Két qua 3. Véimoi zeC va 0=n,keN, tacod

0 k 1 — o
(1_i_xn)k :g( +i| ]}ZIXN (2)

Chirng minh. Ta co (1 X )iz' " iz' " iz'“ ") =1, Vay ta c6 ding thic (1).

Ta ching minh dang thtc (2) bang quy nap theo k :
Véi k =1, dang thirc (2) chinh 1a ding thirc (1) va vi thé nd da duoc chang minh 1a dung.

Gia st ding thirc (2) di dwoc ching minh 1a dung cho k =t >1.
Khi do,




(l 1n)t+1 :(1 : n)t (l ]-an):|:i(t+i_ j j||:ZZ' nl:| (theo gia thiét quy nap)
—ZX —ZX - i

Ap dung cong thic tong cho hé sé nhj thic, ta co

;(t +jj —1j _ ((t —1)i+ i +1] _ ((t +1)i+ i —1J

va do d6 dang thire (2) ciing dugc chirng minh cho k =t+1.

Két qua 4. Gia str a(x) =Y ax cd a, =1. Khi d6 voi moi s6 nguyén dwong n, chudi lily thira hinh thuc

i=0
a”(x):c(x):icixi c6 ¢, =1c =na,c =na + f,;(a,...a_) chomoi i>2, ¢ diy f ; 1ada thic
i=0

theo(i—1) bién.

Chirng minh. Ta chiing minh Két qua 4 bang quy nap theo n.
Vé6i n=1, ménh d 1 hién nhién ding.
Gia sir ménh dé da duoc ching minh 1a dung cho n=k .
Khi d6 theo gia thiét quy nap ta cd

a“t(x)=a“ (x)a(x):(1+ ka1x+icix‘j(iaixij
i=2 i=0
Do dé, hé sb cua x° trong a“"*(x) bdng a, =1; hé s ciia X trong a“**(x) bang La, +ka.a, =(k +1)a,
va h¢ sb cia x' (i >2) trong a“*(x) bang
D.ca; =la +ka.a ,+(ka,+ f,(a))a,+.+(ka+ f; (a,...8))a,
=0

=(a +ka )+ka.a, +(ka, + f,,(a))a_,+..+(ka_ + f,, (8.8, ))a + f, (a,..a,)
:(k+l)al + fk+l,i—l(a11"'!a-i_1),
trong d6 ta dat f, ., (a,...a_)=kaa_ ,+.+ f(a,...a. ).

Két qua 5. Gia sir a( Za x' voi a, =1 va n 1a mot sé nguyén duong bat ky. Khi do6 ton tai duy nhat

mot b(x i X Vv6i b, =1 sao cho b"(x)=a(x).

i=0

1

Chudi b(x) ton tai duy nht nhu trén duoc ky hiéu 1a a” (x).
Chieng minh. Theo Két qua 4, by,b,,b,,...,b, ,.... lan lugt dwoc xac dinh duy nhit tir cic phuong trinh:
b, =1,
b, =a,,
nb, + f,,(b)=4a,

nb + f,, (b,..b)=a,,

Gia sir a( Zax V6i a, =1. Theo Két qua 2, a(x) c6 phan tir nghich dao 1a a™(x).

i=0




Két qua 6. Gia sir a( Za X' véi a;=1va n la mot s6 nguyén duong bt ky.
=0
1

Khido (a’*(x))" =(a" (x))*l vadodo a™(x)=(a"(x)) .

Chitng minh. Do C" 13 mot dai sé giao hoan nén ta lubn c6

a"(x)(a™(x)) =(a™(x)) a"(x)=(a(x)a™(x)) =1"=1.

Két qua 7. Gia sur a Za X' voi a; =1, m la mot s6 nguyén bat ky con n 1a mot s6 nguyén duong.
i=0

Khi d6 ton tai duy nhat mot b(x i X' véi by =1 sao cho b"(x)=a"(x).

i=0

m

Chudi b(x) ton tai duy nhéat nhu trén duoc ky hicu 1a a” (x).
Ching minh. Néu m=0 thi theo dinh nghia a°(x)=1 va do d6 a°(x) c6 h¢ s cua x° bang 1. Néu m 1a
s0 nguyén duong thi @™ (x) c6 hé s6 cia x° ciing bang 1 theo Két qua 4. Tir ching minh cua Két qua 2 ta
ciing thay ngay rang a™*(x) c6 hé s6 cua x° bang 1. Néu m la s6 nguyén am thi —m la s6 nguyén duong.
Do do tir Két qua 4, a” (x)=(a™(x)) " ciing ¢6 hé s6 cua x” bing 1.

Nhu vay, véi m 12 s6 nguyén bat ki, a™ (x) c6 hé s6 cia x° bang 1. Ap dung Két qua 5 véi luu ¥ ring

o0

n 1a mot s6 nguyén duong nén ton tai duy nhat mot b(x Zb X voi by =1 sao cho b"(x)=a"(x).

Gia st ¢,(X),C,(X),-..,¢ (X),... 1a mot day cac phan tir caa C* véi ¢, (x Zc,kx va
Co =0,k =1,2,... Khi d6 day 1+¢, (x),1+¢,(X),....1+¢,(X),... duoc goi la khatlch néu véi moi i >0 ton
tai s6 nguyén duong N =N (i) sao cho véi moi n> N hé s6 cua x' trong [ J(1+¢, (X)) déu bang nhau
k=1

Néu ¢, (x),¢,(X),.... G (X),... 1a mot ddy kha tich thi ta c6 thé dinh nghia tich

[T(x+c (%)= Zs x' e C", trong do hé sb s, trong tich nay chinh 1a hé s cua x' trong tich H(1+ ¢ (x))

k=1 k=1
voi n>N.

Day a,(X),8,(X),...a (X),...cac phan tr a (x)=> a, X,k =1,2,... trong C" duoc goi la kha tong
i=0
néu véi moi s6 nguyén r >0 ton tai sé nguyén duong N =N (r) sao cho véi mei n>N taco
aOn :ain :"':arn :O'
Néu day a,(X),a,(X),....a(X),... 1a kha tong thi ddi véi day nay ta co thé dinh nghia tong

zw:ak(x)ziolsixi ,trong d6 S, =a, +a, +...+a, .

k=1 i=0

Tir dinh nghia vé tinh kha tong va kha tich ta cd thé chiztng minh dé& dang céc khang dinh sau.

Két qua 8.
(1) Gia s a,(x),a,(X),...

a, (X),... laday kha tong va b, (x),b, (x),....b, (X),... 1a day sao cho ton tai song
anh o :N — N thoa mén b, (x)=a,(x) voi moi k>1.

Khi 6 b, (X),b, (X),....b, (X),... ciing Ia day kha téng v iak(x):ibk(x)

(
(2) Néu ¢,(x),¢,(X),-. ¢ (X),... 1a day kha tong véi ¢, =0 cho moi k >1 thi day
1+¢,(x),1+¢,(X),....14 ¢, (X),...1a kha tich

(
)




(3) Néu b(x be e C" véi b, =0 con a( Zax e C" 1a mot phan tur bat ky thi

=1

a,b” (x),ab'(x ) azbz( )y b (X),... 1addy kha tong.

Gia sir b(x be e C" v&i b, =0 con a( Zax e C" 1a mot phan tir bat ky. Khi d6, theo khang

i=0 i=1

dinh 3 cua Két qua 8 ta cd the xéac dinh chudi )_ a, (bi (x)) e C". Chudi nay duoc goi la hop thanh cua a(x)
i=0

va b(x) va duoc ky hiéu la a(x)-b(x).

Két qua 9. Gia str a, (X Za,lx va a, (X Za,zx la cac phan tir bat ky cia C" con b(x be la

phan tir cia C* véi by =0. Khi do, [ a,(X) (x)][az(x)ob(x)]=[a1(x)a2(x)]ob(x)

Trong bai viét nay khong dé cap chi tiét chirng minh nay nhung c6 thé ching minh bang céach tinh hé s6
cia X' cua biéu thuc o hai vé va thay rang chiing bang nhau.
1.2. Toan tir dao ham trong C"

Anhxa D:C" —C":a(x) =Zw:a,.x‘ —D(a(x))=b(x)= i(l +1)a,,,x' dugc goi la toan tir dao ham
i=0 i=1
trong C".
Ta cting dinh nghia

D° (a(x)) =a(x),

D" (a(x)) = D(D”‘l(a(x))) cho moi n nguyén duong,

S(a(x))=a.
Ta chitng minh mot s6 tinh chat sau day cua toan tir dao ham trong C".

Két qua 10

9 D(t012(0)-D(e1) Do)
@ D(s <> (oD{at eI

(3) D( ) _1D X)) Cho moi n nguyén duong.

(4) Néu a(x) kha nghich va a™(x) 1a phan tir kha nghich cua a(x) thi

D(a”(x))=-a"D(a(x)),

D(a"n (X)) =—na" 1D( (X)) cho moi n nguyén duong.
(5) V6i moi s6 hiru ty s :% (mnguyén, n nguyén duong) va moi a(x)eC" thoaman S(a(x))=1, taco
D(a*(x))=sa""D(a(x)).

(6) Véi moi neN, D"(a(x)):

(i+n)!

a. x.

1+n

Vi

I
o

(1) Véi moi a(x) <<, tacd a(x) =35 (0 (a(x)-

i=0 i!

(8) Néu a,(x),a,(x),....a(x),... laddy kha tong thi D(gak(x)jng(ak(x)).

Tinh chit (7) c6 thé xem nhu 1a phan tich MacLauren cho a(x) :
Chwing minh.
(1) Hé sé cua X' & Vé trai phai bang (i+1)(a,, +b,,). Hé sb cia X' & V€ trdi cling nhu vay. Vi vay ta c6 tinh
chat (1).




(2) Hé sb cua x' trong vé phai bang z (1+1)a,b_ Z —k+1)ab, ..

Trong tong thir nhat & trén ta lam phep d6i chisé k = I +1.
Khi d6 biéu thac o trén bang
i+1 i+1

zkak i— k+1+z |_k+1 k4l +1)kzakb|—k+l'
=0

Gid tri nay ciing chinh la h@ s6 ciia X' trong Vé trai va (2) duoc ching minh.
(3) Tinh chat (3) duoc chang minh bang quy nap theo n.

Véi n=1, dang thic 1a hién nhién.

Gia sir rang dang thie da dugc chitng minh cho n=k . Theo tinh chat (2), ta c6

D(a**(x))=D(a"(x)a(x))=D(a"(x))a(x)+a*(x)D(a(x)).
Nhung D(a*(x))=ka**D(a(x)) theo gia thiét qui nap. Do do, tir céc dang thic trén, ta nhan duoc
B (e (x)) =ka"“D(a(x))a(x)+2" (9 B(a()
—ia'D(a(x))a(x)+2* (x)D(a(x)
=(k+1)a*D(a(x))a(x).

Tinh chét (3) da duoc chang minh.
(4) Ap dung toan tir dao ham vao hai vé caa dang thuc a(x)a™(x)=1 ta dugc

(
( a’(x))=0

< D(a(x))a™(x)+a (a *(x))=0

©a<x>D(a-l<x>)=— )09,

< D(a*(x))=-a"(x)D(a(x))a*(x)=-a*(x)D(a(x)).

Ding thirc thir nhat caa tinh chat (4) duoc chitng minh. Ap dung dang thic nay va tinh chat (3), ta co
D(a™"(x))= D((al(x))n): n(a’l(x))nf1 D(a™(x))
=na " (x)D(a™(x))
=na " (x)(-a*(x)D(a(x)))
=-na"*D(a(x))

va ding thie thi hai caa tinh chét (4) cling duoc chirng minh.
(5) Theo dinh nghia ctia a*(x),(a° (x))n =a"(x). Do do, theo tinh chét (3) va (4),

D((as (x))n)z D(am (x)) =ma"™*(x)D(a(x)).

Nhung ciing theo tinh chét (3), D((as (X))n ) = n(aS (X))nil D(as (X)) :

Suy ra,
n(a®(x))” D(a*(x))=ma™*(x)D(a(x))
= n(a*(x)) (% (x)) D(a*(x))=ma" (x)a™ (x)D(a(x))
= na”(x)(a*(x)) D(a*(x))=ma" (x)a™(x)D(a(x))
=N D(as(x))=%a5(x)a‘1(x)D(a(x))
Taco (a*(x)a™(x)) =(a*(x)) (a™(x)) =a"(x)a™" (x)=a""(x)

Vay D(as (x)) =sa*" x)D(a(x)) va tinh chat (5) duoc chizng minh.



(6) Ta ching minh tinh chat nay bang quy nap theo n.
Vi n=0, tinh chat nay Ia hién nhién dung vi theo dinh nghia D°(a(x))=a(x).
Gia str tinh chit (6) da duoc chitng minh cho n=Kk.

Khi do,
. | _
(I k)'a XIJ

Dk+1(a(X))=D(Dk (a(x))):D( TR

o0
i=0

o i+1+k)!

i+ (—a. X'
St

Tinh chét (6) duoc chiing minh.
(7) Theo tinh chat (6) ta co

s(D'(a(x)))=5 (iw ai+(k+1)x‘} = &ai =ilg,.

i=0 i!

I gl

Vi thé, hé s cia x' & vé phai trong tinh chét (7) 1a a, .
(8) D& dang suy ra tir dinh nghia cua day kha tong va céc tinh chat truéc day cua toan tir dao ham D.

Két qua 11. Gia sir a(x)eC" va 2<neN. Khi do6 ton tai b(x)eC" théa man b"(x)=a(x) khi va chi
khi s6 k nho nhat véi a, =0 1a bgi s6 nguyén caa n.

Ching minh. Gia st ton tai b(x) e C" sao cho b" (x)=a(X). Ta ciing gia st rdng t la s6 nguyén nho nhat
sao cho b = 0. Tir b"(x)=a(x) tasuy rarang sé nguyén k nhé nhat sao cho a, =0 bang nt, tic 2 k a
boi s6 nguyén caa n.

Nguoc lai, gia sir s6 k nhé nhét sao cho a,_ =0 1a boi s6 nguyén cia n, chang han k =nt .

i+nt *

Khi do, a(x)= x”ticixi , trong d6 ¢, =a
i=0

Taco c,=a,=a, #0.
Giasir f, 1a mot gid tri caa can bac n caa c,. Vi ¢, #0 nén f, 0. Do d6 ta co thé xac dinh cac s6
f, f,,..., f;,... theo cong thuc truy hdi sau day:

1
f. =—|C — f f ...f~
i nfon—l i Z bl I

b <i,ip<i,...ip<i
i Hip .+ =i

n-1
< ¢ =nfy " f + E fi fi.. T
i <i,ip <i,...ip<i
R PR A

se6= Y ff.f

iy <0, <i .y <i
i i+ i =i

Vi vay, néu ta dat f(x):ifixi thi f“(x):icixi.
i=0 i=0

bat b(x)=x"f (x).

Khi d6 b“(x):x”‘f”(x):x”‘icixi =a(x).

i=0




1.3. Toan tir tich phan trong C"
Anhxa D":C" > C":a(x)=) ax —D"(a(x ))zza'—x duoc goi 1a toan tu tich phan trong C™ .
i=0 i=1

Két qua 12. Néu z,,z, € C con a(x), b( )eC" thoaméan S(a(x))=S(b(x))=0 thi
@ o’ ( ) D(D"(a(x)))=a

(2) D'(za(x)+20(x))=2 ( )+22D*(b(x));

(3 D’ ( )=

Laico D" (a(x))= 2% X' Vivay, D(D"(a(x)))= g(i +1)iaTil X = gaixi —a(x).
VayD"(D(a(x)))=D(D"(a(x)))=a(x) va (1) duoc ching minh.
Tiép tuc, ta co

D™ (za(x)+2z0(x))= D*(i(zlai + zzbi)xiJ

a., . b,
=2) =X +z,) =X
it | i1 |

=2,D’(a(x))+2,D" (b(x))

Viy (2) dugc chirng minh. Ta chi con phai chirng minh dang thic (3).

Taco D(b(x))= IZ::(l +1)b,,x".

Vivay,

Lai co,
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o0 i—-1 i—2 1
S[Siabh,, -3 (k+1)a,.b, lk])é
1\ k=1 k=0 |
0 i—-1 i-1 XI
:Z ziakbi k_zkak 1b ij
1\ k=1 k=1 |
o0 i-1 . Xl
=z Zak(l_k)bu ij
—1 \_k=1

=D’ (a(x)D(b(x))).
1.4. C4c toan tir thwong gap khac trong C"
1.4.1. Toan tir logarit L.

Gia st b(x be va a(x)=1+b(x). Khi d6 logarit L(a(x)) ciia a(x) dugc xéac dinh bang cdng

thac L(a(x)):L(1+b(x)):§;( T() ] b*(x).

Tir khing dinh cua Két qua 8 ta thiy ngay rang L (a(x)) ludn duoc xac dinh.

Két qua 13. Gia sr a(x),c(x) e C" théaman S(a(x))=S(c(x))=1. Khi do,

1) D(L(a(x)))=w;
@ L(a(x)e(x))=L(a(x))+L(c(x));

(3) Véimoisd hituty r,taco L(a'(x))=rL(a(x));
(4) Néu L(a(x))=L(b(x)), thi a(x)=b(x);
(5) Néu b(x)eC" thoaméin S (b(x))=0, thi véi moi sé hitu ty r taco (1+b(x))’ =1+i(:jbi(x) trong

a6 (rj_ (1), _r(r=)..(r=i+1)

Chirng minh.
(1) Tur Két qua 10ta co

(2) Tacé
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(3) Theo dinh nghia L(1)=0. Vivay, tir ddng thuc a(x)a™(x)=1 suyra

L(a(x)a™*(x))=L(a(x))+L(a*(x))=0<L(a™(x))=-L(a(x)).

Két hop vai khang dinh (2) da chirng minh & trén, néu n 1a sé nguyén thi ta co ngay

L(a"(x))=nL(a(x)). Bay gis néu r_— (m,n 1a cac sb nguyén), thi
)

mL(a(x))=L(a"(x))= (( "(x ))) L(a"(x)). Suyra L( ) L(a(x)) va (3) duoc chiing minh.
(4) Gia s L(a(x))=0.Khids 0=D(L(a(x)

D(a(x))=0, tic la a(x)=1. Bay gio néu L(a(x))

chang minh, tacé a™(x)b(x)=1, tac la a(x)=b(x

(5) K higu c(x)=1+§:[:jbi (x)

X )) Vi a™(x)=0 nénsuyra
L( ) thi L( b(X)) 0. Theo diéu vira

) va (4) duoc ching minh.

Theo kit 10,6 (2+8()D(e(2)~(1+(0) 3 i () (u(2)
@b 3} i (0(6(0)]
-(aeo)] 3 o5 0]
-fwo) [ o0 o)

=(1+b(x)):r+2r(f‘}bi(x)}

~rc(x)D(b(x))
Tu d6 suy ra
c?(x) ( x))=r(1+b(x)) D(b(x))=r(1+b(x)) D(1+b(x)).
Nhung D( )) )D(c(x)) theo khang dinh (1).
Dodé D(L(c(x)))=r(1+b(x))" D(1+b(x)).

Mt khac, theo khing di nh (1) va (3) cua Két qua 13 vira chirng minh ¢ trén ta c6

D(L((1+b(x))'))=D(rL((2+b(x))))=rD(L((2+b(x))))
=r(1+b(x))  D(1+b(x)).
Vay D(L(c (x))) =D (L ((1+b (x ))r)) Tir déng thirc nay ta suy ra L(c(x))= L((1+b(x))r) Vi
S(L(c(x))) =S (L((ler(x))r )) =0. Theo khang dinh (4), tir ¢ang thic nhan duoc ta suy ra
c(x)=(1+b(x)) vakhang dinh (5) dugc chung minh.

1.4.2. Toan tir mii E
Gia sir b(x be Khi d6 mil E(b(x)) ciia b(x) duoc xac dinh bang cong thirc

( ) z b ), trong d6 b®(x)=1.

Tir khing dinh (3) ciia Két qua 8 ta thdy ngay rang E(b(x)) luén xac dinh.



Két qua 14. Gia st b(x),c(x)eC" thoaman S(b(x))=S5(c(x))=0. Khi dé

(1) D(E(b(x)))=E(b(x))D(x);

(2) Néu E(b(x))=E(c(x)) thi b(x)=c(

(3) L( ):b( E(L(1+bx)): b(x)
@ E(b(x > o(x)) = E (b)) E(c(x)

Chirng minh.

(1) Theo Két qua 10 ta co

va (1) dugc chirng minh.

(2) Taco
D(b(x))E(b(x))=D(E(b(x)))=D(E(c(x)))=D(c(x))E(c(x)).
i E(b(x))=E(c(x))=0 nén tir ding thirc trén tasuy ra D(b(x))=D(c(x)). Nhung

( (x))=S(c(x)) nén tir dang thirc cudi cling ta suy ra b(x)=c(x).
(3) Tir Két qua 13 va khang dinh (1) cua Két qua 14 ta c6

D(L(E(b(x)))=(E(b(x)))" D(E(b(x)
=(E(b())) " E(p(x))D(b(x) =D (b(x).
Vi S(L(E(b(x)))): S(b(x))="0 nén tir dang thirc nhan dugc suy ra L(E(b(x))):b(x) va khang dinh

thir nhét cua (3) duoc chimg minh.
Bay gio ta chirng minh khang dinh thir hai cua (3).

bit a, (x) = E(L(a( x))) trong d6 S(a(x))=1.

Khido L(a (x))=L(E(L(a(x)))).

Tir dang thire ndy va khang dinh thir nhat vira chirng minh ta c6
L(a(x))=L(a(x)

Theo Két qua 13, a,(x)=a(x), tuc la E(L(a(x)))z a(x) va (3) duoc chitng minh.

(4) Theo khang dinh (4) ciia Két qua 13 va khang dinh (3) vira chizng minh ta c6
L(E(b(x))E(c(x))) = L(E(b(x)))+ L(E(c(x))):b(x)+c(x).

Vivay E(L(E(b(x))E € &))))=L E b €))% € € £ )))€ KA )ex ).

Mat khéc, lai theo khang dinh (3) vira chiing minh E(L(E(b(x))E(c(x)))) =E(b(x))E(c(x)).

Viviy E(b(x) ¢ () b &) £ &)

1.4.3. Toan tw luy thlra

Gia str a( Za X' voi a,=1va reC la mot s6 phic bat ky. Khi d6 ta dinh nghia a "(x) l1a chudi liy

thira hinh thuc E(rL( (x )))

Khi r 13 sb hitu ty, dua vao khing dinh (3) cua Két qua 13 va khang dinh (3) cua Két qua 14 ta c6 thé thay
rang dinh nghia a' (x) ¢ day trung v6i dinh nghia a" (x) & Két qua 7.




Két qua 15. Gia s a(x) e C" thoaman S(a(x))=1var,seC.

(4) Néu b(x) e C" théaman S (b(x))=0, thi (1+b(x))’ =1+i(rjbi(x) trong d6

[r] (r), r(r—l)...(r—i+1).

Ching minh. )
(1) Theo khang dinh (4) cua Két qua 14 ta c6

a’ (x)a" (x)=E(rL(a(x)))E(sL(a(x)))=E(rL(a(x))+sL(a(x)))
= E((r+s) L(a(x))) =a"*(x)

va (1) dugc chirng minh.
(2) Taco
D(a" (x))= ((L(a(x)>))= ( (a ))D(rL(U))
(x)

(L
=ra"*(x)D(a(x))
va (2) dugc chirng minh.

(3) Taco

L(a"(x))= L(E(rL(a(x)))) =rL(a(x)) theo khing dinh (3) ciia Két qua 14.

(4) Chirng minh nay hoan toan tuong tu nhu ching minh khang dinh (5) cua Két qua 13.
1.4.4. Cac toan tir lwgng giac

Gia sir a(x)eCN VGi S(a( )) 0, tuc la a Zax Khi d6 ta dinh nghia
sin(a(x)):%[e(ia(x))_E(_ia(x))]:z(_l)
cos(a(x)) =5  E(ia(x)) + E(-ia(x))] - 3

k
tan(a(x)):sin(a(x))(cos(a(x)))fl, sec(a(x)):(cos(a(x)))fl,trong d6 i 1a phan tir don vi 40, tic 1A
i=-1vaa’(x)=1.

Két qua 16.
(1) sin?(a(x))+cos*(a(x))=1;
(x)) (

(2) sec’(a

(4) D(cos(a(x)))=(—sm(a x)))D(a X))
(5) D(tan(a(x)))=(sec’(a(x)))D(a(x));
(6) D(sec(a(x)))=(sec(a(x)))(tan(a(x)))D(a(x))




Chirng minh.
(1) Taco

sin’(a(x))+cos’(a(x)) = —%[E(ia(x)) E(ia(x))—ZE(ia(x)) E(-ia(x))+E(-ia(x)) E(—ia(x))]

va (1) dugc chung minh.
(2) Taco

soc? (a(x)) = 1 :sinz(a(x))+cosz(a(x)):cosz(a(x))+sin2(a(x)) et (a(x
(2(x) cos’ (a(x)) cos® (a(x)) cos’(a(x)) cos®(a(x)) L+tan(a(x))
va (2) dugc chirng minh.
(3) Taco

D(sin (a(x))) = %[D(E(ia(x)))— D(E(—ia(x)))]
:%[E(ia(x))D(ia(X))—E(_ia(x))D(_ia(X))]
- L iE(ia(x))D(a(x))+ € (-ia(x))D(a(x)]

i
=cos(a(x))D(a(x)).
Tuong tu, ta ¢6 thé chang minh cac khang dinh (4), (5) va (6).

2. Phép truy toan trong C"
Mot phép truy toan trong C" duoc dinh nghia nhu 1a mot anh xa f :NxCY — C.

Dé truc quan ta ciing coi f nhu la mot ham cia vo han cac bién la n,a,,a,,a,,...v6i n nhan gid tri trong
N, con a,,a,,a,,... nhangia tritrong C va > ax' =a(x)eC".
i=1
Gia st keN va a(x)=>Y ax eC". Tanéirang a(x) hay day s6 ay,a,,a,,... thoa mén phép truy toan
i=1

f véibac truy toan k néu f(n,a,,a,a,,...,a,,0,0,...)=0 véi moi n>k.
Khi do, a(x) duoc goi l1a mot 1oi giai cua phép truy toan nay. N6i chung, néu phép truy toan cé 15i giai

vé6i bac truy toan k , thi loi giai d6 khong nhat thiét phai 1a duy nhat.
Nguoi ta phan cac phép truy todn cho C" ra thanh hai loai chinh Ia: truy hdi tuyén tinh va truy hoi khdng
tuyén tinh. Tap cac phép truy hoi tuyen tinh lai duwgc phan thanh I6p con la thuan nhat va khéng thuan nhat.

Tanoirang a(x)=> ax eC" hay ddy a,a,,a,,... thba man mt phép truy hdi toan tuyén tinh thuan
i=1

nhat bac k néu ton tai cac hang sé ¢,,c,,C,,...,c, € C sao cho véi moi n>k taco
k
Y ca,; =0.
i=0
2 \ 2 k r r
bang thirc trong dinh nghia trén dugc goi la hé thirc truy hoi. Vi biéu thic Zci a,; latuyen tinh doi voi
i=0
a, nén phép truy toan nay dugc goi la tuyén tinh. Vi cac sé hang trong biéu thirc trén déu c6 dang giéng
nhau nén phép truy toan nay duoc goi la thuan nhat. Cudi cing, tir hé thirc truy hdi trén ta thay méi a, voi
n>k biéu dién dugc qua k s a, trugc nd. Vi thé, phép truy toan dugc goi 1a c6 bac bang k .
Vidul Xét F(x)=F,+Fx+Fx*+Fx°+.. véi F;=0,F,=1va F,=F _,+F,_, véimoi n>2.
Khi d6 F(x) thoa man phép truy ton tuyén tinh thuan nhat bac 2 véi hé thuc truy héi F,—-F,, —F, , =0

chomoi n>2.
SO F. ndi trén dugc goi la so6 Fibonacci thir i.



Ta néi ring a Za x' e C" hay ddy a,,a,,a,,...théa man mot phép truy toan tuyén tinh khong thuan

nhit bac k néu ton tai cac hang s6 co,c1 CyC, € C VA ham g: N — C sao cho véi mei n>k taco

ZCI L =0.

Pang thic trong dinh nghia ciing dugc goi la hé thic truy hdi cho phép truy toan tuyén tinh khdng thuan
nht.

Vidu 2. Xét a( Zax trong d6 a —Zkz cho moi i e N. Khi d6 a(x) théa man phép truy toan

tuyén tinh khéng thuan nhat bac 1 véi hé thuc truy hoi a, —a, , —n”* =0 cho moi n>1.

Phép truy toan ma khong Ia tuyén tinh thuan nhat va ciing khong Ia tuyén tinh khéng thuan nhat dugc goi
la phép truy toan khong tuyén tinh. Néu a Za x' hay ddy sé a,,a,,a,,... thda mén phép truy toan

khong tuyén tinh f bac k, tac la f(n,ao,al,az,...,an,o,o,...)=O v&i moi n >k, thi dang thirc nay ciing
duoc goi 1a hé thic truy hdicho f .
Vi du 3. Ta dinh nghia s6 Catalan tha n, ky hiéu 1a C,, 1 s6 cach chén n cip ngoac tron vao tich xX,...X,
ciia n+1 s sao cho mdi lan nhan chi c6 dung hai thira s6.

Chang han, ta c6 cac cach chén cac cap ngoic tron sau day vao tich X,X,X,X, :

(3% (% (6x)))- (0 ) (%)) (062 %) %),
((Xi(X2X3))X4)' (Xl((X2X3)X4)).
Nhu vay, C, =5. Dé thiy rang, C, =1,C, = 2. Dé cho tién sir dung ta dinh nghia C, =1.
Ta nhan xét rang mdi cach chén n cap ngoic tron vao tich x,x,...x,
ngoai cung ma thuc hién phép nhan tich cia k +1 s6 dau X X,...X,,, Voi tich ciia n—k s6 sau X, ,,X,...X

cia n+1 sb chua mot cdp ngoac
n+l? 6
day k cothéla 0,1,2,...,n—1. So cach chen cac cap ngoac tron vao tich xX,...x,,, 1a C,, con so cach chen
cac cap ngoac tron vao tich X, ., X .5..X,.; 128 C ;.

Vivay ta nhan duoc C, =C,C ,+CC, ,+C,C ,+..+C_ ,C,.

Dbay la hé thirc truy hoi khdng tuyeén tinh.

Cac két qua sau cho phép ta tim loi giai cua mot s6 phép truy toan tuyén tinh thuan nhat.

Két qua 17. Gia str c,,C,,C,,...,C, € C la cac sb sao cho phuong trinh X —¢,x** —¢,x*? —...—c, =0 ¢0 k

nghiém phén biét r,,r,,...,r, . Khi d6 a Za x' 1a mot 1o giai caa phép truy toan tuyén tinh thuan nhat

i=1
bac k voi hé thic truy hdi a, —ca_ , —c,a, , —..—c,a, , =0 cho moi n>k khi va chi khi
=an" +o,r, +...+an chomoin=012,.. ,
trong d6 oy, a,,...,a, 1a nghiém cua hé phuong trinh tuyén tinh
X + X+t X =8,
X +6LX +..+6X =84

k-1 k-1 k-1, _
X+ X+ X =a,




1 1 ... 1

z A 2 A ’ A r . ’ f r f
Nhan xét. Hé phuong trinh tuyén tinh trén c6 dinh thic D =| * 2 “
r;[ k-1 rzk—l r.kk—l

Pinh thire ndy 1a dinh thirc Vandermonde va dugc tinh theo cong thic D =] (r-r;). Vi 1,1,,....1, 1a
i>]
c4c s6 doi mot khac nhau, nén D 0. Do d6 hé phuong trinh tuyén tinh trén luén cé duy nhat mét nghiém
0y Oy nny O
Ching minh. Gia str a, =" + a7, +...+ a5, chomoi n=01,2,... , trong d6 I,,¥,,..., I, la nghiém cua
phuong trinh tuyén tinh néi trén. Khi d6, véi n>k, ta co
a,—-ca, ,—Ca,,—.—Ca, , = (alrl” + 0,1 .t ol )—c1 (0(11”1”_1 +ton "+ ...+0ckrk"_1)—...

n-k n-k n-k
—C \oyy  to,r, ok )

= (" —can™ —can" - —qan™ ) +..
+(ar" —cogn™ = o — .= oy )
=anr " (rlk —co e P - —c, ) +...
+a, 1" (rkk —e i = - —ck)
=0
Vi I,1,,... T, langhiém cia phuong trinh x* —¢,x** —¢,x*?—...—¢, =0.

Vay a(x) la loi giai cua phép truy toén n6i trén.

Nguoc lai, gia st a(x)=> a,x" 1a16i giai cua phép truy toan tuyén tinh thuan nhat bac k vsi hé thic
i=1

truy hoi a,—ca, ,—ca ,—..—ca, , =0 chomoi n>k.

Taching minhrang a, = oy7;" + a7y +...+a, 7" cho moi n=0,12,... biang phuong phap quy nap theo n.
Néu n=0,1,2,.... k —1 thi dang thirc dang thirc trén Ia hién nhién ding do o, a,,...,a, 1a nghiém cua hé
phuong trinh tuyén tinh n6i toi trong Két qua 17. Gia st dang thuc trén da duoc chang minh cho moi
0<n<t véi t>k—1. Khido, do a(x) la loi giai cua phép truy todn ndi trén, nén

&,y —C& —CGa, —.—C& = 0
Suy ra

&, =Ca +Ca, +..+Ca,
t+1-k t+1-k t+1-k

= Cl(OLlrlt +a,r +...+0ckrkt)+...+cl (alrl +o,n, " oy ) (theo gia thiét quy nap)
=a, (clrlt +e e )+ a, (clrzt +ey eyt ) +...
+0, (clrkt +ohnt +...+ckrk“1_k)

_ k-1 k-2 tlk (k-1 k-2
= (clrl +c,n +...+ck)+a2r2 (clr2 +c,r +...+ck)+...

t+1-k

k-1 k-2
+o, 71, (clrk +c,r +...+ck)

= o R oy T+ a TS (Vi1 [anghiém caa phuong trinh
k-2

X —CX T —CX “—...—C, =0)

_ t+1 t+1 t+1
—0(171 +0£27"2 +...+0€kl"k



Tiép theo ta & di sau vao trinh bay 10i giai cho trudng hop phép truy toan bac 2.

Két qua 18.
Gia str ¢,,¢, € C 1 cac sb sao cho phuong trinh x> —¢,x—c, =0 ¢6 hai nghiém phan biét r, va r,.

Khi do a Za X' 12 16 giai cua phép truy toan tuyén tinh thuan nhit bac 2 véi hé thic truy hdi

i=1
a,—ca, ,—¢a,, =0 chomoi n>2 khivachikhi a, =an"+a,r, chomoi n=012,..,

B-ah p,  Z(B36)

trong d6 a, =
A= nL—r, nL—r,

Chirng minh. Suy ra tryuc tiép tir Két qua 17.

Két qua 19.
Gia sir ¢,,¢, € C 1 cac s sao cho phwong trinh x* —c,x—c, =0 ¢6 nghiém kép r, #0.

Khi do a Za x' 1a 101 giai cua phép truy toan tuyén tinh thuan nhat bac 2 véi hé thac truy hoi

a,—ca,, —C,a,, =0 cho moi n>2 khiva chi khi a, =a;7; +a, (n—1)r; cho mei n=012,...,

n

trong do o, = &\ a, = &~ %h
IFO r0
. - e o on N\ — R RV S kL
Chirng minh. Gia st a, =ay7; +a, (n—1)r;' cho moi N=012,... trongd6 o, =L va o, = :
I"0 r-0

Khi d6 véi n>2 taco
a,—ca ,—ca,, (0‘1”0 +a,(n—- 1)7’0 ) G (oclron_l +a, (n— 2)r0n_l)—c2 (alron_z +a,(n —3)1”0”_2)
= ((xlro — ot — o) ) + (a2 (n=1)ry —ci0,(n—2) 1y~ —c,0, (n—3) 7’0”_2)
=ary (”o —Gh TG ) + (0‘2”’”0n —capnry " — Czaznron_z)
—(azron —2c,0,1 ™ —3c,0,1 )

= oy (702 —Gly _cz)+ anry (’62 Gl 6 ) —0,1y" (’”02 — 2, _302)
=—a,ry (r02 —2¢,r, —302) (do r, la nghiém cua phuong trinh X* —c¢,x—c, =0)

Vi 1, la nghiém kép ctia phuong trinh x> —¢,x—c, =0 nén theo dinh ly Viete, r,+1, =2r, =c, va

=1, =—C,.

Dodd ¢, =2r, vac,=—1.

Suy ra 1} —2¢,r, —3¢, =17 —2(2r,)r, —3(—17 ) = 1y — 41} + 317 =0.

Vivay, a —ca _, —C,a ,=—0,r " (r02 —2¢,1, — 302) =0.

Vay a(x) la 1oi giai cua phép truy toén néi ti o trén.

Nguoc lai, gia st a Za x' 14 11 giai cua phép truy toan tuyén tinh thuan nhét bac 2 vai hé thac
i=1

truy hoi &, —ca, , —C,a,, =0cho moi n>2.

Ta chiing minh ring a, = o7y’ +a, (n—1)77 cho moi n=02,.. bang quy nap theo n, trong d6 o, =

T
Va a, = & "%k
r0
Voi n=0,taco ard+a,(0-1)r0 = —ay =2 -2 "%0 & & Rl _ ;"4 khing dinh diing cho

r0 rO r0 r0 rO
n=0.




Véin=1,tacod ary +a,(1-1)ry =ap, = iro = a, . Vay khing dinh ciing dang cho n=1.
rO

Gia sir dang thire da duoc chimg minh 1a diing cho moi n <t véi t >1. Khi d6, do a(x) la 1oi giai cho
phép truy toan noi trén, nén a, -ca, ,—c,a ,=0.
Suyra
8y =08 +6a. =G (0‘1’”0t +ay, (1 —1)1’(;)—#02 (0‘1’?;_l T, (t - 2)’3_1) (theo gia thiét quy nap)

= (Clairot + czalr(}_l) + (claz (t-1)ry +c,0, (1 —2) rg_l)

= oclrot_l (clro +c, ) + (clocztrot + czaztrg_l) - (cloczrot + ZCzazrot_l)

=ayry ety + 6, ) Faytry ey +6, ) —apry (e, +2¢,) .
Do 1, la nghiém cua phuong trinh X* —¢,x—c, =0, nén ¢,r, +c, =17 .

t+1

Do do, =art+o ™t —ar ™ (ern +2¢,).
1= 2t 210 170 2

Vi 1, la nghiém kép ctia phuong trinh x> —¢,x—c, =0, nén theo dinh ly Viete, r, +r, =2r, =c, va
L, =r>=-c,.Suyra, ¢, =2r, va c, =—I’.
Do do, ¢f,+2¢, =(21,)1, +2(-17 ) = 217 — 21} =0.
Vivay, a,, =™ +a,tny™ —ayny ™ (e, +2¢,) = ogry ™ +otry ™
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