Ung dung chuéi lity thira hinh thikc trong bai toan dém
Truong Phuac Nhan, 22/06/2018 .

Trong bai viét nay ta sé tiép tuc vai chu dé van dung chudi liy thira hinh thic trong ly thuyét t6 hop da
duogc dé cap co ban dén trong bai viét “Chudi lity thira hinh thiec”. Nhiéu loai ham sinh d3 dugc dinh nghia
va duoc sir dung trong cAc loai bai toan dém khac nhau. Tuy nhién ham sinh thong thudng va ham sinh mii
14 hai loai ham sinh dugc s dung rong rdi va hitu hiéu hon ca. Vi vay ta chi dé cap toi hai loai ham sinh do
trong bai viét nay.

1. Phwong phap dém bing ham sinh thong thwong
Gia st a;, 1=0,1,2,..., 1a cac s6 phuc. Ta néi rang phan tir b(x)eC" Ia ham sinh cho déy s6

8,8,,8,,...,&,..., ma ta thuong ky hi¢u don gian 1a (a,)”, , néu ton tai mot ty dang cau ¢ cua khong gian
vector C" sao cho ¢(a(x))=b(x), trong d6 a( Zax

Hién nhién 1a véi mdi day (a;)., , ¢6 nhiéu ham sinh khac nhau cho né. Tuy nhién, ta chd y t6i hai ham
sinh thuong dung hién nay 1a ham sinh thong thuong va ham sinh mi.
Néu ¢ Ia ty dang cau dong nhat cua khong gian vector C*, tuc 12 ¢(c(x))=c(x) cho moi ¢(x)eC",

thi ¢(a(x)) duoc goi la ham sinh thong thuong cho dy (a;).”, . Nhw vdy, ham sinh thong thudng cho day

(&), 1a chudi liiy thira hinh thuc a( Zax
Néu ¢:C" > C" > cx' > z_—‘lxi cho moi Zcixi e C" thi d& thay rang ¢ 1a mot tu dang cau cua
i-0 i-o I i~0

C".Khid6 ¢(a(x)) dugc goi la ham sinh mil cho day (a),, - Nhu vy, ham sinh mii cho ddy (&),

i=0
chudi liiy thira hinh thirc b(x be trong d6 b, == cho moi i =0,12,...
i!

n 4 n i ~ 4 - A e n ’ N
Vi du 1. Theo cong thirc nhj thirc ta c6 (1+x) =Z( jx' Vi [ j:O néu i>n,néntacé (1+x) chinhla
i

i=0

chudi liy thira hinh thic Z( j
i

i=0

. ny(n)(n n .
Vay ham sinh thong thuong cho day cac hé so nhi thirc (0}(1)[2)( j chinh la phan tu
[

(1+x)" ciia C".
Vidu2 Néu zeC taco (1-2x) " = izixi .

i=0

Vi vay ham sinh thng thuong cho day 2°,z*,2%,...,Z',... la phan ti (1- zx)ﬁ1 cua CV.

Y tuong st dung ham sinh dé giéi‘quyét bai toan dém c6 t!’lé tom tit nhu sau: ’ ’ q

Gia str c&c cau hinh t6 hgp dang can dém phu thuoc vao so tu nhién i. Ta ky hiéu so6 cac cau hinh to hop
nay bang a va mudn tinh dugc a, bang mot biéu thic dé thuc hign chi phu thuoc vao i ¢ dang hién. Dé lam
diéu do, ta xét ham sinh b(x) cho day (a,)”",, trong d6 b(x)=¢(a(x)) véi ¢ la mot ty ding cau cua C".
Khi d6, do tinh chat cia day (a). , b(x) can thoa mén cac hé thirc nhét dinh. Giai cc hé thic nay ta tim
duoc bicu thic f,(x) cia ham sinh b(x) cho day (&), . Biéu thirc tim duoc nay thuong 12 mot bicu thic
VGi cac phép toan trong C" nhu phép cong, phép nhan, phép lay phan tir d6i, phép liy phan tir nghich dao,
phép liiy thira,... cta cac ham da biét trong C". N6i chung, biéu thirc nay chua ¢ dang chudi lity thira. Vi
véy sau khi tim dwoc biéu thac f, (x) ta tim cach khai trién nd thanh chudi lily thira, tac I3 biéu dign f, (X)

thanh dang f Zb X' bang mdt cach nao d6, & day b, 1a mot biéu thirc phu thudc vao i ¢ dang hién.
i=0



Do b(x)= f,(x) 1a hamsinh cho day (a,)” , taco iZOOO:IOIX‘ = fb(X):(p(a(x))=(o(2aixij.

Suy ra iaixi = (p_l(ibixi) Tir d6 ta tim dugc cong thic cho a, qua i & dang hién va giai quyét dugc bai
toan démodét ra. O ’
Vi du 3. Ta dinh nghia F, =0,F =1, con véi i >2 ta dinh nghia F, la so cac tap con cua tap
X ={1,2,...,i—2} thoa man diéu kién la mdi tap con d6 déu khong chira hai so lién tiép nao cua tap X .

Khi d6 cac s6 F,, i=0,1,2,..., duoc goi la cac s6 Fibonacci. Cu thé hon, s6 F, duoc goi la sb Fibonacci
th i.

Bai toan dat ra la tim cdng thuic tinh F, qua i.
L&i giai. Truoc hét ta chimg minh rang véi moi i >2, F =F_ +F_,.

Taco F,=1F,=2. Do d6, dang thtc trén ding v6i i=2,3. Giast i 24, X ={1,..,i—2} va P latap tat
ca c4c tap con ctia X thoa man diéu kién 1a mdi tap con d6 déu khdng chua hai s6 lién tiép nao cua X .
Ky higu P,={AeP|Achttai—2} va P,={AcP|Achtai—2}.Khid6 P,nP,=@ va P=PFUPR,.
Theo qui tic cong, F, =|P|=|R|+|P,|. M&i Ae P, déu khong thé chira j—3. Do d6 mdi Ae P, twong ing
véi ding mot tap con cia X \{i—3,i—2}={12,...,i—4} thoa man diéu kién la n6 khdng chira hai s6 lién
tiép nao cuatap X \{i—3,i—2}.Suyra |B|=F_,. Mdi tap con Ae P, ciing la mt [a mot tap con cua
X\{i-2}={12,..,i-3}.Vivay, |P|=F_.Suyra F=F_+F_,.

Ta muén tim biéu thuc tinh F, qua i bang cach sir dung ham sinh thong thuong. Gia sit f (x) la ham sinh
thong thuong cho day (F )", . Khi do,

f(X)=F+FEx+Fx +FX +...,
xf (X) = Fox+ Fx + B3+ Fxt +...,
X (X) = Fx® + R + Bt + Fx® + .

Do do, f(x)—xf (x)=x*f(X)=F+(F-F)x+(F,-F—-F)xX*+..+(F—F,—F_,)Xx +..=x

vi b =1F=1va F=F +F_, chomoii>2.
X

1-x—x2'
Nhu vay 1a ta da tim dugc ham sinh cho day (F).” dudi dang biéu thirc s6 hoc cua cac ham hitu ty, cu

Suyra, (1-x—x*) f (x)=x < f(x)=

thé la f(x)= 1% Tiép theo, ta muén biéu dién f (x) duéi dang chudi lity thira hinh thire. D€ 1am
—X—X
diéu @0, trudc tién ta phan tich 1% thanh tong ciia cac phan thirc don gian bang phuong phap hé sb bat
— X=X
dinh.
Xét tam thirc bac hai 1—x—x*. Tam thirc nay c6 hai nghiém phan biét 1a a = 1+\2/§ va b= %
Suy ra,
X —X __A B _ Ax—Ab+Bx-Ba (A+B)x—(Ab+Ba)
1-x—x* (x—a)(x—b) x—-a x-b (x—a)(x—b) (x—a)(x—b)
Vi vy ta nhan dugc hé phuong trinh sau ddy dé xac dinh A va B:
A+B=1
Ab+Ba=0

Giai hé phuong trinh nay ta tim duoc A= bi va B= b_—b , tac la
—a —a



Taco

a 1 1 ix'
(b—a)(x—a) a— b1 X a-b=a’

a
b _1 1 1 iﬁ
(b-a)(x-b) a-b,; X a-biFb
b

Vi a—b=—+/5 nén tir hai déng thuc trén ta nhan duoc

ixtiist

1-x-—X ,oa

i

., 1 1 a-p a-p i i
Lai c6 R (ab)i = (_1)i =(-a) —(-b).

Suyra, F _1]{1+45) [1-45 cho moi i=012,... .
NI 2
Mot diéu ly thi trong cdng thire trén 1a ta da dung s6 vO ty dé biéu dién cac sé nguyén.
Nhan xét. Tathay rang F(x) thoa mén phép truy toan tuyén tinh thuan nhat bac 2 véi hé thuc truy hoi
F—-F_,—F_, =0 chomoiix>2.Vivay, taco thé tinh F, nhu sau

145 | 1-5

Phuong trinh x* —x—1=0 cd hai nghiém phan biét la r, = vaL=—r.

D0d6=%=F°_F°r2—i _(R-Rn)_ 1 nén Fi=0‘1r1i+oc2rzi=i 145 ) _[1-45
i-n N5, J5 B2 2

Ms

cho moi i1=0,12,...
Vi du 4. . ‘
Co6 i hinh vudng roi nhau kich thuéce twong tng la 1x1, 2x2, ..., ixi can dugc lat bang cac vién gach kich

thudc 1x1. Tinh sb vién gach can thiét dé 14t du i hinh vudng d6 (bang céng thic phu thudc vao i)
Lo giai.
Goi a; 1as6 vién gach can thiét dé lat du i hinh vudng da cho. Khi d6 dé thay rang a, = > k*.

k=0

i i-1
Do d6, 8, =0 va a,—a,_, = »_k*—> k?=i® cho moi i 21, tic la cac s6 a,,a,,,,...,,,... théa man he

k=0 k=0
thirc truy hoi tuyén tinh bac 1 khong thuan nhat a, —a,_, —i* =0.
Ta sir dung ham sinh thong thuong dé tinh a, . Gia str a(x) 1a ham sinh thong thuong cho day (a )Zo
Khi do,
a(x)=a, +ax+a,x* +a,x’ +

xa(x)=agx+a,x* +a,x° +ax" +...
Do do,

a(x)—xa(x)=a,+(a,—a,)x+(a,—a,)x* +(a,—a,) X’ +

:iizxi.

i=0



Suy ra, ZI X'

Ta mudn nhan Quqc bleu thirc s6 hoc cua cac ham hitu ty cho chudi & bén phai trong dang thirc trén. Dé
lam di€u d6, ta xuat phét tir dang thirc sau day:

(1‘1")2 ) ijo[z?_lj)(i = 1—1x)2 :g(m)xi

D

Ap dung toan tir dao ham D vao ca hai vé ctia dang thirc nay, ta dugc

D(x(l—x)2)=D(i(i+1) '+1j S (i+1)°%

i=0 i=0

Suyra

Dang thirc cudi cing ta c6 duoc tir dinh nghia cta toantir D .
Mat khac, ta co

D(x(l—x)fz) =D(x)(1- x)f2 +xD ((1 x)fz)
(1-%)" +x(-2(2-%)" D(1-x))
(1-x) . +2x(1-x) -
=(1+x)(1- ) .

Do d6 (11:2‘)3 =Z:;(i+l)2x‘

2 © %
Suy ra, X+—X3 = Z(I +1)2x”l =)i%x".
(1—X i=0 i=0
X+ X
Nhung nhu ta da chitng minh ¢ trén rang 1 x ZI X' . Vi Vay, 1 x) ( ):(1 )3,
—X

X+ X°

(1-x)"

Nhu vy la ta da tim dugc ham sinh a(x) cho day sé can tim dudi dang ham hitu ty. Tiép tuc, dé nhan

tc la a(x)=

X+ X°

1)

diéu d6 ta phan tich phan thirc nay thanh tong cac phan thirc don gian bang phwong phap hé sé bét dinh.
Taco
x+x> A B C D

1) X @) @) @)
_A(L-x) +B(1-x)"+C(1-x)+D
(1-x)°
_ A(1—3x+3x2 —x3)+ B(l—2x+x2)+C(1— X)+D
(1-x)*
—AC +(3A+B)x* +(-3A—2B-C)x
(1-x)’

dugc biéu thic cho a, qua i, ta phai tim cach khai trien ham a(x) = - thanh chudi Iy thira. D¢ lam




Suy ra,
-A=0,
3A+B =1,
-3A-2B-C =1,
A+B+C+D=0.
Giai hé phuong trinh nay ta tim dwgc A=0,B=1,C=-3, D=2, ticla
a(x) X+ X 1 3, 2

-x)" (@=x)" @-x)° (@-%)"

Do d6 ta duoc

C&i(i+1)(2i+1)
_E—G X'
Suy ra aizgkzzw.

Vi du 5. SH Catalan tha i, ky hiéu 1a C,, 1a s6 cach chén i cap ngoac tron vao tich x,x,...x., caa i+1 sb
sa0 cho mdi lan nhan chi c6 dting hai thira s6. Khi d6 C, =1,C, = 2. Ta ciing dinh nghia C, =1 va dé dang
chirng minh duoc rang C, =C,C_, +CC, ,+C,C,_, +...+C,_,C, cho moi i >1.

Bay gio ta di tim cong thuc tinh C, qua i.

Gia sir C(x) 1a ham sinh thong thuong cho déy (C;)

Khi do,

C(X)=Cy+Cx+C,x* +Cx° +C,x* +...
(C(x))" =CZ+(CyC, +C,Cy ) X+(C,C, +C,C, +C,Cy ) X +.
+(C,Cy+CC, +...+CLC )X +...

)
i=0"

2 3
=C, +C,x+Cx" +C, X" +...

Vithé x? (C(x))2 = X[ Cx+Cx* +CX° +Cyx* +... ] = x[ C (x)~1] =xC (x) - x, tic Ia

(xC (x))2 —XC(X)+x=0. Gidi phuong trinh bc hai trén dbi véi xC(x) ta tim dugc XC (X)=

1(1 1 1 .
o g 202 272
Vi S(-4x)=0, nén ta c6 h¢ s6 cua (—4x)' trong v1-4x bang - , tuc 1a hé sb
i!

cua x' trong khai trién thanh chudi lity thira ciia 1—4x bang

il e

L)
=(-1) 2* 135—(;"3)
if(-1) "2




135..(2i-3)

=2

1+1—4x
2

Vi vay, chung 1a cac s6 nguyén &m cho moi i >1. Diéu d6 ching to rang khong thé bang

xC (x) vicac hé s6 ciia x' trong xC(x) la cac s6 nguyén duong.

Vay
XC(X):l_— ‘]2'_4)(
112 28, 2213, 2.135..(2i-3)
=—| =X+—X"+ X +..+ - X +...
2|1 21 3! i!
2 , 2213, 27.135..(2i-3)
=X+—X"+ X +...+ - X +...
21 3! i!
Suy ra
21. 2'11.35...(2i-3) .
C(x):1+£x+2 LS s : ( )x"1+
21 3! i!
Do do,

_2.135..(2i-1) 2'1.234..(2i-1)(2i) _ 2'(2i)!

i (i+1)! (i+1)12.4...(21))  (i+1)12"

i+10 1

Vi du 6. Mét biéu dién cia sb nguyén dwong n dudi dang tong co thir ty cia k sé nguyén duong duoc goi
1a mot hop thanh cia n thanh k phan. M6t hop thanh caa n chinh la mot hgp thanh cia n thanh k phan vai
k la s6 nguyén duong nao do.

Nguoi ta cling thuwong dong nhat hop thanh cua n thanh k phan véi loi giai nguyén duong cua phuong
trinh X, + X, +...+X, =n.

Ky hi¢u s6 hop thanh cua n thanh k phan 1a C(n,k), con s tat ca cac hop thanh ciia n 1a C(n). Mdi
mot hop thanh (a,,a,,...,a, ) ta cho twong tng véi mot tap con k —1 phéan tir cia tap [n—1]={1,2,...,.n-1}

nhu sau: (&,,8,,...,8 ) (8,8 +8,,...8, +8, +...+3_,) .
Ngugc lai, tap con {s,,s,,...,5,,} voi k-1 phanti véi s, <s, <...<s,, cia [n—1] xac dinh mot hop

. 1 (2
Vi vay, ta nhan dugc C, = — .

thanh (a,,a,,...,a,) cia n thanh k phn twong Gng véi né nhu sau: @, =s,,a, =S, —S;,...,& =S, —S;;
(2<i<k-1),.., a_ =n—s,_,. D& dang chitng minh rang tuong tmg trén Ia tuong (g mot — mot.
Do do,

C(n,k)=[£j}

c(n):(“51}[”1‘1}_.{::1}=2n—1.

Phan hoach cia mot s6 nguyén n>0 la mot day c6 thir tw A=(4,4,,...,4 ) Cac s6 nguyén duong
APy ly SA0CNO Ay 21y =2 A VA A+ +.c+ A =n. Néu A=(4,%,.... 4 ) & phan hoach cia n thita
ky hiéu A+n vagoi 4,4,,...,A lacac phan cua no.

Nhu vay, mét phan hoach cua mot s6 nguyén dwong chinh 1a mot hop thanh cia s do, trong do ta khong
guan tdm tai thir tu cua cac s6 hang. Mot phan hoach 4 cia n dugc xac dinh mét cach duy nhat bai s6 boi
cua cac phan co thé 12 1,2,...,n. Néu i xuét hién véi boi a, >0, thi ta viét 1 =122%.n*. Néu
a+a,+..+a, =k va 1=1%2%_n* 1a mot phan hoach cia n thanh k phan thi
n=1a+2a,+3.a,+...+na,.



Sy xuat hién cua sé i véi cac boi sé cd thé duoc biéu dién bang chudi liy thira hinh thic
1 N2 \3
ai(x):l+(x') +(x') +(x') o

Dé thdy rang day cac chudi lity thira hinh thic a, (x),a, (X),a,(X), ..., (X),... la kha tich, tic Ia ta c6 the
xac dinh phan ta ﬁai (x) trong C".
i=1
Hon thé nira, phan hoach A =1*2%..»* tuong tng vGi duy nhit mot sé hang (xl)al (x? )az (X )a" cua

tich ] Ja;(x). Do do, h¢ s6 cua X" trong tich trén chinh la tong s6 cac phan hoach cua n, tirc 12 ham sinh

cho day céc sé phan hoach cia céc s6 nguyén khong am la

p(X) :lii[(l+(xi)1 +(xi )2 +(xi )3 +) = i: ﬁ

2. Phuwong phap dém bang ham sinh mii
Trong muc trudc ta di dinh nghia ham sinh mil cho day s6 ( ) la chudi lily thira hinh thic

=Z:bixi , trong d6 b, =_—i cho moi i=0,12,...

Ham sinh mi dong mot vai tro nen tang trong nghién cuu cac loai td hop. Trong muc nay ta chi dé cap
t6i phuong phap sir dung ham sinh mii dé giai quyét mot s6 bai toan dém nhu thé nao.

Gia st voi mdi tap hiru han N ta co mot tap S(N) cac vat ma ta muon dém. Cac vat cua S(N) co thé
xem nhu 13 “duoc gan nhan” baitap N . Vivay, tap N c6 thé xem nhu 1a tap gia hay ngan gon goi la gia
cia S(N). Do dd,néu N va M la cac tap hitu han khac nhau, tic 12 N = M , thi ta ludn gia thiét rang
S(N)NS(M)=@. Hon thé nita, néu |N|=|M|, thi ta s& ludn gia thiét rang |S(N) =[S (M)].

Khi d6, ham sinh mii cho day cac tap S[0],S[1],S[2].... hay ngdn gon (S [I])zo , duoc dinh nghia 1a
ham sinh mii cho diy s ‘S [O]HS [1]HS [2]‘

Gia str (T [i])” 1a mot day cAc tap cac vat khéc. Ta dinh nghia tap ST [i] Ia tap bao gdm tat ca cac cip
(0,7), trong d6 o 1a mot phan tir ciatap S(K) véi K la mot tap con bat ky cua [i], con = 1a mot phan tir
cua tap T(R) voi K =[i]\K .

-3, st i-x.

Ky hi¢u ham sinh mii cho day (S[i])"_, (T[i]) , va (ST[i]) , twong éng bang s(x),t(x) va st(x).
Khi d6, tir dinh nghia cua ST [i] & trén ta d& thay rang st(x)=s(x)t(x).
Bay gid ta xét mot s6 vi du cy thé, & d6 ham sinh da dugc &p dung mot cach thanh cong dé giai quyét bai
toan dem.
Vidu 7. Gid sir X 1a mot tap hitu hanva X ={x,X,,...,X,} . Tas& dong nhat hoan vi (a,,a,,...,a, ) clia cac

Khi do,

phan tir cia X vai song anh ¢: X — X :x, > a,. Khi d6 phan tar x, € X duoc goi la diém bat dong cua
hodnvi ¢ trén X néu ¢(x;)=x,. Hodnvi ¢ ciia X ma khong c6 diém bat dong nao duoc goi 1a mot mat
thtr tu ciia X . SO tat ca cac mat thr ty cua tap hitu han X ¢6 n phan tir duoc ky hiéu 1a D, .

Bai toan dat ra la tinh D, theo n.
Loi gidi. Gia sir P[n] 1a tap tat ca cac hoan vi cta tap [n] va p(x) la ham sinh mii cho day
P[0],P[1],P[2]..... P[n]..... M&i hoan vi ciia [n] c6 thé phan tich thanh tich ciia cac chu trinh doc lap, tic

1a n6 c6 dang
(1.0 ) (5 8).c (38) () () (5),



trong d6 cac chu trinh (*) twong tng véi cac diém bat dong cua hoan vi dé. Vi vay, mdi hoan vi ¢ cia [n]
c6 thé xem nhu 14 cdp (o,7) V6i o 1a mot hodn vi khong cé diém béat dong trén K < [n] (mot mat th tu) va
7 1a mot hoan vi ddng nht trén K =[n]\K .

Ky hiéu 1[n] 1 tap cac hoan vi dong nhat trén [n], con D[n] la tap cac mat trat tu trén [n]. Khi d6
|I[n] =1 va |D[n]|=D, cho moi n=01,2,... Do dé, ham sinh mi cho day (1[i])" va (D[i]) , twong ting
la

i(x)=1+1x+ix2+£x3+...= E(x),

1 21 3!
d(x)= Do+ﬂx+&x2+&x3+....
1! 2! 3!
Vi ‘P[n]‘ =n!, nén ham sinh mil cho day (P[i])zo la
p(x)=1+£x+gx2+§x3+...:1+x+x2+x3+...
2! 3!

Mat khac, nhu d3 1ap luan ¢ trén, tacé P[n]=DI[n]. Vivay p(x)=di(x)=d (x )} ), trong d6 di(x)
la ham sinh mii cho day (DI[i])"_ .

suyra, d(x)=p(x)(i(x))" = P(x)(E(x))" = p(x)E(-¥)

:(1+x+x2+x3+...)[1—1x+lx2 X3+ j
I 21 3!
=1+ ( 111, (—1)”ljx”+
1 21 3!
1 1 1 nl
A T T 1\ =
Vivay, D, n.(l TRETRET (-1) n!j

X3 +...

S((1 S([2 S(|3
Xét ham sinh mii cua day cac tap (S[i]) : s(x):‘S(Q)‘J (1[! ])‘X-i—‘ (;])‘ x2+‘ (:L])‘
Khi d6, néu ky higu D(s(x)) bang s'(x) va tap céc vat duoc dém béi s'(x) véi gia [i] bang S'[i], thi
s

: [2])] |s([3] S([4]
s (X)=‘S([1])‘+ (1! )‘ X+‘ (2! )‘ X2+‘ (3! )‘ NG
biéng thic trén ching t6 rang S'[i]=S[i+1] cho moei i >0. Phan tir “thira” i+1 cho tap S'[i] c6 nhiéu

+...

ru viét ma ta co thé sir dung dé thiét 1ap cac h¢ thirc ma s(x) can phai thoa man. Ta minh hoa diéu nay va
phuong phap sir dung ham sinh mii cho bai toan dém théng qua hai vi du duéi day.

Viduy 8. C6 i vitritrén mot vong tron. M3i cach sap xép i sb cuatap [i]=1{12,...,i} vao i vitri dé duoc
goi 1a mot sép xép thanh vong tron cua tap [i]. Hai sap xép thanh vong tron cua tap [i] dugc coi la nhu nhau

néu cling xuat phét tir vi tri chira s6 1 va di theo chidu quay cua kim ddng ho ta lan lwot gap cac s tuong
ung bang nhau trong hai sap xép do.
Bai toan dit ra la tinh s6 sdp xép thanh vong tron cua tap [i] theo i.

Loi gidi. Ky hiéu tap cac sap xép thanh vong tron cua tap [i] bang C([i]). Gid sir ¢(x) 1a ham sinh mii cho

day (C([i])) , va ¢'(x)=D(c(x)). Khi d6, nhu ta da c6 nhan xét ¢ trén ddi voi dao ham ciia ham sinh ma,
i=

cac sap xép thanh vong tron cua tap [i+1] dwoc dém bsi ¢'(x) véi gia [i]. Mat khac, mdi sap xép thanh

vong tron cua tap [i+1] ciing c6 thé dong nhét véi mot sap xép thanh hang ngang cua tap [i] bang cach

“cit” vi tri chira s6 i+1 ra khoi vong va “cing” c&c vi tri con lai cia sip xép ra “thanh hang ngang” véi s6



dau tién la s sau i+1 trén vong tron theo chiéu kim déng hd. Vi vay, néu ta ky hiéu P([l]) la tap cac sap
xép thanh hang ngang cua tap [i] va p(x) la ham sinh mii cho day (P([I]))Dio thi

¢'(x)=p(x) véi S(c(x))=1(bsivi |C(@)=1).

Hién nhién 1 P ([i]) chinh Ia tap cac hoan vi cua [i] vavi thé |P([i])|=it.

Vay (:’(x):i voi S(c(x))=1.

Suy ra ¢(x)=—L(1-x)+c, véi c, la mot hang so.

Tir S(c(x))=1va S(L(1-x))=0 suyra ¢, =1 va tanhan duoc
_1)i,1

c(x):l—L(l—x):l—zoo:(—(—x)i :1+§:%x‘ :1+Z::(i;!1)!x‘ .

i1 |
vay (e[l = (-1
Vidu 9. Hoan vi (a,,a,,...,a,_,) cuatap [2i—1] duoc goi la E - hoan vi cua tap [2i—1] néu a, >a,, cho

k chinva a_<a_, cho k Ié.
Léi gidi. Gia str T ([2i—1]) latap cAc E - hoan vi ciia tap [2i 1], t,, , =[T ([2i-1])|. Pat T ([2i]) =2, khi
d6 [T([2i])|=0 vanéu t(x) Ia ham sinh mii cho day céc tap (T ([i])). , thi

t(x)=£x+t—3x3+t—5x5+....
3l 5!
Ky higu D(t(x)) bang t'(x). Khi d6

t'(x)=£+t—3x2 +t—5x4+...
1 3! 51

Nhu vay la cac E - hoan vi ciia tap [2i—1] dugc dém bai t'(x) véi gia [2i—2]. D& thay rang trong mdi
E - hoanvi (a,,a,,...,a,,) cuatap [2i—1], so 2i—1 can phai & vi tri chdn (Vi 2i—1 Ias6 I6n nhat trong
tap [2i—1]). Do d¢, véi i >2 phan bén tréi cua 2j—1 trong mot E - hodn vi o ciia tap [2i —1] tao thanh
mot E - hodn vi ¢ cuiatap con K véi sé phan tir I¢ nao d6 cua tap [2i —2]; con phan bén phai cua 2j-1
trong  tao thanh mot E - hodn vi ¢ cuatap [2i—2]\K . D& thdy ring tuong ng a Véi cap (o, 7) nditrén
la twong &ng Mot — mot. Nhu vay, ta nhan dugc twong ng mot — mot giira cac phan tir cia T ([2i—1]) va
Tz([2i—2]) cho moi i>2.

Laico S(t'(x))=t, =1.

Vi vay ta nhan dugc phuong trinh t'(x) =1+t*(X).

Suy ra t(x)=tan(x).

Viéc tim dang biéu dién cua tan(x) dusi dang chudi lily thira dé tim ra cac s6 E - hoan vi t,_, 1a mot bai
toan tha vi. N6 lién quan téi s6 Bernoulli B, mot trong céc s6 ¢6 vai trd quan trong trong nhiéu bai toan to
hop va dugc dinh nghia nhu sau.

o0
-0

Gia str e(x)eC" Ia phan tir sao cho E(x)—1=xe(x). Khi d¢ hién nhién la e(x)=z(i 11)|xi va
= (i+1)!

S(e(x))=1. Theo mot két qua quen thuoc e(x) la phan tir kha nghich cua C*.



Gia st e (x) = ZE; x' la phan tir nghich dao cua e(x). Khi d6 céc sé B, i=0,1,2

izo I+

s6 Bernoulli.
Vie(x)e™(x)=1néntacod B, :12(0& B_, =0 choi=12,..
Theo dinh nghia ta c6 -
xe(x)=E(x)-1
< —xe(x)=1-E(x)
@—xe(x)=[(E(x)—1)+1][E(—x)—1]
< —xe(x) =(xe(x)+1)(—xe(-x))
< e(x)=xe(x)e(—x)+e(—x)
et (—x)=x+e(x).
Ta lai co
(=31 (-x)
Do d6 i(—l)i %xi = x+ii X,

Suyra B,=1B =—1 va B, , =0 chomoi i=12,....
0 1 2 2i+1

BZi

(2i)!

X2

Vivay, e(x) =1—§+i
i=1

,..., duoc goi la cac

Tir dinh nghia cua sin(a(x)),cos(a(x)) va E(a(x)) va tan(a(x)) vatinh chat cia E(a(x)) taco

xtan(x) = xsin(x)cos™(x)

:X{E(ix)_ziE(_ixwE<ix>+2E(—ix>}
. LE?(ix)+ EZ(—ix)—ZE(ix)E(—ix)}

T_ E (ix)— E? (-ix)
X (E(2ix)+E(-2ix)-2)E (2ix)}

I E (4ix) -1
_E(4ix)+1—2E(2ix)}

| E(4ix)-1
_ xi[ 2(E(2ix)-1) - (E(4ix)-1)
E (4ix)-1

2ix(E(2ix)-1)

TTE@N) -1
2ix(E(2ix)+1)-4ix

TTOE@x) -1

_2ix(E(2x)+1)  4ix i
(E(2ix)-1)(E(2ix)+1) E(4ix)-1

2 4ix .

" 2ixe(2ix)  dixe(4ix) "

=e " (2ix)—e™ (4ix)—ix.




Vay xtan(x)=e™(2ix)—e™(4ix)—ix.
Mt khac, ta da chiing minh ¢ trén rang

0 B ) .
-1 =1_§ 2i 2i
e (x) 2+;(2i)lx
Do do
2Kk & B, 4.2 4ix < B, 2i
xtan(x)=|1-— ;(Zi)!(ZIX) }{1—— ;(Zi)!(mx) —ix
Suyra
tan( ) i( (22| 42|) 2|—1
i=1
=i 2i 22|(22|_ )(I )—1 2i-1
i=1 )
=w |22| 22|_ i-1 2|1
2 ) (2 -1)(*)
_ w (_1)|—122i(22i _1) B, -
= (2i)!
~1)4'(4' -1)B,,
Vi vay, tzi—1=( ) gi ). cho moi i=123,... .
T hé thuac truy hdi B, =1, X(ijil B =0 tacd thé tinh dugc cac sé Bernoulli B,,. Tir d6 ta tinh
k=0 +

dugc t,, ,.
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