Bat dang thic Fisher
Truong Phuac Nhan, 31/07/2018

Két qua 1. (Fisher) Cho truéc mot 2—(v,k, 1) design c6 véi b khéi . Khidé, b>v.

Chirng minh.

bé giam bat tinh phac tap cua van dé, dau tién ta xem xét truong hop A =1, chon mot diém x va mot
khoi B véi x & B. Véi mdidiém y e B, ¢6 duy nhat mot khoi B, chiraca x va y; tat cd cac khoi ma ta
vira néu ra & trén déu khac nhau (néu B, = B, thi cac khéi B, va B chiracd y va z, nén chiing phai triing
nhau; nhung x € B,, X ¢ B, mau thudn). Do d6, s6 r céc khoi cling chira diém x nho hon hodc bang s6 cac
diém nam trong B, tc 4 k > r. Bang cach st dung cac két qua co ban vé t —design, bk =vr va

k Vv .
b(ZJ = /{ZJ’ ta suy ra dugc rang br =vk, néntacd b>v.

DOi v6i truong hop tong quét ta s dua ra hai ching minh cho bat dang thac Fisher: chiang minh thir nhat
dya trén dai so tuyen tinh, chirng minh thu hai la sy ket hop day sang tao giita ki thuat dém bang hai cach va
su dung bat dang thirc Cauchy-Schwarz.

Ching minh thir nhat. Gid s X ={x,...,X,},B={B,,..,B,}, vakyhiéu M 1a matran cap vxb trong d6
phan tir (i, j) bang 1 néu X, € B;, 0 trong truong hop ngugc lai. Matran M duoc goi la ma tran lién thuoc
cta cau hinh nay.
Khang dinh 1. MM 1a mot ma tran cdp vxv véi cac phan tir trén duong chéo chinh bang r va cac vi tri
con lai déu bang 1.
b b
That vay, (MMT )ik - Z(M )ij (MT )J_k = Z(M )u (M )kj , 0 nay chinh la s6 cac khoi cling chaa phan tur x,

VA X, Nénsd nay bang r néu i=k, vabang A néu i=k.
Khing dinh 2. det(MM" ) =rk(r—1)"

That vay,
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Do d6, ma tran MM khéng suy bién. Do ma tran MM " ¢6 cip bang vxVv nén hang ctia né biang v.
Néu b <v thi rank(M)<b<v, nén rank(MMT)<V, mau thuan.

Tom lai, b>v.




Chwng minh thi hai.
Co dinh mot khéi B bat ky, véi moi i =0,..., k, ky hiéu n; 1a s6 cac khoi B’ =B sao cho [BNB'|=i.
Dua trén y tudng dém bﬁng hai cach, ta thu duoc cac hé thac sau:

Yi(i-1)n =k(k-1)(1-1).

i=0
That vay, hé thic thir nhat thu duoc bang cach dém sb cac khéi B’ = B . Hé thic thir hai thu duoc bang
cach dém s cac cap (x,B’') trong d6 x e BNB’ va B’ = B ( v6i mdidiém trong s6 k cua khéi B ¢ r—1

khdi khac ciing chira n6). Hé thic thir ba thu duoc bang cach dém sb cac bo ba (x, X, B') trong do
{X,%}=BMB'(co k cach chon x,, k—1 cach chon x,,va 1-1 khoi B'# B chiraca x, va X,).

k
Tur céc hé thic trén ta thu duge D i%n, =k (r-1)+k(k-1)(1-1).
i=0

k
Do do, Y. (x—i)" 1 =(b-1)x* =2k (r =1)x+(k (r =1)+k (k ~1)(4-1))trong d6 x |2 mt bién s6 nao do.
i=0

Tir két qua vira dat dugc ta nhan thay rang tam thic (b—1)x* -2k (r—1)x+(k (r-1)+k (k-1)(1-1)) la

nira xac dinh duong, tic 12 né nhan c4c gia tri 1on hon hoic bang 0 véi moi s6 thuc x .
Do do6, biét thirc cta cua tam thirc phai nho hon hoéc bang khéng, tuc la

k?(r-1)° —(b-1)k((r-1)+(k-1)(2-1))<0.
Bang cach nhan ca hai vé cho v—1 va sir dung céc hé thirc lién hé giira cac tham sé v,k,r 1a bk =vr va
r(k—1)=2(v—1) déthu gon biéu thuc, ta thu duoc:
K2 (r —1)? (V1) (vr —Kk)(r —K)(v—1)— (vr —k)r (k 1)} <O0.
Sau mot sé phép bién doi ta thu duoc (k—r)r(v—k)* <0.
Do r>0 va (v—k)2 >0 néntaphaico k>r.
Tur hé thirc bk =vr, tasuyra b>v.

Két qua 2. Cho truéc mot 2—(v,k, 1) design c6 voi k <v.

Khi d6, cac khang dinh sau 1a twong dwong véi nhau:

a) b=v;

b) r=k;

¢) hai khdi bat ky giao nhau tai A diém;

d) hai khdi bat ky giao nhau tai ciing mot lugng diém khong doi.

Chirng minh. Do bk =vr, nén a) va b) twong duwong v&i nhau. Hién nhién, tir ¢) ta ludn suy ra duoc d).
Phan viéc con lai cua ta la chi ra rang tir b) suy ra c), va tir d) suy ra b).

d)=b): Néu hai khi bt ky luén giao nhau tai x diémthi n, =0 v&i moi gia tri i # u, nén
Z(u—i)z n =0. Diéu nay c6 nghia 1 x = & mot nghiém cua tam thirc néu & phan ching minh trén, nén
biét thirc ciia tam thirc nay phai bang 0. Do do, (k—r)r(v— k)2 =0, hay r=Kk.

b)=c): Néu r =k thi b=v, nén tam thirc néu & trén dugc thu gon lai dudi dang

(v—1)x* =2k (k-1)x+k(k—-1)4.
Béng cach sir dung hé thic k(k —1)=(v—1)4,nén ta co thé thu gon lai bicu thic trén thanh
(v=1)(x* —2ix+ 7).

Do d6, x = A la nghiém cua tam thirc, nén bang cach dao lai cac 1ap luan ta suy ra n, =0 v&i moi i#4,

hay mot khi bat ky giao véi B tai chinh xac 4. Do B 1a mot khéi bat ky, nén ta nhan duoc khing dinh c).
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