Bai toan to6 mau do thi / Pinh ly Courant — Fischer
) Truong Phudc Nhan, 22/,01/2019 ) ’ 7

Noi dung bai vict trinh bay y twdng ap dung cac phan tich va ket qua cua dai so tuyen tinh d€ danh gia do Ion
cua sac so.

1. Kién thirc co ban

Gid sir cho truéc do thi G =(V,E) véi V ={1,..,n} vamatran ké A(G) c6 cac gidtririéng o, > a1, ... 2 at,
V6i CAc vector riéng truc giao twong tng v, ,...,V, , trong trudng hop céac vector V;,...,v, khdng truc giao thi bang
cach ap dung qua trinh truc giao Hilbert-Schmidt ta thu dugc mét hé cac gia tri riéng mai truc giao nhau doi mot.

Két qua 1.

Chitng minh két qua 1.
bau tién, do v,,...,v. la hé vector riéng truc giao nén ta co thé biéu dién vector x lai dudi dang

trong d6 ¢, =V, X.
Khi do,

n T n n

Mat khac, xTx=(Zcivij (Zcivi] =>¢?,do v,,...,v, la hé tryc giao.
i=1 =1 i1

Do do,

n n n
2 2 2
W Ax 2ouC oG 2.C
_ =l < izl —a L — g
T n - n 1 1
X X 2 2 2
2.6 2.C 2.C
i=1 i=1 i
Déu “=" xay ra trong danh gi4 trén khi x = V.
Bang phuong phép 1ap luan twong ty ta ciing thu dugc cac két qua twong tu dic trung cho cac gia tri riéng con lai
cuamatranké A(G):

Két qua 2.
Gia sur T, la khong gian vector truc giao vai cac vector v,,...,V, ;.
Khi do,
X" AX
o, = Max ——.
Xy X X

Chirng minh két qua 2.

n
DAu tién ta biéu dién vector x theo h¢ co s6 V;,...,V, dudidang x=>"cv, .
i=1

Do xeT, nén ¢, =v/ x=0 véi moi chisd 1<i<k-1.




Do do,

n n n n

T Ax B Zaiciz B Z(:()Li(:i2 3 ;akciz Zciz

XTX i:1n ) - n ) - n ) = OLk ;1 )
Set Yt Y X
i=1 i= i= i=1

Bing céch tiép tuc phat trién cac 1ap luan trong hai két qua vira néu ¢ trén ta thu duoc:

= o .-

Két qua 3. (Courant — Fischer)

. X" AX . X" AX
o, = max min T— = min max -
ScR" xeS X' X TcR" xeT X' X
dim(S)=k dim(T)=n—k+1

Ching minh ket qua 3. o
bau tién, gia st S la mot khong gian vector con k - chiéu bat ki va T, la khdng gian vector con sinh boi céc
vector Vv,,...,v,. Do dimS =k va dimT, =n—k+1 nén phan giao cia S va T, khéc rong.
Khi do,
X" AX x" AX

min ——< min —
xeS X' X xeSNTy X' X

n
Xét cac vector xe ST, X=)_cV,.
i=k

n n n
2 2 2
T Za’ici Zakci Zci T
L. X AX & -~ - A . X AX
Khi do, === <= =a, ——— =0, Nen min <o -
XTX n 5 n , n 5 XeSAT, XTX
2.C 2.C 2.C
i=k i=k i=k
Do do,
.
min <a,.
xeS XTX k

Gia sir S, la khong gian vector con sinh boi cac vector v,,...,v, .

Kk
V6i mbi vector xeS,, x=Y ¢V,

K K Kk
2 2
T Ax _ iz_l:aici N ;a‘kci B ;Ci X7 Ax
K
2

= 2 =o =a,, hen =Q, .
T K K k ko T k
= X' X X' X
=1 2 2 2
! D¢ C C;
i=1 i=1 i=1
.
) . X AX
Do d6, a,, = max min—— a, .
ScR" xe§ X' X
dim(S)=k
. X" AX
Béang phuong phdp 14p luan tuong ty nhu trén, ta cling chimg minh dugc o, = min  max—
T<R" xeT X X

dim(T )=n—k+1
Luu ¥ rang phuong phap va ki thuat 1ap luan ma ta vira trinh bay ¢ trén da duoc ta gigi thiéu trong cac bai viét
“Phwong phap tri riéng cho danh gia chan trén cia chi so d¢c 1ap” va “Po thi Expand”.

Két qua 4.

Giasir A lamatran ké cua mot do thi G.

Khi d6, gia tri riéng I6n nhat caa ma tran A 16n hon hoac bang trung binh cong s6 bac cua cac dinh cua do thi
G

Chirng minh két qua 4.
Gid sir d 1a vector gdm béc ciia cac dinh ciia d6 thi G, tac 1a thanh phan d (i) chinh Ia bac cua dinh i.




T T T n
Bang céach ap dung két qua 1), ta suy ra o, = max X TAX > 11;?1 _td_ lZd (i), trong d6 1 1 vector voi tat ca
x XX n n&g

c4c thanh phan déu bang 1.

Két qua 5.

Gia st A 1a ma tran ké cia mot @6 thi G va B 1a ma tran thu duoc bang cach xo6a di hang va cot cudi cing
khoi matran A. Goi B, la gia tri riéng 16n nhat cia ma tran B.

Khi d6, a, >p, .

Chirng minh két qua 5.
Gia su y la vector riéng tuong (ng Vaéi gia tri riéng B, cua matran B.

.
Néu ta gia st rang d6 thi G gém n dinh thi y e R"™, nén y'By = [gj A[gJ .

:
y A y

y'By \0 0 X" AX

B == - < max-——.

y y y y xeR" X X
0)\0

Tur két qua vira nhan & trén ta nhan thay rang néu bo di dinh c6 bac nho nhat khoi d6 thi G thi trung binh cong

Do doé,

1 4 - 7 R .7 [N r A o z A g2 A A r - A z A z A
bac —Zd (I) c0 theé tang nhung gia tri riéng l6n nhat a, chi co thé giam nén rat kho khan de ta co the xac lap
n<
dugc mot méi lién hé chiat gitra hai dai lugng nay.
2. Bai toan t6 mau
Mot phép k - t6 mau cia dd thi G lamot ham c:V —{1,....k} saocho c(i)=c(j) véimoi (i, j) € E
Sdc s6 cia do thi G, ki hiéu y(G), 1asé k nho nhat sao cho G ¢d it nhat mot phép k - t6 mau.
Muc dich chinh cua bai viét nay dua ra cac danh gia da tét dé woc luong do 16n caa X(G) dua trén viéc phan
tich cu tric ph6 ciia ma tran ké A(G).

Két qua 6.

1 (G)<| oy |+1.

Chikng minh két qua 4.

Ta s& ching minh khang dinh bang phuong phap quy nap toan hoc theo ) cac dinh cua db thi.

Nhan thay rang khang dinh cua bai toan 1 hién nhién trong truong hop chi gom mot dinh va khong chta bat ki
canh nao, bai vi sic sé cua do thi bang 1 va gia tri riéng I6n nhit caa ma tran ké bang 0.

Gia st khang dinh ctia bai toan ding véoi n =Kk, tc 1a tat ca cac do thi gom k dinh déu thoa mén hé thic trong
bai toan.

Ta s& chang minh khang dinh caa bai toan cling dung véi n=k +1, tac [anéu G 1a mot dd thi gom k +1 thi ton
tai mot phép (| o, |+1) - t6 mau cho d6 thi G .

That vay, bang cach ap dung két qua 4) ta nhan thay rang d6 thi G c6 it nhat mot dinh v ¢ bac nho hon hoic
bang | o, |.

Xét d6 thi G—{v}, dd thi thu dugc tir G bang cach loai bo di dinh v.

Bang cach ap dung gia thiét quy nap ta suy ra do thi G —{v} c6 thé duoc t6 boi (| B, |+1) mau,
trong d6 B, 12 gid tri riéng lon nhét cia ma tran ké cua d6 thi G —{v}.

Tir két qua 5 ta ciing suy ra duoc rang do thi G —{V} c6 thé duoc t6 boi ti da (L%J +1) mau, ta tam




giasi ¢:V(G—{v})>{L...| a, |+1} 1a phép t6 mau vira néu.
Dé hoan tat phép chirng minh cho bai toén ta can ma rong phép td mau ¢ cho ca dinh v.

Nhan xét rang dinh v c6 téi da | o, | lang giéng nén s& c6 it nhat mot mau nao dé trong d6 cac mau
{1...| @, |+1} ma céc dinh lang giéng khong str dung va ta c6 thé chi dinh mau nay dé t6 cho dinh v.

Do d6, do thi G ¢6 mot phép (| a, |+1) - t6 mau.

Nhan xét ring vé mat ki thuat ma noi thi phuong phap ma ta sir dung dé chimg minh danh gi4 néu trong bai toan
trén hoan toan giéng véi cach chimg minh kinh dién cia nha toan hoc Vizing cho bét dang thuc (G)<d,,, +1
vé6i d__ 1a bac I6n nhét caa d6 thi G . Nhung dénh gia cta ta chit hon han cach dénh gia cii ndy, c6 thé tu kiém
tra trén cac do thi nho.

Tiép theo, ta s& tién hanh danh gia chin dudi cua sic s6. Dé thuc hién duoc didu nay ta s& can dén mot sb khai
niém sau:

Nhac lai rang mot tap W <V duoc goi la tap doc 1ap néu véi hai dinh bat ki thuoc W khéng c6 canh noi
chiing véi nhau. Chi sb dgc 1ap cua do thi G, ki hiéu a.(G), 1a kich thuéc I6n nhat c6 thé c6 cua mot tap doc lap
cia dd thi G. o ) o N

Tur khai niém vé sac so6 va chi so doc lap ta nhan thay rang trong moi phép t6 mau thuc su thi tap cac dinh duoc

a(G)
Chia khoa dé dua ki thuat dai s6 tuyén tinh vao khao sat bai toan dén tir nhan xét:
“Néu S la mot tap doc lap va s 12 vector dic trung cua tap S thi i Ay, =0.”

>S5

t0 bai cung mdt mau dong vai tro cua mot tap doc 1ap nén x(G) >

Két qua 7.
Gidsir G=(V,E) lamot do thi d - déu.
Khi do,
—Q
a(G)<n :
(G)snge

Luu ¥ rang gia tri riéng nho nhat o, 12 s6 nhé hon hodc bang 0, do tr(A) =0, nén vé phai clia danh gié trén
lun I6n hon hoic bang 0.
Chirng minh ket qua 7.
Gid sirma tran ké A(G) co cac gia tri riéng o, > o, >...> o, V6i Cac vector riéng truc giao trong g Vi, ..., V, .
Do G=(V,E) lam¢tdd thi d - déu nén ta dé dang chimng minh dugc ring o, =d va, khdng giam tinh tong
quét cuia van dé, ta c6 thé chon v, =1/y/n .
- , a2 . s . nv,,i=1,
Mat khac do v,,...,v, 1a mot hé cac vector riéng truc giao lan nhau nén Jv, = 0.2
1I _ )
trong d6 J 1a ma tran véi tit ca cac phan tir déu bang 1.
d—a,
n

Xétmatran B=A-cJ, trong d6 c=

Khi do,
By, = {(d —cn)vl,.i =1,
oV, 12
Tir cach chon hang sé ¢ ta suy ra rang gia trj riéng nhé nhat cia ma tran B chinhla d —cn=a, .
Mt khac nhu di trinh bay néu S 12 mot tap doc lap cua d6 thi G va xs la vector dac trung cua
no thi yiAyxs =0.




X; Bys _C|S|2

Do d6, 1iBys = %L Axs —CxeJ s =—C|S|2, nén =—= = =—c|S].
AsXs |S|
Bing céch 4p dung dinh ly Courant — Fischer ta suy ra rang
—ofs| =253
n
= [s|]<n—=
d—oa,
—Q
G)< o
=|a(G)<n o

Luu ¥ rang tir két qua vira nhan duoc ¢ trén ta dua ra mot danh gid cho chin dudi cua y(G) cho céc do thi d -

déu nhu sau:
n d-—a d o

G)= > n_1+—=1 1

%(6) a(G) -a T T

Nhan xét ring danh gia vira néu ciing dung ca trong truong hop khi do thi G khdng phai 1a mot d thi déu.

n

Két qua 8. (Hoffman)
A(C) Ere I
—QL

04

n —Q,

Trudc khi trinh bay phép chimg minh cho dénh gia vira néu ¢ trén ta s& gisi thiéu mot s tinh chét co ban vé
pho cua cac ma tran khoi can thiét cho cac phép tinh toan.

Dé thuén tién cho viéc trinh bay ta quy wéc ki hiéu A, (A) va A, (A) lan luot 1a gid tri riéng 16n nhat va nho
nhat cia ma tran A.

Bo de 1.

L B C|., A
Giasir A=| | la mot ma tran doi xang.
cC D
Khi do,
M (A)+ A i (A) < R (B) + 2410 (D) -

Chitng minh bé dé 1.

Gia sir x 1a vector riéng twong (ng véi gid tri riéng A, (A).

Khéng giam tinh tong quat cua van dé ta cd thé gia st rang x 1a mot vector don vi.

Dau tién ta biéu din lai vector x dudi dang x :[le sao cho phu hop véi phan hoach khéi cia ma tran A.
2
||Xz||
bat y= ”” 1”” , ta d& dang kiém tra duoc rang vector y 1a mot vector don vi.
Xy
]

Khi d6, bang cach ap dung dinh Ii Courant — Fischer, ta nhan thdy rang y' Ay > Aoin (A)
Bing céch tinh toan tryc tiép,

A (A)+ A0 (A) < XTAX+ YT Ay
[
I

[
x|

=X, BX, + X/ CX, + X CT X, + X, DX, + = X BX, — X CX, —X; CT X, +-—'—x; DX,




bl g D
bl el

[ el J&B“[anln ]XM
%[ |

e (B) I+l )+ 2 (DY (Il [, °) (3P dlung két qua 1 cho B va D)

xin1+x Dx, + 2X18X1+

= Anax (B) + A (D) (do x 1a vector don vi)
Bo dé 2
A, A, o Ay
T
Giasa A= Alz A“ AZ" , k=2, 1a mot ma tran ddi xung.
AiT,k T,k Ak,k
Khi d6,

(K1) (A) 4 A (A) 3 e (A1),

i=1
Chitng minh bé dé 2.
Ta s& chitng minh khing dinh cua bai toan bang phuong phéap quy nap toan hoc theo k.
Véi k =2, khang dinh cta bai toan duoc suy ra tir két qua cua bo dé 1.

Ar A - A
T
V6i k>1, B= A” A“ AZ;“
AiTkl Asz—l Ak—lkl
Béng cach ap dung két qua 5), ta suy rarang A, (B) =2, (A).
Tir b6 dé 1), ta ciing nhan thay rang
M (A) + A (A) < 1y (B)+k (AM)

<—(k=2) Ao ( Z%max( i)+ X (A ) (8p dung gia thiét quy nap)
= _( mm zxmax ( )

Theo nguyén ly quy nap toan hoc ta suy ra khang dinh ciia bai toan dang véi moi n.

Chirng minh két qua 8.

Gia sir rang d6 thi G ¢6 mot phép k - t6 mau.
Khi d6, bang cach danh lai s6 thir tu cho céac dinh cua do6 thi G, ma tran ké cua do6 thi G cé dang

0 A, .. A
A, 0 .. A,
AiT,k A;k -0

Do mdi khéi chéo cua ma tran ké déu bang 0, 4p dung b dé 2, nén ta suy ra rang
(K=1) i (A) + A (A) <0,



Luu yring do A, (A)=a, <0 va A, (A)=0o, nén

1+-% <k
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