Bai toan xac dinh ham ngwoc - Cong thirc nghich dao Lagrange
Truong Phudc Nhén, 18/01/2019
Noi dung cua bai viét nay ta ban vé cach dé xac dinh ham nguoc dua trén céng cu chudi lily thira.
Giasir U va V la cac tap con mé nam trong mat phang phirc va £ 1a mot anh xa 1-1 tir U vao V

sao cho f(U)=V.Anhxa g duoc goi Ia ham nguoc ciia anh xa f trén V néu f(g(z)) =z Vi
moi ze V. Anh xa g dugc goi 1a ham nguoc ciia dnh xa f tai diém z, néu g 1a ham nguoc cua f
trong mot Ian can ndo do ctia diém z, .

Nhan xét rang truong s6 phicc C c6 thé duge dong nhat voi R? nhu mot khdng gian vector thuc hai
chiéu bai anh xa x +iy > (x,y) . Néu trén truong sé phicc C ta trang bi tich vo huéng dinh nghia boi
hé thic (z,w) = Re(Ew) thi ta c6 thé xem C nhu mot khdng gian Hilbert thuc hai chiéu trén truong sb

thuec.

Noi nhu vy c6 nghia 1a ta hoan toan ¢6 thé khao sat cAc van dé trén ham giai tich bang céch st dung
cac cong cu ham so6 thuc hai bién, nhu sau:

bat C*(U) latap hop gom tat ca cac ham s6 C - kha vi trén tap con m¢ U cua C=R?,

z+z

Va y= 221 nén mot ham C - kha vi f(x,y) trén U c6 thé dugc xét nhu mot
l

Do x =

ham F(z,Z) duge xac dinh bai hé thic F(Z,Z) =f[zgz,22_,zj.
l

Pé thuan tién cho viac trinh bay céc lap luan ta thay ki hiéu F(z,Z) boi f(z,Z) .
Dé khao sét ham f(=.2) ta dinh nghta them hai todn tir vi phan -~ : C* (1) — C* (U) lin lugt
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Mot ham C - kha vi f(x,y) duoc goi la chinh hinh trén U néu % =0 trén U .

Pé don gian hoa cac khao sat cho bai toan xac dinh ham nguoc ta chi khao sat Iép cac ham chinh
hinh f:U —V saocho f lamotsong éanhtir U vao V, £ va f~' déu la cac ham chinh hinh.

Cac anh xa chinh hinh f:U — V thoa man céc tinh chat néu & trén duoc goi 1a &nh xa song chinh
hinh.

Bai toan duogc datra o day la :

Cho trugc ham £ :U — V chinh hinh trong mét 1an can caa diém z, e U .
Khi nao thi ham £ la song chinh hinh ? x4c dinh ham ngugc f'?

Pau tién ta khao sat y thir nhat cua bai toan.

Nhac lai rang moét anh xa f chinh hinh trén tap con m¢ U cua mat phang C dugc dong nhat vai
mot ham kha vi f:U < R* — R* boi hé thirc f(x,y)=(u(x.y).v(x.y)) trong d6 u,v Ia cac ham kha
vi thuc trén U thoa man phuong trinh Cauchy — Riemann

u =v, ,u =-v trenU.

y
V6i méi diém p e U, ma tran biéu dién dang vi phan df, : R* — R theo co s& chuan tic cua R’

cho bai hé thac




Trong trudng hop nady Jacobian cua anh xa £ tai diém p cho

J(f)(p)=detdf, =u (p)v,(p)—u,(p)v.(p)=u;(p)+v;(p)=

Do d6, ta c6 két qua sau:

2

f(p)-

Két qua 1.
Gia st f 12 mot ham chinh hinhtréntap U va peU sao cho f'(p)=0.
Khi do, ton tai mot 1an can mé V' cua diém p sao cho f:V — f(V) la anh xa song chinh hinh.

Chitng minh két qua 1.

Do f'(p)=0 nén Jacobian cua dnh xa £ tai diem p bang J(f)(p)= f’(p)‘2 >0.

Bing cach &p dung dinh 1y ham nguoc cho céc anh xa kha vi, ton tai mot 1an can mo V cua diém p
sao cho anh xa f:V — W = (V) la mot anh xa vi phdi va J(f)(g) =0 véimoi geU .

bat ¢: W — V laanh xa nguoc cia anh xa f .

Khi do, g kha vitrén V.

Bing céch biéu dién lai ¢ duéi dang g(w.w) ta nhan théy rang g( (), f(z)):z V6i moi zeV
va f(g(w),f(w)) =w VoI moi weW.

Ta s& chang minh rang ¢ 12 ham chinh hinh trén W, tac la 8—_ =0 trén W.
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Do f chinh hinh trén U nén gzo trén U .
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Do f:V — W laénh xa vi phdi nén J(f)(z)= f’(z)‘2 >0 véimoi zeV.
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Diéu nay dan dén Z—f = f'(z) khéac khong trén V', hay —= =0 trén V.
Z

Do do, ag =0 trén W.
ow

Két qua 2. 7
Giasu f lamdt don anh, chinh hinh trén tap con ma U cta mat phang phic C.

Khi do, f'#0 trén U va f:V — f(V) 1a &nh xa song chinh hinh.

Chirng minh két qua 2. ‘
Do f chinh hinh trén U nén f' cling chinh nén trén U . Bong thoi do f 1a don anh nén f khong

phai 1a mot ham hang, f(U) latap mova £'(z) 20 trén U
Do d6 cac khong diém cua ham ' 1ap thanh mot tap con roi rac cua tap U .




Néu f"(z,)=0 thi ton tai mot lan can m& V =T(z,,8) = {z:|z—z,| < 8} cta diém z, sao cho
f’(z);tO VoI moi z#z, trén V.

bit F(z)=f(z)-f(z,) véimei zeU.

Khi do, F(ZO):F'(ZO):O va F'(z)zf'(z);tO VoI moi z#z, trén V.

Do F chinh hinh va khac ham hang nén ta cé thé chon & du nhé sao cho F(z)#0 véi

moi 0<|z—z,|<8.
Do C 14 mot tap compact, F lién tuc va khac khong trén C={z:|z—zo|=§} nén
EImin{‘F(z)‘:zeC}>O.
g I .
bat m:Emm{‘F(z)‘:zeC}.

V6i moi 0<|w|<m, |w|<|F(z)| véi moi zeC nén, bang cach ap dung dinh Ii Rouche, ta suy ra hai

ham F(z)-w va F(z) c6 ciing so khong diém (tinh ca sb boi ciia cac nghiém)

trén F(ZO,SJ = {Z : |Z—ZO| < g}

Do F(z,)=F'(z,) =0 nén sb khong diém cua ham F(z) toi thiéu bang 2.
NOi cach khac, F khdng phai la mot don anh trén F(zo,gj.

Do d6, ton tai ham nguoc g: f(U) ->U.

Phan viéc con lai caa ta 1a chirng minh tinh chinh hinh ciia ham nguoc ¢.

Bb dé.

Cho trwéc £ 1a mot ham chinh hinh trén {z:|z| < R}.

Gid s f(0)=0, f(0)=0 va f khac khong trén tap {z:0<|z|<p<R}.

bat m, = min{‘f(z)‘ |7 = p} va [w|<mj.

Khi d6, nghi¢m cua phuong trinh f(z) =w cho boi cong thuc z = 2; Zgic f{ggg_)w dc.

Chirng minh bé de.

bat F(z):f(z)—w VG moi |z| <R.

Khi d6, ham F chinh hinh trén tap {z:|z|<R}.

Do |w| < m, nén, bang cach ap dung dinh ly Rouche, ta suy ra hai ham F(z) va f(z) c6 ciing s6
khong diém trén tap {z :0< |z| <p< R} :

Do d6, phuong trinh F(z)=0 chi c6 duy nhat mot nghigm trén tap {z:0<|z|<p<R}.



Hon nira, nghiém ctia phuong trinh f(z )— w cho boi cong thl’xc

27u(j‘>C 2m QJSC

[Cl=p [cl=p
Diéu nay két thic phép chitng minh b de.
Nhan xét rang d¢ tinh ching minh tinh chinh hinh ciia ham nguoc g: £(U)— U tacan chi ra ring

véi moi w, € f(U) ham s6 z=g(w) cd thé khai trién thanh chudi Taylor trong mét lan can nao d6
cia diém w,. Do w, e f(U) nén f(z,) =w,. Chon p>0 sao cho f(z)=w, véi moi 0<|z—z,|<p.
bat m, = min{‘f(z)—wo‘ : |Z—ZO| = p} :

L .1 1 = (w—w,) o
Nhan thay riang chudi = = ( ) hoi tu déu vai moi

F©)=w (£(&)=wy)=(w=w,) Z(r(5)-w,)"
lw—w,|<m,(1-8), nén
1 f'(2) S f'(2) :
P I A ©O MR of U e |(wow,)'
27 Z_?()S:p f(z)—w ; 2 lz=20}=p (f(z)—wo) 1 ’
Diéu nay chitng minh tinh chinh hinh ciia ham nguoc g tai diém w,. Do w, c6 thé dugc chon bat ki

trong tap U nén ham g chinh hinh tréntap U .
Bing phuong phap tinh toan thing du ta nhan thay rang

e . _omi . d” =z ||
3, (o)) ”z-??-p(ﬂz)—wo)” ot [(f ()1 <Zo>j ]

Do d6 ta nhan lai dugc cong thirc nghich dao Lagrange quen thugc:

Két qua 3.
Gid sur bién w duoc biéu dién theo bién z duéi dang w= f (z) trong d6 f 1a mot ham chinh hinh

tai diem z=1z, va f'(z,)=0.
Khi dé, bién z c6 thé bieu dién theo bién w duéi dang z = g(w) trong d6 g la dugce xac dinh boi

chudi Iy thura g(w) =z +illlm dn_l L% ” (w—w,)".
f (Z)_ f (Zo) ’
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