Ly thuyet tich phan cac ham chinh hinh
Truong Phuéc Nhén, 01/02/2019
Noi dung bai viét tap trung trinh bay céc két qua quan trong vé ly thuyét tich phan phic cho lép cac
ham chinh hinh.
1. Kién thirc co' ban
Y tuwong xay dung khéi niém tich phan phtrc dugc phét trién tuong tu nhu khai niém tich phan
Riemann cho cac ham thuc nhu sau:

Gid sir cho truée duong cong Jordan y tron ting khic va ham s6 f(z) x4c dinh trén duong cong y .
Chia dudng cong y thanh » phan béi cac diém chia a=z,,...,z,,, = b va trén mdi cung z,z
(k=1,...,n+1) chon mot diém ¢, batki.
Lap tong tich phan S, =>" £(€,)(z1 =2 ) -
k=1

Néu ton tai gisi han cua tong tich phan S, khi dudng kinh phan hoach d = max

1<k<n

k+1

Z — 7| danve o,

khong phu thugc vao cach phan chia duong cong va cach chon cac diém ¢, .
Khi d6 gigi han ldiil(};f(ck)(zkﬂ —z,) duoc goi la tich phan cua ham s6 £(z) doc theo duong
cong v.

Ki higu: If(z)dz:!iiigif(gk)(zk+l ~z,).

Trong cac tinh toan thyc hanh ta thuong khong su dung cach dinh nghia theo phuong phap Riemann
ma tinh toan théng qua cac ham so thuc.
That vay, gia str f(z) :u(x,y)+iv(x,y), z, =x, +iy,, , =&, +in,, u, :u(ik,nk), v, zv(ik,nk).
Khi do
S, = Z(uk +ivk)(Axk + iAyk) = Z(ukAxk —vayk)+ iZ(ukAyk + vaxk).
k=1 k=1

k=1
Nhan thay rang cac téng bén vé phai 1 tong tich phan cua céc tich phan duong loai hai twong ¢ng va
do ton tai limS, nén, bang cach han ché mot sé diéu kién nhat dinh vi du nhu dudng cong y do duoc va
ham f(z) lién tuc trén v, ta d& dang ching minh duoc sy ton tai cua cac tong tich phan & vé phai.
Bang cach chuyén qua gigi han ta co:
If(z)dz = j(udx — vdy) + i.[(udy + vdx)
Y

Y Y

2. Céc tinh chét co ban . q ,

Xuat phat tir dinh nghia theo phuwong phap Riemann ta dé dang kiém tra lai duoc cac tinh chat co ban
sau:

a) Tinh chat tuyén tinh.

Néu f,(z), k=1,...n, lanhitng ham lién tuc trén y va a,, k =1,...,n, 1a nhitng hing s6 cho trudc thi

j(iakfk (z)jdz = kz::ak!fk (z)dz.

v \ k=1




b) Tinh chdt céng tinh.
Néu ham s f(z) kha tich trén hai duong cong Jordan tron ting khic v, va y, thi
j f(z dz_jf dz+jf )dz .
"1YY2
¢) Tinh chdt dinh hwréng.
Néu ham s f(z) kha tich trén duong cong Jordan tron tirng khtic y thi jf(z)dz = jf(z)dz
e

trong d6 y~ 1a duong cong Jordan tron tung khic dugc dinh hudng nguoc lai véi hudng cua vy .

d) Udc luong tich phan.

If(z)dz

Y

Néu ham sd f(z) kha tich trén duong cong Jordan tron tirng khuc vy thi

trong do ‘dz‘ =\/dx* +dy* lavi phan cung.

3. Cong thirc tinh toan tich phan phirc 7 o
Nhu ta dé biet bai toan tinh tich phan phuc c¢d theé dugc chuyén ve bai todn tinh tich phén duong loai
hai nén trudc hét ta sé khao sat cach tinh toan cac tich phan duong loai hai.

< {1 (2)|Jet

Két qua 1. (Green) 7 ‘ ‘ ‘
Gia st C la duong cong phang kin, don va tron tirng khiic, U 1a mién bao gom ca C va phan C bao
boc. Khi d6, néu P(x,y) va Q(x,y) la nhitng ham kha vi lién tyc trén mién m¢ chira U thi

qSP X,y dx+Q(x y)dy .”(aQai y) apg’y)dedy.

Chikng minh két qua 1. ‘
bau tién ta ching minh dinh 1y Green cho truong hop mién U ¢6 dang don gian.
Néumién U co dang U ={a<x<b,p,(x)<y<q,(x)} trongdd ¢,, ¢, 1a cac ham lién tuc

trén [a,b].
Khi do,
a  0(x) a
” 8ng,y) dxdyzjdx I 8P(ax,y) clxdyzj(P(x,cp2 (x))—P(X,(Pl (X)))dx,
U y o) Y
¢ (xy dx J.P X,y dx+_[P X,y dx+_[P X,y dx+IP xyd
c A, B, B,
= jP(x,(pl (x))dx+jP(x,(p2 (x))dx
a b
Do do,

q‘DP xy dx _U dxdy.
Bang phuong phap 1ap luan tuong tu: ta cling thu duorC

CI)Q X,y dy ” dxdy.




Do do,

qSP X,y dx+Q(x y)dy ”(GQ@)E y) aP(a);’y)dea,'y.

Néumién U codang U ={a<y<P.y,(y)<x<y,(y)} trongdé w,, y, lacac ham lién tyc trén
[oc,B] thi bang phuong phap 1ap luan twong tu nhu trén ta ciing chi ra dugc rang

CﬁP X,y dx+Q(x y)dy H[@Q@;c y) GP(a;c] y)}dxdy

Déi voi cac mién U phuc tap ta c6 thé chia thanh nhitng mién con ¢ dang nhu di néu va cong thic
Green van thoéa man vi tich phan kép & vé phai la hop cua tich phan kép trén tirng mién nhé con tich
phan duong veé trai chi chira nhirng duong 1a bién caa mién U .

Trong truong hgp mién U ¢ 16 hong ta chi can tach mién U thanh mién C,, C, va doan BB, .

Nhan xét rang tich phan dudng doc theo doan B,B, tham gia hai lan, mét lan tir B, dén B, va mot lan
tr B, dén B,, nén cong thirc Green van dugc thoa man.

Dbi vai cac mién co nhiéu 16 hong ta &p dung cach ching minh hoan toan twong tu.

Tir cong thic Green ta nhan thay két qua I tha:
“Gia stt P(x,y) va Q(x,y) lacac ham lién tyc trén U, A va B 1a hai diém bat ki trong mién U .

Khi d6, tich phan jP(x,y)dx+Q(x,y)dy khdng phu thudc vao dudng lay tich phan C khi va
C

8Q(x,y) _ 8P(x,y)

chi khi trén U .”
ox Oy
Hon nita ta con thu dugc két qua sau sic hon nhu sau:
Két qua 2.

Gia sir P(x,y) va Q(x,y) lacac ham liéntuc trén U, A va B 1a hai diém bat ki trong mién U .
Khi d6, tich phan j P(x,y)dx+Q(x,y)dy khong phu thudc vao duong lay tich phan C khi va chi khi
C

ton tai ham F(x,y) kha vitrén U sao cho @:p(&y)’ .aF(X y)
X

=0(x.y).

Chirng minh két qua 2.
Diéu kién can.
Gia st tich phan IP(x,y)dx+Q(x,y)dy khong phu thudc vao duong lay tich phan, bang céch ¢
C
(x.y)
dinh (xo,yo) e U , ta xay dung ham F(x,y) theo cong thic J P(x,y)dx+Q(x,y)dy.
(Xo»yo)

Do tich phan IP(x,y)dx+Q(x,y)dy chi phu thudc vao (x,y) va khdng phu thudc vao duong lay
C

tich phan tur (xo,yo) dén (x,y) nén ham F(x,y) duogc xac dinh dlng.




8F(x,y) 8Q(x,y)

Tinh cac dao ham riéng , .
ox oy

() e
Do F(x+Ax,y)—F(x,y)= j P(x,y)dx+Q(x,y)dy= '[ P(x,y)dx
(x.y) x

nen

OF (x,y . F(x+Ax,y)—F(x,y N
%:B% ( Aj ( ):ETOE I P(x,y)dx=P(x,y).

X

N , ~ , GF(X’)’)
Bang cach tuong tu ta cling tinh dugc 5 = Q(x, y) .
X

Pieu kién dii.

8F(x,y)

™ :P(x,y), =Q(x,y).

L4y hai diém A, B batki trong U va C la duong cong ndi A véi B cho boi phuong trinh tham
s x:x(t), yzy(t), a<t<h.
Néu C 1a duong cong tron thi

IP(x,y)dx+Q(x,y)dy =

. 3 .y . o oF ( x,
Gia st ton tai ton tai ham F(x,y) kha vi trén U sao cho ( y)

= F(x(1).3(0) - F(x(a) ()
Néu C la duong cong tron tirng khic thi, bang cach tach tich phan thanh tirng phan, ta ciing nhan
duoc két qua IP(x,y)dx+Q(x,y)dy = F(x(b),y(b))—F(x(a),y(a)).
C

Diéu nay chiing to rang tich phan IP(x, y)dx +Q(x,y)dy khdng phu thudc vao duong lay tich phan.
C

Luu ¥ rang ham F duoc néu trong két qua trén duoc goi 1a nguyén ham cua dang vi phan
P(x,y)dx+Q(x,y)dy va cong thuc IP(x,y)dx+Q(x,y)dy = F(x(b),y(b))—F(x(a),y(a)) duogc
c

goi la céng thirc Newton — Leibniz.

Bay gio ta quay vé khao sat Iop cac ham sé bién s6 phic.
Mot cau hoi tu nhién duoc dat ra cho ta do la:
“Véi diu kién nao cua ham f(z) thi tich phan phirc I f(z)dz khong phu thudc vao dang cua duong
Y

cong y ma chi phu thudc vao diém dau va diém cudi cua duong cong ?”
Nhan thay rang ta ludn c6 thé chuyén maot bai tinh tich phan phic J' f(z)dz vé bai toan tinh tich phan
Y

duong loai hai dang IP(x,y)dx+Q(x,y)dy thong qua h¢ thuc If(z)dz :I(udx—vdy)Jri.[(udervdx)
C Y Y Y
trongdo f=u+iv.



Mt khac, tir két qua 1 va 2, ta biét rang diéu kién can va da dé viéc tinh tich phan duong loai hai
8Q(x,y) B 8P(x,y)

o oy

Ap dung két qua phan tich nay cho truong hop ham bién phtrc va luu ¥ dén phuong trinh Cauchy —
Riemann cho céc 16p ham chinh hinh ta nhan thay rang

jf dz—j(udx vdy)+zj(udy+vdx jj(@+—}zdy ﬂ(@——jddy 0

khdng phu thudc vao dudng lay tich phan 1a

Y Y
0 0

trong d6 U 1a mién hitu han gigi han boi duong cong 7.
Nguoc lai néu If(z)dz =0 trong d6 y duong cong Jordan, tron tirng khc, kin chira trong mién D
Y

thi ta d& dang chirng minh duoc ring viéc tinh tich phan j f(z)dz s& khong phu thudce vao duong lay

tich phan ma chi phu thudc vao diém dau va diém cudi cua dudng cong.
Sau day ta s€ trinh bay mot cach chirng minh kha li thi cia tac gia Cauchy cho su kién nay

Két qua 3. (Cauchy)
Gia sirham s6 f(z) chinh hinh trong mién don lién va hitu han D .

Khi do, jf(z)dz =0 trong d6 y la dudng cong Jordan, tron tirng khuc, kin chira trong mién D .

Y
Chitrng minh két qua 3.
Truong hop 1.y la bién cua mét tam giac, tuc la y =0A.

Pit M =

ff(z)dz .

Ta chia tam gi4c A thanh bon tam giac con béi cac duong trung binh va gia thiét rang bién cia A va
Cua cac tam giac con nay déu dugc dinh hudng nguoc chicu kim dong ho. Gia st bon tam giac con nay
duoc ki hiéu la A, i=1,2,3,4, véi bién tuong ung v, .

Khi do,
J1(E)a: =21 )z
Tur d6 suy ra y !
- If(z)dz < Jf(z)dz - If(z)dz - If(z)dz - If(z)dz

Do d6 trong s bon hinh tam giac A., i =1,2,3,4, ludn cd it nhat mot hinh tam giac con ma ta s& tam
ki hiéu 1a A' sao cho

>_

If dz

Ta tiép tuc chia tam giac A' thanh bén tam giac bang nhau béi cac dudng trung binh nhu & trén.
Khi d6 trong s bbn tam gi4c vira thu duoc ton tai mot tam gidc con ma ta tam ki hiéu 13 A” sao cho

M
Z—.
4

a.[ f(z)dz >




Bang cach lap lai tiép tuc qua trinh ndy vo han lan ta thu dwoc day cac hinh tam giac 16ng nhau {A"}
sao cho:
i) ADA'D..DA" D..va A" CA, Vn,

i) Chu vi caa tam gidc A bang 2" 1an chu vi tam gidc A", tic 1a ‘6A”

= l‘aA”—l — in
2

i) (z)dz

> M, vn.
4"
Ap dung nguyén Iy Cantor cho day cac hinh tam giéc 16ng nhau {A"} véi dwong kinh dan vé 0 ta suy
ra rang:
A" =
n=1

Do ham f(z) giai tich tai z, € D nén v6i moi €>0, tdn tai & >0 sao cho véi moi ze D ma
|z—z,| <& kéo theo

O RTACH P P
Z_ZO
Do ﬂA } nén 3N e N sao cho 6A" < {z:|z—z,| <8} véi moi n>N.
n=1
Do d6

‘f(z)—f(zo)—f'(zo)(z—ZO)‘ <8|Z—ZO| Vi moi z € OA".

Nhan xét rang khoang cach |z’ —z| giita hai diém bat ki cua mot tam giéc ludn bé hon chu vi cua né

nén ‘f(Z)—f(ZO)—f'(ZO)(Z—ZO)‘<8‘Z—ZO‘<8‘6A'I <g@
Mat khac,
_H:f ( Z Z, ]dZ—J.f dz+f J.dz+f Izdz zof Idz

OA"

Bang cach sir dung dinh nghia tich phén ta de dang tinh du:c_rc J. dz =0, I zdz =0.

Do do,
I[f ( z Z, ]dz-j‘f

Bang cach két hop cac ket qua vira nhan dugc ta suy ra rang

%S If(z)dz

—f’(zo)(z—zo)}dz

BN}
<e——
4Il
= M <eloAl.



Bing céach chuyén qua giéi han khi cho ¢ tién dan dén 0 ta suy ra M =0 hay jf(z)dz =0.

Truong hop 2. vy la bién cua mot da giac.
Bang cach chia da giac thanh cac hinh tam gic c6 dinh huéng dudng, ta suy ra dugc rang
j f(2)dz = Zj f(2)dz =
k=1 y,

trong do y, la bién cua cac tam giac.

Truong hop 3. y 1& dwong cong kin bat ki.

Trudc khi tién hanh trinh bay cach chiang minh ta can dén mot bo dé don gian sau cua tAc gia Goursat

Bo dé. (Goursat)

Néu f(z) laham lién tuc trén mién don lién D va y 1a duong cong Jordan kin, tron tirng khtic chra
trong D thi v&i moi € >0 ton tai mot da giac P < D c6 cac dinh nam trén y sao cho

<Eg.

If(z)dz—é[)f(z)dz

Ching minh bé de.

Giasa D' lamiénsaocho yc D' D.

Do f liéntuctrén D’ nén £ lién tuc déu trén D’ nén véi moi £ >0, tdn tai 5> 0 sao cho v&i moi
|z, —2,| <& kéo theo |z, — z,| < % trong d6 [ 1a d¢ dai ctia dudng cong v .

Chia duong cong y thanh n cung nhé y,, k=1,...,n, béi cc diém chia z,,..,z, sao cho d(y,)<?d
va P < D trong d6 P 1a da gidc v6i cac dinh z,..,z, va d(y, )= max|z 7| 1a duong kinh cua cung v, .

Khi do,

Z_Hf (zk)Hdz|<§.

k=1 Yk

-2 /(=)
k=1
Bing phuong phép 1ap luin tuong ty ta cling thu duoc két qua

é[)f(z)dz—gf(zk)Az <&

Do do,

<Eg.

J.f(z)dz—é[)f(z)dz

Piéu nay két thic phép chiang minh cua bo dé Goursat.
Bang cach ap dung b6 dé Goursat ta nhan thay véi moi € >0 ton tai mot da giac P < D ¢6 cac dinh
nam trén y sao cho

<Eg.

J‘f(z)dz—a_[)f(z)dz

Bang cach &p dung két qua khao sat trong céac trudng hop co ban ta nhan thy j f(z)dz =0.

oP



Do do,

<E.

J.f(z)dz

Bing céach chuyén qua giéi han khi cho ¢ tién toi 0 ta thu dugc If(z)dz =0.
Y
Tur dinh ly Cauchy vira ching minh ta nhan thay rang néu ham f chinh hinh trén mot mién D thi

tich phan phirc I f(z)dz khéng phy thugc vao duong lay tich phan.

g
Cau hoi thir hai duoc dat ra do la:
“Néu .[ f(z)dz khong phu thudc vao dudng lay tich phan thi lam sao dé x4c dinh gi tri cua tich phan

Y
phic [ f(z)dz 2.

Chia khoa cho 1oi giai cia van dé nay nam & két qua sau

Két qua 4.

Gia sirham £(z) lién tuc trén mién don lién D va If(z)dz =0 v&i moi dudng cong Jordan vy tron
Y
kin chira trong mién D.

Khi d6, v6i z, € D cé dinh, F(z If £)d¢ laham chinh hinh trén D va F'(z) = f(z).

Chitng minh két qua 4.

Do va If(z)dz =0 v&i moi duong cong Jordan y tron kin chira trong mién D nén If(g)dg khong

Y Zo
phu thudc vao dudng lay tich phan hay F(z If )d¢ xac dinh mot ham so trén mién D .

F(Z+AZ L. . N
Do =—If dC Vol mol ze D nén

F(z+Az) F(z)
Az

1 z+Az

~f (=)= [ (£(©)-(2))dg| (boivi iﬁfzdgzn

1 z+Az
<iag | V(©-7 @)l
Do f lién tyc trén mién D nén Ve >0, 35 >0 sao cho véi moi e D ma [{—z| <8
kéo theo | £(C)-f(z)| <.

Béng cach chon Az sao cho |Az|<§, ta nhan dugc

z

F(z+Az)-F(z) 1 i B
e —f(z)_MI8|d§|—8
Do do,
hmF(zmz)—F(z):f(z)_

Az—0 AZ




Nhéc lai cong thirc quen thudc If dz —I udx vdy +1I udy+vdx

Y Y
Néu F=U+iV va f = u+zvthla—U—u a—V:v.
ox ox

Pédng thoi do F 12 ham chinh hinh nén oy = ¥V 6_U &V

ox ay' ay  ox
Do d6 ham U ddng vai tro 1a nguyén ham caa dang vi phan udx —vdy con ham V dong vai tro la
nguyén ham cua dang vi phan udy + vdx .
Bang cach &p dung cac két qua phan tich dugc khi khao sat cac tich phan dwong ta nhan thiy rang

(XB’yB) (xB 7)’3) (XB ’J’B)
j f(z)dz = I (udx—vdy)+i J. (udy+vdx)
(%4:34) (xa4:34) (xa5ya)

:U(xB,yB)—U(xA,yA)+i[V(xB,yB)—V(xA,yA)]
=U(xB,yB)+iV(xB,yB)—[U(xA,yA)+iV(xA,yA)]
:F(XB’yB)_F(xA’yA)
trong d6 (x,,y,) Va (x,.y,) lan luot 1a diém dau va diém cudi cua duong cong dinh huéng y .
Do d6 ham s6 F(z) cling dugc goi 1a nguyén ham cua ham s6 f(z) va
("'BJB)
cong thirc _[ f(z)dz=F(x,,y,)-F(x,,y,) ciing dugc goi la cong theec Newton — Leibniz.
(XAvyA)
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