MOT SO CHUYEN PE ON THI LOP 10 CHUYEN TOAN

BAI TAP HINH HQC ON THI LOP 10 CHUYEN TOAN 2019 - 2020
Bai 1. Cho diém A cb dinh ndm ngoai duong tron (O). Ké céc tidp tuyén AE, AF cia (O) (E, F 1a cac tiép diém).

Diém D di dong trén cung 16n EF sao cho DE < DF, D khong tring véi E va tiép tuyén tai D ciia (O) cit cac tia AE,

AF lan luot tai B, C.
a) Goi M, N lan luot 13 giao diém cua duong thiang EF véi cac duong thang OB, OC. Chimg minh tir giac
BNMC ndi tiép mot dudng tron.
b) Ké tia phan giac DK cua goc EDF va tia phan giac OI cta goc BOC (K e EFle BC). Chirng minh
rang OI song song voi DK.
¢) Chirng minh duodng thing IK luén di qua mot diém cd dinh.
Trich dé thi tuyén sinh I6p 10 Truwong chuyén Phan Bpi Chdu Nghé An, nim hoc 2016 — 2017

Bai 2. Cho tam giac nhon ABC c6 AB < AC va ndi tiép duong tron (O) Céc dudng cao BB',CC' cit nhau tai
diém H.Goi M la trung diém BC. Tia MH cat duong tron (O) tai diém P .
1) Chimg minh hai tam gidc BPC' va CPB' dong dang.

e

2) Céc dudng phén gidc cta cac goc BPC', CPB' lan lugt cit AB, AC tai cac diém E va F. Goi O 1a tim

dudng tron ngoai tiép tam giac AEF, K 1a giao diém cia HM va AO'.
a) Ching minh tir giac PEKF ndi tiép dudng tron.

b) Chting minh céc tiép tuyén tai E va F cua duong tron (O) cit nhau tai mot diém nam trén (O) .
Trich dé thi tuyén sinh I6p 10 Truwong chuyén Thanh Phé Ha Ngi, ndm hoc 2016 — 2017
Bai 3. Cho duong tron (O; R) va day BC khong di qua O. Trén tia d6i ciia tia BC lay diém A(khac B). Tir diém A vé&

hai tiép tuyén AM va AN véi dudng tron (O) (M, N 1a céc tiép diém). Goi I 1a trung diém ciia BC va K 1a giao diém
ctia AC vdi MN.

a) Chirng minh ring IA 1 tia phan giac cua goc MIN .

b) Chimg minh rang 2 = L + 1 .
AK AB AC
¢) Liy cac diém E, P, F lan lugt trén AM, MN, NA sao cho tir gidc AEPF 13 hinh binh hanh. Goi Q 1a diém d6i
xtng v6i P qua duong thing EF. Chimg minh ring ba diém O, P, Q thing hang.
Trich dé thi tuyén sinh lop 10 Truwong chuyén Tinh Ha Nam, nam hoc 2016 — 2017

Baii 4. Cho hai dudng tron (O) va (O') cit nhau tai A va B. Trén tia déi cua tia AB ly diém M khac A. Qua M ké
céc tiép tuyén MC va MD véi duong tron (O ') (C, D la tiép diém va D nam trong dudng tron tdm O).

a) Chimg minh raing AD.BC = AC.DB.

b) Céc duong thing AC, AD céit duong tron (O) lan luot tai E va F (E, F khac A). Chimg minh duong thang

CD di qua trung diém cua EF.
¢) Chirng minh ring duong thing EF ludn di qua mot diém co dinh khi M thay d6i.
Trich dé thi tuyén sinh l6p 10 Trwong chuyén Phan Bji Chiau Nghé An, nim hoc 2017 — 2018

Bai 5. Cho tam giac ABC nhon (AB < AC) ndi tiép dudng tron (O) . Goi I 1 tam dudng tron noi tiép tam giac ABC.
Tia AI cat duong tron (O) tai J khac A. Puong thang OJ cat dudng tron (O) tai K khac J va cit C tai E.

a) Chirng minh rang J 1 tim duong tron ngoai tiép tam giac IBC va JEJK = JI°.
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b) Tiép tuyén cia duong tron (O) tai B va C cét nhau tai S. Chimg minh ring SJ.EK = SK.EJ.

¢) Puong thing SA cit duong tron (O) tai D khac A, dudng thing DI cit dudng tron (O) tai M khac D.
Chutng minh rang MJ di qua trung diém cua doan thang EL
Trich dé thi tuyén sinh I6p 10 Truwong chuyén Tinh Ba Ria — Viing Tau, niam hoc 2017 — 2018
Bai 6. Cho tam gidc ABC c6 ba goc nhon AB < AC noi tiép dudng tron (O) . Tiép tuyén tai A ciia dudng tron (O)
cit duong thing BC tai M. Ké dudng cao BF cua tam giac ABC(F thudc AC). Tir F ké dudng thing song song voi MA
cit AB tai E. Goi H la giao diém cu CE va BF, D la giao diém cia AH va BC.
s M AC?
a) Chirng minh raing MA® = MB.MC va Me = ¢ .
MB AB’
b) Chttng minh ring AH vudng goc véi BC tai D.

¢) Goi I 14 trung diém cta BC. Chimg minh bén diém E, F, D, I cing nam trén mot dudng tron.
d) Tir H ké duong thing vudng goc voi HI cat AB va AC lan luot tai P va Q. Ching minh rang H 1a trung diém
cua PQ.
Trich dé thi tuyén sinh 16p 10 Truwong chuyén Tinh Bic Ninh, nam hoc 2017 — 2018
Bai 7. Cho tam gidc ABC nhon ndi tiép duong tron tim O ¢c6 AB < AC. Céac dudng cao BD, CE cit nhau tai H (D

thugc AC, E thudc AB). Goi M la trung diém cua BC, tia MH cit duong tron (O) tai N.

a) Chirng minh rang nam diém A, D, H, E, N cing thudc mot dudng tron.

b) Ly diém P trén doan BC sao cho BHP = CHM , goi Q 13 hinh chiéu vuéng goc ciia A trén duong thing
HP. Chtng minh rang t giac DENQ 14 hinh thang can.

¢) Chirng minh riang dudng tron ngoai tiép tam giac MPQ tiép xtic véi dudng tron (O) .
Trich dé thi tuyén sinh 16p 10 Truong chuyén Tran Phii Hai Phong, niam hoc 2016 — 2017
Bai 8. Cho tam giac ABC c6 ba goc nhon ndi tiép dudng tron (O) . Céc dudng cao AK, BM, CN cuia tam gidc ABC cit
nhau tai H.

a) Chuing minh raing NKH = MKH .

b) Pudng thang MN cit dudng tron (O) tai hai diém I va J. Ching minh rang AO di qua trung diém cua IJ.

¢) Goi P 1a trung diém BC va dién tich t&r giAc AMHN la S. Chimg minh ring 20P* > S.
Bii 9. Cho duong tron tam O bén kinh R. Tam gidc nhon ABC ni tiép duomg tron (O; R) c6 B, C ¢b dinh. Cac duong

cao AD, BE, CF ctia tam giac ABC dong quy tai H. Puong thang chira tia phan giac ngoai cua goc BHC cit AB, AC
lan lugt tai M, N.
a) Chirng minh ring tam giac AMN cn.
b) Xac dinh vi tri ciia diém A dé tam giac DEF c6 chu vi 16n nhét.
¢) Puong tron ngoai tiép tam gidc AMN cit dudng phan giac cua goc BAC tai K(K # A). Chimg minh ring
HK luén di qua mot diém cb dinh khi A thay doi.
Trich dé thi hoc sinh giéi Todn 9 Tinh Thanh Héa, niam hoc 2015 — 2016

Bai 10. Cho tam giac ABC ¢6 (O) , (I) , (Ii) theo thtr ty 1a cac dudng tron ngoai tiép, dudng tron noi tiép va duong
tron bang tiép ddi dién dinh A cia tam gidc v6i cac tim tuong ung 1a O, 1, I.Goi D Ia tiép diém cua (I) véi BC,
P 14 diém chinh giita cung BAC ctia duong tron (O) , PL cit duong tron (O) tai diém K. Goi M la giao diém cia
PO va BC, N la diém dbi xtmg véi P qua O.
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a) Chimg minh ring IBI C 1a tir gidc noi tiép.

b) Chimg minh rang NI la tiép tuyén ciia dudng tron ngoai tiép tam giac I MP.

¢) Chimg minh ring DAI = KAIT .
Trich d@é thi chon hoc sinh giéi mén Todn 9 Tinh Thanh Héa nim hoc 2017 — 2018

Bai 11. Cho tam giic nhon khong can ABC ndi tiép duong tron (O) . Puong phan giac goc BAC ctia tam giac cat

canh BC tai D va cit lai duong tron (O) tai E. Goi K 1a diém nam trong tam giac ABC thoa man cac diéu kién

KB = KC va BKC + BAC =180°.

a) Ching minh ré‘lng bdn diém A, O, K, D cung thugc mét duong tron, ki hiéu la (P) .

b) Goi L la giao diém thix hai ctia (P) va (O). Chimg minh réng LAB = KAC

¢) Goi G 1a giao diém ciia AL va BC, I 1a tim dudng tron ndi tiép tam giac ABC, M la trung diém cta doan GI, N
1a giao diém thir hai ctia duong thang EM va dudng tron (O) . Chiing minh rang cac duong thang NI, AK cat nhau tai
mot diém thudce (O) .

Trich dé thi chon hoc sinh dw thi HSGQG Thanh phé Pa Néng 2015 — 2016

Bai 12. Cho tam gidc ABC nhon va ndi tiép dudng tron (O), H 1a chin duong cao cua tam giac ABC ké tir A. P la
diém nam trong tam giac ABC va nam trén duong phan giac ké tir A. Puong tron dudng kinh ctia AP cat dudng tron
(O) tai diém thix hai Ia G. L 1a hinh chiéu cia P lén AH.

a) Chirng minh ring duong thing GL ludn di qua mot diém cb dinh khi P thay dbi.
b) Chiing minh rang néu GL di qua trung diém cta HP thi P 1 tim duong tron ndi tiép cta tam giac ABC.
Trich dé thi chon hoc sinh dy thi HSGQG Tinh Qudng Ninh 2015 - 2016
Bai 14. Cho tam giac nhon ABC khong cén noi tiép dudng tron tim O. Ly diém P trén canh AB sao cho

— —

BOP = ABC va lay diém Q trén canh AC sao cho COQ = ACB . Pudng tron ngoai tiép tam gidc APQ cit duong

tron (O) tai diém E khac A.

a) Chirng minh ring AE song song véi BC va ABBP = AC.CQ.

b) Ching minh réng duong théng d6i xtng voi BC qua PQ 1a tiép tuyén ciia duong tron ngoai tiép tam giac AQP.
Bai 15. Cho tam giac ABC ndi tiép duong tron (O) ¢6 I 1a tim dudng tron nodi tiép. Pudng tron (K) tiép xtc véi AC,
AB lan luot tai E, F va tiép xtic trong véi dudng tron (O) tai S. Céc duong thing SE, SF cét dudng tron (O) 1n luot
tai M, N khac S. Cac duong tron ngoai tiép cac tam giac AEM, AFN cat nhau tai P khac A. Goi giao diém cua EN, FM
véi duong tron (K) lan luot 12 G, H.

a) Chimg minh rang trung diém I ctia EF 1 tim dudng tron ndi tiép tam giac ABC.
b) Goi giao diém cia GH v6i MN la T. Chimg minh rang t&r giac AMPN 14 hinh binh hanh va tam giac AST can.
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PHAN TiCH VA LOI GIAI

Bai 1. Cho diém A ¢6 dinh ndm ngoai dudng tron (O) K¢é céc tiép tuyén AE, AF cua (O) (E, F 1a cac tiép diém).

Diém D di dong trén cung 16n EF sao cho DE < DF, D khong trung vé6i E va tiép tuyén tai D ciia (O) cit cac tia AE,

AF lan luot tai B, C.

a) Goi M, N lan luot 13 giao diém cta duong thing EF voi cac dudong thing OB, OC. Chimg minh tir giac
BNMC ndi tiép mot duong tron.

b) K¢ tia phan giac DK cua goc E/Di‘ va tia phan giac OI cia goc B/O\C (K e EFl e BC). Chtng minh
rang OI song song v6i DK.

¢) Chirng minh dudng thing IK luén di qua mot diém cd dinh.

Phdan tich va Loi gidi

a) Chirng minh ring tir giac BNMC ndi tiép
e Phin tich tim 16i gidi. Yéu cau chitng minh tir gidc néi tiép dwong tron lam ta nhé dén cac phirong phép chirng minh
da duoc hoc, tuy nhién xit ly theo huwong nao thi lai phu thuéc dén viéc doc dwoc cdc gid thiét dang con bj an di cua bai
todn. Quan sdt hinh vé va két hop véi yéu t6 lién quan dén dwong tron ndi tiép ta nghi dén ching minh tir gidc BNMC
néi tiép theo cac hwéng di nhw sau.

+ Huwéng 1. Pdu tién voi y tuong chirng minh hai goc

doi dién cia tir gide BNMC ¢6 téng bang 180°. Tirc

la ta can chi ra dwpc NBC+ NMC =180". Tuy
nhién trong bai todn cdc goc ta xét la cdc géc bat ki
va lai khéng cé moi quan hé véi nhau nén hwéng di

nay khéng cho ta két qua mong muon.

+ Hwoéng 2. Chung minh hai goc BMC = BNC.

Quan  sat  hinh  vé ta dw doin  rang

BMC = BNC = 90",

Pé y rang ta ¢6 BEO = BDO = 90°, do d6 ta quy

bai todn vé chimg minh cac tir gidc BONE hodc

DONE va cac tie giac COFM hoac DOMC noi tié}?.

Do vai tro ciia diém M va N nhw nhau nén cdc phép chitng minh tuwong tr nhau. Do O la tam dwong tron néi tiép tam
gide ABC nén ta sir dung phép bién doi goc dé chimg minh tir gidc BONE hodc DONE (Véi cdc tir gide gide COFM
hodic DOMC ta bién doi hoan toan tiwong tw).

- Bé chitng minh tit gidc BONE ni tiép dwong tron ta bién doi géc nhw sau

1 1/\ —

ONF = EFA — OCA = 90" —O/A\F—%ACA=90° —gB/A\C—%ATB\ngABC:ABO

—— 1/\ —

- Bé chitng minh tit gidc DONE ndi tiép dwong tron ta cé bién doi goc DEF = EDOF = COD.

Do A ¢é dinh va B, C thay déi nén ta thdy N c6 thé nam trén doan thing EF va ciing c6 thé nam trén tia doi ciia
tia EF. Truong hop N nam trén EF ta bién déi nhw trén, con truong hop N nam trén tia doi cia tia EF ta bién doi hoan

toan tiong tw véi diém M trong hinh trén, do d6 ta khéng can phdi xét hai trwong hop. Ngodi ra trong phép phén tich
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—_

trén ta khéng di theo huéng chirng minh tir gidc BDON ndi tiép vi ta dang can chimg minh BNO = 90° nén khéng thé

bién doi cac goc lién quan dén diém N dén cac goc dac biét trong bai toadn.

— —

+ Hwéng 3. Chitng minh NCB = NMB  hodc twong tr vé6i MNC = MBC . Theo gid thiét cia bai todn ta cé

NCB=§ACB. Nhw vdy ta can chi ra duoc NMBz%ACB. Quan sdt hinh vé ta nhdn thdy

L — — L — — 1 o —

—_— 1 —_—
NMBzAFE—ABMzAFE—EABC. Ma ta lgi ¢6 AFE =90’ —EBAC. Tir dé thi ta suy ra duoc

— o =\ 1 —= . .
NMB = 90° - 5(BAC + ABC) =5 ACB. Dén ddy ta c6 thém mét loi giai cho y thir nhat.
¢ Trinh bay 10i gidi.

—

— 1 — — — ,
+ Loi giai 1. Ta c6 DEF = 5 DOF = DOC nén DEF + DON = 180" suy ra ta ¢6 tir giac DONE ndi tiép. Mit khac

o —

ta co6 BEO = BDO = 90" nén BDOE ni tiép. Nhu vay nim diém B, D, E, O, N cung thuéc mot dudng tron. Tir d6

—

suy ra BNO = BEO = 90°. Chtng minh tuong tu ta dugc BMC = 90°. Nhu véy ta c6 BMC = BNC = 90" hay tir
giac BNMC noi tiép.

—

A . 175 . .
+ Loi gidi 2. Theo gia thiét cta bai toan ta c6 NCB = EACB. Do AFE 1a goc ngoai cia tam giac FBM nén ta ¢

—_

—_—

NMB:AFE—ABMzAFE—%A/B\C. Mi ta lai c6 XFTE:%”—%]ZAE. T do ta duoc

NMB = 90° —%(EEJ + XB\C) - %/@ . Két hop hai két qua ta thu dugc NMB = NCB, do d6 it gidc BNMC

noi tiép duong tron.

b) Chirmg minh rang OI song song véi DK.

e Phin tich. Gid thiét cho cdc tia phan gidc va cau chitng minh hai dwong thang song song nén ta nghi dén cdc huéng

di sau.

+ Huéng 1. Sir dung tinh chat tia phan gidc dé suy ra cdc ti s6 bang nhau va ap dung dinh li Talet dé chirng minh hai

dwong thang song song. Ta cé % = B va bE = % ta phdi tim dwoc moi lién hé giita ti s6 2,2 VOi cdc t
oCc 1IC DF FK DK CD

$6 trén. Tuy nhién dén ddy thi ¢é vé nhi hudng di nay khong thé tiép tuc.

+ Hudng 2. Sir dung phép bién doi géc cong géc dé chi ra mét cap géc dong vi hodc mét cdp goc so le trong bang

nhau. O ddy ta dé y dén cdc tia phin gidc

Ta c6 EDF = 180" — EDB — FDC = 180" —[900 —%}—{90“ - ASBJ _ ABC+ACB

2
Ma ta lgi ¢6 KDC=KDF +FDC = EDF +FDC =90" + ﬁ —%. Nhu viy ta can chi ra dwoc
N o
OIC = 90" + TC - % . Tuy nhién do OI la phan gidc cia BOC nén diéu nay hién nhién ding.

+ Huéng 3. Goi H la giao diém ciia BO véi DE va G la giao diém ciia CO véi CF. Goi J la giao diém ciia DK véi OB.

Khi dé dé y dén tir gide OHDG néi tiép dwong tron ta c6 HOG + HDG = 180°. Dé y ring OI la phdn gidc ciia goc
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BOC va DK la phdn gidc ciia géc EDF nén EDK + BOI = 90°. Ma ta lgi c6 EDK + BJD = 90° nén ta dwoc

—

BOI = BID. T do suy ra OI song song véi DK.
e Trinh bay 1oi giai.

+ Loi giai 1. Ta c6 bién ddi goc nhu sau

EDF = 180" —E/D\B—F/D\C=18O°—[900 —%J—{%O—ASBJ: ABC;ACB

ABC ACB

KDC EDF FDC ABC ACB =90" + 1 Mait khac do OI 1a phan

Ma ta lai c6 KDC = —— + FDC = - +90° — ACB
2 4 4 )

L —

giac cia goc BOC nén taco

OIC = 22X 4+ BOI = 22 4 22 = =
2 2 2 2 4

—  ABC — ABC Bgc ;tsd) ABC ACBJZQWL+ABC__ACB

Két hop hai két qua trén ta suy ra KDC = OIC nén OI song song voi DK.
+ Loi giai 2. Goi H, G 14n luot 1 giao diém cua BO véi DE va CO véi CF. Goi J 14 giao didm ciia DK v6i OB. Khi d6

—_

d& thay tir giac OHDG noi tiép duong tron, do d6 ta dwoc HOG + HDG = 180". Do OI la phan giac cia goc BOC

va DK 14 phan giac cia goc EDF nén ta c6 EDK + BOI = 90°. Ma ta lai c0 EDK + BJD = 90" nén ta duoc

—

BOI = BJD . Tt @6 suy ra OI song song v6i DK.

¢) Chirng minh duong thing IK luén di qua mot diém cb dinh.

e Phin tich. Trén cé so hinh vé ta di dodn rang dwong thang IK di qua diém A. Ciing tir gia thiét ta dwoc diém A cé

dinh nén nhdn dinh trén cang c6 co sé. Nhw vdy ta can phai chimg minh dwoc ba diém I, K, A thang hang. Tir gid thiét

bai todn va két qud cdc hai Y dau ta nghi dén viéc ldp cdc ti s6 bang nhau dé dp dung dinh 1y Talets hodc chi ra diém K

tring véi giao diém ciia Al véi EF.

+ Huwéng 1. Gia sir P la giao diém ciia DK véi dwong tron (O) khi d6 P la diém chinh giita cung nhé EF va ba diém
KP AP

O, P, A thang hang. Pé ¥ rang lic nay KP song song véi OD, nhir v@y néu ta cé dwgc a = A_O thi xem nhuw bai

KP AP
todn dwoc chirng minh. Ta can tim cdc ti s6 bang véi —— ;——.

01 'AO

Goi O la giao diém cia AO véi EF, khi d6 dé thdy hai tam gidec KPQ va IDO dong dang véi nhau nén ta c6
KP PQ PQ Matkhactacom=1—OQ=1—OQ=1—OE=1—OP=AP.thtvdytacémétlo"i
0l DO PO PO PO OE OA OA OA

loi gidi cho bai toadn.

KP AP
+ Huwong 2. Ciing di chung minh a = —— nhung & day ta tiép cdn bdi todn theo mot con dwong khéc hon. Dé thdy

AO’
—— . Kp P P
KPO = KDO = DOI nén hai tam giac KQP va DIO dong dang, do dé T do ta dwoc Q_PQ . Mat khac
Ol OD OE
PA  EA AO

PQ EQ EO’

ta lgi ¢é P la diém chinh giita cung nhé EF nén EP la phdn gidc cia tam gidc AEQ, tir do ta duwoc

PA _PQ AP KP

suyra — = . Két hop hai két qua trén ta dwoc —— = ——, nhie vdy ta c6 10 gidi khdc cho bdi todn.

OA EO AO Ol
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+ Huong 3. Goi K’ la giao diém cua Al voi EF, ta can chirng minh hai diém K va K’ trung nhau. Chu y rang ta da co

PD song song véi OI, nhir vy néu chi ra dwoc PK’ song song véi Ol thi bai todn xem nhw dwoc chimg minh.

> 1 —_—
Goi giao diém cia AO véi duong on (O) la L. Khi do COL:E(BAC+BCA). MGt khic
— 11— 1 )\ ]
DOB:EOB:QO“—EABC=90°—5(1800—BAC—BCA)zE(BAC+BCA). Tie dé ta  duoc

COL = BOD nén suy ra DOI = LOI, diéu nay dan d@én AIOD = AIOL , do dé LI la tiép tuyén ciia dwong tron
AQ AP

(O). Dé thdy AP.AL = AE* = AQ.AO nén ta duoc AL E Ma do OK’ song song voi IL nén theo dinh Iy
A AK' AK AP
Talets ta co A—S = E Tw do E = néncé PK song song véi OL Piéu nay dan dén PK’ va PD tring nhau

hay K va K’ tring nhau. Tir @6 suy ra A, K, I thang hang.

e Trinh bay 10i gidi.

+ Loi giai 1. Gia st P 1a giao diém cia DK véi cung nho EF, khi d6 P 1a diém chinh giita cung nho EF. Tir d6 suy ra ba
diém A, P, O thing hang. Goi Q 1a giao diém AO véi EF. Do d6 ta duoc AO vudng goc v6i EF tai Q. Xét hai tam giac

—

vuon va co = = nén tam giac dng dang vé6i tam giac . Do d6 ta duoc
ong KPQ va IDO ¢6 OID = ODP = KPQ né giac KPQ dong dang giac IDO. Do d d

KP_PQ PQ . Mit khac OAE 90", lai c6 EQ vudng goc v6i OP va OE = OP nén ta dugc —= 0Q _ OB

0l DO PO OE OA’
Tirdésuyragzl—%zl—%zl OE 1—£=£ KthorphalketquatrentaéhrorcEZE
PO PO OE OA OA OA Ol AO

ma ta c6 KP song song v6i OD. Do d6 suy ra ba diém A, K, I thang hang. Vay IK luén di qua diém cb dinh A.

+ Loi giai 2. Goi giao diém ctia DK véi duong tron (O) 1a P, khi d6 dé thay ba diém A, P, O thang hang. Gia sir AO

cét EF tai Q. Do DK song song véi OI nén ta c6 KPO = KDO = DOI, diéu nay dan dén hai tam giac KQP va DIO
3 KP P P :
dong dang véi nhau. Tu d6 ta dugc Q_PQ . Mit khéc ta lai c6 P 1a diém chinh gilta cung nho EF nén EP
Ol OD OE

1a phéan gi4c cua tam giac AEQ, theo tich chit duong phéan gidc két hop hai tam giac AEO va AQE ta suy ra duoc
PA EA AO PA P AP KP

suy ra — = Q . Két hop hai két qua trén ta dwoc —— = , ma ta c6 KP song song voi IO
PQ EQ EO ’ OA EO AO  OI

nén theo dinh li Talets ta suy ra dugc ba diém A, K, I thiang hang. Tir d6 ta c6 diéu phai chimg minh.

+ Loi giai 3. Goi giao diém ctia AO vé6i dudng tron (o) 1a L. Khi d6 do CO 1a phan gidc cia BCA va AO 1a phan

— —

gidc cua goc BAC néntaco COL = %(EA\C + ﬁ) . Mit khac do tir giac BDOE ndi tiép duong tron nén ta co
DOB = EOB = 90" —%XB\C = 90" —%(180” —E@—B/CTA) =%(B/A\C+B/CTA)

Tir d6 ta dwoc COL = BOD . Ma OI 1a phan giac ciia goc BOC nén suy ra DOI = LOI. Két hop véi OD = OL va
OI chung din dén tam giac IOD bang tam giac IOL, suy ra ILO = IDO = 90” hay LI 1 tiép tuyén cua duong tron

(O). Goi K' 1a giao diém cua AI v6i EF. Khi d6 d& dang chimg minh dugec AP.AL = AE®> = AQ.AO nén ta dugc
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ﬂ = E Ma do QK' song song v&i IL nén theo dinh Iy Talets ta co ﬂ = A—K . Tir d6 dan dén AK = £ ,
AL AO AL Al AT  AO

nén theo dinh 1y Talets déo thi ta c06 PK' song song véi OI. Didu nay dn dén PK' va PD tring nhau hay K va K'
tring nhau. Tir d6 suy ra ba diém A, K, I thing hang. Ta c6 diéu phai chimg minh.

Bai 2. Cho tam giac nhon ABC c6 AB < AC va noi tiép duong tron (O) Céc dudng cao BB',CC' cit nhau tai
diém H.Goi M la trung diém BC. Tia MH cat duong tron (O) tai diém P .
1) Chimg minh hai tam giac BPC' va CPB' déng dang.

o —

2) Céc dudng phén giac cua cac goc BPC', CPB' lan luot cit AB, AC tai cac diém E va F. Goi O 14 tim

duong tron ngoai tiép tam giac AEF, K 1a giao diém cia HM va AO'.
a) Ching minh tir giac PEKF ndi tiép dudng tron.

b) Chirg minh cac tiép tuyén tai E va F cua duong tron (O) cét nhau tai mot diém nam trén (O) .

Trich d@é thi tuyén sinh 16p 10 Truong chuyén Thanh Phé Ha Néi, nam hoc 2016 — 2017

Phdan tich va Loi gidi
1) Chting minh hai tam giac BPC' va CPB' dong dang.

e Phan tich. Gia sic HM cdt duong tron (O) tai A’ khi d6 AA' la duing kinh ciia duong tron (O), do do

APH=ABH=ACH=90". Tir d6 tw giGc PABC néi tiép duong tron duong kinh AH, nén ta co

PCB =PBC, ma ta lai c6 PBC = PCB' nén APBC @ APCB'.

e Loi gidi. Ké duong kinh AA' cua duong tron dudng
tron (O), khi d6 dé dang ching minh duoc tir giac
HBA'C 1a hinh binh hanh. Do d6 HA' di qua diém
M nén HA' cing di qua diém P. Tu dé

o —

APH =90"=ABH =ACH nén suy ra tor giic

PABC' noi tiép dudng tron dudng kinh AH. Do d6 ta

suy ra dugc PC'A = PB'A nén PCB =PBC. Ma

PBC =PCB' do d6 ta dugc tam goac PBC ddng

dang vé6i tam giac PCB'.

2) Céc dudng phan giac ctia cac goc BPC', CPB' lan luot cit AB , AC tai cac diém E va F. Goi O' la tim dudng
tron ngoai tiép tam giac AEF va K 1a giao diém cia HM va AO'.
a) Chung minh tir giac PEKF noi tiép.

e Phin tich. Dé thiy APK = 90° nén dé chitng minh tir gidc PEKF néi tiép dwong tron ta di chimg minh PAFE ngi

tiép dwong tron dwong kinh AK. Ma diong tron (O') di qua ba diém AEF nén ta chi can ching minh AK la dieong

kinh ciia duong tron (O') . Muén viy ta vé dwong kinh AK' ciia dirong tron (Ov) va chitng minh cho hai diém K va
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K' tring nhau. Ngodi ra dé chimg minh Ak la dong kinh cia dwong tron ngoai tiép tam gidc AEF ta ciing cé thé

ching minh AE vudng géc véi EK. Mdt khdc ta ciing nhdn thdy tam gidc AEF cdn tai A nén AK chinh la dwong phdn

gidc ciia goc EAF . Nhw v@y néu ta chi ra dwoc PH ciing la phan gidc ciia géc EPF thi K thugc dwong tron ngogi
tiép tam gidc AEF. Pén ddy ta cé cdc 1oi gidi cho bai todn.
o Loi giai.

+ Loi giai 1. Trude hét ta nhan thdy ti giac ACHB' noi tiép dudng tron duong kinh AH. Ma ta ¢6 P nim trén dudng

tron dudng kinh AH dong thoi nam trén duong tron (O) nén ta c6 PC'A = PB'A va PBA = PCA . Tir d6 suy ra

BPC = CPB'. Bé ¥ ring PE, PF theo thir ty 1a duong phén gidc ciia cac goc BPC' va CPB' nén ta suy ra dugc

—_— —

EPB = FPC. Tir d6 suy ra PEA = PFA nén tir gidc APEF ndi tiép dudng tron. Ké duong kinh AK' cua duong

tron (OV) , khi d6 ta c6 APK =90°. Ma P thuoc duong kinh AH nén ta c6 APK = 90" nén suy ra hai tia PK va

PK' trung nhau. Ma ta c6 K va K cung thudc dudng thing AO' nén suy ra hai diém K va K tring nhau. Diéu nay
dan dén tr giac PEKF ndi tiép dudng tron (O') .

+ Loi giai 2. Lap luan chimg minh twong ty nhu cac 10i giai trén ta c6 tir gidc APEF ndi tiép duong tron (OV) va tu

—

giac APC'B' noi tiép duong tron dudng kinh AH. Do d6 ta c6 BPC' = CPB', do dé ta suy ra dugc BPC = BPC'.

——

Lai c0 BCP = BAP = CAP = CBP nén suy ra tam gidc PBC ddng dang v&i tam giac PC'B'. Két hop véi tinh

P | E l Bl ‘ X 4 [l N
- ECB - (Cj . Dé thay tam giac HB C dong dang véi tam giac HCB nén ta lai c6

chat duong phan giac ta c6

CB CH _, CH EC : — ,
—— = —— . Pén day ta dugc —— = —— nén HE la phan giac cia goc BHC . Chung minh tuong ty thi ta dugc
BC BH BH EB

—

nén HF 14 phan giac cua goc CHB' . bén day ta suy ra dugc ba diém E, H, F thing hang. Ta lai c6 tam giac AEF céan

tai A nén AK 1a phén gidc cua goc EAF nén ciing 1a phan gidc cua goc HAA' . Cha y ring tam gidc AHC' dong

'

KH HC HC EC
HA AC HB EB

dang véi tam gidc AA'C nén suy ra . Ta lai 6 tir gide HCBA' 1 hinh thang nén ta co

PE:HC;AB song song voi nhau. Do vay suy ra PE vudng géc véi AB. Ching minh hoan toan tuong tu thi ta c6 PF
vudng goc voi AC. Do viy AK 1a dudng kinh dudng tron ngoai tiép tam giac AEF. Suy ra t giac PEKF noi tiép

duong tron.

+ Loi giai 3. Do tam giac PBC' ddng dang v6i tam giac PCB' va E, F 1a 1a chan cac duong phan giac tuong ing nén

ta suy ra duge PEC = PFB', do d6 tir gidc APEF ndi tiép duong tron, didu nay c6 nghia 1a diém P thuoc duong tron
PB

| ) ) | . ) EB .
(O ) . Do PE la phan giac cua tam gidc BPC nén theo tinh chat dudng phéan giac ta co ? = ? Ciing do tu giac
E P

APCH néi tiép duong tron nén ta ¢6

o —

PC'H = 180° — PAH = 180° — PAB — HAB = 180° - PA'B — HCB

—  — -
o —

=180° —PAB-CBA = BMA' = CMH
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Lai c6 PHC = CHM nén tam giac PC'H ddng dang v6i CMH nén HC‘ = HM = MA
PC CM MB

. Mat khac lai do tur giac

PBA'C noi tiép dudng tron nén ta suy ra duoc tam gidc PMB dong dang véi tam gidc CMA'. Do vay

MA CA = @ . Két hop céc két qua ta duoc @ = HC ha HB = PBI . Mata di co @ = P—B, nén suy

y \
'MB PB PB PB PC HC PC EC PC

EB = E hay ta dugc HE 1a phan giac cta goc BHC'. Chtng minh hoan toan twong tu thi ta dugc HF 1a phan

EC HC'

gidc cua goc CHB' . Pén day ta duoc ba diém E, H, F thing hang. Ngoai ra ciing tir tam gisfc PBC' ddng dang véi

tam gisac PCB' va tam giajc HC'B ddng dang véi tam gisc HCB' ta duoc % = i—g = % nén suy ra PH 1a phan

giac cia goc EPF nén PH 14 di qua diém chinh gitra cung EF khong chita A ciia duong tron (OV) . Lai do tam giac

AEF cén tai A nén AO' 1a phan gidc cia gbc EAF nén suy ra AO' di qua diém chinh giita cung EF khong chira A

cua duong tron (OV) . Do vy suy ra giao diém K cta AO' v&i PH nim trén dudng tron ngoai tiép tam gidc AEF. Vay
&t gifc PEKF ndi tiép duong tron (O') .

b) Chimg minh céac tiép tuyén tai E va F cua duong tron (O) cit nhau tai mot diém nam trén dudng tron (O) .

e Phan tich. Gia sit tiép tuyén tai E, F ciia dwong tron ngoqi tiép tam gidc AEF cdt nhau tai T va khi T nam trén
dwong tron (O) thi ta thay ba diém A, K, T thang hang. Nhie viy néu goi T la giao diém ciia AK véi dwong tron (O)
thi bai todn sé két thiic néu ta chi ra dwoe TE, TF la tiép tuyén ciia dwong tron (O) Pé chirng minh dwoc TE la tiép

tuyén ciia dwong tron (O) ta can chi ta e TE vuéng géc voi OE. T cic phan tich trén ta co cac loi gidi cho bai

toan.
e Loi gidi.

+ Loi giai 1. Nhu da ching minh trén ta c6 ba diém H, E, F thang hang va AK 1a phan giac ciia gobc BAC. Goi giao

diém tho hai cia AK voi dudng tron (O) la T va giao diém cia AK v6i BB'la G. Khi d6 ta c6

—— CHB BAC poga— . .
FHB = == - T_GAE nén to giac AEHG ndi tiep duong tron. Tu d6 ta suy ra duoc

— - -

AEG = AHG = AHB = ACB = ATB nén ti giac BEGT noi tiép duong tron. Diéu nay din ta dén

ATE = ABG =90’ - BAC . Ma ta lai c6 AT vudng goc v6i EF nén TEF = 90" — ATE = BAC. Do vay TE la
tiép tuyén cta (O) . Mit khéc ta lai c6 TE = TF nén TF ciing 1a tiép tuyén cta (O) . Tiéptuyéntai E va F cia
duong tron (O) cit nhau tai T trén duong tron (O) .

+ Loi gidi 2. Goi T Ia diém chinh gitra cung BC khong chira A ctia dudng tron (O) va goi Q la diém déi xtmg véi T

J——

qua BC. Khi d6 ta ¢c6 BQC = BTC =180" — BAC = BHC nén tir gidc BHQC ndi tiép duong tron. Do d6 ta c6
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N o —
— 1 —

HBQ = HCQ va QHC = QBC = TBC = 5BAC = 5B‘HC . Tir d6 suy ra HQ 14 phan giac cua goc BHC. Tir d6

—

suy ra cac diém E, F, H, Q thiang hang. Ta c6 DQ la phan giac cua goc BTC nén ta co

o —

QTB=%(18OO—BAC)=AEF hay t¢ gidc BTQE noi tiép duong tron. Do d6 ta  dugc

— —— 1 S 1 ——= - \ x . |
BET = BQT = 5(1800 — BAC) =90" - 5BAC = 90" — AEO', didu nay din dén ET vudng goc véi EO hay
ET la tiép tuyén tai E ciia duong tron (O) . Chirng minh hoan toan tuong ty thi ta ¢6 FT 12 tiép tuyén tai F ctia duong
tron (O) . Vay céc tiép tuyén tai E va F cua duong tron (O) cit nhau tai mot diém nam trén dudng tron (O) .

+ Loi giai 3. D& dang chimg minh duoc MB' va MC' 1a tiép tuyén cua duong tron duong kinh AH. Nhu vay hai tiép
tuyén tai B va C cua duong tron duong kinh AH cit nhau tai M. Ta lai ¢6 hai tiép tuyén tai E va F cua dudng tron
ngoai tiép tam giac AEF cit nhau tai T. Dé ¥ rang ta ching minh dwoc tam giac PBC vatam giac PEF. Tu d6 ta suy
ra dugc tam gidc PB'M ddng dang vé6i tam gidc PFT nén suy ra tam gidc PMT dong dang vé6i tam gisdc PBF . Do
vay ta c6 bién doi goc

—_—
o

PMT = PBF =180° - PB'A =180’ - PHA = AHM
Pén day ta suy ra MT song song v6i AH nén ta duoc MT thudc dudng trung truc cua BC. Dé théy T nam trén AK do

tam giac AEF can. Nén T ndm trén duong phan gidc ctia goc BAC. Do vay T la giao diém cua dudng trung truc cua

doan thang BC véi duong phan giac cua goc BAC nén T nam trén duong tron (O) . Tir d6 ta c6 diéu can chimg minh.

Bai 3. Cho dudng tron (O; R) va day BC khéng di qua O. Trén tia déi cua tia BC ldy diém A(khac B). Tir diém A vé

hai tiép tuyén AM va AN véi dudng tron (O) (M, N 1a céc tiép diém). Goi I 1a trung diém ctia BC va K 1a giao diém
cua AC véi MN.

a) Chimg minh rang IA 1a tia phan giac cia goc MIN .

. 2 1 1
b) Chung minh rang — = —+ —.
AK AB AC

) Léy cac diém E, P, F 1an luot trén AM, MN, NA sao cho tit giac AEPF 1a hinh binh hanh. Goi Q 1a diém dbi

ximg voi P qua duong thang EF. Chimg minh rang ba diém O, P, Q thing hang.
Trich d@é thi tuyén sinh 16p 10 Truong chuyén Tinh Ha Nam, ndm hoc 2016 — 2017

Phdn tich va Loi gidi
a) Chirng minh IA 14 tia phan giac cta goc MIN .
Do AM va AN la tiép tuyén véi duong tron (O)

va I trung diém cia diy BC nén ta co

AIO = AMO = ANO = 90°. Tir do suy ra nam
diém A, M, I, O, N cung nam trén duodng tron

duong kinh AO. Do vay AIM = AOM va
ﬁL\AzNOA. Ma ta co 1\@:1@ nén

MIA = NIA . Suy ra IA 1a tia phan giac cua goc

MIN .
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2 1 1
= + .
AK AB AC
e Phan tich. Hé thirc can chitng minh dwoc viét lai thanh2AB.AC = AK (AB + AC). Do I la trung diém ciia BC

b) Chung minh

nén ta c6 AB+ AC = (AI - BI) + (AI + IC) =2Al. Do dé ta quy diéu can chimg minh vé chirng minh hé thirc

AB.AC = AK.AL. Dé thdy AB.AC = AM?, nhw vdy phép chimg minh hoan tat néu ta chi ra dwoe AK.AI = AM®.
Piéu nay hién nhién khi ta cé tam gidc AKM va AMI dong dang véi nhau.

—_

e Loi gidi. Goi H 1a giao diém ciia AO véi MN. X¢ét hai tam gidc AHK va AIO ¢co6 AHK = AIO = 90° va HAK

3 AK AH X
chung nén tam giac AHK va tam gidc AIO doéng dang. Tir d6 ta duge A0 = AT hay ta dugc AK.AI = AH.AO. Dé

dang chimg minh dugc AB.AC = AM® va AH.AO = AM”. Do d6 ta suy ra AB.AC = AH.AO . Nhu vay ta dugc

ALAK = ABAC. Pé y ring ta co Alzw. Pidu nay din dén w.AKzABAC hay
2 1 1

= +
AK AB AC

c) Léy cac diém E, P, F 1an luot trén AM, MN, NA sao cho tir giac AEPF 1a hinh binh hanh. Goi Q 1a diém dbi xung
v6i P qua duong thiang EF. Chimg minh ba diém O, P, Q thing hang.

e Phiin tich. Do P va Q doi xirng véi nhau qua EF va AEPF la hinh binh hanh ta suy ra EAF = EQF, do d6 tir gidc

AQEF ngi tiép dwong tron, diéu nay dan dén QAE = QFE;QEA = QFA nén ta suy ra dwoc QAE = AEF hay
AQ song song véi EF, do dé AQEF la hinh thang cdn nén QE = FA = EP.

Ma ta lai thay EP = ME = QE;QF = AE = PF = NE;QFN = QEM. Tir d6 ta dwoc tam gidc OQME dong dang

—

véi tam gidge ONF nén QNF = QMA hay AQMN néi tiép dwong tron. Piéu nay dan dén sau diém A, M, N, O, I, Q
cung nam dwong tron dwong kinh AO. Do d6 suy ra OQ L QA , ma ta di c6 PQ vuéng géc véi EF va AQ song song
véi EF nén ba diém O, P, Q thang hang.

e Loi giai. Do P va Q ddi xtmg voi nhau qua EF nén E/Q\F = E/P\F va (ﬁ = PTF\E . Do AEPF la hinh binh hanh

— —

nén ta dugc EAF = EPF va PFE = AEF . Tir 46 EAF = EQF nén t giac AQEF ndi tiép duong tron, do d6

QAE = QFE,QEA =QFA . Suyra QAE = AEF nén AQ song song véi EF, do d6 AQEF la hinh thang can nén

QE = FA = EP .Dé dang ching minh dugc EP = ME = QE; QF = AE = PF = NE:QFN = QEM. Tir d6 ta

—

dugc tam giac QME dong dang véi tam gidc QNF nén QNF = QMA , suy ra tir giac AQMN noi tiép duong tron.

Diéu nay dan dén sau diém A, M, N, O, I, Q cing nam duong tron duong kinh AO. Do d6 suy ra AQO = 90" nén OQ
vudng goc voi AQ. Ma ta di c6 PQ vudng goc v6i EF va AQ song song véi EF. Do dé ta dwoc ba diém O, P, Q thing
hang.

Bai 4. Cho hai dudng tron (O) va (') cit nhau tai A va B. Trén tia déi cua tia AB ly diém M khac A. Qua M ké
céc tiép tuyén MC va MD véi dudng tron (O ') (C, D la tiép diém va D nam trong dudng tron tim O).

a) Chimng minh raing AD.BC = ACDB.

b) Cac dumg thing AC, AD cét duomg tron (O) lan luot tai E va F (E, F khac A). Chimg minh duong thing

CD di qua trung diém cua EF.
¢) Chimg minh rang duong thang EF ludn di qua mot diém c6 dinh khi M thay dbi.
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Trich d@é thi tuyén sinh 16p 10 Trieong chuyén Phan Béi Chau Nghé An, nam hoc 2017 — 2018

Phan tich va Loi gidi
a) Ching minh AD.BC = ACDB.
® Phén tich tim loi gidi. Quan sat hinh vé ta nhdn
thdy va gia thiét cuia bai todn ta nhdn thdy dé chimg
minh dwgec AD.BC = ACDB ta quy vé chirg minh

AC AD . s .

—— = ——. Nhdn thay rang khong thé chirng minh
BC BD

dwoc mot cach truc tié:l) nén ta nght dén chon cdc ti
6 trung gian. Ta c6 AC la tiép tuyén va AB la cdt

tuyén nén dé thay hai tam gidc MAC va MCB dong

MA
dang voi nhau, tir do ta dwoc —— = —— . Twong tu
BC MB
thi @ = M—A Do do ta dwoc & = @ hay ta
BD MB BC BD

¢o diéu can chirng minh.

—

o Loi gidi. Vi MC la tiép tuyén cita duong tron (O') nén ta dwge MCA = CBM. Xét hai tam gidc MAC va MCB c6

MCA = CBM va MCB chung. Suy ra tam giac MAC dong dang véi tam giac MCB, do d6 ta duoc g—g = llt/I/I_AB
2 . sz A 7 .z A AD MA A s 1A 2 A
Ching minh tuong tu ta dugc tam gidc MAD dong dang v6i tam gidc MDB nén BD = MB Két hop hai két qua trén
ta dugc AC = AD hay AD.BC = ACDB.
BC BD

b) Cac duong thing AC va AD cit dudng tron (O) lan luot tai E, F (E, Fkhac A). Ching minh duong thang CD di

qua trung diém cia EF .

e Phin tich tim 16i gidi. Goi N la giao diém ciia CD véi EF va ta can chitng minh NE = NF . Nhdn thdy rdang khong
thé chi ra truc tiép cdc tam gidce chitra NE va NF bang nhau nén ta nghi dén viéc tao ra cdc ti sé bang nhau théng qua
cdc tam gide dong dang hodc dinh Ii Talets. Pé ¥ la cdc ti s6 bang nhau can ¢é chira cac dogn NE va NF. Tir d6 ta thdy

co cac huong sau.

+ Huéng 1. Ta thdy NFB = BAC = BDC nén tir gidc NFBD néi tiép. Do d6 FNB = FDB = ACB nén hai tam

. A NF A DA .
gidc BNF va CAB dong dang nén ta co C— =——.Tuwya)tadico C— =——. Do doé phép chirng minh két thuc
CB NB CB DB
p ) DA NE . N AR s TND - A . . ., .
neu ta chi ra duoc OB = NB Dbéytacé BEN = FAB va ENB = BDA, do d6 suy ra hai tam gidc ENF va BDA

dong dang. Suy ra ta dwoc % = % Pén day két hop cdc két qua ta diwoe NE = NF .

+ Hudng 2. Dung duong qua A dwong thang song song véi CD cdt EF tai I Khi d6 theo dinh Iy Talest ta c6

NE E NF DF . . E DF
—= —C va —— = ——. Nhw vady phép chung minh sé két thiic néu ta chi ra dwoc — = —— . Tir giadc ACBD néi
NI AC NI DA AC DA

—_ —_—

tiep nén FDB = ACB, do dé ta dwoc FDB = ECB. Xét tam gidc ECB va tam gidc DFB ¢6 FDB = ECB va

—
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— ] — . DF DB
CEB = DFB (ciing chan cung AB ). Suy ra tam giac ECB dong dang véi tam gidc DFB, tir dé suy raﬁ = B
DA DF E DF : + .. NF NE .
Do do ta dwoc —— = —— hay —C = ——. Diéu nay dan déen — = —— hay N la qua trung diém cua EF.
EC AC NI NI

+ Hudng 3. Pé y dén dinh li Menelaus cho tam gidc EAF véi ba diém N, D, C thang hang ta c¢é hé thirc
NF CE DA , ; DA CE : .
—C—— =1. Nhw vdy dé co NE = NF' ta can chi ra duoc —C— =1. Chu y rang theo két qud y a ta co
NE CA DF DF CA

BC DF

AD.BC = AC.DB. Nhu vdy phép chitng minh két thiic néu ta chi ra dioc D = R’ Piéu nay cé nghia la ta can

—

chitng minh dwoc tam gidc BCE dong dang voi tam gidc BDF. Pé ¥ ta lai thdy ECB = BDF va CEB = BFD nén
tam gidc BCE va tam gidc BDF dong dang véi nhau. Nhuw vdy ta c¢é 10i gidi cho bai todn.
e Trinh bay 1oi giai.

. . ez AC AD . . .

+ Loi giai 1. Goi N 1a giao diém cua CD va EF. Tu cdu a ta da c6 B_C = BD Do ttr giac ABFE va tir gidc ACBD nd1
tiép duong tron nén NFB = BAC = BDC, suy ra tir giac BFND ndi tiép duong tron, do d6 FNB = FDB = ACB.
N DA A . . . A . , CA NF .
Lai ¢c6 NFB = BAC nén hai tam gidc NFB va CAB dong dang véi nhau. Do d6 suy ra C_B = NB' Ta lai c6

— - — -

BEN = FAB, lai do FNB = FDB nén ENB = BDA , do d6 suy ra hai tam giac ENF va BDA dong dang. Suy ra ta

DA NE _, . NE NF .
dugc —— = ——. K&t hop ba két qua trén ta dugc —— = ——, do ds NE = NF' hay N Ia trung diém cuta EF.
DA NB NB
NPT DA DB . o . X NP B
+ Loi giai 2. Tt AD.BC = AC.DB suy ra CA = B’ Goi N la giai diém cua CD véi EF. Tu A ké duong thang

. NE E NF DF .
song song véi CD cat EF tai I. Theo dinh 1y Talest ta c6 — = —C va — = ——. Tu giac ACBD ndi ti€p nén
NI AC NI DA

FDB = ACB, do d6 ta dugc FDB =ECB. Xét tam giac ECB va tam giac DFB ¢6 FDB =ECB va

CEB = DFB (cung chin cung AB). Suy ra tam giac ECB dong dang véi tam giac DFB, tir d6 suy ra [E)—g = %
D DF E DF 3 ~ .+ NF NE :

Do d6 ta dugc —— = —— hay —C = —— . Diéu nay dan dén — = —— hay N la qua trung di€m cua EF. Vay CD
CA EC AC DA NI NI

di qua trung diém N cua EF.
+ Loi giai 3. Goi N 1a giao diém cta CD va EF. Theo két qua y a ta c6 AD.BC = AC.DB . X¢ét hai tam giac BCE va

BDF ¢6 ECB = BDF va CEB = BFD nén ABCE © ABDF. Tirdo 20 = 2F Do d6 ta duge 22 CE _ g
BD CE DF CA
. . . NF CE DA .
Ap dung dinh li Menelaus cho tam giac EAF v6i ba diém N, D, C thang hang ta cé —C—— =1. K&t hop véi
NE CA DF
%C—E =1 ta duogc N =1 nénsuyra NE = NF hay N 4 trung diém cta EF.
DF CA NE

¢) Chimg minh ring dudng thing EF luén di qua mot diém cé dinh khi M thay doi.

e Phin tich tim 10i gidi. Bai todn yéu cau chitng minh EF di qua mét diém cé dinh khi M thay d6i trén AB do dé ta du
dodn dwoc diém cé dinh. Tir dé bai ta nhdn thdy cac diém A, B, O, O’ ¢6 dinh nén ta du doan rcfng diém cé dinh can
tim s€ ¢6 lién hé véi cdc diém trén. Do diém O va B c6 dinh nén tiép tuyén véi dwong tron (O) tai B ¢é dinh. Goi P la
giao diém cia EF véi tiép tuyén tai B @6 la P khi d6 ta dw dodn rdang P la diém cé dinh. Mudn khdng dinh dwoc diéu ta
dw dodn thi ta can chitng minh dwoc BP khéng doi. Pén ddy ta thdy cé cdc huéng sau
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+ Huong 1. Goi K va H la lan luot la trung diém cua AC va BD. Goi J la giao diém cua OO’ va CD. Khi do dé thay JA

va BJ la cic tiép tuyén cia dwong tron (O) Do d6 J la diém c6 dinh. Bién doi géc ta co

— — -

EPB EFB FBP BAC-BEP =BDC-FAB = BDC JBD BJC Biéu nay dan dén hai tam gidc EPB

; BE BP BE (o a
va CJB dong dang vdi nhau. Do dé ta dwoc —— = —— hay BP = — BJ va BJ khéng doi. De thay hai tam gidc
BC BJ BC
EPB va CJB dong dang véi nhau nén hai tam gide DBC va FBE dong dang véi nhau. Ma hai tam gidc DBC va EBF
BE OA BE

néi tiép trong hai dwong tron (O) va (O) Do do BC = O_A khéng déi. Tir d6 ta dwoe BP = BO’ BJ khéng doi.

Suy ra P la diém cé dinh hay EF luén di qua diém P cé dinh.
+ Hudng 2. Do tir gidc BFND néi tiép ta c6 PBF = PEB = BAF = JBD va BFP = BDJ. Suy ra hai tam gidc
BDJ va BFP dong dang, do d6 BJD = BPF nén tir gidc BJNP ni tiép dwong tron. Suy ra ta duoc

—

BJP = BNP = BDF = BCA = BOO. Mt khdc ta lai c6 OBO = PBJ nén hai tam gigc JBP va O’BO dong dang

voi nhau. Do do E = BJ nén BP = BJ. BO

BO BO

khéng doi. Suy ra diém P ¢é dinh.Viy EF luén di qua diém P c6

dinh.
¢ Trinh bay loi giai.
+ Loi giai 1. Goi K va H 1a 1an luot 1a trung diém cia AC va BD. Goi J 1a giao diém ciia OO’ va CD. Khi d6 d& thiy

AO'KJ @ AOHM nén ta dugc 8_E = (())—1;]/[ hay OK.OM = OH.OJ. Ma ta lai c6 OK.OM =0D’ =0'A”* do

'

dotaco OA> = OH.OJ nén ta suy ra dwoc AJ L O'A hay NA la tiép tuyén cua duong tron (O) tai A va do do BJ
ciing 1a tiép tuyén ciia duong tron (O) tai B.
Tir B ké tiép tuyén voi duong tron (o) cit EF tai P. Khi d6 ta co

EPB = EFB - FBP = BAC - BEP = BDC - FAB = BDC - JBD = BJC.

Dan dén hai tam gidc EPB va CJB dong dang vé6i nhau. Do d6 ta dugc BE = BP hay BP = BE .BJ . Do hai duong
BC BJ BC

tron (O) va (O) ¢ dinh nén A va B ¢6 dinh, do d6 diém J cb dinh, suy ra BJ khong ddi. Do hai tam giac EPB va

CJB ddng dang voi nhau nén suy ra hai tam giac DBC va FBE dong dang voi nhau. Ma hai tam giac DBC va EBF noi

. : BE A BE
tiép trong hai duong tron (O ) va (O) Do do BC = (())_A khong d6i. Tir d6 ta duoc BP = BC BJ khong dbi. Suy

ra P 1 diém c6 dinh hay EF luén di qua diém P ¢6 dinh.
+ Loi gii 2. Goi J va H 1an luot 14 giao diém ctia OO’ véi CD va AB. Goi K 14 giao diém ciia MO’ véi CD. Khi d6 dé

£ . . , N A . O'H O'M | ,
thay hai tam giadc O’HM va O’KJ dong dang véi nhau. Suy ra ——=—— nén ta cd duoc
0o'Q 0'J
. o o . OH OB
OHOJ=0KOM=0C" =0B". T do6 ta lai dugc E = a suy ra hai tam giac HO’B va O’BJ ddng dang

—

v6i nhau. Do d6 ta dugc OBJ = OHB =90°, suy ra BJ L OB hay BJ la tiép tuyén tai B cta duong tron (O') .
Chirng minh hoan toan twong tu ta ciing dwoc AJ 1a tiép tuyén tai A ciia dudng tron (O) . Do A va B ¢ dinh nén J ¢6

dinh. Tir B ké tiép tuyén v6i duong tron (O) , tiép tuyén nay cat EF tai P, suy ra dudng thing BP ¢ dinh. Khi d6 do tir
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gidc BFND ndi tiép dudng tron nén ta c6 PBF = PEB = BAF = JBD va BFP = BDJ . Suy ra hai tam giac BDJ va
BFP ddng dang v6i nhau, do d6 ta duwoc BJD = BPF nén tt giac BINP noi tiép duong tron. Dén day ta co bién doi

géc BJP = BNP = BDF = BCA = BOO. Mit khac lai c6 OBO = PBJ nén hai tam giac JBP va O’BO dong

dang. Do d6 BP _ ﬂ hay ta dugc BP = BJBO
BO BO

khong doi. Suy ra diém P ¢ dinh. Vay EF luén di qua diém P ¢6

dinh.

Bai 5. Cho tam giac ABC nhon (AB < AC) noi tiép duong tron (O) . Goi I 1a tam dudng tron ndi tiép tam giac ABC.
Tia AI cit duong tron (O) tai J khac A. Puong thing OJ cit dudng tron (O) tai K khac J va cit C tai E.

a) Chirng minh rang J 1 tim duong tron ngoai tiép tam giac IBC va JEJK = JI°.

b) Tiép tuyén ctia duong tron (O) tai B va C cat nhau tai S. Ching minh rang SJEK = SK.EJ .

¢) Puong thang SA cat duong tron (O) tai D khac A, dudng thing DI cit dudng tron (O) tai M khac D.

Chung minh rang MJ di qua trung diém cua doan thang EI.
Trich dé thi tuyén sinh 16p 10 Treong chuyén Tinh Ba Ria — Viing Tau, ndm hoc 2017 — 2018

Phin tich va loi gidi

a) Chirng minh rang J 14 tim duong tron ngoai tiép tam giac IBC va JEJK = JI*.

e Phdan tich.
+ Pé chirng minh J la tam dwong tron ngoqi tiép tam gidc BIC ta M
can chi ra dwge JB =J1 = JC, diéu nay dong nghia véi chimg
minh tam gide BIJ cdn tai J. Ddy la mét két qud hoan toan quen
thudc c6 duoc tir bién doi goc.

+ Tam gidc BKJ vuéng tai B nén ta c6 BJ® = JEJK.

Ma BJ =1J nén JEJK = JI°. X
e Loi giai. Do I 1a tim duong tron ndi tiép tam giac ABC nén Al

1a phan giac cia goc BAC, do d6 J 1a diém chinh giira cung BC
khong chia A cia dudng tron (O) T d6 ta suy ra dugc

JB=JC. Ta c¢6 BI la phan giac cia goc ABC nén

= = 1

ABI =1BC =§

ABC.

Ta c6 IBJ =IBC+ CBJ=ABI+BAJ=BIJ nén tam giac
BIJ cén tai J, do d6 BJ =1J. Nhu vay ta dugc JB =JC =JI
nén J 14 tim dudng trong ngoai tiép tam giac BIC.

+ Ta ¢6 JK 14 dudng kinh ctia dudng tron (O) . Khi d6 tam giac BKJ vuéng tai B nén BJ? = JEJK . Ma ta lai ¢6

BJ =1J nén JEJK = JI”
b) Tiép tuyén cua duong tron (O) tai B va C cit nhau tai S. Chimg minh rang SJ.EK = SK.EJ .

® Phdn tich. Bé chung minh SJ.EK = SK.EJ ta can chi ra dwoc j—é = K—; Ma theo tinh chat dwong phdn gidc

B K B .
—S 1 —S = —S nén ta co diéu phai chieng minh.

va
BE KE BE

cua tam gidc thi ta c0 — =
JE
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e Loi gidi. Dé thay ba diém S, J, K thang hang. Do J 1a tdm duodng tron ndi tiép tam gidc SBC nén BJ 1a duong phan
SJ  BS

giac trong ctia tam giac SBE, theo tinh chat dudng phan giac cia tam giac ta c6 — =

JE BE
Do BK vuéng goc véi BI nén BK 1 dudong phan giac ngoai tai dinh B cua tam giac SBE, do d6 theo tinh chit dudng

K K
phén giac ta co KS = —. Tir d6 ta dugc st = K5 nén suy ra SJ.EK = SK.EJ.
KE JE KE

¢) Puong thang SA cit dudng tron (O) tai D khac A, duong thang DI cat duong tron (O) tai M khac D. Chung minh

rang MJ di qua trung diém cua doan thing EI
e Phan tich. Mét y tuwong dé chimg minh MJ di qua trung diém cia IE la ta dung mét diém T d@é tam gidc IET c6 J la

trung diém cia IT va ta chirng minh rang dwong thang MJ chira dwong trung binh ciia tam gidc. Ta ¢é mot két qua

ciing kha la quen thudc la néu goi T la tam dwong tron bang tiép géc BAC thi J la trung diém cua IT. Nhe viy dé
ching minh dwoc MJ di qua trung diém cia IE thi ta can chirng minh dwoc MJ song song véi ET. Mudn vy ta can c6

ATE = AJM. Chii y rang ADI = AJM nén ta can chi ra hai tam gidc AID va AET dong dang véi nhau.

e Loi gidi. Trudc hét ta ching minh BAD = CAE . That vay, goi F 1a giao diém cua AE véi duong tron (O) . Taco

SB’ = SD.SA = SE.SO nén tir giac AOED ndi tiép duong tron. Do d6 ta dwoc DOJ = DAF nén J 1a diém chinh

—

gifra cung DF cila duong tron (O) . Piéu nay dan dén BD = CF nén BAD = CAE. Xét hai tam giac ABD va AEC

¢6 BAD=CAE va ADB =ACE nén tam gidc ABD dong dang voi tam gidc AEC, tir d6 ta suy ra dugc
AB AD

i = A0 nén ta dwoc AB.AC = AE.AD . Goi T 13 tim dudng tron bang tiép goc BAC cua tam gidc ABC. Khi d6

BT la duong phan giac ngoai tai dinh B ciia tam gidc ABC, do d6 IBT = 90" nén tam giac IBT vudng tai B. Ma ta di

c6 JB =JI nén suy ra J 1a trung diém cua IT. Mit khac ta co6 BAI = CAI va ACT =90° + ACI = AIB nén ta
dugc tam giac ATC va tam giac BAJ ddng dang voi nhau. Tir d6 ta c0 ALAT = AB.AC. Két hop cac két qua trén ta
thu dugc ALAT = AE.AD, diéu nay din dén tam gidc AID dong dang véi tam giac AET. Do d6 suy ra

o —

ATE = ADI = AJM nén ta dugc JM song song véi ET. Ma J 1a trung diém cua IT nén MJ di qua trung diém cua IE.

Bai 6. Cho tam gidc ABC c¢6 ba goc nhon AB < AC ndi tiép dudng tron (O) . Tiép tuyén tai A ciia dudng tron (O)
cit duong thang BC tai M. Ké dudng cao BF ctia tam giac ABC(F thudc AC). Tir F ké dudng thang song song voi MA
cit AB tai E. Goi H 1a giao diém cu CE va BF, D la giao diém cua AH va BC.
L M AC?
a) Chirng minh rang MA® = MB.MC va Me = ¢ .
MB AB’
b) Chimg minh rang AH vudng goc véi BC tai D.

¢) Goi I 1a trung diém ciia BC. Chirng minh bén diém E, F, D, I ciing ndm trén mot dudng tron.
d) Tur H ké duong thang vudng goc véi HI cat AB va AC lan luot tai P va Q. Chimg minh rang H 14 trung diém
cua PQ.
Trich d@é thi tuyén sinh 16p 10 Truong chuyén Tinh Béc Ninh, nam hoc 2017 — 2018

Phan tich va Loi gidi
2
a) Chting minh rang MA*> = MB.MC va Me = AC :
MB  AB’

e Phén tich. Do MA la tiép tuyén va MBC la cdt tuyén cia dwong tron (O) nén ta cé dwoc MA®> = MB.MC. Ngoai

MC AC’
ra cting co tam giac MAB va tam giac MCA ta dwoc —— = -
MB AB’
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e Loi giai. Hai tam gidc MAB va MCA c¢6 AMB

chung va ACB = MAB nén suy ra tam gidc MAB
ddng dang véi tam gidac MCA. Do d6 ta duoc
MA MB
MC MA
gidc MAB va MCA dong dang nén ta co
MC AC ha MC?  AC?

MA AB C MA? AB

hay MA? = MB.MC. Ciing tir hai tam

. MC*  AC? MC® AC? M AC?
Két hop voi MA® = MB.MC ta duoc MEQ = A](;? nén suy ra ¢ ¢ hay ta dugc Me = ¢

MBMC  AB’ MB AB?
b) Chimg minh AH vuong goéc véi BC tai D.

e Phin tich. Nhdn thay H la tryc tam ciia tam gidc ABC nén AH vuéng géc véi BC.
e Loi gigi. Do MAE = AEF va ACB = MAE nén ta dugc ACB = AEF, tir 46 tr gidc BEFC noi tiép duong

tron. Ma ta c6 BFC = 90” nén ta suy ra dugc BEC = 90° nén CE vuéng géc véi AB. Do d6 H 1a tryc tim ciia tam

giac ABC, suy ra tam giac AH vudng goc voi BC tai D.
¢) Goi I 1a trung diém ciia BC. Chttng minh bén diém E, F, D, I ciing ndm trén mot dudng tron.

o —

o Phin tich. Nhin thcfy FIC = DEF nén bon diémE, F, I, D cung nam trén mot dwong tron.

. . 2 1 . .
e Phin tich. Do tam giac BFC vuong tai F va I 1a trung diém ctia BC nén FI = 5 BC. Tur d6 tam giac BFI can tai 1.

—

Do d6 ta dugc FIC = 2IBF. Mit khac tir gidc BEHD noi tiép duong tron nén HAF = HEF . Ma ta lai ¢o

— -

HAF = HBD vi cing phu véi ACB. Két hop cic két qua trén ta dugc HBD = EDEF nén suy ra dugc

1/\

—

F/IE = DEF . Vay bén diém E, F, I, D cung nam trén mot duong tron.

d) Tir H ké dudng thing vudng goc véi HI cit AB va AC lan luot tai P va Q. Ching minh H 14 trung diém cua PQ.

e Phan tich. Nhan thdy ngay IH vudng géc véi PO. Nhue viy dé H la trung diém ciia PQ la can chirng minh dwoc tam
gidc IPQ cdn tgi I.

e Loi gidi. Goi K va L lan luot 1a trung diém ctiia BE va FC, khi d6 IK 1a dudng trung binh ctia tam gidc BEC. Tir d6 ta
suy ra duoc IK va EC song song v&i nhau nén ta dugc IK vudng goc véi BE. Do véy tir giac PKHI noi tiép duong tron
nén I—TPTI = I—TI?I . Hoan toan tuong tu ta ching minh dugc I—TQ\I = I—TITI .

Ta c6 HKI + HKE = 90” va HLI + HLF = 90". Ta lai c6 tam gisc HBE va tam giac HEF dong dang v4i nhau nén
HE_BEh HE KE HE KE Y =

ay —— = —— . X¢ét hai tam gidc HKE va HLF c6 — = ir va HEK = HFL = 90° nén tam

suyra — = —
HF CF HF LF HF

— —

gidc HKE va tam giac HFL dong dang, do d6 ta dugc HKE = HLF . Két hop voi HLI + HLF = 90° ta duoc
HKI = HLI nén HPI = HQI, do d6 tam giac IPQ cn tai I. Ma IH vudng goc véi PQ tai H nén H 14 trung diém cua
PQ.

Bai 7. Cho tam giac ABC nhon ndi tiép duong tron tim O ¢6 AB < AC. Cac duong cao BD, CE cit nhau tai H (D
thuoc AC, E thugc AB). Goi M 1a trung diém cua BC, tia MH cit duong tron (O) tai N.

a) Chirng minh rang nim diém A, D, H, E, N cing thudc mot dudng tron.
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—_

b) Ly diém P trén doan BC sao cho BHP = CHM , goi Q 1a hinh chiéu vudng goc ciia A trén duong thing
HP. Chirng minh rang tir giac DENQ 14 hinh thang can.

¢) Chirng minh rang dudng tron ngoai tiép tam gidc MPQ tiép xtic véi dudng tron (O) .

Trich d@é thi tuyén sinh 16p 10 Truong chuyén Tran Phit Hai Phong, ndm hoc 2016 — 2017

Phdan tich va Loi gidi

a) Chung minh ré'mg nam diém A, D, H, E, N cung thuoc mot duong tron.
e Phin tich. Truéc hét ta nhan thdy tir gidc ADHE ni
tiép dwong tron dwong kinh AH. Nhe vdy dé ching minh
N thudc dwong tron duong kinh AH ta can chi ra AN
vuéng goc véi AH. Goi S la giao diém khdc A ciia AO véi
duong tron (O). Khi do dé thdy i gide BHCS la hinh
binh hanh nén bén diém N, H, M, S thcfng hang. Dén day
ta co loi gidi cho bai toan.

e Loi giai. Goi giao diém khac A ciia AO v6i dudng tron

(O) la S. Ta dé dang ching minh dugc tr giac BHCS 14

hinh binh hanh nén HS di qua trung diém BC. Tir d6 suy
rabdn diém N, H, M, S théng hang.

Do d6 ta dugc ANH = ANS = 90" (Do N nam trén duong tron (O) duong kinh AS). Dén day ta suy ra dugc

ANH = ADH = AEH = 90" hay A, D, H, E, N cing thudc mot duong tron.

b) Ly diém P trén doan BC sao cho BHP = CHM , goi Q 13 hinh chiéu vudng goc cua A trén duong thing HP.
Chtrng minh tr giac DENQ 1a hinh thang can.
e Phin tich. Nhdn thdy tir gidc ONED néi tiép dwong tron. Nhue vy dé chitng minh dwoc tir gide ONED la hinh thang

—

can thi ta can chi ra dwoc NQ song song véi DE. Dé y dén gia thiet BHP = CHM ta suy ra dwpe NED = QDE nén

—

suy ra NQ song song véi DE. Pén ddy ta c6 101 gidi cho bdi todn.
e Loi giai. Do Q 14 hinh chiéu ciia A trén HP nén dé thay dugc QNED la tir giac noi tiép duong tron duong kinh AH.

Ta lai c6 NED = NHD = BHM = PHC = QHE = QDE nén suy ra hai cung NE va QD c6 s6 do bang nhau. Do
vay ta dugc DE song song véi NQ nén tir giac QNED 14 hinh thang. Dén day ta suy ra duoc tr gidc QNED 1a hinh

thang can.

¢) Chirng minh rang dudng tron ngoai tiép tam giac MPQ tiép xtic véi dudng tron (O) .
e Phin tich. Trudc hét ta nhdn thdy tir gide MPNQ néi tiép dwong tron. Nhe vy N la giao diém ciia dwong tron (O)

va duwong tron néi tiép tam gidc MPQ. Do dé dé chitng minh dwong tron (O) tiép xiic voi dwong tron ngoqi tiép tam

gide MPQ ta do chirng minh hai dirong tron nay cé chung tiép tuyén tai N hodc néu goi J la tam dwong tron ngoai tiép
tam gidc MPQ thi ta di chitng minh ba diém O, J, N thang hang.

+ Hudng 1. Goi giao diém ciia AH véi duong tron (O) la K, giao diém ciia AH va BC la I Goi J la tam dwong tron

ngoai tiép tam gigc MPQ. Khi d6 ta c6 ASN + ABC = BHM. Pén ddy ta cé bién doi goc ta dwoc

A/_SI\\I = PHK = AKP. Ma ta lai ¢6 XST\T = @ nén A/Ial = ﬁ suy ra ba diém N, P, K thang hang. Mt

khac PTN\J =90° — lﬁ\_/[\P =90° — I\/Ié?{ = (i_\T?{ =ONP #nén N, J, O thcing hang.
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+ Huong 2. Truedce hét ta co tir giac MPNQ ndi tiep duong tron va AO vudng voi ED. Goi F la giao diém cua AS voi

dwong tron dwong kinh AH va G la giao diém ciia NO véi duong tron (O) Pén day ta nhan thdy ba diém M, F, Q

thing hang nén HF song song véi NG. Ké tiép tuyén NT véi dwong tron (O) Khi do ta co

—

TNG = GSN = ANG + ASN = AFQ + ASN = MFS + ASN = NMQ = TNQ. Piéu nay dén dén NT la tip
tuyén véi dwong tron ngoai tiép tam gidc MPQ. Do vdy duong tron ngoqi tiép tam gide MPQ tiép xiic véi dwong tron
(O) tai N.
o Loi gidi.
+ Lo gidi 1. Goi giao diém ctia AH voi dudng tron (O) 1a K, giao diém cia AH va BC 1a I. Goi J 1a tam dudng tron

ngoai tiép tam gidc MPQ. D& dang chig minh dwoc H ddi xtimg voéi K qua BC. D2 thiy rang tir giac ANIM noi tiép
duong tro. Tir d6 ta chimg minh dwoc NH.HM = AH.IH = QH.HP nén tr giac MPNQ ndi tiép dudng tron. Tir d6 ta

dugc BHM = CSM = NBM nén ﬁ+@ = B/I-E/I.Dé'n day ta c6 bién ddi goc
ASN = BHM + 90" — ABC —90° = BHM + HCB — 90
_ PHC + HCP - 90° = BPH - 90° = PHK = AKP

—_— —_

Ma ta lai c0 ASN = AKN nén ta dwoc AKN = AKP do d6 suy ra ba diém N, P, K thiang hang. Mit khac ta lai co

— —

PNJ = 90° - NMP = 90" - NSK va 90 — NSK = ONK = ONP . Biéu nay dan ta dén PNJ = PNO nén ta dugc
N, F, O thing hang. Ta ¢6 dudng tron (J ) di qua N. Ta c6 diém N niam trén dudng tron (O) va ba diém O, F, N thiang

hang nén dudng tron (F) tiép xuc v6i duong tron (O) tai N. Vay duong tron ngoai tiép tam giac MPQ tiép xuc véi

(0).
+ Lo gidi 2. Ta c6 QPM = HPM = 90° — PHI = 90° — AHQ = 90° — ANQ = QNH = QNM nén tir gidc MPNQ

—

noi tiép duong tron. Ta lai c6 EAO = BAO = 90" — ACB = 90" — AED nén AO vuéng véi ED. Goi F 1a giao diém
clia AS v6i duong tron duong kinh AH va F 1a giao diém cua NQ véi duong tron (O) . Ta c6 NQ song song véi ED

nén AO vudng géc véi NQ, didu nay dian dén AO 1a duong tring truc cia NG. Do vay ta duoc

MSF = ASN = AGN = ANQ = AFQ nén ba diém M, F, Q thang hang. Ta c6 HF vudng goc vi AO nén suy ra HF

song song véi NG. Ké tiép tuyén NT véi duong tron (O) . Khi d6 ta lai c6 bién doi goc

—_— - — -

TNG = GSN = ANG + ASN = AFQ + ASN = MFS + ASN = NMQ = TNQ

Diéu nay din dén NT la tiép tuyén v6i dudng tron ngoai tiép tam giac MPQ. Do vay dudng tron ngoai tiép tam giac

MPQ tiép xiic v6i duomg tron (O) tai N.

Bai 8. Cho tam giac ABC c6 ba goc nhon ndi tiép dudng tron (O) . Céc dudng cao AK, BM, CN ctia tam gidc ABC cit
nhau tai H.
a) Chirng minh ring N/K\H = l\ﬁ .
b) Pudng thing MN cit duong tron (O) tai hai diém I va J. Ching minh rang AO di qua trung diém cua IJ.
¢) Goi P 1a trung diém BC va dién tich t& giAc AMHN la S. Chimg minh ring 20P* > S.
Trich d@é thi tuyén sinh 16p 10 Treong chuyén Tinh Nam Dinh, ndm hoc 2016 — 2017

Phdan tich va Loi gidi
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a) Chimg minh NKH = MKH . A
N N T

e Phén tich. Dé thay ngay dé chitng minh NKH = MKH ta
di chi ra cdc tir gide BKHN, CKHM va MCMN ni tiép dwong J
tron. Piéu nay ta thdy ngay do ta di ¢é AK, BM, CN la cdc

dwong cao. Ngodi ra ta ciing cé thé chimg minh N

—

NKH = MKH bang cich chi ra BKN = CKM théng qua I 0
cdc tam gide dong dang.

e Loi gidi. Do tam giac ABC c6 AK, BM, CN Ia ba duong
cao cit nhau tai H nén ta d& dang chimg minh dugc céc tir gidc
BKNH, CKHM noi tiép duong tron. Tir d6 ta co

—_—

NKH = NBH va HKM = HCM . Ma ta lai c6 t giac D

BCMN ndi tiép dudng tron nén suy ra NBH = MCH . Do

—

vay ta suy ra dugc NKH = MKH .

b) Pudng thing MN cit dudng tron (O) tai hai diém I va J. Chimg minh AO di qua trung diém cta IJ.

® Phdn tich. Do 1J la dday cung cua dwong tron (O) va AO la ban kinh nén d@é chimg minh AO di qua trung diém ciia
IJ ta di chitng minh OA vuéng géc véi IJ. Pdy la bdi todn quen thudc va cé nhiéu huéng dé chirng minh nhw chimg
minh IJ song song véi tiép tuyén tai A ciia dwong tron (O) hay bién déi goc.

o Loi giai.

+ Loi giai 1. Ta c6 tr giac BNMC ndi tiép duong tron. Tir d6 ta dugc

@:ANM:@:%AOB:%U—@):%“—N/A\o.

Tur d6 ta chirng minh dugc AO vudng goc véi MN hay AO vudng goc véi 1J. Do 1J 1a day cung cua dudng tron (O)
nén suy ra AO di qua trung diém cua IJ.

+ Loi giai 2. Ké tia tiép tuyén AT véi dwomg tron (O). Khi d6 ta duge BAT = ACB. Ma ta c6 tir gide BNMC noi

— -

tiép duong tron nén ANM = BCA . Tur d6 ta dwoc ANM = BAT nén AT song song voi MN. Lai ¢c6 AT vudng goc
v6i AO nén suy ra AO vudng goc voi MN hay AO vudng goc voi 1J. Do 1J 1a day cung ctia dudng tron (O) nén suy ra
AO di qua trung diém ciia IJ,

¢) Goi P 1a trung diém BC va dién tich tr gi\c AMHN la S. Ching minh 20P° > S.

. ( 1 .
e Phdn tich. Trudc heét ta nhan thay S=S, . =S, +5,,y = E(AN.HN + AM.HM). Mat khac theo bat dang

thitc AM — GM ta co

AN.HN < %(ANZ + HNQ) - %AHZ;AM.HM < %(AM2 + HMQ) - %AH2

. 1 . .
Nhue vdy ta thay S < E.AH2 . Do dé phép chitng minh hoan tat khi ta chi ra dupc AH < 2PO. Tuy nhién theo mot ket

qua quen thudc thi ta c6 AH = 20P . Do vdy bai todn dwoc chitng minh.
e Loi gidi. Ké duong kinh AD cua duong tron (O), khi d6 dé dang ching minh dwgc t gidc BHCD la hinh binh

hanh. Ma P 1a trung diém cua BC nén P ciing 13 trung diém ctiia DH. Trong tam gidc DHA ¢ PO 1a duong trung binh
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nén AH=20P.Tac6 S=S :SANH+S

ANHM

1 A A < 7 A
o = 5(AN.HN + AMHM). Ap dung bit dang thirc AM — GM va
dinh 1i Pitago ta dugc

AN.HN < %(ANQ + HNQ) - %AHQ;AM.HM < %(AM2 + HMQ) - %AH2

1 1 2
Tir d6 ta duge S < 5.AH2 = E(QOP) = 20P?.
Déu bang xay ra khi va chi khi AN = NH; AM = MH nén tam giac ABC vudng cén tai A. Piéu ndy mau thuin véi

gia thiét tam giac ABC nhon. Do vay déu bang cua cic bat ddng thirc trén khong xay ra, tic 1a ta c6 20P* > S.

Bii 9. Cho duong tron tam O bén kinh R. Tam gidc nhon ABC ni tiép duomg tron (O R) ¢6 B, C ¢b dinh. Cac duong

cao AD, BE, CF cua tam giac ABC dong quy tai H. Pudng thing chira tia phan gic ngoai cua goc BHC cit AB, AC
lan luot tai M, N.
a) Chirng minh rang tam giac AMN cén.
b) Xéc dinh vi tri ciia diém A dé tam giac DEF c6 chu vi 16n nhét.
¢) Puong tron ngoai tiép tam gidc AMN cit duong phéan giac cia goc BAC tai K(K # A). Chimg minh ring
HK luén di qua mot diém cb dinh khi A thay doi.
Trich dé thi hoc sinh gioi Toan 9 Tinh Thanh Hoa, nam hoc 2015 — 2016

Phén tich va Loi gidi
a) Chirng minh ring tam giadc AMN cén.
e Phén tich. Bé chimg minh mét tam gidc cdn ta cé
nhiéu phwong phdp. Tuy nhién véi cau hinh bai todn
két hop véi gia thiét ta huéng dén ching minh dwoc

tam gidc AMN cdn bdng cdich di chimg minh Q
— — — E

AMN = ANM. Dé thdy cic géc AMN;ANM lan

lwot la goc ngoai cua cdc tam giac BMH va CNH. Ta 3 ) N

lai thdy dwoc FBH = CHE. Nhuw vdy phép ching M

—

minh sé két thiic néu ta c6 dwpc MHB = NHC . Tuy
nhién diéu nay ta dé dang c6 dwoc do do HM va HN B D ¢

lan lwot la phan gidc cia géc BHF va CHE .

e Loi giai.

Theo tinh chat goc ngoai ciia tam giac thi ta c6 AMN = ABH + MHB va ANM = ACH + NHC . Do HM va HN

— —

lan luot 1a phan giac ciia goc BHF va CHE, ma ta lai c6 BHF = CHE nén suy ra dugc MHB = NHC . Lai c6 tir

— — -

gidc BFEC néi tiép nén FBH = CHE . Tir d6 ta dwoc AMN = ANM nén tam gidc AMN cén tai A.
b) Xéc dinh vi tri ctia diém A dé tam giac DEF c6 chu vi 16n nhat.
e Phin tich. Dy dodn rang tam gidc DEF ¢6 chu vi [6m nhat khi M nam chinh giita cung lém AB. Khi d6 ta thdy AD cé

dé dai 16m nhdt va tam gidac ABC co dién tich lon nhat. Nhwe vdy ta can biéu dién dwoc chu vi ciia tam gidc DEF theo
dién tich tam gidc ABC. Ta thdy c6 cdc y tudng sau.

+ Ta sé dung mét doan thang c6 dé dai bang chu vi tam gidc DEF roi chi ra doan thang dé dai nhdt khi AD ém nhat.
Muén viy ta ldy P, Q lan lwot doi xirng véi D qua AB va AC. Khi d6 ta bon diém P, E, F, Q thang hang. Khi do ta cé
chu vi tam gidc DEF la doan thing PQ. Liic ndy ta thay AP = AD = AQ nén tam gidic APQ can tai A, do dé
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PAQ = 2BAC khéng déi. Nhue vay PQ 16n nhdt khi AP 16n nhat hay AD [ém nhat. Piéu nay cé dwoc khi A nam chinh
gitta cung lon BC.
+ Ta sé tim cdch biéu dién dién tich tam gidc ABC theo chu vi ciia tam gidc DEF. Nhdn thdy AO vuéng géc véi EF do
as S

1 . . . ,
FOEA = 5 AO.EF . Hoan toan twong t nhwe vdy ta tinh dwoc

S =S +S __+8 =1R(DE+EF+FD)
2

ABC FOEA BDOF CDOE

Maitacs S,,, = %AD.BC nén DE + EF + FD = ADP'{BC .

ADBC

Do BC, R khéng doi nén DE + EF + FD = 16m nhat khi AD 16m nhat.

+ Loi giai 1. Lay P, Q lan luot ddi xtng v6i D qua AB va AC. Khi d6 ta c6 FP = FD va ED = EQ. Do d6 ta c6
Ppr = PE+EF +FD =PQ. Ti cac t& giac BDHF, BCEF va CDHE ndi tiép duong tron nén ta cod

— - -

PFB = BFD = BHD = DCE = EFA . Tt d6 suy ra ba diém P, E, F thfmg hang. Tuong tu ta dugc bdén diém P, E, F,

——

Q thing hang. Lai c6 AP = AD = AQ nén tam giac APQ can tai A, do d6 ta c6 PAQ = 2BAC khéng d6i. Nhu vay
PQ 16n nhat khi AP 16n nhét hay AD 16n nhat. Didu nay c6 dugc khi A nam chinh gita cung 16n BC. Véy chu vi tam
gidc DEF 16n nhat khi A 1a diém chinh giita cung 16n BC.

+ Loi giai 2. Trude hét ta ching minh OA vudng goc voi EF.

That vay, tir A ta vé tiép tuyén vi duong tron (O). Khi d6 ta co BAx = ACB . Mat khéc tir gidc BCEF ndi tiép nén

-

tacdé AFE = ACB. Do d6 ta dugc AFE = xAB nén Ax song song v6i EF ma ta lai ¢c6 OA vudng goc véi EF. Hoan

toan tuong ty ta cling c6 OB vudng goc voi DF va OC vudng goc voi DE. Tu d6 suy ra
ABC FOEA BDOF CDOE

S =S  +S. 48 =%R.AO+%R.0B+%ROC:%R(DE+EF+FD)

Mataco S, = %AD.BC nén DE + EF + FD = AD}‘{BC .

ADBC

Do BC va R khéng d6i nén DE + EF + FD = 16n nhit khi AD 16n nhat.

Vay chu vi tam giadc DEF 16n nhét khi A nim chinh giira cung 16n BC.

¢) Puong tron ngoai tiép tam giac AMN cit duong phan giac cia goc BAC tai K(K # A) . Chtrng minh ring HK
ludn di qua mot diém c6 dinh khi A thay doi.

e Phin tich. Tir hinh vé ta dy dodn dwoc HK di qua trung diém ciia BC ¢é dinh. Mat khdc ciing tir gidi thiét va hinh vé
ta nhdn thdy tir tir gide HIKJ la hinh binh hanh. Do @6 HK di qua trung diém ciia IJ. Mudn chitng minh dwoc HK di
qua trung diém ciia BC thi ta can chi ra dwoc IJ song song véi BC.

e Loi gidi. Goi I 1a giao diém cua BH v6i KM, T 1a giao diém ciia CH v6i KM. Pudong tron ngoai tiép tam giac AMN

e

cit tia phan giac cua goc MAN tai K nén AK 1a dudng kinh cta dudng tron. Tir d6 ta dwoc KMA = KNA = 90°. Tur
d6 dan dén KM song song v6i CH va KN song song véi BH suy ra tir giac HIKJ 13 hinh binh hanh, do d6 suy ra HK di

2 . . IH F . .
qua trung diém cuaa 1J. Do IM song song voi HF nén theo dinh ly Talets ta co B = MB' Lai c6 HM la phan giac cua
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MF HF IH HF HJ HE

tam giac BHF nén ta c6 —— = ——. Tur d6 ta dugc — = —— . Hoan toan tuong tu ta c0 — = — . Ma tu giac
MB HB IB HB CJ HC
o HF HE IH HJ . .
BCEF néi tiép duong tron nén ta c6 —— = —— do d6 — = —. Tur day suy ra 1J song song voi BC. Vay HK di qua
HB HC IB CJ

trung diém cua BC c¢b dinh hay HK ludn di qua mot diém cd dinh.

Bai 10. Cho tam giac ABC ¢6 (O) , (I) , (I ) theo thtr ty 1a cac dudng tron ngoai tiép, duong tron ndi tiép va duong

a

tron bang tiép dbi di¢n dinh A cita tam gide v6i cdc tam twong tmg a O, 1,1, . Goi D 1a tiép diém ca (T) vsi BC,

P 1a diém chinh giita cung BAC ciia duong tron (O) , PT, cit dudng tron (O) tai diém K. Goi M la giao diém cia
PO va BC, N la diém d6i xtmg v6i P qua O.
a) Chimg minh ring IBI, C 1a tir gidc ndi tiép.

b) Chiing minh ring NI la tiép tuyén ctia duong tron ngoai tiép tam giac [ MP.

¢) Chimg minh ring DAI = KAI .

Trich @é thi chon hoc sinh gioi mon Toan 9 Tinh Thanh Hoa nam hoc 2017 — 2018

Phin tich va 1oi giai
a) Ching minh tir gidc IBI C 1a tr gidc noi tiép.
e Phin tich. Theo tinh chit dwong phdn gidc ciia hai géc

—_—

ké bii nén ta thiy ngay IBI +ICI = 180" do dé tir gidc

IBL, C la tir gidc ngi tiép dwong tron dwong kinh I, .

e Loi giai. Do I 1a tm duong tron bang tiép d6i dién dinh E

A va I 1a tim dudng tron ndi tiép tam giac ABC , tir d6 suy

ra BI vuong géc véi Bl va CI - vudng goc véi CI (Phan
giac trong va phan giac ngoai cung mot goc thi vuong goc

v6i nhau). Trong tir gidc IBI C ta c6 I/B-i + ﬁ =180".

Tu d6 suy ra tr gidc IBI C 1a tir gidc ndi tiép duong tron

duong kinh 1T .

b) Ching minh NI la tiép tuyén cta dudng tron ngoai tiép

tam giac I MP.

e Phdn tich. Trudc hét ta nhan thdy bon diém A1 N, I va theo h¢é thirc lwvong cho tam gidc vuong ta dé thdy ngay
NB® = NM.NP. Nhu viy dé chirng minh NI, la tiép tuyén ciia dwong tron ngoai tiép tam gidc L MP ta di ching

minh NIZ = NB? = NM.NP. Piéu nay dong nghia véi ching minh N la tdm dwong tron ngoai tiép tir gidc IBI C.

C6 thé thay day la mét bai todn quen thudc.
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—

e Loi gidi. Nhan thiy bon diém A,I N, I thing hang (vi cing thuc tia phan gidc cia BAC). Do NP la dudng kinh

cua (O) nén NBP =90° va M la trung diém cta BC nén PN vudng goc v6i BC tai M. Ap dung hé thirc lugng trong

tam giac vuong PBN ta c6 NB* = NM.NP. Vi BIN Ia géc ngoai tai dinh I cua tam gidc ABI nén

]gﬂ\\T = %(ABC + ]gA\C) . Trong duong tron (O) co 1@ =NAC = BAC

(cing chin cung NC) . Tur d6 ta duoc

o7 o Ao (oo o : T ot . .
NBI = NBC + CBI = E(BAC + ABC) . Tur cac két qua trén ta c6 BIN = NBI nén tam gidac NIM cén tai N. Ching
minh hoan toan tuong tu ta c6 tam giac NIC can tai N. Tir d6 suy ra N 1 tim duong tron ngoai tiép tam giac BIC, ciing

chinh 13 tAm cua dwdng tron ngoai tiép tir giac IBI, C. Do vy ta dugc NIz = NB®* = NM.NP nén NI la tiép tuyén

ctia duong tron ngoai tiép tam giac [ MP.

o —

¢) Chimg minh DAI = KAI .

— - - - -

e Phan tich. Ta c6 KAI, = KAN = KPN =1 PN = NI M. Nhu vy @é hoan thanh chimg minh thi ta can chi ra

duwoc NI M = DAI, diéu nay dong nghia véi chirng minh tam gidc NMI dong dang véi tam gidc IAD. Nhur vdy dé két
MN

thiic bai toan ta di chitng minh ETY = IAa . Chii y rang ta ¢6 1D = IF va NI, =NB. Nén ta can chi ra dwoc
MN ~NB A , ., . : .
i) = T Tuy nhién diéu nay hoan toan xdy ra do hai tam giac MNB va FIA dong dang voi nhau.

e Loi giai. Goi F la tiép diém cua dudng tron (I) v6i dudng thing AB. Xét hai tam giac MNB va FIA co

— - —

BMN = IFA = 90" va NBM = %BAC = IAF nén suy ra tam giac MNB dong dang voi tam giac FIA. Piéu nay

s NI
dan dén MN = @ Matacod ID =IF va NI = NB nén ta duoc MN =
1D 1A : ID IA

ta lai c6 MNI = DIA, tir d6 suy ra tam giac NMI_ dong dang véi tam giac IAD. Do d6 suy ra NI, M = DAI. Do

a

. Lai do MN song song véi ID nén

o —

NI 1a tiép tuyén cua dudng tron ngoai tiép tam giac [ MP nén KAI = KAN =KPN =1 PN =NI M. Két hop

cac két qua trén ta duoc DAI = KAI .

—

Bai 11. Cho tam gi4c nhon khong can ABC ndi tiép dudng tron (O) . Pudng phan giac goc BAC cua tam giac cat

canh BC tai D va cit lai duong tron (O) tai E. Goi K 1a diém ndm trong tam giac ABC thoa man cac diéu kién

KB = KC va BKC + BAC =180°".

a) Ching minh ré‘lng bdn diém A, O, K, D cung thugc mét duong tron, ki hiéu la (P) .

b) Goi L la giao diém thix hai ctia (P) va (O). Chimg minh ring LAB = KAC

¢) Goi G 1a giao diém ciia AL va BC, I 1a tim dudng tron ndi tiép tam giac ABC, M la trung diém cta doan GI, N
1a giao diém thtr hai ciia dudng thing EM va dudng tron (O) . Chimg minh rang cac dudng thang NI, AK cét nhau tai
mot diém thudce (O) .

Trich @é thi chon hoc sinh di thi HSGOG Thanh phé Pa Néng 2015 — 2016

Phin tich va 1oi giai
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a) Chimng minh bén diém A, O, K, D cling thudc mdt dudng tron (P) .

—_ —_— -

e Phin tich. Nhin thiy BAC + BEC = 180" va BKC + BAC = 180" nén BKC = BEC. Chii y rang diém E nam

chinh gitta cung nho BC ciia duong tron (O) nén EB = EC. Ma tai c6 KB = KC nén hai tam giac BEC va BKC

— —

cing la tam gidc can. Tir d6 suy ra tam gide BEC va tam gidc BKC bang nhau. Do viy OAD = OED = OKD nén

tik gide AKOD néi tiép dwong tron.

— -

e Loi gidgi. To gisac ABEC ndi tiép duong tron nén ta c6 BAC+BEC =180°. Mit khac ta lai c6

— —_

—

BKC + BAC = 180" nén ta suy ra dugc BKC = BEC . Chu y rang AE la phan giac cia goc BAC nén diém E nam

chinh gitta cung nho BC cua duong tron (O) , do d6 ta dugc EB = EC. Ma ta lai c6 KB = KC nén hei tam giac

BEC va BKC cung la tam giac can. Tir d6 suy ra tam giac BEC va tam gidc BKC bang nhau. Do vay K va E dbi xtmg

v6i nhau qua BC. Khi 46 OAD = OED = OKD nén tir giac AKOD ndi tiép dudng tron.

b) Goi L 1a giao diém thu hai cia (P) va (O) . Chttng minh LAB = KAC

—_—

e Phin tich. Dé thiy BAD = BAE = EAC = EBC nén suy ra tam gidc EBD dong dang véi tam gidc EAB nén

EB® = ED.EA . Goi X la giao diém ciia EL véi (P) khi @6 ELEX = ED.EA = EB’ nén ta ¢é duoc % = %

nén tam gidc EBL dong dang véi tam gidc EXB. Tir d6 dé y dén cdc tir gide ndi tiép ta ¢é ba diém X, B, D thang hang.

— 1 ——= . .
Tir day ta c6 KLE = XAK = DKC = EDKE. Do K va E doi xung voi nhau qua BC nén ta co DK = DE . Lai thay

D la tam cia dwong tron ngoai tiép KLE. Do d6 tam gide DLK cdn tai D. Ma tir gide AKDL ndi tiép dwong tron (P) ta

c6 AKD = KLD = LKD = LAD va do AD la phan gidc ciia géc BAC nén ta dwoc LAB = KAC.

e Loi giai. Do E 1a diém chinh giita cung BC cuia duong tron (O) nén BAD = BAE = EAC = EBC nén suy ra tam
giac EBD dong dang voi tam giac EAB nén ta duoc EB® = ED.EA . Goi X 1a giao diém cua EL véi (P) khi do ta co

EB EX 3 Lz
ELEX = ED.EA = EB’ nén ta c6 L = B nén tam giac EBL dong dang vdi tam giac EXB. Tu d6 dé y dén cac

ttr gidc ndi tiép ta c6 LXB = LBE = LAE = DXL, suy ra ba diém X, B, D thang hang, hay diém X nam trén BC. Tur
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day KLE = XAK = DKC = EDKE . Do K va E ddi xtmg véi nhau qua BC nén ta c6 DK = DE . Tir d6 dan dén

D 1a tim ciia dudng tron ngoai tiép KLE. Do d6 tam giac DLK can tai D. Pén day cha ¥ dén tr giac AKDL ndi tiép

duong tron (P) taco AKD = KLLD = LKD = LAD. Ma do ta da c6 AD la phan giac cua goc BAC nén ta dugc

LAB = KAC.
¢) Chitng minh céc duong thang NI, AK cit nhau tai mot diém thudc (O) .

e Phin tich. Goi R,S lan luot la giao diém cia EN véi AL, BC. Do E la diém chinh giita cung nhé BC ciia dwong tron

(O) nén NE la phin gidc cia géc BNC. Do dé ta c6 tam gidc BNE dong dang véi tam gidc SBE nén

BE? = ESEN . Pé y rang I la tam dwong tron ngi tiép tam gidc ABC nén E la tam dwong tron ngoai tiép tam gidc

. L f EI E ;
BIC, do d6 ta dwoc EB = El. Piéu nay dan dén EI’ = ESSE hay ES = % nén tam gidc SEI dong dang vdi tam

—

gidc IEN. Do vdy ta dwoc ENI = EIS. Ap dung dinh li Menelaus cho tam gidc AGI ba diém R, M, E thang hang ta

duwoc i—i%% = 1. Chit y rang M la trung diém ciia GI va BI la phén gidc cia géec ABD, lai ¢6 tam gidc EBD

\ A EA AB 1ITA
dong dang voi tam gidac EAB nén ta co R— =—— =——=—, do do theo dinh li Talets ta co RI song song vdi GD.
RG EI DB 1D

Tir d6 suy ra hai tamn gidc MIR va MGS bang nhau nén suy ra RG song song véi SI Tir @6 goi Y la giao diém thir hai
cua AK voi duwong tron (O) thi ta ¢6 ba diém N, 1, Y thang hang.

e Loi giai. Goi R,S 14n luot 14 giao diém cua EN véi AL, BC. Do E 1a diém chinh giira cung nho BC ctia duong tron

(O) nén NE 1a phan giac ciia goc BNC. Do d6 ta c6 BNS = BNE = ENC = EBS nén suy ra tam giac BNE dong

. . BE NE ‘ L, s . .
dang voi tam giac SBE, do d6 suy ra S_E = BE hay BE® = ESEN . Bé y rang I 1a tim duong tron noi tiép tam giac

ABC nén bang bién ddi goc ta suy ra duoc E 1a tim dudng tron ngoai tiép tam giac BIC, do d6 ta dwoc EB = EI. Tur

El E . —
d6 suy ra EI* = ESSE hay ES = E_li nén tam gidc SEI dong dang vdi tam giac IEN. Do vay ta dugec ENI = EIS.

Ap dung dinh 1i Menelaus cho tam gidc AGI ba diém R, M, E thang hang ta duoc i—i% . Mké =1.Chu y raing M

1a trung diém cta GI va BI 1a phan giac cia goc ABD, lai ¢6 tam giac EBD dong dang voi tam gidc EAB nén ta ¢
RA EA AB 1A . . . .

—— = —— = —— = —, do d6 theo dinh li Talets ta c6 RI song song voi GD. Tu d6 suy ra hai tamn giac MIR va
RG EI DB 1ID

MGS bang nhau nén suy ra RG song song vi SI. Tir d6 goi Y 1a giao diém thtr hai cia AK véi dudng tron (O) thi ta

P

—

¢6 bién d6i goc ENI = EIS = LAE = EKY = ENY nén suy ra ba diém N, I, Y thing hang. Vay hai duong thang NI

va AK cit nhau tai Y trén duong tron (O)
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Bai 12. Cho tam gidc ABC nhon va ndi tiép dudng tron (O) , H 1a chan duong cao cia tam giac ABC ké tir A. P 1a
diém nim trong tam gidc ABC va nam trén duong phéan gidc ké tir A. Puong tron duong kinh ciia AP cit dudng tron
(0) tai diém th hai 1a G. L 14 hinh chiéu cta P 1én AH.

a) Chirng minh rang duong thing GL ludn di qua mot diém cb dinh khi P thay dbi.
b) Chiing minh ring néu GL di qua trung diém ctia HP thi P 1a tim dudng tron ndi tiép ciia tam giac ABC.
Trich dé thi chon hoc sinh dw thi HSGQOG Tinh Qudng Ninh 2015 — 2016

Phin tich va 1oi giai
a) Chirng minh duong thing GL luén di qua mot diém ¢ dinh khi P thay déi.
e Phdn tich. Quan sat hinh vé ta dy doan dwoc duong
thing GL di qua diém c6 dinh D. Dé chirng minh diéu
nay ta can chi ra dwoc ba diém G, L, D thang hang. Dé
dang nhdn ra ba diém G, P, K thang hang va AH doi
xing véi AK qua AD. Lai do L la hinh chiéu ciia P trén

AH nén LGP = LAP = HAD = DAK = DGK. Diéu L
nay dan dén ba diém G, L, D thang hang.

e Loi gidi. Do G thudc duong tron duong kinh AP nén B

ta c6 AGP =90". Ké duong kinh AK ciia duong tron

(). khi dé ta c6 AGK = 90"

Do d6 ba diém G, P, K thiang hang. Goi D 1a giao diém cta AP voi duong tron (O), khi d6 D 1a diém cd dinh. Ta co

BAH =90’ - ABC = 90° — AKC = CAK. Do AD la phén giac ctia goc BAC nén suy ra AP ciing la phan giac ctia

géc HAK . Do L 1a hinh chiéu cia P trén AH nén suy ra L thudc dudng tron dudng kinh AP. Tir d6 ta c6 bién ddi goc

—_—

LGP = LAP = HAD = DAK = DGK . Piéu nay din dén ba diém G, L, D thang hang. Vay duong thing GL lu6n di

qua diém D c6 dinh.

b) Chtrng minh néu GL di qua trung diém cua HP thi P 1a tAm dudng tron noi tiép cua tam giac ABC.

e Phan tich. Ta c6 mét tinh chdt khé quen thudc la dwong tron tam D bén kinh DB di qua tam dwong tron néi tiép ciia
tam gidc ABC. Do d6 dé chimg minh P la tdm dwong tron néi tiép tam gidc ABC ta chi can chimg minh dwoc
DB=DC=DP.

e Loi giai. Goi I 1a tim dudng tron ndi tiép tam gidc ABC va T 1a giao diém ciia GL véi BC . Vi LI di qua trung diém
cia PH va JHL =HLP =90" nén t& giac PLHJ 1a hinh chit nhit. Ap dung dinh 1y Thales ta cé
DP PJ LH _PJ DP AP PF _DF

A

— = =—= nfn —=1-—=1-—= hay DP? =DF.DA. Mit khic ta co
DA AL AL PA DA DA DP DP

DBF = DAC = BAF suy ra BD la tiép tuyén cia duong tron ngoai tiép tam giac ABF. Vi viy ta c6

DB’ = DF.DA = DP*. Suyra DB = DC = DP . Ma ta ¢6 D 1a tam dudng tron ngoai tiép tam giac BCI, véi I 1a tim

dudng tron noi tiép tam giac ABC suy ra P 13 tim duong tron ndi tiép tam giac ABC.
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Bai 13. Cho tir giac ABCD ndi tiép duong tron (O) v6i P 13 giao diém cia hai duong chéo va M 1a trung diém cua
AD. Goi K, L 1an luot 1a hinh chiéu cua P trén AB, CD. Goi S, T lan luot 1 tim dudng tron ngoai tiép cac tam giac
KMA va LMD.

a) Ching minh rang MK = ML,

b) Chimg minh raing KSBT = CSLT

Loi giai
a) Goi Q, R lan luot 1a trung diém cua AP va DP. Trong tam
giac APD c6 MQ va MR la cac duong trung binh. Lai co
KQ, LR 14 cac dudng trung tuyén cia cac tam gidc vudng

AKP va CLP.
1 . 1
Suy ra AM :EPD =LR va RM :EAP =KQ.

Mit khac dé& thdy t gidc QPRM 1a hinh binh hanh nén

PQM = PRM . Do viy ta c6

— — —

KQM = KQP + PQM = 2BAC + PQM
— 9BDC + PRM = PRL + PRM = MRL

Do vay hai tam giac KQM va MRL bang nhau, do d6 ta duoc MK = ML.

b) Ta c6 tir gisc PQMR 12 hinh binh hanh nén QMR = 180" — PRM . Ciing do hai tam gidc KQM va MRL bang nhau

— -

nén ta dugc QMK = MLR; QKM = RML. Tur d6 ta dugc

—_— -

KML = QMR - QMK - RMK = 180" - PRM — RLM — RML = PRL = 2PDL
Do S la tam dudng tron ngoai tiép tam giac AMK nén ta co IgA\S =90" - m va T 1a tam duong tron ngoai tiép

tam giac LMD nén ta c6 90’ — LMD = TDL . Do d6 ta duoc

— e — e — — -

:2&-(90Mﬁ))-ﬁ:ﬁ-ﬁ:ﬁ

—_

Mit khéc ta lai c6 AOC = 2ADC = MTL nén hai tam giac can OAC va TML ddng dang v6i nhau.

A ML 5
Tur d6 suy ra O_g = T hay AC.TL = ML.OC. Chirtng minh tuong tu ta c6 hai tam giac OBD va SMK dong dang

v6i nhau nén ta ciing c0 MK.OB = KSBD. Bé y rang ta c6 MK = ML nén ta duoc
TD.AC = TL.AC = ML.OC = MK.OB = KS.BD = SA.BD . Piéu nay lai din dén hai tam giac SAC va TDB ddng
dang véi nhau. Do d6 ta dwge BT.SK = BT.AS = CS.TD = CS.TL.

Bai 14. Cho tam giac nhon ABC khong can ndi tiép duong tron tm O. Liy diém P trén canh AB sao cho

BOP = ABC va liy diém Q trén canh AC sao cho COQ = ACB . Puong tron ngoai tiép tam giac APQ cit dudng
tron (O) tai diém E khac A.
a) Chirng minh rang AE song song véi BC va ABBP = AC.CQ.

b) Chitng minh ring duong thing dbi xting véi BC qua PQ 1a tiép tuyén cua dudng tron ngoai tiép tam gidc AQP.
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5
o I
dj];g_ia_;g voi nhaw. Tir d6 ta suy ra duge O

— = nén AB.BP = AD.BO va BPO = ADB. B D C M
BO BP
Hoan toan tuong tu ta cling c6 hai tam gidc ACD va

COQ ddng dang v6i nhau.

a) Gia sit dudng thang AO cit BC tai D. Do O 14 tim

dudng tron ndi tiép tam giac ABC nén OA = OB. Tur
d6 ta dwoc OAB = OBA. Ma theo gia thiét ta c6

— -

BOP = ABC nén suy ra hai tam giac ABD va BOP

Tir d6 ta cling dugc AC.CQ = AD.CO va @ = A/D\C .

Dé ¥ ring OB = OC nén ta suy ra dugc AB.BP = AC.CQ . Ciing tir cac két qua trén ta lai co

A?O+AQO=180°—B/PT)+180°—@:3600—(ﬁ+ﬁa\(})=180°

Suy ra tir gidc APOQ ndi tiép dudng tron hay diém O nim trén dudng tron noi tiép tam giac APQ. Do E la giao diém

ctia dudng tron ngoai tiép tam giac APQ véi dudng tron ngoai tiép tam giac ABC. Tir d6 ta c6 OE = OA nén

o —

OAE = OEA va tir gisc AEQO ndi tiép duong tron nén AEO = AQO . Két hop véi tr giac AQOP ndi tiép duong
tron ta suy ra dugc AEO = AQO = BPO = ADB. Tir d6 ta co0 EAO = ADB nén AE song song v&i BC.

b) Khong mét tinh tong quat ta gia sir ABC > ACB. Khi d6 goi M 1a giao diém ciia PQ va BC 1a M thi diém nam trén

tia dbi cua tia CB. Tur gidc AEPQ ndi tiép duong tron nén ta dugc PAE + PQE = 180", két hop v6i AE song song

e~ - —

v6i BC nén PAE + ABC =180°. Tir d6 EPQ = EAQ va EAQ = ACB nén EPQ = ACB.. Suy ra hai tam giac

— e~

EPQ va ACB ddng dang vé&i nhau. Piéu ndy dan dén hai tam gidc ABC va EBC bing nhau nén ta duoc

APE = APQ -EPQ = AOQ -EOQ = AOB. Mait khic ta lai c6 OAC = 5 180° — AOC) —90° — ABC va

EAC = ACB.

Tir d6 suy ra AOB = 180" — 20AF = 180" —2(900 —XB\C+XC\B)=2(XB\C—A/C\B)

Do @6 ta duoc XP\E =2(K]_3\C—K(_]T3).

— e~ -

—

Nén ta duge PMB = ACB -~ MQP = ACB - AQP = ABC - ACB

Suy ra PMB = BEP = ABC — ACB nén tir giac BPEM ndi tiép duong tron. Két hop véi PBE = PEB ta dugc

— L —

BMP = PME nén MP la phan giac cia goc BME hay néi cach khac thi hai duong thang ME va BC dbi ximg véi

nhau qua PQ. Lai c6 EQM = 180" — EQP = 180" — ABC va PEM = 180" — ABC. Tir d6 d4n dn hai tam giac
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MQE va MPE dong dang voi nhau, do d6 ta dwoc ME® = MP.MQ . Suy ra ME 1a tiép tuyén cta dudng tron ngoai

tiép tam giac APQ.

Bai 15. Cho tam gidc ABC noi tiép dudng tron (O) c6 114 tam dudng tron ndi tiép. Puong tron (K) tiép xtic véi AC,
AB lan luot tai E, F va tiép xuc trong v6i duong tron (O) tai S. Cac duong thang SE, SF cit duong tron (O) lan luot
tai M, N khac S. Cac duong tron ngoai tiép cac tam giac AEM, AFN cit nhau tai P khac A. Goi giao diém cua EN, FM
véi duong tron (K) lan luot 1a G, H.

a) Chimg minh rang trung diém I cua EF 1a tim dudng tron ndi tiép tam giac ABC.

b) Goi giao diém ciia GH v6i MN 1a T. Chirg minh ring tir gidc AMPN 13 hinh binh hanh va tam giac AST cin.

Loi giai
a) Puong tron (K) tiép xtc v6i AB, AC lan luot tai E, F va tiép xuc voi duong tron (O) tai S nén ba diém O, K, S

thang hang. Puong thang SE cat duong tron (O) tai M nén cac tam gidc OSM va SKE can, do do6 ta suy ra dugc

L —

KES = KSE = OSM = OMS nén KE song song v4i OM.
Ta c6 KE vuong goc voi AC nén OM vudng goc

v6i AC, do d6 M 1a diém chinh giita cung nho AC

cua duong tron (O) nén BM la phan gidc cua

ABC. Do d6 ta suy ra duge CSM = ACM nén
hai tam giac CME va SCM dong dang, suy ra

CM? = ME.MS. Gia sir duong thing BM cit EF

tai I. V& tiép tuyén chung xy tai S cua (O) va

(K).

Khi d6 ta ¢ IFS = EFS = ESy = MSy va MBS = MSy nén ta duoc IFS = IBS hay tir gidc IFBS noi tiép dudng
tron, do d6 suy ra MFS = BIS. Mit khac ta c6 FSx = SFB = FES nén BIS = FES, do d6 MIS = MEI nén hai
tam giac MEI va MIS déng dang véi nhau, suy ra MI° = ME.MS.

—

Tir 46 dan dén MI = CM nén MA = MC = MI, suy ra tam gidc MIC c¢6 IMC = BAC nén ta suy ra duogc

MIC = 90° —EBAC . Tuong tu ta c6 MIA = 90° —EACB.

Tir d6 din dén AIC = AIM + MIC = 180" — % (BAC + ACB) nén I 1a tim duong tron noi tiép tam giac ABC, do

d6 114 trung diém ciia MN. Vay trung diém ctia MN 1a tim duong tron ndi tiép tam giac ABC.

b) D& thiy APF =180" — ANS = 180" — APE nén ba diém E, P, F thing hang.

Ta co APM = AEM va AEM = SEC két hop véi SEC = EFS nén ta dugc EFS = PAN. Piéu nay dan dén ti
gidc ANFP noi tiép dudng tron. Do &6 APM = PAN nén AN song song v6i PM. Chimg minh hoan toan twong tu ta
dugc AM song song véi PN. Do véy tir giac AMEN 1a hinh binh hanh. Dé thdy céc ta giac SKF va SON dong dang voéi
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A . ~ , . < 4 SF SK SE
nhau nén suy ra KF song song véi ON. Tuong tu ta cling c6 KE song song véi OM. Tu d6 suy ra S_N = % = S_M

nén MN song song v6i EF. Tir d6 ta dwoc HGE = HFE = HMN nén t giac MNGH ndi tiép. Gia st TS cit dudng

tron (O) va (O) lan luot tai L va J, khi d6 TS.TL = TMTN = TH.TG = TSTJ. Tir d6 suy ra ba diém S, L, J

trung nhau nén TS 1a tiép tyén cia dudng tron (O) T gidc AMEN 14 hinh binh hanh nén AP va MN cit nhau tai

trung diém I ciia mdi duong. Ta cd6 IAM = PES = FST = NAS va AMI = AMN = ASN nén hai tam gidc AIM va
ANS ddng dang véi nhau, tir d6 suy ra AM.SN = AL.AS . Hoan toan tuong tu ta dwoc AN.SM = ALSN = AM.SN .

A

o T™M SM* AM’
Do TS 1a tiép tuyén vGi duong tron (O) nén _5 =

= . Tir d6 ta suy ra dugc TA 1a tiép tuyén voi duong
TN SN* AN’ '

tron (O) . Do @6 tam giac AST céan tai T.

Trén ddy la mot s6 bai todn dugc soan ra dé on thi cho ki thi tuyén sinh lép 10 chuyén Todn cua cdc
Trwong THPT Chuyén t6i xin chia sé véi hi vong sé bé ich cho ban doc. Tuy nhién ddy chi la tai liéu ciia cdc nhén
nén co gi sai sot mong dwgc thong cam va chia sé.

Chiic cdc ban moi diéu tot dep nhit!
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