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1. Mé dau
Trude hét ta dén véi bai toan nhd sau.

Bai toan gbc. Gia st p = k.2' + 1 1a s6 nguyen t6 1¢, ¢ 1a s6 nguyen duong va k 1a s6 tit nhien 1é.
Gia thiét z va y 1a cic s6 ty nhién ma (th + yQt) : p. Chitng minh rang khi d6 z va y dong thai chia
hét cho p.

Chitng minh. Gia st trai lai x /p, suy ra y /p.
Do p 1a sd nguyén t6 nén theo dinh 1y Fermat nho ta c6

»"'=1 (mod p)
yP "1 =1 (mod p)

Theo gia thiét thi p — 1 = k.2¢, do d6

22" =1 (mod p)
y*? =1 (mod p)

['r d6 ta co
+ t
k2 yk~2 =9 (mod p). (1>

Theo gia thiét thi
2 44 =0 (mod p).

Do k 1é nén
t t "\ N\ t t t ¢
2Pk = <x2 ) + <y2 ) : (xQ +y° ) = <xk'2 +y*? ) =0 (modp) (2)

T (1) va (2) suy ra dieu mau thuan. Vay gia thiét phan chiing sai. Do d6 z,y dong thoi chia hét
cho p. O]

Tit bai toan trén, ap dung vé6i t = 1 ta c¢6 ménh dé sau:

Meénh dé 1. Cho p la s6 nguyén to dang 4k + 3. Khi dé néu x> + y* chia hét cho p thi x vi y
déu chia hét cho p.

Chitng minh. Ta dung phan chiing. Gia st a va b khong dong thoi chia hét cho p. Ta c6 cac truong
hop sau:

e Truong hgp 1. Néu aip, b /p.
= a®p;b® Ip=a®>+ b Ip.

Mau thuan véi gia thiét ban dau.



e Trudng hop 2. Néu a /[p, bip. Tuong tir truong hop 1, truong hop nay ciing mau thuan véi
gia thiét.
e Trudng hgp 3. Néu a /p, b /p. Vi p nguyén t6 nén theo dinh Iy Fermat nhoé ta co:

a*'=1 (mod p)
b 1=1 (mod p)

S a*?2 =1 (mod p), b¥¥2 =1 (mod p)
& () =1 (mod p), (1*)*1=1 (mod p)
= (a2)2k+1 + <b2)2k+1 =9 (mod p)

Do p 1a s6 nguyén t6 c¢6 dang 4k + 3 nén p > 3, nén

(a?)2E4 4 ()2 7 (1)

Lai ¢6

(a?)254 4 (12)2+1162 4 pPip

Diéu nay mau thuan véi (1).

Vay gid thiét phan ching sai. O
Ménh dé 2. Gid st a,b la hai s6 tu nhién khdc 0 va nguyén to cung nhau. Khi dé cic udc nguyén

to 1é ciia a® + b? chi c6 thé c¢6 dang 4m + 1, m € Z.
Chitng minh. Gia st ton tai s6 nguyén t6 p dang 4m + 3 sao cho (a? + b?) }p. Theo ménh dé 1 suy ra
a:p, bip. Do d6 (a,b) = p > 1, mau thudn véi dieu kién a, b nguyen to cuing nhau. Ta c6 dpecm. [

2. Mot sb tng dung
Ta xét dén bai toan tong quéat cho ménh dé 1 tren:

Bai 1. Tim tat ca cac s6 nguyén t6 p sao cho v6i moi a,b nguyén thi (a + b) :p khi va chi khi a
va b dong thoi chia hét cho p.

Chiing minh. Xét cac kha nang sau:

1. Néu p = 2. Rd rang véi moi a, b 1é thi (a + b) :2, ma a,b déu khong chia hét cho 2. Vay p = 2
khong thdéa man.

2. Néu p > 3 thi p 1, nén p c6 dang 4k + 1 hodc 4k + 3, k € N.
Xét tiép hai truong hop sau:

e Néu p c6 dang 4k + 1. Theo dinh 1y Willson, ta c6:
p—1)!4+1=0 (modp)= (4k)!+1=0 (mod p). (2)
Do p = 4k + 1 nén suy ra:
4dk=—-1 (modp)=4k—1=-2 (modp)=---=2k+1=-2k (mod p).

Ta suy ra
(4k)1 4+ 1) = [(2k!)* + 1] (mod p). (3)
T (1) va (2) ta co:
[(2k1)*+1?] =0 (mod p). (4)
R6 rang khi p = 4k + 1, thi khong thé c6 két luan trén. That vay, néu két luan ay ding

thi tu (3) suy ra lip, vo livip=4k +1 > 3.
Vay véi moi s6 nguyén t6 16n hon 3 ¢6 dang 4k + 1 khong théa man yéu cau dé bai.
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e Néu p c6 dang 4k + 3. Gia sit bai toan khong dang véi p = 4k + 3, dieu do6 c6 nghia 1 ton

tai cap s6 nguyeén a, b sao cho (a + b) 'p nhung a fp, b /p.
Theo dinh Iy Fermat nho, ta c6:

a? ' —1=0 (mod p).

Tuong tu ta co
¥ !'—1=0 (mod p).

Do dé

a? PPt —2=0 (modp) = "+ -2=0 (mod p) (5)
= (a®)*T 4+ (1?)* —2=0 (mod p). (6)

Ap dung hing ding thic suy ra:

(a2)2k+1 + (b2)2k+1 — ((12 + bQ)Q, = N*
Do (a? 4+ b%)ip, nén tu (5) di dén:

—2=0 (mod p) = 2:p.
Diéu nay vo li vi p > 3. Vay gia thiét ban dau la sai.
Bai toan dugce chitng minh. O]
Mot s6 bai toan dudi day doi hoi phai itng dung ménh dé 1.

Bai 2.

Tim cac s6 nguyén duong z,v, z,t théa man hé phuong trinh
22+ 132 = 22
132 +y* = t°

Chitng minh. Dat (z,y) = d = zid.

Q?Idl
bat y=dy, .
z=dzn

(21,41, 21 nguyén duong, (z1,y1) = 1)
T hé trén dé dang suy ra
14(2? +¢) = 2° + 12

S 4@+ P =2+ 2= 2+ 13T

Ap dung menh dé ta c6 z1:7,y1°7.
Mau thudn véi gia thiét (z1,y1) = 1.
Vay phuong trinh khong c6 nghiém nguyén duong. O]

Bai 3. (Dau truong VMF - Tran thi 4 vong bang Alpha,Gama - Cau 1 doi Alpha)
Tim nghiém nguyén ctia phuong trinh:

I1994 4 y1994 _ 46914691 (.T 4 y) (7)



Chaing minh. (perfectstrong) Nhan thay 4691 1a s6 nguyén t6 dang 4k + 3.

(7) & (1_997)2 + (y997)2 = 469149 (z + 1) .

Ap dung ménh dé 1 ta co:

{x997 4691 {x — 4691,
Y7 1 4691 y = 4691y
v6i 1,11 € N*. Thay vao (7) ta co:
21+ P = 46917 (21 + 1) - (8)
Ap dung menh dé lan nita ta co:
{xl = 4691x,
v = 4691y
VGl 9,9 € N*. Thay vao (8) ta co:
23+ {9 = 46917 (23 + 1) 9)
Tiép tuc 4p dung meénh de 1an nita, ta co:
{xz = 4691x;
Yo = 4691y;
v6i x3,y3 € N*. Thay vao (9) ta c¢6
4691"%% (247 + y3?) = 25 + y3 (10)

Ro rang phuong trinh (10) khong c6 nghiém nguyén duong vi hién nhien V7T > V P. Vay phuong
trinh (7) khong c¢6 nghiém nguyén duong. O

Ta c6 bai toan tuong tu sau:
Bai 4. Cho k 1a s6 nguyén duong cho trude. Tim nghiém nguyén duong ctia phuong trinh
2?4y = 201129941 (10 — 2) |
Tiép tuc dén vdi bai toan sau:
Bai 5.
Cho m,n 1a cac s6 nguyén duong thoa
m® +9 2" — 1.
Chting minh rang n 13 Ity thita clia 2.

Chiing minh. Dat n = 2F.1 v6i k1 € N va [ 18.
Néu [ > 3 thi

m?+9 2" —1
g1 =92 1= () 12 1m0 — ]

Mal >3 =24 = 2! —1=3(mod4) nén 2! — 1 ¢6 1 u6c nguyen t6 p dang 4k + 3.

[>3=24=2"—1=3(mod4)

=m?’+9p=3p=>p=3 v 1
2 —1=3-1)"—1=—2(mod3)

Dod6l=1=n=2% [l



Sau day 1a mot s6 bai todn ap dung ménh dé 2.

Bai 6. (Bai todn Lebesgue)
Chitng minh rang phuong trinh
-y =7

khong ¢6 nghiém nguyén.

Chitng minh. Gia st trai lai, ton tai s nguyén z,y thoa man
-y =T (11)
Chi c6 hai kha nang sau:
1. Néu y chén, tiic y = 2k. Thay vao (11) ta c6
2 =8k + 7 (12)

Nhan thay mot s6 chinh phuong chia 8 du 0, 1,4. Diéu nay mau thuén véi (11), vay y khong
thé chin.

2. Néu y 18. Viét lai (11) dudi dang
PHl=y +8e P+ 1= (y+2)(y* — 2y +4).
Do y 1é, nén lai ¢6 cac kha nang sau:

e Néu y chia 4 du 1. Khi d6
y+2=4k+3

e Néu y chia 4 du 3. Khi do
y* —2y+4=(4m+3)* —2(4m +3) +4 =4t + 3.

Vay trong moi trusng hop 2% + 1 déu c6 udc dang 4k + 3, vi thé n6 phai c6 uéc nguyén
t6 dang 4k + 3. Ro rang diéu nay mau thuan véi ménh dé 2 da neu.

Ta suy ra gid thiét phan chiing sai. O
Bai 7. Chitng minh rang phuong trinh
oy —x —y =22 (13)

vo nghiém nguyeén.

Chatng minh. Viét phuong trinh da cho duéi dang

160y — 4o — 4y = 42° & 160y — 4o — 4y + 1 =422 + 1 (14)
& (4o —1)dy — 1) = (22)* + 1.
Gia sit (14) ¢6 nghiém nguyén (z,y) thi ti (14) ta co:

(dr—1)(dy—1)=(22)’+ 1< 4z —1)+3][4(y — 1) + 3] = (22)* + 1°.

Lap luan nhu bai 6 ta suy ra (22)% + 1 ¢6 uéc nguyen t6 dang 4k + 3. Diéu nay mau thuin véi ménh
dé 2. Vay phuong trinh 42y — x — y = 22 khong c6 nghiém nguyeén. O]



Nhan xét. Duéi day la 1oi giai bai 7 cta Euler:
Gia stt phuong trinh ¢6 nghiém (z,y, 2) = (m,n, c) va gid st ¢ 1a gid tri nhoé nhat cia z.
= 4mn —m —n = c?
= (4m —1)(4n — 1) — 1 = % (15)

Cong vao hai vé 4(4n — 1)* — 8a(4n — 1) vao hai vé ctia (16) ta c6
[4m — 1 —8c+4(4n — 1)](4n — 1) — 1 = 4(c — 4n + 1)%. (16)
Nhu vay phuong trinh ¢6 nghiém z = |¢ — 4n + 1.
Vi ¢ la gia tri nho nhat clia z nén

= |lc—4dn+1|>c¢

= (c—4n+1)2>¢?

= [dm—1—-8a+4(4n —1)](4n —1) > (4n —1)(4m — 1)
= 4n —1 > 2c.

Ching minh tuong tu ta cing ¢6 4m — 1 > 2c.
bat 4m — 2 =p,4n — 1 = 2a + q vé6i p, ¢ nguyén. Nhu vay

(4m —1)(4n — 1) = 4c* + 2¢(p + q) + pq (17)

Do d6 tit (15) va (17) suy ra 2¢ = (p + q) + pg. Diéu nay vo li. Vay phuong trinh khong c6 nghiém
nguyén. [

Tuy nhién, ciing c6 thé thay, ré rang cach chiing minh bing ménh dé trén nhanh va tién lgi hon cach
ching minh ctia Euler.

3. Bai tap
Mot s6 bai cho moi ngudi luyén tap them vé viéc st dung ménh dé nay trong giai toan sé hoc.

Bai 8. (Tran Quoc Nhat Han — perfectstrong)
Cho n 1 s6 nguyén duong théa méan:
(i) 32" — 1

2" —1
(ii)Im e N:4m? +1:

Chitng minh rang n 1a liy thia cia 2.

Bai 9.
Giai phuong trinh nghiém nguyén sau:

2’ +5=y"
Bai 10.
Tim cac nghiém nguyén duong ctia phuong trinh
a) 2 + y* = 585
b) 2? + y* = 2010
c) 1922 4+ 18y? = 729
d) 2% +y* = 322

2, 2

la s6 nguyén va la uéc cia 1978.

Bai 11. Gid st x,y 1a cac sd6 nguyen khac 0 sao cho n
Ty
Ching minh z = y.

(Chon doi tuyén quoc gia CHLB Dic 1979)
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Bai 12. Tim tat ca cac cap s6 nguyen duong (z,y) sao cho 14 s6 nguyén duong va 1a uéc s6

cua 1995.

Bai 13. Tim s6 nhd nhat trong tap hgp céc s6 chinh phuong dang 15a + 16b va 16a — 15b vdéi
a, b 1a cac sd nguyén duong nao do.

Bai 14. (Pham Quang Toan) Giai phuong trinh nghiém nguyén

2?1 — 2006 = 4y + 4y”% 4 2007y.



