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Bang ky hiéu

(M)
$(W)
gradf(z)
Hess f

tich tenxd cua cac khong gian vecto

tap tAt ca cdc ham tron trén M

tap tAt ca ham tron, gid tri thuc xdc dinh trén U
Gradient ctia ham s6 f

Hessian ctia ham sb f

miit cau don vi trong R™

khong gian tiép xiic clia M tai z

téng cac phan ti trén dudng chéo clia ma tran vudng A

tap cac truong vecto tron trén M.



Mé dau

Bai toan tdi wu trén da tap xuit hién rit ty nhién va kha phd bién. Chang han, khi
xét mot bai todn tdi vu c6 rang budc, trong rat nhiéu trudng hop, tip chip nhan dugc
12 mot da tap. Khi d6, ta cé mot bai todn tbi uu trén da tap. Cau héi tu nhién 14 nhiing
phuong phdp ti vu quen thudc, chang han Tim theo dudng thang, c6 thé dudc dung
cho bai toan tuong tng trén da tap hay khong?

Trong R”, viéc tinh tién theo huéng ctia mdt vecto rat ro rang: ta chi can cong
vao toa do ctia diém can tinh tién véi toa do vecto tinh tién. Nhung trén mot da tap,
gradient cia hAm muc tiéu lai 12 mot vecto thudc khong gian tiép xic clia da tap chip
nhan dudc. Khi d6, vé nguyén tic, ta khong thé cong mot diém trén da tap véi mot
vecto trén khong gian tiép xdc. Néu gia st c6 cdng dudc mot cach may moéc thi két
qua d6 sé khong con 12 mot diém nam trén da tap nita. DE gép phan lam sang té nhiing
van dé nay, ching t6i da chon dé tai "Vé tdi uu trén da tap Riemann" d€ lam dé tai
luan van thac si. Noi dung cua luan van dudc trinh bay trong ba chuong.

Chuong 1. Pa tap va mét s6 khai niém lién quan

Trudc tién, ching toi trinh bay mot sd khai niém, tinh chét ctia da tap va mot sb
khai niém lién quan.

Chuong 2. Thuat toan Tim theo duong thing trén da tap

Trong chuong nay, chung t6i trinh bay nhiing y tuéng va xay dung thuat toan Tim
theo dudng thang va phuong phap Newton trén da tap Riemann. Chiing t6i cling trinh
bay mot s6 tinh chit vé tinh hoi tu clia thuét toan.

Chuong 3. Vi du vé bai toan t6i wu trén mit cu



Trong chuong nay, chiing tdi 4p dung nhiing thuit toan di xay dung cho mot sb
bai todn trén mit cau don vi S*~! véi cac vi du s6 cu thé.

Luan vin két thic v6i phan két luan va tai liéu tham khao.

Mic du da rt nghiém tic va cd gang thuc hién luin vin nay, nhung luin vin sé
khong tranh khoi nhitng khiém khuyét nhit dinh. Kinh mong su gép y cuia cac thay
c6 dé luan vin nay dudc hoan chinh va y nghia hon.

Luén van nay dudc thuc hién tai Truong Pai hoc Khoa hoc - Pai hoc Thai Nguyén
va hoan thanh dudi sy hudéng dan ctia TS. Nguyén Thanh Son. Tac gia xin dudc bay
td long biét on chan thanh va siu sic t6i ngudi huéng din khoa hoc clia minh, ngudi
da dit van dé nghién citu, danh nhiéu thdi gian huéng dan tin tinh va diy trach nhiém
dé tac gid hoan thanh luan vin nay.

Tac gia da hoc tap dudc rat nhiéu kién thifc chuyén nganh bd ich cho cong tic
va nghién ctiu ctia ban than. Nhan dip nay tic gia xin gtii 10i cdm on sau sac tSi cac
Thay gido, Co gido da tham gia giang day 16p Cao hoc Toan K10A; Nha trudng va cac
phong chic nang ctua Truong, Khoa Toan - Tin, trudng Pai hoc Khoa hoc, Pai hoc
Thai Nguyén da quan tam va gitp dd tic gia trong sudt thdi gian hoc tip tai trudng.

Cudi cling tac gia xin cdm on gia dinh, ban be va dong nghiép da dong vién, Gng

ho va tao moi diéu kién cho tic gia trong sudt thdi gian nghién ciiu va hoc tap.

Thdi Nguyén, thang 9 nam 2018

Tac gia luin van

Hoang Ngoc Thé



Chuong 1

Da tap va mot so khai niém lién quan

Trong chuong nay, ching toi trinh by mot cach chi tiét nhitng khdi niém, tinh
chat quan trong lién quan dén da tap. Nhitng ndi dung nay chii yéu dua vao tai liéu [1].

Ngudi doc ciing ¢6 thé tham khao tai liéu [2].

1.1 Khai niém da tap

1.1.1 Pa tap kha vi

Pinh nghia 1.1.1. Gia st (M, 7) 1a khong gian t& pd Hausdorff véi mot co s dém
dugc. Khi d6 M dudc goi 1a mét da tap t6 pé m— chiéu néu né dong phoi dia phuong
v6i khong gian R™, nghia 12 v6i méi diém = € M, ton tai mot 1an can U clia z, c6 mot
tap con m3 V C R™ va mot phép dong phoi ¢ : U — V.

Cip (U, o) dudc goi 1a mot ban do dia phuong hay goi tat 1a bdn dé trong M.

Ta viét M™ d€ thé hién da tap M c6 m chiéu.

V6i U 1a mot tap md bat ky ctia R™, ta nhic lai cac ki hiéu CF(U, R™), O (U, R™),
va C¥(U,R™) 1an ludt 12 tap tit ci cdc 4nh xa kha vi lién tuc t6i cap k, tap tit ca cic

4nh xa tron va tap tit ca cic dnh xa giai tich tif U vao R™.

Pinh nghia 1.1.2. Xét da tap to pd M™. Ho A = {(U;, ;) : i € I} céc ban dd trén M
dudc goi 1a mot atlas I6p C*(k > 1) hay C*— atlas néu hai diéu kién sau dudc thoa

man:



(1) ho {U;} 1a mot phu mé cua M;

(ii) vGi hai ban dd (U;, ¢;) va (U;, ¢;) ma U; N U; # @ thi dnh xa chuyén tiép o; 0 ;!

xéc dinh trén ¢;(U; N U;) 1a d4nh xa kha vi 16p C* tt o;(U; N U;) 18n ;i (U; N U;).

Mot ban do (U, ¢) dudc goi 1a tuwong thich véi C*— atlas 2 néu hop A U {(U, ¢)}
1a mot C*— atlas.

Atlas 2 dudc goi 1a atlas cuc dai néu né chia tit ca cc ban dd tuong thich véi
né. Khi d6 2 ciing dude goi 1a mot C*— cdu triic trén M™.

Cip (M, 2) dudc goi 1a mot CF— da tap hay da tap khd vi l6p C*.

Nhén xét 1.1.3. Mot C*— atlas 2l trén mot da tap t6 pd M xdc dinh duy nhit mot

C*— chu trdc trén M.
Vidu 1.1.4.
1. Xét M = R™ véi t6 pd Euclide. Ta c6 mot C¥— cAu triic tAm thudng

A={(R" ¢) : p:x— x}.



2. Xét khong gian vectd R"*P cac ma tran thuc c6 n x p. Ta xay dung tich vo huéng
(X1, X2) = tr (X] X2),

& day tr(X) 1a tdng cac phan tif trén dudng chéo chinh ctia X. Chuin tuong ting

dudc goi 1a chudn Frobenius
X F = /tr (XTX),
tic 12 || X || 1a tdng binh phuong c4c phan ti ctia X.
Khi d6 R™*P ]a mot khong gian t6 pd Haussdorff véi co s& dém dudc.

Xét anh xa
vec : RP*P 5 [R™
X — vec(X),
& day vec(X) 1a vecto dudc tao thanh bing cach xép chdong theo thi tu cic cot

cta X. Anh xa nay cho ta mdt C*— cau tric trén R™*P,

3. Ky hiéu S 1a mit cau don vi trong R™*! dudc trang bi to pd Euclide. Ky hiéu

N =(0,0,...,0,1), S = (0,0, ...,0, —1) 1an luct 1a cuc bac va cyc nam ctia S™. Dit
Un = S"™\{N}, Us = S™\{S}
va dinh nghia
ey : Uy — R™

xXr xXr
(xl,...,me) — ( 1 . n ),

)
1 —zm I —2mt1

vg:Ug — R™

T1, ..., T — S aees .
(21 me1) (1 + Tt 1+ $m+1>

Do vy, hai 4nh xa chuyén tiép <p§1<p N Va nggl dudgc cho bdi cong thiic

R™\{0} — R™\ {0}

X

5.
]



Khi d6 2 = {(Un,¢n), (Us,ps)} 1a mot C¥— Atlas trén S™. Pa tap 16p C=°

(5™, ) dudc goi 1a mdit cdu tiéu chudn m chidu.
Phit biéu sau day xay dung tich Descartes clia hai da tap.

Ménh dé 1.1.5. Cho (My,2,) va (Ma,As) I hai da tap khd vi I6p C*. Cho M =
M x My la tich Descartes cia hai khong gian t6 po. Khi do, ton tai mot atlas U trén

M sao cho (M, ﬁ[) la mot da tap khd vi lop C* 6 s6 chiéu
dim M = dim My + dim M.
Pa tap (M, Q) dudc goi 1a da tap tich Descartes ctia hai da tap (My,2,) va

(Mo, 2As).

1.1.2 DPa tap con

Pinh nghia 1.1.6. Cho m < n 12 cdc sb nguyén duong va (N, 2Ay) 1a mot da tap
kha vi 16p C*. Mot tp con M ciia N dudc goi 12 mdt da tap con ciia N néu véi mdi
diém = € M, tdn tai mot ban do6 (U, ¢,) € QlN sasochox e U, vay, : U, C N —

R™ x R™ ™ thoa man
Pa(Uz N M) = ¢z(Uz) N (R™ x {0}),
s6 n — m dudc goi 1a ddi chiéu cia M trong N.
Phat biéu sau diy cung cAp chi tiét hon vé cAu tric kha vi trén da tap con.

Ménh dé 1.1.7. Cho m < n la cdc s6 nguyén duong va (N7, ) la mot da tap khd

vi lop C*. Cho M la mét da tap con cia N va duoc trang bi t6 po con. Ky hiéu
7 : R x R"™™ — R™
la phép chiéu lén thanh phan thit nhdt. Khi do
R = {0z "M, (70 92) [U,0Mm) : @ € M}

la mot atlas 1op C* trén M. Vi thé (M, QA(M) la mét da tap khd vi m chiéu lop C*.



CAu tric kha vi 2 M trén M xéc dinh trong ménh dé trén dudc goi 1a cdu triic cdm
sinh tit A -

Ta nhic lai ring mdt ma tran A ¢ m x n dudc goi 1a hang dii néu rankA =
min{m,n}, mot 4nh xa tuyén tinh giita cdc khong gian hitu han chiéu déu c6 thé coi
tuong duong nhu mot ma trin. Dinh ly sau day cho ta mdt ngudn doi dao nhitng vi du

ve da tap con.

Pinh i 1.1.8 (Anh xa an). Cho m < n la cdc s6 nguyén duong va f : U — R™ la

mot dnh xa l6p C* tie mot tdp mé U € R™. Néu = € U, f(x) = y va Jacobian ciia né
df|. : R* = R™
la hang du thi f~'({y}) la mét da tap con khd vi I6p C* clia R" c6 sé chiéu n — m.
Vidu 1.1.9. Cho
f:R™L 4 R

m+1
T o= Y 1t
=1

Dé thiy f thudc 16p €. Khi d6, dao ham cia f dudc tinh bang df, = 2z. C6 thé thay

ngay 1 € R 1a gia tri théa man diéu kién ctia dinh 1y 4nh xa 4n va vi thé
™= {e e R" ! z)* = 1} = ({1}

12 mot da tap 16p C* va c6 s chiéu m. DAy chinh 12 mit ciu tiéu chuin da dudc néu
6 Vidul[l.T.4
1.1.3 Vecto tiép xuc, khong gian tiép xuc

Trudce tién, ta dinh nghia khai ni€ém nay trong khong gian R" quen thudc.

Pinh nghia 1.1.10. Cho = 1a mot di€ém trong R™ va ky hiéu 7, R™ 1a tip céc todn tir
vi phan tuyén tinh tai z triét tiéu hiang sb. Tic 12 7, R™ gdm céc dnh xa o : e(z) — R

thoa man



@) a(Af +pg) = Aa(f) + pa(g),
(i) a(fg) = a(f) - g(x) + f(z)a(g),
véimoi o, u € Rva f, g € e(x).

Dé dang nhén thiy tap 7,R™ c6 chu tric clia mot khdng gian vecto thuc véi hai

phép toan
(a+w)(f) = alf) + B(f),
(Aa)(f) = Aa(f).
Pinh li 1.1.11. Cho x € R™. Khi do, dnh xa

6:R™ = T,R™

v o= Oy
la mét ddng cdu giita cdc khong gian vecto.
Bay gid ta xét cac khai niém d6 dbi véi da tap.
DPinh nghia 1.1.12. Cho M la mét da tap kha vi, x € M va e(x) la tdp cac ham

thuc dinh nghia trén mot 1an cin md clia 2. Mot vecto tiép xiic &, tai = 12 mdt 4nh xa

& : e(x) — R théa man
@) &M+ ng) = A&(f) + 1éa(9),

(i) &:(fg) = &(f)g(x) + f(2)€(9),

véimoi A\, p € Rva f g € e(x).
Tap cédc vecto tiép xiic clia M tai = dudc goi 1a khong gian tiép xic tai z va ky

hiéu T, M.

Phép cong va phép nhan véi vo hudng trong 7, M dudc dinh nghia nhu sau



sz)(f) - )‘gm(f)a
v6i moi &;, ¢ € TuyM, f € e(z) va X € R.

Vi du 1.1.13. Cho 7 : 7 — S™ 1a mot cung trén mit ciu don vi trong R™+! sao cho

4(0) = €. Do ~(t) nam trén S™ nén
vt) () =1Vt el

Pao ham hai vé cho ta

hay

Tir d6, ta suy ra rang véi = € S™, £ 1a vectd tiép xuic z thi ¢'z = O hay V € €

T,5™, ¢ Lx. Do vay, ta viét

1,5 = {§ eR™! . ¢l = 0} .

1.1.4 Anh xa trén da tap

Pinh nghia 1.1.14. Cho (M™, ) va (N, 2y ) 1a céc da tap kha vi 16p C*. Anh
xa f : M — N dudc goi 1a khd vi Idp C* néu véi mbi ban dd (U, 1) € Anq va

(V.g2) € Ay, dnh xa
) ofogol_1 L1 (Uﬂfﬁl(V)) CR™ - R"
thudc 16p C*.
Anh xa khd vi v : I — M xdac dinh trén khoang mé I R dudgc goi 1a mot cung
khd vi trong M.

Mot anh xa kha vi f : M — R dudc goi 12 mdt ham s6 khd vi trén M. Tap tat ca

cac ham tron trén M dugc ky hiéu la C*°(M).
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1.1.5 Dao ham cta anh xa

DPinh nghia 1.1.15. Cho ¢ : M — N la mdt anh xa kha vi gitta cac da tap kha vi.
Dao ham D¢(r) cua ¢ tai x trong M 1a anh xa Do(z) : T M — Ty, N sao cho moi

&x €Ty Mva f € e(¢p(x)), tacod
Do(7)[€x] = Ex(f 0 ¢).

Gia su v : I — M la mdt cung trén M sao cho v(0) = z va ¥(0) = &,. Ky hiéu
¢: I — N laéanh cua cung v qua ¢, tiic la ¢ = ¢ oy vGi ¢(0) = ¢(x) va ddt () = ¢(0).

Khi do, véi f € e(¢(z)), taco

(De(x)[E2])(f) = &(f 0 )

4 (f o0t

Tt
d
= 5 (foc®)l=o

= g¢(1) (f)

Dic biét, néu M va N 1a céc da tap tuyén tinh thi DF(z) chinh I1a dao ham theo
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nghia co dién

DF(2)[E)] = %5% F($+t§g;) — F(x)

(1.1)

Ménh dé 1.1.16. Cho ¢ : My — Ms va i : My — Ms la cdc dnh xa khd vi gitta cdc

da tap khd vi. Khi do, véi méi diém © € My, ta co
(i) Anh xa Do(z) : ToMy — TyyMa2 la tuyén tinh;
(ii) D(idm, ) (x) = id, pmy s
(iii) D(¢ 0 ¢)(z) = Di(¢(x)) o Do(x).
Mot hé qua truc tiép cia ménh dé trén 1a.

Hé qua 1.1.17. Cho ¢ : M — N la mot vi phéi véi dnh xa ngugc ¢~ : N' — M. Khi

do, dao ham Dé(z) : TyM — Ty N tai x la mot song dnh va
(Dg(x)) ™! = D™ (¢(x)). (12)
Dinh Iy sau ddy cung cap cho ta thong tin vé sd chiéu ctia khong gian tiép xiic.

Dinh li 1.1.18. Cho M™ la mét da tap khd vi m chiéu va x € M. Khi dé, khong gian

tiép xiic T, M ciia M tai x la mot khéng gian vecto m chiéu.
1.1.6 Mot so anh xa kha vi dac biét
DPinh nghia 1.1.19. Cho ¢ : M™ — A" la mdt anh xa kha vi gitta cac da tap kha vi,

(i) v6i m < n,¢ dudc goi 1a mot dim néu v6i mdi © € M, dao ham cla ¢ tai z,

D¢(x) : Ty M — Ty, N 1a mot don éanh;

(i) ¢ dudc goi 1a mot nhuing néu nd 1a modt dim va dong thdi 12 mot dong phoi 1én

P(M).

(iii) véi m > n, ¢ dudc goi 1a 1 ngdp néu v6i mdi z € M, D¢, 12 mot toan anh.
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Vi du 1.1.20.

1. Phép nhiing thong thudng tit R”*+! vao R"+! 1a mét dim, dong thdi 12 mot nhing.

Ngoai ra, n6 ciing 1a mot nhung tur S vao S™.
2. Phép chiéu chinh tic tit R™*1 1én R"*!, m > n 1a mot ngap.

Pinh nghia 1.1.21. Cho M 1a mot da tap kha vi m chiéu va U 12 mot tip md trong
R™. M6t dim ¢ : U — M dudc goi 1a mot tham s6 héa dia phuong cia M. Néu ¢

dong thdi 1a mot toan anh thi né dudc goi 1a mot tham sé hoa toan cuc.
Két qua sau day md rong Dinh Iy Anh xa ngudc.

Dinh li 1.1.22. Cho ¢ : M — N la mot dnh xa khd vi giita cdc da tap ciing chiéu.
Néu x € M théa mdn Dé(z) : TyM — Ty N la song dnh thi tén tai mot ldn cdn
md Uy, cua x va U, cua y = ¢(z) sao cho ¢ = ¢|y, : Uy — Uy la song dnh va dnh xa

ngugc =1 : U, — U, ciing khd vi.

Tiép theo, ta s& md rong Pinh ly 4nh xa 4n. Trudc tién ta sé bd sung mot sd khai

niém.

Pinh nghia 1.1.23. Cho ¢ : M™ — N la m0t anh xa kha vi gitta cac da tap. Mot
diém = € M dudgc goi 1a chinh quy néu dao ham D¢ (z) : T,M — TN 1a hang du.
Nguoc lai, ta goi z 1a diém di thuong. Mot di€ém y € ¢(M) dudc goi 1a mot gid tri

chinh quy néu ¥ = € ¢~ '{y}, 2 1a diém chinh quy.

Pinh li 1.1.24. Cho ¢ : M™ — N™ la mdt dnh xa khd vi giita cdc da tap véi m > n.
Néu y € $p(M) la mét gid tri chinh quy thi nghich dnh cia né, ¢~ ({y}) la mét da tap
con clia M™ c6 s6 chiéu m — n. Khéng gian tiép xiic Ty~ ({y}) ciia ¢~ ({y}) tai x

la nhdn cua dao ham dnh xa Do(z), tiic la

T ' ({y}) = {€ € LM : Do(x)[¢] = 0}.
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1.1.7 Phan thé tiép xiic
Cho da tap M, ki hiéu 7'M 1a tap tit ca khong gian tiép xic véi M

TM = U T M.
rzeM

Vi v6i méi & € TM, c6 mot va chi mot khong gian tiép xic T, M, nén M 1a mot

thuong ctia TM véi phép chiéu tu nhién

m:TM — M
EelhuM — .

Xét ban do (U, ¢) clia M, dnh xa

£ € TeM — (¢1(2), ..., om(2), &0y, ...,&pm)T,

ngudi ta chiing minh dudc 4nh xa trén cho ta mot ciu tric da tap trén T M. Ta goi

T M 1a mot phdn thd tiép xiic ctia M.

1.1.8 Truong vecto

Ta nhéc lai khai niém truong vectd doc mot cung tham s trong R™. Trudng vectd
doc cung tham s6 v : I — R"ladnh xa ¢ : I — TR” sao cho £(t) € TR

Ta khai quat héa khai niém nay cho da tap.
Dinh nghia 1.1.25. Cho da tap M va mdt cung tham s6  : I — M. Anh xa tron dit
tuong ing mdi ¢ € I, mot vecto tiép xdc véi M tai y(t) dudc goi 1a mot truong vecto

doc cung ~.
Vi du 1.1.26. Dé thy ¢ — Y&,y vVa t — §(t) la nhting trudng vectd doc cung 7.
Pinh nghia 1.1.27. Cho da tap M. Anh xa tron

EM - TM
xr = & eT,M

dudc goi la mot truong vecto trén da tap M.
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Cho mdt trudng vectd & trén da tap M va mot ham (gia tri thyc) tron f € F(M),
phép cOng hai truong vecto va phép nhan mot truong vecto véi mot ham [ € §(M)
dudc dinh nghia nhu sau

(f&z = fl2)&,
E+Qe = &+, VoeM.
Tap tit c trudng vecto tron trén M dudc trang bi hai phép toan trén dudc ki hiéu 1a
X(M).
V6i méi ¢ € X(M) va ham kha vi f € §,(M), ta xdc dinh ham &(f) € e(z) nhu

sau: vl ©z € M,

trong do v(0) = .

1.2 Da tap Riemann
1.2.1 Khai niém

Cho M la mdt da tap tron, tap cac ham tron C°°(M) trén M lap thanh mdt vanh
giao hoan. Tap cac ham tron C*°(T'M) trén M 1ap thanh mot modun trén C*°(M).
Dit C°(TM) = C>®(M) va véi sd nguyén duong r, ddt

Cr(ITM)=C®IM)® .. C°(TM),
trong dé ® la ky hiéu tich tenxo cua cac khong gian vectd.

Dinh nghia 1.2.1. Cho M la mdt da tap kha vi. MOt métric Riemann g trén M 1a mot
dnh xa song tuyén tinh : C5°(T M) — C§¢(T M) sao cho v6i mdi x € M, han ché g,

cua g trén T, M ® T, M véi

92(&z, C) = 9(&, )z = (€2, Ca) e

12 mot tich vo huéng trén khong gian tiép xiic T, M. Cip (M, g) dudc goi 1a mét da

tap Riemann.



15

DPinh nghia 1.2.2. Cho M la mot da tap con cta da tap Riemann (M, g). Khi d6 moi
khong gian tiép xtic T, M déu c6 thé coi nhu 1a mot khong gian con ctia T, M. Métric

Riemann trong M c6 thé dudc dinh nghia nhu sau

gm(&() = §x<£aC)a §,¢eTiM,

trong d6 ¢ va ¢ & vé phai dudc xem nhu 1 cdc phan ti cia 7, M. Pugc trang bi métric

nhu trén, M tr§ thanh mot da tap Riemann, goi 13 da tap Riemann con ctia M.

Phan bu truc giao ctia T, M trong T, M dudc goi 12 khong gian phdp tuyén cla
M tai x:
(TJCJ\/I)L = {5 S Txm : gl’(f)C) =0,V(e TxM}
Moi phan ti ¢ € T, M déu c6 thé biéu dién duy nhit dudi dang téng clia mot phan ti

clia 7, M va mdt phan ti ctia (T, M)+
§ =Pt + P,

trong d6 P, la phép chiéu truc giao 1én T, M va P. 1a phép chiéu truc giao 1én
(TeM)*.

Meétric Riemann cho phép ta ludng hoda, do dac trén cac khong gian tiép xic. Hon
thé nifa, n6 gitip xdy dung ciu tric khong gian métric ti cAu tric hinh hoc trén da tap

Riemann nhu khai niém khoang cach trong muc sau day.

1.2.2 Khoang cach

Pinh nghia 1.2.3. Cho (M, g) la mot da tap Riemann va v : I — M la mdt cung 16p
C' trong M. Khi d6, do dai cia v dudc dinh nghia la

L(y) = /j VaG @A)t (13)

Ménh dé 1.2.4. Cho (M, g) la mét da tap Riemann lién thong duong. Voi méi diém

z,y € M, ky hiéu Cy la tdp tdt cd cdc cung ~y : [0,1] — M sao cho y(0) = z,v(1) =y
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va dinh nghia ham
d:MxM — RT
(z,y) — inf{L(y) : v € Cm}
Khi do, (M, d) ldp thanh mdt khong gian métric. Hon nita, t6 po sinh bdi d trung voi

16 p6 ban ddu ciia M.
Ta c6 dinh 1y quan trong sau day vé su ton tai clia métric Riemann.
Pinh 1i 1.2.5. Cho (M™, ﬁl) la mot da tap khd vi. Khi do, ton tai mot métric Riemann

trén M.

1.2.3 Gradient

DPinh nghia 1.2.6. Cho mdt ham tron f trén da tap Riemann M. Gradient cda f tai x,

ki hiéu grad f(z), 12 phan ti duy nhit ctia 7, M thdéa man

(gradf(z),&) = Df(x)[¢], V&€ TeM. (1.4)

Trong thuc hanh tinh todn, rit nhiéu trudng hop khi M 1a mot da tap Riemann

con ctia R”, ngudi ta hay st dung phép chiéu truc giao dé x4c dinh gradient.

Ménh dé 1.2.7. Gid sit f la mot ham muc tiéu trén da tap Riemann M va f la han
ché ciia f trén da tap Riemann con M. Khi do gradf la dnh ciia grad f qua phép chiéu
truc giao lén khong gian T, M.

gradf(z) = Pygradf(z). (1.5)
Chiing minh. That vay, P,gradf(z) € T,M va véi moi ¢ € T, M, ta c6
(Prgradf(z),¢) = (gradf(z) — P, gradf(z),¢)

(gradf(z), ()
Df(x)[¢] = Df(x)[¢].

Viy (1.4) dugdc thoa man. H
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1.2.4 Lién thong affine

Pinh nghia 1.2.8. Ki hiéu X (M) la tap cic trudng vectd tron trén M. Anh xa

ViX(M) x X(M) = X(M)

(777 5) = an

dudc goi 1a mot lién thong affine trén da tap M néu céc diéu kién sau dudc thda man

v6i moi 7, x, &, ¢ € X(M); f,ge §(M);a,be R
@) Vinrgx§ = [Vn€ 4+ 9Vy&,
(i1) Vy(a& +0b¢) = aV,§ + bV, (,
(i) Vy(fg) = ()€ + fVne.
V¢ dude goi la dao ham thudn bién clia trudng vecto & doc trudng vecto 7.

Trong R", dao ham c6 huéng 1a mot lién thong affine

fm+tnz - fx
t )

(Vpé)z = %E}%
va dudc goi 12 lién thong Euclide chuén tic.
Meénh dé 1.2.9. Moi da tap 6 pé déu cé thé dugc trang bi mét lién thong affine.
Lién thong affine c6 cac tinh chét sau:

1. Phu thudc vao 7,: trudng vects V¢ tai diém = phu thudce gia trj 7,.

2. Phu thudc dia phuong vao &: trdi lai, &, khong cung cap da thong tin dé xac dinh
V¢ tai z. Tuy nhién, néu hai trudng vecto ¢ va ¢ tring nhau trong mot 1an cin
ctia = thi V,¢ va V,¢ truing nhau. Hon nita, néu 6 hai lién thong affine V va ¥

thi V,,€ — V¢ tai 2 chi phu thudc gid tri &,.
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3. Pon tri tai 0: gia st V va V 1 hai lién thong affine trén M va &, n 1a cdc trudng

vecto trén M. Khi do, ta co

(Vi) = (V) méugo =0,
x
Tinh chit cudi cung nay 12 dic biét quan trong khi xét su hdi tu cia cac thuit
todn t6i uu xung quanh diém tSi han cia ham muc tiéu.
1.2.5 Lién thong Riemann

Dinh nghia 1.2.10. Cho M la mdt da tap tron véi hai trudng vectd &,¢ € C°(TM),

moc Lie cua £ va ( tai z 1a ham so

€, ¢lp: CF(M) — R
fo= 16 Cp(f) = &(C(f)) = G (E(S)).

Phat biéu sau day chi ra ring méc Lie [¢, ¢], 12 mot phan ti cia khong gian tiép

xuc T, M.

Ménh dé 1.2.11. Cho M la mot da tap tron, £, € C®°(TM), f,g € C®(M) va
A\, 1€ R. Khi do

(1) [&, Cle(Mf + pg) = Alg, (e (f) + nl€, Ja(9),
(ii) & ¢lp(f9) = & Cle(f)g(@) + f(@)[€, (Ja(9)-
Pinh nghia 1.2.12. Mot lién thong affine trén da tap M dude goi 1a ddi xing néu
Vi = Ven=n.&, Vn.§€X(M).

Dinh li 1.2.13 (Levi-Civita). Trén da tap Riemann M, ton tai duy nhdt mét lién thong

affine V thoa man

(i) V la lién thong affine doi xiing,
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(ii) x(n,&) = (Vyn, &)+ (1, V&),V x,n,& € X(M) (goi la tinh tuong thich véi métric

Riemann).

Pinh nghia 1.2.14. Lién thong affine V dugc xac dinh trong Dinh ly Levi-Civita

dudc goi la lién thong Levi-Civita hay lién thong Riemann cua M.

1.2.6 Cung trac dia, anh xa mi

Ta sé khai quat héa khdi niém dudng thang trong R” 1én da tap. Nhic lai ring mot

dudng thang trong R” 14 anh clia mot cung tham sb v c6 dao ham cap hai bang 0, tiic
la
d2

Cho da tap M véi lién thong affine V va ~ : I — M 1a mdt cung tham sd. Ki hiéu

X(v) la tap cac truong vecto tron doc cung +.

Pinh nghia 1.2.15. Anh xa

dudc goi 1a dao ham cdp 1 ciia truong vecto doc cung v néu né théa man céc tinh chit
(1) R(ag+b) =abe+b2¢ abeR,

(D) F(fO) = fe+ fge  fed),

(iil) 2(nov)(t) = Vinn, tel,neX(M).

Ngudi ta chitng minh dudc dao ham cip 1 ctia mot trudng vects doc mot cung

tham s6 ton tai duy nhét.

Cho ~(t) 1a mot cung tham s6. Anh xa ¢ — 4(t) cho ta dao ham clia cung tham s6
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Dinh nghia 1.2.16. Dao ham cdp 2 ciia trudong vecto doc cung v duge xac dinh béi

D? D,
a2’ T @
Chi y ring C%Zﬂ phu thudc vao viéc chon lién thong affine trong khi 4 thi khong.

Dic biét, trong R”, véi lién thong Euclide chuan tic, ta co

D? d2y
Dinh nghia 1.2.17. Gia st M 1a mot da tap véi lién thong affine V. Mot cung v trén

M dudc goi 14 cung trdc dia néu (%22’}/(25) = 0 v6i moi t.

Chi ¥ ring céc lién thong affine khac nhau xic dinh nhiing cung tric dia khac
nhau.
Véi moi € € T, M, ton tai mot khoang I chiia 0 va duy nhat mot cung tric dia

v(t;x, &) : I — Msaochov(0) =z va¥(0) = £ Hon nta, taco y(t, z, al) = y(at, z, §).
Pinh nghia 1.2.18. Cho da tap M vdi lién thong affine V. Anh xa

exp, : LM — M

§ = exp, & =7(1,2,8),

véi ~ 1a cung trac dia ciia M, dudc goi 12 dnh xa mii tai .
Rong hon, ta c6 thé dinh nghia

exp:TM — M

(0.6) > oxpyé —1(1,6) = (H5||,x, ng_n> |

& day ki hiéu (z, &) d€ chi vecto ¢ v6i gbc . Anh xa exp lakha vi va exp, 0, = 2,V 2 €
M.
V& mit hinh hoc, exp, ¢ 12 mot diém thudc M, thu dudc bang cich di chuyén mot

khoang ||€|, bat dau tli z, doc theo mdt cung tric dia di qua z v6i vecto van tdc &

3
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Vi du 1.2.19. Xét trong R”. Do dao ham doc mot cung tham sb triing véi dao ham
thong thudng nén cung trac dia la dudng thang. Xét dudng thang di qua zo véi vecto
chi phuong v, ¢6 phuong trinh z(t) = zg + vt. Khi d6, 4nh xa mii ctia vecto v tai di€m

xo la exp,, v = xg + v, ddy chinh la phép tinh tién diém z, theo vecto v.
Vi du 1.2.20. Xét mit ciu don vi S? trong R?.

1. Ta chiing minh ring mot cung ~ 1a cung tric dia ctia S? néu va chi néu né la

dudng tron 16n cia S2.

e Trudc hét, ta c6 phép chiéu truc giao 1én 7,52 1a

V6i mbi diém xq bat ky ctia S2, ta hoan toan c6 thé chon hé toa do sao cho
0 12 diém cuc bac cta S2. Tic 1a zo = (0,0, 1). Pudng tron 16n di qua o va

mot diém (a, b, 0) ndm trén mit phang Oy 14 dnh clia cung tham sb
o . . T s 92 2
t— x(t) = (asint,bsint,cost) ', VGia®+b* = 1.

Ta co

dz
— = (acost,bcost,—sint T
dt

d2
d_tg = (—asint, —bsint, —cost) .

Do d6 theo (1.6)
D? d%z
= (I - m(t):p(t)T) (—asint, —bsint, —cost) "

a?sin?t — 1 absin® t asintcost —asint
= — absin?t b2sin®t —1 bsintcost —bsint

asintcost bsintcost cos?t—1 —cost
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asint
= (a2 sin?t + b2 sin®t + cos® t — 1) | bsint | =0.

cost
Vay moi dudng tron 16n ctia mét cau 1a mot cung trac dia cta no.

e Bay gid xét cung trac dia bat ky (t) trén 52, iy bat ky 2 € v va £ 1a mot
vectd tiép xiic clia 7 tai . Goi E  R3 1a mit phang di qua tim mit cau va
diém x dong thdi song song Vi vectd £. E cat mit cau theo giao tuyén la
dudng tron 16n C. Ki hiéu f : S2 — 52 1a phép ddi xiing qua mit phang E
clia S2. Anh xa nay la mot tu dang ciu va né giit nguyén cic diém ciia C.
Cung f o ~ ciing 12 mdt cung trac dia ctia S? tai = va vectd tiép xic ctia nd
tai z ciing 12 €. Do tinh duy nhét ctia cung tric dia, ta phai c6 f o~ = v trong
lan can z. Piéu nay kéo theo phan clia ~ trong 1an cin cla = thudc dudng
tron 16n C. Do « 1a bat ki nén toan bo  dudc chia trong C. Ta c6 diéu phai

chung minh.

2. D€ xac dinh anh xa mi, ta xét cung trac dia di qua di€m z, theo phuong vecto &.

Ta c6 phuong trinh

[zl =1
, (ALpeR). (1.7)

x = Axg + pé

St dung ||zo| = 1 va zo L & hé (T.7) cho ta A2 + (u||¢|])? = 1. VAy ta c6 thé dit

1

A =cos(at), p= el sin(at),
khi do
z(t) = xgcos(at) + Hg_H sin(at).
Suy ra
t(t) = —woasin(at) + ioz cos(at). (1.8)

€]l
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Thay ¢ = 0 vao (1.8)), chon #(0) = ¢, ta dudc £ = Hg—Ha = a = ||£||. Ta c6 phuong
trinh cung trac dia

o(t) = ancos(elt) + e sn€]1) (19)
Anh xa mii trong truong hop nay 1a

exy, € = ancos[€]) + 7o sin(e])
Chang han, xét cic diém ¢ € T,,S5%, ma ||£|| = 7, ta co exp,, = —xo. Vay anh xa

mii bién dudng tron tAm 0, ban kinh 7 trong T}, S? thanh di€ém xuyén tdm dbi ctia
0. V6i bat ki ¢ € Ty, S%, ki hiéu dy(zo, exp,, €) 1a do dai phan cung trac dia tif zg

dén expy, &, theo (3.4), ta co:
dy (0, expy, €) = arccos(zg expy, €) = [[€]).

Nhu vay ta c6 thé hinh dung, néu z 1a diém cyc bic cla mit cau thi di€m exp,, &
duogc xac dinh bang cach di chuyén tif cuc bic trén dudng kinh tuyén theo phuong

¢, mot quang bang |¢]|.

3. Téng quat, xét mit cau don vi S”~! v6i métric Riemann va lién thong Riemann.

Cung tric dia ¢ — x(t) dudc xac dinh nhu sau

(t) = x(0) cos(||£(0)[[¢) + &(0)

L
[2:(0)]] sin(]|#(0)]|¢).
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1.2.7 Toan ti Hessian

Ta nhic lai ma tran Hessian ctia ham gia tri thyc f trén R™ tai di€ém z € R™ ¢6
2

) 8f (). Nhu vay trong khong gian Euclide httu
i0j

han chiéu, vé mit hinh thiic, Hessian ctia ham s6 12 mot ma tran. Tuy nhién, tong quat

phan tit 6 dong i ¢t j 1a 9 f(z) =

hon, ta hi€u d6 12 mot 4nh xa tuyén tinh. C4i nhin bao quat nay cho phép ta dinh nghia
khdi niém Hessian cho khong gian Euclide bat ky va sau d6 1a cho da tap Riemann
tdng quat.

Bay g ta xay dung toan ti Hessian cho ham f trén da tap. Cho f la ham gid tri
thuc trén khong gian Euclid £. Toan tit Hessian tai = 1a todn ti tuyén tinh tir £ dén £
xac dinh boi

Hessf(z g a:l,... n)Zj€i,

VOi (€;)i=1,.. n la cO sd truc chuidncua &, =~ = Zj zjej va f 12 ham sb trén R™ xdc dinh
bSi f(x1,...,xn) = f(x1€1 + ... + 2pey). DE thy ring dinh nghia nay khong phu thudc

vao viéc chon co sé truc chuin. Dudi day 1a mot phat biéu tuong duong.

Dinh nghia 1.2.21. Cho f la ham gia tri thuc xac dinh trén khong gian Euclid £. Toan
tl Hess : £ — & dudc goi 12 toan tif Hessian cla f tai 2 néu cdc théa man céc tinh chét

duéi day v6i moi y, z € £.

2

@) (Hessf(2)lg) v} = D2 ()] 1= o+ 10)]

t=0

(i) (Hessf(x)[y], z) = (y, Hessf(z)[z]) (tinh d6i xiing).
Trong da tap Riemann, toan ti Hessian dugc khai quat hda nhu sau.

DPinh nghia 1.2.22. Cho f la ham gia tri thuc xac dinh trén da tap Riemann M,
Hessian Riemann ciia f tai © € M 1a 4nh xa tuyén tinh Hessf(z) : T, M — T, M xac
dinh bdi

Hessf(2)[¢,] = Ve, gradf, V& € TuM,

v6i V 1a lién thong Riemann trén M.
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Hessian Riemann cta f ¢6 cac tinh chat sau

Ménh dé 1.2.23. Gid sit f la ham gid tri thuc xdc dinh trén da tap Riemann M. Khi

do, ta co

(i) (Hessf¢],m) =&(nf) — (Ven)f, V& neX(M),
(ii) Hessf la dbi xiing, tiic la (Hessf[€],n) = (€, Hessf[n]), V&1 € X(M).

Két qua duéi day cho thiy Hessian Riemann cta f tai = tring vdi todn tit Hessian
clia f o exp, tai 0, € T, M. Chi y ring f o exp, 12 ham gid tri thuc trén khong gian

tiép xic T, M.

Ménh dé 1.2.24. Gid sit M la mot da tap Riemann va f la ham gid tri thuc trén M.
Khi do

Hessf(xz) = Hess(f o exp,)(0;), Vz e M,

vdi Hessf () la Hessian Riemann cua f : M — R tai x va Hess(f o exp,)(0;) la todn

tt Hessian cua ham f o exp,, tai 0, € T, M.
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Chuong 2

Thuét toan Tim theo dudng thang trén da tap

Trong chuong nay, chiing toi sé trinh bay thuit todn Tim theo dudng thang (line
search) dé€ tdi uu héa ham sd xac dinh trén da tap Riemann. Trudc tién, ching toi nhic
lai so lugdc thuat toan nay cho ham s xac dinh trén R”. Sau d6, ching toi giai thich tai
sao khi 4p dung thuit toan nay cho ham trén da tap, ta can phai sit dung nhitng cong

cu ly thuyét ctia da tap. Khi trinh bay, ching tdi chii yéu dua vao 2 tai liéu [5], [6].

2.1 Thuét todn Tim theo duong thang trong R”

Thuit toan Tim theo dudng thang 1 mot trong nhitng chién luge co ban dé€ tim

diém cuc tiéu z* ctia ham muc tiéu f : R” — R. V6i z;, da cho, so do lip la
Tpt1 = Tk + Ui

Ta can tim huéng 7, ma doc theo d6 ham muc tiéu f s& bi gidm va sau d6 tinh toan
cG budc t;, xdc dinh khodng céach sé di chuyén doc theo hudng d6. Huéng 7, c6 thé
dugc tinh bang cdc phuong phap: gradient, phuong phdp Newton, phuong phdp tua
Newton. C& budc c6 thé dugce xac dinh chinh xac hodc khong chinh xac.

Ngudi ta thudng phéi tim cuc ti€u z* clia cdc ham ham muc tiéu f : R” — R thoa

man gia thiét tiéu chuén.

Dinh nghia 2.1.1. Him muc tiéu f : R” — R dugc goi 1a théa man gid thiét tiéu

chudn tai z* néu n6 thda man céc diéu kién sau
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(i) f kha vi cAp hai va thoa man diéu kién Lipschitz ddi véi Hessian
[Hess f(z) — Hessf(y)|| < vllz —ll,
ta cling néi f ¢6 dao ham lién tuc Lipschitz hai lan vdi hdang so v,
(ii) gradf(z*) = 0;
(iii) Hessf(z*) la xac dinh duong.
DPinh nghia 2.1.2. Gia st {x;} la mot day cia R".

1. Day {x;,} dudc goi 1a hdi tu q— bdc hai t6i z* € R néu z;, hoi tu téi z* va ton tai
K > 0 sao cho

leprr —a*|| < Ky, —*|%, Yk

2. Day {z},} dudc goi 12 hoi tu q— siéu tuyén tinh t6i z* € R™ néu

o — 2l _

lim
k—oo ||z — x*]

3. Day {z;} dudc goi 12 hdi tu tuyén tinh t6i * € R™ néu ton tai ¢ € (0,1) sao cho

lop1 = 2% < eflzy — 2™, Yk

Pinh nghia 2.1.3. Mot phuong phép ldp tinh z* dudc goi la hdi tu dia phuong ¢—
(bdc hai, siéu tuyén tinh, tuyén tinh) néu day lip {z;} sinh bdi phuong phap d6 hdi tu

g— (bac hai, siéu tuyén tinh, tuyén tinh) t6i 2*, mién 12 zy di gan z*.

2.1.1 Phuong phap giam sau nhét

Dinh nghia 2.1.4. Vecto d € R™ dugc goi 1a mot hudng gidm cla f tai z néu

df(z +tn)

i = gradf(z) 'n < 0.

t=0
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Dé thiy —gradf(z) 1a mot huéng gidm. Téng quat hon, bat ky huéng nio tao véi
grad f(z) mot goc ti déu 12 huéng gidm.
Hudng gidm siu nhit tai z 12 y = —gradf(z). Phuong phdp nay cip nhat bdi cong
thuc
Tpy1 = g — tgrad f(zy),

trong d6 ¢ > 0 12 cd bude. Néu ta chon don gian ¢ = 1 thi khong ddm bio dugc z,
s& gan z* hon xy, ngay c4 khi z;, 1a rit gan z* va thda mén gia thiét tiéu chuin. D& 1am
cho phuong phap gidm siu nhét thanh cong, ta can chon d6 dai budc A\ phu hop. Tai
liéu [6] da dua ra cach chon t = 5™, v6i 5 € (0,1) va m 1a sb nguyén khong Am nhd

nhét sao cho

f(ay — tgradf(zp)) — f(z1) < —atllgrad f(z)|?, € (0,1). 2.1)

biéu kién ([2.1) chinh la diéu kién giam di hay diéu kién Armijo ap dung cho phuong
phap gidm siu nhét. Ta c6 thuit toan Tim theo dudng thang véi phucng phip giam

sau nhat.

Algorithm 1 Phuong phdp gidm siu nhit

Require: Ham f thda man gia thiét tiéu chun.

Input: Gi4 tri ban dau x, 7,., 7,, hAm f.
Output: Diy {z;} hoi tu dén diém t6i han ctia f.
1 Pit ry = lgrad (zo)]].
2: fork=0,1,2,...do
3. Tinh f(x), gradf(z;) va kiém tra diéu kién diing ||grad f (z;)|| < 770 + Ta.
4:  Tim s6 nguyén duong m nho nhit sao cho théa man véi t = ™, B € (0,1).
50 Pitag = — tgradf(z).

6: end for
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2.1.2 Phuwong phap Newton

Xét bai toan tim cuc tiéu z* ciia ham muc tiéu f : R” — R thda man gia thiét tiéu

chuan. Phuong phdp Newton chon zo € R" va dua trén cip nhat

Tri1 =z, — (Hessf(z1)) ™' (grad f(z)). (2.2)

Phuong trinh (2.2) dugc goi la phuong trinh Newton. Do tinh xac dinh duong cua
Hessf (), huéng —(Hessf(x,)) ~'gradf(x;) cing la mot huéng giam.

Ta c6 thuat toan

Algorithm 2 Phuong phap Newton

Input: zo, f, 7., 7,

Output: Day {x}.

+ Batr = |[grad f (zo) |

. while ||gradf(zy)|| > 77 + 7, do

o =

3:  Tinh Hessf(z}) va giai hé phuong trinh Hess f (z5)s = —grad f(zy)
4: biatzy, 1 =2+ s

5: end while

Vé su hoi tu ctia phuong phap Newton, ta c6 dinh 1y sau.

Dinh i 2.1.5. Gid st gid thiét tiéu chudn duoc théa man. Khi do ton tai § > 0 sao cho

néu zj, € B(x*,0), budc lip 2.2) hoi tu q- bdc hai dén x*.

2.2 Tim theo duong thang trén da tap Riemann tong
quat
2.2.1 Phan tich
Nhu d trinh bay & Muyc [2.1] khi can t&i vu héa ham muyc tiéu kha vi f(z) trong
R”, ngudi ta tinh tién lién tiép diém thir nghiém x theo hudng gidm siu nhit, n :=

—gradf(z), cho dén khi tim dugc diém z, ma gradient triét tiéu. Piéu z* d6 dugc goi

1a diém tdi han cua f.
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Trong R”, viéc tinh tién theo huéng ctia mdt vecto rat ro rang: ta chi can cong
vao toa dd ctia diém can tinh tién véi toa do vecto tinh tién. Nhung trén mot da tap,
gradient ctia hAm muc tiéu lai 12 mot vecto thudc khong gian tiép xuc cta da tap. Khi
d6, vé nguyén tac, ta khong thé cong mot diém trén da tap véi mdt vecto trén khong
gian tiép xuc. Néu gia sif c6 cong dugc mot cach may moc thi két qua dé sé khong
con 1a mot diém nam trén da tap nita.

Vi vay ddi vé6i da tap, ta can xét su dich chuyén theo huéng clia vecto tiép xiic

thong qua khai niém anh xa rut.

Pinh nghia 2.2.1 (Anh xa rit). Cho da tap M. V6i mbi = € M, dnh xa R, : T,M —

M dudc goi 14 4nh xa it tai  néu cac diéu kién sau dudc théa man:
(1) Rx(om) =,
(i) Néu dong nhat Ty, T, M ~ T, M, ta c6

DR, (0,) = idy, umt- (2.3)

V6i moi vectd tiép xic ¢ € T, M, cung tham s6 ¢ : t — R,(t£) thda man ¢(0) =
¢. Nhu vy, thay vi tinh tién theo vecto ¢ d€ dudc = +& ¢ M ta st dung R, (£) € M ma
van khong 1am thay ddi hudng tim kiém ¢. Anh xa rit da khic phuc dugce khé khin
néu ra G trén.

Mot muc dich quan trong nita ctia anh xa it 12 né gitp chuyén ham muc tiéu dudc
dinh nghia trong 1an cin diém = € M thanh ham muc tiéu dinh nghia trong khong
gian vectod T, M. Ddc biét, cho tru6c mot ham gia tri thuc f trén M dudc trang bi mot
anh xa rit R, tai z, ham s

fo=foRs (2.4)

dudc goi 1a ndi dai ctia f doc theo R,. Chi y rang véi diéu kién 2.3), ta c6 Df,.(0,) =

Df(z). Néu M dugc trang bi mot métric Riemann, ta cé:

grad f(0,) = grad f(z). (2.5)
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Vi du 2.2.2. Xét miit ciu S”~! trong R”. V6i mbi = € S”~! ta c¢6 4nh xa riit

Ry :T,S"t — s

€ o Ry(6)= TS

EEN

Chuing minh.

z + 0

=, Vi |z]| = 1.
50, |

(1) Rm(ox) =
(i) Ta can ching minh DR,(0,)[¢] = £,V ¢ € T.S" L. D&t N = {x € R : = > 0}.

Xét anh xa
G S"Ix N - Rn

(x,r) — rz
va phép chiéu 1én thanh phan thid nhat

TSl N5 gnl

(x,y) — =x.
Dé thiy ¢ 1a mot vi phoi va R, (¢) = (10 ¢~ 1) (z + ). Tacod

DR, (0.)[¢] =D (m10¢7") ()[¢] = Dmy (¢~ (2)) [Do~ ! (2)[¢]] - (2.6)

Ap dung (T:2), ta dudc

Do~ (2)[¢] = D¢~} (g(x, 1)[€] = (Do, 1))~ [€]. 2.7)
Mt khéc, ap dung (T.1), ta c6
Do(e, Dle] = lim Bl + 1, 1t> —é(x,1) _ - W _e
Nén cho ta D¢~ (z)[¢] = &. Thay vao (2.6),
DR, (0,)[¢] = Dm (¢~ (2)) [¢] = Dmi (2, 1)[¢] = &.

Ta c6 diéu phai chting minh.
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V& mit hinh hoc, R, (¢) 1a diém thudc S»~! ¢6 khodng cach dén z + ¢ nho nht.
Khang dinh sau day chi ra, anh xa mil 12 mot trudng hop riéng ctia 4nh xa rit.

Ménh dé 2.2.3. Cho da tap M vdi lién thong affine V. Anh xa mii trén da tap M

duoc sinh bdi V la mdt dnh xa riit.

Meénh dé 2.2.4. Gid sit R la mot dnh xa rit théa man

D2
5 R(t¢) - 0, YEeTM, 2.8)

D? )
VOi 27 la dao ham cap 2 doc cung ~. Khi do

Hessf(xz) = Hess(f o R;)(0z).

Y nghia ctia Ménh dé 1 & viéc thay thé ham mii exp & Ménh dé|[1.2.24, von
rit khé dé€ tinh toan trong hau hét trudng hdp, bing anh xa rit théa man diéu kién

(2.8)) von dé tinh toan.

Ménh dé 2.2.5. Gid sit R la mot dnh xa riit va x la mot diém t6i han ciia ham gid tri

thuc f, tiic la grad f(z) = 0. Khi do
Hessf(z) = Hess(f o Rz)(05).

Nhu vdy, so v6i Ménh dé[2.2.4] diéu kién (2.8) khong can dung dén néu z 1a mot

diém t6i han cia ham f.

2.2.2 Thuét toan Tim theo duong thang

Nhu di chi ra & phan trudc, ludc do lip theo phuong phap gidm siu khong thuc
hién dugc trén da tap. Y tudng dé khic phuc viéc nay la thay thé 1ip zj, — t,n; bdi

R, (tmy), tic 1a 14y z;, 1am gbc va "rit" vecto t,nm;, vé thanh diém z;, ;. N6i mot
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cach khdc, ta di chuyén diém z;, theo cung R, (t;n;,) tao bdi anh xa rit R,,. Theo do,

phuong phap Tim theo dudng thang trén da tap dua trén cip nhat

Tpy1 = Ra,, (tenk)

V6i ny, € Ty, M va t;, 12 mot vo huéng. Véi mdi anh xa rit R dudc chon, ta can chon

hudng tim kiém 7, va ¢d buéce t;, sao cho thu dudc két qua hoi tu toan cuc.

Dinh nghia 2.2.6. Cho truc ham muc tiéu f trén da tap Riemann M, mét day {n; },
ne € Ty, M dudc goi 12 ddy lién két gradient néu v6i bat ki ddy con {z), } ek cla {z}}
hdi tu t6i mot diém t6i han cla f, day con tuong tng {n; }rex 12 gidi ndi va
limsup (gradf(zx), nx) < 0.
k—o0,ke K
Pinh nghia 2.2.7. Cho truéc ham muc tiéu f trén da tap Riemann M véi anh xa rut
R, di€ém z € M, vectd tiép tuyén n € T,M va a > 0,5,0 € (0,1), diém Armijo 1a
A=t

n Ay = BMam, v6i sd nguyén m khong Am nho nhét théa man

f(x) = f(Re(B"am)) > —o(gradf(x), 8" an)s. (2.9)
Sé thuc ¢4 dudc goi 1a ¢ budc Armijo.

Liy huéng gidm 12 —ogradf(z), Piéu kiéncho ta bat dang thic[2.2|quen thudc.

Ta c¢6 Thuat toan

Néu c6 mot phuong phép tinh todn hidu qua dé t6i wu héa f o R,, trong khong
gian con 2 chiéu cta T}, M thi mot Iua chon khé thi cho z; trong Buée 3 1a R, (&),

v6i &, dugce dinh nghia béi:

6 = arg min f(Ro,(€)). Si = span{ne. Ry (1)}

& day span{u, v} = {au+bv : a,b € R}. Dy 12 mot t6i uu héa trén mot khong gian con
2 chiéu S}, ctia T}, M. Rd rang S), chita di€m Armijo tuong tng véi 7, do d6 iy, € Sj.

DPiéu do kéo theo (2.10) vbi c = 1.
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Algorithm 3 Tim theo dudng thang
Require: Da tap Riemann M, ham f kha vi lién tuc trén M; anh xa rut R tut T M vao M,

vo huéng o > 0, ¢, 3,0 € (0,1).
Input: Gi4 tri ban dau x( € M.
Output: Day {x}.
1: fork=0,1,2,...do
2. Chon ny, € Ty, M sao cho day {1, }i=o1.... 1a day lién két gradient.

goee

3:  Chon 741 sao cho:

flae) = flzee) = ol f(an) — f(Ra,(time))), (2.10)

trong d6 ¢ 1a ¢d buc Armijo véi o, 3, o, 1, cho trudc.

4: end for

2.2.3 Su héi tu cha thuat toan Tim theo dudng thang

Dinh nghia 2.2.8. Day {z}};—01,. cdc difém cla da tap M dugc goi 1a hdi tu néu
ton tai mot ban do (U, ) cia M, mot diém =* € U, va mdt s6 K > 0 sao cho
vy € U,V k> K vaday {o(zp) ber i 41,... hoi tu v& o(z*).

Diém o (limy_, o ¢(24)) khi d6 dugc goi 1a gidi han cla day {xy}g—o01...
Dé thay gidi han ctia mot day hdi tu trén da tap 12 duy nhat.

Pinh nghia 2.2.9. Cho day {z}r—01. ., diém z dudc goi la mot diém gidi han cla
day {z1}r—0.1, . néu ton tai mot day con {x;, }r—o 1, . hoi tu vé .

Tap hop céac diém gidi han ciia mot day dudc goi 1a tdp gidi han cta day do.

Dinh li 2.2.10. Gid sit {x}.} la ddy ldp xdc dinh trong Thudt todn |3, Khi dé moi diém

gidi han ciia {x},} déu la diém tdi han ciia ham muc tiéu f.

Chitng minh. Ta chiing minh dinh ly bang phan ching. Gia st ring c6 mot diy con
{1} rex hoi tu vé& z* ma gradf(z*) # 0. Vi day {f(z;)} khong ting nén day {f(z;)}

hoi tu t6i f(z*). Do d6 f(x1) — f(zp41) hoi tu vé 0. Dua vao thuit todn,

f(xr) — flagy1) > —coap(grad f(zr), mk )z, -
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Do {1} 12 day lién két gradient, ta phai c6 {a;}rex — 0. Céc sd oy, dugce xac dinh
tif quy tac Armijo, vi vy, v6i moi sd k > k, o, = 8™, & ddy my, 1a mot s6 nguyén
/ v Y 9N N . ~ 1N A A, O ~ 2 ~ N N
16n hon hoac bang 0. Diéu nay co nghia la cap nhat B_k khong thoa man diéu kién

Nk
Armijo. Do d6

f@@—f@%(%ﬂ))<—ﬁﬁ@wﬂmwmu,Vke&kzé

T I g |||
7e]” 5

bét dang thic trén tré thanh

893

< —o(gradf(z), Mk)ay, VEEK, k>Fk,

& day f dudc dinh nghia & (2.4). Theo dinh 1y gia tri trung binh, ton tai ¢ € [0, ay,] sao
cho

— Do (t71) k) < —o(grad f(z), i)a,, YVEEK, k>F. (2.11)

Vi {ag}rex — 0 va 1, 12 ddy lién két gradient nén {ay}rex — 0. Hon nita, vi 77, ¢
chuin bﬁng 1 nén né thudc mot tp compact, do d6 ton tai mdt tip chi sd K C K sao

cho {n},.x — n" vGi [[7*[| = 1. Bay gid ta chuyén qua gi6i han trong @.11)) trén K.

Do métric Riemann 1a lién tuc va f € C, Df,, (0)[m:] = (gradf(z1), M)z, ta co
—(gradf(z"),n")a < —o(gradf(z"),n )
Do o < 1 nén (gradf(z*), 7).~ > 0. Nhung {n;} 1a ddy lién két gradient nén
(grad f(z*),n")a= < 0.
Mau thuan nay cho ta khang dinh ctia ménh dé. O

Hé qua 2.2.11. Gid si {x}} la day ldp duoc xdy dung trong Thudt todn 3| va tdp

L={xeM: f(x) < f(xg)} compact. Khi do limj,_, ||gradf(z)| = 0.
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Chitng minh. Ta chting minh bang phan ching. Gia st ngudc lai, khi d6 ton tai mot

day con {x}}rex vae > 0 sao cho
|gradf(zy)|| >, VEkekK.

Vi f khong tang trén {z;} nén z;, € £ v6i moi k. Do £ 1a compact nén day {xzj}rex
c6 mot diém gidi han 2* € £. T tinh chét lién tuc cta gradf, c6 ||gradf(z*)|| > e. Tic

12 z* khong phai 1a mot diém t6i han. Mau thuan véi Dinh 1y [2.2.10 O

2.2.4 Toc do hoi tu

Dinh Iy duéi day cho ta cd s tinh toan két qua hoi tu dia phuong ctia cac phuong

phap lap xac dinh bdi x;,1 = F(z}) v6i anh xa tron F : M — M.

Dinh i 2.2.12. Gid st F : M — M la dnh xa I6p C' ma cd tdp nguon va tdp dich

deéu chita mét ldn cdn cua x*.

(i) Néu DF(z*) = 0 thi phuong phdp ldp vdi dnh xa ldp F la hoi tu siéu tuyén tinh

dia phuong toi z*.

(ii) Néu DF (z*) = 0 va F la dnh xa l6p C? thi phuong phdp léip vdi dnh xa ldp F la

hoi tu bdc hai dia phuong toi x*.

Pinh li 2.2.13. Gid sit {x}} la day lp xdc dinh bdi Thudt todn[3|vdi ny, = —grad f(v),
héi tu 16i diém x*. Dt Ay min, VA A max ldn ligt la gid tri riéng nhé nhdt va lon
nhdt ciia ma trdn Hessian ciia f tai «*. Gid sit rang \gmin > 0 (do d6, =* la mét

diém cuc tiéu dia phuong ciia f). Khi do, cho trudc r thudc khodng (r*,1), vdi r* =

AH mi . <
1 — min {QJa)\Hmm, do(1 — o) ptlmin } tén tai mot sé nguyén K > 0 sao cho

H, max

f@pn) = f(@%) < (r 4+ (1 =) (1 = o)) (f(ex) — f(27))

voi moi k > K, d ddy c la tham 56 trong Thudt todn
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2.3 Phuong phap Newton

Cho da tap Riemann M dugc trang bi 4nh xa rit R. Chién ludc ctia phuong phap

Newton la tim z; 1 tU x, theo cach sau:
1. Tim mdt vecto tiép xuc n;, € T;, M 13 nghiém ctia phuong trinh Newton.

2. Ding 4nh xa rit d€ dua 7y, vé ;.

2.3.1 Phuong phap Newton trén da tap Riemann véi ham muc
tiéu gia tri thuc
Bay gio ta xét f la ham muc ti€u gia tri thuc trén da tap Riemann M. Phuong
trinh Newton

Hess (a1 )y = —gradf (21, (2.12)

véi
Hessf(x) : TuM — TpM
(2.13)
n + Vygradf
la Hessian cua f tai = v6i lién thong affine V. Ta ¢6 Thuat toan
Trong trudng hop tong quat, vectd Newton 7;,, nghiém cta phuong trinh (2.12),

khong nhét thiét 1a mot hudng gidm ctia f. That vay, ta co:

Df(xx)[m) = (gradf (zx), m) = — (grad f(zy), (Hessf(x)) 'gradf(zr)), (2.14)

khong chic chan am néu khong bé sung diéu kién cho toan tit Hess f (). Mot diéu

kién du d€ n; 1a hudng gidm 1a Hess f () xdc dinh duong, tiic 1a

(¢, Hessf(zy)[¢]) >0, VEH#O.

Khi V 12 mot lién thong affine dbi xing (nhu lién thong Riemann chang han) thi

Hessf(z;,) 1a xdc dinh duong khi va chi khi tit ca céc gia tri riéng clia n6 déu duong.
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Algorithm 4 Phuong phap Newton trén da tap Riemann v6i ham muc ti€u gia

tri thuc
Require: Pa tap Riemann M, anh xa rit R trén M, lién thong affine V trén M, ham muc

tiéu f gia tri thuc trén M.
Goal: : Tim mot diém t6i han cua f, tdc 1a tim z € M sao cho gradf(z) = 0.
Input: Gia tri ban dau zy € M.
Output: Day {x}.
1: fork=0,1,2,...do
2:  Giai phuong trinh Newton

Hessf(zy)ne = —gradf(vx)

voi dn ny, € T, M, & day Hessf (xx)ny, := V,,gradf.
30 Détwgy = Re(me).

4: end for

Trong thuc hanh, d€ c¢6 dudc két qua hdi tu, ta st dung phuong phap ban Newton,

chon vectd 7 1a nghi€ém cua

(Hessf (zx) + Ex)np = —grad f(xy),

g day toan tir ), dudc chon sao cho (Hessf(z) + E) la xac dinh duong. Véi Ej, dude
lua chon phu hop, day {n;} 1a day lién két gradient, do d6 gia thiét vé su hoi tu toan
cuc trong Thuat toan [3| dugc thdéa man (Pinh ly . Can luu y ring Ej, phai dam
b4o khong pha v3 cAu triic hdi tu siéu tuyén tinh clia ddy Newton thuan tiy khi hoi tu

vé diém t6i han.

2.3.2 Su héi tu dia phuong

B& dé 2.3.1. Gid sit || - || la mot chudn bdt ky trén R™" sao cho ||I|| = 1. Néu | E|| < 1

thi (I — E)~! tén tai va
1

[-B)7Y < ——
=270 = T
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Néu A khong suy bién va |A~1(B — A)|| < 1, khi dé B khong suy bién va

Aty
[A7T(B = A)]

187 < =

Dinh li 2.3.2 (Su héi tu dia phuong ctia phuong phap Newton). Vdi cdc diéu kién
trong Thudt todn |4} gid si ton tai * € M sao cho &+ = 0 va (Hessf(z*))~! ton tai.
Khi do ton tai mot lan cén U cua x* trong M sao cho vdi moi xy € U, Thudt todn

xdy dung duogc mét day {x;,} héi tu siéu tuyén tinh (it nhdt la hoi tu bdc hai) vé x*.
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Chuong 3

Vi du ve bai toan toi uu trén mat cau

Trong chuong nay, chiing toi sé& st dung thuét todn Newton, dé gidi quyét mot
s6 bai todn tbi uu cu thé trén mit cau, d6 1a bai toan K-mean, bai toan diém trung
chuyén hang khong, bai todn gia tri riéng. Céc vi du s dudc ching toi thuc hanh trén

MATLAB. Néi dung chinh ctia[3.3|c6 thé dugc tim thiy & tai lidu [5].

3.1 Bai toan K-mean trén mat cau

3.1.1 Baitoan

DPinh nghia 3.1.1. Trong khong gian métric (M, d), cho cdc diém =1, ..., z,. Di€ém
z* € M dudc goi 1a trung binh Karcher ctia cac diém 1, ..., z, néu z 1a diém cuc tiéu
cia ham

n

f@) = (d(z;,x))* (3.1)
i=1
trén M. Bai toan di tim trung binh Karcher dudc goi l1a bai todn K-mean.

Vi du 3.1.2.

1. Ta tim trung binh Karcher ctia hai di€ém A(as, ..., a,,) va B(by, ..., b,) trong khdng

gian R™ v6i métric thong thudng. Tiic 1a can tim diém cuc tiéu ctia ham s

f@)=(z1—a)’ + ..+ (@0 —an)® + (21 = b1)* + o 4+ (20 — b2)%. (3.2

_ b)? .
Ap dung BPT a? + 1% > (az ) , ta co

flz) = (v1 - a1)2 + (b — $1)2 + .+ (zp — an)Q + (by, — bn)Q
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(b1 — a1)2 (bn _'an)2
>
=z 5 + ...+ 5
a + by an + by
g
(3.2) dat cuc tiéu tai trung di€ém ctia doan thang nbi a va b.

DAu dang thic xay ra khi va chi khi z = < ) Tiic 12 ham s6

2. Bay gid ta tim trung binh Karcher cho m di€ém Aj(a11, ..., an1)s oo A (@1, ooy Q)

trén mit cau don vi S”~ 1. Do cic diém déu ndm trén mit cau nén

n n

g x?:: ai7::1, k=1,..,m.
=1 i=1

Ta co:

Déu dang thiic xay ra khi va chi khi

1 T
m — see — m .
> k1 > Qkn
k=1 k=1
A N A . . A A N R ~ A A 1
Day la mdt tia di qua goc toa do va diém trung binh so hoc A = —(A;+...+ Ap,).
_ m
. P . N s ’ ~ 4 A N , ~ -, N R
Giao cua tia nay v6i ™! chinh la di€ém z* = ——— va d6 cing chinh Ia cuc ti€u

4]
ctia ham f hay 12 nghiém cta bai todan K-mean (3.I) trén mit cau S™! véi

khoang cach Euclide thong thuong.

3.1.2 Thuc hanh v6i MATLAB

Trong muc nay, chiing t6i 1ap trinh mdt chuong trinh trong MATLAB dé€ giai bai

to4n tim trung binh Karcher ctia m diém trén mit cau don vi S? trong R3.
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Gia st toa do ctia m di€ém do dudc cho dudi dang céc cdt clia ma tran

a1l ai2 ... Qim
A= as1 a2 ... Qa9m
a3l asz2 ... Q3m
Ham muc ti€u khi do la
f:5% - R

r — f(z Z |l — Ala]]1%,
vGi A[i] 1a cot thii i ctia A. Xét ham s
f:R* - R
r = flz Z | — Afa]1%,
dé thiy f 12 han ché ctia f trén S%. Ta c6

a1 +ai2 + ...+ am
grad f(z) = 2ma — 2 a1 + age + ...+ agy | = 2ma — 2B,

azl +az2 + ...+ a3m

m
Gday Bd€lamatrincd3 x 1ma B; = > ay, i =1,2,3.
k=1
Phép chiéu vuong géc 1én khong gian tiép xic 73,5% 1a P,é = (I — 22" )¢. Do d6

gradf(z) = Pygradf(z) = 2(I — zz " )(mz — B).

DE tinh Hessf(z), ta xét

Dgradf(z)[n] = 2%1_% (I = (z+tn)(z+tn)")(m(x +tt77) — B)— (I —22")(mz — B)

=2 (m([ —xx g —man' z+an' B—mnz"z+ n:cTB) .
Tur do, ta co

Hessf(z) = Vygradf(x)
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= P, (Dgradf(z)[n])

::ZUV—xxT)(nﬂ]——xxTy7—7nanx—%anf3—wnnxTx—FanB).

St dung n € TS va (nz" + 2n")B = (zB' + 2" B)n, phuong trinh Newton (2.12)

tré thanh:

2(I —zal) (m + 2B +2"B—ma’ ) n=—2(I —zz")(mx — B) 33)

x'n=0

Chuong trinh duéi day viét cho

1 00 1
>, 7
A=1-1 0 —
g V3

1

201 —
3 V3

clear all

close all

disp ('’ Tim trung binh Karcher tren mat cau bang phuong phap
Newton:")

disp (' Danh sach cac diem’)

A= [1/3,0,0,1/sgrt(3);2/3,1,0,1/sqgrt(3);2/3,0,1,1/sqrt (3)]

disp(’Diem khoi tao’)

x=[cos (pi/4);sin(pi/4);0]

ta = [le-5;1le-06];

kmax = 20;

[k,valu,mi,err, nrmgrad,deri, tol] =
Newton_Karcher (A, x, ta, kmax) ;

figure (1)

plot(l:k,err,’"-b*",1:k,nrmgrad,’ :rs’,’  LineWidth’, 2)

legend(’sai so’,’chuan gradient’)

figure (2)

plot (1:k,valu,’-k*’,’LineWidth’, 2)

legend(’gia tri ham muc tieu’)
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Trong d6 thu tuc Newton Karcher (A, x,ta, kmax) la

function [k,valu,mi,err,nrmgrad,deri, tol] =
Newton_Karcher (A, X, ta, kmax)

m= size (A, 2);

mi=zeros (3, kmax) ;

err=zeros (kmax, 1) ;

nrmgrad = zeros (kmax,1);

deri= zeros(kmax,1l); % ghi lai gia tri gradient cua dao ham

valu = zeros(kmax,1l); % gia tri ham muc tieu

%% Bat dau thuat toan Newton

r0 = norm(deriv(x));

deri(l) = r0;

err(l) = norm(x);

mi(:,1) = x;

nrmgrad(l) = norm(deriv(x));
valu(l) = ssd(x);

k=2;

tol = ta(l)*r0+ta(2);

while norm(deriv(x)) > tol && k < kmax
x0 = x;
s = —[ deriv2(x); x"] \ [deriv(x); 0] ;
x = (l/norm(x+s))*(x+s) % Anh xa rut
nrmgrad (k) = norm(deriv (x));
err (k) = norm(x0-x);
mi(:,k) = x;
valu (k) = ssd(x);
k = k+1;
end
if k == kmax

disp ('’ chuong trinh co the da that bai’)

else
valu (k) = ssd(x);
mi = mi(:,1:k);
err = err(l:k)

valu = valu(l:k)
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nrmgrad = nrmgrad(l:k);
deri = deri(l:k);
end

disp (' Trung binh Karcher can tim la’)

X
disp(’Gia tri ham muc tieu’)

ssd (x)

function yl = ssd(x) % ham Binh phuong khoang cach

z = X;

for i=1:(m-1)
zZz = [Z/X];
end

vyl = trace((z — A)*(z - A)');

end

function y2 = deriv(x)% gradient cua ham

y2 = 2% (eye(3) - x*x’)*(m*x — sum(A,2));

end

function y3 = deriv2(x)% Hessian cua ham

y3 =2*(eye (3) - x*x'")*(m*eye (3)+ x*(sum(A,2))’ +
X’ *sum (A, 2) *eye (3) — m*x’'*x *eye(3));

end

end

Ta thu dudc két qua nhu sau

Tim trung binh Karcher tren mat cau bang phuong phap Newton:

Danh sach cac diem

A =
0.3333 0 0 0.5774
0.6667 1.0000 0 0.5774
0.6667 0 1.0000 0.5774

Diem khoi tao

X =
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0.7071
0.7071

Trung binh Karcher can tim la
x =

0.2758

0.6797

0.6797

Gia tri ham muc tieu
ans =

1.3968

Céc biéu do

4 T T T T 5“ T T T T T T T T
s
45 5, @k chuan gradient | |
3.5 k
4
35
3
3
25 1 25
2
2
15
18—
15 &
0.5 y
1 . 0 k™ . . . .
1 12 14 16 18 2 22 24 26 28 3 1 12 14 16 18 2 22 24 26 28 3

Hinh 3.1: Bi€u do gid tri ham muc tiéu, sai s6 va chudn gradient vdi Bai toan

K-mean.
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3.2 Bai toan diém trung chuyén hang khong
3.2.1 Giéi thiéu

Nim 2015, du luan trong nudc rit quan tim dén Dy 4n sin bay Long Thanh. Trong
To trinh [3]] cia Chinh phi va Nghi quyét [4] ctia Qudc hoi déu nhic dén viéc Long
Thanh sé trd thanh mot cang hang khong trung chuyén trong khu vuc. Dé dang hinh
dung mot trong nhitng diéu kién thuan 10i cho mot cang hang khong trung chuyén 1a
tong khoang céch tit san bay d6 dén cac sian bay qudc té trong khu vuc 1a nhd nht.
Gia st ta xdy dung mot hé truc toa do Descartes c6 tim nam & taim Trai dat. Khi do,
vi tri moi san bay trong khu vuc duge dic trung bdi mot bd ba toa do thong thudng
trong khong gian. Ta c6 thé thuc hién mot phép co theo ban kinh Trai dat dé dua bai
todn dang xét vé trén mit cau don vi. Viéc kiém tra vi tri san bay Long Thanh c6 diing
12 mot diém trung chuyén t6t hay khong hoan toan cé thé dudc gidi quyét dudi goc do
Toan hoc bang cach xét bai toan tdi uu sau:

Cho n diém Ay, Ay, ..., A, trén cau don vi S%, tim vi tri diém X sao cho tong

khoéng céch trac dia tit X dén cic diém A; 1a nho nhit.

3.2.2 Bai toan diém trung chuyén hang khéong

Gia st a,b 12 hai diém trén mit cau S? trong R3. Ta tinh khoang céch trac dia

dy(a,b) tit a t&i b. Ap dung (T.9) ta c6 phuong trinh cung tric dia di qua a,b 1a

£(t) = acos (|€]lt) + -2 sin (€]1).

€]
VOi € = P.b=b— (a"b)a, |€]| = /1 — (aTh)2. DE thiy

. arccos(a'b) _
z(0) = a, (—1 = (aTb)2> b.

Mat khac

2(t) = —al[]l sin ([[€]]t) + & cos (lI€]1E) -



48

arccos(a'b)

1 —(a’h)?
0
dy(a,b) = /0 NEOEO

0
_ / VTP = aTe st
0

Ap dung cong thic (T.3)), véi 6 = ,tacod

0
_ /0 ¢t Wie L a)

= li¢]

= arccos(a ' b).

Vay
dy(a,b) = arccos(a'b). (3.4)

Gia sti c6 n diém A;,i = 1, ...,n trén mit cau don vi S? trong R3. Ta can cuc tiéu

héa ham muc tiéu
f:5% - R

n
z — Y arccos(z ' A).
i=1

Gia st toa do ctia diém A; 12 cot thd i cia ma tran

all] a2 ... Qin
A= ay axn ... aan
azr aszx2 ... Qa3n

Trong muc ndy, v6i ham sb thuc ¢ : R — R va 2 = (21,22, ..., 7,,), ta ki hiéu

Z:Rm™ - Rm™
(90(931)\
T ?(m) = ola2)
o(Tm)

Ta co

gradf(z) = —(I —zz")Ag (x" A),
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. 1 .
VOl g(t) = ﬁ’t € (—1,1). Do do, theo (1.1)

Dgﬁf@ﬁﬂzy%gﬁvw+ﬁ?—gmﬁw)

T . :)ST
— (an +nx'|’) A?(xTA) i (:z:xT _I)A}i_ﬂ% 7 ((x+t77) ;4) 7( A).

Ta lai ¢6
J ((w+tnTA) =G4

: _ (AT
;i t =-(A oH)

trong do

t

va ® 1a phép nhan Hadamard hai ma trin cung cd, ttic 12 nhan phan ti& v6i phan t cia

Hf=(%7¢ﬂ@,'ﬁuﬁA% 7&@1@), h(t) = (—1:1)

hai ma trn cung cd, v6i P, () 1a cac ma trdn c6 m x n,

P114q11 -« Pinqin
POQ=

Pmi1dm1 .- Pmndmn

Két hop véi tinh chét (nz” +2n")B = (BT + 2" B)n, ta thu dudc
Hessf(z) = (I —aa") (x (?(xTA))T AT+ 2TAG(x"A) — (zz” —DAAT © H)) n.

3.2.3 Thuc hanh v6i MATLAB

Dui day, ta s€ 1ap trinh mot chuong trinh tinh todn vi tri di€ém trung chuyén hang
khong ctia 10 san bay nhon nhip nhét trong khu vuc Chau A nim 2017 theo thong ké
cua Airports Council International.

Dé ddi toa do dia ly sang toa do Descartes, ta st dung phép bién ddi
x = cos(la) cos(lo), y = cos(la)sin(lo), =z =sin(la),

trong do (la,lo) la toa d§ dia ly.
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STT Tén san bay Toa d6 dia ly
1 | San bay Quéc té Bic Kinh (40.0725, 116.5975)
2 | Sin bay Haneda (35.553333, 139.781111)
3 | San bay Qudc té Hong Kong (22.308889, 113.914444)
4 | San bay Qudc té Phd Pong - Thugng Hai | (31.143333, 121.805278)
5 | San bay Quéc té Bach Van - Quang Chau | (23.3925, 113.298889)
6 | San bay Quéc té Soekarno - Hatta (-6.125556, 106.655833)
7 | San bay Quéc té Changi - Singapore (1.359167, 103.989444)
8 | San bay Qudc té Incheon (37.463333, 126.44)
9 | San bay Qubc té Suvarnabhumi (13.6925, 100.75)
10 | San bay Quéc té Kuala Lumpur (2.743333, 101.698056)

Bang 3.1: Danh sach cic san bay nhon nhip nhit Chau A niam 2017 (Theo

Airports Council International).

Chuong trinh trong MATLAB duéi day lay diém khdi tao 1a (11, 106), trén dia

phan Cambodia.

clear all

close all

disp(’Bai toan Diem trung chuyen hang khong:’)

disp (' Danh sach cac san bay’)
40.0725, 116.5975 ; 35.553333,
113.914444; 31.143333, 121.805278;

cC =1

-6.125556, 106.655833;
1.359167, 103.989444; 37.463333,
2.743333, 101.698056 ]’ %Danh sach san bay theo toa do

Dia ly

(pi/180) *C;

m = size (B, 2);

o
Il

sin(B(1,1)) 1;

for i=2: m

% Dol don vi radian

139.781111; 22.308889,
23.3925, 113.298889;

13.6925, 100.75;

[cos(B(1l,1))*cos(B(2,1));cos(B(1,1))*sin(B(2,1));
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A = [A, [cos(B(l,1))*cos(B(2,1));cos(B(1l,1i))*sin(B(2,1));
sin(B(1,1))]11;
end
disp (' Danh sach san bay theo toa do Descartes’)
A
disp(’Diem khoi tao’)
D=(pi/180)*[11, 106]’ % Cambodia;

X = [cos(D(1,1))*cos(D(2,1));cos(D(1,1))*sin(D(2,1));
sin(D(1,1)) ]
ta = [le-2;1e-3];

kmax = 65 ;

[k,valu,mi,err, nrmgrad,deri, tol] =
Newton_Airport (A, x,ta, kmax) ;

figure (1)

plot (l:k,err,’-b*’,1l:k,nrmgrad,’ :rs’,’ LineWidth’, 2)

legend(’sai so’,’chuan gradient’)

figure (2)

plot (l:k,valu,’-k*’,’LineWidth’,2)

legend (’gia tri ham muc tieu’)

Trong d6 thu tuc Newton Airport (A, x,ta, kmax) la

function [k,valu,mi,err,nrmgrad,deri, tol] =

Newton_Airport (A, x,ta, kmax)

fun = @(t) 1/sqgrt(l-t"2);

fun2 = @(t) t/sqrt((1-t*2)"3);

mi=zeros (3, kmax) ;

err=zeros (kmax, 1) ;

nrmgrad = zeros (kmax,1);

deri= zeros(kmax,1l); % ghi lai gia tri gradient cua dao ham
valu = zeros(kmax,1l); % gia tri ham muc tieu

%% Bat dau thuat toan Newton

r0 = norm(deriv(x));

deri(l) = r0;
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err(l) = norm(x);

mi(:,1) = x;

nrmgrad(l) = norm(deriv(x));
valu(l) = airport (x);

k=2;

tol = ta(l)*r0+ta(2);

while norm(deriv(x)) > tol && k < kmax

x0=x;
s = —-[ deriv2(x); x'] \ [deriv(x); 0];
X = (l/norm(x+s))*(x+s); % Anh xa rut
nrmgrad (k) = norm(deriv(x));
err (k) = norm(x0-x);
mi(:,k) = x;
valu (k) = airport (x);
k = k+1;
end
if k == kmax

disp(’chuong trinh co the da that bai’)

else
valu (k) = airport (x);
mi = mi(:,1:k);
err = err(l:k);

valu = valu(l:k);
nrmgrad = nrmgrad(l:k);
deri = deri(l:k-1);

end

disp (’Diem Trung chuyen can tim la’)

disp(’Gia tri ham muc tieu’)

airport (x)

¢

function yl = airport(x) % ham tong do dai duong bay

vyl = sum(acos (x’'*A),2);
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end

function y2 = deriv(x)$% gradient cua ham

y2 = —(eye(3)-x*x’)*A* arrayfun (fun, (x’'*A)’");
end

function y3 = deriv2(x)% Hessian cua ham

h = arrayfun (fun2, (x’'*A)’");

H = [h, h, h];

y3 = (eye(3)-x*x’")* (x*arrayfun (fun, (x’*A)")’"*A’ + x'*A*
arrayfun (fun, (x’*A)’)*eye(3) — (x*x'- eye(3))*A* (A’ .*H));

end

end

Ta thu dudc két qua

Bai toan Diem trung chuyen hang khong:
Danh sach cac san bay
CcC =
40.0725 35.5533 22.3089 31.1433 23.3925 -6.1256 1.3592
37.4633 13.6925 2.7433
116.5975 139.7811 113.9144 121.8053 113.2989 106.6558
103.9894 126.4400 100.7500 101.6981

Danh sach san bay theo toa do Descartes

-0.3426 -0.6212 -0.3750 -0.4511 -0.3630 -0.2850 -0.2417
-0.4715 -0.1812 -0.2025

0.6842 0.5253 0.8457 0.7274 0.8430 0.9526 0.9701
0.6385 0.9545 0.9781

0.6438 0.5815 0.37%96 0.5172 0.3970 -0.1067 0.0237
0.6083 0.2367 0.0479

Diem khoi tao

-0.2706

0.9436
0.1908
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Diem Trung chuyen can tim la
x =

-0.3740

0.8455

0.3811

Gia tri ham muc tieu
ans =

2.8898

Céc biéu do

35 35

== gia tri ham muc tieu —p—saiso

@ i@ chuan gradient

2571

28

Hinh 3.2: Bi€u do gid tri ham muc tiéu, sai s6 va chuén gradient vdi Bai toan

di€m trung chuyén hang khong.

Déi két qua ra toa do dia ly, ta thu dudc diém (22.4018, 113.8618), 1a mot diém gan
san bay Hong Kong. Nhu vy san bay thuan 10i nhit cho viéc trung chuyén giita cac

san bay trén la San bay Qubc té Hong Kong.
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3.3 Bai toan gia tri riéng dudi géc do t6i wu

Ta nhic lai v& gia tri riéng ctia mot ma tran va cac khai niém lién quan. Gia stt K
1a trudng s6 thuc hoiic phiic, A 12 ma tran ¢d n x n v6i cdc phan ti thuoc K. Mot vecto

khic khong v € C™ dudc goi 12 vecto riéng ctia A néu ton tai A € C thda min
Av = M.

S6 X khi d6 dudc goi 1a gid tri riéng ctia A. Cip (\,v) dudc goi 1a cdp riéng clia A.
Tap hop tt ca cic gia tri riéng clia A dugc goi 1a phé clia A. Céc gia tri riéng clia A

cling l1a cac nghiém cua da thiic ddc trung cua A,
Py(z) = det(A — 21).

Néu 7' 1a mdt ma trin kha nghich va (\,v) 12 ciip riéng cla A thi (A, Tv) 1a mot cip
riéng ctia TAT 1,

S6 X 1a mot gid tri riéng ctia ma trin A khi va chi khi dimker(4 — AI) > 0. Khi
do, ker(A — \I) dudc goi la khdng gian con riéng cia A ing v6i .

Tir day trd di, ta chi xét cac ma tran thuc. Khi A 12 ma trin d6i xdng cd n x n thi
cac gia tri riéng \; < ... < \,, ctia A 1a s6 thuc va cac vectd riéng vy, va, ..., v, clia nd
c6 thé dudc chon sao cho 1ap thanh mdt hé truc chuan, tic 1a

1 néui=j
vj =

0 néuij
Néi cach khac, v6i moi ma trin dbi xiing A, ton tai mot ma tran truc giao V (Vi cac
cOt 1a cac vecto riéng clia A) va mdt ma tran dudng chéo D sao cho A = VDV . Gia
tri riéng \; dudc goi la gid tri riéng cuc td cia A va cap (A1, v1) dude goi la cdp cuc td.
Mot khong gian con bt bién tng véi cdc gid tri riéng Ay, ..., \, dudc goi 1a khong gian
con bdt bién cuc td p— chiéu. Tuong tu, khong gian con bdt bién cuc hitu p—chiéu 1a

khong gian con bét bién dng véi cac gid tri riéng \,_p+1, ..., \n. Khong gian con bat
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bién cuc ta va khong gian con bat bién cuc hitu dugc goi chung 1a khdng gian con cuc
bién.
3.3.1 Bai toan gia tri riéng duéi goc do toi vu

Ta nhac lai ki hiéu tr(A) d€ chi tong cac phan tif trén dudng chéo clia A.

Dinh nghia 3.3.1. Gi4 st 4 12 ma trin dbi xting ¢d n x n, Y 12 ma trin hang dd cd
n x p. Khi d6 ham sb
FY) = tr (YTAY (YTY)_l) (3.5)

dudc goi 1a thuong Rayleigh tong qudt clia A.

Ménh dé 3.3.2. Gid sit A la mot ma trdan doi xiing cén x n, \y < ... < \, la cdc gid

tri riéng ciia A. Khi do cdc ménh dé duwdi ddy la twong dwong:

(i) span(Y*) la mot khong gian con bdt bién cuc td ciia A;

(ii) Y* la mot cuc tiéu toan cuc ciia trén tdp tdt cd ma trdn hang dii cd n x p;
(iii) f(Y™) Z \i.

Chitng minh. DE don gian, ta gid st ring )\, < \,.1. Gid st V 1a mot ma tran ¢
n x nsao cho V'V = I, va VT AV = diag(\y,...\,). D& thiy V ludn ton tai. Gia st
YeR™PmaY =VM.ViY'Y =1I,nén M"M = I,. Khi d6

tr (YTAY) = tr (Mleag /\n)M)

DN
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Vi s6 hang thif hai va cubi cing khong 4m nén
p
tr (YTAY) > Z \i.
i=1

Déu dang thiic x4y ra néu va chi néu s6 hang thd hai va sd hang cubi cing bing
0. Piéu nay xdy ra khi va chi khi mang p x p bén trén ctia M 13 truc giao va mang
(n — p) x p bén duéi ctia M chifa toan phan ti 0. Tiic 14 Y = V M sinh mot khong gian

con bat biét cuc ta p—chiéu cta A. H

Trong trudng hop p = 1, gia st gid tri riéng cuc ta A\; clia A c¢6 bdi 1. Ménh dé

cho ta cuc tiéu toan cuc ciia ham muc tiéu

R - R

T (3.6)
y = fly) =2 4y

T

Yy
1a diém vy, € R,, v6i vy 12 vecto riéng dng v6i A;. Toi uu hda thuong Rayleigh
c6 thé dudc coi 1a mot bai toan tbi wu trén da tap vi R? ¢6 thé coi 1a mot da tap véi
cAu tric tu nhién. Tuy nhién, khia canh da tap it dudc quan tam, vi d6 don gian chi Ia
mot khong gian tuyén tinh ¢d dién bd di phan ti 0.

Mot vat dé nita 1a nghiém t6i wu ctia bai todn tuy khong bi cd 1ap nhung dat ti

continum v;R,. Do dé mot sd két qua hoi tu quan trong clia cac phuong phap toi uu

khong thé 4p dung dudc cling nhu mdt vai thuét toan quan trong c6 thé sai.

3.3.2 Thuit toan thuong Rayleigh trén mit cau

D€ khic phuc tinh trang trén, ngudi ta xét bai toan trén mat cau. Nghia la ta rang
budc diéu kién c6 chudn 1 cho céc vecto riéng. Vé khia canh tinh todn, diéu nay ducc
khuyén khich vi né6 loai trit dudc viéc chia cho mot dai ludng c6 thé c6 gia tri rat nhd.

Theo do, ta 4p dung Thuait toan [3|cho thuong Rayleigh trén mit cau

. gn—l R
! - (3.7

r — z! Az,
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& day ma tran A 12 mot ma tran ddi xing. Xét ham muc tiéu

f:R* - R

r — z!Ax.

D& thiy han ché ctia f trén mit cau S™~! chinh la (3.7).
Ta coi S"~! la da tap Riemann con cta khong gian Euclide R" dugc trang bi

métric Riemann chuin tic
96,0 =¢'¢

Véiz e S 1 tacod

Df(x)[¢] = ¢" Az + 2T AC = 2¢T Ax,

v6i moi ¢ € T,R™ ~ R"™. T d6 ta c6 th€ dinh nghia
gradf(r) = 2Ax.

Khong gian tiép xiic ctia S 114 7,571 = {¢ € R" : zT¢ = 0}. Phép chiéu vudng

gbc 1én khong gian tiép xuc tai z 14
Pt =¢—ax'€.
Chi y rang gradf(z) = P,gradf(z), ta dudc
gradf(z) = 2P, (Az) = 2(Ax — zz ' Ax). (3.8)
Céc cong thiic trén dudc tong hop trong Bang

Ménh dé 3.3.3. Gid sir A la mot ma tran déi xung con x nvax € R" (vdi

[z =1)
la mot vecto riéng cua A khi va chi khi né la mét diém téi han ciia thuong Rayleigh

(3.7).

Chiing minh. Gia st z 1a mot di€m t6i han cua (3.7), tic 1a grad f(z) = 0 v6iz € S™~ 1.

Tu (3.8) suy ra = thoa man

Ax = (xTAx) T = A\T.
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g1 R"
ham muc tiéu flz)=a'Ax flx)=2"Ax
métric métric cam sinh g(&,¢) =¢'¢
khong gian tiép xiic EER : 2T€=0 R"

hép chiéu vudng géc . Z
P ) = Pé=(I—azx") phép dong nhat
1én khong gian ti€p xuc

gradient gradf(z) = P,gradf(z) | gradf(z) = 2Ax
dnh xa ri RO =T | Rle) e

Bang 3.2: Thuong Rayleigh trén mit cau.

Ngudc lai, néu 2 13 mot vector riéng (c6 chuin bang 1) clia A thi tdn tai mot vo hudng
A sao cho

Ax = \x.

Nhan bén trai ca hai vé ctia dang thic trén véi 27, ta co A = 2" va do d6 Az =

(mTAx) x. Vay gradf(z) = 0. ]

Ménh dé 3.3.4. Gid st A la ma trdn déi xiing cd n x n vdi cdc gid tri riéng \ < ... <

A\ va hé vecto riéng truc chudn tuong ving vy, ..., v,. Khi doé

(i) +v1 la cuc tiéu dia phuwong va toan cuc cua thuong Rayleigh (3.7); néu gid tri

riéng M\ la boi 1 thi chiing la cuc tiéu duy nhdt.

(ii) v, la cuc dai dia phuong va toan cuc ciia thuong Rayleigh (3.7); néu gid tri

riéng \p la boi 1 thi chiing la cuc dai duy nhdt.

(iii) v, tuong iing Vi gid tri riéng Ny (A1 < Ny < \) la cdc diém yén ngua ciia

(3.7).
Chitng minh.

(i) dugc suy ra tit Ménh dé[3.3.2|
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(ii) dugc suy ra tif ménh dé tuong tu Ménh dé bing cach thay A bdi —A, "cuc

tiéu" bdi "cuc dai", "cuc ta" béi "cuc hiu".

. A v —|—th1 . .
iii) Xét cung tham s6 « : t — ——————. Dé tha
(i11) g gl TH— y
d2
2 FO@®)l=0 = A1 = A <0
: ) ; ,
Tuong tu, véi cung tham 6 7 : ¢ W—U“, ta c6
[[v1 + t||
d2
22 FO@®)le=0 = An = Ag > 0.

Do d6, v, 1a mdt di€ém yén ngya clia thuong Rayleigh (3.7).
O

Ménh dé va Pinh ly 2.2.10| suy ra ring moi phuong phap dua trén Thuat
todn [3|déu x4y dung diy hoi tu vé tip cac vecto riéng clia A.
Sau day ta 4p dung Thuit todn [3| vio bai toan gia tri riéng trén mit cau véi ham

muc tiéu (3.7). Khi do, ta co6
N = —gradf(zy) = 2 (Axk — xkx;Axk) :

Dé dang chon huéng tim kiém 12 day lién két gradient va dnh xa rut 1a

r+&

R:r =T 3.9
§ day || - || 1a chudn Euclide trong R™, ||y|| := /% "y. Mot lua chon khac 1a
Ra(€) = x cos J¢]| + Hg—Hsm lell (3.10)

véi cung tham sb ¢ — R, (£¢) 1a dudng tron 16n ctia mit cau. Anh xa rit thi hai 1a anh
xa mu.

Vi 57~ 1a mot da tap Riemann cta khong gian Euclide R”, nén

Vi§ = P (DE()[n])
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v6i moi 7 thudc khong gian tiép xiic 75" va moi trudng vecto ¢ trén 5”1,
Bay gio ta ap dung Thuat toan @4{ cho trudng vectd ¢ := gradf, voi f la thuong

Rayleigh (3.7). V6i moi n € T, S™ 1, ta c6

Vigradf(z) = 2Py (Dgrad f ()[n])
— 2P, (An —nz " Ax)

= 2(P, AP, — naz" Ax),
6 day P,x = 0 va P,n = n. Do d6, phuong trinh Newton (2.12) tré thanh

P,AP,n —nz' Ax = —P, Az,
x'n=0,

ta co thuat toan sau

Algorithm 5 Phuong phap Newton cho thuong Rayleigh trén mit cau S™ !
Require: Ma tran ddi xing A.

Input: Gi4 tri ban dau () € M.
Output: Day {xy}.

1: fork=0,1,2,...do

2:  Giai hé phuong trinh tuyén tinh

Py AP, n. — mpx) Az = — Py, Az, 3.11)

zline =0,
v6i dn 1, € R™.
3 Patagg = Re(nk).

4: end for
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3.3.3 Thuc hanh v6i MATLAB

clear all

close all

disp (’Bai toan Thuong Rayleigh tren mat cau bang phuong phap
Newton:")

disp(’Ma tran doi xung’)

A= 11,2,3,4;2,4,5,6;3,5,6,7;4,6,7,38]

disp(’Diem khoi tao’)

x = [0;1;0;0]

x=[1/sqgrt (3);1/sqgrt (3);-1/sqrt (3)];

$x=[1/sqrt (3);1/sqrt (3);1/sqrt (3)]

ta = [le-5;1le-06];

kmax = 20;

o\

[k,valu,mi,err, nrmgrad,deri, tol] =
Newton_GTR (A, x, ta, kmax) ;

disp(’Vector rieng va gia tri rieng (de kiem tra)’)

[V,d] = eig(a)

figure (1)

plot(l:k,err,’-b*’",1:k,nrmgrad,’ :rs’,’  LineWidth’, 2)

legend(’sai so’,’chuan gradient’)

figure (2)

plot (1:k,valu,’-k*’,’LineWidth’, 2)

legend(’gia tri ham muc tieu’)

Trong do6 thu tuc Newton GTR (A, x, ta, kmax) la

function [k,valu,mi,err,nrmgrad,deri, tol] =

Newton_GTR (A, x, ta, kmax)

n = size(A,1);

mi=zeros (n, kmax) ;

err=zeros (kmax, 1) ;

nrmgrad = zeros (kmax,1);

deri= zeros(kmax,1l); % ghi lai gia tri gradient cua dao ham

valu = zeros(kmax,1l); % gia tri ham muc tieu
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%% Bat dau thuat toan Newton

r0 = norm(deriv(x));

deri(l) = r0;

err(l) = norm(x);

mi(:,1) = x;

nrmgrad(l) = norm(deriv(x));

valu(l) = Rg(x);

k=2;

tol = ta(l)*r0+ta(2);

while norm(deriv(x)) > tol && k < kmax
x0=x;
s = —[ deriv2(x); x'] \ [deriv(x); 0]
X = (l/norm(x+s))*(x+s); % Anh xa rut
nrmgrad (k) = norm(deriv(x));
err (k) = norm(x0-x);
mi(:,k) = x;
valu (k) = Rg(x);
k = k+1;

end

if k == kmax

els

end

Ra (

fun

disp ('’ chuong trinh co the da that bai’)
e

valu (k) = Rg(x);

mi = mi(:,1:k);

err = err(l:k);

valu = valu(l:k);

nrmgrad = nrmgrad(l:k);

deri = deri(l:k);

disp (’Vector rieng’)

disp(’Gia tri ham muc tieu’)

x)

ction yl1 = Rg(x) % Thuong Rayleigh
vyl = x'*A*x;

’
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end

function y2 = deriv(x)$% gradient cua ham

y2 = (eye(n)-x*x")*A*x;

end

function y3 = deriv2(x)% Hessian cua ham

y3 =(eye(n) - x*x’)*A*(eye(n) - x*x’)-x’*A*x*eye (n);
end

end

Ta thu dudc két qua

Bai toan Thuong Rayleigh tren mat cau bang phuong phap

Newton:

Ma tran doi xung

A =

Sw D
[©) WG 2 BTSN\ O]
~ o O W
O I o b

Diem khoi tao

X =

o o = O

Vector rieng
x =
-0.6317
0.6742
0.1644
-0.3454

Gia tri ham muc tieu
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ans =

0.2716

Vector rieng va gia tri rieng (de kiem tra)

vV =
0.7256 -0.0000 -0.6317 0.2729
0.4167 0.4082 0.6742 0.4529
-0.0636 -0.8165 0.1644 0.5498
-0.5439 0.4082 -0.3454 0.6467
d =
-1.1132 0 0 0
0 0.0000 0 0
0 0 0.2716 0
0 0 0 19.8415

Céc biéu do

4 9
e
35+ 1 8‘! il chuan gradient |
3 7

Hinh 3.3: Biéu do gid tri ham muc tiéu, sai sO va chuin gradient v6i Bai toan

thuong Rayleigh trén mit cau.
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Két luan

Trong luan vin nay, ching toi da trinh mot s6 khai niém, tinh chét cia da tap Rie-
mann va thuét toan Tim theo dudng thang, phuong phap Newton trén da tap Riemann.
Dic biét, ching tdi chi trong viéc 4p dung thuit todn di trinh bay d€ gidi quyét cic
bai toan K-mean, bai todn di€m trung chuyén hang khong, bai todn gid tri riéng va lap

trinh tinh toan trén phan mém MATLAB.
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