MOT KY THUAT NHO
PE SU DUNG BAT DPANG THUC
CAUCHY-SCHWARZ
V& Qubc B3 Can

Thong thuong khi stt dung bat dang thitc Cauchy-Schwarz (tham khéo
§ [1]) dé chiing minh cac bat déng thiic dbi xting (hodc hoan vi), ta luon
c6 gang danh gid sao cho tinh ddi xtng (hodc hoan vi) ctia ching van
dugc git nguyén sau budc danh gia, 16i tit do tiép tuc danh gia tiép dé
hoan tat phép ching minh. Tuy nhién, khong phai lic nao nhitng cach
danh gia nhu thé ciing mang lai hiéu qua cao nhat ma doi lic chiing con
“ho#ic khong dua ta dén két qua, hoac qui rudm ra, phic tap”.

Vay, lieu con c6 cach nao khac t6t hon khi ta “16” xui xéo gap phai nhiing
truong hop nhu thé khong? That ra, con mot cach danh gia Cauchy-
Schwarz ciing khé hieu qua déi v6i cac bat dang thitc loai nay, dé la si
dung yéu té “it nhat”. Mot cai tén nghe that lal

Tuy nhién, an ding sau cai tén la m#t nay la mot ki thuat doc dao va
thi vi. Va dudi day, ching ta sé ciing tim hiéu vé né. Trudc hét, ta hay
cuing xem xét vi du sau day.

Vi du 1 (Iranian IMO TST, 2009). Cho a, b, ¢ la cdc s6 duong théa man
dieu kién a + b+ ¢ = 3. Chiing minh rang

1 1 1 3
<
a2+62+2+62+02+2+02+a2—|—2\4

Phan tich va tim toi 16i gidi. St dung y tuéng cia ky thuat them bét
(tham khao them & [1]), ta c6 thé viét lai bat dang thiic thanh

1 1 N 1 1 N 1 1 >3
2 a2+ bh2+2 2 24+ 2+2 2 2+a2+2) 74

tuong duong

a® + b? b? + 2 A +a® >3

a2+b2+2+62+02+2+62+a2—|—2/2
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Dén day, néu ap dung Cauchy-Schwarz theo kiéu thong thuong
a® + b? b + ¢ 4 a?
2 1 12 T2 T3 Z
a?+b>+2 bVP+cE+2 2H4a?+2
(a2 +8%) + (0® + ) + (2 + a?)]”
S S@r @ ey
thi ta sé phai chitng minh
A(a2 + 0% + 2)° N
(@2 +62)° + (02 + )’ + (2 +a2)* + 4@+ 2+ 2) ~

N o

Néu quy dong lén, ta duge mot bat ding thic bac 4 kha phiic tap, hon
nita ta lai cling chua biét dugde tinh dung sai ciia né. Trong diéu kién thoi
gian han hep 6 phong thi (chu y ring day 1a mot bai toan trong deé thi
chon doi tuyén ctia Iran), néu tén nhiéu thdi gian vio mot bai toan phric
tap (6 day la bat dang thiic thu dugc sau danh gia) va c6 thé bai toan
d6 sai thi that 1a khong nén. Vi vay cach danh gia Cauchy-Schwarz nhu
tren that sy khong kha thi, ta can mot kiéu danh gia khac.

Nhan thay danh gia trén c6 nhuge diém la tao ra bac cao, ta ¢d ging tim
mot danh gia khac dé tranh bac cao, va danh gia ma ta nghi dén la

a’® + b? b? + 2 2 +a?
+ + >
a?+b2+2 b24+c2+2 c2+a2+2
< (\/a2+62+\/b2+62+\/02+a2)2
T (@402 +2)+ (P +E+2)+ (P +at+2)

St dung danh gia nay da gitp ching ta thoat khoi bac cao, tuy nhién vo
tinh no6 lai tao ra mot yéu t6 phiic tap khac do6 1a can thitc. Ma tiéu chi
ctia ta khi stt dung Cauchy-Schwarz dé chitng minh bat dang thic 1a dua
bai todn tré vé dang don gidn nhit c6 thé. Nhu thé, cach lam nay ciing
khong may kha thi. Vay ta can phai lam sao dé vita tranh duge bac cao
ma lai vira tranh duge can thue?

Bay gio, cac ban hay dé ¥ ¢ hing déng thic sau
(a+b)*+ (a—b)?

2, 12
b* =
a® + 5
Tt dé bat dang thic & trén c6 thé duge viét lai thanh
(a+0) (b+c)’ (c+a)
a?+02+2 b2+c2+2 A+4a?2+2

O D) S U O G (et Dl
a?+b24+2 b24+c2+2 240242
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Dén day, chic han ban doc da nhan ra mot y tudng méi, dé 1a thay vi ap
dung Cauchy-Schwarz cho tong ban dau %, ta sé tach n6 thanh
hai tong va sit dung Cauchy-Schwarz cho titng tong. Diéu dac biet 1a &
mdi tong nay, cac hang ti ciia ching la nhitng phan thic ma tit sé cla
chiing 1 cac binh phuong, nhu vay ta c6 thé thoai mai sit dung Cauchy-
Schwarz mé khong can phai thém b6t dé ra bac cao (nhu cach ban dau
§ trén) hay ra cin thitc (cach 2). Tt ¥ tudng nay, ta nghi dén viéc st
dung Cauchy-Schwarz nhu sau

(a +b)° (b+c)? (c+a)’
a2+b24+2 B+ +2 A+a?+27
[(a+b)+(b+c)+ (c+a)
- (a2+b2+2)+(b2+c2+2)+(c2+a2+2)'

(1)

Van dé con lai 1a ta phai tim cach danh gia Z 7 +b2 5 sao cho hop 1y, béi
vi néu st dung Cauchy-Schwarz sao cho van dam béo tinh hoan vi vong
quanh thi ta sé c6
(b2 - | (e—a? _
a2+b2+2 B2+c2+2 2+a2+27
[(@a=b)+ (=) +(c—a)]

= =0. 2

(@ +02+2) + (0* + 2 +2) + (2 + a* + 2) @)
(a— b)

Mot danh gia kha long 1éo, vi hién nhien ta da cé > s 2 0 ma

khong can phai danh gia gi cd. Ta can tim mot kiéu danh gia khac cho
két qua chat hon. Cac ban hiy cling quan sit cach danh gia sau day

(@b . b | (a- o
a2 +b2+2 B4+c2+2 a?+c2+27
(=8 + (=) + (a— P
T @+ +2)+ (P2 + A +2)+ (Pt a? +2)
4(a —c)?
2(a2 + 02+ ) +6

(3)

R6 rang n6 chat hon déanh gia (2) 6 trén, hon nita 6 day déanh gia nay lai
cho ta miu thitc gidng v6i & danh gia (1) va nhu thé néu st dung né va
(1), ta sé khong phéi quy dong mau thitc nhiéu, tic 1a ta da tranh duge
van dé vé bac cao, mot van dé nan giai trong bat déng thrc.

Bay gio, tit (1) va (3), ta dua duge bat dang thiic vé chitng minh

4(a—|—b+c)2+4(a—c)2 <
2@ +b0>+c2)+6 7
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hay tuong duong
20a+b+c)’+2a—c)? =30+ +c2+3).
Bét dang thic nay c6 thé viét lai thanh
(a+b+c)”+2(a—c) >3+ 0+ A),
hay
(a—0b)(b—c)=0. (4)
C6 thé dé dang nhan thay bat dang thiic (4) khong phai luon ding. Tuy
nhién ta van c6 thé “ép” né ding. That vay, bang cach st dung cac danh
gia tuong tu (3) la
(a—1b)* (c—b)’ (a—c)
2+b2+2 P4+ +2 a2+cE+27
[(a=b) + (c=b) + (a =)
T (a2 + (022 +2) (2 a?+2)
B 4(a —b)?
2@+ 2+ 2)+6

va
(b—a)’ (b—o) (a—o
a2+b02+2 B4+24+2 a?4+2+27
[(b—a)+(b—c) +(a—0)

T (@2 +2)+ (P +2)+ (P +a’+2)
B 4(b —¢)?
2(a2+ b2 4 c2) + 6

ta ciing lan lugt dua dude bai toan vé chiing minh

(b—c)(c—a) =0, ()

(c—a)(a—b) > 0. (6)

Nhu thé, néu trong (4), (5), (6) c6 mot bat dang thitc ding thi bai toan
clia ta sé duge chiing minh xong. Ta quan sat va nhan thay rang

[(a—b)(b—c)} [(b—c)(c—a)} [(c—a)(a—b)] = (a— b)2(b — 0)2(0 — a)2 >0,

do d6 trong ba s6 (a — b)(b — ¢), (b—¢)(c — a), (c — a)(a —b) c6 it nhit
mot s6 khong am, tic trong (4), (5), (6) phai ¢6 it nhat mot bat ding
thitc ding. Phép chiing minh duge hoan tat. Chu y ring dang thitc xay
ra khi va chi khia=b=c=1. O
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Nhan xét. Qua 15i giai trén, 4t han ban doc da hiéu duge ¥ nghia cta
yéu to “it nhat” ma ching toi mudn dé cap t6i. Luu ¥ rang, tity vao bai
toan cu thé ma ta c6 cac yéu té “it nhat” khac nhau.
Vi du 2. Cho a, b, ¢ la cic s6 thuc duong théa man a® + b> + ¢ = 3.
Chitng minh rdang

>+ P+ A ta

+ +
a+b b+c c+a

Chitng minh. Dé y ring ¢ +b = otb 4 2’? 2} do dé bat déng thitc da

cho ¢6 thé viét lai thanh

(a=b)° (b—¢)  (c—a)

b >
T STy 20+ 0  2(cta)

Stt dung bat dang thitc Cauchy-Schwarz, ta c6

(a=t® (=0’ (a=0’_ [a=0+b-0+(@a-0]
2(a+b)  2(b+c) 2a+c)” 2a+b)+2(b+c)+2(a+c)

(a— o)’
Ca+b+c
Bai toan dugc quy vé chiing minh
2
a+b+0+u>
a+b+c
Mat khac, theo bat dang thic AM-GM, ta lai c6
2
atbter T
a+b+c
2
:(a )"+ (b—a)d C)—I—a+b+c+(a b)(b—c)
a+b+c a+b+c
2 2 2\ _ 2 — —
3a®+bv*+c*) —(a+b+e) —|—a—i—b+c—|—(a b)(b—c)
2(a+b+c) a+b+c
B 9 +a+b+c+(a—b)(b—c)
2(a+b+c) 2 a+b+c
>3+(a—b)(b—c).
a+b+c

Nhu vay, bai toan sé duge chitng minh xong néu ta c6

(a—b)(b—rc) = 0. (1)
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Danh gia tuong tu, ta ciing c6 cac bat ding thic
(b—c)(c—a) =0, (2)

(c—a)(a—b)>=0. (3)
Ma theo lap luan ctia bai trude, ta thay trong (1), (2), (3) ¢6 it nhat mot
bat ding thic ding. Do dé, bai toan dude gidi quyét hoan toan. Dang
thic xay ra khi va chi khia=b=c=1. O
Bai toan 1. Cho a, b, c la cdc so thuc théa man diéu kien a® +b*+c* = 1.
Chaing minh rang

1 . 1 n 1 <1
5—6ab 5—6bc 5—6ca

Chitng minh. Bat ding thiic da cho c6 thé duge viét lai nhu sau

1 1 N 1 1 N 1 1 >1
2  5—6ab 2  5—6bc 2 5—6ca)” 2

1—2ab 1—2bc 1-—2ca 1
>

5—6ab+5—6bc+5—6ca/3'

Do 1 — 2ab = a® + b® + ¢ — 2ab = (a — b)* + ¢* nén ta c6

a? N b? N ? N (b—c)2+(c—a)2+(a—b)2 >1
5—6bc 5—6ca 5—6ab 5—6bc 5—6ca 5—6ab| 3

Té6i day, sit dung bat ding thitc Cauchy-Schwarz, ta dugce

a? b? c? (a+0b+c)
+ + P
5—6bc 5—6ca 5—6ab” (5—6bc)+ (5—6ca)+ (5— 6ab)
(a+b+c)?

- 15 — 6(ab + bc + ca)
(b—c® (=0 (a=b_ [b-c+@a-c)+@@-b)]°
5_6bc  5—6ea | 5—6ab = (5—6bc) + (5 6ca) + (5 — 6ab)
_ 4(a — c)?
~ 15— 6(ab+bc+ca)’

Ta can chitng minh

15 — 6(ab + bc + ca)
3

(a+b+c) +4(a—c) > =5—2(ab+ bc + ca).
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Thay 5 = 5(a® + b* + ¢?) va rut gon, ta dugdc

4(a—b)(b—c) = 0. (1)
Danh gia tuong tu, ta ciing lan luot thu duge cac bat ding thic

4(b—c)(c—a) 20, (2)

4(c—a)(a—b) = 0. (3)

Tu 1ap luan ctia bai 1 § trén, ta thiy trong (1), (2), (3) ludn ¢6 mot bat
déng thic ding. Tt d6 dé dang suy ra diéu phai chting minh. Dang thiic
Xéyrakhivach'ikhia:b:c:i\%. O]

Nhan xét. Tit bai toan nay, ta c6 thé dé dang suy ra két qua dep mat
sau trén tap chi Crux Mathematicorum:
Néu a, b, ¢ la cic s6 thuc duong théa man a® + b* + c? = 1, th

1 1 1
< - 4
1—bc+1—ca+1—ab 2 (4)

Ne}

That vay, stt dung bat dang thitc Cauchy-Schwarz, ta c6
2 2 2
6 1 (1+3° _1 3

6 T—bc 1+(G-6b) 1  5-6he

T do6 suy ra

8 L + L + L <349 L + L + L
3\1—bc 1—ca 1—ab) = 5—6bc 5—6ca 5 —6ab
<3+49-1=12.

Nhan mdi vé ctia bat déng thic nay cho 2, ta thu duge ngay (4).

Bai toan 2 (Mediterranean Mathematical Competition, 2009). Ching minh
rang vdi moi a, b, ¢ duong, ta déu cé

a n b n c < ab n be n ca
20+b 26+c¢ 2c+a’ a?+ab+b2 V4be+c2 2+ca+a

Chitng minh. Dé y ring % = 1 — 00 do do bat dang thitc

a
a?+ab+b?2 — 3 3(a?+ab+b?
can chitng minh c6 the duge viét lai thanh

@b - (c—ap
a?+ab+b2 bB24+bc+c2 2+ ca+ a?

I (I A R
204+b 2b+c¢ 2c+a)”
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St dung bat dang thic Cauchy-Schwarz, ta cé

a b L_C (a+b+c)
20 +b 2b4+c 2c+a” al2a+b)+b(2b+c)+ c(2¢ + a)

va
O A s S
a24+ab+b  +be+c2 a?4+ac+c2 7

[(a—b)+(b—c)+ (a—c)]
~ (a? +ab +b2) 4 (b2 + be + c2) + (a® + ac + c2)’

Tu do, bai toan duge dua veé chitng minh

3(a+b+c¢)’+4(a—c)
2(a2 4+ b2+ c2) +ab+bc+ca

Sau khi khai trién va rat gon, ta dugc
(a—c)+3(a—-b)(b—c)>0.
Do (a — ¢)* > 0 nén bat ding thitc ding néu ta c6
(a—"b)(b—c)>=0. (1)

Hoan toan tuong tu, ta ciing c6 thé dua duge bai toan vé xét tinh ding
din ctia cac bat ding thic

(c—a)(a—1b)>0, (2)

(b—c)(c—a) > 0. (3)

Néu trong (1), (2), (3) c6 mot bat dang thiic ding thi bai toan dugc
chitng minh xong. Tuy nhién, diéu nay la hién nhien, béi vi

[(a—b)(b—c)} [(b—c)(c—a)} [(c—a)(a—b)] = (a— b)2(b — 0)2(0 — a)2 > 0.
Phép chitng minh duge hoan tat. Dau bang xay ra khi a = b = c. O

Bai toan 3. Cho x, y, z la cdc 56 thuc duong théa man dieu kién ryz = 1.
Chaing minh rang

1 1 1
<
x+y+1+y+z+1+z+x+1\
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Chitng minh. Dit 2 = %, y = b? vi 2 = ¢® véi a, b, ¢ > 0, khi d6 dé
thay ta ciing c6 abc = 1. V6i phép diit nay, bat dang thic can ching
minh ¢é thé viét lai nhu sau

1 1 1
<
b2+02+1+c2+a2+1+a2+62+1

1 1 1
1 — ——— l1— ——— l— ] >2,
( b2+02—|—1)+( 02+a2+1>+( a2+b2+1>

a’® + b? N b? + 2 N A +a® -
a2+ +1 BP+c2+1 24+a2+17

)

DoaQ—i-bzzwnéntacé
(a—l—b)2 (b+c)2 (c+a)2
a2+ +1 24+ c2+1 2+a?+1

(a —b)? (b— )’ (c—a)’
a?+b24+1 24+c2+1 2+a?2+1

=

Theo bat déng thiic Cauchy-Schwarz, ta c6

(a +b)° (b+c)? (c+a)’
a2+ +1 b+c2+1l EA+a2+17
[(a+b)+(b+e)+ (c+a)
T (@ P+ D)+ P+ A+ 1)+ (P +a+1)

va
(a—b)° (b—c)’ (a—c)”
a2+02+1 B+e2+1 A2+a2+17
[(a—b)+(b—c)+ (a—c)]
T (@) + (P A+ + (At a2+ 1)

Tt d6 bai toan dude quy vé chiing minh

A a+b+c)+4(a—rc)
2(a®> + b2+ %) +3

>4,

hay tuong duong

(a+b+c)’+(a—c) >2a>+b+ ) +3.
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Theo bat dang thiic AM-GM.,
3 = 3vVa2h2c® < ab+ be + ca.
Suy ra ta chi can chitng minh
(a+b+c)+(a—c) >2a%+b*+ ) + (ab+ be + ca).
Sau khi khai trién va rat gon, ta dugc
(a—b)(b—c)=0. (1)

Ngoai ra, bang cach danh gia tuong tu, ta ciing lan lugt thu duge cac
bat dang thiic sau
(b—c)(c—a) >0, (2)
(c—a)(a—10) = 0. (3)
T lap luan trong phan chiing minh ctia bai 1, ta thay trong (1), (2), (3
phai c6 mot bat déng thitc ding. T d6 dé dang suy ra diéu phai ching
minh. Ding thitc xdy rakhi vachikhia=b=c, ticz =y=2=1. O

Nhan xét. Néu dat 2 = a3, y = b> va 2 = ¢3, thi ta c6 abc = 1 va

1 1
t4+y+1 a3 +0b3+abe’

do vay bat dang thiic néu & dé bai con c6 thé viét lai thanh

1 1 1 1
< —.
a3+b3+abc+b3+c3+abc+c3+a3+abc abe

Day chinh 1a bai toan USAMO 1997.

C6 thé thay ¢ cac vi du trén ta c¢6 ging phan tach cac tit s6 thanh tong
cia hai binh phuong, trong dé6 mot binh phuong c6 dang (a — b)* (hodc
(b—¢)?, (¢ —a)?) (ban doc hay thit ngdm nghi vi sao lai la cac dang nay
ma khong la cac dang khac?).

Tuy nhién, khong phai lic nao cling nhu vay, ma déi lic ta con phan tich
theo nhiéu kiéu khéc nita. Sau day la mot vai vi du.

Bai toan 4. Cho a, b, ¢ la cdc s6 thuc théa man diéu kién a + b+ c = 3.
Chitng minh rdang

a b c 1

<
7a2+11+7b2+11+702+11\6
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Chitng minh. Bat ding thiic can chitng minh tuong duong véi
1 14a L (1 14b 4 (1 14c S 2
Ta? +11 T +11 72+11) 7 3

1 1 1
4
<7a2+11 TN +702+11> -

hay

s (a—1)7% (b=17% (c—1)° 2
Ta2+11 72 +11  7c2+11| 7 3
Té6i day, sit dung bat ding thitc Cauchy-Schwarz, ta c6
L SR S (14+1+1)°
Ta2+11 702 +11 72+ 117 (7a? + 11) + (702 + 11) + (7c2 + 11)
3(a+b+c)

N 21(a2 4+ 02 +¢2) +11(a + b+ ¢)’
va
(a—1)° (1-0 (-9 _ [(a—1)+(1=b)+(1—-¢)]?
Ta24+11 702+ 11 72 +11 7 (7a? + 11) + (72 + 11) + (7c2 + 11)
B 4(2a — b —¢)?
S 3R21(@+ R+ ) +11(at+ b+ o))

Tt d6 bai toan dude quy vé chiing minh
18(a+b+c)+14(2a —b—¢)* = 21(a®> + * + ) + 11(a+ b+ ¢)?,

hay tuong duong
42(a — b)(a —c) = 0. (1)

Ro6 rang (1) khong phai luon ding, nhung tit né ta van c6 thé di dén
dude diéu phai ching minh. Bang cach st dung cac danh gia tuong tu
(1-a (-1 (-0 _ [(1—a)+(b-1)+(1—¢)]
Ta2+11 72+ 11 72+ 117 (7a2+ 11) + (762 + 11) + (72 + 11)’
(1-a) (1-0° (=1 _ [(1—a)+(1=b)+ (¢c—1)]?
Ta2+11 702 +11 72+ 117 (7a2+ 11) + (762 + 11) + (72 + 11)’

ta ciing lan lugt dua duge bai toan vé xét tinh dung sai clia

42(b—c)(b—a) =0, (2)
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42(¢ —a)(c—b) = 0. (3)
Ta co
(a—b)(a—c)+(b—c)(b—a)+(c—a)(c—b) = a®>+b*+c* —ab—bc—ca > 0,

do do6 trong (1), (2), (3) phai c6 it nhat mot bat dang thitc ding.

Tt d6 dé dang suy ra diéu phai ching minh. Dang thic xay ra khi va
chikhia=b=c=1. m

Bai toan 5 (Chinese Northern MO, 2006). Cho cdc sé thuc a, b, ¢ théa
man a + b+ c = 3. Chitng minh rang
a’+9 b* 49 49
2024+ (b+c)® 202+ (c+a)? 22+ (a+b)?

Chitng minh. Bat dang thiic can chitng minh c6 thé duge viét lai thanh

a’+9 b* 49 49
942 ol I R rempranrrel Il Eiieorarared [ER
202+ (3 —a) 2024+ (3—-10) 2¢2+(3—-¢)

tuong duong

5a2—12a+9+ 50> — 120 + 9 n 5¢2 —12¢ + 9
2024+ (b+¢)® 202+ (c+a)? 22+ (a+b)?

nén ta co

Do 5a? — 12a + 9 = 2e=U+G=a)® _ 9= (bre)

(a—1)* (b—1)° (c—1)°
202+ (b+¢)* 22+ (c+a)® 22+ (a+b)
(b+0)° (c+a)° (a+b)°
2024+ (b+¢)® 202+ (c+a) 22+ (a+0b)

=

Stt dung bat dang thitc Cauchy-Schwarz, ta dudc

(a—1)° (1-b)* (1-¢)’ <
22+ (b+c)® 202+ (c+a)® 22+ (a+b)?
N [(a—1)+(1=b)+(1—0)]
T [202+ (b+ )] + [202 + (c + @)®] + [2¢2 + (a + b)’]
2(2a — b—¢)?
9[2(a? 4+ b? + ¢?) 4+ ab + bc + cal
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(b+¢)’ (c+a)’ (a+b)°
202+ (b+¢)* 202+ (c+a)® 22+ (a+D)
N [(b+¢) + (c+a) + (a+b)]
T [2a2 4 (b4 )] 4+ [202 + (c+a)’] + [2¢2 4 (a + b)]
B 2a+b+e)
C2(a2+ b2 4 c2) +ab+be+ca’

2 =

Do d6 ta chi can chiing minh
(20 —b—c) 4 (a+b+¢)® = 2(a® + V¥ + ) + ab+ be + ca.
Sau khi khai trién va rat gon, ta dugc
3(a—b)(a—c)=0. (1)
Ngoai ra, biang cach danh gia tuong tu, ta ciing co
3(b—c)(b—a) =0, (2)

3(c—a)(c—1b) = 0. (3)

Vi(a—b)(a—c)+(b—c)(b—a)+(c—a)(c—b) = a®*+b*+c* —ab—bc—ca
13 mot s6 khong am nén ta suy ra c6 mot bat dang thiic ding trong (1),
(2), (3). Tt d6 d& dang suy ra két qui bai toan. Dang thiic xay ra khi
vachi khia=b=c=1. O
Nhan xét. Ngoai cach trén, ta con c¢é thé chiing minh bat dang thic

5a2—12a+9+ 50 — 120+ 9 n 5¢2 —12¢ + 9
202+ (b+¢)* 202+ (c4+a)® 22+ (a+b)?

theo cach khac (cling bang cach stt dung Cauchy-Schwarz) nhu sau:

Stt dung Cauchy-Schwarz vé6i chi ¥y rang 5a — 12a + 9 > 0, ta c6

5a2 — 12a + 9 5a2 — 12a + 9 502 — 12a + 9

> = .
202 + (b + 0)2 202 +2(02 +¢2)  2(a? + b + 2)

Tt bat ddng thiic nay va hai bat déng thitc tuong ti, ta dua duge bai
toan vé chiing minh

(5a* — 12a + 9) + (56> — 12b+9) + (5¢* — 12¢ +9) > 2(a® + b* + ¢2),
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hay tuong duong
3(a®* + b + ) = 9,
Bat déng thiic nay ding do theo bat dang thitc Cauchy-Schwarz, ta co
3@+ +A) = (a+b+c)’ =9

Bai toan 6. Cho a, b, c la cdc so6 thuc théa man dieu kién a +b+c = 3.
Chaing minh rang
18a — 35 N 18b — 35 n 18¢ — 35
a2 —4a+6 b2 —4b+6 2 —4c+6

Chitng minh. Bat ding thic da cho cé thé duge viét lai thanh
18a — 35 180 — 35 18¢ — 35
N S Y SN Y (S Gl S S
( +a2—4a+6)+( +62—46—1—6)—’_( +02—4c+6)
7> —10a+7 7> —10b+ 7 702—106+7>

a’>—4a+6 b2 —4b+6 2 —4c+6
Do 7a*> —10a+ 7 = (a4 1)* + 6(a — 1)* nén ta co

17.

(a—|—1)2 (b—l—l)2 N (04—1)2

a?—4a+6 b2 —4b+6 2—4c+6

O IR N (At VN G Vs
a?—4a+6 b2—4b+6 2 —4c+6| "

Stt dung bat dang thitc Cauchy-Schwarz, ta dudc
(a+1)° (b4 1) (c+1)°
a?—4da+6 2—4b+6 2—4dc+6"
[(a+1)+ (b+1)+ (c+1)]
~ (a2 —4a +6) + (b2 — 4b+ 6) + (¢ — 4c + 6)
_ 4da+bte? 12(a+b+c)’
AP+ +6 3@+ 2+ )+ 20a+b+c)

2

va
(@-17 |, a-b (-
a?2—4a+6 b2—4b+6 2—4c+6
[(a—1)+(1=b)+(1—0)]
~ (a2 —4a +6) + (b2 — 4b+ 6) + (¢ — 4c + 6)
4(2a — b —¢)? B 4(2a — b —¢)?

:9(a2+b2+62+6) 3[3(a2+62+02)+2(a+b+c)2]'
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Bai toan dudc quy vé chiing minh
3a+b+¢)’+22a—b—c)? =3 +0*+ ) +2a+b+c),

hay tuong duong véi

6(a—b)(a—c)>0. (1)
Danh gia tuong tu, ta ciing c6 cac bat ding thic

6(b—c)(b—a) =0, (2)

6(c—a)(c—1b) > 0. (3)

Dén day, ta lai thay
(a—b)(a—c)+(b—c)(b—a)+(c—a)(c—b) = a®>+b*+c* —ab—bc—ca > 0,
nén trong (1), (2), (3) phai c6 mot bat dang thiic ding.
Tt d6 dé dang suy ra diéu phai ching minh. Dang thic xay ra khi va
chikhia=b=c=1. O
Quan sat 1i giai ctia cac bai toan trén, ta thay c6 mot diém chung la &
doan cubi clia phép ching minh, ta luon cé cac bat dang thic dang
(@=b)(b—c) =0 (i)
hoac
(a—0b)(a—c)>=0. (ii)

Va chiic hin ban doc ciing thic méic 1 tai sao ching toi lai phai danh
gia thong qua tich hogc tong (cu thé 1a

[[(a=b)®-0)] =(a=b)?*b-c)(c-a)>0, (iii)
Z(a—b)(a—c):aQ—i—bz—i—cZ—ab—bc—ca}O)? (iv)

Béi 1é that ra ching ta hoan toan c6 thé danh gia don gian hon, chang
han néu ta st dung tinh ddi xing (hofic hodn vi) clia bai toan ma gia
stt b ndm gitta a va ¢ thi (i) sé ding, va néu ta gia st @ = max{a, b, c}
(hodac a = min{a, b, ¢}) thi (ii) sé ding.

Céac danh gia thong qua (iii), (iv) khong qua phitc tap nhung lai khién
cho chitng minh ctia ta trd nén dai va cong kénh hon. Vay muc dich ctia
viéc st dung (iii), (iv) ¢ day la gi?

That ra, diéu ma chting t6i mudén nhan manh & day chinh 1a & chd: khi ma
su sdp thit tu cic bién khéng con tac dung nia thi yéu té “it nhat” van c6 thé
st dung duoc kha hiéu qud khi phdi hop véi bat ding thiic Cauchy-Schwarz.
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Ta cung xét vi du sau.

Bai toan 7. Cho a, b, c la cdc so thuc théa man dieu kién a +b+c = 1.
Chitng minh rang

a? N b? N c 1
6a2 —da+1 662 —4b+1 62 —dc+1

2

Phan tich va tim toi 16i giai. Ciing tuong tu cdc bai toan khac, ta tim

cach chuyén bat déng thiic vé dang cia bat ding thic Cauchy-Schwarz
Z 2

dang phan thic. Ta nhan thay 55 < % va

1 a? (2a — 1)

2 6a2—4da+1 2(6a2—4da+1)

Do dé6 ta viét duge bat déng thitc lai thanh

(2a — 1) N (2b — 1) (2¢ — 1)
6a2 —4da+1 62 —4b+1 62 —4dc+17~

Tuy nhién, néu lic nay ap dung Cauchy-Schwarz kiéu nhu thuong ding

(2a — 1) N (20— 1) (2 — 1)
6a2 —da+1 662 —4b+1 62 —dc+1 7~
N [(2a — 1)+ (20— 1) + (2¢ — 1)]?
~ (602 —4a+1) + (602 —4b+ 1) + (6¢2 — 4c + 1)’

thi bat ding thitc thu dugc sau dé sé khong ding. Li do that don gian.
Céc ban hiy quan sat bat ding thiic da cho ¢ dé bai, ngoai truong hop
déng thic thong thuong 1a a = b = ¢ = § ra, thi n6 con xay ra ddu bang
khia=b=3, ¢ =0 (va cac hoan vi).

Trong khi d6, danh gia § trén c6 dau bang khi

2a—1  2—-1  2c-—1
6a2 —4da+1 602 —4b+1 62 —4de+1’

%, %, 0) khong théa man hé phuong trinh nay. Nhu

vay, ta can thay doi cach sit dung Cauchy-Schwarz sao cho hi¢u qua hon.
B:ELy gio, ta gia dinh ngoai truong hop déng thic a = b = ¢ = % thi bat
dang thiic sé chi xdy ra dau bang tai mot bo nita la a = b = %, c=0
(tiic ta khong xét dén cac hoan vi ctia bo nay). Khi d6, c6 thé dé& dang

va han nhién bo sb (
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nhan thay dugc cach sit dung bat dang thitc Cauchy-Schwarz sau day sé
dam bao duge diéu kien dang thic

(2a — 1) (26-1* [(2a — 1) + (2o — 1)]?
6a2 —4a+1 602 —4b+1 "~ (6a%2—4a+ 1)+ (662 —4b+ 1)
4c?

(6a? —da+ 1)+ (602 —4b+1)
Va tur danh gia nay, ta sé phai ching minh

4c* N (2 — 1) <
(6a2 —da+1) + (602 —4b+1)  6c2—dc+1 7~

Bét dang thic nay tuong duong véi

4c* . (2¢ — 1) 2¢?

P = :
(6a? —4a+1) + (60> — 40+ 1) 6c2 —4dc+1 62 —4c+1

va do 2¢? > 0 nén ta chi can chiing minh
2(6¢* —4c+1) = (6a® — 4a + 1) + (66> — 4b+ 1). (1)

Néu bat déng thiic (1) ding thi bai toan sé duge chitng minh xong. Tuy
nhién trén thyc té, (1) khong phai lic nao cling ding, ngay ca khi ta
sap thit tu cac bién a > b > ¢ (dya trén diéu kien dang thic a = b = %,
c=0), thi (1) cling chua chac duge théa man (ban doc c6 thé thit kiém
tra). C6 vé nhu ta dang & dudng cung?

That ra khong phai vay dau cac ban a. Tu tudng yéu tb “it nhat” van c6
thé st dung khé hiéu qua cho bai nay. That vay, bang danh gia tuong tu
nhu trén, ta ciing lan luot c6 cac bat déng thic

2(6a* — 4a +1) > (6% — 4b + 1) + (6¢* — 4c + 1), (2)

2(60* — 4b+ 1) > (6¢* — 4c+ 1) + (6a* — 4a + 1). (3)

Va néu (1) hodc (2) hodc (3) duge théa man thi ciing dong nghia véi viec
bai toan duge chiing minh xong. Bay gio ta lai thay

> [2(60% — 4a + 1) = (60> — 4b+ 1) — (6c” — 4c + 1)] = 0.

Do d6 trong (1), (2), (3) phai ¢c6 mot bat dang thite ding. Diéu nay cho
phép ta két thic phép chitng minh & day. O
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Day la mot vi du rat dién hinh dé minh hoa cho tinh néi bat cia yéu té
“ft nhat” so v6i viec sap thit tur cdc bién. Sau day 1a mot bai toan khac
v4i cach giai tuong tu.

Bai toan 8. Cho a, b, ¢ la cdc so thuc théa man diéu kién a+b+c = 1.
Chitng minh rdang
a? b? c? 1

P
3a2—2a+3+3b2—2b—|—3+302—20—|—3 8

Chitng minh. Dé y ring
> [2(3¢ — 20 +3) — (30° — 2b+ 3) — (3¢> — 2¢ +3)] =0,

do d6 trong céc sb

2(3a* — 2a + 3) — (30 — 2b+ 3) — (3¢® — 2¢ + 3),
2(3b% — 2b + 3) — (3¢* — 2¢ + 3) — (3a® — 2a + 3),
2(3¢ — 2+ 3) — (3a% — 20+ 3) — (3% — 2b + 3),

phai ¢c6 mot s6 khong am. Khong méat tinh tong quat, gid s
2(3a* — 2a + 3) > (3b* — 2b+ 3) + (3¢ — 2¢ + 3).
Khi d6, st dung bat dang thic Cauchy-Schwarz, ta ¢

v N c? S (b+c)’
302 —2b+3  3c2—2c+3 7 (362 —2b+3) + (3c2 — 2¢c + 3)
b+c?  (1-a)?
~2(3a2 —2a+3)  2(3a2—2a+3)’

Ta can chitng minh

a? N (1-a)’ U1
302 —2a+3  2(3a2—2a+3) " 8

Bat déng thiic nay tuong duong véi
8a? +4(1 —a)® > 3a® — 2a + 3,
ding vi 8a2 + 4(1 — a)” — (3a®> —2a+3) = (3a —1)* > 0.

Bai toan dugc chiing minh xong. Dau béng xdy rakhia =b=c=3. O
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Nhan xét. Mot diém can luu ¥ 1a dé c6 thé sit dung thanh cong duge
yéu t6 “it nh4t” (theo céch gidéng nhu hai bai trén) & cac bai toan ¢6 ciing
dang nhu hai bai toan trén thi cac mau s6 & cidc phan thiic phai thoa
man mot s6 diéu kién nhat dinh:

Xét hieu A = 2(6a® — 4a + 1) — (60> — 4b+ 1) — (6¢* — 4c+ 1) & bai 7.
Khi b = c thi ta ¢6 a + 20 = 1, va luc nay

A=2(6a>—4a+1) —2(6b> — 4b+ 1) = 4(a — b) [3(a + b) — 2]
=4(a —b)[3(a +b) — 2(a + 2b)] = 4(a —b).
Tuong tu, xét hiéu
B =2(3a®> —2a+3) — (30> — 2b+ 3) — (3¢* — 2c + 3)
Gbai 8 Khib=cthitacéa+2b=1va
B =2(3a" —2a+3) —2(3b*> — 2b+ 3) = 2(a — b)[3(a + b) — 2]
=2(a—b)[3(a+b) —2(a+2b)] =2(a — b)°.
Nhu vay, diéu kien & day 1a néu cé hai bién bing nhau thi A, B phai phan
tich ra dugc cdc binh phuong.

Tuy nhién, trén thyc té khong phai bai todn nao ciing cling ¢6 nhing
tinh chat dac biet nhu thé. Do d6, ta can c6 cach lam khac hiéu qua hon.
Phan dué6i day chtng toi sé gidi thieu mot ki thuat khéc ciing kha hicu
qua dé giai cac bai toan dang nay.

Nhu ta da biét, phan 16n nhitng bat déng thiic c6 it bién thi sé dé chiing
minh hon céc bat dang thiic c6 nhiéu bién. Chinh vi vay, mot trong nhitng
¥ tudng thusng dudce sit dung trong chitng minh bat ding thic, do la dua
cac bat déng thitc véi nhiéu bién s6 trd vé dang co it bién s6 hon.

C6 nhiéu cong cu hd trg ta thyc hién diéu ndy nhu phuong phap don
bién, EV, ... Duéi day ching ta sé cling xem xét ting dung clia yéu to
“ft nhat” va bat dang thitc Cauchy-Schwarz trong viéc lam gidm sé bién
cia bat dang thitc. Cu thé hon, ta sé dua mot bat dang thiic tit ba bién
vé dang mot bién dé chitng minh.

Y tudng ctia ky thuat nhu sau: Véi bén s thuc bat kv a, b, ¢, k, ta ¢6
[(a—k)(b—k)] [(b—k)(c—k)] [(c—k)(a—k)] = (a — k)’ (b—k)(c—k)* > 0.

Do do6 trong ba s6 (a — k)(b— k), (b —k)(c — k), (¢ — k)(a — k) phai c6
it nhat mot s6 khong am. Ta gié sit s6 d6 1a (a — k) (b — k), thé thi

24+ =k+ (a+b—k)’—2a—k)(b—k) <K+ (a+b—k)’
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Nhu vay, dé chiing minh mot bat dang thic c6 gid thiét a +b+c = s va

déng thic x4y ra khi c6 hai bién bing mot gia tri m nao dé thi ta cé thé

ap dung danh gia trén dé lam gidm sb bién ctia bat dang thitc ban dau.

Cu the 1 ta sé chon k = m (dé ddm bdo dau bang) va nhu thé ta sé c6
A2+ <m?+ (a+b—m)=m?+ (s —c—m)’,

c6 nghia 14 néu st dung danh gia nay vao bai toan thi ta sé chi con phai

chitng minh mot bat dang thic ctia mot bién 1a c.

Dé nam 16 hon, ta ciing xét vi du sau.

Bai toan 9 (Polish MO, 1996). Cho cdc s6 thuc a, b, ¢ théa man dieu

kién a + b+ c = 1. Chiing minh rang

a N b n c <9
a2+1 »B2+1 241 10

Phan tich va tim toi 16i gidi. Nhan xét ring ding thic xay ra tai mot
bo diém duy nhat laa =b = c = % Do d6, bang cach goi a, b 1a hai s6
sao cho (a — %) (b — %) > 0 va tién hanh danh gia nhu trén, ta cé

1 1\N° 1 /2 2
24 g - =) =+ (2-¢). 1
a” + 5 +(a+ 3 5 + 3¢ (1)
Néu muén &p dung Cauchy-Schwarz dé cé dai lugng a? +b? xuat hién (dé

c6 thé sit dung (1)), ta can chuyén vé hai phan thitc %, =% va them
b6t dé c6 binh phuong xuat hién. Ta bién doi nhu sau

c 1 a 1 b 1
< |z - + 1= - - —,
241 (2 a2—|—1) (2 b2+1> 10

(a—1)7° (b—1)° J1 2

a2+ 1 R+1 75 241

Bay gid, ta da c6 thé sit dung Cauchy-Schwarz va danh gia (1) § trén:

(-1 (-1 _ [a-D+0-D]"  (c+1)

a?+1 41 7 (a2+1)+(B2+1) (a2 +b2) +2
(c+1)?*  9(c+1)

iy (2—o)f42 231204 9¢7

Nhu vay ta chi con phai chiing minh mot bat dang thic mot bién 1a

9(c+1)° _ 1+ 10c+c
23 —12c¢+9¢2 = 5(1+c2)

(2)
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Cong viéc nay that don gian. Bang cach quy dong va phan tich nhan ti
chung (Iuu ¥ rang ta luon phan tich duge (3¢ — 1)? lam nhan ti chung),
ta viét duge (2) dudi dang
(3¢ — 1)%(2¢% + 2c 4 11) > 0,

va vi 2¢2 + 2¢ + 11 > 0 nén bat ding thiic trén luon ding. Dén day thi
phép chiing minh da duge hoan tat. O
Bai toan 10 (Japanese MO, 1997). Ching minh ring vdi cic so6 thuc
duong a, b, ¢ tuy 4, ta déu cé

(b+c—a)2+(c+a—b)2 (a+b—c)? >3

a2+ (b+c) 4 (c+a)’ A+ (a+b)

2/5'

Chitng minh. Do bét déng thitc da cho la thuan nhét véi ba bién a, b, ¢
nén ta hoan toan c6 thé chuan héa cho a + b+ ¢ = 1. Khi do, ta viét
duge no6 lai dudi dang

(1—2a) N (1—2b)? (1—2¢) .3

2a2 —2a+1 202—2b+1 2¢2—2¢c+17 5

Khong mat tinh tong quat, gié st (a — 3) (b— ) > 0. Ta 6

1 1\N? 1 2 2
a” + 9—|— a+ 3 9—|— 3 C

Tt day sit dung bat dang thitc Cauchy-Schwarz, ta duge

(1 - 2a)? . (1-20 [(1—2a) + (1 —2b)]?
202 —2a+1 22 —2b+1~ (202 —2a+1)+ (262 —2b+ 1)
2c? 2c?

= >
2 4 12 = 2
T W I L
_ 18¢2
92 —3c+5
Ta can chitng minh
(1—2¢)? 18¢2 3

= —.

202—20+1+9c2—30+5 5

Sau khi khai trién va rat gon, ta duge bat ding thiic hién nhién ding
(3¢ — 1)*(17¢* — 8¢ +5) > 0,

Déng thitc xay xay ra khi va chi khi a = b = c. m
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Nhan xét. Ngoai cach giai trén, bai nay con cé thé giai bang cach khac
(ciing dua trén yéu tb “it nhat”) nhu sau: Dé ¥ ring

(b+c—a) B 1+7(2a—b—c)2+(5b+50—2a)2

a2+ (b+¢)? 3 24 [a2 + (b+ ¢)?]
Do d6 bat dang thic da cho c6 thé viét lai thanh
(20 —b—c¢)> (2b—c—a)> (2c—a—b)’
a2+ (b+c)P B+ (c+a)? A+ (a+D)’

(5b+ 5¢ —2a)®  (5¢+5a —20)°  (5a + 5b — 2¢)?
a?+ (b+c)’ b2+ (c+a)’ 2+ (a+b)°

192

5

St dung bat dang thitc Cauchy-Schwarz, ta c6
(2a —b—¢)? N (2b—c—a)® (2c—a—b)
a2+ (b+c)?  B+(c+a)? A+ a+b)?

[(2a—b—c)—|—(a+c—2b)+(a+b—20)]2
T a2+ b+ )] + [+ (c+a)’] + [+ (a+b)7]

(5b+5¢ —2a)®>  (5¢+5a —2b)*  (5a + 5b — 2¢)?
a2+ (b+c)? B+ (c+ a)’ 2+ (a+b)?
[(5b + 5¢ — 2a) + (5¢ + 5a — 2b) + (5a + 5b — 2¢)]
(a2 + (b+¢)’] + [2+ (c+a)’] + [+ (a+b)*]

Tit hai danh gia nay, ta dua duge bai toan vé ching minh

35(2a — b —¢)*+80(a+ b+ c)* > 48 [3(a® + b* + ¢?) + 2(ab + be + ca)]

hay 76a* — 29b* — 29¢* — T6ab — T6ac + 134bc > 0. (1)
Thuyc hien danh gia tuong tu, ta cling lan luct c6
76b* — 29¢* — 29a® — T6bc — T6ba + 134ca > 0, (2)
76¢* — 29a” — 29b* — T6ca — T6¢b + 134ab > 0. (3)

Bay gio, ta c6 cht ¥ rang

> (76a® — 29b” — 29¢” — T6ab — T6ac + 134bc) = 18 (Z a® =) ab)
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1a mot s6 khong am. Do d6, trong (1), (2), (3) phai c¢6 it nhat mot bat
déng thic ding. T d6 dé& dang suy ra diéu phai ching minh.

Ching ta sé két lai bai viét nay bang mot ing dung tha vi khac ctia ki
thit stt dung yéu t6 “it nhat”.

Bai toan 11. Cho a, b, ¢, d la cdc so thuc théa man a + b+ c+d = 0.
Chitng minh rdang

7(a® +b* + ¢ —|—d2)2 > 12(a* + b + ¢t + d*). (1)

Phan tich va tim toi 18 giai. O bai nay, néu thay d — —(a + b + ¢) thi
ta sé duge mot bat déng thic ba bién theo a, b, ¢, va khi d6 cac biéu thic
a’? +b% +  + d? va d* sé duge biéu dién theo hai dai luong a® + b + 2
va ab + be + ca. Do vay, c¢6 thé thidy mot y tudng ty nhien dé gidi bai
toan nay chinh la tim cach dé danh gia chan trén ctia a* + b* + ¢* theo
a® 4+ b? + % va ab + bc + ca. Ta c6 dé y ring

at + bt 4t = (a® + b+ 02)2 — 2(a®V? 4 b*c? + *a?).
Do d6, rat tu nhién ta nghi dén viéc stt dung danh gia quen thuoc

(ab+ be + ca)®
3 Y

a2b2+b202—|—02a2 >

vi no sé gitp ta tim dudc mot chan trén cho a* + b* 4 ¢* theo a? + b + 2
va ab + be + ca. Cu thé 1a

2
at b 4 < (@0t ) - g(ab +be + ca)’.

Nhu vay ta sé con phai chiitng minh

2

T(a®> +b* + 2+ d2)2 > 12 {(a2 +b% + 02)2 3(ab + be + ca)® + d4] :

Thay d = (a + b+ ¢)® = (a2 4 b + ) + 2(ab+ be + ca) vao, ta viét dugce
bat dang thiic trén lai thanh

2
7(2z + 2y)* > 12 [xQ - ng + (v + 2y)2} :

trong d6 & = a® + b* + c® va y = ab + be + ca.

Va sau khi khai trién va rat gon, ta dudc

4(z —y)(z +3y) = 0.
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Doz —y = (a* +b*+¢?) — (ab+ bc+ ca) > 0 nén ta chi can chiimg minh
a? + b+ ¢ + 3(ab + be + ca) > 0. (2)

Trén thue té, (2) khong phai luon ding (ban doc c¢6 thé dé dang kiém tra
dugc bat dang thic nay sai v6i @ = —3, b = ¢ = 1). Tuy nhién, véi viec
stt dung yéu tb “it nhat” ta lai c6 thé “buoc” n6 phai ding. That vay, vi

Z [a® + 0 + ¢ + 3(ab + be + ca)| =3(a+b+c+d)?’ =0,

nén trong bon sé

a? 4+ b* + 2+ 3(ab + be + ca),
b’ + 2+ d? + 3(bc + cd + db),
+ d? + a* + 3(cd + da + ac),
d? + a* + b* + 3(da + ab + bd)

Y

phai c6 it nhat mot s6 khong am. Va do tinh déi xiing nén ta hoan toan
c6 thé gia st dugc

a? +b* + ¢ + 3(ab + be + ca) > 0,
tiic (2) ding va bai toan dugce chitng minh hoan toan. Chd y ring ding
thic xay ra khi va chi khia=b=c= —%l, hoac cac hoéan vi. O

Nhan xét. Ti 16i gidi cia bat dang thiic (1), ta tim dugc mot chiing
minh thd vi cho bai bat déng thiic trong dé chon doi tuyén Viet Nam du
thi Olympic Toan Quoc té nam 1996:

Néu a, b, ¢ la cdc so thuc tuy 4, th

(b+@4+@+af+%a+m4>;m*+#+cﬂ. (3)
That vay, trong (1) thay d = —(a + b+ ¢), ta co
[ﬁ+ﬁ”+&+&a+b+@ﬂ22]$@#+b*+&+wa+b+@ﬂ.
> (a4 b+ ). (4)

Mat khac, theo bat dang thiic Cauchy-Schwarz thi

[+ 0+ A+ (a+b+0)? = [(b+ )+ (c+a)’ + (a+ )]
<3[b+o)' +(c+a)' +(a+b)']. (5)

Két hop (4) va (5) lai, ta c6 ngay (3).
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Cudi cling, ching toi xin dude dé xuat théem mot s6 bai toan khac ma
ta van 6 thé ap dung ky thuat yéu t6 “it nhdt” dé giai. o) day, ching toi
sé khong néu 10i gidi chi tiét cho cac bai toan nay. Ban doc hidy thi stc
v6i chiing dé cdm nhan dudc ré rang nhitng nét thi vi clia ki thuat ma
ching ta vira nghién citu 6 day.

Bai tap 1. Cho cac sb thuc a, b, ¢ thda man diéu kién a® + b* + ¢ = 1.
Chitng minh rang

1 — 2bc 1 — 2ca 1 — 2ab 1
+ + > .
5—5a2—4bc 5 —5b%2 —4ca 5 —5c2—4ab T 2

Bai tdp 2. Cho a, b, ¢ 1a cac s6 thuc duong théa man ab + be + ca = 3.
Chitng minh rang v6i moi k > 1, ta co6

1 1 1 3
+ + < .
a2+02+k bP4+cE+k A24+at+k 24k

Bai tap 3. Cho a, b, ¢ 1a cac s6 duong thoéa man

1 1 1 2

> 2.
@+w+4+w+§+4+é+ﬁ+4/3

Chitng minh rang
a®>+ b2+ 4 ab+ be+ ca < 6.

Bai tap 4. Cho a, b, ¢ 1a cac s6 thic duong théa man

1 1 1
>
M+hl+1+b%+§+1+ﬂ?+al+1/

Chting minh rang
b +3 > 2b(a + c).

Bai tdp 5. Cho a, b, c 1a cac s6 thyc duong. Chiing minh ring

+ 5.

1>>M&+H+&

(a+b+c) 1+1+—
a b ¢ ab 4+ bc + ca

Bai tap 6. Cho a, b, ¢ 1a cac s6 thuc duong. Chitng minh réng
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Bai tap 7. Cho a, b, c 1a cac s thuc thoa man diéu kien a? +b*+c? > 0.
Chting minh rang

a? — 2bc b2 — 2ca  —2ab S 3

+ + > .
a?+02+3c2 b2+c?2+3a2 2+a?+3ab 5

Bai tdp 8 (USAMO, 2003). Chiing minh riang véi moi sd thyc duong
a, b, c, ta déu c6

2a+b+c) (20 NG b)*
(2a + +c)2+( +c+a)2+(c+a—l—)2<8
202+ (b+¢)” 2024 (c+a)” 22+ (a+D)

Bai tap 9 (Chinese Western MO, 2007). Cho cac sb thuc a, b, ¢ thoa man
a+ b+ ¢ = 3. Chitng minh ring

1 1 1 1

+ + <
5a2 —4a+11 502 —4b+11 5c2 —4c+11 4

Bai tdp 10. Chitng minh rang v6i moi s6 thyc duong a, b, ¢, ta déu c6

1 n 1 L 1 < a+b+c 1 n 1 n 1
a2+bc b24ca E+ab ab+bc+ca\b+c c+a a+b)’

Bai tap 11. Chitng minh két qua tong quét ctia bai 13: Néu a1, as, ..., an
1a cac s6 thuc c6 tong bing 0, thi

(@+d2+-+d) >
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