Ti SO KEP
PHAN TICH VA UNG DUNG

Diang Tran Quang *- Tran Qubc Nhat Han

Ngay 28 thang 1 nam 2014

Tém tat nodi dung

Ti s6 kép 1a mot trong nhitng vién ngoc quy ctia hinh hoc so cap. Ta bat gap
ti s6 kép trong nhitng bai toan tit cudc thi cap thanh phé dén quoc té va ca trong
nhitng dinh 1y, bai toan. Bai viét nay sé phan tich, dua ra suy nghi ding ti s6 kép
nhu thé ndo trong mot s6 bai toan duge chon loc. Hy vong ban doc sé nhan ra vé
dep clia ti s6 kép va tim ra tu tudng dé ing dung ti s6 kép vao bai toan.

Bai toan 1. Cho tam giaic ABC va D,E,F thi tu thuoc BC,CA,AB sao cho
AD,BE,CF dong quy tai P. Trén AB,AC lidy 2 diém M va N sao cho M,P,N
thang hang. Q la diém bat ki tréen BC. QM cit CF tai R; QN cat BE tai S.

Chang minh ring A, R, S thing hang. A
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PHAN TicH. Trudc hét, nhin vao bai toan, ta thiy cic gid thiét chi lien quan dén su
thang hang, khong c6 céc gia thiét vé goc, duong tron. Day 1a mot diéu kien réat 1y tudng
cho ti s6 kép trén duong thang. Mit khac, bai toan yéu cau phai ching minh sy thang
hang ctia 3 diém A, R, S. Ta sé nghi ngay dén mot dinh ly quan trong nhu sau:

Dinh Iy 1.

Cho 5 diem X,Y,Z,0,0". Khi dé X,Y,Z thing hang khi va chi khi O(XYZO') =
0'(XY ZO). 0

(Chtng minh xem trang 60 trong [1]).

Quay lai bai toan. Ta sé thit ding dinh 1y trén. Hién nhién ta sé chon X,Y,Z 1a A R, S.

Can phai tim O,0’. Muén tim dugc 2 diém nay, ta nén chi ¥ t6i nhitng dudng théng

di qua R, A, S va dong quy. Khi do, ta thay P,Q la 2 diém "lien quan" nhiéu nhat téi

A, R,S. Cho nén ta chon O,0" 1a P, Q. Ta thit xem:

P(ARSQ) = (DCBQ) = A(DCBQ) = A(PNMQ) = Q (PNMA) = Q (PSRA) = Q (ARSP)
(cha § rang A(PNMQ) = Q(PNMA) la do ap dung Dinh 1y 1 cho P, N, M,Q, A v6i

P, N, M thang hang).

Bai toan da ducgc giai quyét!

Bang ki thuat tuong tu, ban doc hay chiing minh bai todn nhu sau:

Bai toan 2 (Dinh ly Pappus). Cho 2 duong thiang d,d. Liy A,B,C tréen d va
D,E,F trénd. AE cit DB tai M; AF cit DC tai N; BF cit CE tai P.
Chaing minh rang M, N, P thing hang. A

Bay gio, ta c6 mot bai toan ching minh thang hang nhung lién quan dén goc:

Bai toan 3. Cho tam gidc ABC ¢6 AD, BE la cic duong phan gidc tuong ing dinh
A, B cat nhau tai I. X,Y la 2 diém lién hop dang gidc trong tam gigc ABC. Gid st
AX cat BC tai M, BX cat AC tai N.

Ching minh rang M, I, N thing hang khi va chi khi D,Y, E thang hang. A
A
®




(©DIEN DAN TOAN HOC

PHAN TicH. Thoat nhin, ta thay can phai ching minh sy tuong duong 2 ménh dé vé
thang hang. Day 1a 1 goi ¥ dep cho v6i Dinh 1y 1. Nhung ta sé ding gia thiét dang giac
nhu thé nao?

Gia thiét dang gidc sé goi cho ta dén phép dbi xiing truc (cu thé, truc la tia phan giac).
Va luu § rang phép ddi xiing truc sé bao toan ti s6 kép. Bang nhitng nhan xét tuong tu
trong Bai toan 1, ta sé chon O, 0’ tuong ting 1a A, B. Véi nhiing nhan dinh ban dau nhu
thé, ta sé bat tay vao lam thit (hdy thit moi cdch cé thé!ll):

A(MNIB) = A(YBDE) (do phép ddi xiing truc AI)
— A(BYED)
B(MNIA) = B(AYED) (do phép ddi xiing truc BI)

T6i day, ta thiay ngay dpcm.

Bai toan 4 (Trﬁn Quang Hung). Cho tam giac ABC nhon cé tam dudng tron ngoai
tiép O, truc tam H, duong cao AD. AO cat BC tai E. Puong thang qua D song song
OH lan lugt cit AB, AC tai M, N . I la trung diém AE. DI lan lugt cit AB, AC tai
P,Q. MQ cit NP tai T .

Chaing minh rang D, O, T thang hang. A

Be o

°p
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PHAN TicH. Truéc hét, trong hinh vé, c6 1 yéu t6 goi ta cé thé sé sit dung ti s6 kép.
D6 1a tit gide toan phan MQNPTA (Céc tinh chat vé t gidc toan phan, ban doc ¢6
thé tim trong [I] (trang 315)). Ta thdy D(MPAT) = —1. Nén D, O, T thang hang <
D(MPAO) = —1 & D(NQAO) = —1. Té6i day, cha y rang gia thiét DN || OH neén ta
chi can chitng minh DI di qua trung diem OH, vi ta c6 dinh 1y sau:

Dinh Iy 2.
Cho chum diéu hoa (a,b,c,d) = —1 va duong thang A.
Khi dé A || d < A bia,b,c chin thanh 2 doan bang nhau. O

(Chiing minh xem trang 62 trong [1]).

Cong viéc con lai ciia ta 1 chitng minh DI di qua trung diem OH.

That vay: goi J la trung diém OH. Vé O', A’ thtt ty déi xing O, A qua BC. Mot tinh
chat quen thuoc: J 1a trung diém AO’.

Chu § rang A’,O’, E thang hang va D, J, I tht tu la trung diém AD', AO’, AE nén DI
sé qua J. Chitng minh hoan tat.

Ao

OF
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Bai toan 5 (Chon d6i du tuyén KHTN 16p 10 nim 2013). Cho tam giac ABC
nhon, khong can, cic duong cao AD, BE,CF dong quy tai H, cic diém D, E,F lan
lugt thuoc cac canh BC,CA, AB. Goi M, N lan luogt la trung diém CA,AB. Ve DE
cat duong thang qua A vuong goc AB tai K. Ve KN giao BC tai S.

a) Chitng minh rang AS 1 AC.

b) Goi DF cat duong thing qua A vuong géc AC tai L. Chaing minh rang LM, NK, AD
dong quy.

c) Goi KL cat EF tai P. Ching minh rang AP L BC. A
X
I Ae K
| L
o
| E
N? °
o o M
® e e ®
S B /D C
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®

PHAN TiCH. a) Yéu t6 2 goc vuong c6 cung dinh A sé khién ta lién tuéng dén mot dinh
Iy ctia ti s6 kép vé viec quay ti s6 kép mot goc 90°:

Dinh Iy 3.

Néu cic duong thang MA, MB, MC,MD thi tu vuong goc véi M'A', M'B', M'C", M'D’
thi M(ABCD) = M'(A'B'C'D').

Manh hon la: Néu cic duong thing MA, MB, MC thi tu vuong géc M'A', M'B’', M'C’
thi MD L M'D' < M(ABCD) = M'(A'B'C'D'). O

(Chiing minh xem trang 150 trong [1]).

Ap dung dinh 1y nay, ta can phai ching minh A(KNSD) = A(BKCxz) véi Az L AD.
Ma chi ¥ ring, K, N, S thang hang nén 4p dung Dinh 1y 1, ta c6:

A(KNSD) = D(KNSA)
= (E'NBA) (v6i E' 1a giao diém ctia DE va AB
BE AE B

BN AN  FEA
— —(BAE) = (BAF)
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(Chu ¥ réing ABDEE'C la t1 gidc toan phan nén (BAFE') = —1 = (BAF) : (BAE"))
Mat khac:
A(BKCx) = (BTC) = (BAF)

Béi ta ¢6 dinh 1y sau day:

Dinh Iy 4.
Cho chum O(ABCD) va duong thang d cit OA,OB,OC tai A', B',C’" tudng ting.
Khi d6 d || OD < O(ABCD) = (A'B'C") O

(Chiing minh xem trang 58 trong [1]).

Va 1 tinh chat quan trong gitta ti s6 kép va ti s6 don: (ABCD) = (ABC) : (ABD).

Vi thé, ta c6 A(KNSD) = (BAF) = A(BKCz). Ap dung Dinh 1y 3, ta sé c6 ngay
AS 1L AC.

b) Do cau a nén L € AS. Tt mot cau hinh "d6i xitng" nhu vay, ta sé nghi ngay dén viec
kéo dai LN cat BC tai T. Tuong ti phan a thi AT 1. AB nén K € AT. Ta chi can chiing
minh bang dinh 1y Céva cho tam giac AT'S nhu sau:

Ae
| K
L ®
‘_' - _.iE
Fe | M
o ‘ ()
N H
|
& — — — o — & — — @
S B D C T
Ap dung dinh Iy Menelaus cho tam gidc ACT véi cat tuyén DEK, ta co:
KADIBC_, KA _DCFA
KT DC EA KT DT EC
LS DS FB , DT
Tuong tu, ta c6=— = —=.=—=. Nhan 2 dang thtic nay lai va nhan v6i —, ta c6:
LA B FA DS

KA LS DT FEAFB DC _
KT LA'DS EC FA DB

(Do AD, BE,CF dong quy trong tam giac ABC). Viéc chitng minh hoan tat.

c¢) Ta chi can chiing minh AP = Ax. Nhu vay, dé tan dung géc vuong DAz vao Dinh
ly 3, ta sé dung phuong phap "chitng minh trung". Vé Az cat FE tai P’. Ta sé ching
minh L, K, P’ thang hang. That vay:
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A(LKP'D) = A(EFDP') (do Dinh Iy 3)
— A(FEP'D)
— D(FEP'A) (do Dinh 1§ 1)
— D(LKP'A)

Theo Dinh 1y 1, ta ¢6 dpcm.

Bai toan 6. Cho tam gidc ABC ngi tiep duong tron (O) va cé cic phan gidc trong
AD, BE cit nhau tai I. AD, BE cat (O) lan thi 2 thi ty tai P, Q.
Ching minh ring duong thang qua I song song AB cung vdi DE, PQ sé dong quy./\

C
Q .
. Ry )y ‘
A - .
B

PHAN TicH. Vé dudng thing qua I song song véi AB, cit CA,CB lan lugt tai L, N.
Thoat nhin thi ta thay LN, DE khong lién quan 1am t6i PQ. Nén ty nhién ta sé vé PQ
cit CA,CB lan lugt tai G, H dé c6 sy "lien quan" hon. Va cau hinh nay cho ta nghi dén
dinh 1y sau vé sy dong quy:

Dinh Iy 5.

Cho 2 duong thang d,d’ cdt nhau tai O. Trén d lay A, B, C khdc O. Trén d’ lay A', B, C’
khac O.

Khi dé AA', BB',CC" dong quy hodc doi mot song song < (OABC) = (OA'B'C’). O

7
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(Chiing minh xem trang 60 trong [1]).

Nhin ki lai cdu hinh, ta thay c6 vé IH || BC va IG || AC, day 1a 1 diéu kién tot
cho phép chiéu xuyén tam ta c6 thé sé diing sau nay.
Tru6e hét, ta nhan thay rang PQ 1 trung tryc IC.
That vay:
/PIC = ZIAC + ZICA
LIAB+ ZICB
= /PCB+/ZICB = /ZPCI

nén tam giac PCI can tai P = PC = PI. Tuong tu: QC = QI nén P(Q la trung truc
cua IC.

Cho nén tam giac IGC, IHC lan lugt can tai G, H va c¢6 chung day IC.

Mit khac, CT la phan giac ZACB nén ACGI = ACHI(g.c.g) = LHIC = LGIC =
ZGCI = IH || BC. Tuong tu: IG || AC.

Do d6, theo Dinh 1y 5, ta can chiing minh (CGDL) = (CHEN). Ta thay nén chon tam
chiéu la I, vi n6 lien quan nhiéu nhat dén (CGDL), (CHEN). Khi dé, ta co:

(CGDL) = I(CGDL)=I(DLCG)
= (ANC) (ap dung Dinh ly 4 cho IG || AC)
Tuong tw: (CHEN) = [(CHEN)=1(ENCH) = (BLC)

Ma LN || AB = (ANC) = (BLC) = (CGDL) = (CHEN). Bai toan dugc chiing minh!

Bai toan 7 (Iran 1998). Cho tam gidc ABC wva diém D nam trén phan kéo dai ciia
tia BC sao cho CD = AC. Dudng tron ngogi tiép tam giagc ACD cat duong tron (O)
duong kinh BC tai P khdc C. BP cat AC tai E, CP cit AB tai F.

Chitng minh rang:

a) D,E, F thang hang.

b) ZOPA+ /ODP = 180° A
A
®
F |
B VAVER.\ N
0/T ¢

PHAN TicH. Yéu t6 BE,CF, AP dong quy va D, E, F thang hang gdi cho ta mot dinh
Iy quan trong vé sy dong quy trong kién thic vé ti sd kép:

8
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Dinh ly 6.
Cho tam gidc ABC. Tréen BC,CA, AB lan luot lay D, E, F. Gid sit EF cit BC tai L.
Khi d6 AD,BE,CF dong quy < (BCDL) = —1 O

(Chitng minh xem trang 56 trong [1])

Nhu vay, ta can chi ra P(BCAD) = —1. Dé y tiép rang ZBPC = 90° nén ta c6
P(BCAD) = —1 < PC la phan giac ZDPT véi T la giao diem ctia AP v6i BC. Ly do
la vi ta c¢6 dinh ly sau:

Dinh ly 7.

Cho tam giac ABC. AD, AE thi tu la duong phan giac trong, phan gidc ngoai goc BAC.
Khi d6 (BCDE) = —1.

Manh hon la: Cho chum diéu hoa (abed). Khi dé c,d la 2 phan gidc cia cdc goc tao bdi
a,bsc L d. O

(Chiing minh xem trang 63 trong [1]).

Va tur do6 ta co 1oi gidi nhu sau

LOr1 GIAL

a, Goi giao diém ctia AP t6i BC 1a T. Ta ¢6: ZCPD = /DAC = /TPC = PC la phan
giac LTPD

Két hgp v6i ZBPC = 90° nén ta ¢c6 P(BCTD) = -1 = (BCTD)=—-1= D,E,F

b, Ta ¢c6 ZOPA+ ZODP = 180° < /ODP = /OPT < OP? = OT.OD

Nhung ding thic cudi hién nhién dang vi theo hé thic Maclaurin, ta c6: OT.OD =
OB? = OP?. Vay ta c6 diéu phai chiing minh! [ |

Bai toan 8 (Indonesia 2012). Cho tam giac ABC nhon ngi tiép duong tron (O),
duong phan gidc goc A cit cac duong thang BO, CO tai P, Q. Goi R la giao diém
cua BQ va CP.

Chaing minh rang AR vuong géc BC. JAN

Re Fo N
P

e
L]
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PHAN TicH. Nhan thay dicu phai chitng minh tuong duong v6i AP 1a phan gidc ZOAR.
Diéu nay goi cho ta suy nghi dung tia phan gidc goc ngoai LA cat BC tai D dé c6 dugc
(DGBC) = —1. Tt d6 ta c¢6 161 giai nhu sau:

LO1 GIAL

Néu AB = AC thi két luan bai toan la hién nhién. Ta xét truong hop AB # AC. Khi do,
tia phan gidc goc ngoai LA cat BC tai D. Ta c6 theo Dinh Iy 7: (DGBC) = —1.

Cha ¥ rang ta c6 sy dong quy ciia QP, BO,CR trong AQBC nén theo Dinh 1y 6, ta c6
D, R, Q thang hang.

Goi giao diém ctia RO v6i QG 1a F, tit d6 ta c6 thé thuc hien phép chiéu xuyén tam nhu
sau:

(DGBC) = —1 = Q(DGBC) = —1 = (DFRO) = —1 = A(DFRO) = —1
Diéu nay chiing t6 AQ 1a phan giac ZOAR, phép chitng minh hoan tat. [

NHAN XET. Qua céach ching minh trén, ta c6 thé thay ring, vai tro tam dudng tron ngoai
tiép ctia diém O khong quan trong 1im cho viéc chitng minh AP 14 phan giac goc OAR.
Cho nén, ta sé ¢6 mot bai toan md rong hon sau:

Bai toan 9. Cho tam gidc ABC. AD la duong phan gidc trong. Diém M thudc duong
thaing AD. BM,CM cit AC, AB lan lugt tai E, F. P trén EF va Q trén BC sao cho
P, M,Q thing hang.

Chaing minh rang AP va AQ la 2 duong ddang gidc. A

o
D’ 5 o0 p

PHAN TicH. Ta thay bai toan kho thé st dung cac cong cu nhu tam giac dong dang,
Thales,... dé chiing minh béi vi diém M chay hoan toan ty do trén AD, goi cho chiing
ta stt dung ti s6 kép dé gidi quyét bai toan.

Va duong nhien dé ap dung tinh chat ciia hang diém diéu hoa, ta can vé thém phan giac
ngoai AD’ dé nhan dc (D'DBC) = —1 (theo Dinh Iy 7). Tt d6 ¢c6 D', E, F thang hang

10
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(theo Dinh 1y 6). Két hop v6i su kien AD 1 AD’ thi cling theo Dinh 1y 7, ta can chi ra
A(D'MQ@QP) = —1. Té6i day diéu phai chiing minh da “thoang” hon rat nhiéu. Ta c6 16i
giai nhu sau:

LOr1 GIAL

Phan giac ngoai goc A cat BC tai D'. PQ cat AD tai R.

Theo Dinh Iy 7 ta ¢6 (D'DBC) = —1, theo Dinh 1y 6 ta c6 D', E, F thang hang.
Tu d6 ap dung tinh chat quen thuoc cho tit gidc toan phan EFBC:

1= D'(AMEB) = (RMPQ) = A(RMPQ) = A(D'MPQ)
Theo Dinh Iy 7, ta c6 AP va AQ la 2 dudng dang giac (dpcm!). [ |

NHAN XET. Day 1d mot bai toan hay béi né c6 “giao” v6i nhiéu bai toan khac. Vi du véi
mot bai toan sau day:

Cho tam gidc ABC. M la diém bt ki trong tam gigc. Goi P,Q, R lan lugt la diém doi
zing cia M qua phan gidc trong goc A, B, C. Khi dé ta c6 AP, BQ,CR dong quy.

Bai toan trén c6 thé ching minh duge bing Ceva-sin, mdi ban doc tir chiing minh.

Hai bai toan trén déu “giao” nhau & tinh chat ddi xting qua phan gidc, nhung két luan &
bai toan sau lai cho ta tinh chat dong quy!! St dung hai bai toan trén, ban doc hay thi
sttc v6i bai toan sau:

Bai toan 10 (Nguyén Minh Ha). Cho tam gidac ABC va cdc duong phan gidc trong
AAy, BBy, CCy. Goi giao diém ciia AAy va ByCy la Ay. Ha A1 Ay vuong goc vdi BC.
Cdc diém By, Cy dung hoan toan tuong tu.

Chiing minh rang AAy, BBy, CCy dong quy. JAN

Ching ta dén tiép véi mot bai toan lien quan t6i 2 duong dang giac:

Bai toan 11 (Thi chuyén hé DHSPHN 168p 10 nim 2011-2012, hoc ki 1). Cho
tam gigc ABC khong déu. (O, R) la duong tron ngoai tiép ciia tam gide. Duong tron

. . , KO R
noi tiep (I,r) tiép zic vdi BC tai X. Diem K thuoc doan OI sao cho ®T =7
r
Chitng minh rang AX va AK la 2 duong ding gidc. A

11
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PHAN TicH. Cung theo ¥ tudng bai toan trudc, ta sé tao thém cac hang diém diéu hoa
bang ciach ké AF 1a phan giac ngoai goc A (E € (0)). Nhan thay tiép c6 OF || IX nén
ta sé tao thém mot bo hang diém diéu hoa nita bang cach ké them duong kinh EF. Diéu
phéai chiing minh tuong duong v6i A(XKIE) = —1. Ta ¢6 16i giai nhu sau:

LOr1 GIAL

Tia phan gidc trong, ngoai goc A lan lugt cat (O) tai F, E. Va AF cit X E tai L. Dé thay
A, I, F thang hang, O, F, F thang hang va theo dinh 1y Thales dao, ta ciing ¢c6 X, K, L, E
théng hang.

Ta c6: AXKIE) = (XKLE) = (XKLE) = (XOFE)

Nhung do {?f; W g 5 = I(XOFE) = —1 (theo Dinh Iy 2).
Vay A(XKIFE) = —1, theo Dinh 1y 7 thi ta ¢6 dpcm. [ |

Két hop Bai toan 9 va Bai toan 16 cho ta mot két qua rat dep nhu sau:

Bai toan 12 (Nguyén Minh Ha - Mathley - Round 2 - 2011). Cho tam  gidc
ABC, O la tam duong tron ngogi tiép tam gidc do. Cdc duong phan gidc
AD,BE,CF dong quy tai I . Cdc diém M, N, P theo thi tu thuoc EF, FD,DE sao
cho IM,IN,IP theo thi tu vuong goc véi BC,CA, AB.

Chaing minh rang AM, BN,CP dong quy tai mot diém thuoc OI. JAN

Sau day la loi giai ctia chinh tac gia bai toan:

12
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. K
Goi R, r theo thit tu la ban kinh cua (O), (I). Lay K thudc doan OI sao cho " =

LO1 GIAL O R
,

Goi X,Y, Z theo thit tu 1a tiép diém cta (I) v6i BC,CA, AB.

Vi IM,IN,IP theo thi tu vuong goc véi BC,C A, AB nén I dong thoi thuoc M X, NY, PZ.

Theo Bai toan 9, ta c6 AX, AM ; BY,BN ; CZ,CP la 2 dudng dang giac ciia cac goc

A, B, C tuong tng. Ap dung két qua ctia Bai toan 16, ta ¢c6 AM, BN, C'P ddng thoi di

qua diem K € OI (dpcm). |

Bai toan 13. Cho tam gidc DBC va diém D' ¢6 dinh. P di dong tréen duong tron
ngoai tiép tam gidgc BDC. Goi dy,d, lan luot la duong thang qua D' va song song
DB, DC. BP cit dy tai M, CP cit d, tai N.

Chaing minh rang: trung diém I cia MN chay trén duong co dinh. A

PHAN TicH. Déi véi nhitng bai toan duong hay diém c6 dinh, ta phai luon vé vai truong
hop dé du doan. Thudng thi ngoai 1 trudng hgp ta vé bat ki (khong qua dac bigt), ta sé
xac dinh thém vai truong hop dac biét nita. Ching han véi bai toan nay.

Ta cho P tién dan vé C. Khi d6 PC suy bién thanh tiép tuyén tai C' cta (O) (véi
(O) 1a duong tron ngoai tiép tam gidc BDC'); con PB suy bién thanh BC.

Do d6, ta sé dung N; la giao diém ctia tiép tuyén tai C' ctia (O) v6i d, va M, 1a giao diém
ctia dy, v6i BC. Ta c6 mot vi tri dac biet cta I 1a I;: trung diem M, N;.

Gio ta lai cho P tién dan vé B. Phan tich nhu trén, ta sé dung M, la giao diém cia
dy v6i tiép tuyén tai B clia (O) va d. cit BC tai Ny. Goi I, 1a trung diém M, Ns.

13
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Ta da c6 3 vi trf clia I, va thay I, I, I, thing hang! Vi thé, ta nghi dudng c¢6 dinh chita
I sé 1a duong thang I, 1!

Thé nhung dé chiing minh triyc tiép nhan xét trén ma ding goc thi that khé vi ta khong
c6 lien hé vé géc nao gitta I, I1, I,. Tuy nhién, ta lai ¢6 1 mdi lien khac, d6 1a I, I, I, lan
lugt 1a trung diém MN, M N1, MaNj va 2 bo diém thing hang (M, My, M), (N, Ny, Ny).
Ta sé nghi ngay dén bo dé E.R.LQ:

Bé dé 1 (E.R.1.Q). i VX
Cho 2 duong thang a,b va trén a lay A, B, C, trén b lay X,Y, Z sao cho = " vz Trén

. . MA NB P
AX,BY,CZ lan lugt lay M, N, P sao cho = = C.
MX NY PZ

Khi dé M, N, P thang hang. 0

(Chting minh va ting dung xem trong [5])

Bay gio, ta chi can chiing minh
MM, NN,

MM, NN,

Ma day la dang ctia ti s6 don, nén ta viét lai thanh (M MyM) = (N;NoN).
Lai theo Dinh 1y 4 va do BD || dy, CD || d., ta phéi ching minh

B (MyMyM D) = C (N;NyN D)

Téi day, néu tiép tuc ding ti s6 kép trén duong thang thi khong thay 16i di tiép ro rang.
Nhung dé y ring B, C thuoc (O) va ta da c6 BM,y, CN; tiép xtic (O) va BM,, BM, BD,
CN,, CN,CD thtt tu cat (O) lan tht 2 tai C, P, D, B, P, D. Diéu nay ggi y ta nén dung
ti 50 kép trén duong tron.

14
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Ta c¢6 mot dinh 1y rat quan trong trong chuyen doi gitta ti s6 kép trén duong tron va ti
s6 kép trén duong thang:

Dinh ly 8.

Cho duong tron (), diem M trén (v) va mot hang diém (ABCD). MA, MB, MC, M D
thi tu cat (y) lan thi 2 tai A, B',C", D".

Khi dé (ABCD) = (A'B'C'D’). O

T6i day, moi thi tré nén hién nhien vi
B(MiMsMD) = (CBPD) =C(N;N,ND)

Bai toan dugc giai quyét!

Bai toan 14. Cho (O) va mot diém S ngoai duong tron. Tit S ké 2 tiép tuyén SA, SB
dén (0). SO cit (O) tai C (C ndm gita S va (O)). Duong thang qua A vuéng géc
vdi BC' cat BCO tai X. Goi'Y la trung diém cia AX. CY cit (O) tai Z khdc C.

Chaing minh rang: ZSZB = 90°. A

B

Day la mot bai toan da timg dude diing dé thi vao chuyén va hoan toan cé thé giai bang
kién thitc THCS, nhung 16i dé giai can vé nhiéu hinh phu va khong dé& dé nghi ra. Sit
dung hang diém diéu hoa lai cho ta mot 15i giai gon va rat dé hiéu.

PHAN TicH. Ké dudng kinh OF, ta sé c6 ging chitng minh S, Z, E' thang hang. Sé di ta
khong lam nguge lai (kéo dai SZ cit (O) tai £’ 1di chitng minh B, O, E' thang hang) béi
vi dudng kinh BE sé cho ta su song song ctia 2 duong thang CE va X A. Két hop véi viec
Y la trung diém X A lam cho ta nhé t6i Dinh 1y 2. Tt d6 ta c6 10i giai nhu sau:

LGOI GIAL
Ké duong kinh BE cua (O).

15
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Ta c6: S, Z, E thang hang

& ZAEB la tt gidc didu hoa

& (ZEBA) = -1

& (O(ZEBA) = —1 (tan dung t6i uu sy thang hang ctia C, Z,Y)
& CO(YEXA) = —1 (hién nhién ding theo Dinh 1y 2)

Bai toan 15 (Nguyén Minh Ha - [2]). Cho hai duong tron (Oy),(Os). Diém M
chay trén (Oy). Duong thang qua Oy va song song véi O1 M cdt (Oy) tai A, B. MA, M B
theo that ty lai cat (Oq) tai C, D.

Chitng minh rang duong thang CD luon di qua mot diém co dinh. A

.a;

e
S
-
)
®
=

°B

PHAN TicH. Mot bai toan ma gia thiét khong cho ta cic dit kien vé goc, khién ta nghi
ngay tdi viec ding ti s6 kép dé gidi quyét né.

Nhin vao gia thiét, 010, va 2 duong tron (O1), (Os) 1a nhiing hinh ¢6 dinh duy nhét trong
bai toan. Vay nén ta cé thé du doan trude dude giao diem E ctia CD va 010, 13 diém cb
dinh can tim.

Tuy nhién, dé ap dung phép chiéu trén duong thang/dudng tron, ta can thém it nhat 3
diém c6 dinh khéc (cu thé Ia trén (O;) va (Os)). Nhan thay ]\;g; = ]\Zg; = g;
doi, nén ta co6 giao diém P, Q ciia 010, lan lugt v6i M A, M B déu la nhitng diém c6 dinh.

Véi cac diem cd dinh can tim con lai, chi ¥ rang A, B,C, D déu nam trén (O,) nén
khi stt dung phép chiéu trén duong tron, ta &t han sé phai st dung téi it nhat 1 diém cb
dinh khac nam trén (O,), don gian nhat la ta sé lay S, R 1a giao diém ctia 0,0, v6i (Os).
Vay ta da c6 nhing 5 diém c6 dinh. Dé st dung t6i wu gia thiét cac diém ndm trén duong
tron/duong thang, ta sé chiing minh (PESR) hodc (QESR) c¢b dinh. Ta thit xem:

(PESR) = C(PESR) = (ADSR) = B(ADSR) = (0,QSR) : ¢b dinh

Diéu nay chitng té6 E 1a diém c6 dinh. Chiing minh hoan tat.

16
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Bai toan 16 (Tran Quang Hung). Cho tam gidc ABC' khong can. Duong tron (O)
di qua B,C lan luot cit cic doan BA,CA tai diém thi hai F,E. Duong tron ngogi
tiép tam gidc ABE cdt duong thing CF tai M,N sao cho M nam gitta C va F .
Puong tron ngogi tiép tam giac ACF cit duong thing BE tai P,Q sao cho P ndm
gitta B va E. Duong thang qua N vuong géc AN cit BE tai R. Duong thang qua Q
vuong géc AQ cat CF tai S. SP giao NR tai U. RM giao QS tai V.

Chitng minh rang NQ,UV, RS dong quy. JAN

X

_ .R .
e
S
PHAN TicH. Day la mot bai toan c6 qua nhiéu yéu t6, nhung ta hay binh tinh xem xét.
Xem xét truc déng phuong, ta thay khong co ti giac noi tiép "dep" ¢6 dudng tron ngoai
tiép nao chita cac truc 1a NQ, UV hosc RS. Tinh toan bang Céva hay Menelaus déu c6

vé phiic tap. Ta con mot phuong phap nita 1a dung ti s6 kép, thong qua Dinh 1y 5, vi
N, U, R thang hang va Q,V, S thing hang.

Goi X la giao diem ctia NR, QS va I 1a giao diém ctia QR, N.S. Ta can chiing minh

(XNUR) = (XQVS)
& S(XNUR) = R(XQVS)
& (QIPR) = (NIMS)

(Ta chon tam chiéu 1a S, R vi UP, NM, XV dong quy tai S va XN,QP,V M dong quy
tai R)

17
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Tit he thitc cudi ciing, ta thay can phai ching minh NQ, PM, RS dong quy. Dé ¥ ki trong
hinh, ta sé thay N,Q, M, P cung thuoc dudng tron c6 A l1a tam, vi:

/ANE = /ABE = /ACF = NANE ~ AACN(g.9)

AN  AE
= S5 = ay = AN = AB.AC = |Pyo)|

Tuong tu: AM? = AP?> = AQ? = |Paj0)| néen AM = AN = AP = AQ.

Lai ¢c6 ZXNA = /ZXQA = 90° nén XN, XQ la tiép tuyén t6i (A). T day, viéc chiing
minh tré nén dé dang vi theo dinh 1y Pascal cho (N, N, M, P,@, Q) thi RS di qua giao
diém ctia NQ va PM.

NHAN XET. C6 thé khong can dung dinh 1y Pascal ma ta c6 thé ching minh tryc tiép
bang phép chiéu len duong tron nhu sau:

(XNUR) = (XQVS)
& S(XNUR) = R(XQVS)
& (QIPR) = (NIMS)
= N(QIPR) = Q(NIMS)
& (QMPN) = (NPMQ): hién nhién ding

Néu luge bo yéu t6 tam giac ABC va chi giit lai cac yéu t6 tryc tiép lien quan dén (A),
ta c6 bai toan cot 16i:

Bai toan 17. Cho tit giac ABCD ngi tiép duong tron (O). BD cdt tiép tuyén tai A
d F, AC cat tiép tuyén tai B ¢ G. FC cit BG tai J, GD cit AF tai .
Chatng minh rang AB, JI, FG dong quy hodc doi mot song song. A

Cht y ring trong ci 2 bai toan trén, ta déu c¢6 1 diem chung 14 AB, DC, FG dong quy.
Nén néu ta tiép tuc xé6a di duong tron (O), ta sé c¢6 bai toan don gidn hon rat nhiéu:

Bai toan 18. Cho 6 diém A, B,C,D,E,F sao cho AB,CD,EF dong quy tai K va
C, D thi tu nam tréen BE, AF. ED cat BF tai I, FC cat AE tai J.
Ching minh rang 1, J, K thang hang. A

2 bai toan trén déu cé thé gidi tuong tir Bai toan 16. Msi ban doc thit sitc dé luyen tap!

Bai toan 19. Cho tam gidac ABC wdi tiép diem cia duong tron ngi tiép (I) vdi
BC,CA, AB lan lugt la D, E, F. AD cat (I) tai M. Duong tron ngoai tiép tam gidc

MNC cit FD tai N. CN cit AB tai P.

PN
Tinh — AN
inh NC

. PN . .
PHAN TicH. Ta sé cO gang tinh N qua mot ti so khéac, cach don gian nhat la dung mot

hang diém diéu hoa c6 3 diém thanh phan 1a P, N, C va mot diém “dé st dung” con lai.
Don gian nhét ta sé liy Q dé c6 bo (QNPC) = —1. Khi do, ta lai thay Q la giao diém
ctia PC v6i EF. Ngoai ra, ta con nhan duge nhiéu tinh chat khac chéng han nhu QM
tiép xtc (I),.. Ta co6 10i giai nhu sau:

18
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A
)
-_._____- |
¢ PNy
o @ & —=@
S B D C
LO1 GIAL
J 1a trung diém cta EF. S,Q la giao diém cta EF v6i BC, PC.
Cha y rang AD, BE, CF dong quy nén theo Dinh 1y 6:
(SDBC) = -1 = F(SDBC) = —1
= (QNPC)=-1
NP QP
: _ — —2
NC QC
N NP NP+PQ  NQ (1)
NC NC+QC NC+QC
Mat khac:
/MCQ =/MDN = /MEQ (do FNDC va FMED la t1t giac noi tiép) (2)
Suy ra Q, M, E,C dong vien.
=/ MQC =/ MFEA=/MFE (3)
T (2) va (3), ta co
QC MC
AM ~AMFFE = — = —— 4
©c ~ EF  ME (4)
Lai ¢c6 do MNDC 1a tt giac noi tiép, M J 13 duong do6i trung cia AM FE nén
/NMC=/FDB=/FMD =/JMFE (5)
= QM la tiép tuyén cta (I). Két hop véi (2), (5) ta c6
NC MC
AMNC ~ AMJE = — = ——
C JE = 7 = ME (6)
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T (4) va (6), ta co:
QC NC QC EF

= = =2
EF _ JE  NC  EJ
N .2 < . NP 1
Suy ra N la trung diem QC'. Két hgp véi (1), ta ¢6 ~C =3 [

LJi ndi cuoi

Nhitng bai toan duge trinh bay trén day déu cé thé giai bing nhiéu cach khac, nhung chiing
toi da c¢d gang trinh bay mot 16i di tu duy danh cho ti s6 kép cho mdi bai toan. Mdi ngudi
hoc toan chting ta nén dat cau héi "tai sao lai ¢6 dieu dé?", hon la lam nhiéu bai toan.
Néu c6 gi sai s6t hay ¥ kién, xin déng goép vé dia chi email: Suiseiseki Desu@yahoo.com.
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