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[.G1 no1 dau

Nhitng bai todn tinh todn vdi tong cé chita ham phan nguyén thuong mang dén it nhiéu su boi rdi
ddi véi nhitng ngudi it tiép xiic voi dang bai nhu thé nay. Viéc tinh todn khong hdn la khé nhung sé
rdt "cong kénh" néu nhu ban khéng biét dén nhiing ky thudt xit Iy chiing. Bai viét nay sé phan nao dé
cdp t6i mot vai ky thudt nhu vday. Qua do ban sé cdm thdy két qud ciia bai todn khong con la thit "tiv
trén troi roi xuéng" nita, hay cam thdy nhitng tong chita ham phdn nguyén khong ddng so nhu tudng
tuong. Ky thudt tdach, gép cdc cong thitc chita ham phdn nguyén khéng mang lai gid tri gi doi vdi két
qud ctia bai todn nhung vé mdt thudt todn thi cé ¥ nghia rdt Ion. Ban cit thit tudng tuong xem: Mot bai
todn cho ra két qud la 20 céng thiic khdc nhau twong iing véi 20 truong hop, néu sit dung ham phdn
nguyén ban cé thé quy tdt cd 20 truong hop vé mot cong thiic duy nhdt, diéu do thdt tuyét voi phdi
khong?

Néi dung bai viét nay khong phdi la mot chuyén dé, vi khd ndng dp dung rdt han ché, cé rdt it bai
todn va vi du minh hoa. Thitc chdt chi cé thé coi nhu mét cuén sé ghi chép cua tdc gid. Tuy vy tdc gid
¢ ¢ ging swu tam va update thém mot sé bai todn. Rat mong ban doc théng cdm va cdn nhdc trude
khi doc.

Chiing ta sé bt dau chii dé nay véi cdc bai todn té hop lién quan t6i cdc phwong trinh nghiém

nguyén khong dm.

hxthanh


https://diendantoanhoc.org/user/88371-hxthanh/

Chuong 1

Phuong trinh nghiém nguyén va Ham

sinh

1.1 Mo dau

Trong mot s6 bai todn dém t& hop, d€ dém s6 nghiém nguyén khong Am ctia phuong trinh: x+ay +bz =

n, véi a,b 1a cdc s6 nguyén duong cho trudc. Ta c6 ham sinh:

1 - n
Rl e e e Bl M GLALON (11D
va
gx) = ! =Y F(l,a,b,c:n)x" (1.1.2)

(1-x)1-x9)(1-x)(1-x) 4=
dbi v6i phuong trinh x + ay + bz + ct = n Bai todn dit ra 1a tim cich biéu dién dudc cu thé cic gid tri

F(l,a,b;n) va F(1,a,b,c;n).
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1.2 Heé thic truy hoi

Goi S, 1a s6 nghiém nguyén khong am ctia phuong trinh: x + ay + bz = n. Khi d6 ta c6 biéu thiic truy
hoi sau:

Sn=8n-1+Sn—a+Si—b—Sn-a-1—Sn—b-1+tSn—a-b—Sn—a—b-1 (1.2.1)

C6 dudc diéu nay 1a dua vao:

1 L 1
(1—x)(1—x9)(1—x%) "] 1 — (x+x9 b xb —xatT — xbr1 4 xath _ yatbhiT)
Tuong tu nhu vay, ddi v6i phuong trinh x +ay+ bz +ct =n

"]

Sn =51+ Snfa + Sn—h + Snfc - Snfafl - Sn—b—l - Snfcfl + Sn—a—h + Snfafc
(1.2.2)

+ Snfbfc - Snfafbfl - Sn—a—c—l - Snfbfcfl + Snfafbfc - Snfafbfcfl

1.3 Bieu dieén nghiém bai toan bang ham phan nguyén
Ky hiéu ||{...}|| d€ chi s6 nghiém nguyén khong am cda {...}. Ta c6 b dé sau day:

Bé dé 1.3.1 (sum2floor) Cho cdc sé nguyén duong a,b thod mdn gcd(a,b) = 1 Goi S, la s6 nghiém
nguyén khong dm cia phuong trinh x+ay+bz=n (x,yz/a §7n)

Khi do ta co: S, = G(n) — G(r)+ S,

% b+1
G(n):n +nla+b+1)
Trong do: 2ab
=n—ab| 7]
r=n—ab|—
ab
Chitng minh:

Xét phuong trinh x+ay+bz=n

0<ay<n OSySFJ

. n—a
Taco: SO<bz<n—ay = OSZS\‘ yJ

x=n—ay—bz \x:n—ay—bz
Do do:

(1.3.1)
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n=abm+r m= nr n 7
bat & ab = LfJ =bm+ %J
n a a
0<r<ab-1 r:n—ab{—J
ab
Chia doan 14y tdng trong (T.3.1) bing céch dit:
y=bp+q
0<p<m-—1 =maxy=bm—1
0<g<b—-1
) y=bm+t
Con thiéu doan
ocr<]
a
Nhu vy tong (T.3.1)) viét lai thanh:
m—1b—1
abm—+r+b—a(bp+
S, = Z Z { , (bp ‘1)J
p=04¢=0
L] {abm—kr#—b—a(bm—kt)J
+)
t=0 b
m—1b—1
b—
= Z(am-l—l—ap—a—i— {’MJ>
p=04¢=0 b
+L£J {r-ﬁ-b—atJ
t=0 b
m—1 b—1
bh—
= b(am+1—a—ap)+ Y V—Fa “
p=0 q=0 b

(1.3.2)
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Xét tong

J (reverse index)

q
b <r+a+aq (r+a+aq) modb)
b b

Vi ged(a,b) = 1 nén khi ¢ chay qua hé thing du diy di modulo b, ¢ € {0,...,b — 1} thi (r+a+aq)

ciing chay qua day di s6 du khi chia cho b. Do d6:

b(b—1)+’§r+a+aq

F =—
2 & b
h—1 a b(b—1)

T Ty AT T
a—b+ab+1

Thay vao (|1.3.2)) ta c6:

m—1 2 1—
5,2 % < n+a+b+ ababp>+S,
= 2
p=0
m(2n+a+b+1—ab) abm(m—1)
- - 48,
2 2
_n—r 2n+a—|—b—|—1—ab7(n—r)(n—r—ab)+s
- ab 2 2ab '
— 1
:(n ry(in+a+b+ +r)+Sr
2ab
n?+nla+b+1) r*+ria+b+1)
- 2ab T TS (dpem)
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B§ dé 1.3.2 Vdi cdc s6 nguyén duong n,a,b trong dé gcd(a,b) = d. Ta c6 ding thiic sau

bil V—l};akJ _ (a—1)(b=1)+(d—-1) "‘d[nJ

(1.3.3)
= 2 d
a=dd
b="bd ged(d',b') =1
Chiing minh:Dat =
n=md+r m=d VZJ
d
0<r<d-1
Chia doan l4y tong biang cach dat:
k=bp+q
0<p<d—1 =maxk=bd-1=b—1 (fullindex)
0<g<b -1
Téng trén dudc viét lai Ia:
dib’i {md—i—r—ka’d(b’p%—q}J
Py Vd
d—1b/—1 /
+a'q
= dp+—+2 J
d-1 bH—1 /
+agq LT 1
~Y | dbp+ {m J <v. LA ) (1.3.4)
P q;) b bd " d
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Xét tong

|

b'—1
F—
=0
blm+dq 'S (m+dq) modb
= ZZ) by Z
q:

m+dq
b/
/

/
q=0 b

Vi ged(d’,b") = 1 nén khi g chay qua hé thing du day di modulo b’ thi (m+ a'q) cling chay qua tat c&
. 4 "y -1 b -1 1) -1
sédukhichiachob’.Dodé:F:%—i—%' ( 5 ) (2b’ ) :m+(a)2()ThayVéo

(1.3.4) ta c6 téng can tim:

:di‘j (a/b/p+m+ MW—I))

p=0 2

_ a’b’d(zd— 1) md 4 d(d — lz)(b’— 1)
(a—1)(b—1)+(d—1) n

- 2 +de

Tir két qua ctia BS dé khéi quat hoa BS dé véi cac sb nguyén duong a, b bit ky, ta co:

B§ dé 1.3.3 (sum2dfloor) Cho cdc sé nguyén duong a,b thod man gcd(a,b) =d Goi S, la sé nghiém

nguyén khong dm ciia phuong trinh x+ay+bz=n (xy,z /3 §7n)

Khi do ta co: S, = G(n) —G(r)+ S,

Trong do:
G(n>:n2+n(a+b+d—2(n mod d))
2ab
n
i
r=n—ab| -

Goi gid tri 16n nhét cta S, — |G(r) + 1] (trén doan 0 < r < ab — 1) 1a A(a,b). Bang sau day néi 1én

nhiing thong tin vé sai sd A(a, b) nay:
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Ala,b)=| 0 1 2 3 4
a=1;b=| 1.3 | 4.11 |12.19| 20.27 | 28.35
a=2%b=| 1.6 | 7.22 |23.38] 39.54 | 55.70
a=3;b=| 1.7 | 8231 |32.55| 56.79 | 80..103

a=4b= 234,61 15,7.38 | 39..70 | 71..102 | 103..134

a=5b= 2,3 1,4.43 | 44..83 | 84..123 | 124..163

Bang 1.1: Sai s6 16n nhét véi cic quing 8a
Ta sé& lam ro diéu nay bang mot sb vi du sau day.
Vidu 1.3.1 Dém s6 nghiém nguyén khéng dm cia phuong trinh:
x+y+3z=n

Tu day trd vé sau ta sé dung ky hiéu ||1,a,b;n|| dé chi s6 nghiém nguyén khong 4m ctia phuong trinh

X1 +axy+bxs=n

Loi gidi:

Theo bd dé|1.3.3] ta cé:

n?+5n rr+5r

1,1,3;n| = S
I 135m) = 2 - 2 s,
v6i 0 < r < 2 Lap bang sau:
n 0112|345
Sn 1{2|3(5]7]9
7 25
Sp—|1G(n)+1] 0|00 |0[0]| O

Bang 1.2: Bién thién sai s6 cda ||1,1,3;n]|
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Trén thuc té ta chi can xét cdc trudng hop trong doan s6 du 0 < r < 2 la du!

Vay ta co:

2
n +5"+1J

HM&wz{ {““WWW

6

A001840(n+1)

Vidu 1.3.2 Dém s6 nghiém nguyén khong am cia phuong trinh:

x+2y+3z=n
Loi gidi:
Theo bs dé|1.3.3] ta cé:
2 2
n“+6n ro+6r
1,2,3;n|| = —
|| ) ’3’n|| 12 6 +SV
v6i 0 < r < 5 Léap bang sau:
r 0| 1213|415
S, 112|345
7 1491055
G(r) Oln|3]3|3 |1
S,—|G(r)+1, {00 [0]0]| 0] O

Bang 1.3: Bién thién sai s6 cta ||1,2,3;n||

Vay ta co:

(1.3.5)

2+6 3)2+3
123 = || = |45

12 12

A001399 [J

Vidu 133 Tinh ||1,4,5:n|| [(A025772)

Loi gidi:

Theo bd dé[1.3.3] ta co:


https://oeis.org/A001840
https://oeis.org/A001399
https://oeis.org/A025772
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n?+10n  r2+10r

1,4,5;n|| =
14,50l = =45 s T
v6i 0 < r < 19 Lap bang sau:
T 0 1 2 3 4 | 516 7 8 9
A\ 1 1 1 1 21313 3 4 5
1 3| 39 50 12| 119 | 18 | 171
G(r) 0 % |35 | 0|35 |5|F %5 |

r 10 11 |12 | 13 |14 | 15|16 | 17 | 18 | 19
S 6 6 7 8 9 |10 | 11| 12 | 13| 14
G(r) S I e ool ol e )

S,—|GrH+1] oo oo ]olo]o| 0 0]|o0

Bang 1.4: Sy bién thién cta sai s6 ||1,4,5;n||

Ta thdy ring ngoai trii r =5 (n=5 (mod 20)) thi S, — [G(r) +1] = 0.
{nz +10n

Néu taldy S, = ||1,4,5;n|| = S

+ 1J thi S5 s& bi thiéu 1. N6i cach khac r = 5 chinh la 1-diém

duy nhét trong bang nay.

N Y 5 4
X ly riéng mot diém nay bang cach ta thém vao mot lugng V;;)J - V;;) J

Két qua la:

n?+10n+40 n+5 n+4
”1’4’5’””_{ 40 Jj{ 20 J_{ 20 J

7 2 A . 2 5 N R . A A
Mot so trudng hop ta c6 thé thém mdt Iugng c6 dinh chang han 0 vao biéu thuc trong dau phan
nguyén dé déng thic ding. Nhung trong trudng hop nay thi khong thé vi G(5) va G(7) chi c6 thé bét.
Miic du viy, néu 1a dai lugng bién thién theo modul thi c6 thé.

Vi du nhu: 5(n+5 mod4) —5(n mod4) Khi dé:

2+ 10n+4 1 4)— 4

40
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Qua cdc vi du trén va can cud vao bang ta thiy dugc nhiing han ché qua cich tinh nay. Ta chi c6 thé
Xt ly bai toan véi sai sb tdi da trong pham vi ...1, néu sai s6 16n hon thi ... quén di! Pon gian, chi can
mot trong hai s6 a,b 16n hon 4 ta sé gip ric roi. Tuy nhién c6 mot diéu (can chiing minh) la:

Néu a,b c6 udc sb chung la d thi A(a,b) = A(4,5)

d>d

Xay dyng mot cach tuong tu cho ||1,a,b,c;n|| ta c6 b dé sau:

B§ dé 1.3.4 (sum3floor) Cho cdc sé nguyén duong a,b,c thod man
ged(a,b) = ged(a,c) = ged(b,c) = 1. Goi S,, la s6 nghiém nguyén khong dm ciia phuong trinh
x+ay+bz+ct=n (xyztla aA7n)

Khi dé ta co: S, = G(n) — G(r)+ S,

Trong do:
G 203 +3n*(a+b+c+1)+n(a®+b*+c*+1+3(a+b+c+ab+ac+bc))
n)=
12abc
n
o]
r n—aoc abe

Néu chi hai trong ba s6 a, b, c c6 u6c chung 1a d, ta c6 mé rong sau:

B& dé 1.3.5 (sum3dfloor) Cho cdc sé nguyén duong a,b,c thod mdn
ged(a,b) = d; ged(a,c) = ged(b,c) = 1. Goi S, la s6 nghiém nguyén khong dm cia phuong trinh
x+ay+bz+ct=n (xyztlaan)

Khi do ta co: S, = G(n) —G(r)+ S,

Trong do:
Gn) 2 +3n*(a+b+c+ 1) +n(@®+ b7+ +143(a+b+c+ab+ac+be))

) 12abc

c(d+1)n(n+c¢ modd)—c(d+1)n(n modd)
+
12abc
n

ol

r n—abc |-~

Trong trudng hop ¢4 ba sb a,b,c déu c6 udc chung 1a 4 thi bai todn tré nén rit phic tap, néu xét mot
cach tdng quat. Tuy nhién khi d6 bang cach chia nhé cic trudng hop ta van cé thé dua bai todn trd

vé hai dang trén. Hai b3 dé nay téc gia khong ching minh vi phan tinh todn véi tong rat dai va nham
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chan! Bén canh d6 két qua sai s6 ciing chiu chi phéi tuong tu nhu’ Sai 6 bién thién thé nao thi con

can ban doc tim hiéu gitip. Minh xin khép lai miy thi v6 van nay tai day v6i mot vai hé qua tim dudc.

2 2)(2 1
11,1, 1,a:n| = V”* )(”+“1+2 )@nta+t )J, 1<a<5 (1.3.6)
a

213 +30n% + 1351+ 9n(—1)" 4+ 288

(A4001400) 1\1,2,3,4;;1\:{ ot 2’;; n(=1)"+ J (1.3.7)
2n? 12

2m3 4+ 24n2 +87n +9n(—1)" + 144

(A266769) ||1,2,2,3;n|:L mot et 1”4: n(-1)"+ J (13.9)

213 +27n2 4+ 110n+8n(n+2 mod3)—8 d3)+216
(A028289) 11,2,3,3;,1”:{n+ n?+110n+8n(n+2 mod3) —8n(n mod 3) + J

216
(1.3.10)
3 2 _1\n
(4008804) [[1.1,2,4:n] = {2;1 +24n +85;16+3n( 1) +96J (13.11)
2n3 427 + 1 144
(A001304) [[1,1,2,5:n]| = | 2 E27n + 106n+ (13.12)
120
2 “D)@r+T 4 (—1))(2n 15+ (~1)"
2n? 241 15n(—1)" +4
(A029007) [1,2,4,5:n]| = | 21 36n"F193n+ 15n(=1)" +480 (1.3.14)
480
3 424> +171n+ 630
(4008673) [[1,3,5,7;n| = | 24 1 An (1.3.15)
630
112,36 = 213 4361 +191n+8n(n+2 mod 3) —8n(n mod 3) +9n(—1)" 4432
N 432
(A029000)
(1.3.16)
2n 2122 2
(A020032) [[1,3,4,5;n]| — | 2139 +228n+720 (1.3.17)
720
2n3 4 51n% 4 388n + 1680
A029064) [[1,4,5,7:n|| = | S0 osent (1.3.18)
1680


https://oeis.org/A001400
https://oeis.org/A000601
https://oeis.org/A266769
https://oeis.org/A028289
https://oeis.org/A008804
https://oeis.org/A001304
https://oeis.org/A128498
https://oeis.org/A029007
https://oeis.org/A008673
https://oeis.org/A029000
https://oeis.org/A029032
https://oeis.org/A029064

14 CHUONG 1. PHUONG TRINH NGHIEM NGUYEN VA HAM SINH

2n3 +42n% 42651+ 30(n+3)[((n+3) mod4)— (n mod 4)] —15n(—1)" + 960
960

11,4,4,5:]] = [
(1.3.19)

S& di(T.3.19) lai "bat quy tac" nhu trén 1a bdi vi sai s6 cuc tiéu trong trudng hgp nay 1a —1 thay vi 0
nhu "mic dinh". That ngac nhién la diy nay ciing khong xuit hién trong oeis.org. V& phan tai sao lai
xuét hién sai s6 4m, sai s6 4m bao nhiéu? bién thién nhu thé nao? d6 1a nhiing vin d& chiing ta can

nghién ctu :( . Hy vong nhan dugc sy dong gdp ti phia doc gia.


https://oeis.org

Chuong 2

Xap xi cac tong phan nguyén

Trong phan nay ta sé lam quen vdi cach tinh cdc tdng chifa phan nguyén co ban.
Bai toan 3.1

V6i m 12 sb nguyén duong, Tinh tong:

Sy = Z VJ (2.0.1)

Patk=mp+qv6i0<g<m—1
~ N n—q n s . o 2z s
Nhuvay thi0 < p < | —— :{—J—1lecachdatdothlmax(k):mq—J—1)+m—1:
m m

m[EJ—I

" n
van con thiéu doanm[—J <k<n

m

Do d6 vé trai cia ([2.0.1)) sé dugdc viét thanh

p=0 ¢=0
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Bay gio d€ y riang néu viét n = m {EJ +r=r (mod m) thi LEJ _n0r Thay vao vé phéi ctia (2.0.1)
m m m

thi ta dudc:

m

= o (2.0.2)

ZVJ n?—(m—2)n+(m—2)r—r?

k=0
Biéu thiic nay c¢6 dang G(n) — G(r). Nhu vay ta chi can xét cc trudng hop 0 < r < m — 1 d€ dua ra

biéu thiic gdp chung hoic viét dudge chinh xic ludn véi r = (n mod m)

Vi du 2.0.1
i {kJ _n?—(n mod2)*  n*4{0,—1} VJ
=2 4 4 4
Vi du 2.0.2
Z": VJ ~n?—n+(n mod3)—(n mod3)? n?—n+{0,1,2}+{0,—1,—4}
=13 6 6
_ n?—n+{0,0,-2} |n(n—1)
B 6 - 6

Vi du 2.0.3

n VJ B n2_2n+2(n mod 4) — (n mod4)2 B n2_2n—|—{0,2,4,6}—|—{07_1’_47_9}
Z 4 - frd
k=0

8 8
~ n?—2n+{0,1,0,-3} | (n—1)*
B 8 B 8
Vi du 2.0.4
X": VJ ~ n?—3n+3(n mod5)—(n mod5)>
=15 10
_ n?=3n+{0,3,6,9,12} +{0,—1,—4,-9,-16}
B 10
~ n?=3n+{0,2,2,0,—4} | (n—1)(n—2)
B 10 B 10

Bai toan 3.2
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V6i m 1a sb nguyén duong, Tinh tdng:

n k2
Sn=1Y {J (2.0.3)
k=o L™
Goir:n—mFJ Piitk = mp+q véi (0 < g < m— 1) Thé thi:
m

n—m-—r
m - m—1

=Y Y <mp2+2pq+ {iD+§<(n;r)2+2(n—r)j+ {jZD

= 5 m m
(n—m—r)(n—=r)2n—m—2r) (m—1)(n—m—r)(n—r)
N 6m - 2m
2 m—1 2 r 2
el a5 18
q=0 Jj=0

(2.0.4)

2+ 3 2P 3w 27432 — (20l =3m)r  n—r '] VJ LS (205)

6m 6m m =

Chom =2,...,9 ta c6 dudc cac két qua sau:

Z”: ﬁ Y 213 +3n% —2n (2.0.6)
=12 | 12 | e
o g2 24312 —3n
| 2.0.7
,;0_3_ i 18 | ( )
no| g2 23 +3n* —2n
— = 2.0.8
k§0_4_ i 24 | ( )
i kj _ 203 +3n —11n+6 (2.09)
=Lls5] L 30 | e
no| g2 2n3 +3n2 —12n+7
AT I 2.0.10
,;)_6_ i 36 | ( )
| 2 23 +3n2—11n+6
AT 2.0.11
;)_7_ | 42 | (2.0.1D)
no| g2 23 +3n%2 —8n+3
—| = 2.0.12
R e a012
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k2 2n3 +3n%2 —15n+18
—| = 2.0.13
5= c01

)y

k=0

n
Vidu 2.0.5 Tinh

Thay m = 10 vao (2.0.3)) ta co:

Z",’ K| 20 +3n% —26n
Por? h 60

{0,21,24,-3,-12,—15,—-24,—51,—48, 27}
60

_{0707070707070717170}

+
fn +3n?— 26n—|—24J

2n3 +3n? —26n+24 L n+1 n+3
10 10

Pé két thuc bai viét nay, tac gia dé xuit bai toan mé sau:

Bai toan 3.3

Chiing minh ring ton tai 0 < a(r) < 1 d&

;‘6 H ~ {W + a(r)J (2.0.14)

r

Trong d6: r >0, r £ Q"

Xap xi "~" véi y nghia sai s6 khong qua 41

£ 5+1 1 . o
Trong (2.0.14) néu cho r = ¢ = f; vao(r)= TS ta c6 dugc xap xi “vo cung chuan” sau:
|k n?+1 n
Y {J ~ { - 2J (2.0.15)
—o L® 20 29



Chuong 3

Mot s6 bai toan ap dung

Bai toan 1 Anh Tai mang 200 dong vao ngdn hang doi tién 16, biét ngdn hang co cdc dong ménh gid

nhé la 1,5,10,25 dong. Hoi cé bao nhiéu cdch doi tién cho anh Tai?

Léi gidi:
Goi s6 dong ménh gid 1,5, 10,25 ma anh Tai nhin dugdc khi d6i tién theo thif tu 12 x,x2, X3, X4.

Ta c6 phuong trinh nghiém nguyén khong am:
X1+ 5x + 10x3 + 25x4 = 200

11,5,10,25;200|| theo[1.1]s& c6 sai s khd 16n.
Tuy nhién, vi 5,10,25 déu 1a bdi cda 5 nén x; = 200 =0 (mod 5)

bitx; =5ytacod y+xy +2x3+ 5x4 =40

Theo (1.3.12) ta co
(n+8)(2n* +11n+18)
1,1,2,5:n] =
11,25 = | “EHCE
48 x (2 x 402+ 11 x40+ 18
|!1,1,2,5;40\:{ x(2x 1;0 XE )J:1463

Vay ¢6 1463 cach ddi tién 18 cho anh Tai.
Nhdn xét: C6 thé tinh truc tiép |1, 1,2,5;40] bang cach 1ap téng, nhu sau:

Ta c6: (y+x2) 4 2x3 + S5x4 = 40

19
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V6i mdi gia tri x3,x4 thi y+xp = 40 — 2x3 — 5x4 ¢6 (40 — 2x3 — 5x4) + 1 nghiém.

L%J L4OGZX3J
Vay nén sd nghiém cda pt trén la: Z Z (41 —2x3 — 5x4) = 1463

x3=0 x4=0
il

2
Hay ) ) (41 —2x3—5x4) = 1463

x4=0 x3=0

Bai toan 2 Co 50 cdy gidng dugc phdn phédi vé cho cdc xd A, B, C, D. Héi c6 bao nhiéu cdch phdn
phdi biét rdang sé cdy giong ciia xd A phdi chia hét cho 5; sé cdy giong ciia xda B it hon 10; sé cdy

gidng ciia xa C nhiéu hon 4 va sé cdy giong cvia xa D it nhdt la 15?

Loi gidi 1(Ham sinh):

2 1
Ham sinh sb cach chia cdy cho xa A: 1 +x° +x'0+ ... = —
—X
£ 1—x10
Ham sinh sb cach chia ciy cho xd B: [ +-x+...+x° = 1
—x
5
Ham sinh sb cach chia cdy cho xa C: x> +2° + ... = lx—
—X
) A5
Ham sinh sd cach chia cdy cho xa D: x> +x10 4+ ... = 0
—X
20 5
. 1
Ham sinh s6 cch chia cay a f(x) = %)
(1—x)?
e N Y NG 32\ (27
Do d6 s0 cach phan phoi cdy giong la [x°°]f(x) = 30 + 55 ) = 847

Loi gidi 2(ptnn):

Theo gia thiét ta c6 phuong trinh:

(5a)+ (10—=b)+ (54+c¢)+ (15+d) =50
a,c,d >0

0<b<10

Tuwdotaco: 20<Sa+c+d <30

S6 nghiém nguyén khong am ctia BPT nay la: ||1,1,1,5;30] — ||1,1,1,5;20]|
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Theo (1.3.6) gia tri nay bing:

32 % 37 x 66 - 20 x 27 x 46
60 60

J = 1302 — 455 = 847

Bai toan 3 Goi A, la s6 phdn hoach n thanh tong ciia 3 s6 nguyén duong. B, la sé phdn hoach 2n

thanh tong ciia 3 s6 nguyén dwong phdn biét khong qud n. Chitng minh rdng A, = B,.. Tinh A,

Loi gidi:

Dé bai c6 thé dién ta nhu sb nghiém ctia hai hé phuong trinh sau la bang nhau (tuong duong)

a+b+c=n xX+y+z=2n
(A): <  (B):
1<a<b<c<n 1<x<y<z<n
a=a +1

3d +20'++3=n
That vay v6i (A)tadat S p— g+ b/ =/ + b + 1 thi (A) &
0<d, b,

c=b+cd=d+b++1
\
= A, =|1,2,3:n -3

4

x=x+1
V6i (B) tacling ddt § y=x+1+y =x +y +2 thi

g=y+ 147 =x+y +7+3

X 4+2y +7+6=2n (%)
B)=10<x.,y.,7

X4y +2+3<n (%%

Chu y t6i diéu kién (), ta c6 thé viét thanh X' +y' +7 +3+d =nvéid >0

Ta thay vao () theo hai céach ta cé tuong duong:
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X +2y +7+6=2(X4+y +7+3+d) X=7+2d (i)
&

3X+2y +7+6=n+x+y +7+3+d) 2 +y +3=d+n (i)
Thay (i) vao (ii) thi thu dudc 3d +27 +y' +3=n

243
i J (Theo (T3:3))

Vay B, =|1,2,3;n—3|| =A, = {
g
Bai tap

Bai 1 C6 bao nhiéu tam gidc c6 cic canh la s6 nguyén duong va chu vi bang n ?

Bai 2 C6 bao nhiéu tam gidc c6 c4c canh 1a s6 nguyén duong khong vugt qua n va chu vi 1a s6 18?

Bai 3 C6 bao nhiéu tam gidc cin khong déu c6 céc canh la s6 nguyén duong khong vudt qui n?

Bai 4 Cho n-gidc déu (n canh). Hdi c6 bao nhiéu tam gidc khong bing nhau c6 céc dinh 1 dinh

clia n-giac déu di cho?

Bai 5 Chia hét 4n + 1 chiéc keo gidng nhau cho 4 ban thoa man ddng thdi hai diéu kién
- S6 keo ctia mdi ban nhan dudc 1a khac nhau va c6 thé bi“lng 0
- Tong s6 keo ctia ban nhan dugc nhiéu nhit véi ban nhan dudc it nhit khong vudt qua téng sb keo
nhén dudc cua hai ban con lai.

Hoi c6 bao nhiéu cach chia thod man ca hai diéu kién trén

Bai 6 C6 n tim thé dudc danh s6 1,2,...,n. Bdc ngau nhién 3 tAm thé trong n tim thé trén. Tinh

xdc suét d€ s6 ghi trén 3 tAm thé bdc ra 1a s6 do 3 canh ctia mot tam gidc.
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Bai 7 Chia n chiéc keo cho 4 ban sao cho khong ban nao nhan dudc sb keo 1a bdi ctia 3. Hoi ¢

bao nhiéu cach chia?

Bai 8 Tinh téng sau:

S:k;)m (n+2—k)

Bai 9 Tinh t6ng sau:
nl (k- 1)
SEET
= 10
Bai 10 C6 bao nhiéu cich viét s6 nguyén duong 2n thanh tong ctia 4 s6 18, khong quan tim thd tu
s6 hang trong tong?

https://oeis.org
https://diendantoanhoc.org

lovetoan.wordpress.com-Tuyén-tap-cac-bai-toan-to-hgp-Bai-136-Trang-127.
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