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Poi diéu tan man vé bat dang thirc
(BDT) Jack Garfulkel

Phan Thanh Nam

L& tya. Khi t6i con la hoc sinh, cic BDT hinh hoc cua Jack Garfulkel ting gay an
tuong rat manh vai t6i nhu 1a nhitng bat dang thirc tuyét diéu nhét: dep, khé va day bi an.
Vay ma, chi sau vai nim, cdc bat dang thirc nay di khong con gy "khé d&" dugc voi
nhiéu nguoi nita. Bay gid nhin lai didu dang mimg nay ciing thay bat ngo.

Tuy nhién, véi tdi ddy van l1a cic bat dang thic thuc sy ddng nhd. Van con d6 vé dep gian
di va thuan khiét di ¢6 khé da giam di nhiéu; van con d6 nhiing ban khodn, tran trd khi
dung trude nhitng van dé héc bia; van con d6 niém vui nhe nhang ma sau ling ctia
nhirng tim toi kham ph4 tuy rang nho ....

Tbi xin chép ra ddy doi diéu tan man vé mot vai bat ding thire ctia Jack Garfulkel, gdm
mdt s6 suy nghi 1a khi toi con hoc phd théng, va mot s6 12 khi tdi tham gia dién dan nay.

Phan 1.Tir mot 10 giai ki la”...

Xin bat dau bang mot bai todn rat quen thudc cua J ack Garfulkel.
Bai toan 1. Cho tam gidc ngon ABC. Ching minh rang:

sin(%) + sin(g) + sin(%) > %(l + sin(g). sin(g). sin(g))

Ta s€ ki hiéu

=sin( )y =sin(F ) s =sin(§)
r=sin| 7 |y =sinl 7 ),z =sin{ 3

Khi A, B, C 1a 3 géc mot tam gidc thitaco x,y,z>0 va $2+y2+32+2$33 =1 ).

Khi d6, Bai toan 1 c6 thé viét lai thanh.
Bai todn 1a. Cho ©:¥,2 €(0,1/V2) hea z24+y2+2242zyz =1

CMR: 3(z+y+2) > 4(1+zyz)

Ta s& chimg minh két qua manh hon:

Bai todn 1b. Cho T:%:Z €[0,V3—1]hea 24y +22422yz =1
CMR: 3(z+y+2) > 4(1+xyz)
Chimg minh. Gia sit x=max(x,y,z), khi d6 T € [1/2,¥3-1] T4 c6:



(V2-22-2)(¥2-22-1)?> 0= 222 4243V2-22 >4 (g
Miit khéc, d3 thiy: 1—2%= £24+y2+2zy2 > 22y(142) pap 4+2yz <1

Cu thé hon, xét hiéu

0<1-2-2yz =(V2=-/1+x+2y2)(V2+/1+x+2yz)

Tacé: 22(V2+/T+z+2yz) > JE—I—l}B\r‘l—I’ v(l—2)(1+z+2yz)= {y-{—g)z’
suy ra: 2z(1-z-2yz) > WV1—-z(V2—-/T+z+2yz)

=25-202-3V222+3(y+2) > dryz (o
Cong (1) va (2) vé theo vé, ta c6 dpcm.

Cich thay céc yéu t6 luong gidc boi céc bién thuc x, y, z kém diéu kién

i+ 3’2 +22422 Yz =1 ¢6 thé tam goi 12 “dai s6 héa luong gidc” (nguoc voi mot cich
lam thong thudng 1a lugng gidc héa dai s6). Chiing ta cling c6 céc 10 gidi dai s6 kiéu nhu
vay cho hai bai todn sau, ciing ctia Jack Garfulkel (that ra thi Bai todn 2 yéu hon - tirc c6
thé xem nhu hé qua- clia Bai ton 1). Loi giai chi tiét xin danh cho cdc ban.

Bai toan 2. Cho tam gidc ngon ABC. Chimg minh rang:

cos(— ) + cos( ) + cos(—) (I+cos(— ) cos( ) cos —))

f

Bai toan 3. Cho tam giac ABC. Chumng minh rang:
cos(AEB)+cos(Bgc)+cos(¥) > %{sinA +sinB+sinC)

Nhu chiing ta s& thay, 10i giai co ve "ki la" cua bai toan 1.b noi trén that ra chang ki la
chit ndo. Loi giai nay chang qua 1a viét lai duéi dang dai s mot 10i giai dua trén bién d6i
lugng gidc da dang trén THTT 12/2001, c6 diéu 15i giai lugng gidc can diéu kién

A,B,C } 4, trong khi 101 giai dai so thi bat ngd thoét duoc diéu kién d6. Con viét mot
bién d6i lwong gidc dudi dang dai s6 thé nao thi ta s& dé cap sau day

Phan 2.Téi mét bai toan Olympic

Chiing ta ¢6 mt vi du khdc, dugc trinh bay cu the hon, cho méi lién hé gifra cach lam dai
sO va lugng gidc. Sau day 1a mdt bai todn trong dé du tuyén IMO 1995.

Bai toan 1. Tim tét ca cdc s6 thyc duong X, y, z théa man hé phuong trinh



z4y+z =a+b+c
4Iy3—(ﬁ2$+62y+623} —abc
trong d6 a, b, ¢ 1a céc s6 thyc duong cho trudc.

Nhan xét rang néu dat
c

a B= b y=
T T
thi hé da cho tré thanh

X+y+7z =2\/Ea+2\/;ﬁ+2\/;7(1)
&’ + B+ Y +20By=1(2)

o =

Hé trén thudc loai "khdng mau muyc" vi ¢6 t6i 3 an trong khi chi c6 2 phwong trinh, va
thuc chat né 1a mot bai todn cuc tri. Cu thé hon, ta théy néu dat

a=—cosd,f =cosBy =cosC

v6i A, B, C 1a 3 géc mot tam gidc, thi "cdt 161" bai todn trén chinh 13 BDT quen thudc:
2bccosA+2cacosB+2abcosC < al —|—u";|2—|—c:2 (*)

Té6i day, c6 18 cc ban di thay rd 101 giai bai todn 1.

Bay gio, ta khai quét lai bai todn ¢ trén thanh
Bai toan 2. Cho cdc s6 thuc khong am a, b, ¢, x, y, z théa man £ +y+z 2 at+b+c,
CMR: ax2+by2+cz2+zyz > dabe

Pay 1a mot bai todn hay. Tat nhién chiing ta c¢6 thé dung luong gidc héa nhu phan tich &
trén dé giai, nhung tir dang thirc (2) ta con hi vong s& ¢ mot 10i giai khac cho né chi
bang dai sb.

Trudc hét, chiing ta thir nhin BDT (*) dudi quan diém dai sd.

Bai toan 3. Cho 57y € [-1.]] thoa o? +JBE+‘T2 +2afy < 1, va cdc sé thuc a,b,c.

CMR: 2bca+2caB+2aby < a? +b24c2

Chitng minh.

Xuat phat tur 101 giai luong giac
a?+b%+c2-2bccosA-2cacosB-2abcosC

= (bsimff—csinBQ2 +(a—bcosC—ccosB)?>0

ta thay (0, B1¥cho (cosA,cosB,cosC) ¢d thy dugc bién doi

al -]—E:g—i—cg—ﬁbca—an,B—Eab’r =

[a® =2a(cB+bY)+(cf+by)’1+[(1-y)b* + (- B*)c*1-2bc(a + fy)
=(a=by—cB)’ + 1= P’b+1- B2c)* + 2bc(J(1- B)1-y*) —a— By) 20




Bai toan 3 ching minh xong.

Bay gio ta 4p dung céc bién doi trén vao bai todn 2.
Gia st azl+tby +cz2+zyz<dabe,

khi d6 a, b, ¢ déu duong va

a2+ B2 4220 By<!

Véi a=— pB= Y y= z
2Vbe " 2Vea" 2vab
Str dung cdc phép bién d6i trong ching minh Bai todn 3, ta c6
a+t+b+c—z—y—2>0
& atb+ec—Wbca—2vea f—2Waby>0

& Na—by—e ) + 1= P b+1- B¢ + 2be (1= F)1- 1) —a— By) >0
& (a—z-y)?+(Vaab—22—J2ac—y2)?+2(\/Gac—y2) Gab—22) —4az—yz)>C

Tir d6, ta c6 mot 101 giai rat ngan gon cho Bai toan 2 nhu sau.
Loi gidi bai toan 2.

T4t nhién ta chi cin xét khi 4ab>z2va 46a>y2 Khid6a>0 vatacé
z4+y+z>atbtc

= 4ar > 4a2+4ab+dac-day—4az

= dax+2yz>Qa—-y—1z)" +(4ab—-z")+(4ac—y*) > 2\/(4ab—z2)(4ac— y?)
= {Ear—i—yzjz > (4ab—22)(dac—y?)

= 4afar?+byl+4cz?4zyz) > 16abc

Suy ra dpcm.

Déi véi 1o, day 1a mot 101 giai that sy an tuong. N6 la két qua cua mot “chu trinh™:
chuyen tur dai s0 qua luong gidc, r0i chuyén nguoc tré lai dai sd. _Tuy nhién, day khong
han 1 con duong duy nhat dé c6 10i giai nay. Trudc day, da co 1an toi dwa bai todn 2 1én
dién dan to4n hoc va nhan dugc mot loi giai rat gibng vé mit y tudng (chi ding BDT
Cauchy) cuaban T ran Quoc Hoan (K09). B6 1a mot ki niém tha vi.

Cudi cting, xin néu 1 bai todn dé cdc ban suy nghi.
Bai toan 4. Cho tr dién vudng O.ABC. Gia sur o, B5Y1a cac g6c nhi dién canh BC, CA,

AB. CMR
tga+igB+igy 2tgatg Brgy+4dcotga.cotg f.cotgy 2 2(cotga + cotg B+ cotgy)

Phan 3.Vai van dé véi dwong trung tuyeén
Sau ddy 12 mot trong nhitng bat dang thirc rt dep khic cia Jack Garfulkel:

Bai todn 1. Mat+lh+he<V3p
v6i Madbfles P 1a cde ki hiéu quen thudc ciia d6 dai trung tuyén, phan gi4c trong,



dudng cao, va ntra chu vi ciia mot tam giéc.

Céch day gan 10 nam thi ddy van 1a mot bai todn khé. Mot trong nhitng 10i giai dau tién
cho né la chiing minh BDT manh hon

Mmg+my+1. <V3p

v6i ¢ 1a canh 16n nhét trong 3 canh tam gidc. Chirng minh nay dya trén bo dé 1a

Mg+my <\ (a+b:'2+2¢2 (%)

B0 dé trén duoc dé xuét va chirmg minh dua theo y y tuong hinh hoc (ép dung BDT
Ptoleme cho tir gidc 10i). Tuy nhién, ta cling c6 thé chirmg minh tryc tiép dya va biéu dién
tuong minh cta duong trung tuyén

(y—2)*
Mmq =\ pr+— 3
vOi a=y+z,b=z+x,c=Xx+y va p=x+y+z. Chiing ta s€ tr¢ lai B6 dé nay sau.

Trong mot bai viét trén THTT, anh Pham Gia Vinh Anh di dua ra va chirng minh mot
két qua manh hon la

Baitoan 2. Mo+l +lc<V3p ‘ o
Hon nira, day 1a mdt chirng minh ngan gon chi bang BDT Cauchy (dua trén biéu dién cua
Mg va cdc ddnh gid quen thuoe b < VPY, e SVP2),

Déi véi bai todn 2, ta ciing c6 thé chimg minh ngan gon hon nita nhd BDT Bunhiacopski.
Loi giai sau day dua theo y cua ban Phung Trong Thuec.

Loi giai bai toan 2.Dé don gian, ta cho p=1. Ta c6

2
</ (1+2}( St Lyl
_ 2
:\/3{1+ v 2)? _(rgr) )<V

Két qua ¢ bai toan 2 di 1a kha chat, vi nhu chiing ta biét, bit dang thtc sau diy khong
ding ma+:!rnb+mc <V3p . Ciing trong bai viét cia minh, anh Vinh Anh di dua ra
BDT sau nham “bu dap” cho su khong ding cua BDT trén.

Mg+ +m, < J_P+z_1[:|‘1_b|+|b_cl+|c_a|}

Tuy nhién, hang s6 k=1/4 khong phai 12 tot nhat. Thuc ra ta c6
Bai toan 3. Chirng minh rang trong mot tam gidc thi
maq+my+me < V3p-+k(ja-bl+Hb—cl+c—al)

k=1-23

F=41773

voi

Véi cdc cach tiép can trudc ddy thi tham chi tim ra hang s6 tot nhat di 12 mot bai toan rat



khé. Tuy nhién, gid day c6 1€ 161 gidi bai todn trén la ndm trong kha nang cua cac ban.

Mot hudng khéc dé “bu dap” cho BDT khong diing
Mg+my+m, < V3p
1a nhu sau. Ta viét lai BDT nay thanh

\/ +y—32+\/ +y—32+\/ +y—)2m,§

Tir d6 xuat hién cau hoi 1a ¢6 thé giam hé s6 k=1/4 trong cong thirc duong trung tuyén dé
BDT trén tr¢ thanh dang. Mot cau tra 101 1a k=1/12. i .
Bai toan 4. (VMEO [, bai 1) Cho a, b, ¢ 1a cac so thuc khong am c6 tong bang 1. CMR

YAy AN iy =Dy

Bai todn nay dit ra dya trén hudng tiép can ban dau cho bai todn cuia Jackgarfulkel. Tir
bo d& (*) ta c6 thé khai quét thanh

B6 dé A. Cho cdc s6 thuc a, b, u, v sao céc cin thirc dudi ddy c6 nghia. Khi d6 2 diéu sau
l1a tuong duong

0 Votul+vb+u2> /2@ +b) + (utv)?

i) 2u—v) (bu—av) > (a—b}g
(diéu két lugn van diing néu ta thay cdc ddu = thanh <). ,
Dé chirng minh b6 dé ta chi vi¢c lién tuc binh phuong va don gidn 2 vé.

Chirng minh bai toan 4.
Ap dung b6 d& A v6i U= (b= /12 v=[a-)/VI2 4y dugc

\/ (b— CJ2+\/b+(c—a)2_5 —3c

Cung voi 2 BDT tuong ty ta c6 dpcm

Mat du con s0 k=1/12 dan t&i bién do6i dai s6 rat dep ¢ 10 giai trén, nhung né khong phai
la hang s t6t nhat. Cung nhu d6i v6i Bai todn 3, trudc day tham chi tim ra hang 50 tot
nhat d4 1a mot bai todn rat kho, nhung bay gio thi giai quyet n6 khong phai 1a didu qué
khé. Cu thé, kimluan da tim dugc két qua sau bang don bién.

Bai toan 5. Cho cic s6 thyc khong am a, b, ¢ ¢6 tong bang 1. Chirng minh rang

\/a+k(b—?2+\/b+k(c—a}3 +etkla—b)2< V3
3
k= l—f

voi

V3

Chu y rang trong bai todn 5 thi k=1 2 1a hang so tot nhat vi dang thirc xdy ra tai
a=b=c=1/3 va a=1,b=c=0 va cdc hoan vi. Mot di€u thu vi la day ciing chinh Ia hang s tot
nhat trong bai toén 3.



Khi d6i dau BDT trong Bai todn 5 thi ta dugc bai todn sau day (ddng thire ciing dat duoc
tai 2 ch0), ma 101 giai — kha don gidn — xin dugc danh lai cho céc ban.
Bai toan 6. Cho a, b, c 1a cac so0 thuc khdong am c6 tong bang 1. CMR

\/a+[b—cj2+\/b—|—{c—a}2 +\/r:+ (@—b)%> 3

Phan 4 Mot dang BDT chira céin

B6 dé A ¢ bai trén cho ta mot tiéu chuan rat dé kiém tra d6i vi BDT c6 vé “khong tim
thuong” sau

Yatul+/b+v? > \/2(a-+b)+ (u+v)?

va tir &6 dén t&i kha nhiéu bai toan thd vi. Bay gio xuat hién cau héi 1a liéu c6 mot két
qua nao, tuong ty nhu B6 & A, dé 4p dung cho nhiéu hon 2 bién khong? Néi riéng, trong
truong hop 3 s6, thi liéu ¢6 mot tidu chuan nao (twong dbi dé kiém tra) dp dat 1én cac s6
a, b, c, x,y, zsao cho ta c6

Vatz2 +fory2 +Vetal 2 \/3(atb+)+(z+y+z)?

O day 26 thé thay bang <. Tuy nhién, mot tiéu chuan tong quat van chua tim ra, va
cic BDT dang nay van la nhiing bai todn khé, gan nhu mdi bai lai can mét cach giai
riéng. Chang han, ta thdy cdc BDT d3 néi & muc trudc nam trong dang tong quét nay: voi
a, b, c khong am, a+b+c=1 thi

\/ﬂ—i—k{b—c]2+\/b+k{c—a}2+ c—|—k{a—b}2
<\/3(a+b+)+(VE (b—)+VE(c—a) +VE(@—b))2 =3
véi k=1- JE? va

Vot +/bre—aP-r/et@b)?
>\/3@+b+0)+{(b—0)+c-a)+a-b))* =

Sau ddy 1a mot sb vi du khdc cho cac BDT dang nay.
Bai toan 1. Cho 3 s0 khong am X, y, z c6 tong bang 1. CMR:
Jr+y?+Jy+22+V/7+52>2

Nhan xét 1a BDT trén c6 dang

Jr+2+Jyt 224V 42223 (s +y+2) +{y+z+2) = Vi = 2,
Dong thoi dang thiic xdy ra tai x=y=z=1/3 va x=1,y=2=0.

Chirng minh bai toan 1.

Ta quan sit moi twong quan giira cdc biéu thirc

a; =z +ydb = y+2%by = z+y2

Ta co

b1—by =(y—2)(1-y—z) = z(y-2)



va
a;=z+y2 = 2(1-2)+(z+y)* 20y = o(y+2)+(E+y)* 27y = (z+y)*~=(y-2)
vay: i thi=c+by 0= (z+y)*,

Ta c6 bo dé don gian sau dy cho phép hoan vi cic biéu thirc dudi dau can
B6 dé. Cho cdc s khong am a, b, ¢, d thoa mén a+b=c+d va |a—b| < |C_d| . Thi
a+vb > ve+Vd

Trd lai bai todn, gia sir c=min(a,b,c). Ta sé& kiém tra r.':ing |al_bl| Se—by . Ta co:
c=by=(r+y)?-(z4y?) = 2(z+2y) -z = £(1+y-2)-2z = (z-2) +x(y-7)
va
a—by =ztyi-y-22=r-y+(y-2)(1-1)= (£ -2)-z(y-2)
Vi x-z va x(y-z) déu khong &m nén ta c6 dpem.
Tu do, 4p dung bo dé ta cé:
Voty?+fy+22 2 (m+y) +/z+y2
Vasuy ra
Jo+y?+yfy+z2+/z+z2
> z4y+vz+yd4Vz+ 52
J 2 2
> s+y+y (Z+Z) +z+y)
=z+y+y 4z—|—{1—z:l2 =z+y+(2-2)=2

Bai todn chirng minh xong!

Bai toan 2. (VMEO II1, bai 8) Cho x, y, z 1a cdc s6 thyc khong 4m c6 tong béng 1.
Chung minh rang:

3 3 3

Je—y+23+y-z+23+z-z+y3<1

Chirng minh.

Nhan xét rang dau "=" xdy ra x=y=z va x=1,y=2=0 (cung cic hodn vi). Ta ciing s¢ giai
bai nay bang cach hodn doi cic bicu thirc dudi dau can. Ta c6 bo dé sau.

Bé . Cho cic s6 thuc A, B, C, D thoa man: A+B = C+D > Oy, |[A-B[>|C-D|,
Khi d6:

YA+YBE<ITH+ID

Chiing minh don gidn va xin danh lai cho cdc ban.

Tré lai bai toan, ta dat )
A=vy—z4z3 B=z—124vy3,C = z—y+z:

Néu co, Chfmg han, B+C <0 th %”E-['%"E <Oyy ALy—z+r<ytz+z= 1, nén
ta c6 ngay dpcm.

Do d6, tir i tro di ta chi can xétkhi A+8 20 B+C >0 C+A >0 vi BDT ban
dAu c6 dang hodn vi vong quanh nén ta c6 thé gia sut Z = M {Z,YZ] Khi d6 ta can
xét2 truonghop T2 Y 2 Z2va ¥y 212 2,

*Truong hop 1. Xétkhi T2 ¥ 2 7. Tac6



B+C =23+4(y3+z-y)

va
C—B=2z—y—z4+2z3—y3>y—z423—¢3
23— (y3+z-y) = (y-2)(1-y2-yz—22) >0

nén dp dung Bo dé ta c6:

YB+YT <24¥D), véi D=3 +2-v.
Lai cé:

A4D=z3443>0
A-D=x3-y342(y-2)> 23-y3>C
nén dp dung Bo dé ta c6:

%‘rﬁ —I—%'rﬁ < T+Y(@3).

Tu (2) va (3) ta c6 dpcm.

*Truong hop 2. Xétkhi ¥ = £ 2 Z  Ta c6

A+B=vy3+(z3+y—x)
va

A-B=z4ty-2z4+z3y3>y—xz4x3 3

=(z34y—2)-y3=(y—2)(1-z2-zy-y2) >0
nén 4p dung Bo dé ta c6:

¥a —|—%"E < y-{—%"ﬁm)’ voi B =z34y—z
Lai cé

E4+C=x3+23>0
E-C=x3-2342(y-1)>y3-23>0
nén dp dung BO dé ta co:

%—I—%E < T4Y(5).

Tu (4) va (5) ta c6 dpcm.

Bai todn chtirng minh xong!

Ciing xuat phit tir dang BDT & trén, ta c6 bai todn sau.
Bai toan 3.

Cho T,¥,2 2 -1 z+y+z 20 Chting minh rang
Vitz+yi+/1+y+224V1+ 245223

Nhan xét rang BDT trén c6 thé viét & dang
Vit +y2 /Ty 22 12422 2 \3(1+ o+ +y+H+2) +(y+z+2)? >3

Trong 10i giai dau tién cho bai toan trén, toi sir dung B6 dé A dé suy ra phai ¢6 1 BDT
kiéu sau day (hoan vi (x,y,z) néu can)

2 3 + e
Vito+ 5 +/14y+5 > V20t + 222

roi sau d6 dung BDT

10



Ja2+b34\/a24b2 >\ /(a, +a5)?+ (b1 +bo)?
dé thyc hién viéc don can.

Tuy nhién, khi bai todn nay duoc dua Ién dién dan todn hoc thi thiy namdung da dé xuat

mot Bo dé khéc cho phép chimg minh gon hon nhiéu.

Chirng minh bai toan 3.

Trudce hét ta c6 B6 dé sau, ching minh don gian bang cdch binh phuong 2 vé.
Bo dé. Cho céc sb thuc a, b, u, v sao cho cic can thic dudi day c6 nghia. Khi d6

Vita+/14+b6>1+/1+a+b&ab>0

Tro lai bai todn 3. Trong 3 s6 1Y%, ¥+22 z422phai c6 2 s6 cing ddu (tic 12 tich

ctia chiing > 0), ta c6 thé gia sir 1a T+¥2%va ¥+22 Khi d6, 4p dung B 8, ta ¢6
4z 442414y +224V1+ 24 22
>1+/(14+z+y+22)+y2+/(1+2)+ 52

> 1+ (VI z+y+ 224152 2+ (y+3)?

> 1+ (V1-z+22+y1F2)?+ 22

Ta cé

(V1—2422+4VTF2)2+22>4
&2422242/(1-2z+22)(14+2)> 4
& z24 /142321

Néu z 2 Othi V142221 connbu z<0thi:
23414232 224 (1423) = 1422(142) > 1

Bai todn chlirng minh xong.

Bai todn 3 di dugc kimluan 1am manh thanh két qua sau day.

Bai todn 4. Cho ©:%,% € [~1,1la x4y+z=0. CMR
Vidz+iy2 0/ 14y+522 0 /142455223

Piang thirc xay rataix =y =z=0vax =0,y =1,z =-1. Pdy la 1 BDT dep va an tuong
nhung chua ¢6 mdét 101 giai don gidn nao cho né.

Dang BDT xuét phit tir Bé dé A ciing c6 thé mo rong cho nhiéu hon 3 sd. Sau ddy 1a mot
vi du cho truong hgp 4 s6.

Bai toan 5. Cho céc s6 thuc x, y, z, t théa man mam{zy,yzjzt,tz’] <1 cMmRr
JI—zy+vyldHfl—yz+ 224/ 1—zt+2 /1 -t o+ 22
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> \/16+{r—y—|—z—t}2

Day 12 mot bai todn khé. Luu ¥ rang BDT trén c6 thé viét & dang
J—zy+y2 41 —yz+ 22 41—zt 424/ 1tz 4 22

> a(1-oy+l—yz+1l—zt+1—t2)+(y+z+t4+1)
=16 +(z—y+z—1)2

Chirng minh bai toan 5.
*Trudc hét, dé c6 cam gidc veé bai todn, ta hdy xét mot truong hop riéng: cho x=z, y=t.
Khi d6, véi diéu kién £¥ =1 ta cin ching minh

Jl—ry+y3+ﬁ—ry+ﬂzx/é—if(r—yﬁ :

béyla 2{1_$y+l —:Ey:l+(3:+y:l =4 -1—1:.1:—3;:1 , p dung B6 d¢ A thi BDT trén
2 5

tuong duong vai 4(1-zy)(y—)* 20 pidy nay ding vi Z% 1,

*Trd lai bai todn tong quat, ta s& tim cach quy vé trudng hop 2 sd. Ta hi vong s& ¢c6 BDT
dang nhu

\/1—yz+z2 +\/1—tx+x2 2\/1—xy+x2 +\/l—zt+zz(*)
o Wl-yz+2 V=2t + )+ Wl—tx+ 8 +{1-xy+x°) 20
zZ(t—y) x(y—t)

+
\/l yZ+z2 +\/1 a+7 \/1—tx+xz+\/1—xy+x2

=0

Z X
(t=y) -
\/l—yz+z2+\/l—zt+z2 \/l—tx+x2+\/l—xy+x2

>0

Bang tinh todn cu the, ta chitng minh duogc thira so thir 2 ctia biéu thirc vé trdi cung dau
vOi Z-X.

Do d6 BDT (¥) tvong duong véi (t-y)(z—x)> D(**) biéu thi vila bang céch hodn vi
ta c6 thé gia sir c6 diéu nay. That vay, BDT ¢ dé bai 1a khong d6i néu ta 1am viéc voi bo

4 56 (y,z, t, X), va v6i bd 4 s6 nay thi BDT (**) tré thanh (z-2)(t-y)> D(***). Vi (%)
va (***) phai c6 mot céi ding, nén ta cé the gi sir la (**) ding. Khi d6 (*) ding.

St dung (*) va truong hop 2 $6, ta c6
JI—zy+vyldHfl—yz+ 224/ 1—zt+2 /1 -t o+ 22
> (\/1—xy+y2 +\/1—xy+x2 )+(\/l—zt+t2 +\/1—zt+z2)

>Vt eyl +/a+(-1)
>V (@422 +z—y+2-t)? = /164 (z—y+2-1)?
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Bai todn chtig minh xong. Dang thirc xay rakhi x =y =z = t hodc x = z,y = t,xy =1.
Dudi day 1a hai bai todn khdc, cling & dang nay, ma 101 gidi xin dugc danh lai cho céc

ban.

Bai toan 6. Cho cic s6 thyc T34, € [—11thoa man x+y+z=0. CMR
y? 22 T2
Vit 1/ 14y+E /14245 <3

Bai toan 7. Cho céc sé thye £3¥:%,t € [~1,1]théa man z+y+2+1> 0. cMR

Vitz+y2+/1+y+224+V14 2+ 24/ 1+ +222> 4

Copyright©2009 by Phan Thanh Nam

“Niém vui sdng tao la cam hirng cho chiing ta theo dudi cdc ¥
tuwong den tdan cung ©
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