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PAP AN VONG 1

BAI 1. Chocéc & thuc khdng am, b, ¢ sao cho ab+ bc+ ca=1. Ching minh rng
3ab+1 3bctl 3cat 1
+ + >4

atb b+ c ct a

LOI GIAL
Bt dang thrc da cho trong duong Wi
3ab+ ab+ bct ca+3b& ab be C_?_.3 ca ab bc gah
a+b b+ c ct a

Hay

4ab N 4bc+ 4ca+a+b+ >4

at+b b+c cta
Chay #ng

ab(a+b) +bc(b+c)+ca(c+a)=(a+b+c)(ab+ bc+ ca) —3abc
<(a+b+c)lab+bc+ca)<a+b+c
Nén theo Bt ding thic Cauchy — Schwarz ta c6

ab bc ca a’b? b?c? c?a?
a+b+b+c+c+a=ab(a+b)+bc(b+c)+ca(c+a)
- (ab + bc + ca)? - 1
“ab(a+b)+bcb+c)+ca(c+a) a+b+c
Do dé
4ab N 4bc+ 4ca+a+b+ o> 4 tat bt
atb b+c cta at bt c

Mit khéac, theo fit ding thic AM — GM thi

+a+b+c=4

atb+c
Viy ta c6diéu phii chitng minh.bing thic xay ra khi va ch khi mot trong 3 bén bing O va 2 bén
con hi bang nhau va ing 1.
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BAI 2. Cho céc 8 thiuc khéng amu, b, ¢ sao choa > b > c¢. Ching minh eng

@b b e ibey
>a c+ca
b2—bc+c? c2—ca+a? a?—ab+ b2

Lol GIAl. Bat dang thic d& cho trong duong Wi

a’b(b+c) b3c(c+a) clala+b
( ) ( ) ( )Zab+bc+ca

b3+ ¢3 c3+ad a3+ b3
312 37,2 37,2
a’>(b“ + bc b>(c* + ca c’(a“+ab
¥+b2+bc+¥+c2+ca+¥+a2+ab
b3+ ¢3 c3+ad a3 + b3

>a?+b%+c?+2(ab + bc + ca)
Hay
b?+bc c*+ca a’*+ab
b3 + ¢3 +c3+a3+a3+b3
@(a3+b3+c3)< + ¢ + e
o b2—bc+c? c?2—ca+a? a?—ab+b?
Theo it dang thirc Cauchy — Schwarz thi

(a3+b3+c3)< >Z(a+b+c)2

)2(a+b+c)2

b N c N a
b2 —bc+c? c2—ca+a? a?—ab+ b2
(a+b+c)?

= a® + b% + c3 — (a?b + b?c + c?a) + (ab? + bc? + ca?)
Nén ta chcan ching minh
a®+b%+c3>a®+b%+c3 - (a%b + b?c + c?a) + (ab? + bc? + ca?)
Hay
a’b + b%c + c?a—ab? —bc? —ca? >0
Bt ding thrc nay trong duong Wi
(a=b)b—c)la—c)=0
dung theadiéu kiéna > b > ¢ ¢ gia thiét.
Vay, bai toandugc ching minh xongDang thrc xay ra khi va chkhia = b = ¢, haic 1 trong 3 kin
bang 0 va 2 bén con hi bang nhau.
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BAI 3. Cho céc 8 thuc x, v, z sao choryz = 1. Ching minh kng
3—x 3—y 3—2z 16 47
+ + + >—
1+x)? (A+y)? (A+2?2 A+x)AQ+y)(1+2) 16
Lol GIAl . Ta € sSir dung kb d& sau
BO PE. Vi moi s6 thuc a, b, ¢ bat ki thi
a—-bb—-—c b—-cc—a c—aa-—b>b 8abc
a+b'b+c+b+c'c+a+c+a'a+b_(a+b)(b+c)(c+a)_1
Chizng minh danh chodn doc

Tré lgi bai todn.Do xyz = 1 néndit x = S,y = %,z = %thi kit dang thic duoc viét lai thanh

b c a
3-a ., 37p , 37¢ 16 47
b\? * o2t ozt b c a ZE
1+ (+p) (1+3) 1+ (+5)(+9)
Hay
3a?—ab 3b®>—bc 3c?—ca 16abc 47

>
@102 b+ ctra? @ibhbrolta) - 16
Bay giv &p ding kb d¢ trén \6i mot chat phan tich Bn doi don gian, ta c6

3a%> —ab N 3b% — bc N 3c2 —ca N 16abc
(a+b)> (b+c)? (c+a)? (a+b)b+c)(c+a)
3a? 3b? 3¢? ab bc ca
= + + - + +
(a+b)2 (b+c)? (c+a)) (a+b)? (b+c)?* (c+a)?
16abc

T e DO +OC+a)
2

3|lra—b 2 b—c c—a 2
1G5+ 1) +(Ger1) + G0
1[(a+b)?>—(a—b)? (Bb+c)?—-(b—-0c)? (c+a)®—(c—a)?
T3 @bz T Gror T +ro?
16abc

DD

a—b\? b —c\? Cc— a2 16abc
:(a+b) +(b+c> +(c+a) +(a+b)(b+c)(c+a)
3<a—b b—c c—a) 3

+§ a+b+b+c+c+a 2

_(a—b)2+(b—c>2+(c—a)2
“\a+b b+c c+a
a—-b b—c b—cc—a c—aa-—»b 3/a—b b—c c—a
4 Jocyoecma e )-( Lo Cy )+z
a+b b+c b+cc+a c+aa+b a+b b+c cHa

+2
a—-b b—c c—a\> 3/a—-b b—c c—a 7
—( + 2y ) —( A )
a+b b+c cH+a a+b b+c cH+a

2

3 +
2 2
_(a—b b—c c—a 3)2 7 9 47

+ + +-
a+b b+c c+a 4
Vay, bai toAniugc chrng minh xong.

> —.
+2 16 — 16
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BAI 4. Cho céc 8 thyc phan bét a, b, c va $ thuc kit ki k € [0; 1]. Ching minh eng
a(a+ kb b(b+k +k 7
(a )+ ( C)+C(C a)z—
(a —b)? (b —c)? (c—a)? — 8

Lol GIAl.
bit x:a+b; = b+ C;z: c 2 thi
a-b b-c c- a
(eD)(y+ (2D =(x- Y- I = 3= x vz zx-
Tacé
a(a+ kb)+ o bt k()+ ¢ e k)azi (_a+b+1j2+(b+ C+1j2+(0+ a+1j2 +
(a-b?®> (b-9*> (c-3* 4lla-b b-c c- a
2 2 2 2 2 2
k| (a+b) +(621—b) Lot g +(§f ¢ (e é“f(ze )
4 (a-b) (b-9 (c-4
1
=Z[(1+k)(x2+ Y+ Z)+2( xt y+ 3+3-3K
:%|:(1+k)(x+ y+ Z)2+2( X+ W a+1le+ 5- lelk}
2
1 1 —k®+4k+ 4| —-K+ 4k+ 4
==||V1+k >
4HF(X+ y+3+¢1+kj Tk ]> 41+ k)
Do d6 viéc con hi la ching minh @t dang thrc
12
K AKT A T 28K+ 82 T+ ke (k= 1)+ 1K (
41+K) 8

Bt ding thrc trén hén nhiénding Wi k € [0;1]
Viay ta co didu phii chiing minh. Bing thic xiy ra khi va ch khi k = 1. Khi d6 ta $ co

-1 -1
X+y+z=——=—
1+k 2
ok ba LLa . A P R —k(k +2)
Néu dé bai khédng cho&cuy thé — thi ta cé tk giai bai toan fing cach tinlitao ham f (k) = 5 =0« t= 0(nhén)
8 41+ k)

\ . 7
hoact = —2 (loai). Roi |4p bang bin thién \6i k € [0; 1] thi ta @ing dugc min f (t) = —.
8
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BAI 5.ChoA, B, C la 3 géc @a mjt tam giac nbn. Tim gia tf nhs nhat ciia
2tanA + 9tanB + 17tanC

LOI GIAI 1.

bat tanA = 4x,tanB = g y,tanC = z

Chu y Bing tanA + tanB + tanC = tanAtanBtanC nén

4 +5 +z=4 >
X+tzy+tz=4x3y.2

Hay 12x + 5y + 3z = 20xyz, (x,y,z > 0)
Va P duoc biéu dién theox, y, z thanh
P=8x+15y+ 17z

Do d6 20xyzP? = (12x + 5y + 3z)(8x + 15y + 17z)?
Ma theo it dang thic AM — GM thi

(12x 4+ 5y + 32)(8x + 15y + 172)2 > 20. *3/x12y523, (40. “ x8y15217)2 = 32000xyz
Suy ra 20xyzP? > 32000xyz
HayP > 40
Vay minP = 40, dat duoc khix = y = z. ChG y ing 12x + 5y + 3z = 20xyz nén20x = 20x3, suy
ra x=y=z=1, hay tanA = 4,tanB = g,tanC =1, tec la A = arctan4,B = arctang,C =

arctanl.

LOI GIAI 2.
Ta € ¢ ging dua bt dang thrc v& mot bién bing K thuat khao sat hamé&
Chu y #Bing tanA + tanB + tanC = tanAtanBtanC nén ta chu§n & dang dai sb bing cachdat
tanA = x, tanB = y, tanC = z thi bai toanduogc viét lai nhu sau
“Cho cac 8 dirongx, y, z sao chax + y + z = xyz. Tim gia t¢ nhs nhat cia P = 2x + 9y + 172"

Tu didu kignx + y + z = xyz, suy raz = %, (xy > 1), thay vaaP tadugc

17(x +y)
P=2x+9y+——
x+9y+ 2y —1
Xét f(x) = 2x + %jl”,x > %véi y la tham 8 duong
Lt _ 2x%y?—4xy-17y%-15_ 1,
Tacof (x) = Goy—1)? trén (y, +oo)
, 1 J34(@?%+1
f(x)=0ex, =—+L
o Y 2y
Khi quax, thi ham 8 doi dau tir — sang+ nénf (x) dat cuc tiéu tai x,
Tu déd
P=f(x)+9 = f(x) +9y =g1»)
Xét
19 V34?2 +1)
gy = 9)’+7+2f

( )=9 19 68
g\y) =9 ——=~—
¥y y2/34(y2 + 1)
, 5
g =0 (9y?-19)/34(y2+1) =68 © y, =3
Tir d6 lap bang bén thién, ta thy ham $ doi dau tir — sang+ khi di quay, néng(y) dat cuc tiéu tai
Yo Vag(yo) = 40
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N 5
VayP 2 g(») 2 g (%) 2 40
Ding thic xay ra khi va chkhix = 4,y =2,z = 1.

NHAN XET. DAy |a bai toan kha hay canmy gibng Wi mot bai toan trong ki th¥ NTST 2001:
“ Cho céac @ thic dronga, b, c sao chdlab + 2bc + 8ca < 12. Tim gia t¢ nhs nhit ciia
1 2 3
, , P = a + E + E
nhung Wi yeu © lugng giacda “luoc bo” di dir kién quan tong aia bai toan 5 la tanA + tanB +

tanC = tanAtanBtanC
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BAI 6. Cho céc 8 thic khdng ana, b, c. Tim gié tf nhs nhdt cia biéu thic
1 1 1
2a_bf  (2-of (20 o
LO1 GlAlL Khong miit tinh Hng quat, gi st c=min{a b ¢ thi

1 1

— = > o4b®> > 4b*— dbct+ = d4b- d> C(dung);
(2b—c)? ~ 4K’ - d 9= Uddng)

(Zci 7 2%@# >a’—4act 4¢ < 4da- 9> 0(ding).

Via,b,c = 0nénab + bc + ca = ab. Dodob

P=(ab+ bct ca

a
1 1 1 ab a b b a b t t 1
P>ah ———— +—+S|=———St+— =2t — = +—+=,
~ l(2a—by’ 4 &) (2a—b® 4b a 5@ 2 4b a 2+ 13 4
b
vc’yit:E
b
t t 1 1
Xét f(t)= +—+-|t=—;t>0
® (2t—-17 4 t[ 2 ]

2-1y-4(2-1) 1 1 —-2-1 1 1
r=@=2-2@-9, % 1 P4 L
(2t —1) 4 t2 2-1 4t
f)=0e &5 —12°— 34°+ 48— 26+ 4&

t,=-2,09787885(

t,=0,262606738 (t, loai Vi t, < 0)

t,=2,515979352
(dung may tinh & tdi haic Maple dé dugc két qua chinh xac, chd y dundaple kiém tra thi
phueong trinh trén chco 3 nghém).
Tir d6 lap bang bén thién, ta thy ham $ doi ddu tir — sang+ khi di quat, vats, nhung vif(t,) =
5,038581952 ..., f(t3) = 1,181220153 ...
Vay, minP = minf(t) = f(ts) = 1,181220153 ...

bat dugc khi va ch khi {C va cac hoaniv
a=Nht
NHAN XET. CAch cltng minh trén chinh ladh bién vé bién f(a, b,c) = f(a,b,0) rdi dua & ham
mot bién va sr dung K thuit khao sat ham& Tuy nhién i 16 giai trén ching ta ahco th giai quyét
dugc duoc bai toan:
“Tim gi& ti nhs nhdt cia

1 1 TN
tka—b)2 T b= " Che = a)Z)

trong pham vi k € E 2] ma thoéi. Vi tit day < 1a mdt van dé mé cho cac bn tim mbt [oi giai mo

(ab + bc + ca)(

rong cho toan trc 9 k.
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BAI 7. Chox, y,z la dé dai 3 enh aia mjt tam giac c6 din tich S, va céac 8 thuc hit ki a,b, ¢ sao
cho 4xyz= & x+ B y+ é # ab. Ching minh fng
a?+b?+ c?=4/3S
L oI GIAl. Ta € s dung cac b & sau
BODE 1.V6i a+B+y=m, thisit L+ sit B+ sitl+ 25l sil sith =
2 2 2 2 2 2
Chirng minh.Ta cé

2 - T -
? T v sif B4 sin Y 21700 COF, iV o 40 5—a+ﬁj0 {a ﬂj+ g
2 2 2 2 2 2 2 2 :

=1—sin§[coz{%8)—coéa ZIBD o 28H’+ sg sr-lﬁ

Do d6, o dé 1 dugc ching minh.
BO PE 2.Véi a+ B+ =1, va céac é thuc bat ki x, y, z thi
2yzcosay + 2ZxcoP+ Xy coss X+ Y+ 2

BO BE 3.Véi X, Y, Zlads dai 3 anh aia mpt tam giac c6 din tich S thi

2(xy+ yz+ 23— X- §- 2= 4/3

Bo dé 2 va 3 la hai b d¢ @d qua quen théc wi ching ta nén chang t6i khdngdety minh ki nia.
Tro lgi bai toan.
Tu gia thiét 4xyz = a®x + b%y + c?z + abc, ta c6

abc & & +£+_c" _q

4xyz 4yz 4xz 4 xy
B__b_
2 2Jzx’

Nén theo B dé 1, ©n tai cac géca , B, y sao choa + B+ y = 1T véi sin% = sin

_a
2y
A
n—

2 2

Ap dung b & 2, ta c6

Si

4yzsin2%+ 4zxsirf£;+ 4xysiﬁ—;: 2yz(t cas ) 22zx@A cfs+) Xyl cps

=2(xy+ yz+ zy-2( yzosr+ zxo@+ xyxog 3 20y yz ZX X *y °?
Tir day két hop v6i bo dé 3 wi chi y iaing
4yzsir12%+ 4zxsirf£;+ 4xysiﬁ—};: a+ B+ @

Ta thuduoc a2 +b? + ¢ = 4/3S
Vy, ta codiéu phii ching minh.

—HET —
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