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e MO  Mathematical Olympiad

e LHS Left hand side

e RHS Right hand side
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Chapter 1

Problems

Pro 1. (Vietnamese National Olympiad 2008) Let x,y, z be distinct non-negative real
numbers. Prove that

LR SR S 4
(x—y)? (y—2? (-2°" wyt+yz+z

\Y

Pro 2. (Iranian National Olympiad (3rd Round) 2008). Find the smallest real K
such that for each x,y,z € RT:

VY +yVz+2VE <KV/(+y)(y +2) (2 + o)
v

Pro 3. (Iranian National Olympiad (3rd Round) 2008). Let x,y,z € Rt and
x+y+ z=3. Prove that:
3 y3 23 1 2

X
>4 2
S8 Pistmrss Tyt ertyl)

\Y

Pro 4. (Iran TST 2008.) Let a,b,c >0 and ab+ ac+ be = 1. Prove that:

Va3 +a+ VB +b+Ve3+e>2Va+b+c

\Y

Pro 5. (Macedonian Mathematical Olympiad 2008.) Positive numbers a, b, ¢ are
such that (a + b) (b+ ¢) (c+ a) = 8. Prove the inequality

a+b+c > 27/a3+b3+03
3 - 3

\%
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Pro 6. (Mongolian TST 2008) Find the maximum number C' such that for any non-
negative x,y, z the inequality

23 3+ 2 4 O(ay? + 2 + 222) > (C + 1) (2%y + P2 + 2%).
holds.
\%

Pro 7. (Federation of Bosnia, 1. Grades 2008.) For arbitrary reals x, y and z prove
the following inequality:

(w—w23@—@23@—2V}

3
2, .2, 2

_ _ — >

¥+ y* + 2° —zy —yz — zz > max{ 1 , 1 , 1

\Y

Pro 8. (Federation of Bosnia, 1. Grades 2008.) If a, b and c are positive reals such
that a® + b% + c® = 1 prove the inequality:

A+ P+ P 4d
ab(a+b)  be(b+c¢)  cala+Db)

\Y

> 3(ab+ bc+ ca) — 2

Pro 9. (Federation of Bosnia, 1. Grades 2008.) If a, b and c are positive reals prove

inequality:
4a 4b 4c

b+c)(1+a+c)(1+a+b
AV

(1+ ) > 25

Pro 10. (Croatian Team Selection Test 2008) Let x, y, z be positive numbers. Find
the minimum value of:
2?4+ y? + 2*
Ty + Yz
22 4+ 42 + 222
Ty + Yz

\Y

(a)
(b)

Pro 11. (Moldova 2008 IMO-BMO Second TST Problem 2) Let aq,...,a, be pos-
itive reals so that a1 +az + ...+ a, < 5. Find the minimal value of

1 1 1
A:\/a%+2+\/a%+2+...+ a?ﬂ-ﬁ
a3 as aj

\Y

Pro 12. (RMO 2008, Grade 8, Problem 3) Let a,b € [0,1]. Prove that

l1+a+b~ 2 3

1 <1 a—&-b_{_afb.




Inequalities from 2008 Mathematical Competition * & Kk Kk

\Y

Pro 13. (Romanian TST 2 2008, Problem 1) Let n > 3 be an odd integer. Determine
the mazimum value of

Vi0er =zl + Vw2 —zal + . Va1 — @l + V]zn — 21,
where x; are positive real numbers from the interval [0, 1]

\%
Pro 14. (Romania Junior TST Day 8 Problem 2 2008) Let a,b,c be positive reals
with ab 4 bc + ca = 3. Prove that:

1 1 1 1
<
1+a?(b+c) * 1+ b%(a+c) +1—|—c2(b+a) -

abe’
\Y

Pro 15. (Romanian Junior TST Day 4 Problem 4 2008) Determine the maximum
possible real value of the number k, such that

1 1 1
(a+b+c) + + —k) >k
a+b c+b a+c

for all real numbers a,b,c > 0 with a + b+ ¢ = ab + bc + ca.

\Y

Pro 16. (2008 Romanian Clock-Tower School Junior Competition) For any real
numbers a,b,c > 0, with abc = 8, prove

a72+b72+672<0
a+1 b+1 c+1—

\Y

Pro 17. (Serbian National Olympiad 2008) Let a, b, ¢ be positive real numbers such
that x +y + z = 1. Prove inequality:

1 + 1 n 1 <27
1 1 1 = 27"
yztao+y wzty+, ayt+z+, 0 3l

\%

Pro 18. (Canadian Mathematical Olympiad 2008) Let a, b, ¢ be positive real numbers
for which a +b+ c=1. Prove that

a—bc+b—ca+c—ab<§
a+bc b+ca c+ab 2

\Y
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Pro 19. (German DEMO 2008) Find the smallest constant C' such that for all real z,y
1+ (z+y)?<C-(1+2?) - (1+y?%)
holds.
v

Pro 20. (Irish Mathematical Olympiad 2008) For positive real numbers a, b, ¢ and d
such that a® + b + ¢ + d?> = 1 prove that

a’b’cd + +ab’cPd + abPd? + a®bed? + a®bc?d + ab’ed? < 3/32,
and determine the cases of equality.

\Y

Pro 21. (Greek national mathematical olympiad 2008, P1) For the positive integers

ai, a9, ..., ay prove that
n 2 an n
2 i1 @ >
) =]le
Zi:1 a; i1

where k = mazx {a1, ag, ...,an} and t = min{ay,as,...,a,}. When does the equality hold?
\Y

Pro 22. (Greek national mathematical olympiad 2008, P2)
If x,y, 2 are positive real numbers with x,y,z < 2 and 2% + y*> + 2> = 3 prove that
1+y2 1422 1422

3
=< <3
2 $+2+y+2+z+2

\Y

Pro 23. (Moldova National Olympiad 2008) Positive real numbers a,b,c satisfy in-
equality a + b+ ¢ < % . Find the smallest possible value for:

1
S = abc + —

\Y

Pro 24. (British MO 2008) Find the minimum of x> + y? + 2> where x,y,z € R and
satisfy x3 + % + 23 — 3xyz =1

\Y

Pro 25. (Zhautykov Olympiad, Kazakhstan 2008, Question 6) Let a,b, ¢ be positive
integers for which abc = 1. Prove that

1 3
Zb(a—l—b) 25'
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\Y

Pro 26. (Ukraine National Olympiad 2008, P1) Let x, y and z are non-negative
numbers such that 2% + y? + 22 = 3. Prove that:

x Yy z
+ + <V3
Vai+y+z Va+yP+z Jr+y+ 22

\Y
Pro 27. (Ukraine National Olympiad 2008, P2) For positive a,b, c,d prove that
(a+b)(b+ ¢)(c+ d)(d+ a)(1 + Vabed)* > 16abed(1 + a)(1 + b)(1 + ¢)(1 + d)
\Y

Pro 28. (Polish MO 2008, Pro 5) Show that for all nonnegative real values an inequality
oceurs:

4(Va3b? + Vb33 + V3a3) < 4c + (a + b)°.
\Y%

Pro 29. (Brazilian Math Olympiad 2008, Problem 3). Let x,y, z real numbers such
that x +y + z = zy + yz + zx. Find the minimum value of

X 4 y + z
22+1 0 y24+1 0 2241

\Y

Pro 30. (Kiev 2008, Problem 1). Let a,b,c > 0. Prove that

2 b2 2
CETEE > min((a = b7, (b= o, (e — a))
\Y%

Pro 31. (Kiev 2008, Problem 2). Let x1,z9, -+ ,xy, > 0,n > 3 and x1+zo+---+x, =2
Find the minimum value of
X9 T3 T

+ Fot ——
1+2% 1423 1422

\Y

Pro 32. (Hong Kong TST1 2009, Problem 1). Let 01,0s, ..., 008 be real numbers.
Find the mazimum value of

sin 01 cos 6y + sin 0y cos O3 + . . . + sin Oagg7 cos Oagps + sin O cos b1

\Y
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Pro 33. (Hong Kong TST1 2009, Problem 5). Let a, b, ¢ be the three sides of a
triangle. Determine all possible values of
a? +b% + 2
ab+ bc+ ca
\v%

Pro 34. (Indonesia National Science Olympiad 2008). Prove that for x and y
positive reals,

1 1 2

> .

(1+\/E)2+(1+\/§)2 T rty+2
\Y%

Pro 35. (Baltic Way 2008). Prove that if the real numbers a, b and c satisfy a®>+b*+c? =
3 then
a? (a+b+c)?
E > .
2+b+ c? 12

When does the inequality hold?
\Y%

Pro 36. (Turkey NMO 2008 Problem 3). Let a.b.c be positive reals such that their
sum s 1. Prove that

a’b? L b2c? i a’c? S 3
A3a2—ab+0?)  ad(b?—be+ ) b(a?—ac+c?) T ab+be+ ac
\Y%

Pro 37. (China Western Mathematical Olympiad 2008). Given x,y,z € (0,1)

satisfying that
1—-2z 1- 1—-2
J—=y L ==
yz Tz Ty

Find the mazimum value of xyz.

\Y
Pro 38. (Chinese TST 2008 P5). For two given positive integers m,n > 1, let a;;(i =
1,2,--+,n,j = 1,2,--- ,;m) be nonnegative real numbers, not all zero, find the mazimum

and the minimum values of f, where

_n i (T a;j)? +m i (i ai;j)?

f
(i Xty aig)* +mn 3 YT az
\Y%
Pro 39. (Chinese TST 2008 P6) Find the mazximal constant M, such that for arbi-
trary integer n > 3, there exist two sequences of positive real number ai,as, - ,a,, and

bla b27 T abna satzsfymg
(J)Z’lel bk - 172bk Z bk*l +bk+17k = 2737 e, N — 17
(2):a? <1 —I—Ef:laibi,k =1,2,3,---,n,a, = M.

\%




Chapter 2

Solutions

Problem 1. (Vietnamese National Olympiad 2008) Let x,y, z be distinct non-negative
real numbers. Prove that

1 L B 4
(x—y)? (y—20? (-2°" wyt+yz+z

Proof. (Posted by Vo Thanh Van). Assuming z = min{x,y, z}. We have
(=22 +@y—2°=(@-y)’+2-2)(y-2)

So by the AM-GM inequality, we get

1 N 1 N 11 N (z —y)? N 2
(-9 W-27 (G-2? (@-y? -2 Gz-2?> (@-2)(F-2)
- 2 N 2 _ 4
- (x—zi(y—z) (x—2)y—2) (z—2)(y—2)
oy tyz+zx
Q.E.D. O

Proof. (Posted by Altheman). Let f(z,y,z) denote the LHS minus the RHS. Then
flx+d,y+d,z+d) is increasing in d so we can set the least of x + d,y + d, z + d equal to
zero (WLOG z = 0). Then we have

1 1 1 4 2 4+ y? — 3zy)?
72""74"7_7:( 22y g) =0
Ty 2y (z —y)

\Y

Problem 2. (Iranian National Olympiad (3rd Round) 2008). Find the smallest
real K such that for each x,y,z € RT:

Y+ yVz+2v/E < K\ (x+y)(y+2) (2 + )
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Proof. (Posted by nayel). By the Cauchy-Schwarz inequality, we have

LHS = o \/zy + \/y\/9z + Vav/zze < /(z +y + 2)(xy + yz + 2)
< JerpuraGta)
<>

where the last inequality follows from
8(z +y+2)(wy +yz+22) <9z +y)(y+2)(z+2)
which is well known. O

Proof. (Posted by rofler). We want to find the smallest K. I claim
K = ——. The inequality is equivalent to

2v/2
8(z/y +yvz + 2v/x)* <9z +y)(y + 2)(2 + )

< 827y + 8y*z + 82”1 + 162y, /yz + 16yzv/2z + 1632/7Y < 9 Zaﬁzy + 18zyz

sym
< 162y./yz + 16yzv/2x + 1622 /2y < :UQy + 922+ 22+ 9y2:v + 922y + 9222 + 18zyz
By the AM-GM inequality, we have

22z + 9y°x + 6zyz > 16 /222 - y1829 - 26y5626 = 162y\/z2

Sum up cyclically. We can get equality when x = y = z = 1, so we know that K cannot be
any smaller. O

Proof. (Posted by FelixD). We want to find the smallest K such that

(27 +yvz + 2v/)? < K2 (2 + y)(y + 2)(2 + )

But

@y +uvz+ /@)’ =D 2’y +20)_ 2y/yz)

cyc cyc

<Yy oy A

2
cyc cyc
=(x+y)(ly+2)(z+2z)+zyz

<(z+y)(y+2z)(z+x)+ é(:c +y)(y+2)(z+ )

= Sy + o) )

Therefore,

e

K> K>

x| ©
S

2
with equality holds if and only if x =y = z. O

\Y

10
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Problem 3. (Iranian National Olympiad (3rd Round) 2008). Let x,y,z € RT and
z+y+ 2z=3. Prove that:
3 n y3 n 23 S 1 2 2 2y + +y2)
xy + vz +yz
B8 Bis  Brs-o9  arW Y

Proof. (Posted by rofler). By the AM-GM inequality, we have

3 +y—|—2 y2—2y+4>£
(y+2)(y?2 —2y +4) 27 27 -3
Summing up cyclically, we have
3 N y? N 23 2yl + 22— (r+y+2)+6%3
P +8 23+8  a3+8 27
2,2, .2
s> 1,l FHy 4
- -3 9 27

Hence it suffices to show that
1 2?2 +92+22 2
S L A
3 o7 > 27(xy +axz+yz)
= 9— (22 + 2+ 22) > 2y + 22 +y2)
—=9>(x+y+22i=9
Q.E.D. O
AV

Problem 4. (Iran TST 2008.) Let a,b,c > 0 and ab+ ac+ bc = 1. Prove that:
Vad+a+ VB +b+VS+e>2varbte

Proof. (Posted by Albanian Eagle). 1t is equivalent to:

(a+ b+ c)(ab+ bc+ ca)

gy;m \/ (a+b)(b+c)(c+a)

Using the Jensen inequality, on f(z) = ﬁ, we get
Z a+b+c
T e
a+b+c

So we need to prove that

(a+b+ 0)2(2 a?b + 2abc) > 4(ab + be + ca)(z a’b)

sym sym

Now let ¢ be the smallest number among a, b, c and we see we can rewrite the above as

(a — b)*(a®b + b*a + a’c + b*c — ac® — bc?) + *(a +b)(c — a)(c—b) >0

11



Inequalities from 2008 Mathematical Competition * & Kk Kk

Proof. (Posted by Campos). The inequality is equivalent to

> Vala+b)(a+c) = 2y/(a+b+c)(ab+be+ ca)

After squaring both sides and canceling some terms we have that it is equivalent to

Z a3 + abc 4 2(b + ¢)y/be(a + b)(a + ¢) > Z3a2b + 3a%c + 4abe

From the Schur’s inequality we have that it is enough to prove that

Z(b + ¢)+/(ab + b2)(ac + c2) > Z a®b + a*c + 2abe

From the Cauchy-Schwarz inequality we have

V(ab+b?)(ac + ¢2) > avbe + be

SO

Z(b +¢)v/(ab + b2)(ac + 2) > Z a(b+ ¢)Vbe + be(b + ¢) > Z a’b+ a’c + 2abe
as we wanted to prove. ]

Proof. (Posted by anas). Squaring the both sides , our inequality is equivalent to:

Za3—32ab(a+b)—9abc+22 Vala+b)(a+c)/bb+c)(b+a) >0

But, by the AM-GM inequality, we have:

ala+b)(a+c)-bb+c)(b+a)
= (a® 4 a®c + a®b + abc) (ab® + b?c + b + abe)
> (a®b + abc + ab® + abc)?

So we need to prove that:
a® + 0> + & —ab(a +b) — ac(a + ¢) — be(b+ ¢) + 3abe > 0
which is clearly true by the Schur inequality O

\Y

Problem 5. Macedonian Mathematical Olympiad 2008. Positive numbers a, b, ¢
are such that (a +b) (b+ ¢) (c+ a) = 8. Prove the inequality

atbte orfad + b3 + 3
3 = 3

Proof. (Posted by argady). By the AM-GM inequality, we have

(a+b+c)P =+ + 3 +24 =+ + S +3+-+3>9 (B + 3 +3)- 38

Q.E.D. O

12
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Proof. (Posted by kunny). The inequality is equivalent to
(a+b+e)% >3%@ + b3+ 3) - [4]

Let a+b=2x, b+ c=2y, c+ a =2z, we have that
(a+b)(b+c)(c+a)=8<=uzyz=1

and
2a+b+c)=2r+y+z2)<=a+btc=c+y+=z
(a+b+c) =+ +S+3a+b)b+o)cta) =+ +S=@+y+2)>-24

Therefore
[¥| <= (z+y+ 2)27 > 326{(33 +y+ 2)3 — 24}.

Let t = (z +y + 2)3, by AM-GM inequality, we have that
z+y+z2>23Yryz<=zx+y+2>3

yielding ¢ > 27.
Since y = t? is an increasing and concave up function for ¢ > 0, the tangent line of y = t”
at t = 3 is y = 326(t — 27) + 32".We can obtain

t9 > 3%(t — 27) 4 3%
yielding t° > 326(t — 24), which completes the proof. O
Proof. (Posted by kunny). The inequality is equivalent to

(a+b+c)*" Lo
ad+v+c3

Let z = (a4 b+ ¢)3, by the AM-GM inequality, we have:

ﬂa+b+@>3

8:(a+b)(b+c)(c+a)S< 3

S0 a + b+ ¢ > 3 The left side of the above inequality

9 8(mp _

fla)=—5;

We have f(z) > f(27) = 3%. O
\Y%

Problem 6. (Mongolian TST 2008) Find the maximum number C such that for any
nonnegative x,y, z the inequality

2+ + 22+ Olay® + y2? + 222) > (C + 1) (2%y + 22 + 222).

holds.

13



Inequalities from 2008 Mathematical Competition * & Kk Kk

Proof. (Posted by hungkhtn). Applying CID (Cyclic Inequality of Degree 3) ! theorem,
we can let ¢ = 0 in the inequality. It becomes

23+ + ey > (e + Day?
Thus, we have to find the minimal value of

3 2
¥y -y +1 1
fy) =—F"——=y+——

Y2 —y y(y —1)

when y > 1. It is easy to find that
Fly=0s2y—1=y-1))1 sy -2y +y° -2y +1=0.

Solving this symmetric equation gives us:

1+v24+vV2v2 -1
2

1

Thus we found the best value of C' is
1 _1+\/§+\/2ﬂ—1+ 1

Y+ Rz 2.4844

\Y

Problem 7. (Federation of Bosnia, 1. Grades 2008.) For arbitrary reals x, y and z
prove the following inequality:

3(x—y)* 3(y—2)* 3(y—2)°
4 0 4 4

}.

22 42 + 2% — 2y — yz — 2z > max{

3
Proof. (Posted by delegat). Assume that is max. The inequality is equivalent to

(z —y)*
4

4% + dy? + 422 > day + dyz + 4wz + 322 — 6zy + 3y

o 2?4 2y + y? + 22 > dyz + daz
s @+y—22)2%>0

so we are done. O

\Y

Problem 8. (Federation of Bosnia, 1. Grades 2008.) If a, b and c are positive reals
such that a® + b + ¢ = 1 prove the inequality:

a® + b’ b+ c° & +ad
>3(ab+b -2
ab(a+0b)  be(b+c) +ca(an—i—b) = 3(ab+ b+ ca)

You can see here: http://www.mathlinks.ro/viewtopic.php?p=1130901

14
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Proof. (Posted by Athinaios). Firstly, we have
(a+b)(a—b)2(a*+ab+b*) >0
SO
a® +b° > a®b*(a +b).
Applying the above inequality, we have
LHS > ab+ bc+ ca
So we need to prove that

ab + bc + ca + 2 > 3(ab+ be + ca)

or
2(a® +b* + %) > 2(ab + be + ca)

Which is clearly true. O

Proof. (Posted by kunny). Since y = 2° is an increasing and downwards convex function

for x > 0, by the Jensen inequality we have

A+ (a+b\’ A+ 1 (a+b?* 1 (a + b)?
> —_— 7 > __. - b)? .
2 _< 2 ) ab(a+b) ~ 16 ab 16(a+) ab
>i( +0)? -4
= 16"
(because (a + b)? > 4ab for a > 0, b > 0)

Thus for a >0, >0, ¢ >0,

a® 4+ b° N b° + N ¢ +d®
abla+b)  be(b+c¢)  calc+a

) > %{(a—i—b)Q +(b+c)?+ (c+a)?}
1

:§(a2+b2+02+ab+bc+ca)
> ab+ bc+ ca

Then we are to prove
ab + bc + ca > 3(ab+ be + ca) — 2

which can be proved by

ab+bc+ca23(ab+bc+ca)72<:>1Zab+bc+ca<:>a2+b2+02zab+bc+ca

Q.E.D. O

Comment
We can prove the stronger inequality:

a® +bv° b+ A +ad

>6—5(ab+0b .
abla+0b)  be(b+c)  cala+c) — (ab+be+ ca)

15
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Proof. (Posted by HTA ). It is equivalent to
a’® +b° 1,5 5 .5 5
> ety g+ 25 (e -r)

202 +ab+2b% 5

2

— - ) >
> (a—b)*( 508 2)_0

Segt e

which is true. ]

\Y

Problem 9. (Federation of Bosnia, 1. Grades 2008.) If a, b and c are positive reals

prove inequality:
4a 4b 4c

1+ —)(1
b—f—c)( +a—|—c)( +a—|—b
Proof. (Posted by polskimisiek). After multiplying everything out, it is equivalent to:

4(2 a3) + 23abc > 4(2 a?(b+c))

cyc cyc

(1+ ) > 25

which is obvious, because by the Schur inequality, we have:

(Z a®) + 3abe > Za2(b +¢)

cyc cyc

So finally we have:

4(2 a®) + 23abc > 4(2 a®) + 12abc > 42 a’(b+c)

cyc cyc cyc

Q.E.D O
v

Problem 10. (Croatian Team Selection Test 2008) Let x, y, z be positive numbers.
Find the minimum value of:

(a) z? + y2 + 22
Ty + yz
Ty + Yz

Proof. (Posted by nsato).
(a) The minimum value is /2. Expanding

2 2
(5o

16
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we get 22 + y? + 22 — V2zy — V2yz > 0, so
2,2 .2
¥ty +z > \/5
Ty +yz
Equality occurs, for example, if z = 1, y = /2, and z = 1.
(b) The minimum value is /8/3. Expanding
2 ? 1 2
z—y\5v) +35(v-v6:) 20,
3 3
we get 22 + y? + 222 — /8/3zy — \/8/3yz > 0, so
2?2 +y? + 22 N §
xy+yz V3
Equality occurs, for example, if z =2, y = v/6, and z = 1. O

\Y

Problem 11. (Moldova 2008 IMO-BMO Second TST Problem 2) Let ay,...,any

be positive reals so that a1 +as + ...+ ap < % Find the minimal value of

1 1 1
A:\/a%+2+\/a§+2+...—|— a%+f2
a3 as aj

Proof. (Posted by NguyenDungTN). Using Minkowski and Cauchy-Schwarz inequal-

ities we get

al a9 n

, (1,1 1\?
A> (a1 +as+...+ap)’+ | —+— ...+ —

n4

(a1 4+ ag+ ...+ ap)?

2¢m+@+m+%ﬁ+

By the AM-GM inequality:

(3)° o

2
artax+...+ap)” + -
(a1 + a2 ) (ar +ag+...4ap)? ~ 2

Because a1 +az + ... +a, < 5 so

We obtain

17
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Proof. (Posted by silouan). Using Minkowski and Cauchy-Schwarz inequalities we get

, (1,1 1\?
A>qf(ar+as+...+ap)’+ | —+— ...+ —

a1 as n

nt
(a1 +ag+...+ap)?

2\/(a1+a2+...+an)2+

Let a; + ... + a, = s . Consider the function f(s) = s + ’;—3
This function is decreasing for s € (O, %] So it attains its minimum at s = 5 and we are

done . O

Proof. (Posted by ddlam). By the AM-GM inequality, we have

2

1 1 1 a
2 2 17 1
i+ S =ai+—s+.+——5>17
a2 1642 16a2 = (16a3)16

SO
2

ax
3
— a5 \a; 1=CL1)
16,32 ( i+
16™a;7,

n
A> 172 34
i=1
By the AM-GM inequality again:

n 2
Z 34 a; > n
o V1670 T (T, 16167230)

But "
Hizl%? < <x1+x2+...+xn> < 1
n 2n
So
A> V1Tn
-2
O
\Y
Problem 12. (RMO 2008, Grade 8, Problem 3) Let a,b € [0,1]. Prove that
1 a+b ab
<1 —.
l+a+b~ 2 * 3
Proof. (Posted by Dr Sonnhard Graubner). The given inequality is equivalent to
31—-a)(1=b)(a+b)+ab(l—a+1—-0b)>0
which is true because of 0 <a<land 0 <b < 1. O

18
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Proof. (Posted by HTA). Let

a+b ab 1

5 T3 T T1iatd

fla,b) =1-
Consider the difference between f(a,b) and f(1,b) we see that

1(b—1)(a+2a(b+1)+3b+2b(b+1)) —3a -

fla,b) = f(1,b) = & A+atb)21b)

it is left to prove that f(1,b) > 0 which is equivalent to

“1bb-1)
6 2+b

Which is true . O

\Y

Problem 13. (Romanian TST 2 2008, Problem 1) Let n > 3 be an odd integer.
Determine the mazimum value of

ViIzr — zo| + V|2 — x3] + .o+ V]zn—1 — za| + V]zn — 21],
where x; are positive real numbers from the interval [0, 1]

Proof. (Posted by Myth). We have a continuous function on a compact set [0, 1], hence
there is an optimal point (z1,...,2,). Note now that

1. impossible to have x;—1 = x; = ©;41;
2. ifx; <x;—1 and z; < x4q, then z; = 0;

3. if x; > xj—1 and z; > w41, then z; = 1;

4. if Ti4+1 < xX; < T;—1 Or Ij—1 < xT; < Li41, then xT; = w
It follows that (z1,...,2,) looks like
1 2 ko — 1 2 1 1 1
(077777"'7 ) 2 7"'777770777"'77)7
k1" k1 ko ko' ko k3 kl
where k1, ko, ..., k; are natural numbers, k1 + ko + ... + k; = n, [ is even clearly. Then the

function is this point equals

S =Vki +Vka+ ..\ k.

Using the fact that [ is even and vk < vk — 1+ 1 we conclude that maximal possible value
of Sisn—2+vV2(=n—1,ki =ky=..=k_1 =1, k=2 in this case). O

19



Inequalities from 2008 Mathematical Competition * & Kk Kk

Proof. (Posted by Umut Varolgunes). Since n is odd, there must be an i such that both
x; and z;11 are both belong to [0 1] or [1 1]. without loss of generality let 1 < z9 and 7,

D) 2
x5 belong to [0, 3]. We can prove that

VIg — a1+ Iz — 2] < V2
If z3 > x9, \/.7,‘2—%‘1+\/1‘3—1'2§2~1/@§\/§;

else z1, z9, z3 are all belong to [0, %]

Hence, \/xo — 21+ Ix3 — 22l < \/g—i— \/g Also all of the other terms of the sum are less
then or equal to 1. summing them gives the desired result.

Example is (0, %, 1,0,1,...,1)

Note: all the indices are considered in modulo n O

\Y

Problem 14. (Romania Junior TST Day 3 Problem 2 2008) Let a,b,c be positive
reals with ab + bc 4+ ca = 3. Prove that:

1 1 1 1
< —.
1+a?(b+c) + 1+ b%(a+c) * 1+c2(b+a) ~ abe

b+b
Proof. (Posted by silouan). Using the AM-GM inequality, we derive %’ﬂ >
¢/ (abc)?. Then abe < 1. Now
1 1 1 1
- - < e — o=
Z1—#(12(1)—1-0) _Zabc—i-aQ(b—i—c) Z?:a abc
O

\Y

Problem 15. (Romanian Junior TST Day 4 Problem 4 2008) Determine the max-
imum possible real value of the number k, such that

1 1 1
(a+b+c) + + —k) >k
a+b c+b a+c

for all real numbers a,b,c > 0 with a + b+ ¢ = ab + bc + ca.

Proof. (Original solution). Observe that the numbers a = b = 2,¢ = 0 fulfill the condition
a+b+c = ab+bc+ca. Plugging into the givent inequality, we derive that 4 (% + % + % — k:) >
k hence k£ < 1.

We claim that the inequality hold for k = 1, proving that the maximum value of k is 1. To
this end, rewrite the inequality as follows

1 1 1
(ab + be + ca) + + —-1)]>1
a+b c+b a+c

b+ b
@ZMZaberchcaJrl

a-+b

20
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ab
>1
a+b—
Notice that aa—fb > #bb%, since a, b, ¢ > 0. Summing over a cyclic permutation of a, b, c we
get

Z ab ZZ ab :ab+bc+ca:
a+b at+b+ec at+b+c

as needed. O

b
@Zaib+02ab+bc+ca+1®2

Proof. (Alternative solution). The inequality is equivalent to the following

b 1 1 1
g=_4rore +—+
a+b+c+1\a+db c+b a+c

Using the given condition, we get

1 N 1 N 1 :a2+b2+02+3(ab+bc+ca)
a+b c+b a+c (a+b)(b+c)(c+a)
Ca?+ b+ +2(ab+be+ ca) + (a+b+c)
B (a+b)(b+c)(c+a)

(a+b+c)la+b+c+1)
(a+b+c)?—abc

hence
(a+b+c)?

" (a+b+c)? —abe

It is now clear that S > 1, and equality hold iff abc = 0. Consequently, k& = 1 is the
maximum value. O

\Y

Problem 16. (2008 Romanian Clock-Tower School Junior Competition) For any
real numbers a,b,c > 0, with abc = 8, prove

a—2+b—2+c—2<0
a+1 b+1 c+1—

Proof. (Original solution). We have:

a—2 b—2 c—2 1 1
<0&3-3 — <0&1<
it e D e D

Yy
z

We can takea:2£,b:2 ,0:2E to have
Y x

2
a+1 2oy +y?2 T 2?2 4+ y? 4 22 + 2(xy + yz + 22)
(by the Cauchy-Schwarz inequality) as needed. O

\%
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Problem 17. (Serbian National Olympiad 2008) Let a, b, ¢ be positive real numbers
such that x +y + z = 1. Prove inequality:

1 n 1 n 1 <27
yz+z+1 xz+y—|—§ ry+z+1 7 31

Proof. (Posted by canhang2007). Setting x = § ,y = % ,z = 5. The inequality is
equivalent to

Z+<i
3a2 +abc+27 — 31

cyc

By the Schur Inequality, we get 3abc > 4(ab + be + ca) — 9. It suffices to prove that

3a 3
2. <3
9a? + 4(ab + bc + ca) + 72 — 31
3la(a+b+c)
1-— >
@Z< 9a? + 4(ab + be + ca) + 72 20

(7Ta + 8¢+ 10b)(c — a) — (7Ta + 8b+ 10¢)(a — b)
@Z CL2+S

>0

4(ab + bc + ca) + 72 )
3 .

(where s =

2 2
@Z(a—b)z&b + 8b% + 15ab + 10c(a + b) + s >0

(a® + s) (b2 + )
which is true. ]

\%

Problem 18. (Canadian Mathematical Olympiad 2008) Let a, b, ¢ be positive real
numbers for which a + b+ c = 1. Prove that

<
a+bc+b+ca+c+ab_

a—bc b—ca c—ab §
5

Proof. (Posted by Altheman). We have a + bc = (a + b)(a + ¢), so apply that, etc. The
inequality is

> (b+c)(a® + ab+ ac — be) < %(a +b)(b+c)(c+a)

<— Z a’b + b*a > 6abe

cyc

which is obvious by the AM-GM inequality. O

\Y
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Problem 19. (German DEMO 2008) Find the smallest constant C such that for all
real x, vy
I+ @4y’ <C-(1+2%) - (1+y?)

holds.
Proof. (Posted by JBL). The inequality is equivalent to

22+ >+ 2y +1 <c
$2+y2+$2y2+1 -

The greatest value of LHS helps us find C in which all real numbers z,y satisfies the
inequality.
Let A =22 + 42, so

A+ 2zy+1

AT+l S

To maximize the LHS, A needs to be minimized, but note that

2%+ y? > 2zy.

a
So let us set 22 + % = 22y = a = 2%y® = T
So the inequality becomes

8a + 4

L=——<<C
(a+2)? —
dL  —8a+8
dz  (a+2)3 -
4
It follows that max(L) = C = 3 O
\%

Problem 20. (Irish Mathematical Olympiad 2008) For positive real numbers a, b, ¢
and d such that a® + b* + ¢ + d* = 1 prove that

a’b?ed + +ab*Ed + abPd? + a’bed? + a?bctd + ab*ed? < 3/32,
and determine the cases of equality.
Proof. (Posted by argady). We have
a?b*cd + ab*ctd + abc*d* + a*bed® + a*be*d + ab*cd? = abed(ab + ac + ad + be + bd + cd)
By the AM-GM inequality,
a® +b? + ¢ + d* > 4vabed

and

P+ +E+E+ECE+ P+ +E+ P+ P+ E+ P
2

> (ab+ ac + ad + be + bd + cd)

23
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N W

1
so abed < 6 and ab + ac + ad + bec + bd + cd <
Multiplying we get

a’b’ed + ab*cPd + abPd? + a®bed? + a?bPd + ab’ed? < % :

1
The equality occurs when a =b=c=d = 5 O
v

Problem 21. (Greek national mathematical olympiad 2008, P1) For the positive
integers a1, aso, ..., a, prove that

kn

noog2\ &
<Zznl 2 > Z H ai
Zi=1 a; i=1
where k = mazx {a1, ag, ...,an} and t = min{ay,as, ...,an}. When does the equality hold?

Proof. (Posted by rofler). By the AM-GM and Cauchy-Schwarz inequalities, we easily
get that

Now, the direct application of AM-GM required that all terms are equal for equality to
occur, and indeed, equality holds when all a; are equal. ]

\Y%

Problem 22. (Greek national mathematical olympiad 2008, P2)
If x,y, z are positive real numbers with x,y,z < 2 and 2% + y*> + 2> = 3 prove that

1+y2 1422 1422

<3
142 g4z a42

2 <
2
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Proof. (Posted by tchebytchev). From x < 2,y < 2 and z < 2 we find

r+2  y+2  z2+2 4 4 4 2

1+y2+1+z2 1+22 1492 1+22+1+:c2 3

and from x > 0,y > 0 and z > 0 we have

1+y2+1—|—z2 1+22 1492 1—|—z2+1+$2

=3.
x+2 y+2 z+2 2 2 2

O

Proof. (Posted by canhang2007). Since with 22 +y?+ 22 = 3, then we can easily get that
z,y,z < /3 < 2. Also, we can even prove that

2
z+2

Indeed, by the AM-GM and Cauchy Schwarz inequalities, we have

2 2 2 2 .2, .2 2
Z:U +1> x°+1 Za: +1>2(:U +y°+2°+3) 72

c+2 T 2o 24+5° S @2+ 1)(2+5) S 222+ 33

y 72 o
- %(3324—3/2—1—22)24—33_3—1-33_

2

\Y

Problem 23. (Moldova National Olympiad 2008) Positive real numbers a,b, ¢ satisfy
inequality a + b+ ¢ < % . Find the smallest possible value for:

1
S = abc + —
abe

Proof. (Posted by NguyenDungTN). By the AM-GM inequality, we have

3

§Za+b+cz3\/3abc

so abc < é. By the AM-GM inequality again,

1 1
S = abc+ — = abc + 63 > 24/ab 63

+ c + 1 + 03 05
abe 64abc  64abc — "64abc = 6dabc — 4 8 8

\Y

Problem 24. (British MO 2008) Find the minimum of x> + y? + 2% where z,y,z € R
and satisfy x3 +y> + 23 — 3xyz =1

25
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Proof. (Posted by delegat). Condition of problem may be rewritten as:
(+y+ )@+ + 22 —ay—yz—zx) =1

and since second bracket on LH S is nonnegative we have x +y + z > 0.
Notice that from last equation we have:

1+ Ty +yz+zz)(r+y+z2 1
4yt 4z (zy +y Netytz) tayt+yz+zx
r+y+z r+y+z
and since ) ) ) )
a:y+yz+zx:(x+y+z) ;x . —
The last equation implies:
Bl +y?+2?) 1 (z+y+2)°
2 S xty+z 2
- 1 N 1 (z+y+2)>
C2xty+z) 2z+y+2) 2

>

| W

This inequality follows from AM > GM so 22 + y? + 22 > 1 so minimum of z? + 3% + 2?2 is
1 and triple (1,0,0) shows that this value can be achieved. O

Proof. (Original solution). Let 2% + y? 4 22 = r2. The volume of the parallelpiped in R3
with one vertex at (0,0,0) and adjacent vertices at (z,v, 2), (y, 2, ), (z,z,y) is |23 + > +
23 — 3xyz| = 1 by expanding a determinant. But the volume of a parallelpiped all of whose
edges have length r is clearly at most r® (actually the volume is 73 cos f sin ¢ where 6 and
@ are geometrically significant angles). So 1 < r? with equality if, and only if, the edges of
the parallepiped are perpendicular, where r = 1. ]

Proof. (Original solution). Here is an algebraic version of the above solution.
= (2% +y* +2° - 3xyz)2 = (z(2® — y2) + y(y° — zz) + 2(2° — my))2

< (@ + 92 +2°) (@@ )2+(y2—zx)2+(2—xy)2)

= (2 +* +z)(x +yt 2 4 2%y 4 %% 4 22 2xyz(x+y+z))

= (2 +y +z)((x + 9 +z) (my+yz+zx))
)3

(:J: +y + z

\Y

Problem 25. (Zhautykov Olympiad, Kazakhstan 2008, Question 6) Let a,b,c be
positive integers for which abc = 1. Prove that

1 3
Zba—l—b =9
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Proof. (Posted by nayel). Letting a = —, b = y, c=2 implies
z x

< |8

LHS—Z l’2 > ($2+y2+22)2
- 22+$y — $2y2+y222+22$2+$3y+y32+23$

cyc

Now it remains to prove that

cyc cyc
Which follows by adding the two inequalities

syt 2 > By + P+ B

St a2y = Y2ty

cyc cyc

\%

Problem 26. (Ukraine National Olympiad 2008, P1) Let x, y and z are non-negative
numbers such that x* + y? + 22> = 3. Prove that:

T Y z
+ + <3
Vai+ty+z Jr+yt+z Joty+2?

Proof. (Posted by nayel). By Cauchy Schwarz we have
(@ +y+2)(l+y+2) > (z+y+2)?

so we have to prove that

I 1 1
e/T+y+z+yv/l+ao+z+2/ Tty
rT+y+z

But again by the Cauchy Schwarz inequality we have

e/Ity+z+y/ite+z+z/I+aty=) Vavataytaz

<V@E+y+2)(r+y+z+2ay+yz+2x)

and also

\/(ac—i-y+z)(w+y+z+2(my+yz+zaz)

<V(x+y+2) (22 +y2+ 22 + 20y + 2yz + 22x) = sv/5
where s = 2 + y + 2z so we have to prove that /s < v/3 which is trivially true so QED [
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Proof. (Posted by argady). We have

> =2 - <> —
cye VI TYT2Z cyc\/x2 (y + 2)y/ THre? cyC\/x2+(y+Z)%

T

Thus, it remains to prove that

Let x +y + z = 3. Hence,

x 1 T
<Vie (—)20@
g\/ —l—(y—l—z)““z ; V3 Va? -3

S(H ==t )z

cyc

- Z (z — 1)%(252% + 35z + 3) S
e (Gz+1)Va? —z+3+ 6v3z)Va2 —x +3

\Y
Problem 27. (Ukraine National Olympiad 2008, P2) For positive a,b, c,d prove that
(a+b)(b+c)(c+ d)(d+ a)(1 + Vabed)* > 16abed(1 + a)(1 + b)(1 + ¢)(1 + d)

Proof. (Posted by Yulia). Let’s rewrite our inequality in the form

(a+b)(b+c)(c+d)(d+a) < 16abed
(I+a)1+0)(1+c)1+d) ~ (14 Vabed)*

We will use the following obvious lemma
z+y S 2./xy
I+z)1+y) — 1+ /2y)?
By lemma and Cauchy-Schwarz

a+b c+d 4v/abed (v ab + Ved)? 16abcd

Tral 0 araata ot d 2 s  r Ved? = (11 Jabod)®

Last one also by lemma for z = vab,y = ved O

Proof. (Posted by argady). The inequality equivalent to
(a+b)(b+ c)(c+d)(d+ a) — 16abed+

+4v/ abed ((a +b)(b+c)(c+d)(d+a) — 4Va3b33d3(a + b+ c+ d)) +
+2v/abed (3(a +0)(b+ ¢)(c + d)(d + a) — 8/abed(ab + ac + ad + be + bd + cd))
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+4Va3b3c3d3((a + b)(b + ¢)(c + d)(d + a) — 4v/abed(abe + abd + acd + bed)) > 0,
which obvious because

(a+b)(b+c)(c+d)(d+ a) — 16abed > 0
is true by AM-GM;
(a+b)(b+c)(c+d)(d+a) — VBB (a+b+c+d) >0
is true since,
(a+b)(b+c)(c+d)(d+a) > (abc + abd + acd + bed)(a + b + ¢+ d) < (ac — bd)? >0

and
abe + abd + acd + bed > 4V a3b3c3d3

is true by AM-GM,;
(a+b)(b+ c)(c+ d)(d+ a) > 4V abed(abe + abd + acd + bed)

is true because

a+b+c+d>4vabed
is true by AM-GM,;

3(a+b)(b+c)(c+d)(d+ a) > 8Vabed(ab + ac + ad + be + bd + cd)
follows from three inequalities:
(a+b)(b+c)(c+d)(d+ a) > (abc + abd 4 acd + bed)(a + b+ ¢ + d);

by Maclaren we obtain:

v

a+b+c+d \/ab+ac+bc+ad+bd+cd

and

Vv

m\»—‘
c~\>—t
|+
m»—A
QJ»—‘

1 1
\/b E+ad+bc+bd+cd

which equivalent to

abc + abd + acd + bed > \/8 (ab+ ac + be + ad + bd + cd)abed.

CO

\Y

Problem 28. (Polish MO 2008, Pro 5) Show that for all nonnegative real values an
inequality occurs:

4(Va3b3 + Vb33 + V3a3) < 4c + (a + b)®.
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Proof. (Posted by NguyenDungTN). We have:
2
RHS—LHS:(%ﬁ+vﬁ—2%%2+mu¢*—¢® >0
Thus we are done. Equality occurs for a =b=cor a =0,b= /4c or a = V/4¢,b=0 O

\Y

Problem 29. (Brazilian Math Olympiad 2008, Problem 3). Let x,vy,z real numbers
such that x +y + z = xy + yz + zx. Find the minimum value of

x N y N z
224+1 Y241 2241

1
Proof. (Posted by crazyfehmy). We will prove that this minimum value is —5 If we take

x:y:—l,z:l,thevalueis—i.

Let’s prove that

oy v 2 4l
T+22  1+9y%2 1422 27
We have
x Yy z 1 (1+2)? Y z Yy z

— >
1+x2+1—|—y2+1+z2 2 24222 1+y2+1+z2_1+y2+1+22
y z
T+ 1122

then (y + 2)(yz + 1) < 0 and by similar way (z + 2)(zz+1) < 0and (y +2)(yz+1) <0 .
Let all of z , y , z are different from 0.

<0

e Allofz+y,y+2z,x+2i8>0Thenaz+y+2>0and xy+yz+zz < —3.It’'s a
contradiction.

e Exactly one of the (x +y) ,y+2, 2+ 2z1is <O0.
W.L.O.G, Assuming y + z < 0.
Because x + 2z >0and x+y > 0so x> 0.

xz+1<0and zy + 1 < 0 hence y and z are < 0.
b b 1 1
Lety:—aandz:—b.m:mandx>a>—andm>b>—.
a+b+1 x x
Soz >1and ab> 1.

: ab+a+b ab+a+b
Otherwise because of x > a and = > b hence cbrl > and L b.

So b > a? and a > b2. So ab < 1. It’s a contradiction.

e Exactly two of them (z +y),(y + 2),(z + z) are < 0.
W.L.O.G, Assuming y + z and x + z are < 0.
Because x +y > 0 so z < 0. Because zy < 0 we can assume z < 0 and y > 0.
Letx:—aandz:—candbecauseszrl>0and:1:y+1<OSoc<%anda>%.
Becausey—i—z<Oandx+y>0hencea<y<candso%<a<y<c<%. It's a
contradiction.
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e All of them are <0 .Soz+y+ 2z <0 and zy + yz + zz > 0 . It’s a contradiction.

e Someof x ,y,zare =0
W.L.O.G, Assuming z =0. Soy+ 2z =yz = K and

Yy z K*+ K 1 9
= > —— <= 4K“+12>0
1+y2+1+22 2K?2 —2K+1— 2 ti=

which is obviously true.

The proof is ended. O
\Y

Problem 30. (Kiev 2008, Problem 1). Let a,b,c > 0. Prove that

a? + b 4 2
5

Proof. (Posted by canhang2007). Assume that a > b > ¢, then

> min((a — b)?, (b— )%, (c — a)?)

min { (a — b2, (b—c)? (c— a)2} = min{(a — b)%, (b — ¢)?}
If @ + ¢ > 2b, then (b — ¢)? = min{(a — b)?, (b — ¢)?}, we have to prove
a® + 0%+ >5(b—c)?
which is true because
a2+ 4+ —50b—c)>2b—c)+b*+—50b—c)* =3¢(2b—¢c) >0
If a + ¢ < 2b, then (a — b)? = min{(a — b)?, (b — ¢)?}, we have to prove
a® +b* + > 5(a —b)?
which is true because
a? +b* = 5(a —b)* =2(2a — b)(2b —a) > 0
This ends the proof. O
\Y

Problem 31. (Kiev 2008, Problem 2). Let xi,x9,--- ,x, > 0,n > 3 and z1 + x2 +
<o+ xy = 2 Find the minimum value of

o . B
1+z? 1423 7 1+a?

Proof. (Posted by canhang2007). By AM-GM Inequality, we have that

T2 :z:%:nz 1
5 =2 — — > Xy — -T1X2
7 +1 7+ 1 2
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Apply this for the similar terms and adding them up to obtain
1
LHS > 2 — §($1$2 + xox3 + - + Tpxe)
Moreover, we can easily show that

T1To + Toxg + -+ xpr1 < wp(T) A+ T F X1+ F ) <1

for k is a number such that z; = max{xy,x9,...,z,}. Hence

1 3
LHS >2— - =—
- 2 2

\%

Problem 32. (Hong Kong TST1 2009, Problem 1)Let 61,04, ...,0200s be real num-
bers. Find the maximum value of

sin 01 cos 5 + sin 5 cos O3 + . . . + sin Oyg07 cos Bagps + sin Oop0g cos 01

Proof. (Posted by brianchung11). By the AM-GM Inequality, we have

1
sin 01 cos Oa+sin Oy cos O3+. . .+sin o7 cos Bappg+sin Hagpg cos 01 < B Z(sin2 0;+cos> 0;i11) = 1004

Equality holds when 6; is constant. O
v

Problem 33. (Hong Kong TST1 2009, Problem 5). Let a, b, ¢ be the three sides of
a triangle. Determine all possible values of

a? +b° + ¢
ab+ bc + ca
Proof. (Posted by Hong Quy). We have

a?+ b+ >ab+be+ ca

and |a — b| < ¢ then a? + b? — ¢ < 2ab.

Thus,
a? + 0% + % < 2(ab + be + ca)
2,72, 2
1§F:M <9
ab+ bc+ ca
O
v

Problem 34. (Indonesia National Science Olympiad 2008) Prove that for x andy

positive reals,
1 1 2

A+var  (+vir-

Tr4y+2
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Proof. (Posted by Dr Sonnhard Graubner). This inequality is equivalent to

9+ 22 + 2y + 22 + y® — 2Ty — 2 /5 + 208 + 28 — 8z G >0

We observe that the following inequalities hold

1 x+y>2,/7y

2. z+y? > 2y

3. y+ax2> 2x\/y

4. 2427 + 227 > 6,/7y.
Adding (1),(2), (3) and (4) we get the desired result. O
Proof. (Posted by limes123). We have

1 S 1 Y
(1422 " 142y z+y

(1+xy)(1+§) >(1+1)? =

and analogously
1 1 x
> .
(1+y)?2 " 142y z+y
as desired. ]

\Y

Problem 35. (Baltic Way 2008). Prove that if the real numbers a, b and c satisfy
a’? +b% +c% =3 then

a? (a+b+c)?
DRSS |

2+b+c? 12
When does the inequality hold?

Proof. (Posted by Raja Oktovin). By the Cauchy-Schwarz Inequality, we have

a? N b? N c? < (a+b+c)?
24+b+c2 24+c+a? 2+a+b? " 6+a+btct+ai+bE+c2

So it suffices to prove that
6+a-+b+cta’+b®+c® <12,
Note that a® + b? 4+ ¢ = 3, then we only need to prove that
a+b+c<3
But
(a+b+c)? = a®+b2+ 2 +2(ab+bc+ca) < a2 402+ +2(a*> +02+2) = 3(a® +b*+c2) = 9.
Hence a + b + ¢ < 3 which completes the proof. ]

\Y
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Problem 36. (Turkey NMO 2008 Problem 3). Let a.b.c be positive reals such that
their sum is 1. Prove that

a’b? n b2c? " a’c? S 3
A3a®—ab+0v%)  a3(b?2—bc+c?)  b3a®—ac+c?) T ab+be+ac

Proof. (Posted by canhang2007). The inequality is equivalent to

Z a’b? . 3la+b+c)
3(a? —ab+b?) ~ ab+bc+ ca
Put z = %, Yy = %, z = %, then the above inequality becomes
Z 23 S 3(zy + yz + zx)
22—xy+y? - x+y+tz
This is a very known inequality. O

Proof. (Posted by mehdi cherif). The inequality is equivalent to :

(ab)? 3la+b+c)
> >
c3(a? —ab+62) ab + ac + be
3(abe)®(a + b+ c)
<:>Za2—ab—|—b2_ ab + ac + be

But
3(abe)®(a + b+ c) = 3abe(D_ a)(abe)® < (Y ab)*(abe)*(AM — GM)

Hence it suffices to prove that :

ab)?
Z(;b)w(abc) (3" ab)
A ZCQ ab+b2) ZZab
= ZCQ a2—ab+b2 +Zc(a+b)232ab

(ab)3 + (be)® +
A Z 02(a2—ab+b2 3Zab
On the other hands,

(ab)® + (be)® + (ca)® _  (ab)® + (ac)® + (be)?
2w a2 922( b)? — abe(> " a)

It suffices to prove that :

(ab)® + (ac)® + (be)?
O S (b — abe(sa) =52

Denote that z = ab, y = ac and z = bc

3 .31 .3
rw+ Yy +z

3 >
2(x2+y2+z2)—xy+yz+zx_x+y+z

= ) 2P +3ayz> ) ay(x+y)

which is Schur inequality ,and we have done. O
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\Y

Problem 37. (China Western Mathematical Olympiad 2008). Given z,y,z € (0,1)

satisfying that
1—2 1-— 1—2
+ i + = 2.
yz Tz V' zy

Find the mazimum value of xyz.

2 and so on...

Proof. (Posted by Erken). Let’s make the following substitution: z = sin
It follows that

2sin asin Bsiny = E cos asin «

But it means that o 4 3+ = , then obviously

27
. . . 2 o 20
(sinasin Fsiny)* < o
O
Proof. (Posted by turcas.). We have that
1 x+3(1 —x)
2/ryz = — z(3—3x) < — =
V- Lyl
_3v3 1 3
== 7
So 2,/zyz < % - %Zaz < % — V3 Jzyz.
If we denote p = §/zyz we get that 2p3 < % — V/3p?. This is equivalent to
4p® +2v3p* —3v3 < 0= (2p — V3)(2p* + 2V3p + 3) <0,
then p < @ So zyz < %. The equality holds for z =y =2z = % O

\Y

Problem 38. (Chinese TST 2008 P5) For two given positive integers m,n > 1, let
a;ij(i = 1,2,---,n,j = 1,2,--- ,m) be nonnegative real numbers, not all zero, find the
mazimum and the minimum values of f, where

ny i (05 aij)? +m i1 (i ai;)’
(ol Yoty i) +mn 300, ST aZ

Proof. (Posted by tanpham). We will prove that the maximum value of f is 1.

f=

e For n =m = 2. Setting a1 = a,a21 = b,a12 = x,a21 = y. We have

f= 2((a+ b0+ (z+y)?+(a+z)*+ (b+y)?) <1
C (atbtaty)’tA(@+2+a2+y?)

s=(x4+b—a—y)*>0

as needed.
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e For n =2, m = 3. Using the similar substitution:

(z,9,2), (a;b,¢)

We have
. 20+b+e)+2@+y+2)2+3a+z)?+30+y)*+3(c+2)? <1
6(a2+b2+c2+a2+y2+22)+ (a+b+ctat+y+z)’ B
s@+b—y—a)l+@+c—z—a) +y+c—b—2%2>0
as needed.

e For n =3, m = 4. With
(x,y,2,t),(a,b,c,d), (k,1,m,n)
The inequality becomes
(z+b—a—y)l?+(@tc—a—2>+(@+d—a—t) +(@+l—k—y)’+
2t @+n—k—024+W+c—b—2>+y+d—b—1t)>+
Fy+m—Il—2+(y+n—1—t)>+--->0

+(@x+m—k—z)

as needed.
By induction, the inequality is true for every integer numbers m,n > 1
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Chapter 3

The inequality from IMO 2008

In this chapter, we will introduce 11 solutions for the inequality from IMO 2008.

Problem.

(7). If z,y and z are three real numbers, all different from 1 , such that zyz = 1, then

prove that

$2 y2 22

TR AT A A

With the sign Y for cyclic summation, this inequality could be rewritten as

2

22!

(#7). Prove that equality is achieved for infinitely many triples of rational numbers

x,y and z.
Solution.

Proof. (Posted by vothanhvan). We have

N (O (N

cyc

We conclude that

x 2
S -1 e 2 o - o e e e
QE.D 0
\%
Proof. (Posted by TTsphn). Let
a= w b= y ,C= &
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Then we have :

1
be=(a+1)(b+1)(c+1)= D -De=1 &ab+ac+bec+a+b+c+1=0

Therefore :
a?+b*+c* = a®+b*+c+2(ab+actbe) +2(a+b+c)+2 & a’ b2+ = (atbtcet1)*+1 > 1

So problem a claim .
The equality hold if and only if a +b+c+ 1= 0.
This is equivalent to

Yy +zx +zx =3

From z = i we have

1 1 9 9

—+-—+4yz=3zzy —yBz—1)+2=0

Y

A=(32z-1)-42" = (2 —1)*(1 — 42)
2
We only chose z = ,|m| > 0 then the equation has rational solution y. Because
r = — so it also a rational .
yz

Problem claim . O]

\Y
Proof. (Posted by Darij Grinberg). We have

x? y? 2*  (yrtartay— 3)?

G 1P G- 1P @11 (1)

For part (ii) you are looking for rational x, y, z with zyz =1 and 2 +y + z = 3.
In other words, you are looking for rational x and y with x + y + w—ly = 3. This

rewrites as y* + (x — 3) y + = = 0, what is a quadratic equation in y. So for a given
z, it has a rational solution y if and only if its determinant (z —3)* — 4 - % is a
square. But (z — 3) —4- 2 =2 (g - 1)?, so this is equivalent to 24 being a square.

x

Parametrize... O
\%

Proof. (Posted by Erken). Let a =1 — X and so on... Then our inequality becomes:
a’b? + b’ + Pa? > a?b* P

while (1 —a)(1 —=b)(1—¢) = 1.

Second condition gives us that:

a’b? + b2 + fa® = a*b* + (a + b+ c)* > a*b*c?
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\Y

Proof. (Posted by Sung-yoon Kim). First letting x = =y = Qz = 1—97. We have
q r

iSEES)

to show that )

q
Z(p—cz)2 =

Define f(t) to be

(t+a)° _ 1, q ¢
Z(p_q)g—(z(p_q)Q)tJr?(Z )t+z(p_q)2—At+2Bt+C

(p—q)?

This is a quadratic function of ¢ and we know that this has minimum at ¢y such that
Ato+ B = 0.
Hence,
AC — B?
f(t) > flty) = At + 2Bty + C = Bty +C = —

Since

0= B = (¥ =) (Y o) — (L o)’

(r—q)? (p—q)?
and we have

(a® + b+ )(d* + € + f%) = (ad + be + cf)* = (ae — bd)?,

We obtain |

r—q 2
AC — B? = — ) = ——=A
D3 o s i Dl ey
This makes f(t) > 1, as desired.
The second part is trivial, since we can find (p, ¢, ) with fixed p — ¢ and any various
q — r, which would give different (x,y, z) satisfying the equality. ]

\%

Proof. (Posted by Ji Chen). We have

ZEQ y2 22

17 G- o1

B a® be ®

= + + -
(a3 —abe)® (¥ —abe)® (¢ — abe)?
(be + ca + ab)? (b2¢® + 2a? + a2b? — a2be — b*ca — c*ab)’

- 2 2 2 >0
(a® — be)” (b — ca)” (c* — ab)
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Proof. (Posted by kunny). By zyz = 1, we have

x Y 2 Ty Yz 2
el g1 a1 {<:c—1><y1>+<y—1><z—1>+<z—1><x—1>}
2y +yc D@ -1 +2( -1y —-1) —ay(z—1) —yz(z —1) — zz(y — 1)

(z =Dy —1)(z—1)
:x(y—l)(z—l—z)—i—y(z—1)(x—1—.r)—|—zx(y—1—y)
(z =Dy —1(z-1)
:x+y+z—($y+yz~l—zx)
(z—-Dy—-1(-1)
Cxtytz—(xytyzt+er) Fayz—1
(z-Dy—-1(-1)

_@-De-DE-1)

(r =1y —1(z—-1)

(Because x # 1, y # 1, z #1).)
Therefore

1:2 y2 22

=12 -1 =17
N (xfﬁﬂl+zi1)2—2{<x_1§?y_1>+<y_f§fz_1>+<z_1§fx_1>}
- xi1+ygl c—1) No—1"y-1" -1

( + = ) 2( GEEE Q

2
=< GHESI. A Z1_0 +1>1

z—1 y—1 z-—

The equality holds when

T Y z 1 1 1

Proof. (Posted by kunny). Let t +y+z=a, zy+yz+zx =b, zyz=1,z, y, 2
are the roots of the cubic equation :

P —at® +bt—1=0
If t =1 is the roots of the equation, then we have

?—a-1>24+0b-1—-1=0<=a—-0b=0
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Therefore t # 1 <= a— 0 # 0.
Thus the cubic equation with the roots a = %5, = 45, 7= is
Y z

r—

t\° t t
(t—l) a(t—1)+ t—1 0
= (a—bt’ —(a—2b+3)t>—(b—3)t—1=0 ---[]
Let a—b=p+#0, b—3=q, we can rerwite the equation as
pP—(p—t’ —qt—1=0
By Vieta’s formula, we have
a+6+7=u:1—g,aﬁ+57+7a:—g
p p p

Therefore
z? ZJQ 22 2 2 2
G- - o T

= (a4 8+7)* = 2(aB + by + y0)
(e[
b b
p

The equality holds when % =0 <= q =0 <= b = 3, which completes the proof. [J

\Y

Proof. (Posted by kunny). Since x, y, z aren’t equal to 1, we can set x = a+1, y =

b+1, z=c+1 (abc #0).

2 2 2 12 b 12 12
: y 2@l b+ (et )

G-I -12 G-12 @ = =
1 1 1 1 1 1
=342( - )ttt
a b ¢ a? c?
2(ab+bc+ca)  (ab+ be + ca)? — 2abe(a+ b+ )

abc (abc)?

Let
a+b+c=p, ab+bc+ ca=q, abc=1r #0

we have zyz =1 <= p+q+r = 0, since r # 0, we have

2 2 _or 2 2
[*]:3+_q+q—2p:3+_q+<g) _21_?
r T r r r
2 2 +7r 2
=3+ 24 (4) 420 = (4) 44l s
r T T T r
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The equality holds when ¢ = —2r and p+q+r=0(r >0) <= p:q:r=1:(-2): L
O.E.D. 0

\Y

Proof. (Posted by Allnames). The inequality can be rewritten in this form

1
i

Y (1—a)(1=b= ((1-a)(1-b)(1-0)

or

1
where r = — and abc = 1.

a
We set a +b+ ¢ = p,ab+ bc + ca = q,abc = r = 1. So the above inequality is
equivalent to

(p—3)7>0

which is clearly true. O

\%

Proof. (Posted by tchebytchev). Let x = %, Y= % and z = % We have

$2 y2 22

@17 -1 17
I SRR SR
(_1—a)2 (1-0) (1—-¢)?
U S SR }_2{ 1 N 1 N 1
[(1—a) (1-b) (1-0¢ (I-a)1-0) (1-b1-c) (1—-c)(l-a)
_3—2(a+b+c)—|—ab—|—bc—i—car— [ 3—(a+b+c) ]

ab+bc+ca— (a+b+c) ab+bc+ca— (a+b+c)

3—(a+b+0) 2 3—(a+b+0)
ab+bc+ca—(a+b+c)] _Z{ab+bc+ca—(a+b+c)]

3—(a+b+c) 2
ab+bc+ca—(a—|—b+c)} =1

= |1+

18,088
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Glossary

1. AM-GM inequality
For all non-negative real number ay, as, - - - , a, then

al—l—ag—l—---—i—anznm

2. Cauchy-Schwarz inequality
For all real numbers ay,as, - ,a, and by, by, - , b, then

(af+a3+-+al) (b +b34 - +n2) > (arhy + asby + - - - + anby)

3. Jensen Inequality
If f is convex on I then for all ay,as,--- ,a, € I we have

Flen) + flas)+ -+ flen) = nf <

4. Schur Inequality
For all non-negative real numbers a, b, ¢ and positive real number numbers r

a(a=b)(a—c)+b" (b—a)(b—c)+ " (c—a)(c—b) >0

Moreover, if a, b, ¢ are positive real numbers then the above results still holds
for all real number r

5. The extension of Schur Inequality (We often call *Vornicu-Schur in-
equality’)
For x >y >z and a > b > ¢ then

a(x—y)(r—2)+bly—2)(y—z)+c(z—2)(z—y) >0
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