Ve QOude Bd Cén

An Inequality collection

Let the solutions say your method!

The second version
|

Can Tho © 2009



Copyright (©) 2009 by Vo Quoc Ba Can.

All rights reserved. No part of this book may be reproduced or distributed in any form or by any
means, or stored in data base or a retrieval system, without the prior written the permission of the
author.



Loi cam on

Quyén tuyén tip nay chic chin sé khong thé thuc hién dugc néu khong c6 su déng gép clia nhiing
ngudi ban ctia toi. Ho da truc tiép dong vién toi thuc hién, gti cho toi nhiing bai todn hay gitp toi
c6 thé tuyén tap lai mot cach tot nhit c6 thé cac bai todn bt dang thiic. Xin dugc néu ra diy nhiing
ngudi ban than thiét da gidp dd toi rit nhiéu trong qua trinh thuc hién quyén tuyén tap nay

1.

2.

Nguyén Vin Diing - Giang vién Hoc Vién Ky Thuat Quan Su Ha Noi.

Tran Quang Hung - Cao hoc toan truong Pai Hoc Khoa Hoc Tu Nhién, PHQG Ha Noi.

. Cao Minh Quang - Gido vién trudng THPT Chuyén Nguyén Binh Khiém, Vinh Long.

. Vo Thanh Vin - Lép 12 Todn, trusng THPT Chuyén, DPHKH Hué.

Nguyén Manh Diing - L6p 12 Toén, khéi Ph Thong Chuyén Toan — Tin, trudng PHKHTN,
DHQH Ha Noi.

Tran Anh Tuén - dang cap nhat thong tin.



Nhirng bai bat dang thirc tir cac cudc thi giai toan

Bai O1. Gid sit a,b,c la cdc sé thic khong dm théa man a® + b + ¢ + abc = 4. Chiing minh ring
0<ab+bc+ca—abc <2.

(USAMO 2000)
Lai giai 1 (V. Q. B. Can). Bit ding thic bén trdi 12 hién nhién, bdi vi tir gia thiét, ta suy ra cé it nhit
mot sb trong ba sb a, b, c khong 16n hon 1. Gia st s6 d6 1a ¢, khi d6 ta sé c6

ab+bc+ca—abc =ab(1 —c)+c(a+b) > 0.

Bay gid, ta sé chiing minh bit dang thiic bén phai. Thay abc = 4 — (a® + b? 4 ¢?) vao, ta c6 thé viét
lai bit dang thic nay thanh a® + b% 4 ¢ 4 ab + bc + ca < 6. Ta sé dung phuong phap phan chiing dé
ching minh bt déng thiic nay. Gia st ton tai mot bo s (a,b,c) gdm cac s6 hang khong 4m sao cho
A +b2+c+abec=4vaa®+b*+c?+ab+ bc+ca> 6. Khi do, ta sé co

6(a*>+b*+c?)  6v6abe

4=a*+b*+c*+abc = +
6 66

6(a®+b* +c?) 6\/6abc

a?+b>+c?+ab+bc+ca (a2 +b%+c2+ab+bc+ca)’/?’
suy ra

3v/6abc
2(ab+bc +ca) — (a* +b* + ) > .
( )= ) Va2 +b2+c2+ab+bc+ca

Miit khac, ap dung bat dang thiic Schur bac 4 (3 dang phan thiic), ta thay

6abc(a+b+c)
2(ab+b — (@ b+ <
(ab+bc+ca) — (a” + +c)*a2+b2+c2+ab+bc+ca’
nén tu trén ta suy ra

6abc(a+b+c) 3v/6abe

R+b2+c24ab+betca” PR+t +ab+be+ca

Diéu nay ching t6 ring abc > 0 va v2(a+b+c) > \/3(a> + b+ c2 +ab + bc + ca). Didu nay vo
1i, béi vi ta ludn co

3(a* +b* 4?4 ab+bc+ca) —2(a+b+c)? =a* +b*+c* —ab—bc—ca> 0.

Nhu viy, khong thé nao tdn tai cic sb a, b, c thda man gia thiét ctia dé bai sao cho a® +b* +c> +ab +
bc + ca > 6, hay néi mot cach khéc, véi moi a, b, ¢ khong am sao cho a? + b% 4 ¢> + abc = 4, ta phai
co

ab+bc+ca—abc < 2.

Bai toan dudc chiing minh xong. Dé thiy bét dang thiic bén trai dat dudc diu bing khi (a, b, c) 1a mot
hodn vi ctia bd s6 (2,0,0); va bit diang thiic bén phai dat dugc diu bing khi (a,b,c) = (1,1, 1) hoic
(a,b, ) 1a mot hoan vi cita b sb (ﬂ V2, o) . n
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Lui gidi 2. Day 1a mot chitng minh rit hay va dic sic cho bit dang thiic bén phai. Trong ba s6 a, b, c,
ludn ton tai it nhit 2 s6 sao cho hiéu cda chiing khi trit cho 1 ¢6 ciing diu v6i nhau. Khong mét tinh
téng quat, gia st hai s6 d6 12 a va b, khi d6 ta c6 c(a—1)(b—1) > 0, suy ra abc > ac + bc — c. Mit
khéc, theo bit dang thiic AM — GM thi 4 = a* 4+ b*> 4 ¢> + abc > 2ab + ¢ + abc, suy ra ab < 2 — c.
Tir day, ta thu dugc

ab+bc+ca—abc < (2—c)+bc+ca— (ac+bc—c) =2.

n
Lai giai 3 (V. Q. B. Can). Xin dugc gi6i thiéu thém cing ban doc mot chiing minh khéc cho bat
déng thic bén phai. Tir gia thiét, ta d& dang chiing minh dudc ton tai cac s6 khong am x,y,z sao cho

3 = 27)( = 27)] — # < 4 3 A
x+y)y+2)(z+x) >0vaa= (Hy)(xﬂ),b ¢ e V6i phép dat thuan

nhét nay, ta c6 thé dua bai toan vé chiing minh

4xyz
_ <1
oe (x+y)/ x+z)(y+z) (x+y)(y+2)(z+x)
Ap dung bét déng thiic AM — GM, ta c6
x+z y+z

L

Xy
Z x+y x+z) +.Z (y+2)(y+x)
E

2

2

| A

e (x+y)V/(x+2)(y+2)

cyc

X
+
x+y x+Z) ;;’(Hy)(xﬂ)

_y x(y+z) 4xyz
Sty a+z) Y+ (etx)
Vi thé bét dang thifc trén 12 hién nhién diing, va phép chiing minh ciia ta dugc hoan tét. ]

Bai 02. Cho a,b, c la cdc s6 thuc duong théa man ab + bc 4 ca + abc = 4. Chitng minh rang
a+b-+c>ab+bc+ca.

(Viét Nam, 1996)
N,o s%s g N 9 LA . 2 3u 2 _ 2} _
Loi g/lal 1 (V. Q. B. Can). T/u? glqa thiet, suy ra ta c6 thé dat a = }sz b= vac= )?) Vi x,y,z la
céc s6 thuc duong. Khi d6, bat dang thiic cAn chiing minh c6 thé dugdc viét lai thanh

x y Z 2xy 2yz 27x
b > + + :
y+z z+x x+y  (x+z2)(v+z) (+x)(z+x)  (z+y)(x+Yy)

Ap dung bét déing thiic AM — GM, ta c6

1 1 Xy xy
; (x+z)2 (y+2)? gj (z+x)? ;C‘ (y+2)?
B xy x
; (y+2)? ;;(HZ)Z Sevtz

Phép chitng minh cia ta dudc hoan tit. D& thiy dang thic xay ra khi va chi khi x = y = z, tifc 1a
a=b=c=1. ]
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Loi giai 2 (V. Q. B. Cin). Ta sé ding phuong phap phan chitng. Gia sit ring ton tai cic sb ducng

a,b,c sao cho ab + bc+ ca+abc =4 va a+b+c < ab + bc + ca. Khi d6, ta c6 a;jlf’cffm <1, dan
dén

4= (ab+bc+ca)-1+abc-1
atb+c \? at+b+c \’
>(ab+bc+ca).<ab+bc+ca> +abc'<ab+bc+ca>

(a+b+c)? abcla+b+c)?
ab+bc+ca  (ab+bc+ca)’’

Tu day, ta tim dugc

abc(a+b+c)?

2(ab+b — (@ +P 4+ > ——
(ab+bc+ca)— (a“+b"+c7) > (ab -+ be+ ca)?

Nhung ma theo bét déng thic Schur bac 3 & dang phan thic thi 2(ab + be + ca) — (a® + b* +¢?) <

9abc ‘A > X A
i+brc- Picu nay dan dén

9abc - abc(a+b+c)?
a+b+c” (ab+bc+ca)?’

suy ra abc > 0 va 9(ab + bc + ca)® > (a+ b+ c)* (mau thun bdi vi ta ludn ¢6 (a+b+c)? >
3(ab+ bc+ ca) theo AM — GM). Béi vay, ta khong thé ¢c6 a+ b+ ¢ < ab+ bc + ca v6i moi a,b,c > 0
thda man gia thiét ctia dé bai. Piéu nay ching té ring a + b+ c > ab + bc + ca, day chinh 12 diéu phai
ching minh. ]
Lai giai 3 (V. Q. B. Can). Ta sé sit dung phuong phap don bién dé ching minh bit ding thic da
cho. D€ y ring ngoai diém ding thic 1a a = b = ¢ = 1 thi bét dang thifc di cho con c¢6 mot diém
"nhay cam" la a = b — 2,¢ — 0 (cung cdc hodn vi). Diéu nay goi cho ta gié st ¢ = min{a,b,c} va
dung phép don bién d€ dua hai bién a,b vé bing nhau va bang mot sb + duong nao d6. Mudn vay,
viéc trudc tién ta phai lam d6 1a dam bdo gia thiét clia bai todn, tic 1a bo s (¢,¢,c) phai théa min
t> +2tc +1t?c = ab + bc + ca+ abc = 4. Vi ta can don bién tif (a,b,c) vé (t,t,c) nén ta phai ching
minh

a+b+c—ab—bc—ca>2t+c—1>—2tc,

tuong duong
(a+b—21)(1—c)+ (> —ab) > 0. (*)

Mt khdc, tif cach chon ctia t, ta c6 c(a+b —2t) = (¢ +1)(t> — ab). Ta sé chiing minh a + b — 2t va
t> — ab 1a nhiing s6 khong am. That vay, gia st a + b — 2t < 0, khi d6 ta ciing c6 1> —ab < 0. Piéu
nay dan dén ab > > > % > ab (vd 1i). Vi vay, ta phai c6 a+b—2t > 0 vat> —ab > 0. Ngoai ra,
tir gia thiét ctia ¢, dé thiy ¢ < 1. Va nhu thé, bit ding thic (x) 12 hién nhién ding. Phép don bién da
dugc hoan tét, cong viéc con lai clia ta chi 1a chiing minh 2¢ + ¢ — 1> — 2t¢ > 0 v6i 1 + 2tc +12c = 4.
Day 1a mot cong viéc rat don gidn, bdi vi tif 2 + 2¢c +t?c = 4, ta im dudc ¢ = L > 0, din dén

2—1)(t—1)?
t

> 0.

2—t
2t+c—t2—2tc:2z+7—t2—2(2—t):

[ |
Lui giai 4 (V. Q. B. Can). Dé thiy ring trong ba s6 a, b, ¢ ¢6 it nht hai s6 c6 hiéu khi trit cho 1 1a
nhiing s6 cing du vé6i nhau. Gié st hai s6 d6 1a a,b, khi d6 ta sé c¢6 c(a—1)(b—1) > 0, din dén
abc > ac+ bc — c. Tu day, ta thu dugc

a+b+c+abc> (a+Db)(c+1).
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Mit khac, 4p dung bét dang thiic AM — GM, ta lai c6

b)? b)?
4=abc+c(a+b)+ab< (a—; ) .c+c(a—|—b)—|—(a_; ) ,
suy ra
2
N 4-E 4@y 4
B %—F(Cl—&—b} a+b a+b )

Cong 1 vao hai vé ctia bat ddng thiic nay rdi nhan cho a4 b > 0, ta thu dudc ngay (a+b)(c+1) > 4.
Do d6, két hop véi trén, ta dudc a+ b+ c+abe > (a+b)(c+ 1) > 4 = ab+ bc + ca+ abc, hay néi
mot cach khac

a+b-+c>ab—+bc+ca.

Bai 03. Vdi a,b, ¢ la cdc s6 thuc duong bdt ki, hdy tim tdt cd cdc sé thuc k dé’ cho bdt ding thitc sau

dung
a b c 1\°?
k k k >k+=) .
( +b—i—c>< +c+a>< +a+b> _< +2)
(Viét Nam, 2009)

Li gii (V. Q. B. C&n). Diu tién, ta choa=b = 1, bt déing thiic da cho tré thanh (k+ 11-)* (k+ §) >
(k + %) : , tuong duong

(c—1)%(4k*c +4k> +2k— 1)
8(c+1)*
Dén day, cho ¢ — 0, ta thdy bat dang thiic chi diing néu 4k> + 2k — 1 > 0. Ta sé chiing minh ring,
nghiém ctia bat phuong trinh nay chinh 12 tip hop tit ca cic gia tri clia k thdéa man yéu cau bai todn,
tiic 1 ching minh vé6i 4k% +2k — 1 > 0 thi

a b c 1\
> — .
<k+b+c> (k+c+a> <k+a+b> - <k+2>

That vay, dat x = 2%,y = 22z = 25 thi hién nhién xy + yz + zx + xyz = 4 va bét ding thic trén
dudgc viét lai thanh (2k +x)(2k +y)(2k +2) > (2k+1). Bay gid, 4p dung bét dang thic AM — GM,

ta dé thiy xyz < 1. Tir d6, st dung két qua bai 02, ta thu dugc

> 0.

(2k +x) (2k +y) (2k +z) = 8k +4k> (x +y +2) + 2k(xy + yz +2x) + X2

> 8k + 4k (xy + yz + 2x) + 2k(xy + yz 4 2x) + 19z

= 8k> + (4Kk% +2Kk) (4 — xyz) +xyz

= 8k> + 16k* + 8k — (4k> 42k — 1)xyz

> 8Kk + 16k + 8k — (4k* +2k — 1) = (2k+1)°.
Nhu viy, phép chiing minh ctia ta da dugc hoan tit. Diéu nay ciing ching té ring khang dinh cta ta
& trén la ding, tic 1a tap hop tit ci cdc gid tri cAn tim cla k chinh 12 nghiém cla bét phuong trinh
4K* +2k—1>0. n
Bai O4. Cho a,b,c,d la cdc s6 thuc diuong théa mdn

1 | | |
Al T TEa T AT

1.
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Chiing minh rdng

abcd > 3.
(Latvia 2002)
Lui giai 1 (V. Q. B. Can). Ap dung bét ding thitc Cauchy Schwarz, ta c6
| = 1 N 1 n 1 n 1
B e R A
2
b, b, b Geprhed

I R N T T N T R A R A e
N, 2 s
Tudosuyraa%+bi4+ci4+ﬁ+42(a%+b%+c%+ﬁ) , tic la

1 1 1 1 1 1
22 a’b? + a?c? + a’d? + b2c2 + b2d? + c2d?’

N Ao 2% . s 1 1 1 1 1 1 6 A LA 4
Ma theo bat dang thic AM — GM thi ;7 + 5+ op + e+ g + 252 2 apea €0 ket hop voi

trén, ta dé dang suy ra dudc bat dang thic cin chiing minh. Pang thiic xay ra khi va chi khia = b =
c=d=+3. m

N v 1 _ 1 _ 1 yr— 1 i j = %
Loi giai 2. biatx = Ay T P T A vat = ag thitacox+y+z+tr=1va

a4:1—x:y+z+t, b4:Z+t+x, C4zt+x+y7 d4:x+>’+2_

X X y z t

Tit d6, d€ chiing minh bét déng thifc abed > 3, ta thiy rang ta chi cAn ching minh dudc

yt+z+t z+t+x t+x+y x+y+z>
X y z t o

81.

Nhung bit dang thiic nay hién nhién diing bdi vi theo AM — GM, ta c6

ytatt zHitx x4y xtytz 3y/yat 3v/ztx 39txy 395z
X y Z t - X y Z t

81.

Phép chiing minh ctia ta dudc hoan tit. n
Bai O5. Cho cdc sé duong a,b,c théa mdn

1 1 1
> 1.
a+b+1 +b—|—c—|—1 +C+Cl+1 -

Chitng minh rdng
a+b+c>ab+bc+ca.

(Andrei Ciupan, Chon do6i tuyén Romania du thi Junior BMO 2007)
Loi gidi 1 (Andrei Ciupan). Ap dung bit dang thiic Cauchy Schwarz, dé thay (a+b+1)(a+b+
) > (a+b+c)?. Tu d6 dan dén

1 1 1 atb+c*  btc+ad®  cta+b?
1< + + < S+ >+ 5
a+b+1 b+c+1 c+a+1 7~ (a+b+c)* (a+b+c)*> (a+b+c)

suy ra
(a+b+c)*<2(a+b+c)+a*+b*+c%,
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tuc la
a+b+c>ab+bc+ca.
Bit dang thiic clia ta dugc chiing minh xong. Péang thiic x4y ra khi vichikhia=b=c=1. ]

Lui gidi 2 (Cezar Lupu). Tir gia thiét, sit dung bat dang thic Cauchy Schwarz, ta cé

1 1 1
2> 1——F- l——— e —
_( a+b—|—1)+< b+c—|—1>+< c—i—a—l—l)

_a+b b+c c+a
Tatbt1 btetl  ctatl
[(a+b)+(b+c)+(c+a)?
T (a+b)(a+b+1)+(b+c)(b+c+ 1)+ (c+a)(c+a+1)
2(a* + b+ c?) +4(ab + bc + ca)
(@®2+b%+c2)+ (ab+bc+ca)+(a+b+c)

Tu day, ta suy ra dugc
(> +b*+*) + (ab+bc+ca) + (a+b+c) > (a* +b* +c?) +2(ab+ bc + ca),

tic la
a+b-+c>ab+bc+ca.

DAy chinh la diéu phai chiing minh. ]
Loi giai 3 (V. Q. B. Cén). Ta sé ding phuong phap phan ching dé chiing minh bit ding thiic nay.
Gia sit ton tai cic sb6 duong a,b,c sao cho —1 1 L_>1vaa+b+c<ab+bc+ca.

o aror T T 5rert T crard
. 32 Z ab+bc+ca X A
Khi do,taco 1 < hie dan dén

ab+bc+ca
1 Taibic ab+bc+ca

< .
a+b+1 a+b+% (a+b)(a+b+c)+ab+bc+ca

Va ta thu dugc

Z ab+bc+ca -
(a+b)(a+b+c)+ab+bc+ca

cyc
tuong duong
1>Z {— 2(ab+bc+ca) ?
(a+b)(a+b+c)+ab+bc+ca

cyc

hay la
2 b bZ
1>y @At .
(a+b)(a+b+c)+ab+bc+ca

cyc

Tuy nhién, theo cic bt dang thiic AM — GM va Cauchy Schwarz thi

2 2
VPZEZ (a+D) > 3(a+b+c)
45 (a+b)(a+b+c)+ab+bc+ca~ Y[(a+b)(a+b+c)+ab+be+cdl
cyc
3(a+b+c)? 3(a+b+c)? .
= latbtc) > (atbtc) = 1 (mau thuan).

2(a+b+c)>+3(ab+bc+ca) ~ 2(a+b+c)*+(a+b+c)?

Vi Vﬁy,/ta khong thé c6 diéu gia st trén, tic 12 véi moi a, b, ¢ duong thdéa man - Hl) +1,+ 5 +i Tt Hll T2
1 thi bat budc ta phai c6 a+ b+ ¢ > ab + bc + ca. Phép chiing minh dugc hoan tat. |
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Bai 06. Cho n > 2 la mot s6 nguyén bdt ki. Tim hdng s6 C nhé nhdt dé'bdt ddng thiic sau

Y w0 +x5) SClxr x4+ x)?,

1<i<j<n
luén diing véi moi sé thuc khong dm xy,xa, ..., x,.
(IMO 1999)
Lai giai (V. Q. B. Can). Véin=2,chox; =x, =1, ta dé thiy C > %. Xét truong hgp n > 3, cho
X1 =x2=1,x3 =" =x, =0, ta cling tim dugc C > % Ta sé chiing minh ring % cling chinh la gia

tri nho nhét ctia C d€ bat dang thic trén ding, tic la

—_—

Y i Hag) < cln e x)t
1<i<j<n 8

That vay, 4p dung bat dang thiic AM — GM, ta c6

Y xixj(x,-z—i—x?)g Y xx (xl-z—i—x?—i— ) x,%)z( ) x,-xj> (ix,z)

1<i<j<n 1<i<j<n k#ik#j 1<i<j<n

1 n
) (2
<i<j<n i=1

2

n
2 Y xixj+ inz 4
< 1 1<i<j<n i=1 1 Z”:x‘
~2 2 8 \&T)

Nhu thé, khang dinh ciia ta da dudc chiing minh xong. Piéu nay cho phép ta di dén két luan hang s6

C nho nhit thda min yéu cau cla dé bai 1a Cyjp = % [

Bai O7. Chiing minh ring véi moi sé thue duong a,b, c,x,y, z, bdt ddng thitc sau luén dwgc théa man

a_ by cz <(a+b+c)(x+y+z)
at+x b+y c+z~ atbtc+xt+y+z’

(KMO Weekend Program 2007)
Lai giai 1 (V. Q. B. Can). Bit déng thiic can chiing minh c6 thé dudc viét lai nhu sau

atx  ax b+y by ctz >a+b—i—c+x+y+z_(a+b—i—c)(x+y+z)
4  a+x 4 b+y 4  c+z)” 4 at+b+c+x+y+z’

hay la
(a—x)? (b—y)? (c—2)? S (a+b+c—x—y—z)?
a-+x b+y c+z = a+b+ctx+y+z

Theo bét ding thitc Cauchy Schwarz, ta dé thiy

[(a—x)+(b—y)+(c=2)]

VT 2 (a+x)+(b+y)+(c+2z)

=VP,

va nhu thé, bit dang thiic clia ta da dugdc chiing minh xong. |
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Lui giai 2 (Sanghoon). Ap dung bit bat déng thic Cauchy Schwarz, ta c6

[(a+b+c)x+ (x+y+2)%a)(a+x) > [(a+b+c)\/ﬁ+(x+y+z)\/a>x]2

—ax(a+b+c+x+y+2)?,
tu do suy ra

ax__ (a+b+c)x+ (x+y+2)2a
at+x~  (a+b+c+x+y+z)?
Bing cach thiét 1ap hai bt dang thiic tuong tu cho hai biéu thiic con lai, ta thu dudc

ax_ by L« <(a+b—i—c)2(x+y—|—z)+(x+y+z)2(a+b+c)_(a+b+c)(x+y+z)
at+x b+y c+z” (a+b+c+x+y+z)? at+b+c+x+y+z’
Bai toan dudc chiing minh xong.

]
Bai 08. Cho cdc s6 thie dwong a,b,c. Chitng minh bdt ddng thiic sau

g+é+£> a+b+b—|—c+1
b ¢ a b+c a+b
(Belarus 1998)
Loi giai 1 (V. Q. B. Can). Dé y ring bat ding thiic da cho tuong duong véi

a b ¢ a+b b+c

b -+ —4+-=-3|> b -2

(a+ +c)<b+c+a >_(a+ +C)<b+c+a+b )

va nhu thé, n6 c6 thé dudc viét lai thanh

a2 b * ab bc ca a+b+c)(a—-c)?
+f+*+f+f+——2(a+b+c)2( )( )

b c a c a b

(a+b)(b+c)
Theo bt ding thiic AM — GM, ta dé thiy % + % +9 >a+b+c. Vi thé, ta chi can chiing minh dugc

at b2

)2
4_7%_7_(61%4)4%)2(a—l—lH—c)(a c)
b ¢ a

(a+Db)(b+c)
hay la
(a—b)? N (b—c)? N (c—a)? > (a+b+c)(a——c)?
b c a (a+b)(b+c)
Ap dung bét dang thiic Cauchy Schwarz, ta cé (“Zb)z + (b=c)® > (“[:C)z . Do d6, ta chi can chiing minh
dudgc
1 1 a+b+c
R + - >
b+c a

(a+b)(b+c)
1a mot bit dang thiic hién nhién ding bdi vi né tuong duong véi

bla+b+c)
ala+b)(b+c) ~

Phép chiing minh ctia ta dudc hoan tit. Pang thiic x4y ra khi va chi khia = b = c.
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Loi giai 2. Ditx=§ vay= ¢, taco

SHe

c 'y at+tb x+1 bt+c 1+y

)

x" b+c 14y a+b  1+x

Do d6, bit dang thiic can chiing minh c6 thé dudc viét lai thanh

+1 oyl
>y

1y
X+-—+==2— ;
y x y+1 x+1

tuong duong
Y+ +x+y +y% > Py + 2x97 4 2xy.

Theo bét dang thiic AM — GM, ta c6

>2xy?, va x> 4+y*>2xy

By 4x o, By +x+yi+y?
5 > X7y, >

nén bit ding thiic trén hién nhién ding. Bai toan dugc chiing minh xong. ]
Bai 09. Chiing minh rdang véi moi sé thuc duong a,b,c, ta déu cé
2
1 1 1 1 (a+b+c+v3abc)

+ >
a+b b+c c+a 2Vabc ~ (a+b)(b+c)(c+a)

(Titu Andreescu, MOSP 1999)
Loi giai 1 (V. Q. B. Can). Ap dung bit déng thitc Cauchy Schwarz, ta cé

2
2 2 B2 (\3/abc)
+ + +
2(a+b)  a*(b+c) b*(c+a) 2abc
2 2
(a+b+c+\3/abc> (a+b—|—c—|—\3/abc>
> =
“(a+b)+a’(b+c)+b*(c+a)+2abc (a+b)(b+c)(c+a)

VT =

=VP.

Bai todn dugc chiing minh xong. Pang thiic xay ra khi va chi khia = b = c. ]
Loi giai 2 (V. Q. B. Can). Nhan ca hai vé ctia bat ddng thiic di cho véi (a+b)(b+c)(c+a) >0, ta
c6 thé viét lai né dudi dang

Y (a+b)(a+c)+ <a+b);€yg(c+a) > <a+b+c+€/@)2,

hay la

b)(b
ab+bc+ca+ (a+b)( 3+c)(c+a) > 2v/abc(a+ b+ ¢) + Va2b3c2.
2+ abc

Vi ab + be + ca > 3v/a?b2c? (theo AM — GM) nén ta chi can chiing minh dugc

b)(b
IO L) |52 2 2Yabela+ b +),
aopc

tuong duong
(a+b)(b+c)(c+a)+4abe > 4Va?b22(a+ b +c).
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Dé chiing minh bt déng thiic nay, ta sé gia sit @ > b > ¢, va viét lai né nhu sau

(b+c¢) [(a +b)(a+c)— 4§7a2b2c2} > 4V a2b2 2 (a - \S/c%) ,

hay 1a
(b+c) (a2 +ab+bc+ca—4V a2b2c2> > 4V a2b2c? (a —V abc) .

Lai st dung danh gid ab + be + ca > 3v/a2b?c? mot 1an nita, ta thiy ring bét ding thiic trén dugc suy
ra tu

(b+c) (a2 - m> > 4V a2h2c? (a - M) , tuong duong (b+c) (a+ C/@) > aVah22.
Theo bét dang thiic AM — GM, ta c6

(b+c) <a+ \3/6%) > 2vVbe -2\ av/abe = 4V a2b?c2.
Do d6, bat ding thiic cudi hién nhién diing va phép chiing minh ciia ta dudc hoan tat. ]

Bai 010. Gid sit a,b,c la cdc s6 thic duong bdt ki. Chitng minh bdt ddng thitc sau

(2a+b+c)*>  (2b+c+a)? (2c+a+b)?

<8.
262+ (b+c¢)* 202+ (c+a)®> 2c24(a+Db)* —
(USAMO 2003)
N,e o7 A RN )2 —a)? A s R A c LA M 2,
L\m giai 1 (V. Q. B. Can). D€ y rang 3 — 2(52“:5:2)2 = 22,4(2[7:{1; +“c))2 , nén ta co thé viét lai bat dang thiic
can chiing minh duéi dang
2(b+c—a)>  2(c+a—b)*> 2(a+b—c)? >1
262+ (b+c¢)? 202+ (c+a)® 22+ (a+b)* —
Ma theo bt ding thiic Cauchy Schwarz thi
2(b+c—a)? S 2(b+c—a)*  (b+c—a)?
2@+ (b+c)? T 2a2+2(b2+c?)  at+b 4t
Do d6, ta chi can chiing minh dudc
(b+c—a)*+(c+a—b)*+(a+b—c)*>a*+b*+c%
Bit dang thiic nay dudc suy ra tif bit dang thic sau (Hcfa)z;r(cﬂkb)z > ¢? (ding theo Cauchy
Schwarz) va hai bit ding thic tuong tu. Nhu viy, bai toan clia ta da dugc chiing minh xong. D&
thiy ding thiic x4y ra khi va chi khia =b =c. n

Loi giai 2. Bit déng thic di cho 1a mot bat dang thiic thuin nhit bac 0. Vi thé, ta c¢6 thé chudn héa
cho a+b+c = 1, khi d6, né dugc viét lai thanh

(a+1)2 (b+1)? (c+1)?

<8
2a2+(1—a)? 202+ (1-b)2 22+ (1—c)? —

Bay gid, stt dung danh gia sau

(a+1)? 71+ 2(4a+1) 71+ 2(4a+1) <1+2(4a+1)
2a>+(1—a)? 3 9a2—6a+3 3 (3a—1)2+2° 3 2
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ta thu ducgc

(a+1)> (b+1)? (c+1)? 1 1 1
< -t (da+ 1)+ o+ @b+ 1)+ =+ (det1)=8.
2@ (1—ap W (-bp 2@t (—cp 3 Wt DA F A (et D)

D6 chinh 1a diéu phai ching minh. |

Bai O11. Cho x1,x2,v1,Y2,21,22 la cdc s6 thuc théa mdn x1,x; > 0,x1y; > z% va xpyy > Z%. Chiing

minh rang

1 1 8
>

+ > .
xiyi—z5 xy—z5  (+x)(+y2) — (21 +22)?

(IMO 1968)
Loi giai 1 (V. Q. B. Can). Tir gia thiét, d& thiy y;,y, la cdc s6 duong. Diéu nay cho phép ta st dung
bét dang thiic AM — GM nhu sau

(1 +x2) (1 +¥2) = X131 +22y2 + (X132 +X2¥1) 2> X191 +X2)2 + 24/X1y1%2)2.
Tir dénh gid nay, dit x1y; —z7 = a > 0 va xpy, — 25 = b > 0, ta thu dugc
(x14x2)(y1 +y2) — (21 +22)* > X191 + X292 + 2/xiyixy: — (21 +12)?
=(a+2)+(b+B)+24/(a+2})(b+3) — (21 +22)°
> (a+23)+(b+3)+2 (x/cEerzz) —(z1+2)?
= (\/&Jr \/13)2.
Do d6, dé chiing minh bat dang thiic da cho, ta chi cin ching minh dugc

271 1 o
(\/a—i- \/l;) < + b) > 8 (hién nhién ding theo AM — GM).
a

Bai toan dudc ching minh xong. Dzzmg thic xay ra khi va chi khi x; = x,y; =y, va z; = 25. ]
Loi giai 2 (V. Q. B. Can). Ap dung bt déng thitc Cauchy Schwarz, ta c6

) 21 2\’ 3, B
(Z]+Z2) = \/37171‘}‘\/572 S(Xl'i‘xz) —+ =1,

N/ \/ X1 X
suy ra
2 Z% Z%
(x1+x2)(y1 +y2) — (21 +22)" > (x1 +x2) <y1 +y2— o xz>
X1Yy1 —Z% X2y2 —Z%
= (x1 +x2) +
X1 X2

x1y1 —21) (22 — 23)

(
>2y -2
2 2/ X1X2 \/ X1

= 4\/()61)’1 —23)(x2y2 — 23).

Miit khac, theo bit dang thiic AM — GM thi

1 1 2
>

2 2 = '
X1Y1 =2 X2Y2—2% \/(x1y1—2%)(x2)72—1%)
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Vi thé
1 1
[(x1 +x2) (31 +32) = (21 +22)7] ( ol z) 28,
X1Y1 =27 X2Y2—%5
tuc la
1 1 8
s 7 = 2"
xiy1—z7  xoyp—z5  (k1+x2)(yi+y2) — (21 +22)

Bai toan cia ta da dugc chitng minh xong. ]

Nhan xét. Hoan toan tuong ty, ta c6 thé chiing minh dugc bit dang thiic téng quét hon van con ding

NEU X1,X,5 -+ o, Xs V1, V2, -+ 3 Y0 VA 21,22, - -+, 2n (1 > 2) la cdc s6 thuc sao cho x; > 0 va
Xiyi >le thi

Yoat :

1XiYi — Z n n n 2
i=1 i=1 i=1

Bai O12. Chiing minh rdng véi moi sé thuc xy,x, . .., Xy, bdt ddng thitc sau luén duoc théa man
n

)
Y bl =Yl

1<i<j<n i=1
(Chon ddi tuyén Romania du thi IMO 2006)

Lai giai (V. Q. B. Can). Vi n = 2, bt ding thic 1a hién nhién. V6i n = 3, bt déng thic da cho tré
thanh

’)q +XQ’ + ‘XQ +X3’ + ‘X3 —i—xl\ > — (]xl\ + ’xﬂ + ])@\)

Trong ba s x1,x2,x3 ¢6 it nhit hai s6 cting diu v6i nhau, gia stt d6 12 x, va x3, khi d6 ta ¢6 |xs +x3| =
|x2| + |x3], suy ra bt ding thic trén c6 thé dugc viét lai thanh

1 1
Xy 4 x2| 4 x4+ x3] + E\Xz +x3] > E‘xl .
St dung bét dang thic tri tuyét dbi, ta cé

|X1+X2‘+’)C1+X3H- ‘X2+X3’> (|X1+X2‘+’X1+X3|+’X2+X3’)

—_—

1
> —|(x1+x2) + (x1 +x3) — (2 +x3)| = |x1| > E’xl‘-

[\S]

Vay bit dang thiic da cho ciing diing cho n = 3. Biy gid ta xét truong hop n > 4. R6 rang néu tit ca
cac sd x; déu cing du véi nhau (tic 1a cing am hodc cuing khong 4m) thi bat dang thiic da cho la
hién nhién. Vi thé, trong ching minh cta ta, ta chi can xét trudng hop thi ba, tic 1a trong diy x; ton
tai vita s6 4m 14n s6 khong am. Do vai trd ngang nhau gitta cic bién nén khong mét tinh tdng quat, ta
cothégidsting < - < <0< xppy <--<x,. Nu2<k<n—2thitacé
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Y itxl= Y kitxl+ )Y wx+ ) it

1<i<j<n 1<i<j<k k+1<i<j<n 1<i<k
kH1<j<n
—kZ|x,|+ n—k) Z ‘XJH‘Z Z Jxi +x;
j=k+1 i=1j=k+1
2kZ|x,|+ n—k) Z |xj|+Z Z (x;i +x;)
Jj=k+1 i=1|j=k+1
k n n
=kY x|+ (n—k) ) |xj|+z (n—ki+ Y |xl
i=1 Jj=k+1 i=1 Jj=k+1
k n k n
> kY il +(n—=k) Y, Pl ) | + ),
i=1 Jj=k+1 i=1 Jj=k+1
k
= Zx,|+n k) Z x|+ |(n—k Z\xl\—k Z x| -
i=l J=k+1 j=k+1

Néu k = 1 hoic k = n— 1 thi thuc hién tuong tu, ta ciing c6 d4nh gia nhu trén. Nhu vy, ta can chiing
minh

kZ]x,H— n—k) Z x| + |(n—k) Z|x,|—k Z ;|| >

Jj=k+1 Jj=k+1

(Z e rxj>

Jj=k+1
PatA=Yi | |x| vaB=Y"_; ., |x;| thi bit ding thic nay trd thanh

2
KA+ (n—Kk)B+|(n—k)A—kB| > ”T(A+B).

Néu (n—k)A > kB, ta co

2 a2 2 2~ 4k
VI —VP=kA+(n—k)B+(n—k)A—kB—"——=4-" nte,nt B

B=
2 2 2 * 2
n+2 k n+2—4k _ (n—2k)*+2n
> . B B = B> 0.
- 2 n—k + 2 2(n—k) -
Néu (n—k)A < kB, ta c6
-2 -2 2 4k+2-3
VT—VP:kA+(n—k)B—(n—k)A+kB—n2 A—”2 B:”; B+ +2 “A
_ _ YAV
Zn-i—2.n k —— 4k+2 3nA:(n 2k) —l—2nA20'
2 k 2 2k
Bai toan dudc chiing minh xong. ]

Bai O13. Cho a,b,c la cdc so thuc duong sao cho a < b < ¢ va x,y,z la cdc s6 duong bdt ki. Chiing
minh rang
(a+c)?
4ac

(x+y+2)? > (ax+by+cz) <§+%+§) .

(Olympic toan Ao 1971)
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Loi giai (V. Q. B. Cin). Ap dung bat déng thiic AM — GM, ta ¢

2
4ac(ax+by+cz) <2+£+§) < [(ax+by+cz)+ac (24—%4—%)} :

Vi vy, ta chi can chiing minh dudc
X Z
(a+c)(x+y+z) > (ax+by+cz) +ac (;4—%—1—5) ,

hay la

y(a— bl))(b —c) > 0.

Bit dang thifc nay hién nhién ding do a > b > ¢. Do d6, phép chiing minh ciia ta dugc hoan tit. m

Bai O14. Cho n+ 1 s6 thite xo,X1, ..., X, théa man xo = 0,x; > 0 vdimoi i = 1,2,...,nva x| +x» +
-+ X, = 1. Chitng minh rdng

Xi
Z"\/1-1-)604— XX+ +xn

w,\ S

(Olympic todn Trung Qudc 1996)
Loi giai. PAau tién, ta sé chitng minh vé bit dang thiic bén trai. Theo bat dang thiic AM — GM thi

Xi

5 >3
VI4+xo+ - FxioiVx Xy

nM:

n
al in:],
(lt+xo+-+xiatxit+o+x o

VE bén trai dudc ching minh xong. Biy gid, ta sé di dén ching minh vé bén phai. Tir gia thiét cho
phép ta ddt xo+x; +---+x; =sino; (0< o; < §) v6imoii=0,1,...,n. Khido, dé thy

(I4x0+-4x 1)+ 4x)=1—(x0+-+x_1)° =1 —sin’ & = cos® a;,
va nhu vy, bt dang thiic can chiing minh c6 thé dugc viét lai thanh

z”: sino; — sin o1 < T
- COS 0| -2
Ta c6 danh gia sau

o — O o+ oG
cos 5

. . . O — Oy
sino —sin@;_ = 2sin < 2sin % COS O_|

oG — O
<2- % COSQli—1 = (OC,' — OC,‘_1)COS i1,

suy ra

n 1 1 n

SIn oG — S oG — 0O 1 COSOi—1 T

Z; Z 1 - I(Xn*OC():(XnS*

- COS Q41 = COS O] 2
Bai toan dudc chiing minh xong. ]

Bai O15. Chiing minh rdng véi moi 0 < x < %, bdt ddng thiic sau luén dugc théa man

(cosx)®*** > (sinx)Si”.
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(MOSP 2004)
Li giai (V. Q. B. Can). Ta viét lai bt ding thic cin chiing minh du6i dang sau

2

cotx > sin“ x.

2 )cotx

(cosx)®* >sinx, hayla (cos“x

Ap dung bét ding thic Bernoulli v6i dé ¥ ring cotx > 1 Vx € (0, %), ta dugc

(cos?x) % = (1 — sinx)* (1 +sinx)* > (1 — sinx- cotx)(1 + sinx- cotx) = sin*x.
Déng thiic xdy ra khi sinx = 0 hodc cotx = 1, nhung c4 hai diéu nay 1a khong thé xdy radox € (0, %).
Vi viy, ta di d&én

2

2 %) > §in? x.

(cos”x

D6 chinh 1a diéu phai chiing minh. ]

Bai 016. Cho n > 2 la mét sé nguyén dwong cho trudéc va x1,x3, . .., X, la cdc sé thic duong bdt ki.
Dt
, { 1 1 1 }
Sy,=min<x;, —+x2,...,—— +X,,— ¢ .
X1 Xn—1 Xn

Hay tim gid tri I6n nhdt ciia S,, theo n.

(Tap huin doi tuyén Viét Nam du thi IMO 2009)
Lui gidi (V. Q. B. Can). Ta sé ching minh ring gid tri 16n nhét cda S, 1a 2cos -%5. That vay, gia st

n-+
. e .
S, > 2cos T khi d6 ta co

) 1 1 1 /4
min< xy, — +Xx2,..., +x,,— p > 2cos .
X1 Xp—1 X n+2

. (iD)w » . .
Dita; = gsmiﬂ v6i moii=1,2,...,n thita d& thiy a; > 0 va
n+2

1
agl=—+4a=--= a, = — = 2cos .
! a1+ 2 an_1+ a n+2

Bay gid, ta sé chiing minh ring x; > a; v6i moi i = 1,2,...,n. Khi d6, theo gia thiét phan chiing, ta s&

co

n < 1 < 1 )
— < — =2co0s8

n+2 x, a, n+2

2cos

D6 1a didu vo 1i, va ta sé c¢6 ngay didu phai chiing minh. D€ chiing minh khing dinh trén, ta hay dé y
ring néu c6 mot s6 k (k < n— 1) nao d6 ma x; > a; thi

1

2cos = — 4 agy1 > — +ag41-
dag Xk

n+2

Ma theo gia thiét phan chiing thi % + Xp41 > 2c0s ﬁ nén két hop véi trén, ta cé ngay xp | > diyi.
Diéu nay ching té rang néu khang dinh ctia ta diing véi k thi n6 ciing ding cho moi i =k,k+1,...,n.
Nhung 16 rang x; > a; (theo gi4 thiét phin ching) nén tir d6, ta suy ra dudc x; > a; v6i moi i =
1,2,...,n. Tir chiing minh nay, két hop véi 1ap ludn & trén, ta thiy ring danh gia S, > 2cos ﬁ la
khong thé xdy ra, hay n6i mdt cach khéc, v6i moi n 2 2 thi S, <2cos ﬁ D@ thiy dang thic xay ra
dugc khi x; = a; nén day ciing chinh 1a gid tri 16n nhét ctia S,.. Bai toan dugc giai quyét xong. |
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Bai O17. Cho ay,as, . .. ,ay la cdc s6 thuc théa man |a;] < 1 vdimoii=1,2,... nvaa; +ar+---+
a, = 0. Chiing minh rdng tén tai mét sé k € {1,2,...,n} sao cho

2k+1
lar +2a + - - -+ kay| < 0

(Tap huAn doi tuyén Viét Nam du thi IMO 2009)
Loi giai (V. Q. B. Cn). Dit by =0,b; = aj + -+~ +ia; v&i moi i = 1,2,...,n thi ta c6 a; = 201
voimoii=1,2,...,n. Nhu vay, tif gid thiét ta c6 |b; —b; 1| <iva

= b —bi_ by " (bi b b, "= b by,
0: P _ = _—— _—= —_
Yo=Y " PG ) Zi(i+1)+n

i=1

Khong mét tinh téng quat, ta c6 thé gid st by > 0, bdi vi néu by = 0 thi bai toan hién nhién dugc thoa
man, con néu by < 0 thi ta c6 thé thay a; bdi —a;, lic niy gia thiét cia bai todn van khong d6i nhung
ta sé c6 by > 0. Bay gio, tif gia thiét ndy, ta thly rdng trong day b,, ..., b, ton tai it nhit mot s6 khong
duong, ta goi k 1a chi so nho nhat sao cho b, < 0, khi dé ta c6 by > 0, va

k> ’bk—bkfll = ’bk’ + ‘bkfl‘.
Néu |by| > 2 va by | > M thi ta c6

k41 2(k—1)+1
4 4

|b| + |br—1] > = k (mAu thuln vdi trén).

Vi vy ta phéi ¢6 || < 25 hodc |by_| < L)“ . Bai toan dugc chiing minh xong. ]

Bai O18. Cho uy,uz, ..., u,,v1,v2,...,V, la cdc s6 thuc bdt ki. Chiing minh rdng

(ui+v;)* < = <1+Z ><1+§“1v’2>'

Lai giai (V. Q. B. Can). Ap dung bét déng thic Cauchy Schwarz, ta c6

1+

I

(Du tuyén IMO 1970)

n

Z u,+v,

i=1

HM:

i=1 i=1

n n n n n n
+Zvl~2+22uiv,~ < Zu?+2v?+2 (Zu?) (szz)
i=1 i=1 i=1 i=1
Vi vy, d€ ching minh bit dang thiic da cho, ta chi can chitng minh dugc

4
§(1+a2)(1+b2) >a’+b*+2ab+1,

trong d6 a = /Y" u? vab= /Y"1 v}. Tacé
4(14a*)(1+b*) = 3(a* +b* +2ab+ 1) = (a—b)* + (2ab — 1)* > 0,

nén bit dang thic trén hién nhién ding. Bai toan dudc chiing minh xong. D& thiy ding thiic xay ra

khi va chi khi u; = v; vaud +ud + - +ul = 1. n



20 Let the solutions say your method - Vo Quéc B4 Can

Bai 019. Chitng minh rdng véi moi a,b,c,d duong, ta déu co

at+c b+d c+a d—l—b>4
a+b b+c c+d d+a

(Du tuyén IMO 1971)
Loi giai. Ap dung bét ding thitc AM — GM, ta c6

at+c c+a 1 1 4(a+c)
atb ' c+d (a+c)< M >_a—|—b+c+d

a+b c+d

Hoan toan tuong tu, ta cling c6

btd d+b_  A(b+d)
b+c d+a " a+b+c+d

Cong tuong ting vé véi vé hai bit dang thiic nay, ta dé dang thu dudc bit dang thiic can chiing minh.
Diéng thiic x4y ra khi va chi khia =cvab=d. ]

Bai 020. Cho a,b,c la cdc s6 thic duong c6 tong bang 3. Chiing minh bdt ddng thiic sau

a n b n c >§
b+c2 c+ad? a+b: T2

(Pham Kim Hung, Tap huin ddi tuyén Viét Nam du thi IMO 2009)
Li giai (V. Q. B. Cin). St dung bit ding thic Cauchy Schwarz, ta dé thiy

2
VT -[a®(b+c*) +b*(c+d®) 4+ (a+b*)] > (a\/a+b\/15+cﬁ> .
BAt dang thifc can chiing minh dudgc dua vé

2
2 (a\/& +bVb+ c\/E> > 3(a’b + b*c+ c*a) + 3(a’b? + b** 4 *a?).

Nhan ca hai vé clia bat dang thiic nay cho 3, rdi st dung cac danh gia sau

a*b?
a+b

6 (a\/ﬁ+b\/l;+cﬁ)2 = 6Za3 + IZZab\/ch > 62(13 +24Z

cyc cyc cyc cyce

=2 <Za3> <Za> +8Zazb2(j++:+C)

cyc cyc cyc

=2 <Za3> <Za> +8Y a’h* +8abc)” a“fb,

cyc cyc cyc cyc
va

9(a*b+b*c+ca) =3(a+b+c)(@®b+b e+ cPa) =3(ab+bc+Pa)+3 Zazbz + 3abc2a
cyc cyc
< (@ +bP*+*)*+ 3Za2b2 +3abc))_a,

cyc cyc
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ta c6 thé dua bai toan vé chitng minh bit dang thifc manh hon Ia

b
2 Za3 Za +82a2b2+8abcza— 22a4+142a2b2+3ab62a,
cyc cyc cyc cyc a+b cyc cyc cyc
tuong duong

Za4+22ab(a2+b2)+acha—6Za2b2 > 4abc (Za—ZZaafb> :

cyc cyc cyc cyc cyc cyc

Theo bét dang thic Schur bac 4 thi
Za4 +abc) a> z:ab(a2 +b%).

cyc cyc cyc

Vi vdy, bit dang thiic trén dudc suy ra tir

3Y ab(a®+b%) —6Y a*b* > dabe <Za—2zaﬁ’b> :

cyc cyc cyc cyc

Khong miy kho khin, ta c6 thé dé dang viét lai bat dang thic nay dusi dang x(b — ¢)? 4 y(c — a)* +
z(a—b)? >0, trong d6 x = 3bc — 2ab¢ va céc biéu thiic y,z tuong ty. Khong mat tinh tong quat, gia
stta > b > ¢, khi d6 ta dé thay z >y > x, lai ¢6

2abc  2abc 2abc  2abc
— > 3ac+3bc — —
b+c a+c b

x+y=23ac+3bc— =ac+bc >0,

nén x4y > 0, tlf d6 ta suy ra dugc z >y > 0. Pén day, véi chd y ring (a —c)?> > (b—c¢)?, tacé
x(b—c)?+y(c—a)*+z(a—b)*> > (x+y)(b—c)* +z(a—b)* > 0.
Bai toan dudc chiing minh xong. Dé thiy ding thifc xay rakhi vachikhia=b=c=1. ]

Bai 021. Cho a,b,c la cdc s thuc khéng dm théa mdn khong co hai s6 nao trong chiing dong thoi
bang 0 va a+b+c = 1. Chiing minh bdt ddng thiic sau

bc—i—L ca—i—i ab+ ¢ <1
b+c c+a at+b) 4

(Tap huén doi tuyén Viét Nam dy thi IMO 2009)
Loi giai (V. Q. B. Cin). Khong mit tinh tong quat, gid st @ = max{a,b,c}. Khi do, ta c6 bién déi
sau

(ca—i—b) (ab—i—C) =a’be+ ca + ba + be
c+a a+b a+b a+c (a+b)(a+c)
bc? b*c bc
_a+b_a+c+(a+b)(a+c)
c b (a+b+c)?
a+b a+c (a—i—b)(a—i—c)}

= (b+c)*+bc [a2—2—

= (bre)+be [a21+ (a+bl>)fa+c)} |
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DitA=a’>—1+ (beiaﬂ (dé thiy A < 0), bt dang thiic can ching minh c6 thé dudc viét lai dudi

dang

(42 +abc] (bet——) <L tuong duong a(b+c)+Aab2 +be | -2 4 (b+e?| < L.
b +c) — 4 b+c 4

Tacé 3 —a(b+c) = (b“;a)z > 2bc(b+ ¢ —a)? va Ab?c? < 0 nén bét dang thiic nay dudc suy ra tit

ad 2 2 N 2 aA )
< _ s A .
bc [b+c+(b+c) } <2bc(b+c—a)”, hayla 2(b+c—a)”> b+c+(b+c)

Dén day, ta dit + = 2¢ < 1 thi dé thiy c
manh hon la

+bl)’?a+c) < @ +t)2 nén ta chi cin chiing minh bit dang thiic

2. 4| 2 S 2
212t—a)*> —|a _1+(a+t)2 +4r°.

Thay a = 1 — 2¢ vao, bat dang thiic nay tr thanh

2
2(4t —1)* > L [(12021+(1t_t)2} +41%,
tuong duong
t(1—2t
2(4t —1)* — 48> > (1 —2t)(2t—2)+2((1_t)27
hay la
2(1662 — 111 +2) > M

Taco4(1—1)2>4(1— %)2 =1 >1va16r2 — 111 +2—#(1 —2t) = 2(1 —3¢)? > 0 nén bat ding
thiic cu6i hién nhién diing. Bai toan dugc ching minh xong. D& thdy dang thiic x4y ra khi va chi khi
a=b = 5,c =0 cung cac hoan vi tuong ting. ]

Bai 022. Cho p, q la cdc s6 tu nhién théa man g > p. Xétn+1 (n>2) sé thuc ap=0,ay, ... ,a,_1,a, =

1 thda man
ag—1 + Ay

< . Vk=1,2,....n—1.

g
Chitng minh rdng

n—1

(p+1) Z (g+1) ) af.
k=1 k=1
(Chon ddi tuyén Romania dy thi IMO 2006)
Loi giai. Tir gia thiét,tadéthly 0 =ap<a; <---<a,=1,va0<a;=a;—ay<ay—a; <--- <
a, —a, 1 = 1 —a,_1. Mot nhan xét hitu ich gitip ta c6 thé dua bai todn vé trudng hop kha don gian,
d6 1a ta chi can chiing minh bét déng thifc da cho trong trudng hdp ¢ = p + 1 1a di. Bay gio, st dung
cong thuc tong Abel, ta c6

n—1 k
Zap+l Zak ak—anZak Z akH—ak)Zaf.
k=1

i=1
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+1 +1 N N A
Déyringa, =1nén Y} al" =Y al" +1vaa, Y} a) =Yr_ af =¥}~ a] +1, vi thé

Mw-

p
(li.

n—1 n—
zf“ Y - ¥ (-]
k=1 k=1

Do ai—aj—1 < Ak+1 — ag vl m01z: 1,...,]{, nén

k
(axr1—ar) Y al > Y (ai—ai1)a

=1 =1

1

Lai ¢6 pa’ +ap+1 > (p+ 1)a;_1a? (theo bit dang thic AM — GM suy rong), nén
a[_H—l p—«—ll
(a[ *Cll‘f])all? 2 tpfll
Tu nhting 1ap luan nay, ta thu dugc
—1 " n—1 n—1 k
Z al” < Z ay — Z Z(a, ai_1)al
k=1 k=1 k=1i=1
n—1 n—=1 k_,Pt1 p+11
< ap _ Z Z 1 1—
= k
k=1 - pt1
(= 1 "21 +1
_ p p
= L% o L%
k=1 p+1=

Do d6

hay néi mot cach khac, bt dang thitc da cho diing trong trudng hdp ¢ = p+ 1. Vi vay, phép chiing
minh ctia ta dudc hoan tit. Pang thic xay ra khi va chi khi p = ¢, hoic a; = --- = a,_; = 0, hoic

sz,qleéakzg. n

Bai 023. Chiing minh rang vdi moi sé thue duong a,b,c,d, ta déu cé

(a—b)a—c) (b—c)(b—d) (c—d)(c—a) (d—a)(d—Db)
a+b+c + b+c+d + c+d+a + d+a-+b =0

(Du tuyén IMO 2008)
Loi giai (V. Q. B. Can). Dit P(a,b,c,d) la vé trai ctia bit ding thiic da cho. Khong mét tinh
tong quat, ta thiy ring ta c6 thé gid st (a —c)(b —d) > 0. That vay, néu (a —c)(b—d) <0, ta
lay a; = b,b; = c¢,c; = d,d, = a thi ta ciing c6 P(ay,b1,c1,d\) = P(a,b,c,d), va ltic nay ta lai c6
(a1 —c1)(by —di) = —(a—c)(b—d) > 0. Bay gid, ta hdy dé y ring

(a—b)(a—rc) . (c—d)(c—a) _ (a—c)? ~(a+2c)(a—c)(b—4d)
a+b+c c+d+a a+b+c (a+b+c)(at+c+d)’

T 0-ba) @b _ (P | pr2)a-cb-d) | (b-d)
b+c+d d+a+b b+c+d (b+c+d)(d+a+b) ~ b+c+d’
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Do d6, bit dang thic da cho dudc suy ra tir

(a—c)? (b—d)? < (a+2c)(a—c)(b—d)
at+b+c b+c+d = (a+b+c)lat+c+d)’

Theo bét dang thiic AM — GM, ta c6

(a—c)? (b—d)? - 2(a—c)(b—d)
at+btc btctd ™ \Jlatbtc)(btctd)

Vi thé, ta chi can chiing minh dugc

Néu a > d thi ta cé Zigi; > 1va2(a+c+d) > a+2c nén bat ding thic nay 1a hién nhién. Néu
d > a thi ta dé thiy / Ziﬁdc > /%S nén bit dang thic trén 12 hé qué ciia

2(a+c+d)vVa+c> (a+2c)Ve+d.

Ta cé

2(a+c+d)Vatc=2Va+c+d\/(a+c+d)(a+c)>2a+c)Va+tc+d
>2(a+c)Ve+d> (a+2c)Ve+d,

nén bét ding thic cudi hién nhién diing. Bai toan dudc ching minh xong. D& thiy dang thiic xay ra
khivachikhia=cvab=d. u

Bai 024. Cho cdc s6 thuc duong a, b, c,d théa mdn dong thoi hai diéu kién abed =1 vaa+b-+c+d >
5+ % +5+ %. Chitng minh rdang

b ¢ d a
—+—-+—+=>a+b+tc+d.
a b ¢ d

(Du tuyén IMO 2008)
Lai giai (V. Q. B. Can). St dung cdc bét déng thic Cauchy Schwarz va AM — GM, ta c6

@l D (e ) o (L D) r ey (L]
b ¢ d a a b ¢ d) b d a c

= (a+c)(b+d) (1+b1d>

ac

1 1 _ 1 L,
> steraora( ) (G )
1 2 2 2
2 5(a+c)(b+d) <a+c+b+d>' Jacv/bd
=(a+btctd)+(at+b+ctd)

a b ¢ d
—+ - —F— b d).
><b+c+d+a>+(a+ +c+d)
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Tur d6 ta suy ra

b ¢ d a
—+—-+—+=->a+b+c+d.
a b ¢ d

D6 chinh 1a diéu phai chiing minh. ]

Bai 025. Cho a,b,c,d la cdc s6 thuc théa mdn diéu kién % <a*+b*+c2+d* < 1. Tim gid tri Ion
nhdt va gid tri nhé nhdt ciia biéu thiic sau

Q= (a—2b+c)?+(b—2c+d)*+(b—2a)*+ (c —2d)*.

(Chon ddi tuyén Viét Nam dy thi IMO 1993)
Lui gidi (V. Q. B. Cn). Trudc hét ta s& im gid tri 16n nhit cta Q. Pt k = /Y31, dp dung bét
déang thic Cauchy Schwarz, ta c6

(a—2b+c)* = (%-k+(—b)+(—b)+c>2 < (k*+3) <£+2b2+c2>,

(b—2¢+d)* = (b+(—6)+(—0)+i-k>2 < (K +3) <b2+2cz+;§>,
(b—2a)* = (%-k+%k+(—b))2 < (2K +1) (2;2 +b2> :

(c—2d)* = <Z‘k+z‘k+(—c)>2 < (2k*+1) (2;2 +c2).

Cong tudng tng vé vdi vé cac bit dang thiic nay, ta thu dudc

0<5 (1 - ,;) (a* +d*) +5(k* +2)(b* + 2.

Dok:ﬁnénHkLz:kbrz:”Tﬂ,vithétacé

Q§15+5ﬁ

. - 15+5\5'

(@ +d*+b*+c?) 5

l:—b:c:—i 2
2 2 1S k _ — —
22+b2—|—c2+d2k:1 tUClaa—iifkul),b——g%,c_k%,d—

15455
2

Ping thitc xay ra khi va chi khi {

—a. Vi dang thiic c6 thé xdy ra nén cling chinh 1a gia ti 16n nhét ctia Q.

a—2b+c= —5x

Ce e g, A 1s o -2 =— as
Bay gig, ta sé di tim gid tri nho nhat cda Q. D€ tién hanh, ta s€ dat Z_ 22 td_ 52 > , khi do ta
c—2d = -5t

a=3x+2y+4z+t
) b=6x+4y+3z+4+2t A a2 4, 42 . TS .
.b h 1 ,
09 . _ Ax+6y+ 27+ 3 én day, ap dung bat dang thic Cauchy Schwarz mdt 1an nita, ta co

d=2x+3y+z+4
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2
(Bx+2y+4z+1)> = <f V3x+V2-V2y 42k ?+k >

5 5 42 t2
< (5K +5) <3x +2)? +k2+k2)
t
(6x+4y+3z+2t)* = (\f 6-V6x—+2-2y4+/3k- \[Z—i-\[k f)

322 21
< (10+5k) <6x2—|—4y2+ =t k2>

(4x+6y+2z+31)* = (2 2x+V6-V6y+V2k- fzJ”[k \ft>

272 3t?
§(10+5k2)(4x + 6y +k2+k2>

(2x+3y+z+41)? = <f 2-V2x+/3- fy+k 7+2k f)

< 512+5) (22432 L2
— Yy k2 kz :

Cong tuong ting vé véi vé cac bat dang thiic nay, ta thu dudgc

3
A+ b+ +d> <2503k +5) (X2 +y*) 425 (2+k2>(z2+t2).

Do k =4/ ‘[ Lngn 3k +5=2+2 = 7+3f . Lai c6 theo gia thiét thi a® +b* +¢*>+d* > §, nén tx
trén ta thu du’(jc

1
=252+ 2 + 2+t
0 =250+’ 0z 7435
_y L
Piing thic xay ra khi va chi khi ticlax=y=+ 1
ang thuc xay ra khi va chi 1{ 25(x2 +y +z +t2) 7+§f crar=y 5\/(14+6V5) (k4-+1)

vaz =1t = k>x = k?y, tit day ta d& dang tim dudc a, b, c,d thda man ding thiic xay ra. Va ciing vi dang
thic c6 thé xdy ra nén ﬁ ciing chinh 12 gia tri nhd nhit ctia Q. Bai toan dudc giai quyét hoan
toan. [
Bai 026. Cho n > 3 la mét s6 nguyén cho trudc va x; > 1 (1 <i < n) la cdc s6 thuc théa man

2

x,-—l

n
>S=Yx Vi=12,...n
i=1

Tim gid tri 16n nhdt c6 thé cd ciia S.!
(Olympic toan Romania 2008)

ITrong dé bai gbc, bai todn dugc cho gia thiét 1a n > 2 va yéu ciu tim supS, nhung xét thiy véi n = 2 thi o rang
supS = +eo nén chung toi da sta lai thanh nhu trén.
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Loi giai (V. Q. B. Can). Tir gia thiét, ta dé thay

S

2
x:
L > x,-:x,-+2xk>x,-+(n—1)2x,~+2,
xi—1 75 kti

suy ra x? > (x; — 1)(x; +2), hay 1a 1 < x; <2 v6i moi i = 1,2,...,n. D gidi bai toan nay, ta can xét
N YT L, 2
truong hdp sau: S > 4, khi d6 ta sé ching minh rang x; < %2_45. That vay, bat dang thic x> §

xi—1 —

c6 thé dugc viét dudi dang tuong duong 1a f(x;) = x7 — Sx; + S > 0. Ta thdy ring f(x;) 12 mot tam
S—v/82-48 va S+/52-4S Vi
2 2

thifc bac hai cdia x; v6i hé sb cao nhit duong va c6 hai nghiém phan biét 1a
vay, d€ f(x;) > 0, ta can c6 x; < S=V5"—48 ”§2745 hoic x; > $HV5°=4S ”gL“. Tuy nhién, kha nang thi hai 1a khong
thé x4y ra, bdi vi néu n xay ra ta sé c6 x; > %, ma x; < 2 nén ta thu dugc S < 4, diéu nay mau thuén
v6i gia thiét ma ta dang xét, d6 1a S > 4. Nhu vay, ta phai c6

S—/S2—4S

< 2 Vi=1,2,...,n.

Xi

Tir d6, ta suy ra dugc
S—/52—48
5 :
Pén day, bang mot chuit bién ddi don gian, ta d& dang thu dugce S < n”TZ] Trong trudng hop thu hai,
x o 2 . < X 2
§ <4, khi d6 ta de dang kiém tra dudc § <4 < ., nén trong moi trudng hgp ta déu c6

S=x1+x2+--+x,<n-




Nhirng bai bat dang thirc tu sang tao va sw'u tam

Bai CHL1. Gid sit a,b,c la dé dai ba canh ciia mét tam gidc, hdy chiing minh bdt déng thiic sau

bc L ca n ab < 3
a* 420  b*42c%a> A +2a20 T a?+bP

(Vo Quéc Ba Cin)
Lai giai (V. Q. B. Can). Nhan ca hai vé ctia bit ding thic di cho v6i a?b? + b*c2 + c2a? > 0, ta ¢6
thé viét lai n6 duéi dang

3Y a’b?

21,2 2.2 2.2

Z bc_bc(ab +b°c ~|—ca) + cyc —ZbCZO,
a* +2b%c? Y a2

cyc cyc

cyc
tuong duong

3Y.a’b? — Y ab(a® +b*) — Y. a’bc
Z196‘(612—192)(612—02) N C)Zc C)Zc ( ) Ec >0
a*+2b%c? Y a? -7

cyc
cyc

hay la
2ab+2ac—b*—c*) (a—b)(a—
2Zbc(a2—b2)(a2—cz)_cyzc(a wb ) labla o,
a* +2b%c? Y a? -

cyc

cyc

Bét dang thic cubi nay c6 dang X (a—b)(a—c)+Y(b—c)(b—a)+Z(c—a)(c—b) > 0, trong d6

¥ 2bc(a+b)(a+c)(a®> +b>+c?)

TRy +b* 4+ —2a(b+c)+(b—c)?,

va céc biéu thiic Y, Z tuong tu. Pay 1a mot dang ctia bat dang thiic Vornicu Schur nén ta nghi ngay
dén viéc st dung bat dang thiic nay dé giai bai todn da cho. Mudn nhu vy, yéu cau dau tién ta cin
phai thoa man dé 1a X, Y, Z 1a nhiing dai lugng khong 4m, va may man thay, diéu nay ludn ding. That
viy, bt dang thiic X > 0 (c4c bit dang thiic Y > 0 va Z > 0 dudc xét tuong tu) tuong duong véi

2bc(a+b)(a+c)(a*+b*+c?)
a* +2b%c?

+b*+c* —2a(b+c)+(b—c)* > 0.

Theo bét ding thiic AM — GM thi

(a+b)(a+c)(a®+b*+c?) - (a® 4 bc) (a® + 2bc)

> 1.
at+2b%c? at*+2b%c?

Vi thé, ta c6 X > 2bc+b* +c* —2a(b+c) = (b+c)(b+c —2a), din dén két luan cta ta 1a hién
nhién néu b+ ¢ > 2a. Xét trudng hop a > ¢ = 2 ta s& ching minh ring

(a+b)(a+c)(a®+b*+c?) > 3a* +6b>c%. (*)
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Khi d6, ta s& ¢6 X > 6bc+b*+c? —2a(b+c)+ (b—c)? =2(b+c)(b+c—a) > 0, chinh 1a diéu ma
ta dang tim c4ch chiing minh. Pt x = be < ¢ thi bt dang thiic () c6 thé dudc viét lai thanh

(a* +2ta+ x)(a* + 41> — 2x) > 3a* + 6%,

hay la
—8x2+ (4t2 —4dat — az) x+ (a2 + 4t2) (a2 + Zta) —3q* > 0.
Do 41> —4at —a®> < 0 nén
VT > —8t* + (4> —dat — a®)* + (a* + 4t%) (a® + 2ta) — 3a*
= (2t —a)(2a® + 2%t +ar* — 21%) > 0.
Nhu vay, khang dinh trén ctia ta da dugc chiing minh. Bay gid, gid st a > b > ¢, ta cé X (a —b)(a —
¢)>0vaa—c—2(a—b)= W >0 nén

ZX(a—b)(a—c) >Y(b—c)b—a)+Z(a—c)(b—c)

cyc

(bZ—cY)(a—b)(b—c)'

>V (b—c)(b—a) +Z-2(a—b)-(b—c) = C

Vi thé, ta chi can chiing minh bZ > cY 1a bai todn dudc gidi quyét xong, diéu nay tuong duong véi
viéc ching minh

P (a+c)  c*Ha+b)

2,2, .2
2a(a”+b"+c*)(b+c¢) Pt 2R

+2(b—c)(a*+b*+c* —ab—ac) > 0.
Dé dang danh gia dugc 2(;21624 2 222(:21124

chiing minh xong. Pang thu’c xay ra khi va chi khi @ = b = ¢ hodc a = 2b = 2¢ va cac hoan vi tuong
uing. ]

nén bit ding thiic nay hién nhién diing. Bai todn dudc

Bai CH2. Cho cdc sé thuc khéng dm a,b,c théa man khong co hai sé nao dong thoi bang 0. Chiing
minh bdt ddng thiic sau

ab n bc n ca > 14 9abc
(a+c)(b+c) (b+a)(c+a) (c+b)(a+b) =  2(a+b+c)(ab+bc+ca)

(Duong ddc Lam)
Loi giai (V. Q. B. Cin). Sit dung céc bat déng thiic Cauchy Schwarz va AM — GM, ta c6

o Zv@ﬁﬁ?@:ﬁ Vab (Vab+c)

cyc a+c b+c) _cyc (a+ )(b+c)

Ve
“Tardera ™ Earaera
Nz 2abc
_1+\/a7§ )b+c) (a+b)(b+c)(c+a)

Do d6, dé chiing minh bat dang thitc da cho, ta chi can chiing minh dugc

Ve 2abc 9abc
M;;' (b+c) (a+b)(b+c)(c+a) = 2(a+b+c)(ab+bc+ca)’
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tuong duong

9vabc(a+b)(b+c)(c+a)
§C’ﬁ(a+b)—2 abe 2 2(a+b+c)(ab+bc+ca)

P > N 2
Pén day, ta hiy d€ ¥ riing ¥ \/c(a+b) — 6v/abe = ¥.\/c (\f - \/E) va

cyc cyc

N2
OVabe(a+b)(b+o)(c+a) ‘/‘%&C(“ b)
2

2(a+b+c)(ab+bc+ ca) (a+b+c)(ab+bc+ca)’

suy ra bat dang thic trén 1a hé qua ctia bat dang thic sau

cvabc(a—b)?
(a+b+c)(ab+bc+ca)’

2
ve(va—vb) =

hay la

2

2(a+b+c)(ab+bc+ca) > cVab <\/5+ \/l;> :
o 2

Pay 12 mot bét ding thic ding bdi vi 2(a+b+¢) > 2(a+b) > (\/a n \/E) (theo Cauchy Schwarz)

va ab+ bc+ca > bc+ ca > 2¢v/ab (theo AM — GM). Va nhu vay, bai toan da cho da dudc ching

minh xong. D& thiy dang thiic xay ra khi va chikhi @ = b = c hoiica =0 hoic b =0hoicc=0. m

Bai CH3. Cho cdc sé thite duong a,b théa man a+ b = a* + b*. Chitng minh rdng

3 3
a’b’ <1<a®b”.

(Vasile Cirtoaje)
Lui giai (V. Q. B. Can). Trudc hét, ta sé chiing minh bit ding thiic bén trdi. D& thiy ring né tuong
duong v6i alna + bIlnb < 0. St dung bat dang thifc quen thudce Inx < x — 1 Vx > 0, ta c6

3alna— (a* —a) <3a(a—1) — (a* —a) = —a(a+2)(a—1)* <0,

tu do suy ra
3(alna+bInb) < (a* —a)+ (b* —b) = 0.

Va nhu thé, bét dang thic trén trai da dudc chiing minh xong. Biy gid, ta sé ching minh bét dang
thifc bén phai. Ciing tucng tu nhu trén, ta sé 14y logarith nepe hai vé va viét lai bit ding thic dudi
dang a®Ina+b3Inb > 0. Xét ham sé sau véi x € (0,2) : £(x) = 3Inx — £5%, ta ¢6

3

x— o — x2
f’(x)zéfliéz( 1)(2—;—2 )

X X X

Suy ra phuong trinh f’(x) = 0 chi c6 mot nghiém duy nht trén khoang (0,2) 1a x = 1. Mt khic, qua
1 thi f’(x) d6i dAu tit &m sang duong nén ta tim dugc f(x) > f(1) = 0 v6i moi x € (0,2). Dén day,
st dung gia thiét ctia bai toan va bt dang thic trung binh liy thira, ta c6 a+b = a* + b* > (“Ebf,
suy raa-+b <2, maa,b lacic sé duong nén a,b € (0,2). Vi thé, ap dung bét dang thic vira chiing
minh, ta cé

3 a4—a+b3 b*—b

_ 4 4 _
po b3 =a"+b"—a—b=0.

3(a®Ina+b*Inb) > a
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BAt dang thifc bén phai dugc chiing minh xong. DE thiy & cé hai bat dang thiic (bén trai va bén phai)
déang thiic chi xay ra tai mot diém 1a (a,b) = (1,1). [ ]

Bai CH4. Chiing minh rdang vdi moi sé thuc khéng dm a,b,c théa man khong co hai sé nao trong
chiing c6 thé' dong thoi bing 0, bdt ding thitc sau luén duoc théa man

a b c (a+b+c)?
+ + < :
a>+3bc  b>+3ca  c*+3ab ~ 4(ab+bc+ca)?

(Duong ddc Lam)

Loi giai (V. Q. B. Can). Nhan ca hai vé ciia bat ding thic cho ab + bc + ca > 0, va dé€ ¥ ring
_ a(abtbctca) _ a(a—b)(a—c)

a%+3bc a?+3bc

abc 2 2 A . 2
+ 2550 taco thé viet lai n6é nhu sau

Za(a—b)(a—c) (a+b+c)3 7(a+b+c)20.

1
b
a*+3bc ta Cza2+3bc 4(ab+ bc + ca)

cyc cyc
9

> - T ab3heiea €N bat dang thic

Ap dung bét ding thic Cauchy Schwarz, ta ¢6 ¥, o
cyc

trén dudc suy ra ti

ala—b)(a—rc) 9abc (a+b+c)
— b >0
;5 a*+3bc a*+b*+c2+3ab+3bc+3ca  4(ab+ bc+ ca) (a+b+c) 20,
tuong duong
Z’a(a—b)(a—c) (a+b+c)3+9abc_(a+b+c)> 9abc 9abc
a?+3bc 4(ab+ bc + ca) “4Yab Yad?+3Yab

cyc
cyc cyc cyc

Tacé (a+b+c)*+9abc—4(a+b+c)(ab+bc+ca) = Y ala—b)(a—c) va

cyc

a* +b* +c* — (ab+ bc + ca) =Y (a—b)(a—c),

cyc
nén bit dang thic trén tuong duong véi

Ya(a—b)(a—c) 9abc Y (a—b)(a—c)
Za(a—b)(a—c) + cyc cyc

a? + 3bc 4(ab + b + ca) - 4<Zab) (Zazﬁzab).

cyc cyc cyc

cyc

Ta théy bét déng thic nay c6 dang X (a—b)(a—c)+Y(b—c)(b—a)+Z(c —a)(c —b) > 0, v6i

¥ _a+4a(ab~l—bc+ca) B 9abc
N a®+3bc a*+ b2+ c2 +3(ab + bc + ca)
> at 4a(ab+bc + ca) 9abc

@ +b2+2+3(ab+bc+ca) a®+b>+c2+3(ab+ bc+ ca)
_ala®+Ta(b+c)+ (b—c)?]
A+ b2+ c2+3(ab+bc+ca)

)
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va cdc biéu thiic ¥, Z tuong tu. Bay gio, gia st rang a > b > c, ta sé chiing minh aX > bY, tuong
duong

(a* —b*) +4(ab+ b+ ca) < i ¥ > 9abc(a—Db)

a
— > .
a*+3bc  b>+3ca) ~ a’>+b*+c?+3(ab+ be+ca)

Mot didu dé thiy 1a az_‘i% > bziﬁ va a® +b* + c? +3(ab+ bc+ ca) > 12bc, suy ra

. @ +b*+c*43(ab4-be-ca) Aa—b .
VT—VPZ(aZ—bZ)—ga 2 (@a—b) (a—b)(a+4b) >0.
a*+b%>+c?+3(ab+bc + ca) 4

Dén day, v6i d€ y rang Z(c —a)(c—b) > 0vaa—c > %(b—c) > 0, ta thu dugc

ZX(a—b)(a—c) >X(a—b)la—c)+Y(b—c)(b—a)

cyc

> X(a=b)- 5 (=) +¥(b—c)(b—a) = (“be)(‘;b)(bc) >0,

Bai toan dudc giai quyét xong. Pang thifc xay ra khi va chi khi a = b = ¢ hoic (a,b,c) 1a mot hoan
vi clia b s6 (¢,2,0) v6i t 1a mot sé duong bat Ki. ]

Bai CHS. Cho cdc s6 thuc duong a,b,c théa mdn ab + bc + ca+ abc = 4. Tim tdt cd cdc s6 thuc k
sao cho bdt ddng thiic sau luén duoc théa man

(k+bc)(k+ca)(k+ab) > (k+1)°.

(Vuonga2khtn*2)
Lui giai (V. Q. B. Can). Choc=t>0vaa=b= t% thi ta dé thiy ab + bc + ca + abc = 4 va bit
dang thic da cho tr thanh (k+ z%)z [k+ ﬁ} > (k+1)3, tuong duong

(t —1)2[(k* +k—1)t> + (2k* — 2k — 6)t + k> — 3k — 1] -0
(t+1)* -

Va nhu vdy, theo yéu ciu cda dé bai, ta can c6 (k> +k — 1)1 + (2k*> — 2k — 6)t +k*> — 3k — 1 > 0.
Vé trdi ctia bit déng thiic nay 1a mot tam thiic bac 2 cia £, va ching ta déu biét ring dé n6 khong
am véi moi + duong thi mot diéu kién can 12 hai hé sd cao nhét va thip nhat phai khong am, tiic 12
K +k—1>0vak*—3k—1>0. T ddy, ta tim dugc k < — 145 hoiic k > 213 Ta 58 chitng minh
day chinh 12 tip hop tit ca cac gia tri can tim clia k, tic 1a

(k+bc)(k+ca)(k+ab) > (k+1)°.

DE chiing minh, ching ta sé chia 1am 2 trudng hgp
+ Xét k> Y13 Khi d6, dp dung két qua bai 02, ta ¢6

(k+bc)(k+ca)(k+ab) = k> +k*(ab + bc + ca) + kabc(a+b + ¢) + a*b*c?
> k> + k*(ab + be + ca) + kabe(ab + be + ca) 4 a*b*?
= k> 4+ k*(4 — abc) + kabc(4 — abe) + a*b*c?.

ZNhitng bai ma chiing t6i khéng biét tén that ciia tac gia va chi biét nickname, chiing t6i sé ghi nickname kém theo diu
* & phia sau. Khi nao biét dudc tén that sy clia tac gia, chiing toi xin sifa lai va ghi ding tén ctia ngudi dit ra bai toan.
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Ma k> + k*(4 — abc) + kabe(4 — abe) + a?b*c? — (k+ 1) = (1 — abc)[(k— 1)abc + k* —3k—1] > 0
(do 1 > abc (d4nh gid nay dudc suy ra truc tiép tir gia thiét), (k — 1)abc > 0 va k> — 3k — 1 > 0) nén
hi€n nhién

(k+bc)(k+ca)(k+ab) > (k+1)>.
+ Xétk < — 2‘[ —1. bit Vab =x, f—y,\/a—zthltacox +y? + 2% +xyz = 4, va ta phai
chiing minh (k+x?)(k+y?)(k+z?) > (k+1)3. Ap dung bt dang thiic Schur bac 3, ta c6

9x222

4y +y 7+ 7+x2+2+z22
(P +y ?) < PR (" +y" +27)
9¢2
= +(@d-1)’ (t=xz<1)
4=
Tur d6 suy ra
(k4+x2) (k+y*) (k+22) — (k+1)° = P (* +y* + 22 = 3) + k(PP +y* 2+ 22 = 3) +12 — 1
92
=+
>K(1—1)+k g 3| 4121

k(t> — 20t + 16)
=(1—-1) [k2+4(4_t)— —1]

Lai co
k(1> —20¢t 4 16) P t(k+4) —16(k+1)] _ t[(k+4) —16(k+1)] _ 3% (5k+4) -
4(4—1) 4(4—1) - 4(4—1) 4(4—r) — 7
e 5 k(t? —20t+16) )
k +w*f*12k +k—1>0.
Nhu viy, khang dinh ciia ta da dudc chiing minh xong. Va do d6, tap hop tt ca cdc gia tri cia k thoa
min yéu cau ctia & bailak € (—00,—1%6} U [34”%@,—1—00). [

Bai CH6. Cho a,b,c,d la cdc sé thuc khong am théa man a®> + b* + c> +d?* = 1. Chiing minh rdng
S+ +8(1—a)1-b)(1—c)(1—d) > 1.

(Pham Van Thuén)
Lai giai (V. Q. B. Can). Chung t6i xin dugc gidi thi€u cung ban doc chiing minh sau. Mac du la mot
chiing minh khong dep nhung né lai 1a mot y tudng mdi vé bat dang thiic (chuyén tir bat dang thiic
thuan nhit sang dang khong thuan nhit). Tir gia thiét, ta d& dang suy ra dudc a,b,c,d € [0,1] va ta
ciing c6 thé viét lai bat dang thic cin chl’l’ng minh duéi dang P(a,b,c,d) > 0, trong d6

P(a,b,c,d) =Y a’+ - Za +8(1—a) l—b)(l—c)(l—d)—é.

cyc cyc 4
Bay gid, ta sé chitng minh bét dang thiic P(a,b,c,d) > 0 ding véi moi a, b, c,d € [0,1] ma khong can
thiét phai thda man a® + b? + ¢ +d? = 1. That vy, ta c6
b a+b —b)*[6(a+b)+1—-16(1—c)(1—d
Plabed)p[@T O G| _ a=bPl6latb) 1 -1601—e)(1~d)]
2 2 8
bl6 b)+1—-16(1—c)(1—d
Pla,b,e,d)— Pla+b,0,c,d) — — P10 +D) + 2< )i =d)]
(1—a)(1=b)[6(a+b)+1—16(1—c)(1 —d)]
7 .

P(a,b,c,d)—Pla+b—1,1,c,d) = —
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Tir day, ta thiy néu 6(a+b) +1—16(1 —c)(1 —d) > 0 thi P(a,b,c,d) > P (%L, 442 ¢ d). Néu
6(a+b)+1—16(1—c)(1—d) <0vaa+b<1thiP(a,b,c,d)>Pla+b,0,c,d). Néu6(a+b)+
1-16(1—c)(1—d) <O0vaa+b>1thi P(a,b,c,d) > P(a+b—1,1,c,d). Nhitng 1ap ludn nay
ching t6 ring, d€ chiing minh bit dang thiic di cho, ta chi cin chiing minh né ding trong ba trudng
hop sau 1a dt @ = b,ab = 0 va (1 —a)(1 —b) = 0. Hoan toan tuong tu, ta ciing thiy ring chi can
chiing minh bét ddng thifc diing trong ba truong hop ¢ = d,cd = 0 va (1 —c)(1 —d) = 0 thi bai toan
ciing dudc gidi quyét xong. Két hop hai 1ap luin nay lai va loai bét nhiing trudng hop tring nhau, ta
c6 thé dua bai toan vé xét trong 4 trudng hop sau

+ Xét a = b va ¢ = d. Khi d6, bt dang thiic cAn chiing minh tré thanh

6124—02

5
243 +23 + +8(1—a)2(1—c)2—120.

o N 2 . FIETA [
bitt=a+cvax=ac <0§x§ %),tacothe viét lai n6 nhu sau

2 —2x

5
21(1? —3x) + —|—8(1—t+x)2—120,

tuong duong
Fx) =32x% +4 (15— 221) x + 83 + 341> — 641 +-27 > 0.

Néu 42 — 22t +15 < 0 thi tacé f'(x) = 64x+4(15—22¢) < 16¢> +4(15—22t) = 4(4t> — 22t +15) <
0, din dén f(x) 12 ham gidm v6i moi x < g, va ta thu dugc

fx)>f <i> = (22— 10t +27)(t —1)* > 0.

Néu 15 —22¢ > 0 thi bt dang thiic 1a hién nhién diing bdi vi ta ludn c6 813 + 3412 — 641 +27 > 0 véi
moit > 0.
Néu 15—22t <0 va 42 —22t+15 > 0 thita c6 13 <1 < U=y6L ki 46 dé thy

N = 4(15—220)* — 32(8r° 4 341% — 641 +27) = —4(64r° — 2121> + 1481 — 9) <0,

nén f(x) ludn dat gia tri khong &m véi moi a, ¢ € [0, 1]. Trudng hdp thii nhét dugc gidi quyét xong.
+ Xét a = b vad = 0. Khi d6, bt dang thiic can chiing minh tré thanh

2a% 4 2 5
28+ + a:—c —|—8(1—a)2(1—c)—120,
tuong duong
2 2
1—¢)(27—5¢—4
2a3+%—8a(2—a)(1—c)+( 2l ) < C)ZO.
Dol—c¢>0va27—5¢c—4c?>27—9c¢ nén ta chi can ching minh dugc
2
9(1—c¢)(3—
2a3+612—80(2—a)(1—c)+(ci(c)20,

hay la
f(c) =9¢* —4(8a*> — 16a+9)c + 8a® + 344> — 64a +27 > 0.

Néu 164> —32a+9 > 0thitacé f'(c) = 18c —4(8a*> — 16a+9) < 18 —4(8a> — 16a+9) = —2(16a> —
32a+9) < 0nén f(c) 1a ham giam véi moi ¢ < 1, va ta thu duge f(c) > f(1) = 2a*(4a+1) > 0.
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Néu 164> —32a+9 < 0 thi 4—4ﬁ < a < 1, khi d6 bing céch tinh biét thiic ctia f(c), ta d& thay

A} =4(8a> — 16a+9)* — 9(8a’ +34a” — 64a+27) = 256a* — 1096a° + 12944 — 576a+ 81 < 0,

din dén f(c) > 0 va truong hop thd hai ciing dugc gidi quyét xong.

+ Xét b = 1. Khi d6, bat déing thitc cin ching minh tré thanh a3 + ¢3 4+ d® + £+€+4% > 0, 1a mot bét
déang thitc hién nhién diing do a, ¢,d 1a nhiing s6 khong am.

+ Xét b =0 vad = 0. Khi d6, ta phai ching minh

az—f—c2

5
a4+t +8(1—a)(1—¢) =7 >0.

bitt =a+cvax=ac (0 <x< %) , bat ding thiic nay tré thanh

2 —2x

5
t(t* —3x)+ +8(1—1+x) -3 >0,

hay la
6(5—2)x+ (1 —1)(27 — 5t —41%) > 0.

Néu ¢ < 1 thi bét diing thic cudi 12 hién nhién béi vi ta c6 6(5 —2¢)x > 0 va (1 —¢)(27 — 5t —4t%) > 0.
Trong trudng hop ngudc lai, st dung danh gid (1 —a)(1 —c¢) > 0, ta suy ra dudc x >t — 1, din dén

6(5—20)x+(1—1)(27 =5t —41*) > 6(5—=21)(t — 1)+ (1 —1)(27 — 5t —4r*) = (41 = 3)(t — 1)* > 0.
Trudng hop thi tu ciing dugc gidi quyét xong. Va nhu thé, phép chiing minh ciia ta ciing dudc hoan
tht. Dé thdy dédng thic xdy ra khi va chikhia =b=c=d = J hodica=1,b = ¢ =d = 0 va cdc hodn
vi tuong ung. |
Bai CH7. Cho cdc sé thuc duong a,b,c théa man a+b+c = a> + b+ 3. Ching minh bdt ddng
thitc sau 5
a c\2 b a\? c b a+b+c
(= R (i 2] >,
a*+1 (b) +bZ+1 (c) T (a> -2

(Gabriel Dospinescu)

Loi giai (V. Q. B. Cin). Ap dung bat déng thiic Cauchy Schwarz, ta dé thiy

201 PP+l A+l b\?2
U2 Y (LU Lk ) Y (LA
a b c b ¢ a

Do d6, ta chi can chiing minh dudc

c a b\ 11 1
2| -+—-+-) >(a+b+c)|a+b+c+—-—+—-+-).
b ¢ a a b ¢

Ta thdy ring bat dang thic nay chinh la tong clia hai bat dang thic sau

C+a+b2>(+b+) SN
b ¢ a) — a b c)’

va
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Bit dang thifc thii nhit tuong duong véi

ma bfz—i-zfz—l—% > 1 ( +5+4 ) > §+§+§ va %—i—%—&-g > 3 nén bét dang thic nay hién nhién
ding.
Xét bit dang thifc thit hai, liy cin bac hai hai vé, ta thdy rang bt déng thiic nay tuong duong véi

b ¢ a
-+—-+->a+b+c.
a b c

Tir gi thiét, 4p dung cac bat dang thic Chebyshev va AM — GM, ta c6
3la+b+c)=3(a+b+3) > (a+b+c)(a®+b*+c*) > 3Va2b 2 (a+b+c),

suy ra 1 > abc, va ta thu dudc
é+£+z_ 2b+z +1 2a e\, 1 (2 b
a b c b 3\b a
c? b
V V V _ ot +C>a+b+c.

Bai toan dudc chiing minh xong. Dé thiy dang thifc xay ra khi vachikhia=b=c=1. ]

Bai CHS. Cho cdc sé thuc khong dm a, b, c théa mdn

1 1 1 1

2147 e a1 a4

147

b > 104/ —.

a+b+c > 3
(Yongyao*)

Loi gidi (V. Q. B. Cn). D&y ring -z, ;rig5, 157 < 75 Nén t gid thiét, ta co thé ddt duge
1 1—x 1 _ 1y 1

premw Al i e el A R 47Z V6i x,y,7 12 céc sd thUC khf)ng am nam trong doan [0, 1]. Tir

phép dit nay, chiing ta c6 thé dé dang suy ra dugc x +y+z =

Chiing minh bdt ddng thiic sau

2 4, va ta phai chiing minh

\/ XL y +\/ z 10

—x V1—y " V1-2= /3

Khong mét tinh t5ng quat, ta c6 thé gid st z = min{x,y,z}. Khi d6, d& thiy x+y > 3 (x+y+2z) > 3,
dén dén

2 3 — ) (x— )2
x2+y2(x3+y3)(x‘;y) +(xJ;y) _ (Bx+3y 4)(x y) <0,

Tir day, ap dung bat dang thic Holder, ta thu dugc

x+y (x+y)3 [25 — 247
> 2 T =2\ o T
1 — 2(1— -y) (sz) _ (xzy) 23+24z
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Vi thé, d€ chiing minh bét ddng thiic trén, ta chi can ching minh dugdc

5 /25—24z+ z_ 10
23+24z \1-z7 23

Viéc chiing minh bét dang thiic nay kha don gian, xin dugc danh cho ban doc. ]

Nhan xét. Vi cung mot cdch 1am nhu trén, ching ta ¢6 thé chiing minh dugc mot két qua dep hon
rit nhiéu 12

1 1 _ 1
b2+47 + 2+47 T 24

Véi moi s6 thic khéng dm a,b,c théa man min{a,b,c} > 1 va a241r47 +
thi
a+b+c>15.

Va mot diéu thi vi hon nita 1a bat dang thiic nay tuong duong véi két qua sau (rit dep va kho) ctia tac
gia Vasile Cirtoaje trén tap chi Crux Mathematicorum

Vi moi s6 thiee khéng dam x,y,z théa mdn khong co hai sé nao dong thoi bang 0 thi
48 48 48
I+ — 1+ 22 1+ 25 > s
y+z Z+x X+y
&

Bai CHY. Cho cdc sé thuc khéng dm a,b,c théa man khong co hai sé nao dong thoi bang 0 va tong
ciia chiing la 1. Tim gid tri I6n nhdt va gid tri nhé nhdt ciia biéu thiic sau

B a—>b n b—c n c—a
T Vatb btc eta

(Pham Kim Hung)
Loi giai (V. Q. B. Cén). Pitx = /a+b,y = /b +c vaz=+/c+a, tadugc
z2+x2—y2 x2+y2—zz y2—|—z2—x2
0d=— b=—"F7— c¢c=—7T-—7.
2 2 2

Tir d6 suy ra

Z(Z2+x2_y2)_(x2+y2_Z2)

P
Pl = >

cyc

_ZZ_Y

cyc X

cyc

2| _a=»)0 -9 z=—x)a+y+a)| _ |62 —y)0? - 2) (@ —)(x+y+2)|

xyz xyz(x+y)(y+2)(z+x)
_ [(a—b)(b—c)(c—a)| (Va+b+Vb+c+/c+a)
V0a+b)(b+c)(c+a) (Vatb+a+c) (Vb+c+eta) (Vbo+e+vVb+a)

Khong mét tinh téng quét, gia st rdng ¢ = min {a, b, c}, ta c6 thé d& dang kiém tra dugc cic danh gia
sau

[(a—b)(b—c)(c—a)| < |ab(a—D)],
1 1
V(a+b)(b+c)(c+a) = Vab(a+b)’
1 1

(Va+b++a+c) (Vb+c+vVb+a) = (Va+a+b) (\/;;Jr\/m)’
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va
Va+b++b+c++/c+a 14 Va+b \/a+b
Vb+c++/c+a \/a+c+\/b+c \/Zz+\/15'

Nhitng danh gid nay gitip ta thu dudc bt dang thiic sau

labla—b)| (Va+Vb+a+b)

Pl <
Jab(a+b) (va+a+b) (\f+\/a+ )(\er\f)
1
\/a+b+c \/a+b
< 1 a—b \[ f
a+b|va+b +b Va+b
batx= 5 thltacoﬂ—l X, va

—b Vb—\a _ o — .
a+b+ — 7 =x—(1—x)+VI—x—yVx=2x—vVx+V1—x—1= f(x).

Tinh dao ham f(x), ta dugc f/(x )—2—7— 2\/7

Giai phuong trinh f’ ( ) =0, ta tim dugc hai

nghiém cuda n6 trong khoang (0,1) 1a x; = §oyae-2vy V41662‘F v xp = SVAeVIT 46 21Ty dé, biang cach lap

bang bién thién, d& thiy ring f <462> fx)<f <W> , hay 1a —\/7%m <

flx) < \/W Vi |P| <|f(x)| nén ta ciing suy ra dugc

1—17 < 71 —17/17
- 32 :
(ﬁ)\/%—zﬁ

Mat khéc, cho a = LARY 46 217 b— 8= 466 217 ,c =0 thi ta dé thiy P = ) ; va cho

87\/4;3672 ,b:8+‘/416g2‘ﬁ7c:0thiP (5 f) 46 217

a— , nén ta di dén két luan
71 —-17/17 . 71—17
maxP =4/ —— va
32
Bai toan dudc giai quyét xong. n

Bai CH10. Chitng minh rdng vdi moi sé thic duong a,b,c, bdt ddng thitc sau ddy luén duoc théa
man
a N b . c < 3
2a24+3b+2  2b2+3c+2  22+3a+2 77T

(Phan Thanh Nam)
Lai giai (V. Q. B. Can). Do tinh hodn vi vong quanh nén ta c6 thé gia st b 1a s6 hang niim gitta a va
c. Khi do, c6 2 trudng hop d€ xétlac>b>avaa>b > c.
+ Xét truong hop ¢ > b > a. Ap dung bit ding thiic AM — GM, ta c6

a a b b c c
< ) < , < .
2a24+3b+2 ~ 4a+3b" 2b2+3c+2 ~ 4b+3c¢’ 2c243a+2 ~ 4c+3a
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Vi thé, d€ chiing minh bét dang thiic da cho, ta chi cin chiing minh dudc

a n b n c <3
4a+3b 4b+3c 4c+3a 7T

tuc la
15(ab® + bc? 4 ca®) > 8(a’b + b*c + c*a) + 2labce.

Nhung bat dang thic nay hién nhién ding béi vi ta c6 8(ab? + bc? + ca®) > 8(a’b +b*c + ca) (do
¢ >b>a)vaT(ab®+ bc* +ca?) > 2labc (theo AM — GM).
+ Xét truong hop a > b > c. Luic nay, c6 2 kha nang xay ra nhu sau

o Khd ndng thit nhdt a < b+ 3c. V6i gia thiét ndy, thuc hién tuong tu nhu trudng hop thi nhat &
trén, ta thiy rang bit dang thiic clia ta sé dudc chitng minh néu ta c6

15(ab* + be* + ca®) > 8(a’b + b*c +c?a) + 2labc,

hay la
f(a) = (15¢ — 8b)a® + (15b* — 21bc — 8¢*)a+ 15bc* — 8b*c > 0.

Néu 8b > 15¢ thi f(a) 1a mot tam thic bac 2 theo a véi hé sb cao nhit am, vi thé f(a) >
min{f(b), f(b+3c)}.Ma f(b) =Tb(b—c)> >0, f(b+3c) =Th> —17b*c —38bhc* + 1113 >
0 nén hién nhién f(a) > 0.

Trong trudng hop 15¢ > 8b, tinh dao ham f’(a), ta ¢6
f'(a) = 2a(15¢ — 8b) + 15b* — 21bc — 8¢*
> 2b(15¢ — 8b) + 15b> — 21bc — 8¢* = (8¢ — b) (b —c¢) > 0,
tir d6 suy ra f(a) 1a ham dong bién, va ta suy ra f(a) > f(b) > 0.

e Khd ndng thit hai a > b+ 3c. Trong kha niing nay, st dung bit déng thic AM — GM, ta thu
dudc cac danh gia

a < 1 v c < c < c '
2a®+3b+2 ~ 2,/2(3b+2) 2¢243a+2 ~ 4c+3a ~ 3b+13c

Do d6, ta chi cAn chiing minh bét dang thic sau diing vdi moi 0 < ¢ < b thi bai toan dudc giai

quyét xong
b c

1
= - -
2./2(3b+2) 2b>+3c+2  3b+13c

Ta sé& chiing minh bét déng thiic nay ding v6i moi ¢ > 0 ma khong cn phai théa man ¢ < b.
That vay, ta cé

<

g(c) %

1 1
'(¢) = 3b - .
g() [(3b+ 13c)2 (202 +3c +2)2

N 9 4 ~ N PUIETS 2_ N
Phuong trinh g’(¢) = 0 chi ¢c6 mdt nghiém duong duy nhat 1a ¢y = W > 0. Qua ¢ thi
g’ (c) d6i diu tir duong sang &m nén v6i moi ¢ > 0, ta c6

20 —3b+2 1 2b*+7b+2
gle)<g = + 2 .
10 2./2(3b+2) 26b* —9b+ 26
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Miit khéc, dé dang kiém tra dudc ring

1 N 20> +7b+2 U3
2\/23b+2) 260>2—-9b+26 7’
do d6, két hgp vdi trén, ta duge g(c) < %
Bai toan dudc chitng minh xong. Pang thiic xay ra khi vachi khia=b=c= 1. ]

Bai CH11. Gid sit a,b,c la cdc sé thic khong dm théa mdn khong c6 hai sé nao dong thoi bang 0 va
téng ciia chiing la 2. Chitng minh rdng khi dé, bdt ddng thiic sau luén dugc théa man

a-+b b+c c+ta \/5
>2 —.
\/a2+ab+b2+\/b2+bc+cz+\/cz+ca—l—a2_ + 3

(Vo Québc B4 Cin)
Lai giai (V. Q. B. Can, T. Q. Anh). Xét céc sb thuc x,y,z sao cho x,y >z > 0, dé thiy

x+z x+z S x+z 1
xz+z? (x4+5)(x+z)—3zx—z) T (x+5)(x+2) x+35

Ngoai ra, ta cling c6 danh gia sau
x4y o x+y+z
2 2= 2 5
TR () (6 5) 4 5) + (0+3)

That vy, bit dang thic nay tuong duong véi

(45 (5 0+ +0+3)° L xbytz
X2+ xy+y? T ox+ty

1,

tuong duong
3z(2x+2y+2z) Sz

4 +xy+y?) ~ x+

(hién nhién diing).
y
Bay gid, trd lai bai todn clia ta. Do tinh dbi xting nén ta c6 thé gia st rang a > b > ¢, khi d6 tir hai
danh gia trén, ta dugc

b+c 1 c+a S
b>+bc+c* ~ b+5" cA4cata® T a+5

v a+b S a+b+c
CHAbTE T (a4 5) + (ak 5) (b5)+ (b+5)
Nhu vay, ta chi cin chiing minh dudc

1 1 2 2
T SR, | It
\/ﬁ+ﬁ+ w+uv+v: +\/;’

trongddu=a+5vav=>b+3.

Day 12 mot bai tap rét t6t cho phép can bing hé sb trong viéc st dung bét dang thic AM — GM. Xin
dugc danh cho ban doc d€ hoan thién ndt chiing minh nay. Chi y ring & bét ding thic di cho, ding
thic xay ra khi va chi khi a = b = 1,¢ = 0 va cac hoan vi tuong tng. ]

5"

Nhan xét. Hoan toan tuong tu, ta ciing c6 thé chiing minh dugc két qua téng quét hon van con ding
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Gid sit a,b,c la cdc sé thuc khong dm théa man a+b+ ¢ =2 va k la mot s6 thuc khong
dm bat ki, khi do

a+b k b+c k c+a k 2\ *
2xavir) T\ vrere) T\ Gramzz) 221\ 3) -
a‘+ab+b b*+bc+c c*+ca+a 3
&

Bai CH12. Cho a,b,c la cdc sé thuc bdt ki khdc nhau ting déi mot. Chitng minh bdt ddng thite sau

2241 b +1 1
ab”+ Lo + 46 a*+
(a—b)*  (b—c)? (cf a)?

3
>,
2

(Nguyén Vin Thach)
Loi giai 1 (V. Q. B. Ciin). Bit ding thiic da cho c6 dang khong thuan nhét, cho nén y tudng ciia ta
sé 1a cb gang dua né vé dang thuan nhit d€ giai, vi  dang thuin nhit sé cé rat nhiéu phuong phap
gitip ta gidi quyét tron ven bai toan. Ap dung bét ding thiic AM — GM, ta c6

VT = Z Z(a_lb)z 22 [Z (aaZb;) ] [Z (a 1b) ]

c)c cyc cyc
Miit khc, d& thiy
2 2
1 1 . a*b? ab
— = , va —_— = — |,
Czyg(a—b)2 (;yc'“ b) Czy‘{(a—b)2 (Czyga—b)

nén tu danh gia trén, ta thu dugc

VT >2 (; aib> (; aﬂ;)

2(a> +b* + ¢* — ab — be — ca) (a*b* + b*c? + 2a® — a*bc — b*ca — c*ab)
B (@a=b)*(b—c)*(c—a)’ '

Do d6, ta can chiing minh

12(a* +b* +c* —ab — be — ca) (a*b* + b*c* + *a* — a*bc — b*ca— c*ab) > 9(a—b)*(b—c)*(c —a)*.
D€y ring 2(a® +b* +c? —ab—bc —ca) = (a—b)> + (b—c)? + (c —a)* va

6(a’b? +b*? +c*a® — a*be — b*ca— c*ab) = (2bc — ca— ab)* + (2ca— ab — be)? + (2ab — be — ca)?,

bét dang thic Cauchy Schwarz cho ta

cyc cyc cyc

2
VT > Z(b—c)(Zbc—ca—ab] = (Zazb Zab2> 9(a—b)*(b—c)*(c—a)* =VP.

Bai toan dudc ching minh xong. ]
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Bai CH13. Cho cdc s6 a,b,c,d lan lugt la do dai cdc canh ciia mot tit gidc. Chitng minh rdang

9/1 1 1 1 a*+b* 4+ +d?
7 \a b c d abced

Lui giai (V. Q. B. Can). Khong mit tinh tdng quat, ta c¢6 thé gia st a > b > ¢ > d. Khi d6, nhan ci
hai vé ctia bt déng thifc da cho véi abed > 0, ta c6 thé viét lai n6 thanh

7

2.2 2 g2 21,2
9 @Jra(bc +c*d*+d°b”) S,
a bed

Ap dung bét ding thiic AM — GM, ta c6

bed N a(b*c* +Ad* + d*b?
a 27bcd

) 2 2,2 272 212
25\/3(1” 22+ d2bR).

Nhu viy, dé€ chiing minh bit dang thiic da cho, chiing ta chi cAn chiing minh bit dang thiic manh hon

2 26 (bc cd db
e 2.2 202 L 12p2) 4 20 d_dbN g 2202
7\/3(170—|—cd+db)+21a<d+b+c>_a+b+c+d

batr = #. Khi d6, ta d& dang kiém tra dugc b>c? + c?d* +d*b* > 2b%t? +t*. Béy gio, ta sé chiing

minh ring
26 (bc cd db s . 26 t? )
a5+t — ) -*—d*>a(2b+— ) - 2%
21a<d+b+c> ¢ —21“< 5

That viy, bat dang thiic nay tuong dudng véi

26 [b(c—d)? n cd —t?
b cd 4b

26 [b(c—d)? (c—d)? >(c—d)2
21 e { ]_ '

>c?+d*>—2%, hayla T 5

Ta co %a (% — ﬁ) > %a . 4377 > %—?b- % = % > % nén bét dang thic trén hién nhién diing, va khang

dinh ctia ta dudc chiing minh. Nhu vy, ta chi can ching minh dugc

2
3(2b22 4-14) + ga <2b+ Ib> > a* +b*+ 217
Dit f(a) = VT — VP thi ta dé thiy f(a) 1a mot tam thic bac hai ctia a v6i hé s6 cao nhét am, do
d6 n6 1a mot ham 16m. Piéu nay khién ta lién tudng dén tinh chit sau ciia ham 16m: Moi ham f(x)
lién tuc va 16m trén doan [x1,x5] thi £(x) > min{f(x), f(x2)}. Ta hdy cb thi st dung tinh chit nay
dé giai bai toan da cho xem sao. Mudn vay, can phai xdc dinh dudc mot doan chin gia tri cia a lai,
rit don gian, ta hdy d€ y dén gia thiét clia dé bai a,b,c,d 1a do dai bdn canh clia mot tf gidc va
a=max{a,b,c,d}. V6i nhiing gié thiét nay, ta c6 thé dé dang suy ra dugc b+ 2t > a > b, va nhu thé
f(a) > min{f(b), f(b+2t)}. Taco

26 t? s a2
\/32022+ 1Y)+ b 2b+— | —2b" -2t
21 b
10 )
\/3(2b2t2+t4)+ﬁb >

flb) =

NN N

16

2
— —t
21
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va
fb+2t) = 7 3(2b2t2+t4)—|—ﬁ(b+2t) 2b+g —(b+2t)"—b" =2t
2 26 2
> 7(2bt+t2)+(b+2t)<2b+b>—(b+2z)2—b2—2t2
_26(b+20)1? b2 2, @ILSZ? 10, 32, 9,
N 21b 21 77 21b 21 21 21
52:(21);—172) 10 94, _ 10 5
> == /4 pt— — —(b—1t)">
= 21b BT b 21b 21 21(b )20,
nén hién nhién f(a) > 0 va bai todn cda ta da dugc chiing minh xong. [ ]

Bai CH14. Cho ay,ay,.. . ,ay la cdc s6 thuc duong bdt ki. Chitng minh bét déng thiic sau
Ayt ay -+ ay—nyaiay - ap > (Vai—/a)’ .

Lai giai (V. Q. B. Can). D€ y ring (vai — \/cTn)z = ay +a, — 2\/aa,, ta c6 thé viét lai bat dang
thic can chiing minh du6i dang

vaia, +y/ara,+ax+---+a,—1 > nyaray---ay.

Theo bét dang thiic AM — GM, ta c6

VT > n(/\/alam/alanaz s Qu_1 =nyaya---a, =VP.
Bai toan dudc ching minh xong. ]
Bai CH15. Chiing minh ring véi moi sé thic duong x va moi sé nguyén duong n, bdt ding thitc sau

luon duoc théa mdan

n(n+1

L

(Graham Denham, Crux Mathematicorum)
Loi giai 1 (Kee Wai Lau). Trudc hét, ta sé ching minh bit dang thiic sau véi moi sb thuc duong y

yn+2 )
= -y >0.
fay) =142y
N X 1z . 1/n
Bang cdch dung dao ham, ta dé thay f,(y) dat dugc gia tri nho nhat tai y = (22"j21)> , va gia tri do
bing
142 2 2
N 1 [(2n+1)\ " 2(n+1)\" { n (2n+1)\*
n+1\ n+2 n+2 42\ n+2
2
bay 1a mét gia tri duong. That vay, véin=1,taco 1 — ﬁ (2(11:21)> P R (4 > 0. VGi n > 2 thi

2\’ 1\ 2n+1
n 5 n+2
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va no da chiing té didu ma ta vita khing dinh & trén. Bay gid, quay trd lai bai toan da cho. Ta sé chiing
minh né bing quy nap theo n. Véi n = 1, bat dang thic da cho trg thanh dang thic. Gia s ring bt
dang thiic nay ding véi mot gia tri nao d6 (khong nhé hon 1) ctia n, khi d6 ta c6

2 2
ntl xk (n+1)(n+2) n(n+1) x(l’H‘l) (n+1)(n+2)
e s S
k n+1

k=1
(n+1)(n+2)
n(n+1) 2 n(n+1) n+l
=x 2 <1+_xn+1>:x 2 f( )>0

+1
Diéu nay chiing t6 ring né ciing ding cho n+ 1. Theo nguyén ly quy nap, ta suy ra dudc né ding véi
moi n nguyén duong. D6 chinh 1a diéu phéi ching minh. ]
Ldi gidi 2 (Graham Denham, Walther Janous). Ap dung bit dang thiic AM — GM, ta c6

n 2 1
Zk;lkx > (x):lelﬁ)):ﬁ:lk'
Yook

Do Y} k= ( = (Yr_, k)* nén tit dénh gid trén, ta thu dugc

z”: n+ 1) G

Tir d6 suy ra

n k2 n
Z % = Z/xkxkz’ldxz n(n;— D /xxw’ldx:xn(n;l).
k=1 k=170 0

D6 chinh 1a diéu phai chiing minh. ]

Bai CH16. Véi moin > 1, taddt a, = 1+V2 43+ -+ /n. Chitng minh rdang

k

Z 2n +1+In’n
=1 ,% n+1+ %ln2 n
(Mihaly Bencze, Crux Mathematicorum)
Loi giai (V. Q. B. Can). Véi n = 1,2,3 thi bit ding thiic can chiing minh hién nhién ding. Xét
truong hop n > 4, khi d6 v6i moi 3 < k <n, tacod
Vk_ Wk 11

7_77
@ @mea a1 a

tu do suy ra

" Yk 2 V3 &
Yk 2 VR
* az Cl ak

vk ﬂﬁg( 1)

=14 k=4 ;@ Ae—1 Gk
2 V3 2 V3 8
S T B T
a, a3 4z ap a, a3 a3 5

Mt khac ta lai c6

2n+1+1n? 1 1 8
nELAT o >0 183225
n+1—|—§1nn n—|—1—|— In%n 4—|—l—|—§ln4 5
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nén bit ding thic da cho hién nhién ding. Bai todn dugc chiing minh xong. ]

Bai CH17. Cho day a,, duoc dinh nghia nhu sau

1 1
ar =, va api1 = Z(an—i— 1)?véimoin=1,2,...
Tim s6 thuc C, nhé nhdt sao cho véi moi by sé thuc khéng dm x1,xa, . .., xp, bdt dcfng thitc sau luon
ding
n
—k
Z all 3 < Cay.
2__
k=1 (xk_k..._{_xn_‘_#)
Loi giai (V. Q. B. Can). Pitbh; = —3—L __ vab =b_ + 2k voi moi k > 2, ta
(it 1)2 (xk+---+x;1+‘k272k+2)2
s& chiing minh ring
ag
b < Vk=1,2,....n—1.
ka_,_..._,_xn_,_(kH)L#
That véy, gia st bat ddng thiic nay ding vSi mot sb k bat ki, khi d6 ta c6
Xpr1 — k+1
Dh1 = i+ i (klz)kl 22
xk+1+...+xn+%)
< ay N Xpp1 — (K+1)

(k+1)2—(k+1)+2)
2

o X1+ X+ (k+1)27(k+1)+2)2

(Rert 4 g ELE

_ (@A Dxi1 +ar(ega+- +x0) +aX — (k+1) <X: (k+1)2(k+1)+2>
(kg1 + -+ X0+ X)? 2
_ (@t Dt + ax(esa + -+ ) X — (k+1)) (ac+1)°
((ax+ 1) @1+ +x) + (@ + 1)X)?
((ax+ Dxip1 +ap(xez + - +x0) +aX — (k+1)) (ax +1)?
(e Dt ag(esa + - +20) +axX — (k+ 1) + g2+ 425+ X +k+ 1)
(@ +1)° Akt 1

_4(xk+2+"'+xn+X+k+l) xk+2+"'+xn+wi

Diéu nay chiing td rang khang dinh ciia ta ciing diing cho & + 1, ma hién nhién n6 diing véi k = 1 nén
tir ddy, ta suy ra né ding cho moi k = 1,2,...,n— 1. Bay gid, st dung khang dinh nay, ta c6

X, —n an—1 X, —n
<

1S 2
2_ 2_
(xn+7" 2"+2) G (xn+7" 2"+2)

~(ap1+1)xy+ap 1Y —n <Y— n2n+2>
- (n +Y)? 2
_ ((an—1+D)xy+ap 1Y —n) (an_1 +1)?
(an 1+ D 1)
((an—1+D)xy+ap 1Y —n) (an_1 +1)?
a ((@n-1 + D)Xy +ap Y —n+Y +n)*
(an_1+1)2 _ 2
= 4(Y +n) T2 nt2™

VT = bn_1 +
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N X A M 2, N 2 ~ N 4 IR < . _ 2 N 4
Ngoai ra, dé t?lay dang thiic ludn xay ra nén tur danh gia nay, ta tim dudc minC, = 4. Bai toan
dudc giai quyet xong. ]

Bai CH18. Cho ay,as, . ..,a, la cdc sé thuc bdt ki cé tong bang 0. Tim hang sé C = C(n) tot nhdt
sao cho bét ddng thiic sau diing

CZ|a,|< Z ai—aj.

1<i<j<n

(Walther Janous, Crux Mathematicorum)
Lui giai (V. Q. B. C4n). Choa; = 1,ap =+ = a, = —-1;, ta tim dugc C < %. Ta s& ching minh
rang, dy chinh la gid tri ma ta can tim, tdc 1a véi moi a; thoa man gia thiet ciia dé bai thi

n n
Y lai—alz5Y lal
1<i<j<n i=1

Do tinh déi xiing nén khong mét tinh tdng quat, ta c6 thé gia st dudc a; > ar > --- > a,. Mt khic,
laicéa;+ay+---+a,=0néntdn taimotsd k (1 <k<n—1)saochoa; >--->ap > 0> ar | >
-~ >ay. Khido, tacéa)+--+ar=—(ags1+-+a,) va

Y, lai—ajl= ) (ai—a;)=]

1<i<j<n 1<i<j<n

™=

k
(n+1-2i)a, Zn: |ai :2Zai.
i=1 i=1

Il
—

Bit dang thiic cin chitng minh c6 thé dugdc viét lai thanh

n k k n k
Z(n+1—2i)ai2n2ai, tiic la Z(n+l—2i)ai+ Z (n+1—2i)a,~2n2ai.
i=1 i=1 i=1 i=k+1 i=1

Tacda; > - > a Vén+1—2-1Zm2n+1—Z‘knéntheobﬁtdfmgthli’c Chebyshev,

k k k
(; (n+1-2i) ) (;a,) :(nfk);a,-

Tuong ty, tacang cé agy > --- >a,van+1—2-(k+1)>--->n+1—2-n,nén

i (n—l—l—Zi)a,-Znik( i (n+1—2i)> < i >——k Z a,—kZa,

i=k+1 i=k+1 i=k+1 i=k+1

(n+1—2i)a,

-

bl \

1

Tir day, ta thu dugc
k k k
VT > (n—k)Zai—l—kZai :nZai =VP
i=1 i=1 i=1

D6 chinh la diéu phéi chiing minh. Va nhu vay, ta di dén két luan maxC(n) = 5. n

Bai CH19. Chiing minh rdang vdi moi sé thuc duong a,b,c, ta déu co
1 1 1 1 1 1
T+ T+ > T+ T+ T
aty b+, c+ at, b+ ct

c

(Vasile Cirtoaje)
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Loi giai (V. Q. B. Can). Khong mit tinh tdng quét, gia st ¢ = max{a,b,c}. Khi d6, ta c6

o)) ) -

N S B
b+l e+l Th4l gl

Tt d6 dan dén

Vi vy, dé ching minh bit dang thiic da cho, ta chi cin chitng minh dugc
1 1 1 1
Tt 12 Tt
a—+ b b + a a—+ a b + b

Bing mot s6 tinh toan don gian, ta thiy ngay bat dang thiic nay tuong duong véi

(a—b)(@®—b?)

(1)1 +57) > 0 (hién nhién diing).

Phép chiing minh ctia ta dudc hoan tit. Pang thiic x4y ra khi va chi khia = b = c. ]

Bai CH20. Cho 2n sé thic ay,aa,. .., an,b1,bs ... by thamin0<a; <---<a,va0<b; <---<b,.
Chiing minh bdt ddng thiic sau

2 2 2
(Be) (50 = (£9) (£9)- (0]
4\ = i=1 i=1 i=1 i=1
(Darij Grinberg)

Loi giai (V. Q. B. Can). Ta sé sit dung phuong phap quy nap theo n. V6i n = 2, bt dang thiic cin
ching minh trg thanh

1
glart @) (b1 +b2)* > (a7 +a3) (b7 +b3) — (arby + azb)*.

Do (a? +a3)(b? +b3) — (a1by + azba)* = (a1by — azby)* nén bit ding thic nay c6 thé duge viét lai
thanh
(a1 +a2) (b1 +b2) > 2|a1by — azb|.

Ta co (a1 —|—a2)(b1 +Dby) —2(a1by — axby) = ayby + 3axby + by (ay —al) >0, va
(a1 +a2)(b1 —l—bz) +2(a1b2 —azbl) =aiby+3a;1by —I—az(bz —bl) >0,

nén bat dang thiic trén hién nhién diing. Vay khang dinh ciia ta ding khi n = 2. Gia sit khang dinh
ding cho n = k (k > 2), khi d6 ta s& chiing minh ring né ciing ding khi n = k+ 1. That vay, khi
n = k+ 1, bt dang thiic ctia ta c6 dang

1 [k 2 kvl \ 2 k1 k1 k1 2
i1 i=1 i1 =1 =1

Pita=Y*  a;, b=Y"  b; vavéichi y ring

(5) (89 (E) - () (89)-

2
k
aibi> + Y (axg1bi — aibgsr)?,
i=1

-
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ta c6 thé viét lai bat dang thiic trén dudi dang

2

! k k k

Z(ak+1+a) (biy1+b)° (Z“ ) (szz> - (Z“ibt) + Y (ars1bi — aibrsar)*
i=1 i=1 i=

i=1

Dé}?rﬁngogal < <agpval0< by g--~Sbknéntheogiéthiétquynap,tacé

S S : ’ 15
(;al) <;bi> — (;aibl) < 72 b

Mit khdc, d@ thiy (ax41 +a)?(bes1 +b)? > ai (bt +b)* +a*b* + b7, (a* + 2ay.41a) + 2ay.4 1ab?,
nén ta chi can chiing minh dugc

k
a%+1(bk+1 +b)2 +b]%+1(az + 2ak+1a) +2ak+1ab2 > 4Z(ak+1bi — aibk+1)2.
i=1

Pén day, ta c6 danh gid sau

™=

k k k

2 2 2, 12 2

(ar1bi — aibrs1)* = aj Zb +bjy Za — 20y 1bi11 Zaibi < aiy Zbi + by Zai’
i=1 i=1 i=1 i=1 i=1

I
—_

do d6 bt ding thitc cudi dugc suy ra tir
k k
a,%ﬂ(bkﬂ +b)2 —i—b,%H (a2 +2ay41a) + 2ay,1ab* > 4a%+1 Z:b,2 +4b,%+1 Zal-z,
i=1 i=1
hay la
k k
a,%H biﬂ +b% 4 2by b —4219,-2 —|—b,%+l a® +2ap4 10— 4Za,-2 + 2ay4 1ab* > 0.
i=1 i=1

Ta co

b, i +b*+2byi1b— 42192 b, +
i=1

2
k k
bi) +2bgs1 Y bi—4Y b7

PR
E

ko2 k k
>0+ Yobi | +2bc Y bi—4Y b}
=1 i=1 i=1

1

k k=1 k k
>bi+ Y. bi+2b Y bi+2bc Y bi—4Y b}
i=1

i=1 i=1 i=1
k—1 k—1
=4b Y b;—3Y b} >0,

i=1 i=1
ma agy > ay, 2ar+1a > 2axa, 2ai 1ab?* > 2apab® > a,%b2 nén ta chi can ching minh dugc

k k
a; <b,§+l +b2+2bk+1b—42b?> +bi, <a2+zaka—42a%> +ab? >0,
i=1 i=1
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tuong duong

k k
a? <2b2+2bk+1b—42bf> +biy, <a,§+a2+2aka—42a%> > 0.
i=1 i=1

Dya trén 1ap luan & trén, ta d& thdy 2% +2by b —4Y 5 b? > 0 va @} +a® + 2apa — 4Y5 a2 > 0,
tir d6 suy ra khing dinh ctia ta ciing diing véi n = k+ 1. Theo nguyén ly quy nap, ta suy ra né ding
v6i moi n > 2. D6 chinh 12 diéu phai chiing minh. ]

Bai CH21. Cho a,b,c,d la cdc s6 thuc dwong bdt ki. Chitng minh rang

(a—c)2a+c) (b—d)(2b+d) (c—a)(2c+a) (d—a)(2d+Db)
(a+b+c)? (b+c+d)? (c+d+a)? (d+a+b)?

(Park Doo Sung)
Loi giai (V. Q. B. Cin). Dit P(a,b,c,d) 1a vé trii ctia bit ding thiic da cho. Khong mét tinh tng
quat, ta c¢6 thé gid st (a —c)(d — b) > 0. That vay, néu (a —c)(d — b) < 0,13y a; = b,b; = c,c; =
d,d; = a thi ta ¢6 P(a,b,c,d) = P(ay,by,c1,d;) va (a; —c1)(dy —by) = —(a—c¢)(d —b) > 0. Nhu
vdy ta hoan toan c6 thé gia thiét nhu trén. Bay git, véi gia thiét nay, ta sé chi ra rang ta c6 thé gia
stt mot cach khong méit tdng quét ring a > ¢ va d > b. That vy, néu a > ¢ thi hién nhién d > b do
(a—c)(d —b) > 0. Ngugc lai, néu a < c thi ta ¢c6 b > d, ltic nay dit ay = ¢,by =d,co = a,dy = b
thi ta dé théy P(a, b,C,d) = P(az,bz,cZ,dz), hon nita ta c6 (a2 — Cz)(dz — bz) = (a — C) (d — b) >0va
ar > ¢2,d» > by. Béy gio, ta hiy dé y ring

(a—c)(2a+c) (c—a)(2c+a):

(a+b+c)? (c+d+a)?
_ (a—c¢)? +(a—c)(d—b)(2c+a)(2a—|—b+2€+d)>
~ (a+b+c)? (a+b+c)X(c+d+a)? -

(a—c)
(a+b+c)?’

va

(b—d)2b+d) (d—a)2d+b)  (d—b)®  (a—c)(d—Db)(b+2d)(a+2b+c+2d)

(b+c+d)? (d+a+b)? (b+c+d)? (b+c+d)*(d+a+b)?
Do d6, ta chi can ching minh dudc

(a—c)? (d —b)? >(a—c)(a’—b)(b+2d)(a+2b+c+2d)
(a+b+c)?>  (b+c+d)? — (b+c+d)*(d+a+b)?

Ap dung bt dang thiic AM — GM véi chii y rang (a — ¢)(d — b) > 0, ta thiy ngay bt déng thiic nay
12 hé qua clia bit dang thiic sau
2 - (b+2d)(a+2b+c+2d)
(a+b+c)(b+c+d) — (b+c+d)*(d+a+b)*

Nhaén ca hai vé& clia bit dang thic cudi cho (a+b+c)(b+c+d)*(d+a+b)> > 0, ta c6 thé viét lai
n6 dudi dang

fle)=2(b+c+d)(d+a+b)*—(b+2d)(a+2b+c+2d)(a+b+c)>0.
Dé thiy f(c) 1a mot ham 16m cta ¢, ma 0 < ¢ < a nén ta c6 f(c) > min{f(0), f(a)}. Lai c6

f(0)=2(b+d)(d+a+b)*— (b+2d)(a+2b+2d)(a+b) = ab(a+b)+2d*(b+d) >0,
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fla)=2(d+a+b)* —2(b+2d)(a+b+d)(2a+b) =2(a—d)*(a+b+d) >0,

nén hién nhién f(c) > 0. Bai toan dugc chiing minh xong. Péng thiic xay ra khi va chi khi a = ¢ va
b=d. ]

Nhan xét. Hoan toan tuong tu, ta c¢6 thé chiing minh dudc két qua tuong tu sau

Vi moi s6 thie duong a,b,c,d thi

(a—c)2a+c) (b—d)(2b+d) (c—a)(2c+a) (d—b)(2d+b)>0
a+b+c b+c+d c+d+a d+a+b —

Bai CH22. Cho x1,x2,...,X, la cdc sé thuc duong bdt ki. Chiing minh rﬁng

fEtee (L)

k=1j=1i=1 j=1

(Gord Sinnamon va Hans Heinig, Crux Mathematicorum)
Ldi gidi (Gord Sinnamon, Hans Heinig). Ta dé dang kiém tra dugc ring

n k j n k n I’l—k—|—2 1 n )
;;Z]-Z;Xi_g(n_k+l)zxj_2‘< 5 )xk22g(n_k+l) Xk
=1j=1i= k=1 j=1 k=1 k=1

Vi vay, st dung bit ding thiic Cauchy Schwarz, ta thu dudc

n k k " .
ZZixz (n— k+1)2xj:2 n—k+1)x 1/2 (ij> ~1)2
Jj=1

k=1j=1li=1 k k=1

M"J=

Tir day, ta dé dang suy ra dudc

gt (£ o

=1j=1i=1 k=1

=~

D6 chinh 1a diéu phai chiing minh. ]
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Bai HH1. Cho tam gidc ABC néi tiép duong tron (0), I la tdm duong tron ndi tiép, M la diém bdt ky
trén cung nhé BC. Chitng minh rdang

MA+201 > MB+MC > MA —20I.

(Tran Quang Hung)
Loi giai (T. Q. Hung). St dung tinh chit phép chiéu vector, ta c6
— — . MA
MA% =2MO-MA, suyra MA=2MO-~—.
MA
Tuong tu, ta ciing c6
MB . MC
MC=2MO - —

—
MB=2MO- —, :
MB MC

Viy tit ba dang thiic trén, ta thu dudc

MB MC MA
—
MB+MC—-MA=2MO- | —+———-|. 1
+MC 0 (MB+MC MA) 1
St dung bét déng thitc Cauchy Schwarz dang vector, ta c6
— — — — — — — —
MB MC MA| — (MB MC MA MB MC MA
MO |—+————|<MO | —=+—=———F | EMO|—=+—%——|. 2)
MB MC MA MB MC MA MB MC MA
Do M € (O) nén MO = R, chiing ta sé tinh %—F%—g —%‘. That vay
— —  —2 — — —_— — — —
MB+MC MA 340 MB MC MB MA MC MA
MB  MC MA| MB MC MB MA MC MA
— — — — — —
=3+2(cos(MB,MC) — cos(MB,MA) — cos(MC,MA))
=3 —2(cosA +cos B+ cosC) (do M nam trén cung nhd BC)
R R
= 3—2% (do cosA+cosB+cosC = ;—r)
R>—2Rr OP
= Tr = F (Céng thic Euler)
Tur day suy ra
MB MC MA
MO|—+-——-—|=0L 3
MB+MC MA )

Vay tir (1), (2),(3) ta thu dugc bit dang thic MA + 201 > MB+ MC > MA — 201, va déng thic xdy
ra chi khi ABC 1a tam gidc déu. n

Bai HH2. Cho tam gidc ABC, truc tdm H, bdn kinh duong tron ngoai tiép R. Vi moi diém M trén
mdt phdng, hdy tim gid tri bé nhdt ciia biéu thitc

3
MA3 + MB3 +MC3 — ER-MHZ.
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(Tran Quang Hing)
Lui giai (T. Q. Hung). Bing bét ding thiic AM — GM, chiing ta c6
MA  REAMA  MAY | b ovia > oma?
R 2  ~ R = ’
suy ra
MA3 _ 3 R?
— > IMA®* - —
R ~2 2
Tuong tu, ta c6
MB* 3, R MC*_3 , R
— >IMB*-—, —/ >IMC*-—.
R —2 2’ R T2 2
Nhu vay
MA3+MB?> +MC?> _ 3 3
+ A + ZE(MAZ—l—MBZ—i—MCz)—ERZ. (1)

Goi O 1a tim ngoai tiép tam gidc ABC ta c6

MA? + MB? + MC? = (MO + OA)* + (MO + OB)? + (MO + OC)*
- 2 —_— = = — 2
=3MO*+2MO(OA + OB+ 0OC) + 3R
o) — — o) —_— — — —
=3MO*+2MO- OH +3R? (do OA + OB+ OC = OH)
=3MO* — (OM? + OH?> — MH?) + 3R?
=2MO?* — OH? + MH? + 3R?
> 3R? — OH?> + MH>. )

Vay tu (1),(2), ta suy ra

MA3+MB3+MC?> _ 3 3
+ = + 25(3R2—0H2+MH2)—§R2.

Nhan ca hai vé ciia bat dang thifc nay véi R, ta thu dudc
3 3 3 3 2 3 3 2
MA> +MB> +MC —ER-MH > 3R —ER-OH = const.

Dé thiy dang thiic xay ra khi M = O, vi vy gi4 tri trén ciing chinh la gia tri nh nhit ctia biéu thic
MA3 + MB? + MC® — 3R- MH*. Bai toan dudc gidi quyét xong. n

Bai HH3. Cho tam gidc ABC va diém P bdt ky bén trong no. Chiing minh rdang
(AP +BP+CP)* > V/3(aPA + bPB+ cPC).
(Nguyén Lit Khoa, Mathematical Reflections)
Loi gii (T. Q. Hung). Chung ta lan luot dit /BPC = a, /CPA = 3, /APB =y, khid6 o+ B + 7=

27. B&i dinh 1y ham s cosine, ta c6

a*> = PB*+ PC* —2PB-PCcosa, suyra a°PA=PA(PB*>+PC*)—PA-PB-PCcosa.
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Tuong tu, ta tinh dudc b2PB, c>PC. Tit bét dang thic co ban cosa +cosf + cosy > —% véi moi a, B,y
thoa man o + f + vy = 27, ta thu dugc
a’PA+b*PB+c*PC =
= PA(PB* + PC?) + PB(PC? + PA?) + PC(PA* + PB*) — 2PA - PB - PC(cos o + cos 3 + cos })
< PA(PB? + PC?) + PB(PC? + PA?) 4+ PC(PA* + PB*) + 3PB- PC - PA
= (PA+PB+PC)(PB-PC+PC-PA+ PA-PB)

< =(PA+PB+PC)*.

Q| ==

Nhu vay

(PA+PB+PC)* = (PA+PB+PC)*(PA+ PB+ PC) > 3(a’PA + b*PB + ¢*PC)(PA+ PB + PC)
> 3(aPA+ bPB+ cPC)?* (Cauchy Schwarz).

LAy cin bic hai clia hai vé, ta thu dugc
(PA+ PB+ PC)* > /3(aPB+bPB+cPC).

D6 chinh la didu phai chiing minh. Déng thiic xay ra khi va chi khi ABC 1a tam gidc déu va P tring
voi tdm cia no. ]
Bai HHA4. Gid sit a,b,c la ba canh ciia tam gidc va mg,my,,m. ldn luot la cdc trung tuyén tuong iing

Vvdi chiing. Chiing minh bdt ddng thiic sau

Mg mp M \/g(a2+b2+c2).

a? b2 2 2abc
(Bodan*)
Loi giai (T. Q. Hung). BAt dang thiic tuong duong
b p\* _ 3
<ma ¢ muca | mea ) > 3@ +p )
a b c 4

Ta lai cé

mabe  mpca  meab\* (mpca) - (meab) 5
> - = .
< p + b + - ) > 32 e 3Za mpm,

cyc cyc
Ta sé chitng minh rang

3
3Za2mbmc > Z(a2 +b02+c*)?, ticla 4Za2mbmc > (a® 4+ b*+ )%

cyc cyc

That vay, chuyén qua tam gidc trung tuyén véi ba canh 151\ Mg, My, M VOi f:hli y ring a®> = %(2mi +
2m2 —m2)vaa® +b* +c? = %(mg +m3 +m?), ching ta can ching minh rang
Z(Zmi +2m?% — m2Ymyme > (m2 +mj +m?)>.

cyc

Bing cac bién d6i tuong ducng, ta thiy ring bit dang thiic nay tuong duong véi

3 X0 (o~ me)?)my — ) > 0.

cyc
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Bét déang thifc nay ludn ding bsi vi m, > |my, —me|,my, > [me. —mg|,me > |my —myp|. D6 1a diéu phai
ching minh. ]

Bai HHS. Vi moi tam gidc nhon ABC, cdc trung tuyén mg, my, m,., cdc bdn kinh bang tiép rg, rp, re,
nita chu vi s, chitng minh bdt ddng thitc

ma'ra"‘mb'rh"‘mc’rcgsz-

(Darij Grinberg)

Loi gidi (Darij Grinberg). Goi A’ 1a trung di€ém BC va O 1a tam dudng tron ngoai tiép tam gidc ABC,

ta c6 O nam trong tam giac vi ABC la tam gidc nhon. Viy OA’ = OCcosA’OC = RcosA, tit d6 suy ra
2 A a 2A a A

myg =AA’ < OA+ OA’ = R+ RcosA = 2Rcos 5= sinACOS 5=7 cotE

Ta

N6i cach khac m, < 5 : tan%. Ta lai co tan% = 2—‘,‘, dodom, <75 = 5. Nhén ca hai vé cho r,, ta
B a

thu dugc m, - r, < 5. Tuong tu cho céc dinh B, C thi my, - 1, < % vam-r. < 5. Vanhu thé

as bs c¢s a+b+c 2
ma-ru—i—mb-rb—l—mc-n_2+?+5:?~s:s-s:s.

D6 1a diéu phai chiing minh. ]
Bai HH6. Cho tam gidc ABC. Chiing minh rdng
Zsm— Zcos ——Zcos—cos— <3
z -2
ye cyc cyc

(Tran Quang Hung)
Loi giai (T. Q. Hung). Khong mét tinh tdng quat, ta c6 thé gid st A < C < B. Khi d6 ta c6

A v ainB einC ety nB 2
sin 5 sin 5 sin 5 < 2 s1n sm
1 - + 2B n A B . A. B
=3 sin’ sin s1n s1n cos 5 cos > sin > sin 5
1 2
— (3 —=cos?= —cos cos - cos -
2 2
3 B
=575 (cos—cosz> (D)

Ta sé chiing minh rang

2
1 A B B C
5 <cos2 —Cos 2) > ; <cos2 —cos> (Zcos — —Zcos cos) )

cyc cyc

ENI

That vdy, bt dang thiic nay tuong duong véi tiing bt dang thiic trong diy sau

A B\? - A C 2+ B c\?
COS 2 COS 2 = COS 2 COS 2 COS 2 COS 2 y
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A B C A C B C
—2cos8 ECOSE > 2 cos? 5~ ZCOSECOSE —2cos ECOSE’

cosécosg—i—cos—cosg—cosécosg—coszg >0
2 2 2 2 2 2 2 =7

C B A c ~0
cos 5 —cos o | { cos o —cos - | = 0.

Diéu nay ludn ding béi ta c6 cos§ > cos § > cos 5 (do gid thiet A < C < B). Vay tu (1), (2), ta c6

(ZCOSZQ —ZCOS?COSE) .

cyc cyc

B[ >

3
< _
2

| =

Z sin

cyc

Bai toan dudc ching minh xong. [

Bai HH7. Cho tam gidc ABC. Chiing minh rdang

B—C+ C—A+ A—B> : 3A+ . 3B+ . 3C
in — + sin — +sin —.
cos — cos —— 2 sin—- +sin—-+sin—

Cos

(USAMO 2002)
Loi giai (T. H. Son). Thuc hién cdc bién ddi tuong duong, ta thiy ring bat dang thic da cho tuong
duong vé6i

B-C 3A

cos > ) sin—,

Leos = )sin
. B . C A A .3 A
2) sin—sin—+ ) sin—>3) sin——4) sin” —,
Cyz;‘ 22 g; 2 §Z 2 g; 2

4Zsin3%+22sin§sin% > 2Zsin%.

cyc cyc cyc

Ta sé& chiing minh ring

2 sin3A +sin33 —i—sinc sinA +sinB > sinA +SinB (D)
2 2 2 2 2) 2 2
That viy, ta thdy bat dang thiic nay tuong ducng vdi tiing bt dang thifc trong diy sau

2 sinzé sinésing—l—sin2§ —|—sin€>1
2 2 2 2 2 =7

A+B A—B C
1 —cosA+1—cosB+cos er —cos > +sin§21,

A-B

C o
1+2sin 5 > coSA +cosB—+cos (hién nhién dung).

Tuong tu, ta c6

B C
2 (sin3 5 +sin’ ) +sin

.B+.C>.B+.C 2
> sin +sin> | 2 sin= +sin =,

2

NS N>

A A A
2 ( sin® g +sin’ = | +sin sin g +sin— | > sin g +sin—. 3)
2 2 2 2 2 2
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Vay tu (1),(2) va (3), ta suy ra

4Zsin3%+22sin§sin% > ZZsin%.

cyc cyc cyc
D6 1a diéu phéi chiing minh. D& thiy dang thiic xay ra khi va chi khi ABC 1a tam gidc déu. ]

Bai HHS. Cho tam gidc nhon ABC, P la diém bdt ky bén trong tam gidc ABC, duong thing AP cdt
duwong tron ngoai tiép tam gidc BPC tai mét diém thit hai Ao, twong tu ta cé Bo va Cy. Chiing minh
rang
(a)
PAy-PBy-PCy > 8PA-PB- PC,

(b)

Plo | PBo  PCo -,

PA PB PC —

(Zhaoli*)

Loi giai (Yimin Ge). St dung bit dang thiic Prolemy, ta c6

S PB-CAy+ PC-BAy
- BC '

bat x = sin /BPCy = sin ZCPBy, y = sin ZBPAy = sin ZAPBy, z = sin ZCPAy = sin ZAPCy. Theo
dinh Iy ham sb sine, ta c6

PA,

CAy _z BAo_y
BC x’ BC «x
Tir d6 ta thu dudc

PAy > PB+2PC. 1)
X X
Tuong tu cho By, Cp, ta co
PBy > ~PC+PB, )
yoy
PCy>2PA+pC. 3)
Z Z

Nhan c4c bit dang thiic (1), (2),(3), ta dugc

PAo-PBy-PCo > [T (SPB+2PC) > 8PA-PB- PC.
X X

cyc

D6 1a bt dang thiic phan a). Bay gid ta sé chitng minh phan b). Sit dung bat ding thiic AM — GM két
hop véi cic bat dang thic (1), (2),(3), ta duge

Phy y (2PB yPC\ _ o
PA_CyC xPA xPA) ™

cyc

Bai toan dudc ching minh xong. ]

Bai HHY. Cho tam gidc ABC va diém M bdt ky trén duong tron ngoai tiép tam gidc. Chiing minh
rdng
MA_}_MB_'_MC> . b+c c+a a+b S5
—+—+—2>ming —4+—,—+—, -+ — .
BC CA AB — c ba b af”
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(Johnmclay*)
Loi giai (Darij Grinberg). Ta dé thiy vé sau khong nhé hon 2, ta chi phai ching minh
MA MB MC . [b cc aa b
—+—+—2>miny —+—,—+—, -+ —¢.
a b c c b'a c¢cb a

DitE=min{2+¢,<+% 9+51 Khong gidm tdng qudt, ta c6 thé gid st rang M ndm trén cung
BC ciia dudng tron ngoai tiép khong chiia A. Tir déng thiic Prolemy, ta suy ra CA-MB +AB-MC =

BC - MA. Néi céch khdc, b- MB+c-MC = a- MA. Nhu vy, MA = 2MBLeMC iy gg,

a C

MA MB MC MMEReMC  yp oy MB-(442)+MC-(S+9)
—F—+—= +—+—==

b + c a b c a
>MB~(%+§)+MC-(§+§) _MB-E+MCE _
= MB+MC - MB+MC

Nhu vay, ta da ching minh dugc

b,cc,aa b
b’a c¢'b a
|

Bai HH10. Cho tam gidc ABC, M la diém bdt ky bén trong né, hdy tim gid tri [on nhdt ciia biéu thiic

PAsin /BPC + PBsin ZCPA + PCsin ZAPB.

(Manlio)
Ldi giai (LevonNurbekian*). Ta sé chiing minh ring
AB+BC+CA
PAsin ZBPC + PBsin ZCPA + PCsin ZAPB < %

That vay, dit ¢ = ZPAB,§ = /PBC,» = /PCA, o = /BAC,3 = ZABC,y = /BCA. St dung bién
déi lugng gidc, ta c6, bat déng thiic phai chiing minh tuong duong véi

sino +sinf +siny
2 Y

cos @ cosdcos®+cos(a— @) cos(ff — &) cos(y— ) <

hay la

Z sin ¢ cos

cyc

(—a+B+y

> +(p—5—a)>§sina+sin[3+siny.

Diéu nay hién nhién, va ddu bing xay ra khi va chi khi ¢ = g,0= %, 0= %’ , khi d6 P trung tam ndi
tiép tam gidc ABC. ]



Swu tam cac bai viét hay vé bat dang thirc

1. Cauchy — Bunyakovski — Schwarz Inequality’

TRAN NAM DUNG, GABRIEL DOSPINESCU

Together with Arthimetic mean — Geometric mean (AM — GM), Schur, Jensen and Holder inequality,
Cauchy — Bunyakovski — Schwarz inequality* (CBS) is a fundamental result, with remarkable applica-
tions. The main question is how do we recognise an inequality that can be solved using this method?
It is very hard to say this clearly, but it is definitely good to think of CBS inequality whenever we have
sums of radicals or sums of squares and especially when we have expressions involving radicals.

Let us first consider some problems in which it is better to apply the direct form of CBS inequality

(£pn) = (89) (82

The main difficulty is to choose a; and b;. We will see that in some cases this is trivial, while in the
other cases it is very difficult. Let us solve some problems now:

Example 1. Prove that if x,y,z are real numbers such that x> +y* 4+ z> = 2, then the following in-
equality holds
x+y+z<2+xyz.

(IMO Shorlist, proposed by Poland)
Solution. Why do we shoud think of CBS inequality? The reason: the relation we are asked to prove
can be written as x(1 —yz) +y-+z < 2 and we are bound to consider the sum x* +y* + z2. However,
there are lots of ways to apply CBS. The choice

x(1—y2) +y+2> < [P+ + ]2+ (1 —y2)7]

does not help. So, maybe it is better to look at y +z as a single number. Observe that we have the
equality when x = 1,y =1 and z = 1 (for example), the choice

x(1-y0) +y+2< /02 + G+ 22[1+ (1~ 32

becomes natural. So, we must prove that 2(1 +yz)(2 — 2yz+y%z%) < 4 or y3z> < y%z?, which is easy,
since 2 > y2 +72> 2yz. ]

Another non-trivial application of CBS inequality is the following problem.

Example 2. Let a,b, c,x,y,z be positive real numbers such that ax + by + cz = xyz. Prove that

x+y+z>Va+b+vVb+c+c+a.

3Bai viét ndy dugc trich i tap chi To4n hoc va tudi tré.
4Trong quyén sich nay, chiing ta goi 12 bt déng thic Cauchy Schwarz.
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Solution. We wrlte - —i— + — =1 and now the substitution a = yzu,b = zxv and ¢ = xyw becomes
natural. So, we must prove that

Vzu4xv) + /x(zv +yw) + /y(zu+xw) < x+y+zforut+v+w=1.

One can see the form of the CBS inequality

[\/Z(ybH-XV) 4+ V/x(zv +yw) + \/y(zu+xw)] < (x+y+z)(yu+xv+zv+yw—+zu+xw),
and the latter is of course smaller than (x+y+z)?, since u+v+w = 1. ]

We have seen that CBS inequality can be applied when we have sums. What about products? The
following example will show that we need some imagination in this case:

Example 3. Let n (n > 2) be an integer and let ay,ay,...,a, be positive real numbers. Prove the
inequality
(@+D)(@+1)(aq+1) > (ajar+ 1)+ (aza; + 1).

(Czech - Slovak — Polish Match, 2001)
Solution. We try to apply CBS inequality for each factor of the product in the RHS. It is natural to
write (1+a}az)? < (1+a3j)(1+aja3), since we need 1+ a3, which appears in the LHS. Similarly,
we can write

(1+d5a3)* < (14 @)1+ @a3), ..., (I+aa)* < (1+a))(1+amai).
Multiplying we obtain
[(@fay+1) - (arar + D)]* < [(@ + 1) (@ + DI[(1 +a1a3) - (1 +ana})]. (%)

Well, it seems that CBS inequality does not work for this one. False! We use again the same argument
to find that

[(1+a1a3) - (1+away)]* < [(@) +1) - (ay + D][(ajaz + 1) -+ (aya; + 1)]. (%)

Thus, if (a2az + 1)+ (a2a; + 1) > (1+a1a3) - - (1 +aya?), then (x) will give the answer, otherwise
() will. ]

It is now time to solve some harder problems.
Example 4. Given x > 0,y > 0 such that x> +y> > x> +y*. Prove that
X+ y3 <2.

(Russia, 1999)
Solution. The idea is to majorize x> + y> with A(x*> 4 y*) for a certain A, which seems reasonable,
looking at the exponents. We can try some tricks with CBS and AM — GM:

Xy 453 +y3>2

(4P < (0N 47 < (P 1) < (S

Thus we have established that x> +y?* < x> +y?. However (x* +y ) < (x+y)(¥*+y?) and so x> +y* <
x+y < /2(x2+y?). Hence x?> +y*> < 2 and consequently x> +y* < 2. [
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Example 5. Prove that if x,y,z € [—1,1] satisfying x+y+z+xyz =0, then

Va+1+y+1+Vz+1<3,

Solution. We first try CBS inequality in the obvious form:

Va+T+/y+14+vVz+1</3x+y+2+3).

But is the RHS smaller than 3? Well, if x+y+z <0, it is. Let us suppose it is not the case. Thus
xyz < 0. Let z < 0. It follows that x,y € (0, 1]. We will not give up and try to use again CBS inequality,
but for the first two radicals:

VIF Ty 1+ Ve 1</ 20+ 2y +4+Vz+ 1.

We have to prove that

V2x+2y+44+Vz+1<3,

which is equivalent to

2(x+y) < % or —2z(1 +xy) < 2
242X +2y+4 T 1++z4+1 24+2xF2y+4 ~ 14++z+1
that is
2xy+2(1+xy)Vz+1 < /2x+2y +4.
Since 1 +z = %, everything comes down to proving that

w00 =T 0) < /14552

We would like to use CBS inequality such that 1 —x vanishes from the LHS. Specifically:

TR F0) = Vi Va2 + V=7 Ty =y 2

5\/1+xy—y§1§,/1+)%.

Maybe the hardest example of them all is the following problem:

Example 6. Prove that for all positive real numbers a,b,c,Xx,y,z, we have

a b c xXy+yz+zx
S i >3. 2 T
b+c(y+z)+C+a(z—|—x)+a+b(x+y)_ Tty iz

(Walther Janous, Crux Mathematicorum)

y+z
(;C’b—l—c)

Solution. We have

Lyeoeat Eora- (£e) (255) -

cyc cyc cyc

Z(b+ c)

cyc

0 |

>1<Z\/m>2.

cyc
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We will show that

. 2 3Yyz

S Lviz) 22 sayx (M

2 cyc Z'x cyc
cyc

from which our result will follow.

(1) is equivalent to

<§;x> > 3§yz+2 (éx)z.

) <x+ \/x2+xy+yz+zx>

cyc

Since

2
Z\/x2+(xy+yz+zx) > (ZX> +9) yz.

cyc cyc

Hence, it is enough to show that

cyc cyc cyc cyc cyc

2 2
(Zx) <Zx> +9Zyz > 3Zyz—|— 2 (Zx)
which becomes obvious when we square both sides. ]

We will now take a look at most used trick in past year constest problems. It is a direct variant of

CBS inequality:
(£)
2 )y ak>
I
k=1 Y. by
k=1
for all real numbers a; and positive numbers by (k=1,2,...,n).

An easy application of this trick is the following problem given at the Tournament of The Towns
competition.

Example 7. Prove that for all positive real numbers a,b,c, we have the following inequality

Cl3 N b3 N C3 a2+b2_|_62
a4+ab+b> b +bc+c? P+ca+a? T a+b+c

Solution. If we write the RHS as %, we will know what we have to do
2
Z a’ _ Z (a*)? S (gtca2>
Seal+ab+b?  Sta(a®+ab+b*) T Ya(a*+ab+b?)

cyc

So, we will be able to prove the inequality if ¥ a(a® +ab+b?) < (a+b+c)(a® +b* +c?), which is
cyc
in fact verified with equality occur. |
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There are cases when it is impossible to find a; and b;. Let us discuss some problems in which it is
not easy at all to use the trick.

Example 8. Prove that for all positive real numbers a,b,c, we have the inequality

(b+c—a)? (c+a—b)? (a+b—c)? S 3
a?+(b+c)? b +(c+a)? +(a+b)? 5

(Japan, 1997)
Solution. The most natural way would be:

2

ooy (2% 3)
a > Ccyc

(B 11y () 43

cyc

(b+c—a)*
Loy

cyc

because this way we obtain a nice inequality in three variables, whose properties are well-known.
Thus, we have to show that if x = ¢ y = <24 7= &b then

(x+y+z-3)2> (% +y*+2°+3),

| W

which is equivalent to

<2x>2—152x+32xy+1820.

cyc cyc cyc

Unfortunately, we cannot use directly the fact that xy 4+ yz+ zx > 12. So, we should look for some
thing like xy + yz + zx > k(x +y +z). The best would be k = 2 (so as to have an equality when
x =y =z =2). Indeed, after some computations this can be written as

Za3 +3abc > Y ab(a+b),

cyc cyc

which is Schur inequality. Hence, we can write

2 2
(Zx) —15) x+3) xy+18> <2x> —-9) x+18>0,
cyc cyc cyc cyc cyc

the last one being obvious since x+y+2z > 6. [

At IMO 2001, problem 2 was a challenge for the contestants. Here we suggest an approach, which
leads to a nice generalization.
Example 9. Given positive real number k > 8. Show that for positive real numbers a,b,c, we have
a b c 3
+ + > .
Va2 +kbc VB +kca Vc2+kab T Vk+1
(Generalization of IMO 2001)

Solution. We have, by CBS inequality
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Now, apply CBS inequality again for the second sum, we have
2
(Za\/ a’+ kbc> = (Z Vva-Vad+ kabc> < (Za) [Z(a3 + kabc)] :
cyc cyc cyc cyc

All we have to do now is to show that

3
(k+1) <Za> > 9Z'(a3 + kabc).

cye cye
But it is equivalent to

(k—8)(a®*+ b+ ) +3(k+1)(a+b)(b+c)(c+a) > 2Tkabe,
which is obvious by AM — GM inequality. ]
Practice problems

1. Given x,y,z > 1 such that % + % + % = 2. Prove that

Vaty+z2 Va—14+y—1+vVz—1.

(Iran, 1998)

V3’

ai—ay a)—az ay—da4 da4a—as ds—dg de—d|
+ + + +

2. Prove thatif aj,ay,...,a¢ € [i \@} , then we have

> 0.
a+a3 az+as as+as as+as ast+a; ay+ay

(Vasile Cirtoaje)
3. Given x € [0,1]. Show that
(13- +9v1+2) <16,
(Olympiad of 30 April of Vietnam, 1996)

4. Prove that for 2n arbitrary real numbers a;,ay,...,a, and x1,x2,...,x,, we have

ooy () (2) 28 (%)

When does equality hold?

(Kvant 1989)

5. Given real numbers a,b,c,x,y,z such that (a+b+c)(x+y+z) = 3 and (a® + b* +c?) (x> +
y? +7%) = 4. Prove that
ax+by+cz>0.

(Mathlinks contest 2005)



Giup ban giai toan

Hién tai chua c6 bai 6 muc nay.
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