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PHAM HY HIEU
Bai toan 0.1. Cho a,b,c > 0. Ching minh bat dang thic:

a-+b b+c c+a >2
a+7+c b+Tc+a c+Ta+b " 3

Loi giai. Dat (z,y,2) == (a+Tb+ ¢, b+ Tc+ a,c+ Ta + b), ta co:
T(z+2)—2y T(x+y) —2z 7(y—|—z)—2x>

(a+b,b—|—c,c+a):(

54 ’ 54 ’ 54
Tu do:
1) o T(z+x)—2y 7(m+y)—2z+7(y+z)—2x22
bdx 54y o4z 3
Tx —2 -2 -2
N T z+7y x+7z y215
Y z x
7x+2y—2z+7y—|—22—2x+7z+2x—2y221
Y z x

Gié st = max {z,y, 2}, tit dinh nghia cia (z,y,2) tasuy ra z < y + z.
Vay z,y, z 1a s6 do ba canh clia mot tam giac nao dé. Suy ra:

min {7z + 2y — 22,7y + 2z — 22,7z + 2x — 2y} > 0

Theo bat ding thic Cauchy - Schwarz ta cé:

Z7x+2y—22 _ Z(7x+2y—22)2

Y y(Tx + 2y — 22)

cyc cyc

(7(z +y+2))
> ey Y(TT + 2y — 22)
49(z +y + 2)?
2(22 + y? + 22) + 5(ay + yz + 2x)

v
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Vay ta chi can chiing minh:

49(x +y + 2)?
22?2 +y2 + 22) + 5(xy + yz + 2x)
sty +2 - (vy+yz+zz) > 0

21

Bét dang thtc sau cting hién nhién ding nén ta cé ngay dpem. O

Bai toan 0.2. Tum tat cd cdc ham s6 f : R — R théa man hai dieu kién:

1. |{@\x € R*}| < +o0.

2. fle —1— f(z)) = f(z) —x— 1,Vz € R.

Loi gidi. Dat g(z) = x — f(x), thé thi f(x) =z — g(x). Ta co:

0= 11 ery =11 -1 eryicio @
Mat khéac:
) e Fl(o = £(a)) = 1) = (F(@) ) 1
& flg(x) = 1) = —g(z) -1
& (g9(z) = 1) —g(g(z) = 1) = —g(z) — 1
o 2(r) =glox) 1) (i)

Ta sé& chitng minh g(z) = 0,Vx € R. That vay, gid stt ngugc lai rang ton tai
7o sao cho g(xg) # 0. Ta sé chiing minh rang ton tai vo han s6 thyuc x sao
cho g(x) # 0. That vay, xét day s6 {u,}>2, xac dinh béi:

Ug = T
U1 = g(u,) —1,Yn € N

Ta co:

9(tni1) = g(g(un) — 1) = 2g(un) = g(tni1) = 29(u) = ... = 2" g(up).

Ma g(up) # 0 nén |[{g(u,)|n € N}| = +o00. Hon nita, gia st c6 chi s6 n nao
d6 sao cho u,, = 0 thi g(u,—1) — 1 = u, = 0, suy ra:

9(0) = g(g(un-1) — 1) = 2g(up1) = 2

Tt d6 upy1 = g(u,) — 1 = g(0) — 1 = 1. Do vay, {u,} khong thé la day
dimg v6i hang s6 dimg 14 0. N6i cach khac, VN > 0,3n > N : u, # 0.
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Vay néu [{un|n € N}| < +o0 thi |{9(5n)

In € N}| = +o00, mau thuan véi (7).
n
Do d6, nhan xét ctia ta duge chitng minh.

Bay gio quay lai véi (i), dat A := {z € R|g(x) # 0}, ¢6 nhién néu z € A
thi g(z) — 1 € A. Ta c6:

U = "5~ alele) D)
1 gx)-1 1 .
T o) g 1 2R
g(x) —1

N 1
Nhung diéu nay la vo 1y, do tit (i) thi |{ — §|x € R*}| < +o0,
g

(g(f) -1)
trong khi d6 |[{g(u,)|n € N} = +o00 nén \{ﬂ]:c € A}| = +oo.
g(x
Mau thudn trén cho thay diéu gia sit 1a sai va do d6 g(x) = 0,Vx € R, tiic
la f(z) = z,Vax € R. Thit lai ta thay ham nay thoa yéu cau dé bai.
Vay ham s6 duy nhat théa man yeu cau de bai la f(z) = .

Bai toan 0.3. Cho duong tron (O) c¢é duong kinh AB. MN la day cung
khong di qua O va vuong géc véi AB. Goi H la hinh chiéu cia M lén AN
va Q la trung diém ciia MH. AQN (0) = R va NON(0) = P. Chitng minh
rang AB, PR va tiép tuyén tai M cia duong tron (O) dong quy.

Loi gidi.

Ta c6 AP || M H vi chiing ciing vuong géc véi AN, ma @ la trung diém ctia
MH nén (AM, AN, AP, AQ) la chum diéu hoa. Suy ra MPNR la ti giac
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dieu hoa. Do do6, tiép tuyén tai M, N clia duong tron (O) cit nhau tai mot
diem S € PR. Nhung MN 1 AB va SM, SN tiép ttic (O) nén S € AB. Tu
do6 ta c6 PR, AB va tiép tuyén tai M ctia (O) dong quy tai S. O

Bai toan 0.4. Cho p la mot s6 nguyén to cé dang 4k + 3. Tinh tong cic
nghiém trong S = {1,2,...,p — 1} cida phuong trinh x* = 4 (mod p)(x).

Lot giar. Ta st dung ky hiéu (ﬂ) v6i p 1a mot s6 nguyen t6 1é dé chi ki
p

hiéu Legendre. Ta c6 p = 4k + 3 nén:

Suy ra:

7' —4=0 (modp) & (#*-2)(2*+2)=0 (mod p)
& 22-2=0 (modp)Vaz?+2=0 (mod p)

-1 2 —2
Tuy nhién <—) = —1 nén (—) =1va (—) = —1 hoéc ngugc lai,
p p p

<— =—1va (_—) = 1, tiic la chi ¢c6 mot trong hai phuong trinh

p p

22 —2=0 (mod p) hay 22 +2 =0 (mod p) c6 nghiem (mod p).

Vay phuong trinh (x) luon c¢6 hai nghiem (mod p) 1 z1, 25 thda méan dicu
kien z; + z2 = 0 (mod p), bsi vi néu 22 = £2 (mod p) thi (—z)? = £2
(mod p). Goi x}, x5 1a cac s6 trong S cung du véi z1, zo theo (mod p). Vi

xy, x5 € S nén xf + x5 < 2(p — 1), mat khac z7 + x5 : p nén x} + x5 = p.
Do d6, tong cac nghiém (hai nghiém) ctia phuong trinh (*) trong S 1a p.

Bai toan 0.5. Cho mot n gidc 10i n > 4 khong c6 ba dudng chéo nao dong
quy.

1. Tim so giao diém cua cic duong chéo cua da gidac?

2. Tim s6 mién bén trong da gidc dugc cdac duong chéo chia thanh?

Lai gidi.

1. Tim s6 giao diém ctia cac dudng chéo ctia da giac?

Goi f(n) 1a s6 giao diém clia cac dudng chéo ctia da giac. Ta thay hién nhien
f(4) = 1. Xét dinh A, 4, cla da gidc 16i n + 1 canh A; Ay... A, 1. RO rang
véimoi 1 <i<j<k<n,viAA;.. A, la da giac 16i nén A, khong thé



nam ¢ mien trong tam gidc AA;A;A; hodc nam trong cac goc doi dinh véi
cac goc trong cta tam giac AA;A;A;. Do vay, c6 mot va chi mot cap doan
théng tI‘OHg ba cap (An+1Ai7 AjAk), (An+1Aj> AkAz) va (An—i-lAk; AZA]) Cét
nhau, tlty vao viec A1 nam trong goc LA;, ZA; hay ZA;. Hon nita, do
tinh 101, cac doan A, 14, ¢6 giao véi cac canh clia tam giac AA;A; Ay
khong thé 1 céc canh A, 1A, va A, A; cla da giac, va vi thé, ching phai
14 cac duong chéo ctia da giac. Do d6, két hgp vdi gia thiét khong co ba
dudng chéo nao dong quy, ta thay néu thém dinh A, ; vao thi s6 giao diém
ctia cdc dudng chéo cua da gidc A1 Ay.. A, v6i A 1Ay (2<t<n-—1)la

™). Mat khac ta c6 f(4) =1 = (%) neén gid st f(n) = (*) thi:
3 1 4

ﬂ”+”:fm**CQ::CD+(E)=<”Z§-

Vay theo nguyén ly quy nap thi f(n) = (Z)
2. Tim s6 mién bén trong da giac dude cac duong chéo chia thanh? Goi
g(n) 1a s6 mién bén trong da giac dugce cac dudng chéo chia thanh. Ta ¢
g(4) = 4. Xét da giac 16i n + 1 dinh 1a A;A,... A, 1. Ta thay v6i moi

2 <k <n-—1, cac dudng chéo A, 1A, bi cic duong chéo A;A,; cat
(1<i<k—1vak+1<j<n)tai(k—1)(n— k) giao diém phan bi¢t (do
gia thiét khong c6 ba dudng chéo nao dong quy). Céc giao diém nay chia
doan théng A, 1Ay thanh (k — 1)(n — k) + 1 doan thang nhd hon va méi
doan thang nay lam cho s6 mién ciia da giac 16i tang thém 1. Hon nita, néu
khong ké dén cac dudng chéo chita dinh A,,,; thi s6 mién cta da giac

A1 As.. Ay dala g(n) + 1 vi chiing bao gom g(n) mién cla da giac 16i

A1 A,.. A, va thém mién A, A,A;. Cac Iy luan trén cho ta hé thitc truy
hoi:

gn+1) = g(n)+1+2((k—1)(n—k)+1)

= g(n)+1+(n—2)+i(k—1)(n—k)
= )+ (= 1)+ 5 D (0 k) (k= 1)) — (0= ) (5 1))
_ g(n)+(n_1)+ (n—2)én_1) _% <Z(n—k)2+2(k—1)2>




gn+1) = gn)+(n—1)+ (n—2)(n —1)* B (n—1)(n—2)(2n — 3)

2 6
n(n —1)(n — 2)

= g+ -1+

= g+ -1+ ()

Mat khac cht § ring g(4) = 4 = (3) - (g) nén tit cong thitc truy hoi trén,

st dung nguyén lyj quy nap ta suy ra:

=)+ (3

D6 1a két qua clia bai toan.



