Lol gial de lan bon
Pham Hy Hiéu - Toan PTNK 07 - 10
Bai toan 1. Vdi s6 nguyén duong n nao thi ton tai da thic:
P.(x) =z, + ap_1Tp_1 + ... + a1 + ag
vdi hé so thuc sao cho vdi moi x thuoc R, B,(x) > —3 dong thoi:
Po(=2) = Py(0) = Pu(2) = 0

Lai gidi. Tai n = 2, 10 rang khong ton tai da thitc Py(x) théa man yéu
cau dé bai, vi da thitc bac hai vi khong dong nhat 0 thi khong thé c6 ba
nghiém phan biét 1a —2,0,2. Tai n = 4, gid st ton tai da thitc thda man yéu
cau deé bai, thé thi ta c6 thé dit:

Py(z) =x(x —2)(x +2)(z — k)
Ta co:

P(1)>-3=-31-k)>-3=>1-k<1=k>0
P(-1)>-3=3(-1-k)>-3=-1-k>-1=k<0
Mau thuan! Vay khong ton tai da thic Py(z) théa man yéu cau dé bai. Hon
nita, véi n 1é ta co:
lim P2k+1(33) = —
nén khong thé c6 Poi1(7) > —3 v6i moi x € R. Cudi cling, véi n > 6 va n
12 s6 chén, ta sé chi ra c6 da thitc dang sau:

Py (z) = 22z — 2)%(z + 2)?

théa man yéu cau dé bai.
Vay céac gia tri can tim ctia n 1a n chdn va n > 6. O

Bai toan 2. Cho ham so f(x) = 2z — sinx. Chiing minh rang f khd nghich
dong thoi f=' co thé viét duge dudi dang tong ciia mot ham tuyén tinh vdi
mot ham tuan hoan.

Loi gidi. Ta c6 f lien tuc, kha vi cAp mot trén R dong thoi:
f'(x) =2—cosx >0,Vr e R
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vay f tang trén R va do d6, don anh trén R. Hon nita:

lim f(x) = o0, lim f(z)=—oc0

T——+00 T——00

nén do tinh lién tuc cta f, ta suy ra f cing toan anh trén R.
Vay f song anh trén R va do do, kha nghich.
Dit g = f~!. Ta co:

Ta lai co:

f(x) = 2x—sinzx
= f(r+27) = 20+4r —sinz

Trit theo vé hai dang thic trén ta co:

flx+2r) = f(z)+4r
Thay x béi g(z) ta dugce:

flg(z)+27m) = z+4n
Lay g ctia hai vé ta co:

glx)+27 = g(x+4n)
x + sin g(z) Lo — x +4m + sin g(z + 4n)

2 2
=sing(x) = sing(x +4nm)

Do d6 h(xz) = sing(x) 1a ham tuan hoan chu ky 47 va vi g(z) =

z + h(z)
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nén g = f~! c6 dang tong ctia mot ham tuyén tinh v6i mot ham tuan hoan.

Bai toan dugce chiing minh.

]

Bai toan 3. Cho AABC. Hinh vuong MNPQ noi ticp NABCA va c6
M,N € Be. Goi A" la tam hinh vuong va A" la diém doi zing véi A’ qua

BC. Cic diém B”,C” xzdc dinh tuong tu. Ching minh ring AA”, B

dong quy.

Loi giai.
Truée hét ta ching minh bé dé sau:

B77 , CC”?
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B6 dé. (Dinh ly Jacobi) Ve phia ngoai AABC ta dung cic tam gidc
ABXC,NCY A, ANAZB dong dang vdi nhau va lan lugt can tai X,Y, Z. Khi
dé AX,BY,CZ dong qui.

Chitng minh bo dé. T gid thiét suy ra:

LXBC =/4XCB=/YCA=/LYAC =LZAB =/ZBA =«

Theo dinh 1y sin ta co6:

XC AX
sin ZXAB _ sin/ZXAC _ sinZACX _ sin (B + )
sin ZX AC XB AX sin (C' + «)

sin /XAB sin /ZABX

Lap céc ti s6 tuong tir v nhan ching lai véi nhau ta co:

=1

H sin ZXAB g sin(B+ «)
sin /XAC — Llsin (C +a)



Vay nén theo dinh Iy Ceva thi AX, BY,CZ dong quy. B6 dé dugc ching
minh. O
Vao bai. Xét phép vi tu:

'H(A,i:é) :Q+—~ B,P—CMw—M,Nw— N A Ay, A7 — A,

Ta c6 BON'M' 13 hinh vuéng nhan Ay lam tam, hon nita A; d6i xting véi Ay
qua M'N’. Xac dinh cac diém By, C, tuong tu thi ABA,C, ACA,B, NAB,C
la céc tam giac can tai A, By, C; va dong dang v6i nhau. Theo bo dé trén
thi AA,, BB, CC; dong quy. Bai toan dugc chiing minh. O

Bai toan 4. Ching minh rang ton tai vo han sé nguyén duong n sao cho
10™ 4 3 la hop so.

Loi giai. Ta c6:
10°=1 (mod 7),10' =3 (mod 7),10° =2 (mod 7)
10°=6 (mod 7),10*=4 (mod 7),10° =5 (mod 7)

Suy ra 10 1a cin nguyén thity modulo 7. Tt d6 suy ra ton tai k € {1,2,....6}
sao cho:
10 +3=0 (mod7)

Xét ny = 6t + k ta co:
10" +3=10%"* + 3= (109"-10"+3=10* +3=0 (mod 7)

Vay day s6 {10™ + 3};en+ gom vo han hop sb. Bai toan bai toan duge chiing
minh. O

Bai toan 5. S6 nguyén duong n duge goi la tot néu né cé thé viét duge dudi
dang:
n=a +as+..+ag

Trong dé a; € N* dong thoi:

Chitng minh rdang néu ta thita nhan cdc so ti 24 dén 56 déu la so tot thi cdc
s0 t 57 trd di ciing la so tot.



Loi gidi. Gia st n 1a s6 tot. Dat n = a; + as + ... + a; v6i a; 1a cac s
nguyén duong thoa man:

1
—t —+ ...+ —=1
a1 a2 ap
Ta co:
2n+8 = 4+4+2(a1+a2+...+ak)
2n+9 = 34+6+2(a+a—2+...+ay)
Hon nia:

11 1
to—t ot =1

1 1 1 1 1
6 2@1 2@2 ' Qan

1
Sttt =

1
44" 24, 2a 2a,, 3"

Do do6, néu n 1 s6 tot thi 2n + 8 va 2n + 9 ciing 1a cac s6 to6t. Do vay néu ta
thita nhan 24,25, ...,56 = 2-24 + 8 1a cac sb tot thi 57,58,...,121 = 2-56 4+ 9
cling sé 1a cac s6 tot. Tiép tuc 1y luan di lén nhu vay suy ra moi s6 nguyén
duong tit 57 trd di déu 1a sd tot. Bai toan dugce chitng minh. O



