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Loi noi dau

Chuong trinh do tao va béi hoc sinh nang khiéu to4n bac phd thong hién da
budc sang nam thit 40. B6n muoi nim da qua 1a mot chu trinh dac biét gin véi su
khdi ddu, truéng thanh va ngay cang hoan thién mot moé hinh dao tao nang khiéu
dac biét. D6 1a huéng dao tao miii nhon cé tinh djt pha, dao tao cic thé hé hoc
sinh cé nang khiéu trong linh vuc todn hoc, tin hoc va khoa hoc tu nhién: Vat 1y,
Ho4 hoc va Sinh hoc. Trong diéu kién thi€u thon va ddy thach thic, chiing ta da
diing cam tim huéng di phl hgp, da di lén dugce trong tim 01, tich [u§ kinh nghiém
va sdng tao. Cic th& hé Thdy va Tro da dinh hinh va ti€p can véi th€ gii van minh
tién ti€n va khoa hoc hién dai, cdp nhat thong tin, sidng tao phuong phdp va tap
duot nghién cttu. Gan véi viée tich cuc déi méi phuong phép day va hoc, chuong
trinh ddo tao chuyén Todn dang hudng téi xay dung hé théng chuyén dé, dang nd
lyc va tich cuc khéi dong chudn bi cho viéc t6 chitc Ky thi Olympic Todn quéc &
nam 2007 tai Viét Nam, ky niém 40 nam céc Hé dao tao nang khi€u todn hoc phé
thong.

Sau 40 nam, c6 thé néi, gido duc miii nhon phd thong (gido duc ning khigu)
da thu duge nhitng thanh tuu ruc 18, duge Nha nude dau tu c¢6 hiéu qua, xd hoi
thira nhan va ban bé quéc té€ kham phuc. Céc doi tuyén quéc gia tham du cic ky
thi Olympic quéc t&€ c¢6 bé day thanh tich mang tinh én dinh va c6 tinh k€& thia.
Dic biét, nam nay, cic Doi tuyén Todn va Tin quéc gia tham dy thi Olympic quéc
t€ da dat dugc thanh tich ndi bat.

T nhiéu nam nay, Cdc Hé ning khi€u Todn hoc va cdc Trudng THPT Chuyén
thudng s dung song song céc sich gido khoa dai tra két hgp véi sich gido khoa
chuyén biét va sich chuyén @€ cho cic He THPT Chuyén. Hoc sinh cic IGp nang
khi€u da ti€p thu t6t cdc kién thitc co ban theo thoi lugng hién hanh do Bo GD va
DT ban hanh.

Hién nay, chuong trinh cai c4ch gido duc dang budc vao giai doan hoan chinh
b6 SGK méi. Thai lugng kién thitc cling nhu trat tu kién thitc co ban ¢6 nhiing thay
d8i déng ké. Céc kién thitc ndy dang dugc can nhic dé né vin nim trong khuon
khd hién hanh cia céc kién thiic nang cao ddi véi céc 16p chuyén todn. Vi Ig do,
viéc ti€n hanh viét hé théng cédc sich chuyén dé cho céc 16p nang khigu cdn duge
ti€n hanh khén truong va dugc xem xét toan dién tir phia céc chuyén gia gido duc
va cic co gido, thdy gido dang truc ti€p giang day cdc 16p chuyeén.

Puogc su cho phép clia Bd GD va BT, Truong Pai Hoc Khoa Hoc Ty Nhién,
PHQGHN phéi hgp ciing vé6i cdc chuyén gia, cdc nha khoa hoc, cdc c6 gido, thiy
gido thuéc PHSPHN, PHQG TpHCM, DH Vinh, Vién Todn Hoc, Hoi Toan Hoc
Ha Noi, NXBGD, Tap Chi Todn Hoc va Tudi Tré, cdc Trudng THPT Chuyén, Cic




56 GD va PT.... t6 chitc béi dudng céc chuyén dé sau dai hoc nhim béi dudng
hoc sinh gi6i cdc mon Todn hoc va khéi kién thic khoa hoc tir nhién nhur 13 mot
th sdch dac biét phuc vu béi dudng hoc sinh gidi.

Ching toi xin gi6i thiéu cudn sich cha nhém cédc chuyén gia, céc thdy gido
véi su tham gia dong ddo clia cdc dong nghiép tham dy Trudng hé 2005 vé chuyén
dé "Bat dang thic va cdc bai todn cuc tri".

Cudn sdch nay nham cung cdp mot s6 kién thic chuyén dé bt ding thic &
muc do khé vé dai s6, s6 hoc, hinh hoc va gidi tich. Day cfing 1a chuyén dé va bai
gidng ma cdc téc gia da gidng day cho hoc sinh c4c doi tuyén thi Olympic Todn
hoc qudc gia va quéc té.

Chiing toi cling xin chan thanh cdm on cdc ban doc cho nhimng ¥ kién déng
g6p dé cudn sdch ngay cang hoan chinh.

T/M Tap thé téc gia

GS TSKH Nguyén Vian Mau




BAT DPANG THUC GIUA CAC DAI
LUONG TRUNG BINH

Nguyén Vin Mau
Truong Dai Hoc Khoa Hoc Ty Nhién, DHQGHN

‘Trong bai ndy ching ta dé cap dén mot s6 phuong phap chitng minh
truyén thong Bat ddng thic gitta cic gia tri trung binh cfng va trung binh
nhin theo § tudng cia cac todn hoc ndi tiéng vd mot sb cach ching minh
dua ra trong thoi gian gin day.

Dinh ly 1. Gid s¢ T1,%2,...,Ty ld cdc $6 khong am. Khi dé

2 YriTe - zp. (0)

L1+ x2+--+ 1z,
n

Dau ding thitc zdy ra khi va chi khi zq = g9 = - - - = Tn

1 Quy nap kiéu Cauchy

Day 1 kiéu quy nap theo cip hudng (lén-xubng) do Cauchy d& xuét vao
ndm 1821 (Cauchy A.L., Cours d’Analyse de I’Ecole Royale Polytechnique,
I"® partie, Analyse alge’brique, Paris, Debure, 1821) dé chitng minh Dinh
ly 1. Mot s6 ngudi da lgi dung tinh hudng nay dé goi tén bit ddng thitc (0)
1a Bat déng thitc Cauchy. Tuy nhién, cho dén nay, theo thong lé qubc té vi
theo cdc goi clia cac nha toan hoc thi (0) 13 Bt d3ng thitc gitta gi4 tri trung
binh cong (trung binh sé hoc) va trung binh nhan (trung binh hinh hoc).

T hé thidc bac hai

u% + u% 2 2uiug, Yur,ug € R,

ta suy ra
1 +
_12_z2 2 \/Z133, Yz1,22 khong am. (1)




T1 + T2 a.7:3+ar:4 .

Thay z1, 2z 1an lugt bing cic bién mdi 5V 5 t (1) ta nhan

dugc

1+ T2+ 23+ 74 [w1+wzm3+z4]%
P =

4 2 2
1.1
P [(zlmg)%(m314)5]5 = \4/1'1$22:3(L‘4. (2)

u Tiép tuc qué trinh nhu trén ta thiy bit ding thitc (0) ding véi n =
1,2.4,... va néi chung, ding véi n 14 luy thita cda 2. Day chinh 14 quy nap
theo hudng lén trén.

Bay gid ta thuc hién quy trinh quy nap theo huéng xubng phia dusi.
Ta chitng minh r3ng, khi bat déng thitc (0) ding véi n (n > 1) thi né ciing
dang v6i n — 1. Thay z,, trong (0) bdi

Ty +Iy+ -+ Tp1
n—1

va gilt nguyén cic bién z; khac, tit (0) ta thu dugc

1+ o+ +2Tp

Ty +To+ -+ zTpo1 +
n—1

2
n

$1+$2+---+2n—1>%

1
2(I1$2'-'$n—1)"< P

hay

Ti+zT2+ -+ Ty A (T1+ T4+ Tpo1\ =
2(331552"'181:—1)"‘1( ) .
n—1 n—1
Rit gon biéu thitc trén, ta thu duge
Ti+2xo+ -+ Ty
n-—1

2 "YT1Zg - Tp_1-

Tit két qua da ching minh theo cip hudng (lén-xubng), ta thu duge phép
ching minh quy nap ctia Dinh 1y 1. '

Tiép theo, theo diing cich ching minh quy nap kiéu Cauchy, ta dé dang
chitng minh B4t déng thic Ky Fan sau day.

Dinh 1y 2. Gid s¢ z1,z9,...,z, la cdc s6 duong trong (O, 5) Khi dé

I1 2 I1(1 - z)

kn=1 . S kn=1 —. (3)
IR




1)

Déu ddng thite zdy ra khi va chikhiz) =29 = ... = Ty

2 Mot s6 dang da thiic déi xitng so cip Vieete

Da thitc P(zy,23,...,2,) véi bo n bién sé thyc Z1,%2,...,T, duge hidu 13
ham s6 (biéu thitc) c6 dang

N
P(ml,xg,...,zn)=ZMk(a:1,x2,...,xn),
k=0
trong dé
Mi(z1,...,z,) = Qjja it zin G e N (i=1,2,...,n). (1)
kAL, y4dn J1dnd] no Ji y 4y ’

ditetin=k

Trong muc ndy ta quan tam cht yéu dén cac dang da thitc ddng bac (1)
bién s6 thuc va nhan gi4 tri thyc, dic bigt 13 cac da thitc d6i xing so cip
quen biét lien quan dén cic hing ding thitc dang nhé trong chuong trinh
todn trung hoc phé théng.

Trude hét, ta nhic lai cong thic khai trién nhi thite Newton:

(z+a)" = g (Z) a"k gk,

Néu ta coi (z + a)” nhu 1a tich cfia n thira sé: (z+a)(z+a) - (z+a), thi
khi d6 tich
(z+a1)(z +a2) - (¢+ a,)

cling ¢6 thé viét dusi dang mét bidu thirc tuong tu nhu cong thitc khai trién
nhj thitc Newton nhu sau:

(z+a))(z+a) - (z+ay) = Z (Z)p;-“k:z;k,

trong dé




Vay nén, néu cic sb ay,as,...,a, déu duong (hodc khoéng am vi khong
ddng thoi bing 0) thi khong mét tinh téng quét, ta c6 thé coi cac sb
D1,D2,- - - ,Ppn déu 13 86 duong (khong am). Tit (2), ta thu duge

4 _
p = etetuie
g > g
P2 _ 1€i<ji<n
< O (3)

(Pn = {/Q102--Qp.

Ta thiy, p; chinh la trung binh cong, p, 12 trung binh nhan, va do d6,
cc p; khéc cling 1a cic dai lugng trung binh cin dit tén cho ching nhu a
nhitng d6i tugng co ban cin tap trung nghién ctiu.

Dinh nghia 1. Cho @ la bp n s6 duong {a1,as,...,a,} (n > 1,n € N).
Khi dé
flz) = (z +a1)(z+az)...(z+ ayp)
="+ E1(@)z" ' + B2 (@)z" 2 + ... + E,(d),

trong dé

n
El(a—) =Za,~, Ez(a_) = Z a;aj, ..., En(a) =a103...0qp.
=1

1<i<ji<n

Dat Ey(a) = 1. Ta goi E.(a) (r € {1,...,n}) la cdc ham (da thitc) dbi zitng
s0 cdp thit r (E.(a) la tong cia tdt cd cic tich v 56 khdc nhau cta bd 56 @).

- Ky hiéu

Dinh nghia 2. Gid s% z1,%2,...Z, ld bd n cdc sb thuc khong am (ki hiéu
bdi (T)) va y1,y2,---,Yn la b6 cdc s6 thuc khong am khdc (dugc ki hieu bdi
@) |

Hai day (T) va (§) duge got la dong dang (va ky higu (T) ~ (§) néu ton
tai A\ER (A#0) sao chota céz; = Ay; (j=1,...,n).




Bai todn 1. Cho @ ld b9 (a;...an) cdc s6 thuc duong. Dit Py =1, P, =
Py(a); E, = E.(a). Ching minh ring
Pio1.Pey1 < P2 (k=1,2,...n—1).

(Néu cdc a; déu diong va khong dong thoi bing nhau thi ta c6 du bt ding
thite thuc su).
Ching minh .

Gia st
f(z,y) = (& + a1y)(z + azy) ... (¢ + any) = Boz" + Erz" 'y + -+ + Epy”,
E; 13 tdng tAt ca cac tich ¢ s6 khéac nhau,

kl{n —k)!
P M=kt
n.

Vi tit cd cic a; > 0 va -0 khéng phai 1a nghiém clia phuong trinh
Yy
f(z,y) = 0 nén -0 khong phai 13 nghiém boi trong cac phuong trinh
y N

nhan tit dao ham caa né. .
Tit d6 ta c6 thé két luan riing cac s6 P; duong, titc 1a phuong trinh

Pk_1$2 + 2Pkmy + Pk+1y2 =90

nhan dudc tt f(z,y) = 0 bing cich liy vi phan lién tiép theo = vi y. Do
phuong trinh nay c6 nghiém thitc nén P 1Piy1 < Pf.

Bai toan 2. C’hﬁﬁg minh bit ddng thic
Er-lEr—H < EE

Ching minh.
Tit bat ding thitc trong Bai toan 3 ta cb
Py 1Py < P
Suy ra

(k-1 n—-k+1)!
n!

B, (k+ 1)!(2!— k+ 1)!Ez+1 < (k!(nn: k)!)E,f
hay
(k=1)(n—k+1)
k(n—k)

Ey1.Exy1 < E} Ey_1.Epyy < B2




Bai toan 3. Cho cic s6 a; > 0 (i € {1,...,n}) v khong dong thoi bing
nhau. Ching minh bit ddng thic

1 1 1
P1>P22>P33>"'>Pnn- (4:)

Ching minh. Theo b4t ding thic trong Bai toan 1, ta cd

PP < P12
(PLP3)’ < Py

Suy ra
(PoPy)(PyPs)?...(Pr_1Pry1) < P2P}--- P

1 1
= Pl < PItt= Pf > P7H.

Nhan xét 1. Ta dé dang ching minh P,_1Pry1 < P? bing phuong phdp
qui nap.

That vay, gia s bit ding thic dang véi n — 1 sb duong a1, az,...,0n-1
va dit E., P! 1a cic E,, P, tao bdi n — 1 sb &y va gid sit tAt cd cac sb d6
khong dong thdi bing nhau.

s T T
Khi d6 E| = apE|_; = P, = EP; + an 1

Tu d6 suy ra
n?(Pr_1P,41 — P?) = A+ Ba, + CaZ,

trong dé

A={(n—r)2 = 1}P._\Ply - (n—r)’F]

B=(n—r+1)(r+1).P_ P+ (n—r—1)(r-1)P P~
~2(r—1)Pl_oP

C =(r?—1)P._,P. —r?P2,.

10




Vi céc a; khong dong thdi bing nhau nén theo gia thiét ta c6
Pl 1Py <PP_;—Pl<Pp_,
n*(Pr_1Pry1 — Ph) < —(Pl — a,P!_,) < 0.

Diéu ndy vin ding khia; =gy = ... = an—1. Khi d6 a, # a;.

Tir bat ddng thic (2), ta thu dugc bst ding thitc sau:

Hé qua 1.
P12p22...2 pp,
trong dé :
s _ e
1 — 9 +ag: +aﬂ’
2 g
1€i<sign

R
\ Pn. = {Ya1a2---an,.

Ddc biét, p1 > p,. D6 chinh la Bét ding thic gita gid tri trung binh cong
vd trung binh nhan.

3 Quy nap kiéu Ehlers

Ta chitng minh Dinh 1y 1 d6i v6i bo s6 duong z1,zs,..., T, mi
1T T, = 1. - (1)

Khi d6 (0) c6 dang
Ty +To+ -+ TH =N (2

Gia thiét (2) ding v6i bo n sé thod man (1). Gia thiét ring ta c6 bo
n + 1 s6 duong thod man didu kisn:

~—

T1Z2- - TpTpe) = 1.
Gia thiét ring (khong mét tdng quat) z; vA o 13 hai sb tix bd n + 1 sb trén
c6 tinh chit: :
T 2 17 Z2 < L.

11




Khi d6
(:L‘l - 1)(1‘2 bt 1) S 0

hay
122 +1 < 1 + 9. (3)
Tit (3) va do bo n s6 z122,3,...,2Zn4e1 c6 tinh chét
(T122)23%4 -+ - Tpgr =1,
suy ra

Ti+ T2+t Tnt T 214+ izo+ 23+ T4+ + T+ Tngr > 140

Dinh 1§ dugc chitng minh.

4 Dong nhit thic Hurwitz
Xét ham s6 n bién thyuc f(z1,23,...,2,). Ky hisu Pf(z1, 2, . ..,7,) 12 téng
céc f theo tit ci n! hoan vi clia cac d6i sé z;. V6i quy uéc nhu vay, ta c6

Pa} = (= )i(af +a§ + -+ 2),
Pzryzs... 2, = nlziz9-- - 2,

Xét cac biéu thic g xac dinh theo cong thic sau day

(90 =Pl - 257")(21 — 22),

g2 = P(z77? = 257%)(z1 — 22)33],
q 93 = P[(z}7% = 237%) (21 ~ z2)z324),
L In-1 = P[(.’L‘l — 1132)(1121 - 1:2)93'3 N .’L‘n].

Nhan xét riing khi cac z; (i = 1,2,...,n) déu khong am thi cic bidu
thic g; (i = 1,2,...,n), theo dinh nghia, ciing nhan gia tri khong am. That
vay, ta ¢c6

gk = P[(x’f“k - zg_k)(:zl - .’L‘2)$3.’L‘4 fen $k+1]

= P[(xl - :L‘2)2(:L‘71'L_k—1 +- 4+ .’l:g_k—l).’r;gfl,‘,; e -'L'Ic+1]

12




ludn ludn 13 mot s6 khéng am khi cic z; > 0.
Mait khéc ta lai cé

g1 = Pal + Pz} — Pz} 'ay — P2} iz

= 2Pz} — 2Pz ' x,.

Hoan toan tuong ty, ta ciing cé

g2 = 2P:n'1‘—19:2 - 2Pz'f_2x2:r3,
g3 = 2Pz} 2zyz3 — 2Pz§‘_3z2w3x4,
gn-1 = 2P£L‘%222....7:n_1 —2Pzx129...2,.

Liy tdng cac g;, ta thu dugc
g1+ga+ -+ gn_1 =2Pz? — 2Px125...Tp. (1)

Theo dinh nghia thi (1) chinh 13

P +zh + -+ 2] 1
! 2n "—mlxz'-'$n=ﬁ(91+92+"'+9n—1)>0-

5 Phuong trinh ham

Xét bai todn x4c dinh gia tri 16n nhit cla bidu thic
M(zi,22,...,2,) = 1172+ Ty,
vdi didu kién
nnt+ze+--+aTp=a,z;,20,i=12,...,n.

Ky higu gi4 tri 16n nhit cia M 1 f,,(a) tng véin € N va a > 0.
Ta cb dinh z, vA nhu vy cdn chon ,3,...,T,_1 thod méin didu kién

Zi+To+ -+ Tp1=a— 2Ty

dé tich 12y - - z,-1 12 16n nhat.

13




T day suy ra

fn(a) = Oga:)éa[znfnq(a - Zn)], n=2,3,...,

trong d6 fi(a) = a.
Thyc hién déi bién z; = ay;, i = 1,2, ..., n, ta thu duge

fn(a) = o™ fu(1).

Tu day suy ra

n — 1)7-1
Fal) = faea (D, (1 —g)) = 22O

1 N .
Tu hé thic f1(1) = 1 ta thu duge f,(1) = ot chinh 1& diéu phai chimg
minh cta Dinh 1y 1.

6 Dong nhit thic Jacobsthal

St dung hing ding thitc quen biét
tt—nt+n—1=0¢-1" '+ ... 4t —(n—1)], n €N,

ta suy ra
t"+n—1>nt,Vt >0, ne N (1)

1 n (n
An=7—1-;l‘i, Gn= I ;L-[l.’l}l

Khi d6 ta c6 dong nhit thic (Jacobsthal) sau:

Ky hieu

An= I n-pZ= s ()7 2
Theo (1) thi
() > ng1-n ®

14




Tt (3) va (2) ta thu duge

An—l

An> —I)G

e

—(n-1)+nGGn ]

n—1 n—1

hay

-1
An - Gn > ?n—(An-l - Gn—ly n> 1.

Tt day suy ra A, > G,.

7 Cuc tri cia ham sé

Nhu ta da thiy, phuong phip quy nap "tién-1ui" cda Cauchy cho ta thuat
todn hitu hiéu dé chitng minh bt déng thic giita gi4 tri trung binh cdng va
trung binh nhan. Phéi ching, ta c6 thé ching minh bat ding thitc gitta gis
tri trung binh cong va trung binh nhan theo phuong phap quy nap thong
thudng? Diéu ndy thyc hign dugc thong qua cac ddng nhét thitc nhw da thay
G cdc muc trén. Sau day, ta sit dung phuong phép khao sat ham sd mot bién
dé thuc hien phép chitng minh quy nap bt déng thitc cyc tren.

Xét day s6 duong 1,z9,.... Véi mdin € N (n > 1), ¢b dinh, ta ky hiéu

n
=
=1

1
An:';;xia Gn =
=

Xét ham sb

n-1 n—1
1a®) = —(n +t+32) ~ 2| (@a+4) [] @
=1 =1

trong khodng (—z,,+00). Ta ¢6 f(0) = Ap, — G, VA




fa(tn) = min fn(?)

vA hién nhién, f,(0) > fa(ts)-
St dung gia thiét quy nap: A,—1 — Gn—1 > 0, ta thiy

1 n—1 n—1
fn(tn)=‘7—l(mn+tn+zzi) -1 ($n+tn)Haf'i
i=1 i=1

n-1
= - Gn—-l =

(An—l - Gn—l)-

Viy nén
(An—l - Gn—l) P 0.

8 Ham exponent ty nhién

Mabt trong nhitng tinh chit cyc k¥ quan trong clia hdm mi (exponent) ty
nhién f(z) = e* 13 tinh bt bién ( ditng) ctia n6 déi véi todn t vi phan

(") =€
Tt d6 dé dang kiém ching bit ding thic quen thudc
e€21+zVzeR, dau" =" z=0.
Tt d6, ta nhan duge hé qia

Bai toan 4.

1> VzeR, diu”="oz=0.
Goi A, 1 trung binh cong clia cic sb z; (j = 1,...,n). Gid st z; > 0 Vi,
khi d6 ta cé

Ty

Tl < ¢An

— L en -1

A, =

Zn zn

_—< eAn — 1

An
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Suy ra

T1-To "Iy < z] +32A.§;-..+:n -n n—n 0

Ar Le =e =e =1
hay .
z x ) x
Z1-To-- Ty < A5, hay Yzi122- T < ! 2n Ly
. I In
Dau77=,7¢>_=___=_=1ha L1 =g =<+ =2Tn.
An An y 1 2 n
9 Hoan vi
Nhan xét ring, néu by, ba, . . . , b, 12 mo6t hoén vi ctia bd s6 duong a1, ag, - - -
thi 5 b b
T
ai a2 an
That vay, khong gidm tdng quat, ta coi
ap £ a2 £ - < ap.
Khi d6, hién nhién ring
1
—_— < _— < . S —
ay a2 Qn
Vi vay
b b a a a
- L L
a) a2 Gn a; a2 n

Tiép theo, ta dit

G. =2 _ % _ 122 _T1T2 " Tp
n= VYri1Ty+ Ty, al—-G—,ag—-——— ...,an-————————————l.’

n G’ Gh
Khi d6, theo nhan xét & trén, thi
' a a a
2424 ">
an G} Gn-1
T T2 Tn
- RPN Sl )
Gn Gp Gn 7"
hay
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HAM TUA DON DIEU, TUA LOI, LOM

Nguyén Vin Mau
Truong Dai Hoc Khoa Hoc Ty Nhién, PHQGHN

Ta nhic lai dinh nghia:
Gia st ham s6 f(z) x4c dinh va don diéu ting trén I(a,b) thi khi d6 ing
v6i moi z1,z2 € I(a,b), ta déu c6

f(z1) < f(z2) & 21 < 29y
va ngudc lai, ta ¢6
f(z1) 2 f(z2) © z1 < z9; Vzi1,29 € I{a,b),

khi f(z) la mot hAm don diéu gidm trén I(a,b).
Tuy nhién, trong dng dung, c6 nhiéu ham s6 chi doi hdi c6 tinh chit yéu
hon, ching han nhu:

f(z1) < f(z2) © 21 < 72, V21,22 >0 ma z + 25 < 1,

thi khong nhét thiét f(z) phai 1a mot ham don diéu ting trén (0,1).
Vi dy, v6i ham sb f(z) = sinnz, ta ludn c6 khing dinh sau day.

Bai toan 1. Néu A, B,C la cic géc cia AABC thi
sinA <sinB & A < B. (1)

Nhu vay, m3c dit ham f(z) = sinnz khong ddng bién trong (0, 1), ta
vin c6 bit ding thic (suy tit (1)), tuong tu nhw déi véi ham s6 ddng bién
trong (0,1): :

sin7z; < sinwze & 1 < To, Vz1,20 >0 ma 71+ T2 <1 (2)
Ta di dén dinh nghia sau day.

Pinh nghia 1. Ham s6 f(z) zdc dinh trong (0,b) C (0,+oc0) duoc goi la
ham s6 twa dong bién trong khodng dé, néu

f(iL‘1) < f((L'Q) S 11 <z9, VZ1,22>0 mé z1+1x9 <b. (3)
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Tuong tu, ta cling c6 dinh nghia ham tia nghich bién trong mot khoang
cho trudc.

Dinh nghia 2. Ham sé f(z) zdc dink trong (0,b) C (0,+00) duge goi la
ham sé tua nghich bién trong khodng dé, néu

f(a:l) < f((122) & 1T1> T, Vr,zo>0 ma x4+ x9 <b. (4)
Bai toan 2. Moi ham f(z) twa dong bién trong (0,b) C (0, +oc) déu déng

bién trong khodng (0, g)

Chuing minh dugc suy tryc tiép tit Dinh nghia 1. That vay, khi z1,2, €
b .
(0, E) thi hién nhién, z, + z9 < b va ta thu duge

b
f(z1) < f(z2) © 11 < 22, V21,20 € (0, 5) (5)
He thuc (5) cho ta diéu cAn ching minh.

Bai todn 3. Gid thiét ring ham h(z) dong bién trong khodng (O, g] Khi
dé ham sé
h(z), khi z¢€ (0, 9],
flz) = . 24
h(b—z), khi ze [E,b),
la ham sé twa dong bién trong (0,b).
Dinh 1y 1. D€ ham f(z) zdc dinh trong (0,b) C (0, +00) la ham twa dong

bién trong khodng dé, diéu kién cén va di l& cdc didu kién sau ddy dong thoi
duge thod mdn:

(i) f(z) dong bién trong khodng (O, g-)
(it) f(z) > f(b—1), Vz € [gb)

Chitng minh.
Diéu kién can. Khi hAm f(z) tua ddng bién trong (0,b) thi theo Bai

. . b
toan 1, ham f(z) dong bién trong khodng (0, 5) Xét z € [g,b). Khi 46,
déz, e (0,b) sao cho ddng thdi z; < z va £1+7z < b, ta cn chon z; € (0, g)

b b N .
vazy <b-—z¢€ (0,5). Do viy, moi z9 € [i’b) ta deu c6 7, < z9 vh dé
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z1+29 < b thi dé thiy z, € (g,b—m). Vi theo gid thiét, thi f(z1) < f(z2)

vOi moi 7o € (g,b— ml), nén f(zqg) > f(z) (do 1 < z)

1 Ham tya 16i vA ham tya 16m
Ta nhic lai cac tiéu chuin don gidn dé nhan biét tinh 18i (16m) clia mot ham
sb.
Gid st f(z) c6 dao ham cip hai trong khodng (a,b). Khi d6
(i) diéu kién cin va d dé ham s f(z) 16i trén (a,b) 1a
f"(z) >0, Vz € (a,b).
(ii) diéu kién cdn va dt dé ham s6 f(z) 16m trén (a,b) la
f"(z) <0, Vz € (a,b).

Tuy nhién, trong ing dung, ta nhan thiy, do dic thu clia dang toan, cé
khi chi doi hdi ham s6 da cho c6 tinh chit yéu hon tinh 18i (16m), ching han
nhu: ‘

V1,20 >0 mad z;+ x5 <1,

f(ml -;362) < f(z1) ';‘f(ﬂ?z)

thi khong nhat thiét f(z) phai la mot ham 16i tren (0, 1).
Ciing vay, ddi v6i ham s6 f(z) ma
T1 + T2 f(z1) + f(z2)
P
(557275
thi khong nhat thiét doi héi f(z) phai la mét ham 16m trén (0,1).

Vz1,22 >0 mid z;+ 19 <1,

Vi du, v6i ham s6 f(z) = cosz, ta ludn c6 khing dinh sau day.
Bai toan 1. Néu A, B,C la cic géc cia AABC thi

cos A 4+ cos B +cosC A+B+C
3 <cos——§———. : (1)

Nhu vay, m3c du ham f(z) = cos(nz) khong 13 ham 16m trong (0,1), ta
vin c6 bit ding thitc ( suy tir (1)), tuong ty nhu déi véi ham sb 16m trong
(0,1):

cos(mzy) + cos(mzs) (2 + z2)7

<
5 cos 5

Ta di dén dinh nghia sau day.

ma 1 +z9 < 1. (2)
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Dinh nghia 3. Ham s6 f(z) zdc dink trong (0,b) C (0,+00) duge goi la
ham tua 161 trong khodng d6, néu

f<$1 +$2) < f(z1) + f(z2)

5 7 V1,22 >0 ma z; + zo < b (3)

Tuong ty, ta cling ¢6 dinh nghia ham tya 16m trong mdt khodng cho
trudc.

Dinh nghia 4. Ham s6 f(z) zdc dinh trong (0,b) C (0, +oc0) duge goi la
ham twa lom trong khodng dé, néu

f(xl ';'$2) P f(z1) ; f($2) Vzi,290 >0 ma z1 + <6 (4)
Tt dinh nghia, ta c6 ngay khing dinh:

Nhan xét 1. Moi ham f(z) 16 (I6m) trong (0,b) C (0,+00) déu la ham
twa 161 (16m) trong khodng dé.

Nhan xét 2. Néu ham f(z) twa 16i trong (0,b) C (0,+00) thi né la ham
twa 161 trong moi khodng (0, a) v91 0 < a <b.

Nhan xét 3. Moi ham f(z) tya 16i (16m) trong (0,b) C (0, +00) déu la
ham 161 (I6m) trong khodng (0,a) vdi 0 < a < 3

\ b
Chitng minh. That vay, gi3 sit f(z) tua 13i trong (0, ). Khi z,, 5 € (o, 5)
thi hién nhién, £, + z3 < b vA ta thu duoc

(52 < B v o),

He thitc nay ching t6 f(z) 13 mot ham 15i trong khoang (0, g)

Dinh Iy 2. Gid thiét ring ham h(z) c6 dao ham cbp hai va 13i trén (o, g]
Khi dé ham s6

h(z), khi ze (o,g ,

fe) = h(b—z), khi me[i,b),

s€ la mot ham tya 167 trong (0, b).
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Chitng minh. That vay, theo gid thiét thi f(z) c6 dao ham bac hai trén
b
(0,b) va do h"(z) > 0 trén (0, 5] , nén
) b
h'(z) >0, khi z€ (0,— ,
" — 2
f(z)

K'(b—z) >0, khi € [i,b).
Vay nén f(z) 1a mot ham tva 1i trén (0,5).
Nhén xét 4. Két lugn cida nhan zét trén vin ding déi vdi ham h(z) 163 tug

§ trén (0, g]

) s b )
Dinh 1y 3. Cho ham 56 h(z) lién tuc va loi trong (0, §] Xét ham so f(z)

zdc dinh theo cong thitc sau:
h(z), khiz e (o, g]
Zh(g) —h(b-z), khiz € (gb)

Khi dé, f(z) la mot ham tua 16i trén (0,).

flz) =

Chitng minh.
, \ b
Theo gi4 thiét, h(z) 18i trong khodng (0, 5] va f(z) xc dinh va lién tuc
trong (0, b).
Ta can ching minh bit ding thitc (3):

f(ifl ;mz) < f(ml);f(m)

Vzi,zo € (0,b) v6i z1 + x9 < b.

Bat ding thitc nay tuong duong véi

h(wl +$2) < f(z1) + f(z2)

5 5 V1,20 € (0,b) v6i 1+ 29 <b. (5)

) b
Coi 21 < z9. Khi d6, néu z5 < 3 thi (5) c6 dang

(24

h(:z:l) + h(.’l:g)
2

N

Vzi,z2 € (0,b) v6i 1+ z9 < b.
Diéu nay 13 hién nhién.
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Xét trudng hop zo > g Dat ;—) = d. Khi d6, (5) c6 dang
T + To h(:L‘l) + 2h(d) - h(b - .'Ez)
h( 2 ) S 2 '

Dé dang suy ra

b—$2,1‘1+$2—d€(0,d), (b—I2)+(.’I/'1+.’L'2—*d)=.’II1+d.

. b e
Khong mét téng quat, coi z; + 75 — 5 < b—-1zy. Khi d6

b
I1<931+-’172—'2-<b-$2<d

va theo Dinh 1y Lagrange, ta c6
h(d) — h(b - z3) = h'(u)(d — —z3), u€ (b—zq,d)
va ‘

Mz + 22 —d) — h(z1) = K'(v)(d — 33), v e (x1,21 + 22 — d).
Viv < unén h'(v) < A (u), tit (6) va (7), ta thu duoc

h(d) + h(z1) > h(z1 + 22 — d) + h(b — z3).
Do
7 (=gt 1 p(a))
5 ;

1(557) = 1) <

z1 +zo

f($1 +$2—d) >2f(T) “f(d)-
(8) va (9) cho ta

Z1 + T9

1@+ f(z) > 2f (Z2) = 1(d) + £(b - 22),

hay
z1 4+ o

26(d) = 1o ~22) > 2f (BT2) - f(a).
Mit khac, theo gia thiét, ta c6
f(z2) + f(b—z2) > 2f(d),

hay
2f(d) = f(b~z2) < f(=2).
He thic nay va (10) cho ta (5).
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Dinh 1y 4. D€ ham f(z) zdc dinh trong (0,b) la mot ham tua 16 trong
khodng dé, diéu kién cdn va di la cdc diéu kién sau day dong thoi duoc thod
man:
. s b
(i) f(z) l6i trong (0, -2-],
b b
.. o sof(l by
(i) f@)+ Fo-2)>2f(3), vae (0,5)
Ching minh.
Piéu kién can 13 hién nhién. )
Diéu kién di. Gia st f(z) 18i trong khoang (O, 5] va

flz)+ f(b—1x) >2f(g), Vz € (O, g)

Ta cin ching minh bt ding thic

f($1 + $2) < f(xly) + f(z2)

5 5 Vzi,z2 € (0,b) vOi 1 +z2 <b.  (11)

thi (11) 13 hién nhién.

N o

- . 2 - b z
Coi 71 < zo. Khi d6, hién nhién 5 < 7" Néu z9 <

Xét 9 > g— Khi d6, dé dang suy ra

b b b b
b-xg,x1+a:2——2- € (0,5), (b—m2)+(z1+m2——§) =x1+§.
Khoéng méit tdng quat, coi z; + z9 — g £ b~ xz9. Khi d6
b b
w1<w1+x2—§<b—mz<§
va theo Dinh ly Lagrange, ta cé
b , b b
1(5) - f-a)=rw(5-m), ue(b-25) (12
va
b . b b
f<:c1 +x9 — :2—) —flz1)=Ff (v)(§ —:z2>, v E (zl,a:l + 1z — 5) (13)
Viv < unén f'(v) < f/(u), tir (12) va (13), ta thu duge
b b
1(3) +£@) 2 f(ar+32—2) + 1 22). (14)
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Do

f<$1-;-1‘2) =f($1 +$22*%+%) < f(.xlizz;z-{_f(%)),

rm (250w
(14) va (15) cho ta

1(E) 0> 0(Z42) < 1(2) 410
hay
27(3) - 16 -2) > 27 (BE2) - fay) (16)

Mat khac, theo gia thiét, ta c6

flaa)+ f(b-22) > 2¢ (1),
hay

2f(5) = 16— ) < f(z2). (17)
He thic (16) va (17) cho ta diéu cin chitng minh.

Tuong tu, ta c6 tiéu chuin dé nhan biét ham tua 16m trén mot khoang
cho trude.

Dinh 1y 5. D€ ham f(z) zdc dink trong (0,b) la mot ham twa l6m trong
khodng dé, diéu kién can va di la cdc didu kién sau day dong thoi duge thod
man:

(.z') f(z) l6m trong (0, g],
(ii) f(z)+ f(b—2z) < 2f<g), Vi € (o, -g-)

T Dinh ly 3 va 4, ta ¢6 thu dugc phuong phap dung cic ham tya 13i
trén (0, b) nhu sau.

Hé qua 1. Dé ham f(z) zdc dinh trong (0,b) la mot ham tua 15i trong
khodng dd, diéu kién cin va di la ton tei ham sé ho(z) lién tuc va 15i trong

(0, g] sao cho

ho(z), khiz € (0, ]
. b

hi(z), khiz € (i’b)’

N o

flz) =
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trong dé

hi(z) > 2h(g) —h(b-z), Vz € (gb)

Tuong tu, ta c6 cach xay dung ham tya 16m trén mat khodng cho trude.

Hé qua 2. D€ ham f(z) zdc dinh trong (0,b) la mot ham tua l6m trong
khodng dé, diéu kién can va di la ton tei ham s6 ho(x) lién tuc v I6m trong

(0, g—] sao cho

| hota), khize (o, g]
T = hi(z), khize (gb)
trong do ; ;
hi(z) < 2h(§) —h(b—1z), Yz e (i,b).

Céac dinh ly sau day cho ta méi lien he chit ché gita ham céc tya ddng
bién (nghich bién) véi ham tya 16i (tya 16m).

Dinh 1y 6. Ham khd vi f(z) la tua dong bién trén tap (0,b) khi va chi khi
mot nguyén ham F(z) cia né déu la ham tya 10i trén tap d6.

Dinh 1y 7. Ham khd vi f(z) la tua nghich bién trén tap (0,b) khi va chi
khi moi nguyén ham F(z) cia né déu la ham twa lom trén tap dé.

2 SEp tha ty cic trung binh M, (z, )

Nhu da thdy & phin trén, bit bat ding thic giita gia tri trung binh cong
va trung binh nhén chi 1a syt sip dugc clia hai phan ti trong mét day bidu
thitc sdp dugc thit ty. Cac bidu thic nay 13 nhitng ham déi xing so cip.
Tiép theo, ta xét mot s6 md rong cac dang trung binh sinh béi cac da thitc
déi xing. Cac md rong nay, chii yéu dya trén cic tinh chit ciia ham sé nhu
tinh don digu (tya don diéu) dé so sanh , tinh 13i, 16m (tua 13i, 16m) dé sip
thit tu theo cic dic trung cho trudc.

Xét bo n s6 duong tuy y

(z) :==(z1,22,-.-,Zn)

26




va bo hé s6 duong (thudng duge goi 1a trong don vi)
n
(@) = (a1, 02,...,an), Zai =1
i=1
Dinh nghia 5. Xét cdc s6 thuc h # 0. Khi dé tong My(z, o) zdc dinh theo
cong thic
n 1
My (z,a) = (Zaixf) "
1=]

duge goi la trung binh bac h (theo trong (c)).

Nhan xét ring, tng véi h= -1, h=1vd h = 2, ta lin luot nhan duge
céc trung binh diéu ho, trung binh cong va trung binh nhan.

Bai toan 1. Vdi méi bp n s6 duong (z) va trong (), ta déu cé

n

. _— “II
}{E}%Mh(maa) - sz ’ (1)

i=1
tic la, gidi han la mot trung bink nhan suy rong.
Ching minh. Trudc hét, ta tinh gidi han
n
Ind a,-xf
lim In(Mp(z, @) = lim —=1
fim In(Mh (2, @)) = lim —=-
Theo quy tic L'Hospital, ta tinh duoc
n
> aimf Inz;

lim In(Mj,(z, @) = lim =L
h—0 h—0 Z aix?

n

= iailnxi =In (Hmf")
i=1

=1

Tu day, dé dang suy ra (1). )
Bai toan 2. Vdi méi bp n s6 duong (z) trong (c), ta déu cé

lim My(z,a) = max{z;; 1=1,2,...,n}. (2)

h—+o00
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Chitng minh. That vay, néu dit
zs = max{z;; 1=1,2,...,n},
thi v8i moi h > 0, ta cé
L
al Ts & Mh(x»a) < z5.
Tt day, chuyén qua gidi han ta thu dugc (2). O

Hoan toan tuong tu, bing cach dit chuyén qua gidi han khi h — —oo,
ta c6

Bai toan 3. Vdi méi bp n s6 duong (z) trong (), ta déu cé

hErPOOMh(m,a) = min{xi; i=1,2,...,n}. (3)
Ching minh. That vay, dé 7 ring
M_n(z,a) = 11 , YVh <0.
Mi(20)
Tir day, chuyén qua gidi han ta c6 ngay (3). O

T cac két qlia trén, ta quy udc:

M_o(z,0) =min{z;; 1 =1,2,...,n},

Tt thit tu sip duge

T
min{z;; i =1,2,...,n} < Hzf" < max{z;; i=1,2,...,n},

ta c6 thit ty sip dugc
M_y(z,a) < My(z,0) < Miw(z,a),
itng véi sy sdp thi tu ty nhién theo chidu ting din
~o00, 0, +oo.
Bay gid ta ¢6 thé ching minh mot két qiia manh hon ring, day Mj,(x, o)

12 sdp dugc theo A nhu 13 mot ham déng bién cia ham sb bién A € R.
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Bai toan 4. Véi méi bs n s6 duong (z) trong (a), ta déu cé

th(x7 Ol)

20, Vhe R\ {0}.
T 0, Vh e R\ {0}
Déu ddng thitc zdy ra khi va chi khiz) =z9 = ... =g,. -

Ching minh. That vay, dé § ring

h? Z": _wdMp(z,0)

Mp(z, a) ~ i dh -

= z": ozl Ingl — ( z": a,m?) In (i aix?) : (4)
i=1 i=1 i=1

Mat khac, dé dang kiém tra tinh 18i céia him sé 9(z) := zlnz trong (0, +00).
" 1 . . S s
That vay, ta c¢6 ¢"(z) = = > 0 dng véi moi z > 0. Do vay, v6i g(z) (1A ham
z
16i), ta thu dugc

9(z:) > f(z) + (2 - 2)g(z), Ya,05 > 0,

n
Tu day, chon z = 3 oz, ta duge

i=1

n ' n
> oug(z) > g( > aixi)
i=1 i=1
hay
n n n
Z o;z;lnz; > ( Z aimi) In ( Z aimi). (5)
i=1 i=1 i=1

Diu ding thic trong (5) x3y ra khi va chi khi cic sb x; déu nhan gi4 trj
bang nhau. Tt (4) va (5) ta suy ra

th(.’L', a)

20, Vh ;
o 0, Vhe R\ {0}
va diu déng thic x3y ra khi vi chi khi Ty =Tg =+ =1, O

Nhu vay, néu céc sb z; khong nhan gi4 tri bing nhau thi M (z, ) 1a mot
ham déng bién theo bién h € R. Db thi clia him Y = Mp(z,0) cb hai tiém
can ngang y = min{z;; i =1,2,...,n} vay = max{z;; i=1,2,...,n}.
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Bai toan 5. Vd mdi by n s6 duong (z) trong (), ta déu c6
f(h) = hIn My(z, @)
la mét ham 1o trén R.

Chitng minh. Vi f(h) 1a ham kha vi, nén ta kidm tra tinh 18i tryc tiép thong
qua tinh dao ham cta ham sb

f(hy=In (Xn:asz))
i=1

Ta cb

f’(h) - =1 n )
>, oz}
i=1
( i aimf) ( i a;z!(ln :c,)2> — ( i a;zh lnwi)2
f”(h) — 1=1 i=1 i=1 ]

n 2
(2 euat)
i=1

Theo bat ding thitc Cauchy, thi

(12:; aix?) (; iz} (In wz)z) - (12:; ozl In xi)z >0,

nén kéo theo f"(h) 2 0. a

Tit day, ta nhan dugc két qla clia mot bai todn tim gia tri nhé nhit lién
quan dén dang trung binh bac h c6 trong. '

Bai toan 6. Vdi mbi bo n s6 duong (z) trong (), zét by cic s6 h; (i =

1,2,...,n) vdi tong _
n
Zaihi = S,
i=1

khong doi. Khi dé-

n
[T Mt > M. (6)

=1
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Chitng minh. Theo Bai toan 5 thi ham sb

=In (i aim?)) |
i=1

12 ham 16i kha vi bac hai nén

Za,f z;) (Zazxz)

Tu day, ta c6 ngay (6), dpem. O

3  S3p thit ty cic tong Si(z)
Xét bd n sb duong tuy ¥

() := (21,22, ..., Tn)-

Ciing tuong ty nhu d6i véi trung binh Mj,(z, ) trong muc trude, ta xét
téng bac h déi véi bo (x).

Dinh nghia 6. Xét cdc sd thuc h # 0. Khi d6 tong Sy(x) zdc dinh theo

cong thic
n

1
Sale) = (Do), (1)
duge goi la tong bac h ctia bj s6 ().
Tinh don diéu clia tdng Sh(q:) dugc phat biéu dudi dang sau.

Bai todn 1. Vi méi bo n sé duong (z), tong Sy(x) nghich bién trong
(—00,0) va trong (0,+00). Ngoai ra, :

lim Sp(z) =min{z;; i=1,2,...,n}
h——o00

va

lim Si(z) =max{z;; i=1,2,...,n}.
h—+oc0 .
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Chitng minh. Vi Sp(z) kha vi trong cic khodng (—o0,0) va (0, +00), nén ta
kiém tra tinh don diéu truc tiép bing tinh dao ham vi xét diu clia né trong
cic khodng tuong ting. St dung ding thitc

hln Sp(z) = Z zh
i=1
dé tinh dao ham hai vé theo h, ta d& dang suy ra két luan cla bai todn. O

Bai toan 2. Vdi méi bp n s6 duong (x), ham s6 sau: f(h) := hInSy(z), la
mot ham 1o theo h.

Chitng minh. Ching minh dugc suy ra tir tinh chit 161 ctia ham s (xem Bai
todn 5 § muc trén) uF'(h) := hln My(z, a). O

Tuong ty, d& dang kiém tra tinh 13i ctia cdc ham s6 gy (h) = Si(z) va
g2(h) := ln Sp(z) trong (0, +o0). T day, ta thu dugc

Hé qua 3. Vdi médi b6 n s6 duong (z) va b sé duong (o), zét cdc bo sb
(h) = h1,hy, ..., hy sao cho tong

onhy +ashe + -+ anhy =M
khong doi. Khi do

> Sy > Sy().
=1

Heé qua 4. Vi méi bp n s duong (z) va bs sé duong (o), zét cdc bp sb
(h) = hy,ha, ..., hy sao cho tong

arhi +aghos +---+agh, =M
khong doi. Khi dé
Hs > Su(z
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VE BAT PHUONG TRINH HAM CG BAN

Nguyén Vin Mau
Truong Dai Hoc Khoa Hoc Ty Nhién, DHQGHN

Hién nay, nhiéu bai to4n cia Dai s6 va Giai tich trong chuong trinh phd
thong da bit dau tiép can dén cic dic trung co ban clia ham sé gin voi
cac phép bién hinh so cip nhu tinh tién, phan xa, ddng dang, phép quay va
phép nghich ddo. Mot sé dang toan khac lien quan dén cic khai niém co ban
ctia hinh hoc nhu khodng cach, chu vi, dién tich,... Xin phép duge gidi thiéu
v6i cac ban mot s6 ham s6 ¢6 tinh chat tuong ty nhu ham khoéng cach, chu
vi,...

1 Ham khoang cach

V6i mbi s6 thyc « € R ta d4t tuong ting mot didm A(z,0) trén truc hoanh
clia mit phﬁng toa d6 Dé-cic. Nhan xét ring phép tuong tng d6 13 mot-
mot va khodng céch tir A dén gbc toa do O(0,0) dugc tinh bing cong thitc
p(OA) = p(z) = |z|. Khi d6, ham p(z) c6 cac tinh chit sau:

(i) p(z) >0, VZ€R, p(z) =0 & z=0,

(ii) p(z +y) < p(z) +p(y), Yz €R,

Trong muc nay, ta s& khao sat cic ham sé c6 tinh chit nhw ham p(z) va
mot s6 ham sé lién quan.

Dinh nghia 1. Ham s6 f(z) x4c dinh va lién tuc trén R duge goi 14 ham
khodng cich néu né thod man ddng thoi cac tinh chit sau:
(3) f(z) 20, V2R, f(z)=0 & z=0, (1)
(1) flz+y) < flz) + fy), Yz R, (2)
Bai toan 1. Ching minh riing ham s f(z) = |z|* 13 ham khoang céch khi
va chi khi o € (0,1].

Bai giai. Nhan xét ring ham s6 f(z) = |z|® thod man didu kién (1) khi v
chi khi o > 0. Xét diéu kién (2). Véi z +y = 0 thi (2) luon luén thoa min.
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Xét trudng hop z + y > 0. Khi d6

z Y
+| {:1.
\w+y| T+Yy

Vi vay
T o y a
+| | >1, Yae (0,1
‘x+y c+yl 7 (0,1]
" T 1"+ ]-E "<, vae
) € .
I:I:—i—y +|m+yl = @ € (1,+00)

Vay, khi @ > 1 thi ham s6 f(z) = |z|* khong thod man diéu kién (2).
Xét trudng hop z +y < 0. Khi d6

|z + y| < max{|z|, |yl}

|z + y|® < |z|* + |yl*, Va>0.
Vay, ham s6 f(z) = |z|* 13 him khodng céch khi va chi khi o € (0, 1].
Tuwong ty, dbi véi trudng hop hai chiéu, ing véi mébi s6 thyc z € R ta dit
tuong tng mot diém A(z,y) trén mit phing toa do Dé-cac (Ozy). Nhan xét

ring phép tuong ng d6 13 mot-mot va khodng cach tit A dén diém B(z1,v1)
dugc tinh bi3ng cong thic

p(AB) = p(z — 21,y — y1) = V(z — 21)2 + (y — 1)

Trudng hop riéng, khodng cich tit A dén gbc toa d6 O(0,0) dugc tinh bing

cong thitc
p(OA) = p(z,y) = Vz% + y2.
Khi d6, ham p(z) c¢6 cic tinh chit sau:

(i) p(z,y) 20, Vz,y €R, p(z,y) =0 & (z,y)=(0,0),
(ii) p(AC) < p(AB) + p(BA), VA, B,C.

Tiép theo, ta s& khio sat cic ham s6 c6 tinh chit tuong ty nhu ham
p(z,y) v mot sé6 ham sb lién quan.

Dinh nghia 2. Ham sé f(z,y) xac dinh va lién tuc trén R x R dugc goi 13
ham khodng céch néu né thod man ddng thdi cic tinh chit sau:

flz,y) =fy,z), f(z,y) 20 Vz,y €R, f(z,9)=0 & (w,y)=(0,02,)
3
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f(@1—z3,y1-43) < f(@1~22, y1—12) + f (2 —2Z3, y2—y3), Vz1, T2, Z3; Y1, Y2, Y3 € R

(4)

Bai toan 2. Cho f:R? — R thoi man céc didu kién

() f(z,y) = f(y,z) v6i moi z,y € R,

(i) flz, ky1 +y2) = k(f(z,41) + f(z,y2) v6i moi k,z,y1,ys € R,

(iii) f(z,z) > 0 v6i moi z € R va f(z,z) = 0 khi v& chi khi z = 0.
Chiing minh riing ham s f(z,y) thod man didu kien

a) |f(z,y)|> = f(z,2)f(y,y) v6i moi z,y € R,

b) Vi(z+y,z+y) < VF(z,2) + /Fy,y) v6i moi z,y € R.

Bai giai. T diéu kién (ii) v6i y; = yp = v, ta duge

flz,(k+1)y) = (k+1)f(z,y)

hay
f(z, ky) = kf(z,y), Vk,z,y €R.

Tu d6 suy ra
f(@,y) = f(z,91) =yf(z,1) = yf(1,2) = zyf(1,1). (1)

Vay nén
flz,2) =2%f(1,1), fy,y) =y2f(1,1). (2)
T (1) va (2), ta thu duge

|f(z,9)1* = f(z,2)f(y,y) v6i moi z,y € R.

Tu (1) ta dugc

f@+y,z+y) = (@@+)°f(1,1). (3)
Tt (2) va (3) ta c6 ngay dpcm.
Bai toan 3. Cho p > 1. Chitng minh ring ham s6

Q=

n
f(z) = f(z1,...,2,) = (lem’)
i=1
thod man diéu kien

fle+y) <f@)+F), Vo1, Zo;vt,. .., yn €ER. (5)
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Bai giai. Nhan xét rang (5) chinh 13 hé qué ciia bit ding thitc Mincovski.
That vay, ta co

1 1
Flaty) =[Gz +wl?] P < [ el + lui?]?
i=1

i=1
Theo bat ding thitc Mincovski thi
1
n

1
[ > Gl + lwily?) P (lem’) (szv’)5 (=) + £ 1),

i=1

flz+y) < flz)+ fy).

1

Bai toan 4. Chimg minh ring ham s6 f(z,y) = (|z]? + |y|’)? 13 ham
khodng cach khi va chi khip > 1.

1

Bai giai. Nhan xét ring ham sb f(z,y) = (Jz|° +|y|P)P thoa man didu kien
(3) khi va chi khi p > 0. Xét didu kien (4).
V6i p = 1 thi (4) hién nhién thod man. Xét trudng hop p > 1. Khi d¢,

£l ez . i 1
ap dung bat dang thac Holder cho cap sé (p, q) véi ; + a =1, ta thu dugc

(Iz1 =23l + ly1 — y3lP) = (|(z1 — 22) + (z2 — 23) [P + | (31 — ¥2) + (2 — v3)|P)

2  Béat phuong trinh ham véi cidp bién tu do

Bai todn 1. X4c dinh cic ham sb f(z) thod man déng thdi cic didu kien
sau:

(i) f(z) 20, Vz € R,

(i) flz+y) > f(e)+ fly), Vz,y eR.
Bai giai. Thay = = 0 vdo didu kién ddu bai, ta thu duoc

£(0)>0 ~
{ f0) >270) ¥ 1O=




Viy nén
f(0) = f(z + (~2)) > f(z) + f(—=z) > 0.

Suy ra f(z) = 0. Tht lai, ta thdy ham s6 f(z) = 0 thoa man didu kién bai
ra.

Bai toan 2. Cho trudc ham s6 h(z) = az, a € R. X4c dinh cic ham s f(z)
thod man déng thdi cac diéu kién sau:

(i) f(z) > az, Vz € R,
(i) f(z+y) 2 f(z) + fly), Vz,y €R.

Bai giai. Dé § r3ng h(z + y) = h(z) + h(y). Dit f(z) = h(z) + g(z). Khi
d6 ta thu dugc cac diéu kién (i) g(z) > 0, Vz € R,

(ii) g(z+y) > g(z) + 9(y), Vz,y€R. \ X
L&p lai cach gidi Bai toan 1. Thay = = 0 vao didu kién diu bai, ta thu

duoc
{ 9(0)
| 9(0)

9(0) = g(z + (-12)) > g(z) + g(~=z) > 0.

Diéu nay kéo theo g(z) = 0 hay f(z) = az. Thi lai, ta thiy ham sb f(z) =
az thod man diéu kién bai ra.

8 hay ¢(0) =0.

VAN

Vay nén

Bai toan 3. Cho s6 duong a. X4c dinh céc ham s6 f(x) thod man déng
thoi cac diéu kién sau:

(i) f(z) > a”, Yz R,

(i) fz+y) > f(2)f(y), Yo,y eR.
Bai giai. D& y ring f(z) > 0 v6i moi = € R. Vay ta c6 thé logarit hoa hai
vé cac bit ding thitc clia didu kién da cho. :

(i) Inf(z) > (Ina)z, Vz € R,

(ii) Inf(z +y) 2 Inf(z) Inf(y), Vz,y €R.

Dit In f(z) = p(z), ta thu dugc

(i) ¢(z) > (lna)z, Vz R,

(ii) oz +y) > p(z)p(y), Vz,y R

Ta nhan duge Bai todn 2. Bing cach dit ¢(z) = g(z) + (Ina)z, ta thu
dugc cac diéu kien

(i) g(z) >0, Vz €R,

(ii) g(z +y) > g(z) +9(y), Vz,y €R
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va g(z) = 0 hay p(z) = (Ina)z. Suy ra f(r) = a® Thit lai, ta thiy ham

$6 f(z) = a® thoa man didu kién bai ra.

Bai todn 4. Xic dinh cac ham s6 f(z) thod man céic diéu kién sau:

£@) > £(0), £(T5Y) > 1DEIG) v yer

Bai giai. Dit f(0) = a va f(z) — a = g(z). Khi d6 (1) c6 dang

T + y) > g(z) + g(y)

9(2) >0, 9(%5 .

, Vo,yeR

véi g(0) = 0.
Thay y = 0 vao (2), ta thu dugc

z\ _ g(z)

g(-2-) > =~ hay g(z) > 29(—2Z

2), Vz € R.

Tir (2) va (3), ta suy ra
o(*57) 2 9(3) +o

9(0) =0, g(z) 20, gz +y) > g(z) +9(y), Y,y € R.

NI

), Vz,y € R

hay

Tiép theo, ta nhan duoc Bai toan 1. Suy ra g(z) =0 va f(z) = const.

Thit lai, ta thay ham s6 f(z) = ¢ thod mén didu kién bai ra.
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MOT PHUONG PHAP LAM "CHAT" BAT
DANG THUC

Trinh Do Chién

Sd Gido duc va Dao teo Gia Lai

B4t déng thitc 13 mot trong nhitng néi dung quan trong trong chuong
trinh toan phd thong. Vigc sing tao cac bt ding thic 13 mot visc 1am cin
thiét trong qu4 trinh day va hoc toan. Dudi day 1& mot trong nhing phuong
phap sang tao d6: phuong phap lam "chit" bit ding thic.

Gid st ta c6 bat ding thic dang A < B. Néu c6 C sao cho A < C < B,
thi ta n6i riing bat ding thitc thit nhit di dugc lam "chit" hon béi bit
ding thitc thtt hai. Didu nay duuge tuoung ty déi véi dang bat ding thic
A< C<LKB.

Truéc hét, ta nhic lai nhimg dinh nghia sau v& ham s6 13i, 16m, trong
chuong trinh to4dn phd thong:

Dinh nghia 1. Cho ham sé f(z) zdc dinh trén khodng (a,b).
- Ham s6 f(z) dugc goi la 16i trén khodng d6 néu vdi moi z1, 4 € (a, b),
ta déu co:

f(z1) + f(z2) T+
12 zgf(12 2)_ (1)

Déu ding thitc zdy ra khi vd chi khi 1 = z5.

Ham sb f(z) dugc goi 1a 16m trén khodng d6 néu véi moi z;,z5 € (a,b),
ta déu cé:

f(z1) -2F f(z2) > f<x1 ;—xg), @)

Déu dng thitc x3y ra khi va chi khi z; = z,.
Tir d6 thi ca cdc ham s6 15i, 16m ta thiy ring , c6 thé lam "chit" hon
nita cc bit ding thie (1) va (2) bdi bat ding thic dudi day, ching han:

fle) + f(z2) § f@m1+e)+ flma—e)
2 g 2

T +.’L‘2)

> (55

(3)
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v6i e duong va da nho.
Cu thé hon, ta c6é dinh li sau:

Dinh 1y 1. Cho ham sé f(x) zdc dinh va lién tuc trén khodng (a;b). Gid st

rang f"(z) > 0 vdi moi x € (a,b). Thé thi vdi T1,z2 € (a,b) zdc dinh trudc
vd 1 < To, ta co:

f(z1) + f(z2) > fz1+€) + fz2 —€),

trong d6 0 < e £ 2 — T1.

. To— 1
Chitng minh. a) Néu 0 € € < 2 L

thi 21 < 71+ € < 29 — € € z2. Theo
Dinh 1y Lagrange thi
flz1+€) — f(z1) = f(B1)e, V61 01 € (21,21 +¢),

f(z2) = f(z2 — €) = f'(62)¢,v6i 62 € (z2 — €, T2).
Vi 6, <0y va f"(z) > 0 nén f'(6) < f'(62).
Ma3at khac, do € > 0 nén
f(z2) — f(z2 —€) = f(z1) 2 f(z1+€) — f(z1)

hay
flx1) + f(z2) 2 fz1 +€) + fz2 —€).

b) Néu < w2;x1 Ce<zg—zithiz) <z —€e< 21+ €< 0.
Theo Dinh 1y Lagrange thi
f(za —€) — f(z1) = f'(63)(x2 — 21 — €),v6i O3 € (z1,22 — €),

f(z2) — f(z1 —€) = f'(64) (w2 — x1 — €),V6i 04 € (z1 + €, T2).
Vifs < 64 va f"(.’l?) > 0 nén f'(03) < f'(64).
Mit khac, do 9 — 7 — € > 0 nén
f(za) — f(z1 +€) — f(z1) 2 fz2 — €) — f(z1)

hay
f(z1) + f(z2) 2 f(z1 +€) + fz2 —€).
Dinh 1y dugc chiing minh.
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Tuong ty, ta c6 két qui sau:

Dinh 1y 2. Cho ham s f(z) zdc dinh va lién tuc trén khodng (a;b). Gid st
ring f"(z) < 0 vdi moi z € (a,b). Thé thi vdi z,,z5 € (a,b) zdc dinh trudc
V4 T) < 9, ta cé:

flz1) + f(22) < flz1+€) + fzz2 — €),
trong d6 0 < € < z9 — 1.

Cu thé héa céc két qua tren, ta c6 thé lam "chit" mot sé bit ding thic
va tir d6 c6 thé sang tac ra mot sb bai tap vé bat déng thuc.

Gié st f(z) la ham 16m trén khodng (a, b). V6i méi cip 1,z € (a,b)
vli 71 < z9, ta dit
& =r(z2—1z1), 0< 7 <1.
R6 rang ¢, > 0.
Nhan xét rdng, véi 1,29 xac dinh, ¢, 13 ham ting theo r .
Ngoai ra, & =+ 0khir —-0vae — 29—z, khir — 1.
Dit ‘
F(r) = f(z1+ &) + f(za — ¢,).
Khi d6, d& dang kiém tra dugc ring:
. 1
1- Néury,mp € [O, 5], r1 < 1o thi F(r;) > F(ry);
. 1
2- Néeury,rp € [5,1}, r1 < 12 thi F(r;) < F(ry);
. 1 1
“Newrie [o,z]ime 5] m
3 eury € 02 7‘2621 thi
F(r)) < F(r2) néur; <1—ry,

F(ri1) 2 F(ry) néur, >1—ry,.

Tuong ty, ta cling thu duge két qua véi f(z) 1 ham 13i tren khoang
(a,b).

Bay gi¢ ta thit minh hoa cic § tudng trén déi véi mot ham don gian,
chdng han v6i ham f (z) = z2, ham 16m trén khodng (—o0, +00).

R 1 .
- Cho r 1an lugt nhan céac gia tri REEL theo trudng hop 1, ta c6 bat
ding thic sau:

(4x1;-x2)2+ (43:1;—372)2 > (2m1;—z2)2+ (2301;—3:2)2
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2

2
2(% ;“) ., V1,75 €R.

1 3 2 .
- Cho r lan lugt nhan cic gi4 tri 2 53 theo truong hgp 2, ta cé bat
ding thic sau:

(an +2z2)2 + <2z1 +x2)2 > (Zml +3m2)2 + (3:1:1 +2z2)2

3 3 5 5
2
}2(1‘1;:1;2) , Vzy,20 € R
X . ... 13 R . s
- Cho r lan lugt nhan cac gia tri 35 theo trudng hop 3, ta c6 bat dang

thic sau:

(=) (25> () () e

- 1
Bay gio, chang han, xét ham f(z) = 7 ham 16m trén khoang (0, +o0).
T
Toung ty, voi nhitng gia tri cla 14n lugt nhu trén, ta dugce nhitng bit ding
thitc sau, v8i moi z;,z9 > 0:

2 \/g(\/‘lxll-gmz i \/3511—4582) > \/g(\/2$11+ 2 N \/331:'22‘2)
b) \/g(\/ml +22m2 + \/21‘11+ 372) > \/5(\/22;1 + 3z9 + V3z + 2:1;2)
2 ﬁm7

Trén day chi 13 nhitng vi du minh hoa don gidn nhit. Ban doc c6 thé
tiép tuc md rong vAn dé ndy theo cic hudng sau day: ,

- Xay dyng hé théng bai tap theo cdc ham sb khac nhau cho trudc.

- Téng quét héa cho trudng hop n bién sb z1, 29, ..., Zn.

- Thiét 14p c4c bai toan twong tit bing cich thay z; + ¢ bdi z, + € va
Tg —€ bl 29 — €, vOi €1 20, €2 > 0, €1 # €9,...

Tuy nhién, vin dé con 14 & chd, phai tim kiém cac cach ching minh phit
hgp véi chuong trinh phd thong, sau khi da diing cong cu "cao cip" dé sang
tac bai tap vé bat ding thic.
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MIXING VARIABLES '

Tran Nam Dung @ - Gabriel Dospinescu @

One of the main properties of most inequalities, especially polynomial
ones is the fact that equality holds when all or some variables are equal.
Mixing variables method is based on this property and its purpose is to
decrease the number of variables, reducing the problem to an easier form,
which can be proved using factorization, AM-GM, one-variable calculus or
by mathematical induction.

To prove the inequality

f($17m2a-'-7z‘n)>0 (1)

we can try to show that

f@1,22,. . 20) 2 (21 + 22) /2, (21 + 22) /2, ... \Tn) (2)
or that

flzy,zg,... y Tp) = f(,/:rlzg, VZ1Zg,. .. ,xn). (3)

And then, if we succeded in proving this, we reduce proving (1) to proving
the inequality

f(m17w2a"',$n)=g($1vz2)"'a$n)20’ (4)

which has one less variables. Of ,course, inequalities (2) and (3) can be
totally wrong or can be true only with some additional condition. In (2) and
(3) we change only two variables, so usually it is not hard to verify them.

The following example will show that this technique can be used both
for easy inequalities and hard ones.

Example 1 (Kwant). Let a,b,c > 0. Show that we have following in-
equality:
2(a® + 02 + %) + 3Va2022 > (a+b+c)?

Solution.
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Let’s consider the function
fla,b,c) =2(a® + b° + ¢?) + 3Va2b2c? — (a + b+ c)*.

The expression of f itself suggests us to mix two variables into their
geometric mean (to keep v/a2b2c2 unchanged). We have

F(a,b,c) — f(a, Vbe, Vbc) = 2(b% + ¢ — 2bc) + (a +2vbc)? — (a + b + ¢)?
= (Vb= Vo)’ [(Vb+ Ve)? - 2d].

So, if @ = min{a, b,c} (and we can obviously suppose that) then we have
f(a,b,¢) 2 f(a , Ve, Vbe).

Thus, to prove the initial inequality, it is sufficient to show that f a,b,b) >0
for all @ and b. But this inequality is equivalent to

' o
4 S

2(a® + 2b%) + 3Va2bt > (a + 2b)?,

or

a? + 3Va2bt > 4dab,

which is true by AM-GM for a2, Va2b?, Va2b%, Va2b*.
The following example is much more difficult.

Example 2 (Vietnamese IMO Team selection Test, 1996).
Let a, b, c be arbitrary real numbers. Prove that

4
F(a,b,c) = (a+b)*+ (b+c)* + (c+a)* — 7(a4+b4+c4) > 0.

Solution
We will show that with some additional condition

F(a,b,c) > F(a,(b+c¢)/2,(b+c)/2).
Indeed, long but easy computations show that we have
F(a,b,¢) — F(a,(b+¢)/2,(b+¢)/2) =

(a+b)4+(b+c)4+(c+a)4——(a4+b4+c4)—2(a+(b+c)/2)4—(b+c)4+(a4+2((b+c)/2)4)
=(a+b)*+(c+a)* =2+ (b+c)/2)* +c((b+c)*/8 —b* — )
=a(4b® +4c® — (b+¢)®) +3a2(2> + 2 — (b+ )} + (B* +c* — (b+¢)*/8)
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=3a(b+c)(b— c)* +3a(b - ¢) + (3/56) (b — c)?[76% + 7c? + 10bc]
=3a(a+b+c)(b—c)? + (b —‘c)2[7b2 + »792 + 10bc].

The last term is nonnegative. If a, b, c have the same sign, then the initial
inequality is trivial. If a, b, ¢ have d}fﬁ%’;‘é&% %ﬁgé then at least one from a, b, ¢
has the same sign as a + b + c. WLOG, 'suppose that it is a. From the
last equality we have F(a,b,c) > F(a, (b + c)/2, (b+ ¢)/2). Thus, it is now
sufficient to show that F(a,b,b) > 0 for all a,b, or

2(a+b)* + (2b)* — (a* + 26%) > 0.

Ifb = 0 then inequality is trivial. If b 0, then dividing the two sides
of the inequality by b* and putting z = a/b, we reduce it to the equivalent
form:

2(x+1)*+16 — (1 +2) > 0.

The last one can be proved by one-variable calculus. Consider flz) =
2(z +1)* + 16 — (z* + 2). We have f(z) = 8(z + 1) — z3. fliz) =0«
z+1= {2z & o = —2.9204. Thus | '

Frin = £(—2.9294) = 2(~1.9294)* + 16 — (4/7)(—2.9294)* — 8/7 = 0.4924.

For free of conditions inequalities in general we can mix variables into
whatever we want: arithmetic mean, geometric mean, harmonic mean, quadratic
mean ... and in some cases, we can even define special means. A beautiful
example is the following famous (due to its difficulty) problem.

Example 3 (Iranian Mathematical Olympiad 1996).
Let a,b, c be positive reals. Prove that

1 1 1 9
(ab+bc+ca)((a+b)2 + (b+c)? + (c+a)2) > 4

Analysis: We can mix a,b into (a + b)/2, but then both terms in L.S.H
will be changed and the result will be very bulky. *** * =

Naturally, we want to keep one term unchanged. For example, we will
keep ab + bc + ca unchanged. Fg‘r,t,his goal, we trﬁzc b and c into ¢ such that

ab + bc + ca = at + t2 + ta.
If we solve this equation (in t) we get

t=—a++/(a+c)((a+Db).
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Let
fla,b,¢) =1/(a+b)2+1/(b+¢c)2+1/(c+ a)2.

Our goal is to show that f(a,b,c) > f(a,t,t). Investigating this inequal-
ity, we see that it holds only with some assumption, for example for a =
min{a, b, c}.

Solution.

WLOG, we can assume that a’= min{a, b, c}. Let t = —a++/(a + c)((a + b),
g(a,b,c) = ab+ bc + ca and

fla,b,e) =1/(a+b)? +1/(b+c)® +1/(c +a)?.
Then g(a, b, c) = g(a, t,t). We will show that
f(a', b’ C) 2 f(a7t7 t) . (*)

Note that a+t = v/(a +¢)(a +b), /(e + ¢)(a + b) <t < (b+c)/2. Also,
(*) is equivalent to

(1/(a+0b) - 1/(a+¢)® > 1/48* = 1/(b+ ¢)?,

which can also be written
(b—c)*/(a+b)%(a+c)? > (b+c—2t)(b+c+ 2t) /4t (b + c)>.

Now,
b+c—2t=(a+b)+(a+c)—2y/(a+c)(a+b)=
=(WVa+b—va+c)P=0b-0?(Va+tb+va+c)?

and it sufficient to show that

(Va+b+vVa+te)?4t?(b+c)? > (a+b)2(a + ) (b + c + 2¢).

But this is trivial because \/(a +c)(a +b) <t <2t < b+ec.
Thus, all we have to do now is to prove that

9(a,t,1)f(a,t,1) > 9/4.
This can be done by easy computation:
g9(a,t,t)f(a,t,t) > 9/4 & 4(2at +t*)(2/(a + t)2 + 1/44%) > 9

& (2at + t2)(8t% + (a + 1)?) > 9t%(a + )2
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& (2at + t2)(9¢% + a® + 2at) > 92(a® + 2at + £%) & at(a — 1) > 0.

Mixing variables can be used not only for free of conditions inequalities,
but also for inequalities with additional conditions. In these cases, when we
mix variables, we have to be sure that the conditions still hold. So, we have
less variants to choose.

Example 4 (Vietnamese Mathematical Olympiad 2002).
Prove that for arbitrary real numbers z,y, z, satisfying

x2‘+y2+z’2=‘9,

the inequality
2z +y+2) <zyz+10

holds.

Solution.

Let f(a: y, z) = 2(z + y+ 2) — zyz. We have to show that f( Z,Y, 2 2) <10
when 22 4+ 9% + 22 = 9.

To leave the condition 22 + y2 + 22 = 9 unchanged, we will mix two
variables into their ‘quadratic mean, -

Consider

=,V (y? +22)/2, \/y +24)/2) = f(z,y,2) =
=2(z + 2/ (y? + 22)/2) — z(y? +z)/2 2 +y+2)+zyz =
=2y ~2) —2(y - 2)2/2 = (y - 2)22/(+y + 2) — /2].

ot

If z,y,z > 0, we consider two cases. RN
The first one: 1 < z < y < 2. Then ’

20z +y+2)—zyz <2v/3(22+ 12 +22) — 1 = 6v3 — 1 < 10.
The second one: 0 < z < 1. Then
2(z+y+2)—zyz < 2(z+y+2) < 25+2/2(y? + 2%) = 2242+/2(9 — 22) = 9(z)

We have ¢'(z) = 2 — 21> 0, so it follows that g(z) < () = 10.

If among numbers z,y, z there is a negative number, WLOG, suppose
that £ < 0. Then

Flz, V(2 +22)/2,V/ (2 + 22)/2) — f(z,9,2) 2 0
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and we reduce our problem to proving that f(z, v/(y2 + 22)/2, /(¥% + 22)/2)
10, or
2z +2v/2(9 — 2?) — 2(9 — 2%)/2 < 10,
h(z) = 2° — 5z + 41/2(9 — 22) < 20.

We have: h'(z) = 322 —5—42/2/(9 — z2). Solving the equation h'(x) =
(where z < 0), we get z = —1. It is maximal point of h, thus h(z) < h(-1)
20.

or

0

Example 5 (Gabriel Dospinescu).
Prove that if a,b,c > 0 verify a® + b%> + ¢ = 3, then

ad(b+c) +b3(c+a) +(a +b) < 6.

Solution.
Again, the purpose it to preserve the relation given in the problem. That
is why we study the difference

f(a'a b7 C) - f(a,tat)a

b2 2
where t = te

It is easy to compute the difference. It is
—a?(2t —b—c) + a(b® + - 2t3) + t2(2bc — 2t2).
Let us take a = min{a, b, c}. Then
B3+ —2t3 = (b+c)(b? —be+c?) —263) +1% < 2t(b? —be+c?) — 283 = t(b—c)2.
So, the difference is at most
—a*(2t —b—c) +at(b—c)> —t2(b— )2 <0,

since 2t —b— ¢ > 0 and a < t. Thus, it remains to prove that if a? + 2t2 = 3
, then f(a,t,t) < 6. This can be written

St+atd +t* <3 e at(3-1%) <3 -1t
& (3 -2tH12(3 - t1)2 < (3 — t%)?

and this one is true since it is equivalent to

362 - 1)2(t* - 32+ 3) > 0.
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Thus, it isn’t always trivial to show the inequality for two numbers. We will
see that there is an easier solution for this problem, thought this is the most
natural solution.

We finish with an inequality proposed for the final round of the Roma-
nian mathematical olympiad in 2003:

Example 6 (Mircea Lascu and Marian Tetiva).

Prove that if a,b,c > 0 have product 1, then the followmg inequality
holds: v e

a2+ b +ct+3> a+b+c+ab+bc+ca

Solution. :
Now it’s obvious that we should consider the function:

f(a,b,c) =a2+b2+c2+3—a—b—c—ab—bc—ca.
It is also easy to deduce that

(@,,6) = £(a, VB, Vbo) = (VB — voP (VB + V&) ~ 1 -a).

So, we would like to have the last term positive. Naturally, we choose a =
mm{a b,c}. By AM-GM we have that

(\/E+\/E)2>4\/E=—4—>4>1+a,
7a

since a < 1. Thus, it is enough to prove that f (a,V/be, vbe) > 0 and this is
in fact

a2+<%—1)2+22a+2\/5

and it is obviously true since a + 2\/a < 2a + 1 < a2 + 2.

In considered examples, we mix variables into their means. We do 80,
because equality holds when these two variables are equal. But for some
inequalities, this property does not hold, and we have to choose other ex-
pression to mix into, rather means. Usually, in these cases we use boundary
values (look at the ends priciple).

Example 7 (Gabriel Dospinescu, Gheorghe Vranceanu Contest, 2003).
Let n be a natural number, n > 2. Find the greatest value of the expres-
o @) (b (ea)”
a c ca
1—ab 1—-b—c+1—ca’
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when a, b, c are arbitrary nonnegative reals satisfying a + b+ ¢ = 1.

Analysis:

The investigation of the easiest case (n = 2) shows that the maxi-
mum value is not achieved in the point (1/3,1/3,1/3), but in the point
(1/2,1/2,0). This fact suggests that we should mix a and b into a + b and
0. But in additional condition that ¢ = max{a,b,c}. When one variable is
equal to 0, the function becomes a simple one-variable function. '

Solution.

Let’s assume that a < b < ¢. Put

_ (ab)” (be)™ (ca)™
f(a,b,c) = 1—ab+ l1-b—c¢c 1-ca

We will show that

fla,b,¢) < f(0,a + b,c).
This is equivalent to

(ab)™ + (be)™ (ca)™ < (@ + b)"c™ _ (%)
l—ab 1-b—c 1—ca 1—ac—bc

We write consequently

(a +b)™c" (@™ + nab™ "t + b)) a™ct + a™b" + b
1—ac—bc ™ l1—ab-bc “1—ac—bc l—ac—bc 1—-ac—bc
a™b" a™c® b

P
~ l—ab+ 1—ac+ 1—-bc
and we get (x).
(be)™

1—bc’
where b+c = 1. This is an easy exercise, since the function h(z) = z"/(1—xz)

1s an increasing function on (0, 1) and be < (b+c)?/4 = 1/4, so

All we have to do now is to find the maximum value of f(0,b,c) =

max f = h(1/4) =1/(3.4n - 1).

This is the answer to the problem, since the value is attained for example
whena=b= = and ¢ = 0.

As it can be easily deduced from the above, mixing variables is most
useful for 3-variable inequalities. The reason is simple: if we can mix variables
for a 3-variable inequality, then we get 2-variable one, which, in most of
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cases can easily reduce to 1-variable (for example, a homogenus 2-variable
is equivalent to 1-variable inequality).

When the expression which needs to be evaluated has more than 3 vari-
ables, using this method meets more difficulty, because every mixing does
the expression more complicated. Especially in the case of a general in-
equality (with n variables), the difficulties are more than obvious: mixing
variables change the general form and we cannot use induction, which is the
most appropriate approach. Mixing variables will be more effective if we use
it together with other arguments, for example, the propertles of continuous
functions on a compact.

Example 8 (Gabriel Dospinescu). Prove that for positive reals z1, To,...
whose product is 1 we have

1 1 1 1+ zo+ -+ +n
= e w < )
1+$1+1+:L'2+ +1+xn\ 2
Analysis.
Let o 1
T
fl@)=——~ —

We have to show that if .29 -z, = 1 then

The cond1t1o\Q Z1.Zy - Ty = 1\forces us to mix $1,(L‘2 1nto VZ1T3, /T 123,

But after that? We can mix some pairs of variables, but if the number of

variables is 0dd? More detailed consideration shows that mixing variables
brings us to result 1ff n = 2%, What we ¢an do in other cases? We can work
backward!

If min{f(21) + f(22) + - + flon)} = £(2}) + F(25) + -+ f(z), we
will show that 2} = 25 = --- = 2, = 1, and we get that min = 0. It is
trivial if we can prove that if z} 3 3 then f(z})+ f(z3) > 2f(y/z}z}). But
why does this minimum exist? Sometimes, we ignore this fact, considering
it trivial. But it is one of main question in this problem. Some properties of

continuous functions will help us.

Solution.
et +1 1
z
f@=——257
We will show that if 1, z9,...,2, = 1 then fz)+ f(z2)+- + f(za) = 0.
First, we will show that there exists a minimal value of S(z1,...,zp) =
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f(z1) + f(z2) + -+ .+ f(zn) on the surface

{(z1,...,2) € RY)*|z1.22 - - 25, = 1}.

14

Note that f(1)4---+f(1) = 0and 1/(1+z1)+1/(1+z2)+ - -+1/(1+z,) < n.
So, if z; > 3n for some ¢ then S(z1,...,z,) > 0.
Similarly, if z; < 1/(3n)n then z; ...z, /z; > (3n)n, and

i+ 4Ty —z > (n—1)(zy ---xn/a:i)l/”‘l > 3n

and S(z1,...,zn) > 0.
Thus, we can find the minimal value in the compact:

C={(z1,...,2n}1/Bn)" < z; < 3n, 21 2, = 1.

S(z1,...,Tn) is continuous on C, so the first thing is done.
Secondly, let

min{f(z1) + f(22) + - + f(@n)} = flai) + f(@l) 4o+ flan).

We will show that z] = 23 = --- . = z;, = 1. Indeed, if it is not so, then we
can find z7 # z3. We will show that if  # y then

fl@) + fy) > 2f5\/‘d ) ),
which leads to a contradiction. But -~ *~ S i o o

P

(x) e (z+y—2)/4>2/(1+)-1/(1 +3:) -1/(1 +y)

e

S(2>20+2)Q+y) - AH)2+z+y)])/A+) Q1 +z)(1 + 1)
& ()2/4> (02(1-)/A+) QA +z)(1 +y)

which is true. Finally, we conclude that

f@) + flza) + -+ flzn) 2 fF) + -+ f(1) =0.

Problems for self-study

1 (After Kvant problem).
Prove that for arbitrary real numbers z;, z2,...,z, we have

(n—-1) @t + 23+ +22)+n/z22- 22 > (z1 + 22+ . + 3,)%
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2 (Talented Team selection test 2002).
Find all positive integer k such that inequality

2(a® + b* + ¢*) + 3Vabe > 9

holds for all positive reals a, b, ¢ satisfying a + b + ¢ = 3.
3 (Vasile Cartoaje, Gazeta Matematica, A).
Let z,y, 2 be positive reals satisfying z3 + y3 + 23 = 3. Show that iyt +
ytzt + 24zt < 3.
4(Proposed for 2000 Moscow Olympiad).
Prove that if z,y,z > 0 have product 1 then:
- R

P+t + 2 trty+2> 2(zy + yz + zz).
5 (1993 Imo Shortlist, proposed by Vietnam).
Prove that if a, b, c,d are nonnegative reals which add up to 1, then

1+ 176abed
27 '
6. Prove that for all a,b,c > 0 we have the following inequality:

abc + bed + cda + abd <

a2+b2+02+2+abc>a+b+c+ab+bc+ca.

7. For positive real numbers a, b, ¢ prove that

(a® + b)) (b? + ) (S + a?)(ab + be + ca)? > 842022 (a® + b2 + c?)2.
8 (Vietnamese Team selection test 2005).
For positive real numbers a, b, ¢ prove that
al + b3 N c3 53
(@a+0)3  (b+c)®  (c+a)3” 8

9 (Gabriel Dospinescu, After Vietnamese 1996 problem).
For arbitrary real numbers a, b, ¢, show that

16
(@a+5)°+(b+c)f+(c+a) >

g(a6 + 8% + ¢f).

() Lecturer of Mathematics and Informatics department, Hochiminh city
University of natural science :
) Romanian student, from 2004 does his study in France
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CHUNG MINH CAC BAT DANG THUC
CO BAN BANG DAO HAM

Lé Dinh Thinh
Truong Dai Hoc Khoa Hoc Ty Nhién, DHQGHN

Bat déng thic co ban Cauchy (B4t ding thic gitta trung binh cong v
trung binh nhan) va Cauchy - Bunhiacopxki duoc sit dung rét rong rai trong
nha trudng, khi d6 thi va sit dung rit thuan tien dé giai cac bai todn thue
tién. Rigng bat ddng thitc Cauchy (B4t ding thiic gifta trung binh cOng va
trung binh nhan) da c6 nhiéu cach khac nhau dé ching minh. Dusi day la
mot cach ching minh bit déing thitc Cauchy bing dao ham rét dep va chiing
minh bit ding thic Cauchy suy rong ciing rit dep bing dao ham va tir d6
suy ra cac bat ddng thitc thuong gip nhu bat déng thitc Ienxen, Jenxen suy
rong, bat ding thic Honde va bat déng thiic Cauchy - Bunhiacopxki.

Trudc hét ta ching minh.

Bo d& 1. Néu f'(z) > 0 Vz > f(zo) =0 thi f(z) >0 Vz > zo.

Ching minh.
Do f'(z) > 0 Vz > zo nén f(z) ddng bién khi z > z,
= fmin = f(0) =0= f(z) 2 f(0) =0 = f(z) >0 Yz > z,.

Bai toan 1. Chdng minh ring e*~! > z Vz, déu =< z = 1.
Giai.
Xét f(z) =e" 1 —z,tac6 fl(z)=e* - 1=02—-1=01=1.

Vi f’(z)<0khiz<1,f’(sc)>Okhix>1=>fmin=f(1)=0.
=fz)=e"l-z2f(1)=02 e ! > Diu =z = 1.
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Suy ra,

Suy ra
Z1P1++Tnpn
x;lfl‘_,z.gngsm-{- +Pn,e 3 _(pl+...+pn)=3m+ +Pn.
2 T T
Da,u:{:——:..._—:..E.:]_c}g;l-_:...zxn_
S S

Thi du 1. (D& thi hoc sinh gidi Mién Bic nim 1976).

Cho k va n la nhimg s6 tu nhién va 2,2, -, z, 14 nhimg sé thuc duong

sao cho z; + x3 + - - + zx = 1. Ching minh ring

A 2N R -

Giai.
Viz; >0=2z">0 Vn=
k
1 1
-n k
DTt =) >kt M=t g
i=1 i=1 T i

k k
1
Hon nita 2129 - - 73 < (Il +x2—l: +$k> = <7c—>

Suy ra

f—

k
> k"

k
T

1
T (*) va (**), ta c6

Zf:l l:n P kknk = k. k" = gl
1

Déu=©a:1=m2=~-=a:k=;

Thi du 2. (Dé thi hoc sinh giéi nim 1976).

Xéc dinh dang cia AABC, néu.

acos A+ bcosB +ccosC _a+b+ec
acos A+bcosB+ccosC~ 9R
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trong d6 a, b, ¢ 1a d6 dai 3 canh, R 12 ban kinh dudng tron ngoai tiép AABC.
Giai.
Ta bién ddi ti s6 & vé trai thanh
R(sin2A + sin2B +sin2C) = 4Rsin Asin Bsin C

(da st dung dinh ly ham sin).
Mau sb ¢ vé trai.

> 3V abcsin Asin BsinC = 6R{/(sin Asin BsinC)? =

£ 2 - - .
= ve trai —3—\3/sinAsmBsmC.CG si (%)
Mait khéac, vé phai béng.

2R(sin A +sin B +sin ()
9R

2
> g 3vsin Asin BsinC =

2
=3 Vsin Asin Bsin C (%)
Tit (¥) va (**) = AABC déu .
Thi du 3. Chtng minh ring Va,b > 0 ta déu c6 2 *Va? - b2 < a2 +b2.

Giai.
Bat ding thitc da cho tuong duong véi

b a

L9 b c9_a_\ 2515255

PN a2a3-b . anib < a 2a+b +b 2a+b
20 o2

X
a+b a+b

2

2ab 5 a? +b?
= < =ab .
(a n b) < (Vab)* (Cauchy ) = ab £ 5

Thi du 4.
. 1y»
1/ Chitng minh ring day z, = (1 + —-) . tdng thuyc sy.
n
N Lyn
2/ Ching minh ring day (1 + ﬁ) <3Vne Zt.
Giai.
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1/ Theo bat déng thic Cauchy suy rong ta cé.

+1
I\n I\n (1-{-—-)7’L+1'1 " Iy\n+l
o= (141)" = (141) 1\( 2 o

) 1 .
Dau =& 1+ — =1 = khong dat ddu == z, < Zn+1, tuc 1a day z, ting
n
thue su.

2/ Theo cong thitc nhi thirc Niuton ta cé.

Nt o 1 o1 v 1
(1+;) :On+0"'ﬁ+0"'ﬁ+"'+0"'ﬁ+”'

1 nn—1)---(n—k+1)

Vi C,’i m: T =
1 k—1 1 1
:(1-;)---(1_ n >'1.2...k<2k—1'
=¢>(1+%)"=C£+C}L‘%+...+Cﬁ-£§<1+1+%+§1§+...+:?ni—1:<
.<1+1+%+§15+---+§;}_—1+515+---=1+ i%::’,

e . . . 1
(4p dung cong thic tdng cip s6 nhan liii v6 tan véi g = 3 ).

1I\n
Tu 1/ va 2/ suy ra diy z, = (1 + -—) hoi tu, ¢6 gidi han 13
n

1
lim (1 + —)" = e = 2,718281828459045 - - . .
n—roQ n

Gi6i han ndy goi 1a gidi han tuyét diéu thit hai.

2
N . : 4
Thi du 5. Ching minh ring V0 < z < 2 ta déu ¢6 (1 - ;) < g

Giai. Ta viét bit ding thic da cho dudi dang
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1 1 1 1
Datpz—,q=—=>r1>0,r2>0,—+-——=p+q=0.é.pdung
T1 T2 TL T2

(4) véiz = tgz,y = cotgz, ta duoc.

:1:7'1 y7'2

1 1
—+ =22y —tg"r+ — cotg™z > tgz cotgz = 1.
71 72 1 T2

(3). BAat déng thic Honde.

s 11
Giésfrréngzl,xz,n- 1Ty Y1,Y92,0 0y Yn > 0; p> 01 q> OV&;‘*’E = 1a
khi d6 ta ¢6 bat ddng thic Honde.

n n 5 n :
inyz’< <sz> (ny) :
i=1 i=1 i=1

Ching minh.
Dat

A=(ixf>%»3=(i )

1=1 =1
Khido, i (4) > S B B, W g,
’ A B = pAp qu) - ) e
Lay tong theo i tit 1 dénnvachay Y7 2P = AP, Y1 ¥i = BY ta duge.

3

= iy, < iz T DYl 1.1
& AB ~ pAr gB7 p g

(4). Khip = g = 2 ta dugc bit ding thic Cauchy - Bunhiacopzki.

(@Y1 +Boy2 + -+ 2nyn)® < (2] + 25+ +22) R+ 3+ +42)
(5). Bat ding thic Mincopxki .

Gid st ay,ag, -+ ,an > 0; by, by, - ybrn 20,86 p>1Xkhidétacs.
1 1 1
I p n P n P
(Z(ai +bi)”> < (Z(ﬁ)) + (Z@)) :
i=1 i=1 i=1

Chitng minh. ‘
Ta ¢6 ding thic hiéu nhién.

n n

D (8 +b:)P = 3 aa; + b)) + i bi(a; + bi)P~1.

=1 i=1 1=1
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p
q q p

Chia 2 vé cho [Z?zl(ai +b;)P ta dugc bit ddng thitc cdn ching minh.

Thi du 7. Dé d5 viét ta viét 3 c6 nghia 12 3°7_ . Cho 3n sb thyc.
ai, -+ ,an; b1, -+ ,bn; T1, -+, Ty thod man cac didu kién sau.

Za,‘xi:O,Zbi:Ei=l.

Ching minh ring.

> a?
25> (S D)% 82 — (% aibi)?

Giai. Tt gid thiét = 3 a2t =0 V€ R= ) (a;it + b))z = 1. 4p dung bht
déng thic Cauchy -Bunhiacopxki.

2 2
(sz)(Z(alt—kbz)) ><in(ait+bi)> =

1
Zz (a2 + (Caib)t+ Y b2 A2 +2Bt+C’

Bat ding thitc ding Vt = bt d:ing thitc ding véi k = — ZX:aigi = —%
a;
B2
- — 2

2

2 2. 6;
z; 2 dpcm).
252 A ey ¢
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1 1 1 1
Datpz—,q=——¢r1>O,r2>0,——+—=p+q=0.épdung
Ty T2 TL T2

(4) véiz = tgz,y = cotgz, ta dugc.

z-"'l y7'2

1, 1 -
—+—2zy& —tg'lz+ — cotg"?z > tgz cotgzr = 1.
71 T2 T1 T2

(3). Béat ding thic Honde.

N 1 1
Gié.S{Il‘é,ng.’L‘l,CL‘z,-” ' Ins YL Y2, 0 Yn > 0,p>0, q > OVE\]'I—)“FE =1,
khi d6 ta c6 bit ding thic Honde.

Ching minh.
bat

Khi d6, tt (4) = — - = £ = =1,
1ds, t (4) A B T pdr ' ¢B?’
Lay t6ng theo 7 tit 1 dén n va cha § bt = AP, YT y? = B? ta duoc.

i=1

Ty < Ziz1 % D= Y] L
= 4B T pAP qB9 rp g '

(4). Khi p = g = 2 ta dugc bat ding thitc Cauchy - Bunhiacopzki.

(@11 + 22y + -+ )’ S @ + 23+ +22) - (W 4+ 93+ +42)
(5). Bat ding thitc Mincopxki .

Gid st ay,a2, - ,an 2 0; by, bg, -+ by >0, 86 p > 1 khi d6 ta c6 .
1 1 1
n ? n ? n 7
(Z(ai+bi)p) < (Z(ﬁ)) + (Z(’f)) :
Ching minh. ‘

Ta c6 ding thic hiéu nhién.

n n

Y (@ +b) = aila; + b)P + Zn: bi(a; + b;)PL.

=1 i=1 =1
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£ sz s 2 a oz 1. e 11
ap dung bat ding Honde cho mébi tong 8 vé phai. Néu ;+5 =1,p>
-1 1 -1
Lg>1thi 2= =p, = =272 Bgivay
q q p

9 -

> ai +bi)P < (Zﬁ)

i=1

. (;(ai + bi)(:U—l)q) ",
(]

1 - 1

n P n q

+ ( bf) : ( (i + bi)@—l)q)
i=1 i=1

p=1
P

Chia 2 vé cho [ o e+ bi)pjl ta dugc bat ddng thic cin ching minh.

Thi du 7. Dé dd viét ta viét 3" c6 nghia 1a 3" . Cho 3n sb thyc.
a1, 5 0n; b1, - b 1, -+, T, thod man cic didu kién sau.

Zaixi =O,Zbil‘i= 1.

Chiing minh ring.

Zx2> Za? .
T (e (8 - (T aibi)?

Giai. Ti gid thiét = Y a;z:¢ =0 V¢t € R = 3 (a;t + b;)z = 1. 4p dung bét
déng thitc Cauchy -Bunhiacopxki.

2 2
(Zz‘?)(Z(azt—l—bz)) 2<Z$i(ait+bi)> =

1 1
2 S —
2 > (Cad)e2+ (T abi)t+ 302 A2 +2Bt+C’

Bét ddng thic ding Vt = bt ding thuc ding véi k = — 2 aisi -5
2.6 A
. B 1 .
Miu = A +2B- ~BA+C = 4(AC - B) =

72 > a
D AT

( dpcm).
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Thi du 8. Chiing minh rding VYa;,as,--- ,a, > 0 ta c6 bét déng thuc.

(a1 + a2 + -+ + ay,)? i ST 4o O
2(a%+a%+--'+a%)\02+a3 a3 + a4 a1 +ay

Giai.
St dung bat ddng thic Cauchy -Bunhiacépxki.

Zmiyi < \/Zﬂvfzy? At (inyi)z < fozyf
véi T = \/ak(a/H_l + ak+2),yk =, /a—lw-l_a‘fm’ ta dugc

(Za,) (inyi) Z Iy ui= { az+a3)+---‘+an(a1+a2)

Qp,
.
as +a3 ay + ag

ay
as + as

| ae——}

} = (a102 + a1a3 + -+ + anay + ana2)<

-

2 2 2 2 2 2 2 2.

ay +a ai +a a: +a a, +a ay
< (C h 1 2 1 3 n 1 n 2.
st aucy)( 2 2 2 2 az + ag

ay Qn
2al+ - +d? oot = dpcm
(a1 n) az + ag ay + ao p

Diu=¢qa; =ay=-- = q,.

3 MG rong pham vi @ng dung bat dang thic
Cauchy - Bunhiacépxki .

Sau day 14 mét trong cac huéng md rong bat ddng thic Cauchy -Bunhiacopxki.

Xét hai day s ay,as,--- ,a, va €1,€2," "+, Cn €6 cac sb hang khac 0. Theo
bat ding thuc Cauchy -Bunhiacbpxki ta cé.

(5= (o) < (e (£2)

1
Datzi:C’ ta dugc { Y a; 2<C S a?c?.
7 02 n v 1 = n 1
1

. 1
Dau = dat dugc < cac day {aic;} va {——} ti le.
&
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2
= (Za,) < g<tP+%Q> Yt > 0.

Ly t =4/ % = tP + -i—Q = 2,/PQ, ta dugc bit ding thic Cacxon.

( Za,.>4 < <Zag> (Z@ai)z).

4 Cac dai lugng trung binh
Gia st a; > O,i = 1,2,---,n. Trong thuc tién thudng dung cic dai lugng
trung binh sau.
1
(1). Trung binh cong. M; = = Z;L a;,

(2). Trung binh nhan. M, = ,"/I'I" 1G4,
n

(3). Trung binh didu hod . M3 = o

i=1 a;

. 1
(4). Trung binh binh phuong. M, = A/ = n :l 1 12»

Ta ¢ he thitc sau gidta céc dai lugng trung binh.

Dinh Iy 1. M3 < My < My < My,
Trong trudng hop n = 2, § nghia hinh hoc ctia dinh 1§ nhu sau.
Xét nita dudng tron dudng kinh BC, tam O. Gia st OD L BC tai O.

T diém E bat ky # D, B, C ta ké tiép tuyén véi dudng tron, ctBC kéo dai
4 A.Ké EF 1L BC, F € BC.

Dit AB =a, > 0, AC = a3 > O(a1 # ag). Khi d6. A0 = 21792

AE (canh huyén 16n hon canh géc vudng), ma

E =\/A0? - OF? = \/(AO + OE)(AO -~ OE) = VAB - AC = \/ara;,.

= My = AO > AE = M. hoiic AE® = AC - AB = AE = VAB - AC (hs
thitc luong trong vong tron ) .
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Theo cong thitc 2(z? + y?) = (z +y)? + (z — y)? ta cb

AD =/ AO? + 0D2+\/(AO —9D) :

Theo hé thitc luong trong tam gidc vuéng. AF - AO = AE? =

2

2 1
AF-_—Ai:M:Q_];+_=M3

AO ‘—’J{—‘ﬂ a1 0y
Vi AD > AO > AE > AF = My > My > My > Ms.
Chiéng minh dinh ly.

(1). Theo bt ding thitc Cauchy .

IEEE D SRR IC

(2). Theo bat déng thitc Cauchy - Bunhiacopxki.

Yo=Y ra</S /e =viySads S a=m<

(3). Theo bat ddng thitc Cauchy . Ms < My
(4) Vay M3 M2 M1 M4
Thi du 9. (D& thi hoc sinh gidi nam 1980)

Goi T = Zle mj, m; > 0. Chitng minh ring

k . 2 2
=1 ¢ my z T k

Giai.

2+ (A0 +0OD)? _ \/A(J? + AB2

_\/a%-}—ag _
= 5 =

%Za?:M4




. k
Tacd — =M < M, = 1 z“lm?@ﬁ\ﬁ z~1m12:>21—1m12>
T2
k—.
%2
Lai cé =M3 < My = §/[[m? =

1
2 2
pR AL ER VRS DL SR AR Dyt

1 T2 K2
Béivay > m?+3 — > k(ﬁ + ﬁ) (dpcm) .

T

Bai tap
(1). (Dé thi hoc sinh giéi nim 1976).

Chtng minh r3ng, véi bit k¥ diém M nao nim trong tam giac ABC ta
déu c6 ' A

853 1)
27abc’

trong d6 dy, dy, d. 1a khoang cach tit M lin lugt dén cac canh BC,CA,AB; a,b,c
13 do dai cac canh va S 1a dién tich clia tam giéc. Hay mé rong (1) cho tit
dién trong khéng gian.

da‘db'dc<

(2). (D& thi hoc sinh gidi Lien X6 nim 1976).

i + 1

Chozy =22, = 5%

»n=1,2,---. Chitng minh ring Vn > 1 ta

1
coggxn<2.

14z
. R b
(3). Chuang minh ring Va,b,z > 0 ta ddu cé (Cll-:_ :c> > ab®
z

n
. < 1
(4). Chung minh ring day sé v, = (1 - ;) thuc sy ting.

(5). Ching minh ring, néu z; > 0 v Yo zi=p,neZt
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thi >0 ¥zi+1<n+1.

a b
N R 1 1
(6). Chitng minhrangVa > 1, b > 0ta déucéd (1-5) . (1—3) < 1.
(7). (D@ thi hoc sinh gidi Hungari).
Chitng minh ring néu « 1a géc nhon thi

1
(15 (1 5 ) >0
sina COS &

(8). Chitng minh ring, néu o 1a géc nhon thi

1 1
<1+ . ><1+ >>3+2«/§,
sin o« Cos o

diu = dat dugec & a = 45°.

(9). Choay, - ,an; by, -+, by 12 cic s6 thyc. Ching minh ring
1/ \/Za?+\/2b?>v2(ai+bi)2-
2/ '\/Za?—\/zb?

< Z ]a,— + bil-

1* 2k 3k 100*
10). GiA St My = — 4+ —+ > oo p i kk=12...
()Gla\s mE= bt T 1,2,
Chitng minh ring mz < Mgyl - M-

lk 2/0 3k k

Chu y. Bat ding thic ding Vmy = — + — + — + - .-
uy. Ba ng thitc dung Vmy 2+3+4+ +n+1

YneZ*t.
1

(11).Chitng minhring Vz; > 0vaVn e Z* tadéucd 31, zi > ) —
i

n?.

2

(12). (Dé thi hoc sinh giéi nam 1981).

Cho n sb thuc t1,t2, - ,tpsa0cho 0 < p <ty K qgvéik =1,2,--- ,n.

IR 1 1 L, AP
Biét ring A = 52?21 ty VA B = EZthz. Chtng minh ring 5 >
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dpq

TFE va tim diéu kién can va di dé c6 déu ding thitc.
rprq

Chi dan

(). §= %(ada +bdy + cd.). Ap dung bét déng thitc Cauchy .
81V*
2565458S:Sp

(2). Ap dung bit ding thitc Cauchy cho vé trai. V& phai. Tim didu kién
don diéu cta z, .

M6 rong dadgdcdp <

(8). Ap dung b4t déng thic Cauchy mé rong, cho a; =a, a3 = b, p; =
17 P2 =1

(4). St dung két qua bai 3, hoic lam nhu thi du 4.

(5). Ap dung bAt déng thic Cauchy mé ong véi chii y ¥z; +1 =
(/(zi—i-l)l-l---l.
p—-1

Bét ding thic Cauchy

(6). St dung bat ding thic Cauchy mé réng, cho ta a; = 1 —g~! y Ay =
14571
P1=a,py=b.

(7). St dung bét ding thic Cauchy .

(8). St dung bt ding thitc Cauchy - Bunhiacopxki.

(9). Binh phuong hai vé rdi 4p dung bat ding thitc Cauchy - Bunhi-
acOpxki.

(10). Chitng minh ring MEg+122 — 2myex + mg_1 2 0Vz = A’ 0.
(11). Sit dung bat dfng thic Cauchy - Bunhiacépxki.

(12). Chiy 0<p<tr g (th—p)(ti—q) <0 & ti~(p—q)te+pg <
0. L&y tdng theo k tit 1 dén n. Lvuy A=M,, B= M} .
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MOT sO BAT DANG THUC LIEN QUAN
DEN TICH PHAN XAC DINH

Lé Dinh Thinh
Truong Dai Hoc Khoa Hoc Ty Nhién, DHQGHN

Ngay nay tich phan x4c dinh dugc ding phd bién & bac phé théng, ta
nén c6 mot sb bai todn lién quan dén tich phan xac dinh.

Thi du 1 . (D& thi hoc sinh gidi Belarttsia, 1994).
Trén dd thi bam y = az®, (@ > 0) cho cic diém Ay, Ag,--- , Ap (v6i hoanh
do duong). Néi cac didm nay véi géc toa do. Ké cac dudng vudng goéc A;x;
v6i Oz. T6 mau trdng den theo quy tdc ban cd. Ching minh ring dién tich
céc 0 tring bing dién tich cic 6 den.

Giai.

Ta ching minh ring dién tich tam gisc cong OA;A;;; bing dién tich
hinh thang cong z;A4;4;112;41. Ky hiu S; 14 dién tich gii han béi cung
Oz; va day cung Oz;,T; 1a dién tich tam gisc cong Oz;A;; R; 1a dién tich
tam gidc thing Oz;A;, khi d6

Si+T; = R;

1 1 1
Tacé: R; = iOxi -1 A = §$i - am? = iawf

T
1
T; = /a$3d:r= %ax? =8, =R T, = Za:c‘f = T;.
0
Thi du 2. ( D& 106 cau IVa, Bo d& thi Dai hoc) .

Ching minh rdng, néu f(z) va g(z) 1 hai ham lién tuc, x4c dinh trén (a, b]
thi ta cé:
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( /b f(w)g(z)dw>2 < /b F(z)dz - /b g*(z)dz.

(Bat ding thic Cauchy -Bunhiacopxki).
Giai.
vt € R ta c6 0 < [tf( )+ g(z )]2 =12f2(z) + 2tf(z)g(z) + ¢%(z)
b
=>O<t2ff2 dz+2tff (z)g9{z)dz + [ g?(z)dz

V& phai la tam thiac bac ha.l khong &m V¢ = biét thic thu gon A’ < 0 =

(/bf(m)g(x)dx>2 - /ab f(z)dz /abQQ(z)da; <0= (dpem)

Thi du 3. ( B4t ding thic Honde ) .
Gid st f(z) va g(z) 1a hai ham tuy §, kha tich trén doan [a,b]. Gia stt p v

1
¢ 12 hai 6 16n hon 1 sao cho 1 + — = 1. Khi d6 ta ¢6 bat ding thic Honde:

| /b H@)a(e)ds| < ( / i 1%)% | /b xg(x)wdz)é.

Ching minh. Do tinh thuin nhét cia bit ding thic, tic 1a ndu bit ding
thLIL dung v6i f(z), g(z) thi ciing ding véi tf(z), kg(z) = xét truong hop

b
' f |f(z)g(z)dz| <1 va [lg(z)|%dz < 1 1a df, va ta ching minh bét ding
a a

| /b F()g@)dz] < 1

Ta viét bat ding thic Ienxen tai diém = bét ky € [a, b] déi véi f(z) va g(z) :

thic

1 L 1
@) |9(z)| < =|f(2)| +=|g9(=)
p q
Tich phan hai vé
b
p 1 q
dr < - (z) dx—{—a/g(a:) dzr <1
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Vi z)dz| = (dpcm).

| o

Chu y Khip = ¢ = 2 ta nhan dugc bat ddng thitc Cauchy - Bunhiacopxki.

Thi du 4 ( Bit ddng thic Trebusép). Nhic lai bit déng thitc Trebusép débi
véicac day s6 0 <y <yp < - S yn,z1220>2--2;>01a:

n 1 n n
Zyizi < —Zyizzi-
i=1 n i=1 i=1

Bét ddng thitc Trebusép dbi véi tich phan:
Néu f(z) va g(z) x4c dinh lign tuc trén [a, b], f(z) ddng bién, g(z) nghich

bién, thi
< )d
/f dw_b_a/f x/ (1)
Ching minh.

Chia [a,b] thanh n phin bing nhau béi cic diém chia z;; dit

n—>00 n

b
F(25) = i, (@) = 7 — / f(z)dz =

n b n
/g(x)d:c = lim b-a Zi; /f(x)g(:v)da: = lim b-a Zy,-zi
’L:l a ‘L:

n—ooly n n—ooly n

Bay gio (1) nhan dugc tir bat ddng thic Trebrisép b3ng cach chuyén qua
gi6i han. Toi dé xuét sang tac cic bai todn bat ding thic dua vao ¥ nghia
hinh hoc cta tich phan xac dinh va phuoug phép tinh gin dung tich phan
Xac dmh nhtt sau:

Biét f f(z)dz = S(z) 1a dién tich hinh thang cong gi6i han béi
y=f( z),y=0,z=a,z=> (véi gia thiét f(z) > 0 tren la,b])

Chia doan [g, b] thanh n doan nhd bing nhau ¢6 46 dai —— = h bai cac

diém zp=a<z; < - <1z, = b khi dé:
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Coéng thic hinh chi nhat:

Sy = Rh{f(zo) + f(z1) + -+ + fTn-1)] (1)
Sy = h[f(z1) + flz2) + - + flza)]. (2)

Coéng thic thang:
5o = [ LE0EIED) | o) s flam) bk fo)| B @)

(1). Néu ta chon f(z) lién tuc, 1a ham 13i, ddng bién thi:

b
S3 < /f(w)d:v < Ss.
a
(2). Néu ta chon f(z) lign tuc, 14 ham lién tuc , 16, nghich bién thi:
b
S < /f(a;)d:c < 5.
a
(3). Néu ta chon f(z) lién tuc, 12 ham 16m, ddng bién thi:
b
S < /f(:v)da: < Ss.
. a
(4). Néu ta chon f(z) lién tuc, 13 ham 16m, nghich bién thi:
b
Sy < /f(x)d:z: < Ss.
a
Thi du 5. Chimng minh ring

in+ 3
6

2
gn\/ﬁ<1+\/§+x/§+---+\/ﬁ< Jn,V¥ne Z .

Giai.
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Xét ham y = \/z trén [0,n] (12 ham 13i, lien tuc, don digu ting)

=>S:/\/:?dz=§n\/ﬁ
0

53=ﬁ+¢§+---+m4r“7’—‘=(ﬁ+¢§+~-+¢ﬁ+¢ﬁ)—‘§ﬁ
Sa=V1+V2+...+yn

)

R N i 2
Do f(z) = y/z 1a ham lién tuc, 16i vd déng bién = Sggn\/ﬁ < S (x. 1.
trang 2)

2
=>1+\/§+--'+\/5'—i2—ﬁ<?—)n\/ﬁ<l+\/§+---+\/ﬁ.
2
s. —?<s:>52<‘—/2—r_‘+§n\/ﬁ=4”6+3\/ﬁ.

in+3

6\/77'

2
Vay gn\/ﬁ<1+\_/§+---+\/ﬁ<

Thi du 6. Ching minh ring

1
+ f—
nl<n @ 2.t ,Vne Zt,
Giai.
Xét ham y = Ing trén doan [1,n] lién tuc, 13 ham 16, déng bién .
Suy ra

53<flnwdz=nlnn-n+1<5'2.
1

Inl +1
S =—"1—;—@+1n2+zn3+~-+zn(n—1)

1
=lnl+In2+- - +Inn— ilnn(do Inl=0)

1
=nn! — Elnn <nlnn-n+1

1
=lnn! < (n + —2-)lnn + ine "1
=lnnn+1 + lne—TH‘l —_ lnn"+1 . e—'fH"l

=n! < ptFE . gt
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XAY DUNG BAT DANG THUC MOT
BIEN NHO BAT PANG THUC GITA
TRUNG BINH CONG VA TRUNG BiNH
NHAN VA AP DUNG

: Nguyén Vi Luong
Trudng Dai Hoc Khoa Hoc Ty Nhién, DHQGHN

o

Bai 1. V6i 0 < a <1, ching minh ring: a(l—a) <

Giai.

1 L a2 1
Ta ¢6: a® + 1 2 a ¢ a(l —a) < -, diu ddng thic x3y ra khi g = 3

N

1 Mot sé ap dung

Bai 2. V6i 0 < a,b,c < 1, ching minh trong ba déng thitc

1
a(l—-b)>z
1
b(l—C)>Z
1
C(l—a)>z

c6 it nhat mot bat ding thic sai.
Giai. Gid st 3 bat déng thic déu ding. Suy ra:

abe(l —a)(1-b)(1~c¢) > %




Mat khac ta co:

1

_a) < =
a(l a)_4
1

b < =
b(1 b)_4
1

- <=
c(1 c)_4

Nhan céc bat ding thic trén ta thu duoc:
1
abc(l —a)(1—=0)(1-¢) < ol
Tit (1), (2) suy ra mau thuin, bai todn dugc chimg minh.

Bai 3. Vi 0 < a < 1, chitng minh ring :

E

1) a(l-a?)<

3V3
3
2 a{l —a®) <
) ell-a) < 2
n
3 1—-a") < ———————
) ol a)—(n+1)m
Giai.
) Ta c6
+-———+ ! =23 a- ! —E——a
3vV3  3v3 7~ 3 V3
Suy ra
2
1-a?) < —
a( (1)_3\/§
) Ta cb
RN S S
4Y4 " 4¥4  4¥a T
3
Suy ra: a(l —a®) <
uy ( a)_4\3/4I
3) Ta cé:
1 1

n+l

n sb hang
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Suy ra:
n

n+1)¥Yn+1

a(l-a™) <

Mot sb bai tap ap dung

Bai 4. V6i a,b, ¢ > 0 thod man diéu kién a? +5?+¢? = 1. Ching minh ring:

b 3V3

@ . L V3
+c2 c2+a? a2+ 82 2

Giail.

Béat ding thic da cho tuong duong véi:

a b c >3\/§

2,12, .2
1—a2+1—b2+1—c2/ 5 (a® +b° +c°)

Vay ta chi cin chiimg minh:

a > 3\/50,2
1—a2 2

2
& a(l —a%) < —— (da chitng minh )

3V3

Bai 5. Véi a,b,¢,d 14 cac sb thuc duong thod man diéu kien
S+ +l+dd=1.
Ching minh ring:

2 b2 2 d? 44
3 as 5+t 3 3 3+t 3 cs 5t 53 3 2 Vi (3)
B +cd+d cc+di+a d3+ a3+ b o’ + b3 +¢ 3

Giai.
Ta ¢b:
a? b2 c? d? 4¥4

3 > 3 b3 3 d3
Beimtiptiatiog > 3 @+ +5+d)

Vay ta chi cAn chitng minh:

(12 4\3/_43 3 3
1—a3> 3 a <~9a(1—a)§4\%I
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Diu déng thitc xdy ra > a=b=c=d =

&=

Bai 6. V6i a > 0, chitng minh ring:

1
Y
“(1 - 2a) < —
) ef(l-20) <o
2) a3(1—3a)<_1_-
— 256
Gial.
1) Ta cé:
+ +l & a?(1 —2a) < !
@ +a 27~ >at oo 27
< a2 , 1
Dau dang thitc xay raHa=§
2) Ta c6:
1 1
— 1—3a) < —
ot +a* +at +256 >a® & ad(l-3a) < 25

z A 1
Diu déng thic x3y ra ¢ a = 1

Mot sb bai tap ap dung

1 .
Bai 7. Vai 0 < a,b,c < 3 thod man diéu kién a + b+ ¢ = 1. Ching minh

rdng:
1 1 1
P = =2
a.(2b+20—1)+b(2c+2a—1)+c(2a+2b——1) 4
Giai.
Ta cb: . 1
2
1-2a) < —= —_— 227
(120 S5 < aa oy
~ ! = 27 > 1 2 27a
1 o N Z a AL AN =~
a(l — 2a) a(2b+2¢—1)

Suy ra: P2>227a+b+c) =27 (dpcm)
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1 N
Bai 8. V6i 0 < a,b,c,d < 3 thod mén difu kién a +b+c+d = 1. Chiing

minh ring:
P= ! + ! +
" a2(3b+3c+3d - 2) b2(3c + 3d + 3a — 2)
1 1
= 256
(3d+3a+36-2) (32 +3b+3c=2)
Giai.
Ta c6: ‘
a3(1——3a)<——1— ot > 956
— 256 a¥(1-3a) 7
> ——————1 = 256 “ ! = 256a
a2(1-3a) = “% T 23 +3c13d=2)
Suy ra:

P > 256(a+b+c+d) = 256

Bai 9. Ching minh ring:

Giai.
1) Ta co:
V2a -1 c20-1+1
a - 2a B

(Déu déng thitc x4y ra <> a = 1)

1

2) Ta cé:
\3/3a~2<3a—2-l-1-§—1__1
a - 3a -

(D4u ding thic x3y 1a ¢ a = 1)

3) Ta cé:

na—-n—-1)+1+14---+1
(2
v"na~(n—1)< n-1sb

< . =1
a na
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(D4u ding thic x3y ra > a = 1)
Bai 10. Véi a,b,¢c > 5 @ + b+ ¢ = 3. Ching minh ring:
2 b2 2
P= c + + 2 >3
V5=20b+c¢c) 5-2(c+a) +/5-2(a+b)

Gial.
Ta cb:
Vv2a—1 <1
a
> a 1
V2a—-1"
2
a

Suyra: PZ2a+b+c=3

Bai 11. V6i a,b,¢ > =, chitng minh ring:

[N

=\/2a l+\/3b 2+\/4c 3S3
a b c

p

Giai.
Ta cé:

Cong tit ci cac ding thitc trén suy ra: P<3 (dpcm)
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Mot s6 bai tap vA husng din
1 o e
Bai 1. V6i0 < a,b,c < 3 chiing minh ring trong 3 bit déng thic:

1 1 1

201 _ S 1201 oy~ & 204 L

a“(1—2b) > 57 b“(1 — 2¢) > 5 © (1 - 2a) > 57
¢6 it nhit mot ding thic sai.

Huéng dan. Néu ci ba bit ding thic trén dang, suy ra:

1
a®b2c?(1 - 2a)(1 — 26)(1 — 2¢) > (ﬁf’
1 i
Mat khac:  a?b?c%(1 — 2a)(1 — 2b)(1 - 2¢) < (ﬁ)3 suy ra mau thuin.
1 .
Bai 2. V& 0<a,bc< 3 a®+ b+ = %. Chitng minh ring:
: 1 1 1
= >
P 1—3a+1-3b+1—3c/12
Huéng dan. Tit a®(1-3a) < = - L > 256a3
= 256 1§3a
Thu duge: P > 256 - (a® + b + ¢3) = 256 - 12

&1— =
1 .
Bai 3. Véia,b,c > -2—,abc = 1. Chting minh ring:

V2a—1-Y3b—2 - Vdc—3<1

Hudng dan. Suyra ti v2a —1<a, ¥3b-2<b, dc—3 <c

Bai 4. V6i a,b,c,d > 0, thod min didu kién a* +b% 4+ c* + ¢4 + et = 1.
Chiing minh ring:

a3 b4 C4
4 1 4 st 4 4 it 33 4 4 it
bB*+ct+di+e ¢ +dt+et+a d*+et+at+b
d? et 5v5

+ 2
e4+a4+b4+c4+a4+b4+c4+d4 4
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MOT sO PHUONG PHAP XAY DUNG
BAT DANG THUC BAC 2

Nguyén Vi Luong
Truong Dai Hoc Khoa Hoc Ty Nhién, DHQGHN

Mg dau

Bit ding thitc Bunhiacopski 13 bat déng thic dugc xay dung nhd tinh chit
cia tam thitc bac 2. Kh4 nhidu bai tap hay trong cac ky thi hoc sinh gidi
qubc gia va quéc té duoc xay dyng nho bit ding thitc nay. Tuy nhién do
phitc tap cla cic bai tap phu thudc nhidu vao cac phép bién ddi dic bist.
Céac phép bién ddi bac 2 khac nhau sé thu duge cic dang bai tap khac nhau.
Cac bat ddng thitc thu dugc chiing ta g01 1a cac bat ding thitc bac 2. Trong
bai viét nay ching t6i trinh bay mot sé dang cu thé nhu sau:

1. Bat déng thic bac 2 trong tam giic,

. Binh phuong mét bat ding thic,

. Phép bién ddi thuan Bunhiacopski,

. Phép bién ddi nghich Bunhiacopski,

. Bat dang thic thit tu xa8y dung tir bat ding thitc Bunhiacopski,

6. Hing déng thic va bat déng thitc Bunhiacopski,

Bai viét chi quan tdm dén mot pham vi nhd ma ching t6i tdng két hay Xay
dung dugc nén cac két qua thu dugc 1a bude diu, rht mong cic ¥ kién gép
¥ tlt cic ban doc.

[SARN N LR )

1 Hang ding thic va mot dang hé qua cua bit
dang thiic Bunhiacbpski

T h3ng ding thitc:
(2ac+2y-—2)2+(2y+2z—z)2+(22+2m—y)2 = 9(z? + ¢ + %)

Ta xay dung bat ding thitc
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Vi du 1.1. Véia,b,c z,y,z € R, ching minh ring

2
az + by + cz + /(a2 + b2 + ) (22 + y% + 22%) > §(a+b+c)(a:+y+z)
Bai gidi.
Tacoé c¢(2z +2y—2) +a(2y+2z—z)+b(22 4+ 2z —y)
= ¢(2z + 2y + 22 — 32) + a(2y + 2z + 2z — 3z) + b(2z + 2z + 2y — 3y)
=2(a+b+c)(z+y+2)—3(az+ by +c2)
Suy ra:

2
(2(a+b+c)(z+y+z) —3(ax+by+cz)> < 9(a? + 0%+ A)(z? +y? + 22)
& 2a+b+c)(z+y+2z)—3(az+by+cz) < 3y/(a? + b2 + c?)(2? + 12 + 22)

2

“ §(a+b+c)(ar;+y+z) < V(a? + 6%+ c?)(2? + y? + 22) + (az + by + ¢2)
(dpem)
Tt hing déng thic:
z+y+z-t)+w+z+t—a2+(z+t+z—-y)?2+(t+z+y—2)?*=
4(x? + 9% + 22 + %)
Ta xay dyng bat ding thic:

Vidu 1.2. Véia,b,cd,z,y,2t € R Ching minh ring:

(az + by + cz + dt) + /(a% + b2 + ¢ + d?) (22 + 32 + 2% + 1?)

>~(a+b+c+d)(z+y+z+t).

DO =

Bai gidi.

Tacd: d(z+y+z—t)+aly+z+t—z)+blz+t+z—y)+c(t+z+y—2z) =
= d(z+y+z+t—2t)+a(y+z+t+z—22)+b(2+z+t+y—2y) +c(t+T+y+2-22)
=(a+b+c+d)(z+y+z+t)—2(az + by + cz + dt)

suy ra:

((a-4—b+c—l—d)(z—l—y~1—z-i—t)—2(am+by—9—cz+dt))2
<4(a®+ 02+ +d) (@t + 42 + 22+ 1Y)
s a+b+ct+d)(z+y+z+t)—2(azx +by +cz+dt)
& 2¢/(a® + b2 + 2+ d?)(z? + 32 + 22 + 12)
& /(a2 + b2+ c? + d?) (22 + y2 + 22 + 12) + (az + by + cz + di)

1
> §(a+b+c+d)(z+y+z+t)
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St dung cac bit dang thic thu dugc ching ta ching minh mot sé bat déng
thic sau:
Vidu 1.3. Véi a,b,¢,d, € R, ching minh ring:

at+d+be+3v/(1+a2+2)(1+c?+d?) >2(1 +c+4d) +2(ac + ad + bd)
Bai gidi.
Bat déng thic da cho vibt lai dusi dang co ban.

(1,a,d)
(a,6,1)
2
nhusaw a+bc+d++/(1+a2+02)(1+ 2 +d2) > -3—(1+a+b)(1+c+d)
(suy ra tit vi du 1.1). Dau ding thic x3y rakhia =b=c=d = 1.

Vidu 1.4. Véia,b,c,d, € R, ching minh ring:

(a+2b+3c+4d) + /30(a? + b2 + 2 + &) > 5(a + b+ ¢ + d)

(suy ra tit vi du 1.2).
Vidu 1.5. V6i A,B,C 1a 3 gbc clia mot tam giéc, chitng minh r3ng:

(3sin A+4 sin B+5sin C)+5 \/Q(Sin2 A+ sin? B + sin® C) > 8(sin A+sin B+sin C)

2 BA&t ding thitc bac 2 trong tam gidc

Ta xét phuong phép st dung tam thitc bac 2 dé ching minh mot bit ding
thic don gian sau:

3
F=cosA+cosB+cosCH—2—

Ta ¢b: F=1—23in2‘—24-+2singcongC

2

A
HZsin2§—2cos sin—2—+F—1=O.

Suy ra: A’ = cos? 3 —2F+2>0

cos? E;—C
2

-+ F<1+ <

M|
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- DAu ding thitc x4y ra khi va chi khi

B=C
sin A_1

2 2
Hoan toan tuong tu ching ta ching minh dugc céc bit ding thic sau:
Vidu 2.1. A,B,C la3 goc clia mdt tam giac, ching minh ring;:

/ 'A+sin—Bi+s'n-C—’-<§
a sm2 5 1 7 >3
3
b/ a&A+gﬁB+gﬁ05§
/ 'é+in§+sin—q<§—
c sm2 S 2 7 S35

Nhan xét 1. Phuong phdp tam thitc bic 2 cho phep ching ta thu duogc cdc
bdt ddng thitc manh hon.

Vidu 2.2. A,B,C 133 goc cha mdt tam gic, chiing minh ring:

cos? A5E 4 cos? BZC + cos? 54

cosA+cosB+cosC <1+ 5

Bai gidi. Cong ba bat ddng thitc:

Ccos =5

2

cos? 0—24

2
2 A—
cOS 2

2

cosA+cosB+cosC <1+
cosA+cosB+cosC <1+

cosA+cosB+cosC <1+

Vi du 2.3. A4, B,C a3 géc clia mot tam giac, ching minh ring:

sih2A+sin2B+sin2C§2+

cos?(4 — B) + cos?(B — C) + cos?(C — A)
12 '
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Bai gidi. Cong ba bat ding thuc:

-1 .
sin® A 4+ sin? B +sin’C < 2+ Zcos2(A — B)
1
sin2A+sinQB+sinZC_<_2+Zcos2(B—C’)

1
sin? A +sin? B +sin?C < 2+ Zcos2(C’ - A)

Vidu24. A, B,C a3 géccha mdt tam giac, ching minh ring:

i A+' B+i C<1c0523_c
sin g +sin o +sino < ¢ 5
Nhan xét 2. S% dung mot s6 ddng thic:
COSB-—C’__ha
2,
COSA+COSB+COSC=1+%
inZ +sinD +sin e =
sin - +sin 5 5 = IR

Chiing ta thu dugc mét sé bat ding thitc clia cac yéu té do dai sau:
Vidu 2.5. Ching minh ring :

Vi du 2.6. Ching minh ring :

R: _2r
e s 2
2~ R

Nhian xét 3. Ta c6 mot bdt ding thitc don gidn:
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tA;B.Z A;B d<a<P
—>coslA— ]<cos‘A;B|
A- A-
> Cos < cos

St dung wéc lugng don gidn trén ching ta thu duge mot sb bat ddng thuc
sau:
Vi du 2.7. Ching minh ring:

a? + b% + ¢ h:  hl A2
L )< Ze 4 by e
3( = )'24+l§+l§+13

Bai gidi. Ta c6

cos?(A — B) + cos?(B — C) + cos?(C — A)
: 12
cos? -&E——B- + cos? B—EQ + cos? C—;/—‘

12

sin? A +sin? B +sin’C <2+

<2+

a® + b2 + ¢ 1 (k2 b}
G Lk P W N L )
suy ra AR2 < +12 l§+l§+l§

Vi du 2.8. Chitng minh ring:

cos? A—E—Q + cos? —B—gg + cos? ng—‘
5 )

cosA+cosB+cosC <1+

Vi du 2.9. Ching minh ring:

1 A-B B-C C-A
< = 3 .
cosA+cosB+cqu_l+6(cos 5 +\/cos 3 +\[:os 5 )

< 1 trong cdch gidi bing

Nhan xét 4. Thay thé bit ddng thic cos
bt ddng thitc cos(aB —yC) < 1 ching ta thu dugc mot sé bt ding thic:
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Vi du 2.10. Ching minh ring:

3C

C 3
—_ —< -,
cos A + cos(B 2)+cos 5 <3

Bai gidi. Ta c6

A B -2C
cosA+cos(B—§)+cos§€=cosA+2sin§cos SR
A 3 A
< in— < - at £ = sin —).
_cosA—i—2sxr12_2 (dat ¢ s1n2)
A 1
f ez , sin — = =
Dau dang thic xdy ra & 2 2
B=2C
Viduy 2.11. Chtng minh ring:
. A . /B Cy . 3C 1
F——SIIIESIH(—Q—*E)SHITS’S'.
Bai gidi.  Ta co:
1 B-2C A 1. A A 1
_ 1. —sin2) < teinl(1—snd) <1
F 2smAQ(cos 31n2)__2sm2(1 st)_4

Nhan xét 5. Dua tham s6 vao cdc bét ddng thitc bac 2 ching ta thu duoc
cde bdt ding thic:

Vidu 2.12. Ching minh ring:
Bai gidi.  Ta cé:

B~ A
F=cosA+2msinA2cos( C) ScosA+2msin—é—.

A 2
F< —ZSin2A2+2msin5+1§ 1+T2—.

Hoan toan tuong tu :

Vidu 2.13. Ching minh ring:

) A+ (s' B_{_S.HC')<1+m2
sin o +m in 3 ing )< 5
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Vi du 2.14. Ching minh ring:

s'né+c s§+cosc<1+lcos2é+siné<cos§+cosg—>
My TSy g =Ty 2 2 2)
Bai gidi.

— sin — cos —

<—>sin§+(sinA+C 4 C)

2 2 2
A A B 1 A
+(sin( —;B)—sin—é-cos—2—>§1+§cos2—2-.
> si A+ *A(s' —Bi-%—s' _C_'_)
sin - + cos 7 { sin 5 +sin 3
2 A
5 A
§1+COS 2 (Chonmzcosg).

Nhan xét 6. Xét cic diéu kién han ché déi vdi géc A ching ta thu dugc
cdc bat ding thatc.

Vidu 2.15. Véi A, B, C 1a ba gbéc cia mot tam gidc khong nhon, hdy tim
gia tri 16n nhét ciia bidu thiec:

F =cos A+ cosB +cosC
Bai gidi. Ta cb:

2

A
F=cosA+23in5cos( ) (gid st A >

]

)

A
- F < ~2sini;1—+2sin—2—+1

dat ¢ sin—A —A>7r——>—l <t s'n—A<1
= —_ = Sl

' 27274 2~ 2
Taco F < —2t2+4+2t+1= f(t)

1 1
ﬁst<1—>f(t)5f(ﬁ)=x/§.
B=C
Vay Fax=v2khig . A _ 1
2 V2

Nhan xét 7. Chuyén cdc bét ding thitc trong tam gidc thanh cdc bt ding
thite dai s6 ching ta thu duge mot sé bét ddng thitc sau:
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Vidu 2.16. Véia,bc>0, ab+be+ ca = 1, ching minh ring:

2 12 2
(i) + (5p) + (52) < &

Bai gidi.  Ti diéu kién suy ra c6 t8n tai 3 goc ctia mot tam gisc sao cho:

=t 4 b=t B c=t ¢
a = g 2 b - g 2 3 - g 2
va bt ding thic trén twong duong véi

2cos A+ cos B +cosC <

[0 o) e

Vidu 2.17. Véiq, b,c 1a céc s6 thyc duong thod man cic didu kién:
ab+bc+ca=1, a+b+c+abc > 2.
Ching minh ring:

1—a? 1-p2 1-¢2
<2
1+ a? 1+b2+1+c2‘\/—

Bai gidi. T diéu kién a,b,¢ > 0, ab+ be+ ca = 1 suy ra ¢6 ton tai cac
g6c A, B, C sao cho :

tA— tB— tc—c
gz—a’g2”7g2*

Tt diéu kién suy ra:

(1-a)1-b)(1-¢)<0
1—a? 1—-8p% 1-¢2
1+a2 1482 1+¢2

=cos Acos BcosC < 0
Vay tam giac khong nhon trén thu dugc:
cos Acos BeosC < V2 (vidu 2.15).

3 Binh phuong mot bit ding thic

Trong cac dé thi cho hoc sinh gidi cfia nhidu quéc gia trén thé gidi c6 xujt
hién mot s6 dang bit ding thitc thu dugc bdng cach binh phuong mot bét
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d&ng thic ma cach gidi kha hay va khé. Trong muc nay ching ta xay dyng
mot sb bat ding thitc dang nay.
Vi du 3.1. (Rumani) Ching minh ring: :
sinA + inB + sl1 ¢ < sin— +sin
° by =T 6R’
Xuit phat tir bAt ddng thic ma ching ta coi nhu bac 1:

Basi giaz.
'nA+s'nB+s' < sin
— — D 1 —_—
si in ins < 5
A B c 2
” A B O >
Ta xetv [2(sm + sin 5 + sin 2) 3] >0
A B C\? A B
H4(sin5+sin5+sin§) +9212<sin—2-+sin—é—+sin%) (1)
Didu dang quan tam 13 xay dung udc lugc:
. A B . C\2 9 A o B 5 C
(sm—2— +sm—2— +smE> < cos 3 + cos 5} -+ cos 5
Ta ching minh:
A
— sin —

A B A
o A i B as Aa . B 4
83 sin B + tg 5 smA_\/tg 5 sin A + tg 5 sin B 431112 5
B
tg —sinC + tg—i—sinBZﬁlsin—isin—Q—

C A
c . A4 s dsin s
tg 5 sin A + tg 5 sinC > 4sin 5 Sin g

Cong cac bit ding thic ta thu duge:
C
(sinC +sin4) + tg —2—(sinA +sin B) >

A
tgg(sinB+sinC)+ tg 5
A B B C A
> A D B O Y an )
__él(sm2 sin 5 + sin 5 sm2 -%—sm2 sm2>
Ta c6
A . ) in A . B+C B-C
tg—2—(smB+smC)=Scl§2:A - 2sin ; cos —5— =
B B -
= 2cos ;Ccos 2C.'zcosB+cosC'.
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Ta thu dugc:

A, B B C A
cos A+ cos B + cos C > Z(Singsiné—-i—sin——sin—+singsin§-).

2 2 2
A B C A B C\2
2 2= 2._> 1n — 17 e in —
> cos 2-i—cos 2—4—cos 2_<sm2+smz+sm2). (2)

Tt (1), (2) suy ra:

2

A B C
4<c052é + cos §+cos2 %) +9 > 12(sin—2—+sin-—+sin——)

2 2 2 2
A B
<—->2(3+cosA+cosB+cosC)+9212(sin—2—+sin5+sin§>
r A B C
T S A B C
<—>2(4;H—R)-}—Q_12(s1112+sm2 +sm2>
esind psinZ sn ST ( dpem )
Sing +sin g +sing < =+ o p .

Vi du 3.2. Chung minh ring:

p(r +4R) < 6—1\/37«2 (AABC —~ nhon ).

Bai gidi. Ta c6 bat ding thuc:
A B C’ 2
2 Zytgl - >
(tg2+tg2+ 53 \/§> >0
A B C\2
i el el >
H(tg2+tg2+tg )+3_

2
A B c
> — - tg — |.
__2\/§(tg2+tg2+ g2> (1)
Ta c6 ddng thc: tga + 2 cotg2a = cotga.

suy ra:

A B C
cotg 7 T cotg 5 + cotg 7= 2( cotg A+ cotg B + cotg C)+

tigdg §+t—c—>3(t é+t§'+tg) (2)

T (1), (2) suy ra:
A B C 1 A B C\?2
 — — — ) < — — — — .
2\/§(tg2+ tg2+ tg2>_3+9(cotg2+ cotg2+ cotgz)
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2 2
PN ki SaRIN) P

p ~ 9 6v/3p

Vidu 3.3. Ching minh ring:

A B C\2 6
4<sin-2~ +sin5 +sin§) +32> o
Bau giae. Ta ¢d
4(cos A+ cos B + cos C)? + 9 > 6(cos A + cos B + cos C).

Suy ra:

4(sini§—+sin§ +sin~§—)2+9 > 6<1+ %) ( dpem ).

Vi du 3.4. Ching minh ring:

A B c 1 1 1
15+ cotg?= + cotg?= + cot 2~>4( + + )
& 2 & 2 & 2 Siné— sing sing

Bai gidi.  Ta co

1 1 1 \2 1 1 1
( o — + C)+36212(_A+ =+ Q).

sin 5 sin = sin 5 sin 5 sin = sin 3
Suy ra:
1 1 1 1 1
3( + + )+36212( +—— + — )
sin? —24 sin? 123 sin? -g— sin —24 sin g sin -g

- A B C 1 1 1
<—->3(3+ cotg2§+ cotg2§+ cotg2§)+36 > 12( -+ + C)

- . B -
siny  sinyg  Slng

suy ra (dpcm).

4 Phép bién dbi thuan Bunhiacopski
Kh4 nhidu bat déng thic trong cic ky thi qubc té, vo dich qubc gia cia

nhiéu nudc trén thé gidi. Tuy nhién néu xuit phép tit (a + b+ ¢)? chiing ta
thu duge cic bat ddng thitc co ban. Nhung cac bai todn vé dang nay trong
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nhitng nim gan day thudng khé hon vi xuét phét ti cac bidu thic déi xing
khac nhu:

(1+1+1)2_ (1 + 1 + 1)2- (a+b+C)2.

a b ¢/ "\ab bc ca/ '\b ¢ o'
Trong muc nay ching ta chimg minh mot s bit ddng thitc trong cac ky thi
qudc gia cac nudc, qubc té va x8y dung phuong phép ching minh va xay
dung céc bat ding thitc dang nay.

Vi du 4.1.  ( the 14th Japanese Math Olympiad. 2004 ). Véi a,b,c >
0, a + b+ ¢ = 1. Chitng minh ring:

l+a 146 1+4c b ¢ a

<2(Z+7 )
l-a 1—b+1-c" b+c

Bai gidi.  Chung ta trinh bay mot cach gidi hoan toan khac véi dép an da

¢6 nhu sau:

2a 2b 2¢ b ¢ a
<2{—-4+ -4 =
BTt T T T S (a+b+c>

Hza(l-ll )+2b<l——1—)+20(i———1——)>3

a —a a 1-5b 1—-b6/—
1 1 1 1 1 1 3
i Z . g > 2
a<c b+c)+b<a c+a>+c(b a+b>_2
ab be ca 3
P = > -,
“ c(b+c)+a(c+a)+b(a+b)_2

Ta ¢4:

a be a
- ( aﬁgmh/mmh/mmf

4p dung bt ding thitc bunhiacopski, suy ra :

(\/%3+\/2£+\/%>25P-2(a+b+c).

Mgt khac ta c6: ( ap dung:  (a+b+c)2 > 3(ab+be + ca))

\/- \/7 \/— 3(b+c+a).
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Thu duge P > % (dpcm).

Vidu 4.2. ( Romanian Math Competitions. 2004 ). Véi a,b, ¢ > 0. Ching
minh ring:

_ a + b + c S 27
T belc+a) cala+bd)  ab(b+c) T 2(a+b+c)?

(Petre Batranetu).
Bai gidi. (trong tai lieu khong c6 13i giai). Ta c6

(Vi Va3 -
—_-( bc( + a) \/ETE+\/ \/E:—__’_ ( \/a—+b>2§

< P-2(a+b+c). (1)
Mat khéc ta c6

a b ¢\ 2 1 1 1 27
e "V ab 2 a b ¢/ T (a+tb+c)
O e e R R e~ =

T (1), (2) suy ra:
27

> .
~ 2(a+b+¢)? ( dpem )

Vi du 4.3. ( USA). V6i a,b,¢c > 0,abc = 1, hay tim gia tri nhd nhit cla
biéu thuec:
1 1 1

p= ‘
206+  Bleta)  Earh

Bai gidi.  Ta cé

(I

2
:(a b+_c\/_—+ ,._\/er ,_+b\/a—+-6) <
<P-2a+b+o) (1)

Mat khac ta cé:

1 1 1\2 1 1 1 Ja+b+0)
— _ —- > N —_— — = — = .
(a + b + c) = 3(ab + bc+ ca) abe 3(a+b+c) (2)
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Tu (1), (2) suy ra:

P>:=Pny (Khia=b=c=1)

l\DIC.O

T cac bai gidi mu trén ching ta xay dung phuong phap giai cho cac bit
ding thitc dang ndy nhu sau:

Bu6c 1:  Gach nhitng thita sé dang tdng trong bat dfng thic dé tim bidu
thitc xuét phat.

Budc 2:Tir biéu thitc xuit phat mo ta bunhiacopski biéu thitc chinh cé mot
trong bat ddng thitc.

Budc 3: S dung mot s6 bat déng thitc trung gian quen thudc ching minh
bét ddng thic.

Sau day ching ta xét mot s6 vi du minh hoa:

Vidu4.4. Véia,bc>0,abc =1, Ching minh ring:

1 1
! ! ab + bc + ca).

P = ad(b+c) +b?'(c-f—a) +c3(a+b) 2(

Bai gidi. Taco
1 1  1y2
(—+—+—) =
a b ¢

1 1
= (W ;_.a\/mrc)‘f'b—lm c+a + ,—_—_\/—a+—b)

< P-2(ab+ bc + ca). (1)
Mat khéc: L1 1ae
(-+b+—> = (ab + bc + ca). (2)
T (1), (2) suy ra: (ab + bc + ca).

Vidu 4.5. Védia,bc> O, Ching minh ring:

4 bt ct 1
P = >~
b%(c + a) +c2(a+b) +a2(b+c) - 2(a+b+c)

Bai gidi.  Ta c6
a2 b2 2\2
b ¢ a

a? b? c?
=|r——=Vetat ———Va+ b+ ——
<b\/c+a cra cva+b ¢ avb+c




<P-2a+b+c). (1)
Mat khac ta cé: )

(%+E+1)2=(ab+bc+ca). (2)

Tu (1), (2) suyra: P> 2(ab-{— bc + ca).
Vidu 4.5. Véia,b, ¢ > 0, Chitng minh ring:

P @ [ ¥, ¢ >Larbro
= S\a c
(c+a) c2a+b) a%(b+c) ™2
Bii gidi. Ta c6
a? b 2\2
(F+3+3) =
c? 2
Vetat ——=Va+b+ ——==vb+c] <
(b\/“_"’ \/_““ i) <
<P-2a+b+c). (1)
Mat khéc ta c6: o, \ \
a® b c*\2 2
a2 > .
<b+c+a) >(a+b+c) (2)
Tu (1), (2) suyra: P> %(a-l—b—}-c).
Vidu 4.6. Véi a,b,c > 0, Ching minh ring:
6 b6 6 1
P=—2 4 + > Z(a+b+0).

Bla+c) Ala+b) adb+c) — 2
Bai gidi.  Ta ¢6
(13 b3 C3 9
(5+2+5) =
)

b
VT B C__ VabTa)
= (——=—=Vbc + ba + ~——=——=/ca + b + ———=r/ab + ac) <
<b\/bc-+-ba ¢ oa cvea +¢ch e avab + ac . ac) -
< P-2(ab+ bc + ca). (1)
Mat khac ta co:
a3 b3 C3 2 2
AL I i
(b+c+a) > (ab + be + ca) (2)
T (1), (2) suy ra: PZ-;—(ab-!-bc—}-ca). (dpcm)

96




5 Phép bién ddi nghich Bunhiacépski

Nhiéu bt ding thic xoay vong hay duge xay dung ti cic phép bién ddi
nghich bunhiacopski ma ching ta sé trinh bay trong muc nay.

Vidu5.1. (M.S Klam Kin). V6i p, q,7 va z, v, 2 |3 cac sb thuc khong am,
ching minh ring:

D 2 q .2 r_.2 Lo, 2, 2
P = ¢+ + 2° 2 (zy +yz + zz) — = (z° + y* + 22).
P e 2 (zy+y ) =5 +y )
Bui gidi.
Dé nhanh chéng xay dung cich giai cho cic bt ding thic dang nay chiing
ta trinh bay cac budc gidi cu thé nhu sau:
Bude 1: Thém vao cac sb hang dé rit (p+ g + r) lam thira sé chung, ta cé:

P 9 2 g o 2 L 2 2 2 2

P:( x+a:)+(—— + )+( z+z>~x+1 +2%).
g+ r+py y p+q ( v )

2 y? 22

+ +
g+r r+p p+g

P=(p+q+z)( )—(z2+y2+z2).

Budc 2: Biéu dién duéi dang bunhiacopski.

P= 3 (VTFP2 + (FFFRr + (V5T )
z y z 2
(=" 7 7)) - e
Suy ra:

1 | 1
P> §(x+y+z)2—(x2+y2+zz)=(xy+yz+zx)—§(m2+y2+z2).

Diu ding thitc xay ra

P __a _ T
Yy+z—-z z+z-y z+y—=z

Vidu 5.2.  Véia,b,cla cic canh cia mot tam giac, z,y,z € R. Chimg
minh ring:

+§—1)x2+(§+§—1)y2+<%+2f1>z22
> (3—b:c)yz+<3-—c:a)zx+ (3—ajb)xy.
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Khi z,y, z nhan cac gia tri cu thé ching ta thu dudc cic bat ding thic sau:
Vidu 5.3. Vdia,b,c>0, tim gid tri nhé nhét cla biéu thic.

3a 4b 5¢
= + + .
b+c¢ c+a a+b

Bai gidi. Ta c¢6

P= (bi(—zc+3) + (cif)a+4) + (a5—:b+5> -2

P=(a+b+c)( 3 . 2 20 )12
P

b+c c+a a+b

[( bj—c)2+( c-;l—a.)2+( a—?—b)Q]—uZ%(\/g-%-?-}-\/g)?—lZ

Vay Pmin==(V3+2+v5)" ~ 12, khi:

D[ —

b+c_c+a._a—l—b

V32 VB

6 BAat ding thic thd tu xay dung tir biat dang
thitc Bunhiacopski

Nho bat ding thic bunhiacopski ching ta chuyén mot sé bat ddng thitc thu
ty don gidn thanh nhimng bat ding thdc thit ty bac 2.

Vidu 6.1. Véia>b>c>0. Ching minh ring:

a?b b c2a> b
—6-2—+“(§+b—2_a+ +c

Bai gidi.  Ta cd

b b 2
(a+b-+-c)2=(%\/5-2\/54-5\/_-%\/5-1—%\/_-2\/5) <
a’b bPc  cla b a?c b
(02 +a2+b2)'<a2+ b2 + c2>'

IN

98




Ta chitng minh:

a?b  b’c  ca _ ab® b ca?

Tt iatate
—at® + b + cta® > adb* + B3t + ot
a’b(a—b) + 633 (b—c) + Sadlc—a) >0
ead(b® -+ ) (a—b) + 8530 - ¢)+cad(c—a) >0
ead (b —ca-b) + [a*(a —b) + 63(b—¢) + a®(c — a)] >0
ea® (B’ ~)a—b) + e (c—b) + b3 (b - )] >0
a3 - ) a-b) + b~ B —-a®) >0

( Hién nhién ding )

Suy ra:
(a+b+¢)?< (;2—+——
a’h b c%a

GatbtceS = + = + =
C a

Vidu 6.2. Véia>b>c>0. Ching minh ring:

Bai gigi. Ta cb

Va a Vb b b b Ve c e c Vaa
2 g2 a2 b2 2
(gte*a) (Frats)

Ta ching minh b4t ding thiec:
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¥ c® a? _a? b
STRTEZETETS
bbb + Pad + a%h® > a¥c + bPad + ASb?
bt (a? — b)) + B33 (B — ) + St -a®) >0
a3 - S+ ) - b)) + B — c) + a¥(c? —a?) 20
ad (5% — ) (a? - b?) + 3B - ) (a® - b%) > 0.
( Hién nhién ding ).

Suy ra:

(et ) = (5 5 )
ab be ca/ T \c¢ a :
3 37T
e e rLe
ab be ca — ¢ ad b
Vab  Vbc  Vea

Hoan toan tuong ty ta ching minh duge bt déng thic:
Vidu 6.3. Véia>b>c>0. Ching minh ring:

( dpcm).

a’h B¢ c3a> b
?-F?-I—b—.s_(a—!— +C).
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MOT CACH CHUNG MINH BAT PANG
THUC DANG PHAN THUC

Pham Vin Hing
Truong Dai Hoc Khoa Hoc Ty Nhién, PHQGHN

1 Cac bai toan

Trong myc ndy ching ta thudng sit dung bt ding thic trung gian sau dsy.

Bai todn 1. Véi a,b, c 1a nhimg s8 thyc duong, ching minh ring:

am+n + bm+n + cm+n 2 ambn + bm cn + cm an.

Giai.
m - am+n + nbm+n 2 . .
Ta c6: — > a™b" (blt ding thic cdisi véi m + n sb)
m-n m-+n
mb + nc > B
m+n
m-+n m-+n
mc +na > mgh
m+n

' Cong ba bat ding thic trén ta thu duoc bt d&ng thic cdn ching minh.
Dé ¢6 dugc phuong phép gidi d6i véi csc bit ding thic dang phan thic
don gidn ndy ching ta rit ra nhimg nhan xét tir cic bai todn cu thé.

Bai todn 2. Véi a,b, c 1a céc sé thyc duong, chimg minh ring:

5 5
a® b b
B;+§+a—2>a3+b3+c3
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Giai. Ta c6:

a® + b3 + ¢ > ab? + be? + ca?

Cong bén bit ding thitc trén ching ta thu dugc bt ding thic cin ching
minh.

Nhén xét: D& mo ta cc s6 hang vé phai chiing ta phai sit dung céc s8 hang
c6 chita min sé clia cic sb hang vé trai ( nhu ab?,bc?, ca?).

Bai todn 3. Véi a,b,c 1a c4c sb thyc duong, ching minh r3ng:

5 3 5

a b

T+ >+
bc ca ab

Giai. Ta co:

5

a
— + abc > 2q°
be

b5
— +abe > 26°
ca

_ci + abe > 2¢3
ab

a® + 8% + & > 3abe

Cong cic bit ding thic ta thu dugc bit ding thic cdn ching minh.

Bai todn 4. Véi a,b, c 1a cac s6 thyc duong, chimg minh ring :

5 ¥ S &d B A8
oS> 2
b3+c3+a3’b+c+a

5]

Gs b 2 03
5. & >9.%
Giai. Ta c6 X +ab2 5

103




5 3 3

3
Suy ra: %3—+2ab>%—+%+ab>%+2a2
Tuong ty: '

b5 3

—+2bc>b—+2b2

A c

5 o
c—-i-2ca> — +2¢2
ad a

Ta c6 : 2(a® + b2 + ¢2) > 2(ab + bc + ca)
Cong céc bt ding thitc trén ching ta thu duoc bit ding thic cin ching
minh.

Bai todn 5. Véi a,b,c 1a cic s6 thuc duong phan biét thod man didu

kién:
al02  plo2 102

p00 + oioo + omee <1
Chitng minh ring ludn t3n tai csc sé thyc ty nhién k(0 < k < 99) sao cho
bit ding thic sau day ding:
aft3 P kR 1 k2 pke2 k2
P F TR S Gttt

Giai. V1 a,b,c 1a céc s duong phan bist nén ta c6 diy b4t ding thdc sau:

3 ba C3 4 b4 4 102 b102 102
2,2, 2 _ 6% a ¢ a ¢
0<a*+b°+c* < b ?+'E<p-+'c—2'+a—2'<""< b100+c100+a1oo <1

*

Chia doan [0, 1] thanh 100 doan nhé bing nhau ¢6 do dai -101—0 . Suy ra trong

101 biéu thic phai c6 hai bidu thic thudc ciing mét doan. Tit két lusn d6
ta thu duge bit déng thic cin ching minh.

Nhén xét: Dé sit dung bit ding thite Cési ta cin chi ¥:

1. Thém cac hg s6 dé diu bing ciia bit ding thitc x3y ra

2. C6 thé theém nhidu s§ hang khi sit dung bit ding thitc Cosi khit miu sb.

Bai to4n 6. Véi a,b,¢ I cic s6 thyc duong, ching minh ring:

ad b3 3
+ +
a+2b b+2c c+2a

2 %(a2 + 5 4+ ¢?)
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Giai. . Ta cé6:

9q3
a+2b

94°
b+ 2¢c

+ a(a + 2b) > 6a?

+ b(b + 2c) > 6%

+ c(c + 2a) > 6¢2

c+2a

Va 2(a? + b + ¢2) > 2(ab + be + ca)
Cong cic bit ding thic trén ta thu dugc bit ding thitc cAn ching minh.

Bai todn 7. V6i a,b, ¢ 1a cic sb thyc duong, ching minh ring:

ad bs B
G+o? (c¥a? " lato

2 2 (a+b+c)

Giai. Ta cé:
8a3
b+or +(b+c)+(b+c) > 6a
3
(ct_’f) +lct+a)+(cta)>
. (ai_cab +(a+b)+(a+bd) >

Cong céc bit ding thic trén ta thu dugc bit ding thitc cAn ching minh.

Bai todn 8. V6i a,b, ¢ 1a cic sé thyc duong, ching minh ring:

a3 b3 c 1
S -
b(c+a)+c(a+b)+a(b+c) ,2(a+b+c)
Giai. Ta cé:
—ﬁa—+2b+( +a)>6
blc+a) O AT
4h°
m+2c+(a+b)>6b
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—_ b
a9 +2a+(b+¢c)>6¢

Cong cic bit déng thic trén ta thu dugc bit ding thitc cAn chitng minh.

Mot sb bai tap va 161 Giai
Bai toan 1. V6i a,b,c 1a cic s6 thyc duong, chimg minh ring:

4 b4 4
b+ >atbte
ca?

bc? ab?
Giai. Ta c6:
at
bz +b+c+c>4a
b4

—+c+at+a>4b
ca
4

c
_— P
) +a+b+bdb>4c

Cong céc bét ding thic ta thu dugc bt ding thitc cin chimg minh.

Bai todn 2. Vi a, b, c 14 cic s6 thyc duong, chimg minh ring:

a® . b c
@rO6+q)  Bra+a) T Gra@TD

1
2Z(a+b+c)

Giai. Ta cé:
8al

@ropro
83
(b+c)(c+a)
__ 8
(c+a)(a+0d)

Cong céc bt ding thic ta thu duge bt ding thic cin chitng minh.

a+b)+ (b+c)>6a
+(b+c)+(c+a)>6b

+(c+a)+(a+b)>6c
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Bai todn 3. V6i a,b, ¢ 1A cic sé thyc duong, chimg minh ring:
a? + b? + c? 5 9
B 3 a7 a+b+e

Giai. Ta c6 bit ding thic:

B 3 3
p+z—2+%—>a+b+c
Suy ra:
ls (s (1l
2 2 2 (G ) () 1 1 1 9
4 = S 44
pta*ta (l)z (l)2+(l)2+/a+b c  a+b+ec (dpem)
a b c

Baj todn 4. Véi a,b,c 13 nhimg s thyc duong, thod man diéu kién
a + b+ ¢ = 3abc . ching minh ring:
be ca ab
P= >
ad(c + 2b) + b (a + 2¢) + A3(b+2a) = !

Giai. Ta c6 bAt ding thic:

a” + & + ¢ >1(2+b2+2) 1)
b+2 c+2 a+2° 3 ¢

That vay:

9q3
b+ 2¢

9b%
c+2a

9c3
a+2b
3(a% + b2 + %) > 3(ab + be + ca)

+ a(b + 2c) > 6a?

+ b(c + 2a) > 647

+ c(a + 2b) > 62
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Cong céc bit ding thitc trén ta thu dugc bit ding thic (1) .
ap dung (1) thu duge:

1 1 1
_ _a = 3
Per g+ —=+15
O . S
b ¢ c a a b
1,1 1 1
>5G@tE+a)
1,1 1 1
> of(—4 4
>3 G Rt D)
l,a+b+c
—5( e )=1 (dpcm)

Bai toén 5. Vi a,b, ¢ 1a nhimg s8 thyc duong, chimg minh ring:

5 b5 5
.%+§ %>W+whm2
Giai. . Ta cé:
a5 B S
Frazta2d+8+F 30+ +ca’ (dpem)
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PHUONG PHAP DON BIEN

Nguyén Van Théng
Truong Trung hoc PhS thong chuyén Lé Quy Don, Da Néng

1 Don bién bing trung binh cong va trung binh
nhan ~

Ching ta biét ring dic diém ciia nhidu bit ding thic 1 dfu bing xdy ra
khi v& chi khi t4t c4 hoic mot vai bién s8 bling nhau (xuit phat tit bét ding
thic co ban z? > 0!, dac bigt 1a bit ding thic dai 6.

Phuong phap dén bién dya vao dic diém ndy dé lAm gidm bién sé ciia
. bét ding thic, dua bét ding thic v& dang don gidn hon. D& c6 thé ching
minh tryc tiép bing cach khio sit ham mot bién hodic ching minh bing quy

nap. .
Dé ching minh bt ding thitc

f(zl’xZ’"'axn) 20’ (1)

ta c6 thé ching minh

. 1+ T2 71+ T2
f(zl‘,. T2y 00y Tn) 2 f( 3 ,-~-,07n)- (2)
hoa§

f(z1, %2, ., 2n) 2 f(VE1T2, V/E1T2y 00 Tn). (3)

Sau dé, chuyén sang vigc ching minh (1) v& ching minh bt ding thic
f(xls Z2,T3, '°-7¢n) > 9(-‘31, I2,.. zn)

tic 13 ching minh bt ding thitc c6 ft bién s6 hon. DI nhién, cic bit ding
‘thite (2) c6 thé khong diing, hojc chi ding trong mat sé didu kién nao dé.
V1 ta chi thay ddi hai bién s8 nén c6 thé kidm tra tinh ding ding cia bét
ding thitc ndy mot cach d& dang. ' '

- Ta xét céc bai toan sau dé minh hoa phuong phap.
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Bai todn 1. Ching minh rdng néu z,y,2,> 0 thi
2(z® + 3% + 2%) + 3(zy2)?? > (z + ¥ + 2)%
Ching minh. Xét ham
F(z,y,2) = 2(z2 + 4% + 22) + 3(zy2)*® - (z + y + 2)?
=z +y? + 2% - 2zy — 2yz — 222 + 3(zyz)?/?

Khong méit tinh tdng quit, ta gid st z < y < 2, ta cdn chung minh
F(z,y,2) 2 0.
thyc hién dén bién biing trung binh nhan, ta s& ching minh
F(z,y, z) 2 F(z, yz, Vy2). (4)
Thét vay, xét hi¢u d = F(z,y, 2z) — F(z, /¥Z, \/77).
d=z+y*+ 22 —-2zy—2yz-2zz—-(a: +yz +yz = 22/Yz — 22./yz — 2yz)
+ 3(zyz)¥? - 3(zy2)*?
=y? + 2% -2z + 4z P2 - 2z(y + 2)
= (y - 2)* + 25(~y — 2 + 272)
=(y - 2)* - 22(v§ — V2)°
= (VI - vV2)*[(Vi + V2)? - 21]
= (V¥ — V2 [y +2z - 2z) +2/72] > 0
Viz <y < zsuyray+z> 2z Tit d6 suy ra bit ding thic (4) ding.
Mat khic
F(x, VUZ,UZ) = z° — 4z, /57 + 3(zyz)¥/?
Ma
22 + 3(zy2)*? = 22 (zyz)¥? + (zyz)¥/3 + (zyz)*/®
> 4(:r,2y2z2)1/4 = 4:5\/?-!;
nhd 4p dung bit ding thic cosi cho bén sé khong am z2 (zyz)z/ 3 (zy2)?/3,

(zyz)¥/3. Do vay F(a:, Yz, /yz) > 0. Tit d6 suy ra bit dang thitc cé.n chitmg
minh. a

Bai todn 2. Ching mink ring néu z,y,2,t > 0 thi
32+ P+ 2+ 12 + 4Tyt > (s +y + 2+ 1)2
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Ching minh. Xét ham

F(xvy)zrt) = 3(‘1“2 +y2 +32 +t2) +4y:tyz - ($+y+z+t)2
=2z +y2 + 22 + t?) — 2zy — 22z — 2zt
— 2yz — 2yt — 22t + 4/Tyzt
Khong mit tinh tdng quat, ta c6 thé gid stz < y < z < ¢, ta cdn chimg

minh F(z,y, z,t) > 0, truéc hét, ta c6 F(z,y,2,t) > F(z,y, V7t, V/zt). That
viy, xét hiéu d = F(z,y,2,t) — F(z,y, V7, Vzt).

d=2(z>+y® + 22 + t2) — 22y — (2zz + 2zt + 2yt + 22t) + 4y/Tyzi—
-2z +y* + 2t + zt) — 2zy + 2zV/7t + 227t
+ 29Vt + 29V + 22t) + 4/gaY]
=2(z2+¢%) —dat — 22(z + 1) - 2y(z + ) + 4 + daV7E + dyV/aE
=2(t — 2)? — 25(VE - V2)? - 2y(vE — 2)?
= (Vt- V2 [2Vi+ V2)? -2z — 2y]

Doz<y<z<tnén
2(\/E+\/E)2—2x—2y=2(t+z—‘z—y+2\/z—t)20

suy rad > 0.
Tiép theo ta chimg minh

F(z,9,a,0) 2 F(z,(ya?)'/3, (ya?)1/3, (ya?)!/?)

véi c_i = V2t. Dt B = (yo?) 3 suy ra y = g;, ta phai ching minh
_ g
F(.’B, ;aa’a) Z F(z’ﬂvﬂ)ﬂ)

vé.zggg-Sa.
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That vay xét
3

F(xaéfaaf )_ (.’E,B,Bﬂ)"

g 26° /3

—2(x+ +a?+a?) - [2 )+ 250+ — + — +2a%] + 4y/zB3-
2(z? +ﬁ2+ﬂ2 %) - (2zﬁ+2zﬁ+2xﬂ+2ﬂ2+2ﬂ2+2ﬂ2+4\/E]

=2 Z—+2a2)—(2$—ﬁ?+4 i’3—3+2a2)+6x/9

36— > 4\/— 2(\/—‘)2 (5)

B4t ding thitc ndy tuong du’cng v6i mbi b&t ding thitc sau

BB
By -5
3Ba > 4\/BPa—-—

B—-4\Ba+3a>0
(VB - Va)(VB-3/a) 20

B4t ding thitc cubi ding vi f < a. Vay (5) ding.
Tit 46 suy ra

Fﬁ3 F > 2 ’3322\/—3232
(zvaiva1a)— (mrﬂ)ﬂaﬂ)_ (a_CTi) +_IL‘(4 ﬁa—T— a)

V& trai clia bt ding thitc ndy 16n hon ho#c bing

2(‘/5_\/79_3-)2(\/—4_\/@)2_43, \/"—\/g)2 |
>2(\/'—\/_ f+\/_ Y2 -22]>0
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ding. Vay .
F(s,57 0,00 2 P(s,8,6,8)

M3 |
F(*’”!ﬂ:ﬁ» ﬂ) = 2:52 - sxﬂ + 4\/ .’2,33

Ap dung b4t déng thitc cosi ta c6
222 +4y/zB =22 + 22 + /2B + VB + V28 + /25 > 628

Suy ra F(z,8,8,8) > 0, suy ra F(z,y,z2,t) > 0. Vay bit ddng thic duge
chimg minh.

a

Bai todn 3. Cho a,b,c & cdc 36 khong dm, sao cho a +b+ ¢ = d,n>2
tim gid tri ldn nhdt cia bidu thic

_ (ad)™  (e)® | (ca)®
~P—1_—ab+1-bc+l-ac'

Chitng minh. Khong gidm t8ng quat, ta gia sit a > b >ec

Xét @) . (" (ca)?
a C ca
P(a,b,c) = 1—ab+ 1—bc+ 1—-ac

Ta ching minh :
P(a,b,c) < P(a,b +c,0)

Thét vay ta xét hidu
P(a,b,c) - P(a,b +c,0)

o Lot (e | (b" | (ca)”
T l-alb+c) [l—ab+ 1-—bc+1—ca]

Ta c6
B+ _ . prgr
1-a(b+c) 1-a(b+c)
n (0" +nb""le+ ... 4 nben—1 4 cn)
=g
‘ 1—a(b+c)
5 __a + a"bh™ + na™b" ¢
1-alb+c) 1-a(b+c) 1-a(b+c)
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Do a,b,c >0suyral—a(b+c) =1—ab=ac>1—abvdl—a(b+c) > l—ac,
suy ra '
ab" > anbt bt > " S a"c"
l-a(b+c)  1-—ab l1-alb+c)” 1—-a(b+c)  1l-ac

na™™lc > na™v""lc > bret
T-a(bto) = 1-bc = 1-be
D4u ding thic x3y ra khi va chi khi ¢ = 0, suy ra P(a,b,c) < P(a,b+c,0).
Vay ta cdn tlm gia trj 16n nhit cia

(@b +o)" _ ad®

= = > > = 1.
_VP(a,b+c,0) 1—alb+0 1_-ad,a.__O,d__O,a-i-d 1
Ta cé ( d)2 !
: a+
- —t=-
ad < 1 1
Suy ra : _ 19
' 1/4)" 1
0) < -
P(a,b+c,0)_1_1/4 3T
Vay
P = 1
max T 3.4n-17

Déu ding thic x3y ra khi va chi khi a = 1,b = J,c = 0 vA c4c hoén vj clia
né. a

Bai todn 4. Cho a, b,c la cic 86 thuc bdt ky, ching minh ring
Fa,byc) = (a +b)* + (b +0)* + (c+a)* — ;(04 +5 4 ch) >0,
Chitng minh. D&y 1a d& thi chon ddi tuyén Viét Nam nim 1996, diing phuong

phép ddn bién cho trung binh cjng rdi thyc hién buéc sau ciing bing phuong
phip dao ham.
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Xét higu d = F(a,b,c) — F(a, be biey

d=(a+b)4+(b+c)4+(c+a)4—;(a4+b4+c4)

- 2(ab+c)f‘ = (b+0)* + 3(at +2(b+°)4)

2 2

- b+eyd ,r(b+c)t
= 4 4_ _ AT 2 a4
=(a+b)*+ (c+a) 2(a+ 5 )+7( 3 b c)

= a(46° +4¢® - (b+¢)*) + 3a%(26% + c* - (b+ 0)®) + 3(b* + ¢* - L(b +¢))
=3a(b+c)(b—c)? + 3a?(b - c)? + (b —c)3(76? + 72 + 10bc)
=3a(a+b+c)(b+c)’ + (b - )76 + 7¢? + 105c)

Hang tit & (b—c)2(76? +7c2 + 10bc) > 0, ta xét hang ti 3a(a +b+c)(b+c)2.
Néu g, b, ¢ cling d4u thi 3a(a + b + c) khong am, suy ra d > 0.
Néu a, b, ¢ khdng cing d4u, nhu vy trong a, b, c c6 ft nhit mot sb cing
ddu v6i a, b, c. Khong mit téng quat, gid sit d6 1A a. Tit ding thic tren ta
suy ra

F(a,b,c) > F(a, b;c, b—;—c)

Nhu vy ta cdn phai ching minh F(a,b,¢) > 0 véi moi a,b hay 1a
2@ +b)* + (20)* - 4(a* +2°) > 0 (6)

Néu b = 0 thi b4t ding thitc trén I3 hién nhien,
Néu b # 0 thi chia hai vé bt ding thic cho b* va dit z = a/b, thé thi
(6) tz8 thanh
2z+1)'+16 - 4(z* +2) >0

Xét ham
f(z) =2(z+1)4 - 3(z* +2) + 16.

Tinh dao ham ta dugc
f'(z) =8z +1)° - %
Suy ra f'(z) = 0 khi va chi khi z + 1 = (2/7)3z hay = = —2, 99294, Suy ra
fmin = £(=2,9294) = 0,4924 > 0

Diéu ndy cho thiy bit ding thitc rit chit. Vay bét ding thitc duge ching
minh. . O
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2 Dén bién diing dao ham

Nhu da néi § trén, bit ding thitc ddn bién 1Am gidm sb cic bién trong cic
bit ding thic. VA nhu vay, da tao didu kién cho ta c6 cich xi Iy dua vé
mot bién duy nhit trén mét midn x4c dinh ndo d6 dé gidi quyét hoan toan
bit ding thuc.

Phuong phap nay dic biét hitu ich cho cic bit ding thitc gdm ba bién,
sau khi ddn bién ta gidm xuéng con hai bién, thiét 18p quan hé don gian
gi®a hai bién, ta dua v& hAm mét bién.

Bai to4n trén day cho thiy ré cich 1am nay. Ta c6 thé xét them mot sb
bai todn khac.

Bai toan 5. Cho bén s6 khong am a,b,c,d thoa mina+b+c+d=1.
Chitng minh rdng

1 176
b —_—
- abc + bed + acd + abd < 27+ 57 abed.

Ching minh. Dt F(a,b,c,d) = Yfabcd — (abe + bed + acd + abd). Do a +
b+ c+d =1 nén trong bén sé a, b ¢,d ludn tdn tai hai sé c6 tdng nhé hon
hojc bing }. Gid sta+b < §. Taxét t = L(c+d) va

F(a,b,c,d) — F(a,b,t,t) = (2 — cd)(a + b— 176ab)

D& thdy t2—cd > 0, ngodira 1 +7,- > m >8> 3= 176 .Suyraa+b— 176(1b >0.
Vay F(a,b,c,d) — F(a,b,t,t) > 0 suy ra F(a,b, c, d) > F(a,b,t,1).
Ta cin ching minh

F(a,b,tt) = Babt? — 2abt — at?® — bt > -3
V6i a+ b+ 2t =1, ¢ > ;. Bit ding thic trén tuong duong véi

F(a,b,t,t) = 2> — £ + UBabt? — 2abt > —%.

Cé dinh t, ta xét F(ab) = ab(}%E¢? — 2t) + 2t3 — ¢2. Tinh dao ham F'(ad) =
17642 2t Néu t > ZL thi F’(ab) > 0 suy ra F(ab) ddng bién, do d6 F(ab) >
F(O) =2t — ¢ = f(t). X6t ham f(t) = 2t — ¢2 trén [Z, }]. Tinh dao ham
ta c6

F'(t) = 6t2 - 2t

F'(t)=0 khx va chikhi t = 1. f'(t) d6i d4u tit am sang ducng khi qua t = }
suy ra t = § 1a cye tidu cia f Thanh thu f(t) 2 f(3) = — 5. Két hop tht
ca cac didu trén suy ra F(a,b,c,d) > —5;.
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Néu § <t < Z thi F'(ab) <0. Ma ab < (2£0)? = 022 gy g

1-2¢t)2 — 94)2 — 942
F(ab)ZF((—4—)>=2t3—t2+%§t2(l 42t) e 42t) = g(t).

Xet
176, 176, 71, 1

)=t 03 2 2

9(8) = St = Gt ot — ot

Tinh dao ham ta duge

176 88 1
') = - g2 -
g(t) = (4t 1)(27t t+2>

Suy ra g(t) ddng bién va do vay g(t) > 9(3) =—%.
Tom lai F(a,b,c,d) > - 4.
Déu ding thic x3y ra khi va chi khi bén s§ bing i hotic ba s8 bing 1
va mdt sé bing 0.
o

Bai toan 6. Cho a,b,c la cdc 38 thue duong. Ching minh rdng

a3 b c 3
2 -
-8

@+o) T bt op T Gra)

Ching minh. Bét ding thitc cin ching minh tuong duong véi

1 1 1 3
(T+b/a® " T eor T AT el 2§

Dit z = b/a,y = ¢/b,z = a/c suy ra 7,9,z > 0 v zyz = 1. Vay bit
ding thic trén tuong duong véi

1 + 1 1
T+22 " @T+9? T Tx2)

-8
v6i z,y,2 > 0 va zyz = 1. Dt z =min{z,y,2} thi t¥ zyz = 1 suyra z < 1
va zy > 1. Ta c6 nhan xét ring :

1 1 2
> .
1+z+1+y—1+,/zy
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That vay bt ding thic trén tuong duong véi méi bst ding thitc sau
1 1 1 1
l+z 1+\/2:_y2 1+Zy 1+y
Vo —-2)  _ y-Ey
1+2)(1+7y) = (L+y)(1 + /77)
V(i — V=) s VIVY - V)
(1+z)1+7y) = 1+z)(1 +zy)
(V¥ = VB (VT + Vay - /T — 2/7)
l+z)(1+1y)
(V¥ - vz)i(yzg - 1) >0
(1+=z)(1+y) ="

20

B4t déng thic cudi ciing ding vi zy > 1.
Mit khéc ta cling c6 ‘

3 3 3
a’+b >(a+b) .
2 - 2

B4t ding thitc ndy c6 thé chuyén v& dang 3(a — b)? mot cich d& dang. Bay
gio, 4p dung nhan xét th hai, vA nhan xét thi nhit, ta dugc

1 1 1/ 1 1 \_1 2 \®

> 2~ —_— > - .

A+ "T0+9P > 8(1+a:+1+y) -4(1+¢z—y)

Vay nén bay gi¢ ta chi cin ching minh ring
2 + 1

VEm+ 18 T T+7)

That vay, dit a = /37, suy ra a? = Ty = §, 2 = %, a > 1. B4t ding thic
trén tuong duong véi

3
323

2 1
(1+a)3 + 1+ %)

3
> =
-8
hay 13 :

2 + a®
T+ap @+ 25
Tiép tuc bién ddi don gidn cho ta bit ding thic

v

3
:

(@ — 1)%(5a* + 25a% + 51a° + 71a* + 556° + 51a% + 17a + 13) > 0

118




Bat ding thic trén ding vi q 2 1. Du ding thitc xdy ra khi vA chi khj
a=1,z=y,ﬁlx-=ﬁt&clé.z=y=z=l. Vay
al b3 e 3
(6+8)3 " (b+c) (c+a) 8

DAu déng thitc xuit hien khig = b = ¢,
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BAI TOAN CUC TRI TRONG HINH HOC

Ding Huy Ruan
Truémng Dai Hoc Khoa Hoc Tu Nhién, PHQGHN

Bai todn cyc tri néi chung, bai todn cuc tri trong hinh hoc néi rieng
thudng 12 bai todn hay va khé.

D€ gidi bai todn cuc tri trong hinh hoc ngodi viéc van dung céc kién
thitc da dang, phong phii ciia hinh hoc, con thuong dan vé sir dung mét trong

nhiing khang dinh sau:

1. Néu téng céc dai luong khong déi, thi tich ciia chiing dat cuc dai, khi
céc dai lugng bing nhau.

2. Néu tich céc dai luong khong déi, thi téng dat cyc dai, khi céc dai
lrgng bing nhau.

3. Gia sif c6 bat ding thic

(Fea) (£) (5]

Khi dé:
- Néu vé trdi khong ddi, thi v& phai dat cuc tiéu khi:
a_a_ _a,
b b b’
- Néu v& phai khong déi, thi v& trai dat cuc dai khi:
4 _4_ _4,
bl b2 bn ’

Trong bai ndy xin trinh bdy bay vi du minh hoa cich giéi bai todn cuc
tri trong hinh hoc va liét ké mot s& bai tap nhim cung cép tu liéu téi quy doc
gia, | : |

Xudt phdt tr tinh cht: Trong cic dudng néi gita hai diém cho trudc, -
dudng thing c6 do dai cyc tiu nhiéu bai todn dugc din vé dang: Quy tng do
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dai cdc doan thng cédn tim (chu vi hinh c4n tim) bing do dai doan thng ndi
giita hai diém nao dé6. |
Vidul:
L . . g - s 2
Cho g6c xOy c6 dinh va hai diém A, B ndm trong géc d6. Hiy tim diém
M trén Ox, diém N trén Oy, sao cho téng do dai cdc doan thing AM, MN, NB
ngin nhit.

Hinh 1

L4y diém A’ d6i xing d6i véi A qua Ox, B’ d6i xiing d6i véi B qua Oy.
N&i A’ v6i B’ bing mot doan thing, cit Ox tai M, Oy tai N. Khi d6
 AM = A'M, NB’ = NB, nén:

AM + MN + NB=A'M + MN + NB’=A'B’
Néu 14y cc diém:tdy M’ trén Ox, N’ trén Oy.
Khi d6: A’M" = AM", N'B’ = N'B, nén:
| AM'+ M'N'+ NB=A'M'+ M’'N'+ NB=>A'B’

Vay M, N I cdc diém cin tim.

Vidu 2:

Hai thi tr4n A, B cich nhau hai con song khong song song nhau, nhung
mdi con séng déu cé hai bd song song nhau.

Hay x4y dung cdu qua mdi song vi 1am dudng néi giita A, B, sao cho
cdu vudng géc vdi by song va téng do dai cic quing dudng trén bo 12 ngén
nhit.

Gidi:
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Ky hiéu dong song gdn thi trén A 12 S,, dong song gdn thj tr4an BIA S,.

Tir A ha doan thing Al vudng g6c Vv6i §,, tir B ha doan thing BK vudng
goc v6i S,. Trén Al ldy diém C, sao cho AC béng chiéu rong EF clia dong
song S, BD béng chiéu rong HG clia dong song S..

oy

-
-

o

[T

S 1
P

-
(N ZEp s

m
T

A
()
=\
PN
AC
PAY
PN
: \
(]
1
e
I ,
’
rd
4

Hinh 2

N6i C v6i D bing mot doan thing, cét bd ciia S, d6i dien véi A tai F, cit
bd ciia S, d6i di¢n V6i B tai G. K& EF vudng géc véi by S, v HG vuong géc
v6i b3 S,. Trén ddng song S, x4y cdu tring véi doan EF, con trén dong song S,
xay cdu tring véi doan HG. Khi d6 cdu EF vudng géc véi S,, cdu HG v_ixOng
g6c v6i S, va d dai ba doan dudng trén bo: _

AE+ FG+ HB=CF + FG+GD =CD

Gid sir trén S, xay cdu tai vi trf thy § E’F” vuong géc véi S, va trén S,

xay cdu tai vi tri thy § H’G’ vuong géc véi S,. Khi dé:
AE'+F'G’+H'B=CF’+F'G;+G'D2CD

Vay EF 1a vi trf cdn tm d€ x4y cdu qua S, va HG 12 vi trf cin tim dé xay

cdu qua song S,. ‘ '
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Vi du 3:
Cho hinh vuéng ABCD cach béng a. I 1a trung diém clia canh BC. Chon

diém M trén AB, diém N trén CD, sao cho W:% Hay tim vi tri clia diém

M, dé dién tich tam gidc MIN dat gi4 tri nho nhat.
Gidi:
Pat BM = x, CN = y. Ki hiéu dién tich tam gidc MIN bing Sy
Do ciac tam gidc MBI, NCI

vuéng va Bl =IC = %, nén:

IM? = BM? + B = x + (g)z )

= NP+ IC = g2+ (g)z @)

ViBI L CNvaMI LIN, nén:

e i
. BIM = INC.
Do d6 céc tam gidc vuéng MBI va NCI déng dang v6i nhau. Bai vay:
a 2
x BM_BL.5 (e
=N ,nénx.y—(z) 3)

2,
>
[
N
N
S
=
~
[|
B
~
[ =]
nN
R
C
H|—
N\
»
~
+
N
(SN~
\_/N
N——
PannananN
<
[ %)
+
N\
(SR
N
N/
| R
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Sy dat cuc ti€u khi va chi khi N vy dat cuc tidy, khi va chi khi x2 + y?,
dat cyc tiéu khi va chi khi x? = y* khi va chi khix = y = %

Vay khi M 12 diém giita ciia ABva N la diém giita ciia CD, thi dién tich
cua tam gidc MIN dat gi4 tri nhd nhit.

Vi du 4 (B¢ thi Olympic To4n Ba Lan).

Hay cét tir tam gidc cho truéc ra mot hinh chi nhat véi dién tich cuc dai.

Gidi:

Xét cdc kha nang dat hinh chir nh4t trong tam giéc.

- Trudng hop thit nhat:

Tdt cd cdc dinh cla hinh chit nhat déu nim trén bién cia tam gidc.
Trudng hop ndy chi xay ra khi hai dinh ciia hinh chit nhit ndm trén mét canh
cha tam gidc, hai dinh con lai nAm trén haj canh kia clia tam giéc.

Gia stt trong tam gidc ABC dt hinh chit nhat MNPQ v6i canh MN nim
trén AB, dinh Q nidm trén AC, dinh P thugc BC. Khi d6 dién tich clia hinh chit
nhat MNPQ phu thudc vao vi trf cia P, Q.

1. Q nam giita AC, tic AQ = QC (Hinh 4).
Khi d6 PQ 1 dudng trung binh
cla tam gidc ABC, nén cdc tam giac
MPQ, MNP c6 chidu.cao:
l

MQ = NP = SCH
va canh ddy:
MN=PQ= %AB
e Hinh 4
Boi vay:

1 1
SMNPQ =SMPQ +SMVP =5MQPQ+EMVPQ

11 1 1
= ~.-CH. — AB+——-CH AB=—|—~CH.AB|=-§
272 2 272 2 2(2 ) y

1
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2. Q ndm gdn C hon A, tiic AQ > QC (Hinh 5)

Gia sit A’, B’ 1a cdc diém d6i xing v6i C qua Q v P. Khi d6 cic diém
A’, B’ nim trén doan AQ va BP, déng thdi doan A’B’ cét cdc canh MQ va NP
tai cic di€m M’ va N’.

C
Khi d6 PQ la dudng trung binh cla 0
tam gidc A’B’C’ va hinh chit nhat MM’N’N b ;
2 V‘ P M,N’ _I..A' B' i i
cdé canh diy MN = =3 , canh A‘ ™ T~ B
bén MM’ =IA’, nén: i :
1 nll ; ]
Svmnn = 'Z'SIA’B’K A I M N K
1 Hinh 5
< 'Z'SAA'BB’ (1)
Theo (1) cé:
1 .
SM’QPN' = ESA'CB' (2)
Tix (1) va (2) c6:

1 1 1
Svneq = Smrgen + Sumenn < ESA’CB' * Sanse = 5 Sasc-
3. Q nim gin A hon C, tic AQ < QC (Hinh 6)
Tuong tu nhu phdp 2, A’, B’ a
céc diém d6i xing v6i C qua Q va P.
Khi d6 tam gid A’CB’ nhian PQ
1am dudng trung binh, nén theo phén 1:
1
Smrgen: = ESA’CB‘ (3)

Hinh chit nhat M’MNN’ ¢6 canh:

M,N’. = _;.C’B’

va canh bén MM’ = SA’, nén:
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1 1
Svvenn = E'SA’STB‘ > ESA'ABB' 4)
Tir (3) va (4) ¢6:

1 )
SMNPQ = SM'QPN’ - SMM’N’N = 2 Sace — SM’MNN‘
< iSA'CB’ - > SaaBe = = Sanc

2 2 2

- Trudmg hop thit hai:
Trudng hop khong phii tat ci cdc dinh déu nim trén bién ciia tam gidc.

Trudng hop ndy ciing c6 haij kha nang cin xét:
1. Hinh chi¥ nhat c6 hai canh d6i dién song song v6i mot trong cidc canh
cla tam gidc:

Gia sir cdc canh MN, PQ ciia
hinh chi¥ nhat song song véi canh AB
cia tam gidc ABC. Trong d6 canh
MN nim trén déi giita AB va PQ.

Gia sit D, E 1A giao di€m cfa
dudng thing MN v6i cic canh AC,
BC ctia tam gidc.

Vi tia DQ cit doan EC, tia ED
cdt doan DC, nén céctia ndy cit nhau
tai mot dién (F) thudc tam gidc DCE
(Hinh 7).

Céic dinh M, N, P, Q ciia hinh chi nhat n?nn trén bién clia tam gidc
DFE, nén theo trudng hop thit nh4t, dién tich cha hmh chit nhat MNPQ khong
 vuot qud mot nira dién tich ctia tam gidc DFE. Mat khéc dién tich tam gidc
DEF lai nh6 hon dién tich tam gidc ABC. Bdi vay dién tich hinh chit nhat
MNPQ nhé hon mot nira dién tich ctia tam gidc ABC.
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2.Khong cé canh nao cta hinh chita nhat song song véi canh cua tam
gidc. |

Qua cdc dinh A, B, C cla tam
gidc ké cdc dudng thing song song
v6i canh MN cua hinh chit nhat.

Gia sit dudng thing di qua dinh
A cét BC tai D, cit cdc canh MQ, NP
cta hinh chit nhat tai I va K (Hinh 8).

Khi dé, theo (1):

Sk < 3Amc ()

Senm < ';'AABD (6)
T (5) va (6) c6:
: 1 1 1
Swneq = Sipg + Sixnym < ESACD + ESABD = ESABC

- Céc ching minh trén khing dinh dugc ring dién tich cla hinh chit nhat
cét ra tir hinh tam gidc khong vuot qus mot nira dién tich cla tam giéc.

Hinh chif nhat dat dién tich cyc dai (bing nira dién tich tam gidc) khi va
chi khi né c6 hai dinh 12 trang di€m cta hai canh vA hai dinh con lai nim trén
canh thit ba cita tam gide. Tir d6 suy ra 6 céch cit hinh chi¥ nhat c6 dien tich
16n nhat tir mot tam gidc. D6i véi:

1. Tam gidc nhon ¢6 3 c4ch cit
2. Tam gidc vudng c6 hai cich cit
3. Tam gidc ti c6 1 c4ch cit.

Vi du 5:

Cho hinh lang tru tit gidc déu ABCDAB,C,D, véi chiéu cao bing nira
canh ddy va di€ém M ndm trén canh ddy AB. Hay tim gi4 tri I6n nh4t clia géc
AMC,.
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Gidi:

Ding O dé ky hiéu giao didm D,
hai dudng chéo cla diy ten 5 0 G
AIBICIDI' : 'l:‘:'\\‘\ , ::1"
Vi ABCDABCD, I lang try A [ Lo B
td gidc déu, nén O chinh 13 trung [P A A S c
diém Cl’l& AICI Vﬁ ta.m giéC AOB Cdn "’,"" /"".‘(" ‘: ,', ‘\\
. 27 s’ “v'"’ \\H E
tai dinh O. A M M B
Hinh 9

Khi M chay trén AB cho ta cic tam gidc AMC, c6 ddy A,C, c6 dinh,
ma OM Ia trung tuyén twong ng véi canh c6 dinh 'A,Cl, nén géc AlMat
gid tri cyc dai khi va chi khi OM ngén nhat, tic 13 Kkhi va chi khi [oM]1a
khoang céch tir O dén AB, titc khi vi chi khj OM L AB, tifc khi va chi khi M
12 diém giita ctia AB.

Khéng gidm tinh t8ng quat, gia sir lang tru c6 chiéu cao 12 1. Khi d6:

|44, = cC)|= ,AMI =IBM' =1, lAlBll = ,Blcll = ,BC] =2

nén: (AM)* = (AA))* + (AM)? =12+ 12 = 2
(CM)? = (M:B)f + (BC))? = (MB)? + (BCP +(CC*=12+22+12= 6
(ACY=(ABY +(BC)Y =242 =3
(AC)’=8=2+6=(AMY+(CM).
Do d6 tam gidc A MC, vuong tai M.
Vay khi M 12 diém giita ciia AB géc ml dat gid tri cuc dai va

bing %
| Vidu 6: _ .

Cho hinh 13p phwong ABCDA B,C,D, canh bing a vA E, F 12 trung diém
cdc canh BB,, CC,. Mat phing P song song véi diy ABCD cit cic dudng
thdng CE, DF va AC, tai cdc diém tuong tng S, T, R. Hﬁy tim vi tri clla mat
phing P, dé dién tich tam gisc STR dat gi4 tri cuc tidu.
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Gidi:

Chi€u song song tam gidc STR

xuéng diy ABCD dugc tam gidc
KLM véi dinh K thudc BC, L thuoc A
CD va M thudc dudng chéo AC.
Do chiéu song song, nén:
AKILM=ASIR,
SK // BB, //MR //LT d
KS=MR=LT A0yl
PatKC=x.Khid6KB=a-x  l-- . K
Do KS'//BBI, nén;
KS _ KS _ KC

BE a  BC
2

-
"4
T -
-
—-q—------’.;-- .......
4 ",‘,”s, E
2257 NPy S

[N
.
. .
.
LY i
LY
. Al SJ
W S
L i
3 G-] [
Y I '
[N
. ‘
L
1y N

ks =2
a 2

Tix d6 cé: MR=LT=§

X
AM MR ACMR V*35
Do MR // CC,, nén: =AM = = =
IHCC AC ~ CC, CC, a 2

Do ABCD 1a hinh vuéng va AC 1a dudng chéo, nén tam gidfc AQM
vuong cin tai Q. Bai vay::

AQ=QM= 2= 2

Tidéc6: BQ=a- =; MF=a-§; DF=AQ=Z
| —J-c-.a

Do LT// CC,, nén %=§=>DL=L_2§2=2‘T=X

Txd6:CL=a-xvaFL=DL-DF=x - % =§

Tt gidc BKMQ 12 hinh thang c6 cdc day 12 BK va MQ, nén:
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x
a-x+=
BK+MQXBQ_ zx(a;§)=£2_£l—_x?i (1)

SBKMQ = 2 = 2

-Tam gidc AQM vuoéng tai Q, nén:
Tit gidc AQFD 1a hinh chit nhat, b&i vay:

Sagrp=ADX AQ =a. ; )

Tam gisc LFM vuong tai F, nén:

1 1 x x) 1
SLFM— ELF.MF—E E(G—EJ—EX(za-x) 3)

Tam gidc KCL vuéng tai C, nén:
1 1
SkcL = -Z-KC.CL = E.x(a - X) 4)
T (1), (2), (3), (4) tacé:

quw =SABCD_'(SBKMQ+SAQFD+SLFM+SKCL)=

= ,:(Za—si 5 +-1-x(2a x)-l—x(a x):,

a? —-;—[(Za ~x)? +4+x(2a - x)+4x(a- x)]
= g° —%[4a2 -.“4a.7«:+xz +4dax + 2ax — x? +4ax—4x2]
%[802 —4a2i—6a.x+4x2]=%[4x2 —6ax +4a?
[(2 )} -22.= a+(; )2+7+:2]=-;-[(2x—%a)2+—7:—2J

Vay Serx = Sy dat gid tri cyc tidu khi va chi khi 2x - ;—a =0.

Titc khi va chi khi: x = %a , titc khi va chi khi mat phing P c4ch ddy

v6i mot doan bing g—a .
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Do d6 doan thing EF c6 da dii cuc tidu (bing %) khi:

2a . 2a X s
5x-ﬁ=0,tuc % =75, titc CL biing hai phdn nam canh BC.

Bai tap:

1.Cho géc nhon xOy va diém A ném trong géc d6. Hay du'ng tam gidc
ABC c6 dinh B ndm trén Ox, dinh C nim trén Oy va chu vi nho nhét.

2.Cho géc xAy c6 dinh 12 A va diém M ndm trong géc dé. Hay tim
diém B trén Ax, diém C trén Ay, sao cho AB = AC vi téng do dai ciia MB va
MC 12 nho nhit.

3.Cho tam gidc ABC. Hay k& dudng théng d qua dinh A, sao cho téng
khoang cach tir cdc dinh B, C dén d Ia:

a. Nho nhat b. Lén nhat

4.Cho hinh vuéng ABCD va diém I khong tring véi tam O cia hinh
vudng. Hay ké mét dudng thing di qua diém I, sao cho hi¢u dién tich cta hai
phén thugc hinh vuéng do dudng thing cit ra Ia:

a. Nho nhat b. Lén nhat

5.Cho hinh vaong ABCD canh bing a. Trén AD ldy diém M ty ¥ (M
khong tring v6i A va B). Tir B ké dudng thing BT hop véi BM mot géc bang
géc ABM. Ti diém M ha dudng MH vuéng géc véi BT va kéo dai cit canh
CD tai diém N.

Hay tim vi trf clia diém M trén AD, d€ dien tich tam gidc MBN dat gid
tri cuc dai. |

6.Cho hai diém thy y A, B. Hay dung mét hinh vuong, sao cho A, B
nim trén bién cla né va téng khoang céch tir A dén cdc dinh clia hinh vuéng
12 nho nhat.
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7. Cho géc tam dién Oxyz va diém M ndm trong géc d6. Qua diém M
dung mat phing P cit Ox, Oy, Oz tai cic diém tuong ing A, B, C. Hay tim vi
trf cia mat phéng P, d& thé tich tit dien OABC dat gi4 tri nho nhat.

8.Hai hinh nén N, N, c6 ddy chung, nim trén mit phing (P) véi chiéu
cao h, h; (h < h,) va ndm vé hai phia clia mat phing (P). Hay tim khoang cdch
16n nhét gitta dudng sinh cia N vAN,.

"9.Cho hinh 13p phuong ABCDA,B,C,D, véi canh bing a. Hiy tim bén
kinh cia hinh cdu nhé nh4t, ma né ti€p xtc déng thdi véi cdc dudng thing
AB,, B,C, CD va DA.

10.Cho hinh hop chit nhét véi cdc canh bing a, b, c. Chi€u vuéng géc
hinh chit nhat nay lén cdc mat phing khic nhau. Hay tim dién tich cla hinh
chi€u nhé nhAt (titc gid tri nho nhat cta dién tich hinh chidu)?

11.Cho hinh 18p phwong ABCDAB,C,D, canh bing a. Trén dudng

thing AA, 14y diém M va trén dudng thdng BC 14y di€ém N, sao cho dudng
thdng MN cit canh C,D,. Hay tim gi4 tri bé nh4t clia d¢ dii doan MN.

12.Cho hinh 12p phuong canh bing a. Hiy tim d¢ dai ctia doan thing
- ngén nhét, c6 hai d4u ndm trén cdc dudng thing AB, va BC, déng thdi lap véi
mit phdng ABCD mot géc bing 60°.

13.Cho hinh 1ap phuong canh bing a, N 12 mot diém trén dudng chéo
cha mit bén, M 12 mot di€m trén dudng tron nim trén mit phing ddy va c6

tam tring v6i tam ciia ddy va ban kinh bing %a. Hay tim gi tri nho nhat ciia
do dai doan MN.

14.Hay tim gid tri nhé nhét clia ty 1¢ thé tich hinh nén va hinh tru cing
ngoai ti€p mot hinh cdu.
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MOT S0 PANG THUC
VA BAT PANG THUC LIEN QUAN

.Duong Chau Dinh
Truong THPT Chuyén Lé Quy Pon - Qudng Tri

Trong bi vi€t ndy, xust phat v nhitng ding thiic co bén va ring budc céc didu kién,
néu cdn, thi ching ta s& ¢ mot s6 bét ding thic lien quan. Minh hoa diéu nay ta c6 cic
nhan xét va dé xuat mot s6 bai todn sau:

Nhdn xét 1: Gid st a, 12 2 s6 thuc duong cho trude. Xét cic s thue duong x,y. Ta cé:

i+i=l(i+zJ+i(l_z)
a p x\a B B x

<y< B
* Néu: A<y xthil+izz+—l-(1_l),hayl.,.lgi..._l__
xy 2 o a B x y\ «x x y a B
Tix d6 ta duge: '

Baditodn I: Cho truéc céc s6 thuc duong «, 8. Xét cdc s6 thyc duong x,y thod min déng

. i [ BSySx(l)
thdi céc diéu kién: .
Lyaaﬂ (2
Tim gié trj I6n nhat clia bidu thic: ~ P(x; )= L4 L
Xy
Loi gidi:
» 1-£20
T ()=, “‘1 . Theo BDT Cosi véi 2 s6 duong:
—< = '
W B
D= pray22fafy220p 212, 1
. x fBx «
:l+l=3+l(]-l)sil+l+_l_ _ZJ :l.l...l_slq.i
Xy x y x) Bx a B x x y a B
x=qa '
D4u “=" x4y ra <:>{
y=p
I 1 xX=qa
Vi maxP(x;y)=—+—.khi{ .
’ a B y=p

Vidul  Xétchc s6 thuc duong x,y,z théa man hé diéu kien sau:
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r

—i— < z < min{x; y} ()

$xz22— (2) .Tim gi4 tri 16n nhdt cda biéu thic: P(x;y;z) = l+ 2 + 3
15 X y z
- 1
725 3
Nhdn xét (S dung bai todn 1)
Chon: B= 2 ) a= 1 (xét ddu “=" x4y ra)
5 = 2 ]
(1)} l+-1‘52+§-=2-
G »y =z
2 2)
=— o =—
o 5 = 3
M =>—l-+-1-s 3 +-5-=
2) x z 2

Suy ra: P(x;y;2)S13.

Nhu v4y, cdc ban hay thir chon céc gi4 tri @, 8> 0 va ring budc bdi h¢ diéu kién
thich hop thi s& ¢6 mot 16p cdc bai todn vé bat ding thic.

Nhdn xét 2:
Cho truéc céc s¢ thuc duong «, 8> 0

Xét c4c 's6 thuc duong x,y. Ta cé:

2 z_z_{i)’_z z_ﬁ_z_ giﬂt+ay2 z_gi
xX+y = (a2+ﬂ2]+y (1 ﬂz)z 2(——62[3 J +y (l ,BZJ'

. |yzpBza 2,2 2 2
i) Néu: {ﬂr+ay22aﬁ thi: x*+y*2a“+ 8
Thay {" béi {a,khi ds:
y B
<ys<
ii) Néu: {;‘:'ayf y R+yisat+ g
1 1
Thay{xb&i "va{“bai @, khi d6:
y |1 8 |1
y B
lsls_lﬂ_ peye
iii) Neu* 7 hay ysx
1,12 o+ fc 2 208
B o xy -
Thi:

135 .




I 1 1 1
x_z + y—z < a—z + F
Pua dén:
Bai todn 2: Cho trudc céc s6 thue duong «, 8

Xét cdc s6 thuc duong x,y thoa man hé diéu kién:
Bsysx ()
{ay + B2 20 (2)
Tim gid trj 16n nh4t ciia biéu thic:

1 1
1"(x;y)=-,+y—2

X
Ngoai sif dung ding thitc nhu trén, ta con 6 13 gidi khic.
Lot gidi: '
2
1-L >0
xZ
T (1) >
1.1
y B
2= 2ap) 20’y + p2), (o (a+5)* <2(a® +5%))
2 1 yr 1
Dx—ZSEZ-F-F?—
1 1 2 1 y? 1y y?
= e w5

= P(x; y)<i+—l- Dédu “=" x3y ra @{ r=a
a’ B

Vay max P(x; y)—a—+ﬂlz khi { -8

Vi du 2: Xét c4c s6 thuc duong x,y,z thod man h¢ diéu kién sau:

(% Sz< mm{x,y} n
x+232v6 2)

W3 +2d10 2 245 €)

Hiy tim gi4 trj 16n nhét ciia bid thyc.

1 2 3
Px; VZ) = ——
x%yi2) == P

: (bé thi HSG THPT, bing A-2001).
Nhén xét: (S dung bai todn 2)

* Chon B= ﬁ B)=a= % (Xét dqu “=” xdy ra).
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(2) x a* p?
8 26 118

D> P(xyz)S—+—=—
By <I+T =75

Tix d6, cdc ban c6 thé phéi hop nhan xét 2 dé tao ra mot s6 bai todn vé bat ding
thic.
Nhdn xét 3: Cho truéec a, 3 20.

Xét cic s6 thuc khong am x,y, ta cé:
i =a +2a(x-a)+(x-a) 22’ + 2a(x-a)
2a? +28(x-a), Néu: B<asx).

v} =p+28(y-B)+(v-B) 2 B* +28(y- B)

fas
*Ne'u:{’B =X thi x* +y* 2@ + 2
a+f<x+y
Thay {" b {“,khi d6:
y B
Sxsco '
*Ne'u:{y * thi x> +y* <a?+ B2
x+ysa+pf

Suy ra:
Bai todn 3:  Cho truéc céc s6 thuc duong o, 3.
Xét céc s6 thyc x,y thod man he diéu kién:
0<ysrsa ®
x+ysa+pf ()
Ching minhring:  «x*+y? <a? + f2. _
Véi bii todn trén, ngoai cdch giai xudt phat ti ding thitc, cdn c6 cdch gidi khic, nhu
sau: ‘
Loi gidi:
(1)} {(x —y)rs(x-y)k
=
@) 7 (x+yysla+ By |
=xt+y? Sax+,@z$J(az +ﬂ2Xx2 +yﬁ

>xt+yt<a’+ f. Dfu “=" xay ra c:»{

X=a

y=8

Vidu3:
Cho cdc s6 thuc X,y,z thod man cdc diéu kién sau:
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0<x<y<zgl 0y}
2y+z<52 (2)
Ix+2y+2z<3 3)

Ching minh ring: \/x* + y? 4 2 s%

Loi gidi:

),
EZ)}:(2y+z)y52y =>2y2+zzsy+z=2L2+—z-+§Sl+% (Do (1) va (2)).
D=(z-y)z5z-y

3 | 1
=>2y2+zzs-é- (4). Dau“=" xdy ra khi 2

z=]

(l)}:(3z+2y+z)xs3x ]
3
®

(2)}::>(2y+z)(y—x)$2(y—x)r=>3x2+2y2 +z2' Sx+y+z

M=>(z-y)z<z-y

3x+2y+z 2y+z 2 1

1 11
X+y+z= + tosSl+—+—=—
Y 3 6 2 3'°27%
[ 1
x=§-
= 3x? +2y? + 22 S% (5) (Do (1),(2) va (3)). Dau “=" x4y ra khi « y=%
z=1
3xi+2y2+zz 2yt 422 2
P4yt 4zt ‘ 24 —<—+—+= (Do (1),(4) va (5
x‘+y 3 5 IRT A (Do (1),(4) va (5)).
( 1
X ==
3
4 .
> x"+y?+ 27 S£ =>\/x2+y’+zzs%.Da'u“=”xéyrakhi4y=%
z=1

Tir nhan xét 3, d€ dang giai bai todn T3/304 (so' 10/2002)

1<asg ‘ +y*>a? 4
(G) = x :x ¥ 2at+1

l+ag<x+y x12a%>1
=Sxt+yt 20t +1.
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XxX=a

= min(x* + y*)=a* +1, khi {y=l

Sau day 12 mot s& bai todn vé bt ding thitc, khi di phdi hop cdc nhan xét tren. Mai
cdc ban thir gidi va tham gia sdng tao ra c4c bai todn khdc.

Bai 1:

Xét céc s6 thuc x,y thod man:
0<x<sys<3
2xy<3x+2y

Tim gid trj 16n nhat cda biu thic: P(x;y) = x? + y2.

Bai 2:
Xét céc s6 thuc duong x,y,z thod man he didu kién:

Tim gid tri nhé nh4t clia bidu thic:
X+2y24xy 0 gatm i 3 g
{4y +3z212yz  (2) P(x;y;z)=x_i'+y—z+z—z'
1 3)
S...
=3

Bai 3: A

Xét cdc s¢ thyc duong x,y,z thod min hé diéu kién:
max{x;y} <zgl1 1))
Wiz 3x+z ()
NG) y+zs2 (3

Ching minh rdng: 3x* +2y? +5z2 < 7.
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St dung dinh Iy Lagrange trong bat ding thirc
va cuc tri ctia ham s6 va day so

TS. P6 Thi Hong Anh
Trong THPT chuyén Ha Néi-Amsterdam

Bai 1. Cho ham f{x)=cos a;x + cos a,x VxeR (a,, a,€R), (a,, a, #0).
Goi m(a,, a,)=min f(x)
CMR: m(a,, a,)<0 Va, a,eRvaa,, a, =0
Giai:
bat g(x)
2(x) =sinalx+ sina 2x (xeR)
al - a2

g(x) = sina,x . sina,x (VxeR)
a

1 (12

C6 thé gid thiét 0<a,< a, (do cosa,x Vi cosa,x 14 cdc ham chén).
Néu a,=a, thi f(x)=2 cosa,x

/{QJ:Zcos(a, H—J: -2 <0=>m(y,,,) S=2(0
a 4

Xét 0(;(, <6g(0)=0

g[m)= —sin 31-I+— sin 31a,
2al a4 2 4 al
2
=—-l—+—s 3[1a,
a a2 a
al a2 a2 al

Theo Lagrange, tacé 3¢ e( 30 J

a
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g(m]-g(o)
saocho 0>—=28 o) f(e)2m(, . )
2,
vig'(x) =f(x), Vx e R
Bai 2. B4t phong trinh
six{x+l) 3@& —-sinx.{/cos(x+l) <%/cosx.cos(t+1) (1)
¢6 nghiém x = 5 (Radian) khéng? Tai sao?

(D¢ thi hoc sinh gidi 16p 12 thanh phé
Ha Néi nam 1994-1995)

Giai:
1) Fie) = sin (x +1) _ sin x 1 2
0 (*) 3/cos (x+1) {/cosx< ()
Xét him
f© = SIn¢tren doan [x,x+l]c(£1—,2n)
3/cost 2
) 2cos?t+1
cé f'(t) =
A 33/costs

Déthdy f'(f)21 do sirdung bat déng thitc Cosi v6i 3 s6 cosx,
cos’x va 1

Ap dung dinh 1y Lagrange ciia ham £(t) trén doan [x, x+1 ]
f(x+1) —f(x)___ '

(x+1)-x 71 VOl Ce(x, x+1)

Vay x=5 khéng 12 nghiém cia (1) do 5 e (3—211;21'1)

sin(x+1)  sinx 2cos*C+1
Yeos(x +1) Yeosx  33/cos'C
< F(x)>1
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o ea L e
Bai 7. Gia st s,=/‘l Py va S2=k| P
Vi nhiing n nguyén dong nio, ta cé $,<8,?
Gidi: Xét ham f(x) = x'2 x21)

Theo dinh 1§ Lagrange/[n, n+1] ta cé:
f(n-i-l)—f(n):f'(c):%c"’z ( %n-llz

= n"?>2[(n+1)" - '] Cho n=1,2,3... 4n?
cong lai ta c6 S;>4n-2

Xét f(x) = x¥3 (x21)

Theo dinh 1y Lagrange ta ¢6

T+ )1 )= =3 2 nany
=2[(n+1)"? < 3 [(n+1)%2 - p2? ]
Cho n chay tir (n-1) dén 0 cong lai
=28,<3n*<3n<8n-4
Nghia 12 28, < 25, Vn
- Vay khong t6n tai n thod man baj todn.

Bai 8. CMR:

sin e(3 os(e~1 )— sin(e - 1)¥/cose > 3/cosle —1)~cose

Giai: H >evae-1~1,71828 > I

' sin €>0; sin (e-1) >0
= cos e <0 va cos (e-1)<0

- Bdt ding thitc c4n ching minh tong dong véi:
' sine _ _sin(e-1)

She 1
Ycose  3fcos(e— 1) )

sinx

bit: f(x)=

Ycosx
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TXD x¢%+k1‘[
Tacéf(x)liéntuctrén[e-1;e] (gl—ﬂ)

Ap dung dinh ly Lagrange ta cé
tén tai c € [e-1, e] sao cho

f(e) - f(e-1) =f’(c) [e-(e-1)] =£(c)
Mat khac:

F(e)= (sinx)’ ¥cosx - (i/cosxy.sinx _ 2cos’x+1
Yoos? x 33/cos* x

Ap dung bt ding thiic cosi ta cé:
2cos? x+1=cos? x+cos? x +12>3%/cos* x )0

2cos?+1
21 Vx
3/cos? x

D4u “=" khéng xdy ra véi x € [e-1; €]

= X)=

=f(c) >1
= f(e) - f(e-1) =f(c) >1

sine sin(e-1)

- >1
Ycose 3cos(e-1),

ex

(x+1)2
Xét ddy{un} x4c dinh bdi u=1, u,,,=f(u,), VneZ*
CMR: 3k € (0; 1) sao cho |u,,+,-a|Sk|u,,-a| VneZ*

Giai: |

(x—l).ex

(x+1)°

Bai 3. Cho f(x)=

X

Ta cé: F= (0 Vxe(—;-,l) =>f(x)=(

giam trén doan Bl]

f'(1)=0 = f’(x)SO

e .
x+1)
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= Vxe [%1] tacod f(-;-)z Sx)= Q)

:>1>—9— > f(x) 2

Vay
Uy € [%,1] VneN Tacé
2 _ x
ro-tzeale
VxeR\{-1}
2 x
Vi i =& "2"‘“43)3 >0 VreR\{-1)
(x+l)

nén f'(x) tang/ B:l]

= S AU LES) Vxe[-;-,l]

= %/Esf'(x)SO Vxe[%;l] -7 (1)
Lap ty s6
U, o1 = | flu,)- £le) _
e s

Theo dinh 1y Lagrange thi 3¢ nim giita u_ va o sao cho

VAN f(un)‘f(a)
f (C)"—T,,T
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n+l

= |-+l
Uu —«
n

=|f"(c)| (2)

Hién nhién ce B ;l] nén tir (1) va (2)

u -«
= |-+l ,sl“‘/Z,:k(l VneN
u —a, | 27 |
Vay 'un-af.lczun“-at Vne N
adé
e
O(k-?(l
KET LUAN

Trén day ching t6i di néu mot vai ing dung cla dinh 1y Lagrange.
Ching t6i hy vong ban doc s& con tim thém doc cic ing dung phong phy
khdc trong qué trinh gidi todn.

Chdc cdc ban thanh cong!
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Bat dang thitc hinh hoc
D6 thanh Son
Truong Pai Hoc Khoa Hoc Tu Nhién, PHQGHN

Céc bai tap vé bat déng thiic hinh hoc déi day doc tdc gia tim ra ( try
bai2).M4i bai c6 k¢m theo héng din giai .

Bail.

Goi 12 tam ddng trdn néi ti€p tam gisc ABC.A’, B’,C’ l4n lot 12 giao diém cta
Al BL CI v6i dong tron ngoai tiép tam gidc.Chiing minh ring trong 3 doan thing
IA’, IB’, IC’ t6n tai mot doan c6 d6 dai khong 16n hon bén kinh dong tron ngoai
tiép tam gidc ABC.

Héng dan :Ta thdy ring A’ = A’B=A’C .Tdng s6 do 3 cung BA’C,CB’A vi
AC’B bing 360° nén t6n tai mot cung c6 s& do khong 16n hon 120°.Giai sit d6 1a
cung BA’C.Vi A’B= A’C, nén s6 do cic cung trong bdi cic day A’B va A’C c6 s6
do bing nhau va khéng 16n hon 60°.Didu d4 ching td A’B khong 16n hon bén kinh
dong tron ngoai ti€p tam gidc ABC.

Bai 2.

Céc diém O,A,A,,A;,A, n3m trén mot mat phing va thod man diéu kien 2 dién
tich cha mot tam gidc bat ky O4,4; khong bé hon 1 (ij=1,2,3,4 va i # j). Chitug
minh rdng trong cdc tam gidc d6 tén tai mot tam gidc c6 dién tich khong bé hon
V2.

Hoéng dan .
Taky hieu 04, = a,04, =b,04, =004, =d;x=LA0A4,,y = £L4,04,,2 =ZA4,04, .
Ta c6 '

S, = gzélsin xS, = %]sin(x + )8, = az—d,sin(x +y+2)S, = 22£|sm W85 = %b]sin( y+2);

S, = fzililsin z].Vl sin(x + y + z).sin y +sin x.sin z = sin(y + z)sin(x + y)., nén ta cé thé
chon doc dfu + hodc —sao cho S,S, £8,S, +5,5, =0, chéng han

8,8, = 5,8, +5,8;,.K¢ hiéu S =max{S, }, ta c6 §* > ‘

8,8, =8S,+8,8, 21+1=2=5>2.
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Bai 3.
Cho tam gidc nhon ABC.Ta ky hi¢u AA’,BB’,CC’ 1a c4c dong cao tam gidc va

H 12 tryc tam .Goi x 1a dong thing di qua H va song song v6i B’C’; y Ia dong théng
di qua H va song song v6i A’C’; z 12 dong thing di qua H va song song véi
B’'A’.Ta ky hiéu a,,a, 12 khodng cdch tr A dén cdc dong thing y, z ; b,,b, 12 khoang
cdch tir B dén cdc dong thing z, x; ¢, c, la khong c4ch tir C dén céc dong thing x
, ¥. Chitng minh ring

a+a, bi+b, ¢+

BO- * A + At 223

Hoéng dén :Tam gidc AA’C déng dang véi tam gidc HNC, nén I_Cnlj ‘E’I]\;' —gﬁ. .

Tam gidc AA’B dong dang vé6i tam gisc HMB, nén 11_31%4,1 —‘Elg. =§2. T cic ket

B BA'+CA' 2 2
qua dé ta suy ra‘gg.+A.l\é = ‘ﬁ.:A =£§. =B(]33.iA’ =_2£S'.T6m lai Kcvﬁ+

2 . 2 2
Il?é =2£S" Tong tu ta C67A£'%3_'+B—;%' =;—S;§%'-+K?ZC7,=§—S .Cong cic két qua

va chi ¥ ring a*+b*+c2 2 43S,

Bai 4. '
Bén trong tam gidc vuong can ABC (A=1v) ta 14y diém P sao cho Z APB
=135°, ’

Ching minh ring pc-rd, 1

22—,

PB |2

Héng dén .Goi P’ 12 4nh cha P qua phép quay tam A bién B thanh C, ta doc
AP=AP’ PB=P’C va tam gidc P’PC vudng tai P’.Tir d6 ta suy ra PC’=2PA%+PB?.
Theo bét ding thitc C6 si — BunhiacSpsky ta c6 2(2PA%+PB?)> (/2 PA+PB)? =
2PC? 2 (\2 PA+PB)*= 2 PC 22 PA+PB =2 (PC-PA)> PB.

Bai S. ' :
- Cho hai dong trdn tdm O va O’ nim ngoai nhau. Mot ti€p tuyén chung ngoai ctia -
hai dong tron ti€p xdc v6i O tai A va O’ tai B.Mot ti€p tuyén chung trong cta hai
dong trodn ti€p xuc v6i O tai C va O’ tai D (khoang cich tit C t6i AB nhd hon ti D
t6i AB). Cdc domg thdng OC va O’D cét nhau tai M.Chitng minh ring OM > O’M.

Héng dan. Xét tam gidc MOO’.Ta thdy cic ddng cao clia tam gidc d6 ké tir O va

O’ tong ung béng AB va CD.Vi AB >CD, nén dong cao k3 tix O 6n hon dong cao
kétx O,
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Bai 6.

Goi G 1A trong tam tam gidc ABC; R ,R,,R, l4n lot 1a ban kinh cdc dong tron
ngoai ti€p tam gidc GBC,GCA,GAB. Ching minh ring n€u BC>CA>ARB, thi
R;>R,>R,;.

Héng dan . Goi S, va S, I4n lot 12 dién tich tam gidc GBC va GCA , ta c6 4R, S,=
BC.GB.GC va 4R,S, =AC.GA.GC.Ta biét ring néu BC >CA, thi GB >GA va

GB.BC> GA.AC.Tdé tac6 R 1S> RS, =R, >R, (S, =85, =— , S 12 dién tich
tam giic ABC).
Bai 7.

Cho dong elip (E) ¢ do dai hai bén truc 12 a,b.Xét tam gidc ABC noi tlé’p (E)
(Céc dinh tam gidc ndm trén dong cong (E)). Chitng minh ring dién S cita tam gidc

ABC thod min b4t déng thic S < 3a1:/_ .

Hoéng din : Ta xét (E) trong he toa do Dé cic vudng géc Oxy c6 phong trinh
2
chinh tac = + ;— =1.Trong mat phéng ta thuc hién phép bién ddi F : M(x;y) —

M’(x; 2 3 y), khl d6 (E) bi€n thanh dong trdn (C) :x2+y?=a?, tam gidc ABC c6 dién
tich S bién thanh tam gidic A’B’C’ ¢6 di¢n tich S’ thod mén diéu kien S’ =%S .Ta

2
biét ring S’< 3"4‘5 do dé %ss 4‘/— 3“”‘/_

Bai 8.

Cho dong ehp (E) c6'd0 dai hai ban truc 1a a,b.Xét tam gxéc ABC ngoax ti€p (E)
(Céc canh tam giéc ti€p xic véi dong cong (E)). Ching minh ring dién S ciia tam
gidc ABC thod man b4t ding thic S > 3ab/3 .

Hoéng dan : Ta xét (E) trong heé toa do Dé cic vuOng géc Oxy c6 phong trinh |

2

chinh tic —+ 3— =1.Trong mat phéng ta thuc hlén phép bién déi F : M(x;y) »>
M’(x; - y) khi 46 (E) bién thanh dong tron (O) :x*+y*=a?, tam gidc ABC c6 dién
tich S bi&n thanh tam gidc A’B’C’ c6 dién tich S’ thod man diéu kién S’ =-Z—S .Ta

biét ring S’ > 34243 ,do d6 %s 23’3 = §23ab43 .
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NGUYEN LY DIRICHLET VA BAT DANG THUC HINH HOC
(Vi Dinh Hoa)

Nguyén li Dirichlet, dugc phét bi€u ddu tién bdi nha todn hoc Phép P. L.
Dirichlet (1805-1859) nhu sau: " Néu nhét n + 1 chu thé vao n cdi chudng thi
bao gi¢ ciing c6 2 con tho bi nhdt vao cing mot chudng”. Cling tuong tu nhu vay,
. nguyen lf Dirichlet m& rong duoc phat biu nhu sau: " Néu nhot n con thd vao
m > 2 chudng thi t6n tai mot chudng cé it nhdt [2] con thé ", & day [a] duogc
diing dé ki hi¢u s6 nguyén nhd nh4t khong nhé hon s6 thuc a cho truée. Ban doc
c6 thé tham khdo thém vé nguyén ly Dirichlet trong [3].

Nguyén If Dirichlet tuéng chimng don gidn nhu vay, nhung né 12 mét cong cu
hét stic c6 hiéu qua ding d& chimg minh nhiéu két qua hét sic sau sic clia todn
hoc. Nguyén Ii Dirichlet ciing dugc dp dung cho céc bai todn cia hinh hoc, nhu
chiing ta thdy trong vi du sau:

Vi du 1. Chitng minh rdng mét dwomg thdng chi c6 thé cdt nhiéu Idm hai canh ciia
mot tam gidc J phdn trong cua cdc canh ndy.

Chimg minh. M0t dudng thing d bt ky ludn chia mat phing ra 1am hai mién,
cho nén theo nguyeén tic Dirichlet, t6n tai mot mién chita it nh4t hai dinh, khong
m4t téng quét 12 dinh A va dinh B. Khi d6 canh AB nim hoan toan trong nira
mat phing ndy vA khong thé cit d dugc. O

Nguyen If Dirichlet khi sit dung két hop véi cic d6 do clia hinh phing (d¢ dai
doan thing, dién tich, thé tich) dugc phét biéu nhu sau:Néu c6 hai hinh cé d¢ do
(néu trén dwomg thdng thi hidu la dé dai doan thdng, trén mat phdng g dién tich
va trong khong gian 1a s6 do thé tich) Sy va Ss duoc phi trong mét hinh c6 d do
S < Sy + Sy thi chiing phdi c6 diém chung trong. Nguyeén tic nay dugc phét biéu
mé rong cho nhiéu hinh:Nék cé mt hinh 36 do S phii mot s& hinh c6 tdng do do
> § thi trong nhitng hinh ndy luén cé it nhdt hai hinh c6 diém chung trong.

Vi du 2. Trong m¢t cdi bdnh hinh vudéng canh 18 cm c6 128 hat vimg. Chimg
minh rdng ton tai hai hat ving c6 khodng cdch t6i nhau nhd hon 2 cm.

Chimg minh. L4y méi hat vimg 1am tam dng hinh trdn bén kinh 1cm. Céc hinh
tron nay nim hoan toan trong hinh vudng c6 canh 20 cm thu duge tir hinh vudng
a3 cho bing céch tinh ti€n bén canh clia né mot khoang 1 cm ra phia ngoai.

“Téng dién tich cia céc hinh trdn bén kinh 1 cm nay 12 128.7 > 402.112 > 400.
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o

Hinh 1: Hinh vudng chia céc hat vimg.

Do téng dién tich c4c hinh tron ndy Ién hon dién tich hinh vuéng canh 20 cm, cho
nén phai c6 hai hinh trdn c6 diém giao chung va khoang céch giita chiing nhé hon
2 cm. a

Ngugc lai véi nguyeén 1y Dirichlet, nhung c6 hinh thitc phét bidu gén gibng véi
n6 12 nguyen 1y sau : "Néu mgt hinh c6 do do S chia mot s& hiu han cdc hinh
c6 tong do do nhd hom S, thi c6 mot diém cia hinh dd cho khong nam trong cdc
hinh ma né chita". Ciing nhu nguyén 1y Dirichlet, nguyén 1y ndy tuy duge phét
biéu don gidn, nhung ciing c6 nhimg ting dung kh4 sau sic trong todn hoc.

Vi du 3. Trong mgt & gidy hinh vuong bdng gidy cé canh bdng 12cm c6 31 16
kim chém. Chimg minh rdng ta vdn c6 thé cdr tir 1o gidy ndy ra mot hinh tron bén
kinh 1cm ma khong chita mot 16 kim chdm ndo cd.

Chimg minh. L&y méi 16 kim 12 tAm dung mot hinh tron bén kinh 1 cm. Téng
dién tich cia 31 hinh trdn ndy s& 1a 317 < dién tich cta hinh vuéng canh 10cm.
Do d6 phéi c6 mot diém M trong hinh vuéng canh 10cm (13 hinh vuong thu duge
tir hinh vuong canh 12cm d cho bing c4ch thu hep céc chidu lem) va khong ndm
trong 31 hinh trdn bén kinh lcm dugc dung nhu cich trén da trinh bay. Liy diém
M 1am tam ta cit m¢ hinh trdn ban kinh lcm, thi hinh tron ndy nim hoan toan




trong hinh vudng da cho c6 canh dai 12cm va khong chita mot 16 kim cham nao
ca. a

Sau day 12 mot s bai tap luyeén cho hoc sinh, 10i gidi cla ching c6 thé dm
thdy trong (5].

BAI TAP

> 1. Béy hinh trdn c6 dién tich 12 1 ndm trong mot hinh vudng c6é d¢ dai canh
12 2. Chimg minh ring ft nhat c¢6 hai hinh trdn cét nhau véi di¢n tich phdn chung

khong nhd hon —;—

> 2. Trong mot cdi hop hinh vuéng canh 10cm dung mét sgi chi dai 100cm tao
thanh mot dudmg g4p khiic khong ty cit. Ching minh ring c6 thé bing mot cdi
kéo cit mot nhit song song véi mot canh cia hinh vuong chia sgi chi 1am it nhat
6 doan.

> 3. Trong mot khu ring hinh vuéng canh 10 km c6 mdt dong sudi chay. Bié&t tix
m&i diém trong khu ring ta c6 thé t6i ddng su6i sau mot doan dudmg di by khong
dai qud 0,5 km. Hay ching minh ring doan sudi chdy trong khu rimg c6 d¢ dai
I6n hon 99km. ' ,

> 4.* Trong mot khu rimg hinh vuéng canh 10 km c6 mot dong suéi chdy. Biét tx
mébi diém trong khu rimg ta c6 thé t6i dong sudi sau mot doan dudng di b khong
dai qué 0,5 km. Hay chiing minh ring tdn tai hai diém trén dong su6i c6 khodng
céch tinh theo dudng chim bay khong vugt qud 1 km, nhung néu di doc theo dong
su6i, thi phai di bd mot doan dudmg khong nhd hon 18 km méi tir diém ndy t6i
duogc diém kia.

> 5. Trén mat mot c4i banh c6m hinh vuong canh 7 cm c6 51 hat vimg. Ching
minh ring c6 thé v& mot dudng trdn mau d6 bén kinh 1 cm trén mat cdi banh c6m
chia ft nh4t 3 hat vitng & bén trong.

> 6. Bén trong hinh trdn bén kinh 1 ¢6 tdm diém. Ching minh ring khoang céch
giita 2 diém no d6 trong s6 d6 nhé hon 1.
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