CHUYEN DE SU DUNG TIEP TUYEN
TRONG VIEC CHUNG MINH BAT BANG THUC

THPT chuyén Quang Trung
Nguyén Virh Duy-CTKG
Loi Mé Dau

Nhiéu Iiic toi dit ra cAu hdi khi doc 13i gidi ctia khd nhiéu bai todn dic biét 1a BDT
t6i khong thé hi€u ndi tai sao lai c6 thé nghi ra né nén cho ring diy 1a nhitng 15i giai
khong dep va thi€u ty nhién. P&n cap ba khi dudc hoc nhitng kién thitc méi t6i mdi
bit dau c6 tu tudng di sdu vao bai todn va 13i gidi clia ching.Va ciing tir d6 cdng
thém nhitng ki€n thifc c6 dudc trong qud trinh trinh hoc tap toi da di vao tim hi€u mot
phuong phap chitng minh bat ding thitc: ** Phudng phdp st dung ti€p tuyén *’. Day la
phuong phap chimg minh bat dang thtrc 1ién quan dén cac ham sé c6 dao ham.

Mot s6 k&t qud trong chuyén dé nay di c6 & mdt sd sdch tham khio vé BPT, tuy
nhién trong chuyén dé nay cic k&t qud d6 dudc xay dung mot cdch tu nhién hon va
sip x€p tir don gidn d&n phifc tap gitdp ngudi doc c6 mdt cdi nhin tdng quan hon.

Mot s bai toan ¢6 phan cht ¥ dé chung ta c6 thé nhin nhan bai toan tir nhiéu huéng khac
nhau.Chuyén dé gém hai phan chinh:
Phan | :SU DUNG TIEP TUYEN TRONG VIEC CHUNG MINH BDT

Phan Il : MOT SO MO RONG PHUONG PHAP SU DUNG TIEP TUYEN TRONG VIEC
CHUNG MINH BDT

Vi ning luc con nhiéu han ché nén & chuyén dé cé nhitng thi€u sét nhat dinh. Rat

mong nhan dudc sy thong cdm va gép y d€ chuyén dé dugc tdt hon.
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Phan I:SU DUNG TIEP TUYEN TRONG VIEC CHUNG MINH BBT
Nhan xét: Néu y = ax + b la tiép tuyén ctia d6 thi ham s6 y = f(x) tai diém A(xy; 1)
( A khong phai la diém ubn) , khi d6 tdn tai mot khodng D chira diém x, sao
cho f(x)2ax+b VxeD hoac f(x)<ax+b VxeD.bang thirc xdy ra khi x = X,
*Néu y = ax + b 1atiép tuyén cta d6 thi ham s6 y = f(x) tai diém A(x,;),) thitaludn phan

tich duoc f(x)—(ax+b)=(x-x,) g(x), k>2

Bay gid ta van dung nhan xét nay dé chirng minh mét sé bat dang thurc.

Bai toan 1: Cho a,b,c,d >0 thda man a+b+c+d=1.CMR: 6(a’ +b’ +c’ +d’) > (a’ +b* + ¢ +d2)+é
Nhan xét. DAu badng xdyra<>a=b=c=d = i . BDT can chirng minh:

(6a’ —a*)+(6b° —b*)+(6¢> —c*) +(6d° —dz)zé <:>f(a)+f(b)+f(c)+f(d)2%

Trong d6 f(x)=6x" —x". Ta co tiép tuyén cta dd thi ham sbé y = f(x) tai diém c6 hoanh d6 x =%Ié

oL 1 (Y (Y| ) (1Y (1) 5x-d
y:f(z)(x_i)”(?{lg'(étj 2'(4)}(’6 4j+6(4j (4) YT

S5x—

R ;s 1

Diéu chung ta can: f(x)> v6i x €(0;1)
Loi giai.

Sa-1

Taco: (6a’ —a’)> & 48a° —8a” —5a+120 < (4a—1)>(Ba+1)> 0 (Pung Vx € (0;1))

S5(a+b+c+d)-8 1

vay: f(a)+f(D)+ f(c)+ f(d)= 2 (dpcm)
Bai toan 2: Cho a,b,cZ—E vaa+b+c=1.CMR: 2a + 2b + 2C Sg
4 a+1 b +1 c¢c“+1 10

s 1
Nhéan xét. Dau bang xdyra<>a=b=c= 3 va BDT chirng minh c6 dang f(a)+ f(b)+ f(c) < %

trong d6 f(x) = 2x 1vc’)’i xe [—%;+oo:|. Tiép tuyén cla dd thi ham sb y = f(x) tai diém cé hoanh d6
X+
| . 36x+3
x=—la: y=
3 50

36a+3 _a _(a-1’(4a+3)
50 a+1  50(@+1)

Vae[—éﬁoo}: 2a S36az+3 ‘v’ae{—i;jtoo}Véy: 2a N 2b N 2c S36(a+b+c)+9:2
4 a +1 50 4 a+1 b"+1 c +1 50 10

L&i gidi. Ta cé

dpcm

Chu y: Bai toan 1.67(Poland)/trang101 Sang tao BDT

zzvinhduyzz@zing.vn



I 1 1
Bai toan 3 :Cho a,b,c >0va a® +b* +¢* =1.CMR : (—+g+—)—(a+b+c)22\/§
a C
C 1
Nhan xét. Ta thdy dang thirc xdy rakhi a=b=c = ﬁ va BBT da cho co6 dang
1
f(@)+ f(B)+ f(c) =23 trongds f(x)=——x voi x e (0;])
X

. . . . . 1
Tiép tuyén cla do thj ham so y = f(x)tai diém c6 hoanh do x = ﬁ la: y=—4x+ 2\/§

Ta sé danhgia f(x)>—4x+ NED

1—x?

Loi giai. f(x) L N P > —4x+2+/3 < (\3x=1)? 2 0 dung Vax va du
X

X

bang xay ra khi x=%.Véytacé: f(a)+f(b)+f(c)2—4(a+b+c)+6\/§

Mitkhac: a+b+c<y3(a® +5% +c2) =3 = f(a)+ f(B)+ f(c) 2243 dpem

Chuay : Ta thay réng yéu tb quan trong nhét dé chung ta c6 thé s dung phwong phap nay la ta chuyén duwoc BDT vé dang

flap+ flay)+...+ f(a,)=2m noac f(a))+ f(ay)+...+ f(a,)<m vaa; (i=1,..,n) thoaman dgiéu

kién nao do.

Bai toan 4: Cho a,b,c >0 va a+b+c=3 .CMR: Ja ++b ++/c = ab+bc+ca (1)
Nhan xét. BDT twong dwong :

@ +2Na+b + 2+ +2Jc = (a+b+c)* =9 < f(a)+ f(b)+ f(c) =9

Trong d6 f(x) = x> + 2+/x v&ix e(0;3) . DAu “=" xay ra khi a=b=c=1 va tiép tuyén clia d thi ham sé
y= f(x) = x* +2/x tai diém c6 hoanh dd x=1 la: y=3x

Xét: £(x)=3x = (x =1)*(x+2/x) = 0 ¥x€(0;3). Vay ta c6 1vi gidi nhw sau:

L&i giai. (1) < a® +2Va +b* +2Jb+* +24c 29

Tacoia’ +2Va —3a=(a-1)>(a+2Ja)=0

=’ +2vJa >3a

Twong ty: b +2+b > 3b;¢? +24e 2 3¢

Céng ba BDT trén ta cé dpcm.

Chu y: Véi bai toan trén ta c6 thé sir dung BDT Cauchy dé chirng minh.
Bai toan 2.3 Rusia MO 2000/trang106 Sang tao BBT
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. b 9
Bai toan 5: Cho cac so6 thwc a,b,c >0 thda man a+b+c=1.CMR: a + + ¢ >—
1+bc 1+ac 1+ab 10
1—
L&i giai. Ta co bc<(b+c) —( . (‘”c) —(—) b<(a+b) =(TC)2
a b c 4a 4b 4c
+ + >— +— +—
l1+bc l1+ac 14+ab a —-2a+5 b -2b+5 ¢ —2c+5
1 ) ) s 4
(Nhan xét: DAu “=” xay ra khi a =b =c =~ va tiép tuyén ctia ham sb dd thj y=f(x)=2—x tai
3 x —2x+5
R 1 99x -3
diém co hoanh do x=—la: y =22
3 100
— — 2 —
Ta 6:—; 4x 99« 3:(3x 1)2 as llx)20 vxe(0:1)
x —=2x+5 100 100(x" —2x+5)
4b 4 99a+b+c)-9 9
Suy ra: — a +— +— ¢ 2 (@ ) =—  dpcm
a —2a+5 b -2b+5 ¢ —2c+5 100
. X . 1 1 3
Bai toan 6: Cho cac so dwong a,b,c cé tong bang 3.CMR: + + <—
9—ab 9-bc 9-ca 8
Nhan xét.Ta cé: ab < (a-zi_b)2 = (320)2
1 4 1 4 1 4
= <— .Tuong ty: <— ; <—
9—ab —c"+6c+27 9-bc —-a"+6a+27 9—ca -—-a +6a+27
. D4u “=" xay ta khi a=b=c=1 va BDT cé dang f(a)+ f(b)+ f(c) s%
4 ) ) X . s )
Trong d6 f(x)=—5—————. Tiép tuyén cla d6 thi ham s6 y = f(x) tai diém c6 hoanh d6 x=1
—X"+6x+27
3y =t
64
— — 2 —
Loi gidi. Ta c6:—; Omx_ DO g vye(03)
—x"+6x+27 64 64(—x" +6x+27)
4 4 4 2
Vay: —; +— +— T=(atb+c) 3Ta c6 dpcm
—a"+6a+27 -b"+6b+27 -—c +6c+27 64
Chu y: Bai toan trén c6 thé giai bang BDT chebyshev
Vi du 1.3.8(crux)/trang41 Sang tao BBT
Bai toan 7:Cho a,b,c la d) dai ba canh tam giac. CMR:
l+l+l+ 2 241+1+1
a b ¢ a+b+c a+b b+c c+a
Nhan xét. Ta c6 BDT chL'Png minh 1a thudn nhét nén ta co thé gia st a+b+c=1
BDT: (———) (———) (———)<9 < f(a)+ f(b)+ f(c) <9trong d6 f(X)—
—-a a 1-b b
1 . . X " 2 . R N
DAu “=” xay ra khi a=b=c= E.tiép tuyén cuta do thi ham s6 y = f(x) tai diém c6 hoanh do
1 -1)*(2x—
x= &y =18x3. Ching ta hy vong co sur danh gi: £(x)—(18x—3) = 3¥=D (22" D <o)
-X
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Via,b,c la ba canh clia tam giac théa mén a+b+c =1, gid st @ =max{a,b,c} khi d6

1 1
l=a+b+c>2a=>a <Esuy ra a’b’ce(O;E) =>(1) dung

L&i giai. Khong mét tinh tdng quat gid str a+b+c=1, khi d6 BDT tr¢ thanh:

Sa-1 5b-1 5c-1
+ + ~<9

2 2
a—a- b-b" c-c

1
Vi a,b,c la d6 dai ba canh cua tam giac va a+b+c=1= a,b,c € (0;—)

-1
-(182-3) =

5
Ta co: 4

<0 Va €(0; ):>

(3a —1)2(22a -1 5a— 1 <(18a-3)
—dad

<(18h - 3) -l <(18c—-3) .Coéng cac BDT nay lai v&i nhau ta co:
~c’

5b—
Twong tw: b

S5a-1 5b-1 5c¢-1
+

+
a—a* b-b* c-¢*

<18(a+b+c)—9 =9 (dpcm)

Dau “=" xdyrakhi:a=b=c=—

a b c 9
2 + 2 + 2 =
(b+c) (c+a) (a+b)” 4a+b+c)
L&i giai. Khdng mét tinh tdng quét tagid st a + b+ c=1. Khidé BDT da cho tré thanh:

Bai toan 8: Cho a,b,c>0 .CMR:

a b c
+ + <:>f(a)+f(b)+f(6)>—VO" f(X)—i
(1-a)* (1-b)* (1—c) (1-x)?
e e 1 18x -3

x € (0;1) Tiep tuyén cta do thi ham so y = f(x) tai diém cd hoanh do x=§ la y= y

) 18x -3 (3x—1)2(3—2x) 18x -3
Taco: f(x)— = >0 Vxe(0;)= f(x)2

/ 4 4(1-x)* ! 4

Suyra: f(a)+ f(b)+ f(c)> 18(“+b4+ -9 _% dpom
Bai toan 9:Cho a,b,c > 0.CMR: alb+c) + be+a) + cla+b) <é

A +(b+c)Y bP+(c+a)t P +(a+b)? 5
(Trich dé thi Olympic 30-4 Lép 11 ndm 2006)
L&i giai. Khong mét tinh tdng quattagias a +b+c =1
a(l—a b(1-b c(l-c 6
Khi d6 BDT da cho tré thanh: 3 ( ) 2+ 3 ( ) 2-+— 2 ( ) 3 <—
a+(1-a) b "+(1-b) c"+(1-c) 5

_ 2
Hay f(a)+ f(b)+ f(c)sg Vi f(x)= 2x(l X) S v6i xe(0;D).

+(1-x)? 2x*-2x+1

i

Dau “=" xdyrakhi a=b=c= 3 va tiép tuyén clia d6 thj ham sb y = f(x) tai diém c6 hoanh do

l 27x+1
x=—lay=
3 25
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C 27x+1 Bx— 1) (6x+1) 27x+1

Ta co: = Vxe(0;1)= f(x)<
AR 25(2x —2x+1) )= 1) 25
Vay f(a)+f<b>+f(c><27(“+ 2t gapcm
_ N2
Bai toan 10: Cho a,b,c >0.CMR: (btc a) (c+a b) + (@atb—c) Zé

(b+c)* +d? (c+a) +b0* (a+b)*+c* S
(Olympic Toan Nhat Ban 1997)
Loi giai: Tagid st a + b+ ¢ =1. Khi d6 BDT d4 cho tré thanh:

(1-2a)* .\ (1-2b)* .\ (1-2¢)* .3
(1-a)Y +a> (1-bP*+b> (l-c)+c* 5

4a® —4da+1 4b2—4b+1+4c2—4c+1 3

>
2@ —2a+1 262 —2b+1 282 —2c+1 5
1 1 1 27
A + <—<=>f(a)+f(b)+f(0)<—
2@ —2a+1 2 -2+l 28 —2c+1
1
Trong d6 f(x) =——— voi x €(0;1)
1 2x% —2x+1
L X X > by C L s X P 3 , N " . 54x+27
Tiep tuyén cua do thi ham so y=f(x) tai diem c6 hoanh dd x:§ la y:T
3 2 12
Ta co: 54x+27_f( )_2(54x : 27x +1):2(3x 21) (6x+1)20 x e (0:1)
25 252x° =2x+1)  25Q2x"—2x+1)
= f@+ fb)+ fo MO gpon

Chu y: V&i bai toan trén ta cé thé sir dung Phwong phap hé sb bat dinh dé chirng minh
(vidu 1.6.12/trang68 Sang tao BDT)

Bai toan 11: Cho a,b,c>0.Cmr 1;/*? (a* +b° +c2)(l+%+l) >a+b+c+a+b* +c?
a C

BDT da cho ddng bac nén ta chuan hoa:a’ +b° + ¢ =1, khi d6 BDT tré thanh:

1+3 1

f(a)+ f(b)+ f(c) =1trong d6: f(x) = 5 (——x) v&i x €(0;1).Dang thirc xay ra khi

1 .. . X . T . |-
a =b=c=—=Tiép tuyén cla do thi ham s6 y = f(x) tai diém cé hoanh d6 x=—1a

5 N
y= 1+2\/— 2+2\/§ .Chung ta chrng minh
33 3
dwccﬁ.(l—sz—“zﬁﬁ 2+2V3 vx e (0;1) dang thire xay ra khix=— . Ta
33 \x NE) 3 3
coa+b+c<2(a’+b* +c?) =3
1+243 1+243

Do vay: f(a)+ f(b)+ f(c) = - 7 (a+b+c)+2+23=- 7 V3+2+2+4/3 =1 ta cé dpem

zzvinhduyzz@zing.vn



Bai toan 12:Cho cac s6 thuc a1,a2,...,an thda man Zai =1. Ching minh:
i=1
i 4 ,_n
2—a;, 2n-1

i=1

s 1
L&i giai.Ta thay dang thirc xay ra khi a, =a, =...=a, =—va BDT da cho c6 dang
n

n X
trong do6 f(x)=
2n—1 J /() 2—x

> /(@)=

v6i x e (0;1). Tiép tuyén cla do thi ham s y = f(x) tai diém

2112(26—1)2
s . l . 2n’x-1 .ox  2n’x-1 n
cé hoanh d6 x=—la:y=——. Taco: - > = ;

n (2n-1) 2-x (2n-1)" (2n-1)"2-x)

>0 Vxe(0;1)

1
g n(2n®.~-1)
Vay D o 2=
o 2—ai (2n-1) 2n—-1
Chu y:Bai toan trén cé thé gidi ngan gon béng BDT chebyshev
(Vi du 1.3.1 (Balkan MO)/trang35 Sang tao BBT)

Ta c6 dpcm

Qua céc bai toan trén ta thay sir dung tiép tuyén trong chirng minh b4t dang thirc cho ta cach tim l&i
gidi ngén gon va don gian.

Mot s6 bai tap ap dung:
1.Cho a,b,c>0 va a+b+c=1. CMR : 10(a’ +b’ +¢’)=9(a’ +b” +c°) =1

2.Choa,b,c>0va a’*+b*+c* =1.CMR: (l+%+l)—(a+b+c)22\/§
a C

3.Choa,b,c>0va a’ +b> +c’* =3.CMR :(l+l+lj+i(a+b+0)z 7
a b c 3
1 1 1 1 1
4.Cho a,b,c,d>0 va a+b+c+d=2.CMR : -+ >+ >+ =2 —6
1+3a~ 1436 1+3¢" 1+3d 7

1 1 1
+ +
a+3-a> b +3-b* +3-¢
6.Cho cac sb thuc dwong a,b,c théa man : a+tb+c+d=2.CMR :

5.Cho a,b,c 1a cac sb thyc sao cho a’ +b* +¢* =3.CMR <1

a’ b* ¢’ d? 16
2 st 3 PIREPE) >t 2S_
(a"+1)" (B~ +1)" (c+1)" (d +1)" 25
7.Cho a,b,c>0 va atb+c=3. CMR : ! + ! + ! <3
Ja? =3a+3 b =3b+3 eF—3c+3
8.Choa,b,c>0va ¢’ +b*+c* =1.CMR : ! + ! + ! 32
l-ab 1-bc l-ca 2

! + ! + ! <1
4—ab 4-bc 4-ca
©ga s ., 1 1 1 1 1 1
10.Cho a,b,c la d6 dai ba canh tam giac. CMR : —+—+—< + +
a b ¢ a+b-c b+c—a c+a-b

9.Cho a,b,c>0 théa man a* +b* +¢* =3. CMR :
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a b c_ 9
2+ 2+ 2
(b+c) (c+a) (a+b)y 4a+b+c)

b+c c+a a+b a b
+ + > +

11.Cho a,b,c>0.CMR :

12.Cho a,b,c > 0Cmr:

> 4(
a b c b+c c+a

2x’ 2y° 27° <
2 2 + 2 2 + 2 2 _1
2x"+(y+z) 2y +(x+2z) 2z +(x+y)

13.CMR:

14.Cho a,b,c>0. Cmr:

(2a+b+c) N (2b+c+a) N (2c+a+b)

15.Cho a,b,c>0.CMR :

2a° +(b+¢)? 2b% +(c+a)® 2 +(a+b)?
3(a+b+c) N 3(a+b+c) N 3(a+b+c) <375

16.Cho a,b,c>0. CMR :

1 1 1
+

3a’ +(b+c)” 3b+(a+c) 3¢ +(a+b) 11
(b+c-3a)’ N (a+c—-3b) N (a+b-3c)’ >l
20> +(b+c)’ 20> +(a+c) 2 +(a+b) 2

17.Cho a,b,c>0 va a+b+c=3. CMR :

18.Cho céc sb a,b,c,d khéng am. CMR :
a b ¢ d 383

2 + 2 2 -
a +b+c b +c+a c +a+b

+ + + >
b+’ +d> F+d’+a’ dP+a’+b A+ 2 YR 4br+ R +d?

Fy+2)HxXt+ Y+ 2
19.Cho a,b,c>0.CMR: 22T T2 Tyx +y ) 3+\3

(x2 +y2 +22)(xy+yz+xz) 9

20.Cho a,b,c,d >0 théaman: ab+bc+cd +da=1.Cmr:
a b’ 3 d’

+ + +
b+c+d c+d+a d+a+b a+b+c

1
>
3

3 3 3
21.Choabe0.CMR: |4 4 [ | € 5
a +(b+c) b’ +(a+c) c +(a+b)

Ja+b+c +\/;> 9+3\/§

22.Cho céc sb thuc dwong a,b,c. CMR : Z

23.Cho a,p,c>0. CMR:— %+ 0, ¢ 2/3(a+b+c)
Jb+c a+c a+b 2

n n a n
24.Cho a,,a,,...,a,20va » a,=n.CMR ! —
v ZE ;3af+5 8

IN

e b+c -~ 2a+b+c
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Phan Il : MOT SO MO RONG PHUONG PHAP SUY DUNG TIEP TUYEN
TRONG VIEC CHUNG MINH BBT

Phén trudc ta di thiy rd duoc tmg dung ctia phuong phap tiép tuyén nhung nhu thé c¢6 18 cac ban van
chua thoa man béi 18 & cac bai toan vi du trén viéce tao cac biéu thirc doc 1ap hay néi cach khac 1a viéc
tao 1ap cac ham dic trung dé xét tinh 161 16m 1a kha don gian va diém roi ciing kha don gian ( hang s6 )
khong tong quat hoa duoc.
O phan nay t6i s& trinh bay mot meo nho dé giai mot 16p bai toan. C6 1& nhidu ngudi ciing biét dén
phuong phép hé s6 bat dinh nhung theo ¥ nghi chii quan cua t6i nghi ddy ciing 1a mot dang ciia pp tiép
tuyén.Ta di dén vi dy mé dau:

a’ b’ c S a+t b+c

Bai toan 1: Cho a,b,c >0.CMR: —; —+— -+ -2
a - +ab+b” b +bc+c® ¢ +ca+a 3

Loi giai . Ta chirng minh:
3
a > 2a—-b
a’* +ab+ b’ 3

Ching minh tuong ty véi cac biéu thirc con lai rdi cong don ta c6 DPPCM.

(*) < (a+b)a-b)> 20

Ta s& phan tich viéc tao ra duoc BT phu (*) theo hudng tiép tuyén .
3 4 3 272

. a a +2a’b+3a’b

Ta xét ham so sau a)=—,f"(a)=
/(@ a’+ab+b’ /@ (a* +ab+b*)

Ta nhén thdy dau bang xay ra khi a=b Liic d6 ta s& danh gia f(a)> f'(b)(a —b)+ f(b)
Twr d6 ta nhan duogc (*).
pé cung ¢ thém niém tin ta xét thém mot vi du nita.

4 4 4
Baitofin 2 : Choabe>0.CMR: — % 40, ¢ avbwc
a+b b +c c +a 2
Loi giai.
a* . a’+4a’b’
a)y=——-—,f'()=———
f() a3+b3 f() (a3+b3)2

Ta danh gia BPT (**) la sai nhung ta c6 dugc danh gia (**) tuy sai nhung van c6 ich bai vi
at 5a—3b_3b2+ab—a2
S+b 4 A +B)
Ta di dwa bét ding thirc cin ching minh vé dang chinh tic SOS.
Mot s6 bai tap ap dung.

(a—by

Cho cac sb duong (- b. ¢ .Chirng minh rang:

a? N b’ N c? _atbte
a. =
a+b b4+ec c+a 2
3 3 3
( b c at+b+e
byt ———— > -
at+ bt b4t A4 al 2

c) Cho a,b,c >0 a+b+c =2 .CMR:

116* —a® 112 =6 11a® — ¢
5 T 5 T 5

ab + 4b* be + 4e° e + 4a-
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