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SO GIAO DUC & PAO TAO KY THI CHQN HQC SINH GIOI CAP TINH NAM HQC 2010 - 1011
TiNH PAK LAK MON: TOAN 12 - THPT
Thei gian Iam bai: 180 phut(khdng ké thei gian giao dé)
Ngay thi: 12/11/2010

Bai 1(4 diém).
Cho hamsé y = X_‘i ¢6 db thi 1a (C)
a) Chtrng minh rang tich cac khoang cach tir mot diém M nam trén d6 thi (C)

dén hai duong tiém can 12 mot hang s6 khong phu thudc vao vi tri ctia diém M.

) Viét phuong trinh t|§p tuyén cua d6 thi (C) sao cho khoang cach tir tam
doi xung cua (C) dén ti€p tuyen 1a Ion nhat.
Bai 2(4 diém).
a) Cho x,yeR; x>0,y>0 vax+y=1.

Chung minh rang: 35/% <25 +5<26

A% +4Xy +y? +2x+y-2=0
8V1-2X +y*-9=

b) Giai hé phuong trinh :{ Vo1 X,yeR

Bai 3(4 diém).
Cho ti dién ABCD c6 bon duong cao dong quy tai diém H.
a) Chimg minh rang: AB® + CD? = AC? + BD? = AD? + BC?
b) M 14 mot diém nam trong tr dién ABCD; goi V 1a thé tich cua t& dién

ABCD; Sy, S,, Ss, S lan luot 12 dién tich cac tam gisc BCD, CDA, DAB, ABC.
Tim gia trj nho nhat cia biéu thirc : MA.S; + MB.S; + MC.S; + MD.S, theo V.

Bai 4(4 diém).

a) Cho phuong trinh: -128x’ +192x° -80x3 +8x-1=0 (1)
Phuong trinh (1) ¢ tat ca bao nhiéu nghiém thuc nam trong khoang (0;1)?
b) Cho t& dién ABCD, diém O nam trong tr dién sao cho OA=0B=0C=0D

= R. Cac duong thing OA, OB, OC, OD cit cac mat BCD, CDA, DAB, ABC
16

tuong tmg & A’, B’, C’, D’, Ching minh ring AA'+BB'+CC'+ DD'> ?R
Bai 5(4 diém). , , :
Hay tim tat ca cac ham so f xac dinh trén tap so thuc R, lay gia tri trong R va
thoa mén hé thuc f(x —y) +f(xy) = f(x) — f(y) + f(x).f(y), véi moi so thyc x, y.
Hét
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SO GIAO DUC & PAO TAO KY THI CHQON HQC SINH GIOI CAP TINH NAM HQC 2010 - 1011
TINH PAK LAK MON: TOAN 12 - THPT

DAP AN, BIEU PIEM VA HUONG DAN CHAM

A. DAP AN - BIEU DIEM
Bai 1(4 diém).
a) Chirng minh rang tich cac khoang cach tir mét diém M nam trén dd thi (C) d&én
hai duong tiém can 1a la mot hang s0 khong phu thuge Va0 vi tri cia diém M.
Hai duong tiém can cua dd thi ham s6 1&; Tiém can dinglax+1=0vatiém

cainngangla y-1=0 Cho 0,5 diém
Gia st M(xo, 5 ;ﬂ la diém thudc db thi (C)

Khoang cach tir M dén duong tiém can ding 1a: d; - X, +1

X, =1 | [ 2 |_ 2
|x +1| X, +]4

Cho 0,5 diém

Khoang cach tir M dén tiém can ngang 14 : ds-

Ta Cé dl.d2 :|X0 +1I.ﬁ:

Viy tich cac khoang cach tir mot diém M nam trén do thi (C) dén hai duong
tiém can 1a la mot hang so6 khong phu thudc vao vi tri cua diém M.
Cho 0,5 diem

b) Viét phuong trinh tlep tuyén ctia do thi (C) sao cho khoang cach tir tim
dbi xtmg ctia (C) dén tiép tuyén 1a I16n nhat.

Tam d6i xang cta d6 thi 1a 1(-1; 1) Cho 0, 5 diém

Goi N(Xo,Yo) la tiép diém cua tiép tuyén va dd thi, khi d6 tiép tuyén cua (C) tai
M c¢6 phuong trinh:

-1 X#-1 .2
A —(x— x0)+—x° PN , ) Cho 0,5 diem
(%, +1) X, +1 2X— (X, +1)°y+x; —2% —-1=0
Goi d 12 khoang céch tir I dén tiép tuyén trén ta co:
ax, +4 e , Z . vy q - , £
d :@;xO -1, khi d6 d 16n nhét khi va chi khi d® I6n nhét
4+ (%, +1)*

2

4
bat X =x,+1va g(X)=4X7 ; X 20, taco g'(X)ZZX(4—X )
+

, ’ (4+ X*)?
Khi d6 d® 16n nhat khi g(x)16n nhét
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2

Ta c6 bang bién thién caa ham g(X) = T nhu sau: Cho 0,5 diém
+
X [ V2 0 2 -
G’(X) + 0 — 0 + 0 —
G(X) 1 1
0 0 0
2 4
Vay g(X)= oY I6n nhat khi X = —/2; X =+/2, tuong Gng v6i hai gia tri d6 ta
+
c6 hai tiép tuyén sau: y=x+(2++2); y=x+(2-2); Cho 1, 0 diém

Bai 2(4 diém).
a) Cho x,yeR; x>0;y>0 va x +y = 1. Ching minh rang: 3§/2;5§25X+5y <26

Taco: P = 25¢+5 = 5% 4+5Y
5

V‘|x+yzlsuyray:1—xvayP=52X+5—X Cho 0,5 diém
Pitt=5",do 0<x<1lsuyral<t<s Cho 0,5 diém
Xét ham s6 f(t) = t2+% Véi 1<t <5
3
Ta co: f'(t)=2t—%=¥; f'(t)=0<:>t=§E
Bang bién thién Cho 0,5 diém
t ! 35 5
2
5F ()

- 0 +
6 26
f() \

Vai 1<t<5 Max f(t) = 26; Min f(t) = 3% suy ra: 3§/2;53f(t)326

hay 3%/? <25 +5¥ <26 (dpcm) Cho 0,5 diém

2x+Yy)? +(2x+y)-2=0(1)

b) Giai hé phuong trinh
) P 8 { 8V1-2X +Yy*-9=0(2)
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Pit u=2x +ytacophuong trinht > +t-2=0,suyrat=1; t=-2,
, , Cho 0,50 diém
Néut=1thi2x +y =1 hay 1-2x =y >0, thé vao phuong trinh (2) ta cé
phuong trinh 8,/y + y? -9=0,datu= [y >0, suyra: t' +8t—-9=0 <
(u-1)(UP+u*+u+9)=0, vay u = 1, vi u+u’+u+9>0 khi u >0, khi d6 hé c6 nghiém

x=0
(-

, , Cho 0,50 diém
Néu t=-2 thi2x + y =-2 hay 1-2x =y + 3>0 thé vao phuong trinh (2) ta c6:

y=-3
8Jy+3+y*-9=0 < 8Jy+3+(y-3)(y+3)=0<=
y+3+y y+3+(y=3)(y+3) {8+(y—3) 7320

1

Véiy=—-3 thihé co nghiém { =3 Cho 0,5 diém
y=-3

Véi 8+ (y-3)/y+3=0, dit v=./y+3>0, ta c6 phuong trinh 8+ (v*-6)v=0

v=—/2

v=1/2

Ham g(v) dat cuc dai tai (—/2 ;8+4/2); dat cuc tiéu tai (v/2;8-44/2), Vi g(0)=8>0

va 8-4+/2>0 nén g(t) = 0 khong c6 nghiém v=0

Xétham s6 : g(t) =v* —6v + 8, g’(v) = 3v* =6, g’(v) = 0 khi [

1
Két luan hé c6 hai nghiém: {X __O ; { X=3 Cho 0,5 diém
y=-3

Bai 3(4 diém).
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a) Chirng minh rang: AB® + CD® = AC® + BD? = AD* + BC?

- Chitng minh cac cip canh d6i cia tir dién vudng goc voi nhau timg doi mot

+Taco CD L AA,, CD LBB;suyraABLCD.

+ Chung minh tuong tu ta co6 AC LBDva AD 1 CB

Cho 1, 0 diém

- Tam giac AFB vuong tai F va tam giac DFC vuong tai F suy ra:
AB’ = AF* +FB’ va DC? =DF? +FC? suy ra AB?+CD’ = AF* + FC* + BF? + DF°
= AC?+BD? (1)

Ching minh twong tu ta cd AC* + BD® = AD? + BC? (2)
T (1) va (2) ta cd AB? + CD? = AC? + BD? = AD? + BC? Cho 1,0 diém

b) Ké AA;, MA, lan luot vudng goc voi mit phang (BCD), khi d6 ta
CO: AM + MA, > AA, > AA < AM > AA — MA, (1), ddu bang xay ra khi va chi khi M
thuoc duong cao AA;, Cho 0,5 diém

Tu (1) suyra AM.S, > AA.S, —MA,.S, < AM.S, >3V —3V,, ..o (2) Cho 0,5 diém
Dau bﬁng xéy ra khi M thudc duong cao AA;. Hoan toan tuong tu cho cac mat
CDA, DAB, ABC taco:
BM.S, >3V —3V,, ., (3), ddu = x4y ra khi M thudc dudng cao tir dién ha tir dinh B,
CM.S, >3V —3V,, 1,5 (4), ddu = x4y ra khi M thudc duong cao tir dién ha tir dinh C,
DM S, >3V -3V, ,.. (5), dau = x4y ra khi M thudc duong cao tir dién ha tir dinh D,
T (2), (3), (4) va (5) ta co: MA.S; + MB.S, + MC.S; + MD.S, > 9V, du bang xay
ra khi M tring H. vay MA.S; + MB.S, + MC.S; + MD.S, = 9V. Cho 1,0 diém

Bai 4(4 diém).
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al Taco: —128x” +192x° —80x3 +8x-1=0 <« 8x(1-2x?)(8x* —8x* +1) =1
Dt x =sint, vix e (0;1) nént e (o;%) Cho 0,5 diém

khi d6 ta c6 phuong trinh:

8sint(1 — 2sin’t)(8sin’t — 8sin’t + 1) = 1 < 8sint(1 — 2sin’t)[8sin’t( sin’t — 1)+1] = 1
8sint.cos2t(1 — 2sin’2t) = 1 « 8sint.cos2t.cos4t = 1 (*), vi cost =0 , nén nhan hai
vé ctia phuong trinh (*) cho cost ta c6 phuong trinh twong duong:
8sint.cost.cos2t.cos4t = cost <> 4sin2t.cos2t.cos4dt = cost <> 2sin4t.cos4t = cost

& sindt = cost < sindt = sin(%—t) Cho 0,5 diém
r  2kr
t=—+22
= 18 ? ' V6l kilez; dot e(o;%) nén Kk, | chi nhan céac gia tri 0; 1. khi d6 t
T T
147

s¢ nhan 4 gia tri khac nhau trong khoang (0;%) :

o Cho 0,5 diém
vi ham sint dong bien trong khoang d6 nén X cling nhan 4 gia tri khac nhau trén
khoang (0; 1) (dpcm). Cho 0,5 diém

b) Ching minh. ‘ q
Goi V, Va, Vi, V¢, Vp lan luot 12‘17 the ‘tich cua cac ti dién ABCD, OBCD,
OCDA, ODAB, OABC, do O la diém nam trong tir dién nén ta co:

V=Vt Vet Vet Vp o ey Vo Yo Vo g o O OB, OCT, OD"_,
vV VvV Vv AA' BB' cc' DD'
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AA-OA BB'-0OB CC'-0C DD'-0D
S + + +
AA' BB’ ccC' DD’

=1

t .t ., 1.3 Cho 1,0 diém
AA' BB' CC' DD' R
Theo bat dang thuc Cauchy ta co:
AA'+ BB'+CC'+ DD'> 44AA'BB'.CC'.DD’
1 1 1 1 \/1 1 1 1
+ + + > 44 ) ) .
AA' BB' CC' DD AA' BB' CC' DD'
& (AA+BB+CC'+ DD)(— v+ + L5916
AA' BB' CC' DD
< AA'+BB'+CC"+DD'> %R Cho 1, diém

Bai 54 diém).

Vi: f(x —y) +f(xy) = f(x) — f(y) + f(x).f(y) (*), véi moi sb thuc x, y. Nén khi
x=y=0 ta c6: 2f(0) = f*(0), suy ra f(0) = 0 hozc f(0) =2

+/ Néu f(0) = 0, thay x = 0 vao ta dugc f(=y) = —f(y), Voi vy R suy ra
f (—xy) = - f(xy), vay thay y boi —y vao (*) ta duogc :
f(x +y) —f(xy) = () +f(y)-f(x).f(y) (). Cong (*) va (**) ta co:
f(x —y) + f(x +y) = 2f(x), voi moi soO thyc x, y (¥***) . Thay x = y ta dugc
f(2x)=2f(x) . Vay tir (¥**) suy ra f(x —y) + f(x + y) = f(2x) voi moi s6 thuc x, y, tir
d6 suy ra f(x +y) = f(x) + f{y) (1) két hop (**) ta co f(xy) = f(x).f(y) voi moi sb
thuc x, y (2), cho y =1 ta c6 f(x) = f(x).f(1), suy ra f(x) = 0 hoac f(1) =1.

Véi f(1)=1 -/ Truéce hét ta co V%EQ thi f(%) =%, that vay :

n. f (%) = f(n).f (%) = f(n..%) = f(m)=m. Bay gio ta chimg minh f(x) = x véi moi sd

thue x. That vay ta ¢6 véi hai s6 thuc a, b: a > b thi f(a) —f(b) = f(a—b) =
f(a-b)?) =[f(\fa=b)J >0, tac 1a f(a) > f(b). Ta gia sur f(x) = a < x , khi d6 t6n
tai s hiru ty b: sao cho a <b <x , theo trén thi f(b) = b, vo ly, twong tu cho

a >X ta cling c6 diéu vo 1y. Tom lai trong trudng hop ndy ta c6 hai ham s f(x) =0,
f(x) = x. Cho 3, 0 diém

+/ Néu f(0) = 2, thay x = 0 vao (*) ta co f(- y) + 2 = 2 — f(y) + 2y hay

f(=y)=f(y). Thay y boi —y ta co f(x +y) +f(xy) = f(x) - f(y) +f(x).f(y) (****)

T (%) va (****) ta cd f(x+y) = f(x — y) véi moi so thyc x, y , ma f(0) = 2 nén ham
d6 1a fix) =2 Cho 1, 0 diém

B. HUONG DAN CHAM
1/ Piém cia bai 1am theo thang diém 20, 12 tong diém cta thanh phan va
khong lam tron sé.
2/ Néu thi sinh 1am cach khac dung van cho diém t6i da phan do.
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Bai 5(4 diém).

Vi: f(x —y) +f(xy) = f(x) — f(y) + f(x).f(y) (*), v6i moi s thuc x, y. Nén khi
x=y=0 ta c6: 2f(0) = f*(0), suy ra f(0) = 0 hozc f(0) =2

+/ Néu f(0) = 0, thay x = 0 vao ta dugc f(=y) = —f(y), VSi vy <R suy ra
f (—xy) == f(xy), vay thay y boi —y vao (*) ta duogc :
f(x +y) = f(xy) = f(x)+f(y)-F(x).f(y) (*). Cong (*) va (**) ta cé:
f(x —y) + f(x +y) = 2f(x), voi moi s thuc x, y (¥**) . Thay x = y ta dugc
f(2x)=2f(x) . Vay tir (¥**) suy ra f(x —y) + f(x + y) = f(2x) voi moi s6 thuc x, y, tir
d6 suy ra f(x +y) = f(x) + f(y) (1) két hop (**) ta c6 f(xy) = f(x).f(y) voi moi sb
thuc x, y (2), cho y =1 ta c6 f(x) = f(x).f(1), suy ra f(x) = 0 hoac f(1) =1.

V6i f{(1)=1 -/ Trude hét ta co V%EQ thi f(%) =%, that vay :
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n.f (%) — f(n).f (%) - f(n..%) — f(m) =m. Bay gid ta chitng minh f(x) = x v&i moi $6

thue x. That vay ta c6 véi hai sb thuc a, b: a > b thi f(a) —f(b) = f(a—b) =
f(a-b)?) =[f(\a-b)T >0, tuac 1a f(a) > f(b). Ta gia sur f(x) = a < x , khi d6 t6n
tai s hiru ty b: sao cho a <b <x , theo trén thi f(b) = b, vo ly, twong tu cho
a >X ta ciing c6 diéu vo 1y. Tém lai trong trudng hop ndy ta co hai ham s f(x) =0,
f(x) = x. Cho 3, 0 diém

+/ Néu f(0) = 2, thay x = 0 vao (*) ta cé f(- y) + 2 = 2 — f(y) + 2y hay

f(—y)=f(y). Thay y boi —y taco f(x +y) +f(xy) = f(x) — f(y) +f(x).f(y) (****)
Tu (*) va (****) ta co f(x+y) = f(x - y) v6i moi s0 thye x, y , ma f(0) = 2 nén ham
dolaf(x)=2 Cho 1, 0 diem

b/ Goi O 1a diém thoa man OA = OB = OC = OD va G la
trong tam tur dién ABCD(O, G ¢0 dinh). Vi G, la trong tam tir dién MBCD nén véi
diém H ta co:

AO +OM —4GH , dit OM —4GH =u, ta c6 4.HG, =u-0A (1), twong tu ta co:
4HG, =0 -0B (2), 4HG, =Ui-0C (3), 4HG, =i -0D (4), tr (1), (2), (3), (4) va gia
thiét cho ta co:
(u—-0A)? = (u-0B)? = (u—-OC)? = (U—0D)? < u.0A = u.0B =u.0C =u.0D,
tr uOA=uOB suyra: u(OA-0OB)=0< u.BA=0< u=0, hodc u L BA
tr uOB=u0OC suyra: u(OB-.0C)=0«<u.CB=0<«u=0, hoic u_LCB
tr uOC =u.OD suy ra: u.(OC-.0D)=0« u.DC =0« u=0, hodc u L DC
Vi ba véc to BA,CB,DC khong dong phang nén u=0, suy ra: OM =4GH , Vi
ba diém O, G, H ¢6 dinh nén M 1a diém xéac dinh duy nhat. Cho 2, 0 diém
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