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SO GIAO DUC VA PAO TAO KY THI CHQON PQI TUYEN HQC SINH GIOI DU THI QUOC GIA
S NAM HQC 2010 - 2011
TINH PAK LAK MON: TOAN 12 - THPT

Théi gian Iam bai: 180 phut(khdng ké thoi gian giao dé)
Ngay thi: 30/11/2010

Bai 1(2,0 diém). ‘ ‘
Cho tam gidc ABC c6 ba goc A, B, C dcu 1a goc nhon. Chirng minh rang:

2<sinA+sinB +sinC§¥
Bai 2(3,0 diém).

Trén cac canh ctia mot tam giac ABC, dung vé phia ngoai tam gidc ABC c4c tam
giac déu A’BC, B’CA, C’AB. Goi Ag, Ay, By, By, Co, C; lan luot 1a trung diém cac canh
BC, B’C’, CA, C’A’, AB, A’B’ cta hai tam giac ABC va A’B’C’. Ching minh ré'mg cac
doan thang AgA;, BoB4, CoC; dong qui va bang nhau.

Bai 3(3,0 diém).
Cho n 12 s6 ty nhién 16n hon 1. Tim uéc chung 16n nhat cia céc s6:
1. C3 . .2n-l
2n1 ~2n1tttr M 2n
Bai 4(3,0 diém).
Cho hai s6 thuc duong a, b va a > b. Hai ddy so (u,) va (v,) duoc thanh lap nhu sau:

Up +Vp, . . N I : :
N+l :T’V”ﬂ =/Up.Vy ; V6in la so tu nhién I6n hon 1. Ching minh

u=avy=b;u
rang:
1) Hai day so trén bi chan.

2) nl—l)r—pooun - nl—l)r—poo Vn

Bai 5(3,0 diém).
) 2x+2010 )
Cho ham so6 f(x) = Py vGi a 1a mot so6 thye duong.
a a

Tinh tong:
s= f(0) + f(%) + f(%) .. +H(1)

Bai 6(3,0 diém).

Chimg minh bat dang thire: v/3 -1< [L+ 2sinx| +[1+2c0sx| < 2(v/2 +1)
Bai 7(3,0 diém).

Cho duong tron (O;R) va diém A cb dinh trén duong tron d6. Mot diém M di chuyén
trén duong tron (O;R), hai tiép tuyén cua duong tron (O;R) tai diém M va tai diém A cat
nhau & diém P. Mot duong tron (Oy; R;) di qua diém M va tiép xtc voi AP tai diém P.
Chting minh rang khi M di chuyén trén dudng tron (O;R), duong tron (O1;R;) luén ludn tiép
xUc v&i mot dudng tron ¢d dinh.

Ho va tén thi sinh S6 bao danh
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SO GIAO DUC VA DAO TAO DPAP AN, BIEU PIEM VA HUONG DAN CHAM
TINH PAK LAK MON: TOAN 12 - THPT

A. DAP AN - BIEU PIEM
Bai 1(2,0 diém).

Chung minh:
2<sSinA+sinB+sinC<=—= 3\f
+/ Vi A, B, C la ba goc cua mét tam giac nén sin cua cac goc d6 duong, vay:
sinA +sinB +sinC > sin?A +sin?B +sin’C. (0.5 diém)
Mat khac:

1-cos2A + 1-cos2B
2 2

=2-c0S(A + B)cos(A - B) -cos?C = 2 + cosCcos(A - B) -cos?C =

2+c0SC(cos(A-B)-cosC)=2+cosC(cos(A-B)+cos(A+B))=

2+ 2c0sA.cosB.cosC > 2. (0.5 diém)

(Vi cac goc A, B, C nhon nén cosA, cosB, cosC duong), do do: sinA+sinB+sinC>2

T T

C+—- C-—

+/ Ta c6: (SinA + sinB) + (sinC + sinZ )= 2sin A*B s 2B osin— 3 cos—3
3 2 2 2 2

c+Z A+B+C+% A+B-C-Z A+B+C+%

52(sinA+B+sin 3):4sin .COS 3)£4sin—:
2 2 4 4

4
33
2

sin’A +sin?B +sin*C =

+1-c0s?C=2 —%(cosZA +C0s2B) - cos*C

4smE suy ra: sinA + sinB +sinC < 3sin Z (1.0 diém)

(Néu thi sinh  dp dung bdt dang thu’c JenSen nhung cé ding dao ham dé chu’ng minh la
ham 16i thi vén cho diém téi da, néu khong chirng minh ham 16i thi cho nita sé diém).
Bai 2(3,0 diém).

+/ Ta chung minh AA’, BB’, CC’ ddng qui va bang nhau:
Goilla glao diém cua AA’ va BB’, st dung phép quay tam C goc quay +60° ta c6 B’ bién
thanh A va B bién thanh A’, nén B’B bién thanh AA’ suy ra: B’B=AA’ va goc(B’B,AA’) =

60°, vay goc BIA'=60°. Trén tia IA’ ldy I; sao cho | I;= IB, nén tam giac 1Bl; déu. Str dung
phép quay tam B, géc quay 60°, thi A’ bién thanh C, A bién thanh C’ va I, bién thanh I, do
do A’A =CC’, vi A, Iy, A’ thang hang, nén C, I, C’ thang hang hay A’A cit CC’ tai I, tir 46
AA’, BB’, CC’ dong qui va bang nhau.
(1.0 diém)
+/ Ta chirng minh cac tam giac ABC, AgBCy, A’B’C’ va A;B;C; c0 cung trong tam
G
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- Xét hai tam giac ABC va C’B’A’, ta di ching minh AC'+BA'+CB'=0 (hinh 1)

A

C’

L4y diém O, va goi cac diém B, C", A" sao cho AB=0B*; BC =OC*; CA=0A*
Va AC'=0C, ;BA'=0A, ;CB'=0B, (hlnh 2). St dung phép quay tam O, gbc quay +60°, ta

c6 C, bién thanh B”, A, bién thanh C”, B, bién thanh A", nghia Ia:
A* B

(hinh 2)

OC, - OB*; OA, - OC*; OB, —» OA*; vay: AC'— AB; BA'— BC; CB'— CA, do d¢:
AC'+BA'+CB'—> AB+BC+CA=0, vi phép quay la twong tUng 1-1, nén
AC'+BA'+CB'=0, suy ra trong tim hai tam giac ABC, A’B’C’ trling nhau:

i (1.0 diem)
Hai tam gi&c con lai 1a hai bai toan co ban, moi truong hop (0,25 diém)

- Str dung phép vi tu tim G, hé s6 k = —%, bién cac doan thing AA’, BB’ va CC’ lan

luot thanh cac doan théng AoAq, BoB1, CoC; suy ra diéu Ehéi chirng minh.
(0,50 diem)
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Hinh toan bai

Bai 3(3,0 diém).

Ae n — 0 1 2 2 3 3 2n-1,,2n-1 2n ,2n
Tacd: (1+x) —C2n+C2nx+C2nx +C2nx +...+C2nx +C2nx (1)

— . . 0 2 n ol 3 2n1
Thay x = -1 vao (1) ta cé: C2n +C2n +...+C2n =C2n +C2n +...+C2n

— 1\ 5. on — 0 1 2 3 2n-1 4 ~2n
Thay x = 1 vao (1) taco: 2 -C2n+C2n+(:2n+(:2n+__,+(:2n +(:2n

Vay: Cl2n + C32n +..+ C%”ril =2t (0,5 diém)

Nhu vay moi udc chung cua cac s6 Clzn;C?én;...;C%”ril c6 dang 2P, ta can tim sb ty nhién p
I6n nhat ¢ thé . (0,5 diém)

Gia str n = 2X.q, trong d6 q 1a sé 1¢ , khi do C12n =2n= 2k+1.q, nén uéc chung cia cac sb
dang xét <2, ta co: (0,5 diém)

b 2k+1 q 04 ) . ) ) . )
C2k+1q TC2k+1q—l , Vi 80 cac to hop la nguyén, p la so 1¢, nén C2k+1q chia hét

k+1l 4. A p
277 the la C2k+1q

cho — 2k M »» trong d6 My nguyén, p =1, 3, ..., 2n-1. Vay 2k |3

udc chung ciia cac sd dang xét va 1a udc chung 16n nhat. (1,5 diém)
Bai 4(3,0 diém).
1) Ta c6: u; > v; va theo bat dang thic Cauchy ta c6 u, > V,, Suy ra
Wty
2
Gia stt n =k > 2 cac bat dang thirc sau déu dung: b < Vi <V <U, <U <a
Véi n = k+1 thi theo Cauchy: Uyss > Vs

u,

<u1;v2=,/u1v1 >V,. Dodé b=v, <v,<u, <u, =a.
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u +V
_ “k+l k+1 . —
= uk+2 - 2 < uk+1’Vk+2 - uk+1Vk+1 > Vk+1'

Tur do suyra: b<v, <v . <uU_ ., <U,<a. Tuc laday s6 (up) giam va bi chan dudi,
nén bi chan, day (v,) tang bi chan trén nén bi chan. (2,0 diem)
2)bat lim up =x; lim vy =y, taco:
N—>-+o0 N—>-+o0

- _1/ . . 1 _ .2
X= i, Uy =5 im, o+ fim, v )= 0o ox=y. (1.0 didm)
Bai 5(3,0 diém).
, q2(1-X)+2010 52011
Taco: f(1-x) = 204, a%+a suy ra f(X)+f(1-x)=

a2x+2010 a2011 )
e (1,0 diém)
a”“+a a™" +a

Vi: S= f(0)+f(%)+f(%)+...+f(1)

1)+ £ 4 f(122
5= f(1) + (%) +(-5) +..+(0)

Do dé: 25 = [f(0)+f(1)] {f(%) +f(”T'1)} + {f(%) +f(nT'2)}+...+[f(1) +f(0)]

(1,0 diém)
Ma [£(0) +f(1)]= [f(%) R f(”T‘l)} . [f(%) . f(”T‘z)} . =[f() +(0)]= a2
(0,5 diém)
Suy ra: 25 = (n+1) a®*° hay S :%(n +1)a%0 (0,5 diém)

Bai 6(3,0 diém).
bt f(x) =[1+2sinx|+[1+2cos x| >0 nén

f2(x) = 6 + 4(sinx+C0sx) + 2[L+2(sin x +cos X) + 4sin x.cos X
kién [t <v/2 tacé ham s6 g(t) =6+4t+2[2t* + 2t -1 trén mién [t| <v/2, ta c6 bang bién thién

, dat t = sinx + cosx, voi di€u

(2,0 diém)
g(t) A +8t+4 -4t + 8 A +8t+4
g’(t) 8t+8 -8t 8t+8
Dau - + 0o - +

g’(t)

) \ N —
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Vay ming(t) = min(g(— Y2 g1 - (31 (1,0 diém)
—J2<t<2 2 2

max g (t) = max(g(—/2); 9(0); g(+/2)) = 4(~/2 +1)?, tir @6 suy ra dpcm

—J2<t<2

Bai 7(3,0 diém).

B
A \E
o
0, o)

A

+ Ké duong kinh AA’ ciia (O;R), ldy trén AA’ mét diém O, 530 cho O,A” = %R Ta di

chirng minh dudng tron (O, %R) chinh 13 duong trdn can tim. (1,0 diém).

+/ Ké duong kinh PQ cua (Og;Ry), thi O, M, Q thang hang, d& thay tam gidc OQP can tai Q,
goi B la diém do6i xtig cua O qua A ta c6 hai tam giac QPO, POB dong dang v6i nhau suy
QP PO h 2 _ W2

=C_ "% hay OP? = 4RR,(1 0,5 diém).

7D hay @ (08 diém).

+/ Do tam giac OAP vuong tai A nén OA? + AP? = OP?, két hop (1) ta co:

OA® + AP? = 4RR; < R?+AP? =4RR < Rf—gRR1+§R2 +AP? = Rf+gRR1+%R2

ra

@(Rl—%Rj + AP? :(R1+%Rj & (O,P-0,A)’ + AP’ :(R1+%R)

2
< 0,02 :(R1 +%RJ =00, = R1+%R (dpcm) (1,5 diém).

B. HUONG DAN CHAM
1/ Piém cua bai lam theo thang diém 20, 1a tong diém ciia thanh phan va khong 1am
tron so.
2/ Néu thi sinh 1am cach khac dung van cho diém tdi da phan do.
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