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LOI NOI bAU

Cuén sach “LUONG GIAC — MQT SO CHUYEN BE VA UNG DUNG” nay dugc bién
soan v&i muc dich cung cap, bd sung kién thirc cho hoc sinh THPT va mét sé ban doc
quan tim dén mang kién thizc ndy trong qué trinh hoc tap va lam viéc. Trong tap 3 “TIM
GIA TRI LON NHAT, GIA TRI NHO NHAT; MOT SO PHUONG PHAP LUONG
GIAC HOA” nay, chung t6i s& trinh bay cac ky thuat dai sé, giai tich vé hai van dé trén.
Tuy nhién, ching tdi s& xoay vao trong tam la “PHUONG PHAP LUQONG GIAC HOA”,
mét dang ung dung ky thuat kha hay trong mot sb bai toan.

O cac chuong chinh, chiing toi chia 1am 3 phan :

- Phan I : Néu ly thuyét ciing vi du minh hoa ngay sau dé, gitip ban doc hiéu va biét
cach trinh bay bai. Bong thoi dua ra cac dang toan co ban, thuong gap trong qua trinh

lam bai trén 16p cua hoc sinh THPT. G phan nay, chlng toi s& trinh bay mot sé bai dé ban
doc c6 thé nam vitng hon, tranh sai sot.

- Phan I1 : Trong qué trinh tham khao va tong hop tai liéu, ching t6i s& dua vao
phan nay cac dang toan khé nham gitp cho céc hoc sinh boi dudng, rén luyén ki ning
giai LUONG GIAC thanh thao hon khi gip phai nhitng dang toan nay.

- Phan 111 : Ching t6i s& dua ra 10i giai goi y cho mot s6 bai, qua d6 ban doc kiém
tra lai dap sb, 16 giai hoic cling c6 thé tham khao thém.

Trong qua trinh bién soan, mic du chung t6i da cb gang bang viéc tham khao mét lwong
rat 16n cac tai liéu co sin va tiép thu c6 chon loc y kién tir cac ban ddng nghiép dé dan
hoan thién cudn sach nay, nhung khé tranh khoi nhitng thiéu s6t boi tim hiéu biét va kinh
nghiém con han ché, chiing toi rat mong nhan duoc y kién dong gép quy bau ciia ban doc
gan xa.
Chi tiét lién hé tai : anhkhoavo1210@gmail.com

minh.9al.dt@gmail.com

CAC TAC GIA
VO ANH KHOA — HOANG BA MINH.
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LOI CAM ON

Trong qua trinh bién soan, chung t6i xin cam on dén nhiing ban da cung cAp tai liéu tham
khao va vui long nhan kiém tra lai tirng phan caa ban thao hoic ban danh may, tao diéu
kién hoan thanh cubn sach nay :

- Tran Phong (PH Su Pham Tp.HCM)

- Ngb Minh Nhut (BH Kinh Té Tp.HCM)

- Mai Ngoc Thiang (PH Kinh Té Tp.HCM)

- Truong Tan Sang (Westminster High School California)

- Nguyén Thi Thanh Huyén (THPT Chuyén Luong Thé Vinh Dong Nai)
- Nguyén Hoai Anh (THPT Chuyén Phan B6i Chau Tp.Vinh)

- Nguyén Dinh Thi (BH Khoa Hoc Ty Nhién Tp.HCM)

va mot s6 thanh vién dién dan MathScope.
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X




MUC LUC

TAP 3: TIM GIA TRI LON NHAT, GIA TRI NHO NHAT
MQT SO PHUONG PHAP LUQNG GIAC HOA

CHUONG 8 : TIM GIA TRI LON NHAT, GIA TRI NHO NHAT

l. TIM GIA TRI LON NHAT, GIA TRI NHO NHAT

HAM LUGQNG GIAC ... stinas s,
1. PHUONG PHAP BIEN DOI LUONG GIAC ..o,
BAITAP TU LUYEN ..o e en s
2. PHUONG PHAP SU DUNG BAT BANG THUC CO BAN .................
BAITAP TU LUYEN ..ottt
3. PHUONG PHAP DAO HAM HAM SO ....coooiieeeeeeeeeeeeeeeeseees

BAI TAP TU LUYEN /it

II.  TIMGIA TRI LON NHAT, GIA TRI NHO NHAT

HAM LUQNG GIAC CHUA THAM SO ..o,
BAITAP TU LUYEN . .....oiiiieieteeees ettt en s

1. TIMGIA TRI LON NHAT, GIA TRI NHO NHAT

HAM LUQNG GIAC TRONG TAM GIAC ......coooovevvieeeeereeee,

BAITAP TU LUYEN ..ottt ettt ettt et enaas



CHUONG 9 : PHUONG PHAP LUQNG GIAC HOA

VI.

PE GIAI MOT SO BAI TOAN PAI SO

TOM TAT MOT SO KY THUAT THUONG DUNG .......cccooevevrrerrene, 57
PHUONG PHAP LUQNG GIAC HOA

TRONG CHUNG MINH PANG THUC PAI SO ..o, 59
BAI TAP TU LUYEN ..o oottt oottt ettt en s 63

PHUONG PHAP LUQNG GIAC HOA
TRONG CHUNG MINH BAT PANG THUTC...........c.ccciiviineeeereereen, 63
BAITAP TU LUYEN ..ottt et 86
PHUONG PHAP LUQNG GIAC HOA
TRONG GIAI PHUONG TRINH ...........ccooveiiiiiiieeeeeeeesesereeeesenens 88
BAITAP TU LUYEN .....oiiiioieeiites i ten et ee s 95

PHUONG PHAP LUQNG GIAC HOA

TRONG GIAI HE PHUONG TRINH............cccooovoiiiirinesireeesese s 95
BAI TAP TU LUYEN . cceitieeieeeeee s 104

PHUONG PHAP LUONG GIAC HOA
TRONG TIM GIA TRI LON NHAT, GIA TRINHO NHAT................ 105
BAIFTAP TU LUYEN ..ottt en s 111

TAILIEU THAM KHAO ..ot 114



Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

CHUONG 8
TIM GIA TRI LON NHAT, GIA TRI NHO NHAT

l. TIM GIA TRI LON NHAT, GIA TRI NHO NHAT HAM LUQNG GIAC

Cho ham sé y = f(x) xéc dinh trén mién D c R.
1. Mat sb thue M duoc goi la gia tri 16n nhat cua ham sé néu :

{ f(x) <M, Vx €D
Jx, € D sao cho f(x,) =M

Ki hi¢u: M = maxy
2. Mot sb thue N duoc goi 1a gia tri nho nhat cua ham sé néu :

{ f(x) =N, vx €D
Jx, € D sao cho f(x,) =N

Kihiéu:N = miny

e Chayrang: Néuhamsd y = f(x) lién tuc trén [a; b] thi ham sb d6 dat gia tri
I6n nhat va gia tri nho nhat trén [a; b]

Nhu vay, dé tim gia tri Io6n nhat (GTLN) va gia tri nho nhit (GTNN) caa mot ham sé hay
mét biéu thirc lrong giac, tiy theo tung loai toan ta c6 thé ding mot trong cac phuong
phap sau. O day, chiing ta chi dé cip dén cac phuong phap dai sb, giai tich.

1.  PHUONG PHAP BIEN POI LUQNG GIAC
- Dua vao tinh bi chan caa ham sé sin, ham sé cos

{Isinxl <1
lcosx| <1

- Dung diéu kién c6 nghiém cua cac phuong trinh co ban
i.  Phuong trinh bac hai : ax? + bx + ¢ = 0 ¢6 nghiém x € R khi va chi khi

%o

ii.  Phuong trinh a sinx + b cosx = ¢ ¢6 nghiém x € R khi va chi khi

a’ + b? > c?
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iii.  Néu ham sé co dang

a,sinx + b; cosx + ¢;

a,sinx + b, cosx + ¢,

Ta tim mién xac dinh cta ham sé rdi quy dong mau s, dua vé phuong trinh ¢b dién
asinx + b cosx = c.

Néu ham s chwa dua vé dang trén thi ta bién doi dé dua vé dang trén (néu dugc).

Bai 1: Tim gi4 tri 16n nhat, gia tri nho nhat caa ham s6
a. y = 3sin?x + 4sinx cosx — 5 cos?x + 2

16
b.y= 3 (sin® x cos 3x + cos3 x sin 3x) + 3 cos 4x

2cos’x —2sin2x+ 1

1+ sin? x
Giai
a. Taco:
1 —cos2x _ 5 _
y=3 T+251n2x—§(1+c052x)+2 =2sin2x —4cos2x+1
Hay

2sin2x —4cos2x =y —1
Phuong trinh nay c¢6 nghiém khi va chi khi
224+ 42> (y—1)?
= -2V5+1<y<2V5+1

Do do,
maxy = 2V5+1 e x = arctan(Z +\/§) + krt (k € Z)
miny = 2\V5+1ex= arctan(Z —\/E) + krt (k € Z)
b. Ta da ching minh duoc
sin® x cos 3x + cos® x sin3x = Zsin 4x
Do do,

y = 4sin4x + 3 cos4x
Phuong trinh nay c6 nghiém khi va chi khi
y2<42+32= -5<y<5
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Vay
1
arctan§+ km
maxy =5 x = 5 (k ez
—arctan%+kn
miny = -5 x = 5 (k ez
c D=R
Taco:

14+ cos2x —2sin2x+1 2cos2x —4sin2x +4
y: =

1+%(1—c052x) 3 —cos2x
& y(3 —cos2x) = 2cos2x —4sin2x + 4
& (2+y)cos2x —4sin2x =3y — 4
Phuong trinh nay cé nghiém khi va chi khi
2+y)2+16 = (3y — 4)?

7 — 57 7 + V57
&——<y<s——
4 4
Do do6

7 + V57 5—+v57
maxy:T(:)xzarctanT+kn (k ez

_ 7 — V57 5+ +V57
m1ny=T(=>x=arctanT+ln(lEZ)

Chi y: Tuong tu cAu a, ta dua vé bai toan dang téng quat

Tim gi4 tri 16n nhat, gié tri nho nhat caa ham sé

y = acos?x + bsinxcosx + csin® x + d

Bai 2: Tim gia tri 16n nhat, gia tri nho nhat cia ham sb
a. y = |V3sin 2x — 2 cos? x + 3|

b. y =sinx (1 — 2 cos 2x)

c. y = Vsinx —+/cosx

d. y=vV1+2sinx+vV1+2cosx
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Giai:
a. Taco:

. V3 1 _ m
y = |\/§sm2x—c052x+ 2| = ‘2(751n2x—zc052x> + 2‘ = 2 |sm (Zx—g) + 1|

s
sin (22— =) +12 0
Vi 6n =0<y<4
sm(Zx —g) <1
Vay
s
maxy=4<:>x=§+kr[(kEZ)
s
miny:O(:)xz—g+lrt(lEZ)
b. Taco:
y = sinx — 2sinx cos 2x = sinx — sin 3x + sinx = 2 sin x — sin 3x
Ta xét :
ly| = |2sinx — sin3x| < 2|sinx| + |sin3x| < 3
= -3<y<3
Do do,
T
maxy=3(:>x=z+k2n(kEZ)
T
miny = -3 & x = —§+l2n(l €Z)
C. Ham sé xéac dinh khi va chi khi
{sinx >0
cosx =0
Taco:
y = Vsinx —+/cosx < Vsinx <1
Vay
maxy =1 & {sinx =1 = x = z (théa diéu kién xac dinh)
cosx =0 2 | '
Hon nira,
y = Vsinx —+/cosx = —cosx > —1
Vay
miny = -1 & {smx =0 =x=0 (théa diéu kién xac dinh)
cosx =1
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d.  Diéu kién:
L 1
: sinx > ——
1+2sinx=>0 - s 21
- = —— < < —
{1+2cosx20 1 6+k2”—x_3+k2n
cosxz—z
Vi chu ky ctia sin x va cos x 1a 27 nén ta can xét trén [- m; ]. Do do6
r[< <2T[
_lcx< ™
6 3

Taco:
y2 =24 2(sinx 4 cosx) + 2/(1 + 2sinx)(1 + 2 cos x)

=2+2\/§sin(x+%)+2\/1+2\/§sin(x+%)+25in2x

Hon nira,
T[< <2
6= =73
n< +n<11n
I TS
3 — 3
T
\/§—1S2\/§sin(x+z)32\/§
—7Ssm2x31
Suy ra

2
y2<2+2vV2+2 /3+2\/§=2+2\/§+2 /(\/E+1) =4+ 4V2
sin2x =1 T
— T - —
maxy = 2 /\/E+1<=>{Sin(x+z)<=)x—4

y2 >3 +1

Do vay,

Tuong tu, ta dugc

Do do,
V3

\/\/_— sin2x=—7 T

miny = 341 < S x=——

g . T, V6—+2 6
ksm(x+z)=T
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Bai 3: Tim gia tri 16n nhat caa ham sé
a. y =sin’ x + cos?x

2001 2002

b. y = sin X + cos x
c. y = cos 6x — cos 2x + 4(—3sinx + 4sin3 x + 2006)

d. y = 4sin? x + sin? 3x — 4 sin x sin? 3x + 3

Giai
a Taco:
{ |sinx| < 1= sin”’x <1 =sin’x <sin?x
|cosx| <1 = cos!®x <1 = cos'?x < cos?x
= y <sin’x+cos?x =1
Do do,
sin® x = sin? x
maxyzl(z){ 12 , o o=x=0
cos'? x = cos?x
b. Taco:

{sinx <1 =sin®x <sin?x = sin® x < sin*x < sin?x = ... = sin?%%1 x < sin%x
cosx <1 = cos*x <cos?x = .. = cos?%%2 x < cos?x

= y <sin?x + cos?x =1

Do do,
sin® x = sin®x
maxy=1<=>{ 4 , =x=0
cos*x = cos?x
C. Taco:
y =1 —2sin?3x — cos 2x + 3(— sin 3x + 2006)
= —2(sin®? 3x + 2sin3x + 1) —cos2x + 1 + 8026
= —2(sin3x + 1)? + 2sin? x + 8026 < 8028
<0 <2
Do do,
_ sin3x = —1 _n
maxy = 8028 < { a2 =x=5
d. Taco:

y = (2sinx — sin? 3x)? + sin? 3x — sin* 3x + 3
= (2sinx — sin? 3x)? + sin? 3x (1 —sin®?3x) +3 >3
Do do,
2sinx —sin?3x =0

sin23x(1—sin23x)=0=>x=0

maxy=3<=>{



Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Bai 4: Tim gia tri nho nhat cua ham sb
a. y = 4sin? 2x — sinx (8V3 cosx + 1) — cos?x + 6 + 2 cos 6x

19
b. y=3coszx—4cosx—\/§sinx+z

Giai:
a. Taco:
y = 4sin? 2x — 4V3sin 2x — sinx — (1 —sin®x) + 6 + 2(2 cos?3x — 1)
1 1
:(4sin22x—4\/§sin2x+3)+sin2x—sinx+Z+4c0523x—Z
2 1\2 1 1
:(ZSian—\/g) +<sinx——) +4cos?3x——>——
2 4 4
Do do,
( V3
| sin2x = —
1 4 2 T
miny = — - & 1 =>x=—
4 | sinx =— 6
k 2
cos3x =0
b. Taco:
15
y=4c052x—4cosx+1—(1—sinzx)—\/gsinx+7
RN
= (2cosx—1)*+ sinx ——- +2=>2
Do do,
_1
| , Jcosx—z -
= L el el = —
min y 3 X =3
ksmx— 5

Bai 5: V&i a 1a mot goc ¢b dinh cho truge. Tim gié tri nho nhat caa ham s6 :
y = tan?(x + a) + tan?(x — a)

Biét rang ham sé thoa cac diéu kién xac dinh cho truéc.
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Giai: Taco:
y = [tan(x + @) + tan(x — a)]? — 2 tan(x + a) tan(x — a)
sin(x + a) sin(x — a)

S 2tan(x + @) tan(x — @) = —2.
an(x + o) tan(x — a) cos(x + a) cos(x — a)

cos2x — cos2a

‘ "cos 2x + cos 2a
Do d6, min y ton tai khi va chi khi

tan(x +a) = —tan(x —a) =tan(a —x) @ x =kn (k €Z) © cos2x =1
Khi do,
1—cosZa_ 5
yzz.m—Ztan o

Vay miny = 2tan’ a © x = kn (k € 7)

Bai 6: Tim gia tri nho nhat cua biéu thic
P=cot*a+ cot*h +2tan®atan?b + 2

(PH Giao Thong Van Tai 1999)

km
a,b¢7 (k ez

Taco:
P = (cot? a — cot®b)? + 2 cot? acot? b + 2tan? atan? b + 2
= (cot?a — cot? b)? + 2(cota cotbh —tanatan b)? + 4 cotacotbtanatanb + 2
= (cot?a —cot?bh)? + 2(cotacoth —tanatanb)?> +6 = 6
Do do,
cot?a = cot?b {cot2 a=1

minP = 6 < {
cotacoth =tanatanb cot?’h =1

="+ e
= = = — —_
@ 477

Bai 7: Cho sin x + siny + sinz = 0. Tim gia tri I6n nhat, gia tri nho nhat caa biéu
thac

T = sin? x + sin*y + sin® z

Giai: Taco:
sin?x >0
sin*y>0=T2>0
sin®z >0
Do @b, min T = 0 khi va chi khi sinx = siny = sinz = 0. Ta chon
x=y=z=0



Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Hon nita, ta thay luén ludn ton tai 2 s6 gia sir 1a sin x, sin y clng dau va
sin*y < sin®y
{sin6z < |sin z|
= T < (sinx + siny)? — 2sinx siny + |sinz| < sin? z + |sinz| < 2|sinz| < 2
Do d6, max T = 2 khi va chi khi sin x siny = 0 va |sinz| = 1. Khi do, ta chon

(7=
2
=72

- BAI TAP TU LUYEN
8.1.1. Tim gia tri I6n nhat, nho nhat cua ham sé
a. y=3sinx —4cosx+ 2

b. y =12cos?x —8sin2x + 9
sinx +2cosx + 3

C. =
Y 2+ cosx
cosx —sinx+1
d.y=-—
sinx +2cosx — 4
2sinxcosx +cos2x +1
e.y=

2 cos?x +sin2x — 4
T

f. y=4sin2x+\/§sin(2x+z)

cos3x +asin3x+1

& ¥= cos 3x + 2
h. y = sin® x + cos® x + asin x cos x
8.1.2. Tim gia tri nhod nhat caa ham sé

1 \? 1
y = (sin2x+ ) + (coszx+ )

,ala goc co dinh cho truéc

2

sin? x cos? x
. 1 \2 , 1 \2
Y1 =|smn"x +— +(cos” x + 3
sin® x Ccos° x

N n
Biétrang x € (O;E)
8.1.3. Tim gia trj 16n nhat cua biéu thic

A =sinx + siny + cos(x + y)
B = cosx + cosy — cos(x + y)
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- GQI Y GIAI BAI TAP TU LUYEN
8.1.1.

maxy = 7 < x = 2arctan 3 + 2kmn (k € Z)

a. 1
miny = -3 & x = -2 arctan§+ 2km (k € 7)

_x=2arctan(2—\/§)+k2n
maxy = 25 & (k ez
_x=2arctan(2+\/§)+k2n
b. { [ 1-+5
x = 2 arctan + k2w
miny =5 & 2 (k ez
x=2arctan + k2w
maxy—Z(:wc—E+k2n(kEZ)
mmy——(:wc——Zarctan3+2kn(kEZ)
d {m :—(:wc—Zarctan2+2k7T(kEZ)
mmy——l(:)x—an(kEZ)
( _—5+442
| max — (:>x=—arctan(1+\/§)+krt(kEZ)
& 4 5—4+/2
Ikmlny——=>x=—arctan(l—\/i)+k7r(kEZ)

f{maxy=2+\/—<=>x=arctan(1+\/§)+krt(keZ)
' miny=2—\/§<=>x=—arctan(l—\/i)+krt(kEZ)

( 1+V1+3a?
maxy = 3

& _ 1 =1 + 3a?
miny = 3

10
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( a2 1
maxy = — +
V=12

1 a

ace [—3}3]<miny=z+§;a€ [—3; 0]

1 a
1 [ E .
miny =-—-;a [0; 3]

—(1 in? 2 )<1+ 16 >+4>25
Y= S eX sin* 2x — 2
—(1 3'22 )<1+ = )+4>81
o qyl_ 4sm x sin® 2x 4
8.1.3. Ta bién doi biéu thuc da cho thanh
1 x—y 3
A =1+ —cos? < -
q ‘ , +2cos > =3
bé y rang, néu ta dat
u=x >
LT
v=y >

Ta s& dua biéu thuc Bvé dang biéu thic A.

2. PHUONG PHAP SU DUNG BAT PANG THUC CO BAN

- O phan nay, ngoai viéc sir dung cac phuong phap di dugc dé cap & chuong 3,
chding ta can phai xac dinh rd diéu kién xac dinh cua ham sé hay biéu thuc truéce
khi sir dung cac bat dang thirc co ban.

- Phuong phap nay dugc coi la mot phuong phap kho vi doi hoi tinh sang tao va ky
thuat cao trong viéc str dung thanh thao bat dang thac va trong viéc vira tim gia tri
I6n nhat vira tim gia tri nho nhat nén da phan cac bai toan ¢ dang nay chi yéu cau
tim gia tri 16n nhat hoic gia tri nho nhat ciia ham sé hay biéu thuc.

11
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Bai 1: Tim gia tri nho nhat cua ham sb

1 1
yl:sinx Ccos x
1 1
Y2 =2—cosx+1+cosx

1

sin* x + cos*x

ys = 2 + tan? x + cot? x +

Biét ring x € (0; E)

2
Giai:
N TN 4 fsinx >0
Vi x E,(O'WZ) nén {cosx >0
Theo bat dang thuc Cauchy, ta co :
1 1 2 2V2
=—+ > = > 2V2
Y = Sinx " cosx Vsinx cosx  sin2x
Do do,
: _ sinx = cosx _r
mlnyl—Zﬁ(:){ sin 2% = 1 :>x—4

Hon nita, theo bét ding thirc Cauchy, ta c6 :

( 1 1 2

ly, = + =
2=cosx 1+ cosx \/(2 — cosx)(1 + cosx)

2—cosx+1+cosx 3

\/(2—cosx)(1+cosx)s 5 =3

2
=y 2 2
\/(2 —cosx)(1+ cosx)

RTINS

Do do,

4
miny2=§<:>cosx=z=>x=§

Ta bién doi ham s y, thanh

12
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1 1 1 1 1
= o T2, tToa %y w2 2. T o )
COosS“ Xx Sin“ x SIn* x + cos* x SIn“© X Cos“ x SIn* x + cos*x

Y3

2 1 1
= a2 +(-4 . T3 2 )
sin“® 2x sin* x + cos*x 2sin“ xcos<x

1
22 (- )
sin*x + cos*x  2sin? x cos? x

Theo bat ding thic Cauchy, ta c6 :

1 1 2
" . T ooz 2. =
sin®x +cos*x  2sin“xcos“x — /(sin* x + cos* x)(2 sin? x cos? x)
4 4
= — , =— =4
sin* x + cos*x + 2sin? xcos?x  (sin? x + cos? x)?
= y; = 6
Do do,
sin? 2x = 1

via
=x=—
4

miny3=6<:>{ i }
sin* x 4+ cos* x = 2.sin® x cos? x

Bai 2: Cho x,y nhon. Tim gid tri nho nhat caa biéu thirc

A =tan’x +tan’y + cot’(x +y) + 4

Giai:
Do x,y nhon nén sin x, sin y, cos x, cos y duong.
Taco:

tanx + tany 1

1—tanxtany cot(x + y)
& tanxcot(x +y) +tanycot(x +y) =1 —tanxtany
& tanxtany + tan y cot(x + y) + tan x cot(x + y) = 1 (%)
Hon nira, theo bat dang thic Cauchy, ta c6 :

tan? x + tan®’y > 2tanx tany
tan? y + cot?(x + y) = 2tany |cot(x + y)| = 2 tany cot(x + y)
cot?(x + y) + tan? x = 2|cot(x + y)|tanx = 2 cot(x + y) tan x

= 2[tan? x + tan? y + cot?(x + y)]
> 2 [tanx tany + tan y cot(x + y) + cot(x + y) tan x|
=1 theo (%)
= tan’x +tan’y + cot’(x +y) > 1
=A>=5
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Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Do do,
T

minA=5<=>tanx=tany=cot(x+y)=x=y=g

Bai 3: Cho a, b, ¢ 1 cac s thuc thoa man a? + b? + ¢? = 3. Tim gia tri 16n nhat cua
biéu thuc

T
B=a+ bVsinx + cvcosx ,x € (O;E)

Giai:
Theo bat ding thic Bunyakovsky, ta ¢6
B = a+ bVsinx + cvcosx < +/(a? + b% + ¢2)(1 + sinx + cos x)

=\/3[1+\/§sin(x+%)] SJ3(1+\/§)

Do do,
T
(T
b c 44
a= = V3.AZ
max B = 3(1+\/§)(:, Vsinx Weosx ] a= 7
) (x+z):1 2+V2
sin Z 73
b=c=
\ 2++2

Bai 4: Cho m, n 1a hai sé ty nhién I16n hon 1. Tim gié tri Ién nhat caa ham sé
. T
y =cos™xsin"x,x € [O;E]

(PH Bach Khoa Ha N¢i 1998)

Giai:
T
Vixe [0;5] nény > 0.

Theo bat dang thizc Cauchy, ta c6 :

cos® x\ [cos? x cos®x\ [sin?x) /sin? x sin? x
2 m n
y%z =mm.n" )
m m m n n n

m sb hang n sé hang
m+n
mm.n" cos’x cos’x cos’x sin?x sin’x sin? x
< — + ot + + + ..+
(m+n) m m m n n n
m sé hang n sé hang

14



Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

. m+n
mm.n" cos? x sin? x mm.n"
= m. +n =

(m + n)m+n n (m + n)mtn

mm. n"
=V= (m + n)m+n
Do do,
mm.n" cos’x sin®x n n
maxy = (m+n)m+n(:) - = - @tanxz\/%@xzarctan\/%

Bai 5: Cho a, b, ¢ 1a ba s6 thuc riéng biét sao cho ham sb sau c6 nghia

b b
y=\/asin2x+zsin2x+ccoszx+\/acoszx+§sin2x+csin2x

Tim gia tri Ion nhat ctia ham sé.

Giai:
Theo bét dang thirc Bunyakovsky, ta c6 :
y < \/Z[a(sin2 x + cos?x) + b sin 2x + c(cos? x + sin? x)]
Hon nita, do b sin 2x < |b|. |sin 2x| < |b|. Ta duoc
J2[a(sin? x + cos? x) + bsin2x + c(cos? x + sin? x)] = +/2(a + ¢ + b sin 2x)
<2(a+c+]|b])
:yS\/Z(a+c+ |b])
Do d6, maxy = /2(a + ¢ + |b|) khi va chi khi

asin2x+isin2x+ccoszx = acoszx+zsin2x+csin2x

m km
<:>c052x=0<=>x=z+7(kEZ)

Bai 6: Tim gia tri nho nhat cua ham sb

o+ VST Y e(on]
y = 4x " sin x COSX; X >

Giai:
T
Vi x € (O;E] nén 0 < sinx <1 = +/sinx > +/sin* x = sin® x

15



Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Tuong tu, ta c6 : vcosx = cos? x
Tasuy ra

Vsinx +/cosx = sin?x + cos?x =1
Mt khac, theo bat dang thirc Cauchy, ta co :

2 / 2
dx +—2>2 |[4x.— =41
X X

Suy ra
y=4n +1
Do do,
sinx = cosx -
iny=4r+1 o T o x=—
miny T+ i4x:7 X >

Bai 7: Cho céc sé thuc a; (i = 1;2012) thoa man diéu kién

T T

ai € [5iz

Tim gi4 tri 16n nhat cua biéu thirc

2012 2012
_ 1
C= E sin ; E .
sin a;

i=1 i=1
Giai
Taco
T T ) 1
a; € [E'E] = sina; € [2, ]

Ta duoc két qua sau :

16



Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

( 1 3

San{jﬁ_Zsincx1 SE

_ 1 3

) Sma2+ZSina2 SE
_ 1 3
R e ——

2012 2012
1 1 2012.3
:ZSinai+—z - < = 3018
et 2 £ 4 Sin a; 2
1= 1=

Mt khac, theo bat dang thiic Cauchy, ta c6 :

2012 2012 2012 2012

z. +1Z 1 - Z 12 1
_ STy L sin - SECH sin a;
1=

i=1 i=1 i=1

2 2012

012
_ 1 1
= 3018 > 2 Zsmai.—z .
d 2 ¢ 4 sina;
= 1=

i

2012 012
s (2 sin oci) (2 - ) < 2.15092
, sin q;

i=1 i=1
Do do,
( . 1
[sm a; = >
maxC = 2.1509° & 1, . S =20}2
:E: . 1.:5: 1
sina; == -
| & 2 s sin ;
T do, ta chon
_ 1
sin a,
2sinayggp . =
| ) 1 (i=1;2012)
k SN Gi—q = 2 sin a;

17



Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Bai 8: Tim gia tri 16n nhat va nho nhat caa ham sé

y = sin® x + V3 cos x

Taco:
sin® x < sin* x
= y =sin’ x + V3 cosx < sin*x + V3 cosx

Theo bt dang thirc Cauchy, ta co

1
(1 —cosx)(1+ cosx)(1+ cosx) = 5(2 —2cosx)(1+ cosx)(1+ cosx)

3
32
=—<V3
) 27

<1(2—2cosx+1+cosx+1+cosx
-2 3
= V3 — (1 = cosx)(1 + cosx)(1 + cosx) > 0
= (1 —cosx)[V3 — (1 = cosx)(1 + cos x)?]| = 0
& V3(1—cosx) —sin*x >0
& sin*x +V3cosx <3
Do do,
maxy=\/§<:>cosx=1=>x=0
Talaico:
y = sin® x + V3 cosx = —sin* x + V3 cos x

Tuong tu trén, theo bat dang thirc Cauchy, ta co :
1 32
(14 cosx)(1 —cosx)(1 —cosx) = 5(2 + 2cosx)(1—cosx)(1—cosx) < >7 <3

= V3 — (1 + cosx)(1 — cosx)(1 — cosx) > 0

= (1 + cosx)[V3 — (1 + cosx)(1 — cosx)?] = 0

18



Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

& —sintx +V3cosx > —V/3

Do do,

miny=—\/§(=)cosx=—1=x=n

- BAI TAP TU LUYEN
8.1.4. Tim gia tri nho nhat ciia ham s6

y = cotx (cosx + sinx) + sin?x + 1,x € (0,m)
8.1.5. Tim gia tri nho nhat ciia ham s6

=cos2x + —
Y 2cos?x + 2

8.1.6. Tim gia tri nho nhat ciia ham s6
2
y:4x+7+sinx,x >0

8.1.7. Tim gi tri nho nhat caa ham sé
8
= +3sin’x,x € (0;m
y, 3sinx — sin 3x (0;m)
8.1.8. Tim gia tri nho nhat cia ham so
s 2
SIn~ x T 1T
= X E(—;=
y cos x (sinx — cos x) (4 2)
8.1.9. Tim gid tri nho nhat caa ham s6

Y= (a+sif1x)(b+coix)'xe (O’E)’az 0,b=0

8.1.10. Tim gi4 tri Ion nhat caa ham s6
3sin? x (1 — 4 sin? x) i
xe(0:g)

0;—

Y= cos*x 6

8.1.11. Tim gia tri I6n nhat caa ham s6
y =sinx ++/2 —sin?x + sinx 2 — sin? x
8.1.12. Tim gi4 tri Ién nhat caa ham s6
y = (cosx + asinx)(cosx + b sinx)

8.1.13. Cho n gbc x4, x5, ..., x, (n € N,n > 1) théa man

tanx; tanx, ...tanx,, =1

T
X1, Xgy ey Xy F E+ krn (k € Z)

Tim gi4 tri 16n nhat cua biéu thirc

A = sin x; sin x, ...sin x,
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Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

8.1.14. Cho a, b,c > 05a0 cho a sin x + b cos y = c. Tim gi4 tri 16n nhat cua biéu thic
cos?x  sin?
+ y
, a b
8.1.15. Tim gi& tri I6n nhat, gia tri nho nhat cua biéu thac
asin*x + bcos*y acos*x+ bsinty

= +
csin?x +dcos?y ccos?x +dsin?y

Vdoia,b,c,d> 0.

- GOl Y GIAI BAI TAP TU LUYEN
8.1.4. Ta 4p dung
1

— +sin?x > 2
sin? x

cos? x

=0

x € (0,1) =

Sin x
Suy ra

A
miny=2(:>x=5(kEZ)
8.1.5. Theo bat dang thirc Cauchy, ta c6 :

2
2(1 + cos x)+2(1+coszx) > 2
Suy ra
N arccos(—2) + 2km
miny = =K . arccos(—ZZ) + 2km (k € Z)
2
8.1.6. Theo bat dang thizc Cauchy, ta c6 :
7.".2
4x +—2=> 121
X
Suy ra
3

miny=12n—1<=>x=7

8.1.7. Ta bién doi
1 1 . . .
y =———+———+sin’x +sin® x + sin” x
sin3x  sin3x

Ta ap dung
x € (0;m) = sinx € (0; 1]

511
y=5 [— .sin? x.sin? x.sin?2x =5
sin® x

20



Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Suy ra
T
miny=5(=)x=§

8.1.8. Ta bién ddi

—tanzx t +14+—
= =tanx
Y tanx — 1 tanx — 1

Theo bt dang thirc Cauchy, ta 6 :

1
tanx -1+ ———=>2
tanx — 1

V5 —1

Suy ra

miny = 4 < x = 2 arctan
8.1.9. Ta bién ddi
a? b? 2ab

+ — + —
cosx sinx sin2x

y =ab +
Theo bt dang thirc Cauchy, ta c6
a? b? 242
+ =
cosx sinx  +/sin2x
2
=y >ab(3+2v2)=ab(vV2+1)

Suy ra
2 i
miny=ab(\/§+1) (:>x=z
8.1.10. Ta ap dung
i
(xe (O;E) = 1—4sin?x=(1-2sinx)(1+2sinx) >0

3sin?x + 1 — 4sin? x\° B cos* x
2 4

3sin®?x (1 —4sin?x) < (
Suy ra

1 arccos;
maxy=Z<=>x =—

8.1.11. Theo bat dang thirc Bunyakovsky, ta co :
sinx 4 /2 — sin x < /2(sin? x + 2 — sin? x) = 2
Theo bat dang thizc Cauchy, ta c6 :

1
sinx+/2 — sin? x < |sinx|y/2 — sin?2x < E(sinzx +2—sin?x) =1
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Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Suy ra
T
maxy=3(=)x=§

8.1.12. Ta bién ddi
1—ab a+b ab +1
)cost+< > )sin2x+ >

y=(
Theo bt dang thirc Bunyakovsky, ta c6 :

2

)2 _ J(az +1)(b2 + 1)

1 — ab\? a+b
) +(

(1—ab) ) +(a+b) oy < (
> COS 42X > SIN 22X = 5
Theo bat ding thic Cauchy, ta c6 :
a?+1+b*+1 a?+b%*+2
J@+1Dkh2+1) < =
2 2
a+ b\?
=>maxy=< > )+1

8.1.13. Ta bién doi
tanx; tanx, ...tanx, =1
< sin x, sin x, ... Sin x,, = COS X4 COS X; ... COS X,

= A? = (sin x; cos x;)(sin x, cos x,) ... (sinx,, cos x,,)

< (Isin x4]. |cos x4 |)(|sin x3]. |cos x5 ) ... (|sin x,,|. |cos x,|)
sin® x,, + cos?x, 1

- sin? x; + cos? x; sin? x, + cos? x,
< 5 ' 5 5 o
1
=A<I|Al =
2
1

n
22

NS

— max A =

Q=—+7- |+t

8.1.14. Ta bién doi
1 1 [sin?x cos?y
a b

Theo bat dang thizc Bunyakovsky, ta ¢
sin x cosy sin?x cos?y
c = ava. + bVb. < [(a®+ b3 +
Va v J (@@ +b%) ( a T )

Suy ra
sin?x cos?y c?
+ =
b a3 + b3

a

Khi do,
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Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

<1+1 c?
Q_a b a3+ b3
Do do,
1 1 c?
o maxQ= ety T E
8.1.15. Ta bién doi

b sin® x cos* x
=al|— + .
csin?x +dcos?y acos?x+dsin?y

cos?y sin*y
+b 2 2 2 2
csin“x +dcos“y acos“x+dsin®y

Taco:
sin* x cos*x sin*x  cos*x
2 2o T 2 ST oo T 2.
csin“x +dcos“y ccos“x +dsin“y  csin“x_ ccos“x
cos*y sin*y cos*y N sin*y
csin2x +dcos?y ccos?x+dsin?y ~ dcos?y dsin?y
a b
== H<—-+4+-—
c d
Do do,
a b

Hs—+-
max - d

1

(o4

1
d

Hon nita, Vi ¢ + d = c(sin? x 4 cos? x) + d(sin? y + cos? y) nén theo bét ding thic

Bunyakovsky, ta c0 :

sin* x cos* x
(c+d)

+
csin?x +dcos?y ccos?x+dsin?y

.4
- 5 5 - sin* x
= (csin*x+d cos*y + c cos“ x + d sin* y) — >
csin® x + d cos*y
cos* x

+ > (sin®x + cos?x)? =1
ccos? x + d sin? y) ( )

Tuong tu vay, ta cod

cos* sin*
(0+@< 24 24 )

csin?x +dcos?y ccos?x+ dsin?y

4
= (csin®?x + d cos?y + c cos? x + d sin? y) . oY
csin? x + d cos?y

sin*y
+ ; >1
ccos?x +dsin?y
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Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Do do,

Vay

s a+ b _a+b
“c+d c+d c+d

a+b
c+d

min H =

PHUONG PHAP PAO HAM HAM SO
Phuong phap nay dung dé khao sat mot ham sé luong giac trén mot doan, ta ciing
c6 thé tim duoc gia tri 16n nhat, gia tri nho nhat cia ham sé trén doan do.
Dé viéc khao sat ham sé duoc don gian hon, ta nén luu ¥ viée doi bién sb bang
cach dat 4n phu, nhung phai biét duoc giGi han cta an s mai. Luu ¥ rang khi dat
an phu, ta nén tim mién gia tri caa an phu trong khoang xac dinh an phu cho truéc.
Tuy viéc st dung phuong phap nay danh cho dbi twong 1 hoc sinh 16p 12 va céc
hoc sinh chuy@n, nhung chung t6i van khuyén khich céc ban I6p 10, 11 khéng
chuyén tham khao thém nham mé rong kién thae.
Céc budc giai chung cho loai toan khao sat ham sé y = f(x)

e Tim mién xac dinh D caa ham s6.
Tinh dao ham y’ = f'(x).
Giai phuong trinh y' = 0, tim nghiém x € D.
Lap bang bién thién, dua vao bang bién thién ta tim max y ; min y.
O déy, chung t6i c6 dung chir viét tit MXD, nghia 1a mién xac dinh.

Bai 1: Tim gia tri 16n nhat, gia tri nho nhat cua ham sb

y = 2sinx + cos2x — 3,x € (0; )

y' = f'(x) = 2cosx — 2sin2x = 2cosx (1 — 2sinx)

- T
X ==
cosx =0 72T
! = 1 = — 1 .
f'(x) el _le|x=¢ (vix € (0;m))
2 5
X =—
: 6




Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

T T 57
x 0 = - — s
6 2 6
f'(x) + 0 — 0 + 0o -
3
-2 -2 -2
Dua vao bang bién thién, ta c6 :
@ 3 T
= —— = —
max f(x S exX=3
n £ 5 nv 51
= — = — — e —
min f (x x c b c
Bai 2: Tim gia tri 16n nhat, gia tri nho nhat caa ham sb
B sin* x + cos* x
y_sin6x+c056x
Giai: MXb: D =R
Taco
1 s 2 .. 2
_1—751n 2x_4—251n 2x
y_l_%SmZZx_él—BsinZZx
Dit t = sin? 2x,t € [0; 1]. Khi d6, ta xét ham sb
— 2t
=g(t) = t€e|0;1
y =90 =755t €0;1]
"=g'(t) = * >0
R N T TSY
Do d6, ham sb ddng bién trén [0; 1].
Suy ra,
vis
maxf(x)=g(1)=2<=>t=1=>x=§
minf(x) =g(0)=1ot=0=x=0

Bai 3: Tim gia tri 16n nhat, gia tri nho nhat cia ham sb

y =V3sinx + cosx — x, x € (0;7)
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Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

y' = f'(x) =V3cosx —sinx — 1
T 1 T
y/=fl(x)=0@COS(x+—) =—<=>x=g (ViX’E(O;ﬂ))

6 2
T
X 0 - T
6
f'(x) + 0 —
31
-1-m
Dua vao bang bién thién, ta c6 :
T T
max f (x) =\/§—g(:)x=g

min f(x) khong ton tai.

Bai 4: Tim gia tri 16n nhat, gié tri nho nhat caa ham sb

y = (14 cosx)sinx

Giai:
Vi ham sé tuan hoan c6 chu ki 1a 277 nén ta chi can khao sat trén doan [0; 27].
MXD: D = [0; 27]

y' = f'(x) = cosx + cos 2x

T
=C
f'(x) =0 & cos2x =cos(mt —x) & 53n
=
i} 0 n - 5—7T 2T
3 3
£ L
e
165 o/ R °
\_ﬂ/
7}
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Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Duwa vao bang bién thién, ta c6 :

maxf(x)=¥(=}x=g
minf(x)=—¥(=}x=53—n

Bai 5: Tim gia tri 16n nhat, gié tri nho nhat caa ham sb

y = sinx + 3sin2x,x € [—m; 0]

Taco
y' = f'(x) =cosx +6cos2x = 12cos?x + cosx — 6
3
cosx:—z
ffx) =0 5
cosx:§
X - —% 0
CosXx -1 _3 0 2 1
4 3
f'o) + 0 - 0 +
77
P PPt
fx 0 0
s
3
3. V7 77
cosx =——=sinx=——= f(x) = —
Khi 4 8
2 , V5 ) 5V5
kcosx 3 sin x 3 fx 3
Duwa vao bang bién thién, ta co :
77 3
maXf(x)=T=>cosx=—Z
5v5 2
minf(x)=—T(=>cosx=§
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Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Bai 6: Tim gia tri 16n nhat, gia tri nho nhat cua ham sé

y=z+sin2x,x€

; [-573]

(PH Kinh Té Qubc Dan 2000)

Giai:
MXD: D —[—E-E] Ta c6
N U2
1
Y'Zf'(x)=z+sin2x
. T
, | N TR
f(x)—O(z)stx——E(:) x:_S_”(lee[_E'ED
12
n 51 51 T
X _—— —_— — —_
f') + 0o - 0+
1+=
4
(B
165 A 24
1=-2
4
(\/E—\/E)Z_i
4 24
Duwa vao bang bién thién, ta co :
T
=1 - _
max f(x) +4 X =7
n ) V6—v2\ m T
e [ — - —_
min f(x 2 o7 X B
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Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Bai 7: Tim gia tri 16n nhat, gia tri nho nhat cua ham sé

y

_ 3+ 2sinx T n]
Vi+cosx++V1—cosx 2°2

34+ 2sinx
V2 |COS§| + \/§|sin%|

T
Véix € |— E'E] ,ta co6 cac truong hop

y=fkx)=

a. Néu fE [—E'O] thi
' 2 4’
3+ 2sinx

V2 (cos% — sin %)

flx) =

Patu =cos§—sin§=\/§cos(g+%) = u?=1-—sinx
¥ [T
Vi 2 b4 —ue[1;v2]

. . /[
Ham so0 cos t nghich bién trén [O; Z]

Khi d6, ta xét ham s6
3+2(1—u? 5

(u) = = —V2u
g V2u V2u
5
(u) = — —V2<0
g' () N
Do d6,ham s6 nghich bién trén [1; V2]
Suy ra
3v2
max f(x)=g(l)=—ou=1=x=0
el 2
1 T
xE[—%;O 2 2
b. Néu = € [0;2] thi
.NGUEE[ ,Z]tl
3+ 2sinx

fo = \/i(cosg + sin g)
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Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

Détv—cosf+sinf— Zsin(f+z)=>v2—1+sinx
) 2 2 4 B

X A

EE[O;Z]

Vi . . . T o VE [1;v2]
Ham so sint dong bién trén [Z' >

Khi d6, ta xét ham s6
3+2(02-1) 1

V2v V2v
2v%2 —1
h'(v) =

h(v) = +2v

>0

Do d6,ham sé dong bién trén [1; \/E]
Suy ra

o 1)~y T e
xE[O;Z] 2 2

min_ f(x) = h(1) = %E

celo

Nhu vay, tir cac gia tri, ta duoc :

Sv=1<x=0

T
maxf(x):—(:)xzi
() 1 T

= - = ——
min f(x > X >

Bai 8: Cho 3 s6 thiic a, b, ¢ théa man
a’+b*+c* =4
Tim gia tri 16n nhat, gié tri nhé nhat cia ham sé

vis
y = a+ bV2sinx + csin2x,x € [O;E]

Giai: Theo bat dang thizc Bunyakovsky, ta co :
ly| = |a + bV2 sin x + ¢ sin 2x| < /(% + b% + c2)(1 + 2 sin? x + sin? 2x)
= 2y/1 + 2sin? x + sin? 2x = 2+/3 — cos 2x — cos? 2x

T .
batt = cos2x,voix € [O;E] nént € [—1;1]. Ta xét ham so

gt) =3 —t—t?
g'@t)=-1-2t



Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

1
g'(t)=0<=)t=—§

t -1 — = 1
2
g'(t) + 0 —
13

WO |, — T~

1
Dua vao bang bién thién, ta duoc
13
g0 <=1yl =1f@)I <13
Do do,
(=
=3
B 4
( costz—E a_\/ﬁ
max f(x) = (E){ b c (:Hb_z\/g
ka \/—smx sin 2x V13
2V3
c=—
V13
( x_E
-3
_ 4
- V13
min f(x) = —V13 & { 26
~ Vi3
3
" VI3

Bai 9: V6in € N,n > 1. Tim gia tri nho nhat cua ham sb

yis
y = f(x) =sin"x + cos"x,x € [O;E]
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Giai:
MXD: D = [0; g]
Taco:

n
f'(x) =ncosxsin®tx —nsinx cos™ ! x = =sin 2x (sin® % x — cos" 2 x)

T
f'(x)=0<=>Sinx=cosx(=>x=Z

X 0 % g
f'(x) — 0 +
1 1
f(x) \ o /

Dua vao bang bién thién, ta duoc
s
max f(x) = 1<:>x=OVx=§

n
minf(x) =2'"2 & x =

N

Bai 10: Tim gia trj 16n nhat cua ham sb

y = f(x) = sinx + sin 2x + sin 3x

Giai: Taco:

f(x) = 2(cos x sin x + sin 2x cos x)

Theo bat dang thizc Bunyakovsky, ta duoc
flx) < 2\/(cos2 x + sin? 2x)(sin? x + cos?x) = 2\/cos2 x + sin? 2x

1 3
=2 |—cos? 2x + = oS 2% + =
j COS X 2COS X 5
Pat t = cos 2x,t € [—1;1]. Ta xét ham s6
() = t2+1t+3
gL = 2072
1
g’(t)=—2t+§

1
") =0 t =—
g'(®) = 2
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1
t -1 - 1
4
g'(¢) + 0 -
2_5
g(t) / )
0

Dua vao bang bién thién, ta duoc

25
g(t) S1—6=>f(x) <

(NS &y |

Do do,
cosx sin2x

5 - = cosx =1 —cos2x
max f (x) = 2 S x Coslx & e X 1
CoS2x = — 4
4
3
cosx = 2
= 1 (v6 nghiém)

2cos?x—1= 2
Vay ham sb da cho khong ton tai gia tri 16n nhat.
Bai 11: Cho ba sé x, y, z thay d6i trén [0; 1] va thoa man diéu kién
3

ty+z==
xtyt+z=3

Tim gi4 tri nho nhat cua biéu thtc
A = cos(x? + y% + z?)
(PH Xay Dung 2000)

Gidi: Vix,y,z€ [0;1]nén0 < x?+y?2+z2<x+y+z
Ma
3 &
x+y+z—§<§

. , T
Ham so6 cost nghich bién trén (0; E)

Do do,
3
A=cos(x?+y2+z%)>cos(x+y+2z)= cos >
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Tuy nhién, dau " = " khéng thé xay ra nén day chua phai 1a gia tri nho nhat cia ham so.
L s 3 . . 1
béyrangx,y,z€ [0;1]vax+y+z= 2 nén c6 it nhat mot so trong [E 1]
. 1
Ta giastring z € [E' 1] .Khi dé

3
x+y=z—z

9 9
<:>x2+y2+22=Z—32+Zzz—2xysz—32+222
Ta xét ham s6

(@) = 227 — 374+ - e[l 1]

f(z) =2z VA 4,2 X
f'(z)=4z-3

3

f’(z)zO(z)zzZ

z 1 3 1
2 4
f'(z) - 0 +
> >
f(z)
2
- L - 8
Dua vao bang bien thién, ta dugc
5 5
f(z) SZ=>x2+y2+zz SZ
O day, dau " = " xay ra khi va chi khi
1
=—=VzZz=
z=7Vz
Do do,
z==Vz=
_ 5 2 1
m1nA=cosZ<=> Xy = = (x;y;2) = (0; 1;5)
\x+y+z=5
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- BAI TAP TU LUYEN
8.1.15. Tim gia tri Ion nhat, gia tri nho nhat cua cac ham s sau
a. y = sin® x cos* x

2x 4x

1+x2+cos—1+x2+1

b. y = cos

I — 2tan* e[o-z]
C. y_cos4x an® x,x 3

d y=x+V2cosx,x € [0;%]

——+3tan’x — 1
_ sin?x
e.y=
tan x + cotx
2cos?x + |cosx| + 1
f.y=

|cosx|+ 1

1 1
g.y=1+cosx +EC052x+§cos3x

3cos*x + 4sin? x

h v =
y 3sin*x + 2 cos? x

1
i. y=2(1+ sin2x cos 4x) — > (cos4x — cos 8x)

8.1.16. Chung minh ring tong céc gié tri [on nhat va gia tri nho nhat caa ham sé

y=re = v (63N G)

La mot sb hitu ti.
(Dé nghi Olympic 30-4, 2006)

. GOIY GIAI BAITAP TU LUYEN
8.1.15.
a. Ta bién doi
y = f(x) = sin® x (1 — sin? x)?
Pat t = sin? x, t € [0;1]. Ta xét ham s6
gi) =t*1-0)?

Ta duorc,
o) = 108
max f(x) = 3125
min f(x) =0
b.  Déyrang
x .
Voit = = |t| < 1.Khi d6 ta xét ham so6
1+ x2
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g(t) =cost+cos2t+ 1 =2cos?t + cost

Ta duoc,
max f(x) =3
min f(x) = 2cos?1 + cos 1
c.  Tabién doi
3 1 2
y=f@)= costx 2 (coszx - 1)
Piatt = —— = t € [1;4].Khi d6 ta xét ham sé
cos? x
gt) =t*+ 4t -2
Ta duoc,
max f(x) = 30
min f(x) = 3
d.  Kétqua
max f(x) = %+ 1
min f(x) = V2
e.  Tabién d6i

3(tan?® x + cot?x) + 2
tan x + cotx

y=f(x)=

batt = tanx + cotx

> 2
|tan x|

t? — 2 =tan®x + cot’x

[t| = |tan x| +

Ta xét ham s6
3(t2—-2)+2
gt) = "
Ham sé trén khéng tén tai gia tri 16n nhat, gia tri nho nhét trén (—oo; —2] U [2; 400)
f. Két qua

max f(x) = 2
min f(x) =1
g.  Tabién doi
4 1
y = f(x) =§cos3x+coszx+z
Patt = cosx,t € [—1; 1]. Ta xét ham sb

(t)—4t3+t2+1
g% =3 2
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Ta duogc
17
max f(x) = —
6
1
min f(x) = 3
h.  Tabién doi
_ ) = 3sin*x — 2sin?x + 3
y=rt)= Ssin4x—25in2x+2
biatt = sin? x,t € [0; 1]. Ta xét ham so
@)_3#—2t+3
I\ =3 ot 42
Ta duoc,
8
max f(x) = <
4
min f(x) = 3
i Ta bién doi

y = f(x) = 4sin* 2x — 4 sin3 2x — 3 sin? 2x + 2 sin 2x + 2
Pit t = sin 2x,t € [—1; 1]. Ta xét ham sb
g(t) = 4t* — 4¢3 =3t + 2t + 2

Ta duorc,
max f(x) =5
min f(x) =1
8.1.16. Ta bién doi
3 —tan®x
y=f) =

(1 —3tan?x) tan? x

1 ,
batt =tan’x,t € (0;3),t # §.Ta xét ham so
©) = 3—t
I\ =1 308
Ta duorc,
=17+ 12V2
{maxf(x) +12v2 = max f(x) + min f(x) = 34

min f(x) = 17 — 12V2
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Il.  TIM GIA TRI LON NHAT, GIA TRI NHO NHAT HAM LUQNG GIAC
CHUA THAM SO
- Dang bai tap nay da phan xoay quanh van d¢ bién luan theo tham sé tim gia trj 16n
nhat, gié tri nho nhat cia ham sé, 1a dang bai tap it khi xuat hién trong cac bai thi,
néu c6 s& nam trong cau nho cua bai toan tim gia tri 16n nhat, gia tri nho nhat tng
vé6i tham s6 cho truge. Dang bai nay thudc dang bai khé, dung dé phan loai thi
sinh trong cac cudc thi.
- Phuong phap giai dang bai nay twong ty nhu dang trén ma chung t6i da dé cap dén,
tuy nhién cai kho caa dang bai nay 1a viéc khoanh ving cho tham sé dé bién luan.

Bai 1: Tim gia tri I6n nhat, gié tri nho nhat caa ham sb theo tham sé m

y = sin® x + cos® x + m sin x cos x

3 ., m
y=f(x)=1—zsm 2x+Esm2x
Pit t = sin 2x, [t| < 1. Ta xét ham s

3 m
g = 1_Zt2 +—t

2
"(t) = 3t+m
g\ =75t75
m
g’(t)=0(=>t=§

Ta ¢6 cac truong hop sau :
- m < —3. Khi d6 ham s6 g (¢) nghich bién trén [—1; 1]

m . T
maXf(X)=g(—1)=z—?<=>sm2x=—1=>x=—Z
. 1 m _ i
m1nf(x)=g(1)=z+?(=>sm2x=1=>x=Z
- me|[-3;3]
m
t -1 ; 1
g'(®) + 0 _
© a(%)
’ g(—l)/ ’ \g(l)
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Duwa vao bang bién thién, ta duoc
Néu m € [0; 3] thi

Néu m € [—3; 0] thi

1 m

min f(x) = g(1) = iy

- m > 3. Khi d6 ham sb g(t) dong bién trén [—1; 1]
1 m

max f (x) = g(1) = 2t

2
m
2

N

min f(x) = g(=1) =

Bai 2: Cho ham s6 y = f(x) = cos? 2x + 2(sinx + cosx)? — 3sin 2x + m

Timm dé f(x) < 6 voi moi x € R.

Giai: Taco:

y=f(x)=1-sin?2x+2(sinx + cosx)® —3sin2x + m
batt =sinx + cosx,t € [—\/7; \/7] va sin 2x = t2 — 1. Ta dua vé ham sb
g =1—-(*—-1)2+2t3-3t* -1 +m
Nhu vay, ta dua bai toan vé tim m dé g(t) < 6 voi moi t € [—\/E; \/E] Hay
—t*+ 263 —t2 -3 < —-m, vt € [-V2;V2]

Ta xét ham sé
h(t) = —t* +2t3 — 2 — 3,t € [-V2; V2]
h'(t) = —4t3 + 6t% — 2t

t=0

R =0 |71
t=—

2
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t —/2 0 % 1 V2
h'(t) + 0 — 0 + 0 -
-3 -3
/ Nl
h(t) 16
—9 + 442
—9 — 442

Dua vao bang bién thién, ta duoc

max h(t) < —m
Hay

m<3

Bai 3: Cho a, b € R. Bién luan theo a, b gia trj 16n nhat, gia tri nho nhat cua biéu thirc

A = (cosx —a)? + (sinx — b)?

Giai: Taco:

A=1+a%?+b?>—2acosx—2bsinx =1+ a?+ b?>—2(bsinx + acosx)
Theo bat ding thirc Bunyakovsky, ta c6 :

—Ja?+b?<acosx+ bsinx <+ a? + b?

Suy ra
1+ a*+b?—-2ya?+b2<A<1+a*+b*+2ya?+ b?
Ta xét cac trueong hop sau
- a=b=0thiA=1
- a=0,b#0thiA=1+b?—2bsinx. Khido
e b>0
s
maXA=(1+b)2<:>x=—§+k2n(kEZ)
s
minA=(1—b)2<=>x=§+k2n(k€Z)

e b<O

s
maxA=(1—b)2<:>x=E+k2n(kEZ)
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i
minA=(1+b)2(=)x=—§+k2n(kEZ)
- a#0,b=0thiA=1+a? —2acosx. Khido
e a>0
maxA=(1+a) ) ox=n+k2n(k€Z)

minA=(1-a)> < x=k2n (k € Z)

maxA=(1-b)> = x =k2n (k € Z)
mnA=(1+b)?’=x=n+k2n (k €Z)
- ab # 0 thi A dat gia tri I6n nhat, nho nhat khi

a b b b
=——& tanx = — < x = arctan—+ kn (k € Z)
cosx sinx a a

Ta duorc,

maxA =1+ a? + b? + 2+/a? + b?

minA =1 + a? + b? — 2./ a? + b2

Bai 4: Cho ham sb

k +sinx + 2cosx
y=f)= >

—sinx — cosx

Xéc dinh k dé ham s c6 gia tri nho nhat 13 16n nhat khi k € [—4; —1]

Giai: Taco:

|sinx + cos x| = \/§|Sin(x+%)| <V2<?2

Do d6 : sin x + cos x # 2. Suy ra mién xéac dinh cia hamsé D = R.
Mait khéc, ta bién doi

(y+1)sinx+ (y+2)cosx =2y —k
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Phuong trinh c6 nghi¢m khi va chi khi

G+ 12+ +2)?=Q2y—k)?

2k +3 —V2k? + 12k + 19 2k + 3 +V2k?+ 12k + 19

= <y=<

2 2
Khi dé

{ 2k + 3 +V2kZ + 12k + 19

maxy = >
_ 2k + 3 —V2k% + 12k + 19

kmlnyz >

Theo y&u cau bai toan, ta xét ham sé
g(k) = 2k + 3 —/2k? + 12k + 19,k € [—4; —1]
V2k2+ 12k +19 -k =3
V2k2 4+ 12k + 19

2 —
g’(k)=0<=>\/2k2+12k+19:k+3(:,{k +£k>+_130—0

Nhu vay, ré rang g’ (k) > 0 hay ham s ddng bién trén [—4; —1]. Khi d6
max g(k) = g(=1) = -2
Vay gia tri 16n nhat cua gia tri nho nhat ham s6 y 1a —1.

g'(k) = 2.

Bai 5: Cho ham sb

2kcosx+k+1
cosx +sinx + 2

y=f(x)=

Tim k dé gia tri Ion nhat caa ham s6 1a nho nhat.

(PHQG Tp.HCM 1997)

Giai: Tuong tu bai trén, mién xac dinh ciia ham s6 D = R.
Ta bién doi
y.sinx + (y —2k)cosx =k+1—2y
Phuong trinh ¢6 nghiém khi va chi khi
y2+ (y —2k)* = (k+ 1 —2y)?
2 —\6k? — 4k +2 2 +V6k? — 4k + 2

p— < <
2 =Ys 2

Khi do
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2 +V6k2 — 4k + 2

(maxy )
{ . 2 —V6k2 — 4k + 2
tmlny =

2
Theo yéu cau bai toéan, ta xét

1\ | 4
2+V6kz—4k+2 2+ 6(k—§) t3 3+43
maxy = = >
2 2 3
3++3

Nhu vy, gia tri nho nhat cta gia tri 16n nhat ham sé 1a

1
khi va chi khi k = 3

Bai 6: Cho ham sé

1+ sin2x 1+ tanx

y=f(x)=r—(a+1)

in2x "1 —tanx

. . /[
Tuy theo a, tim gia tri nho nhat ciia ham so6 trong [O; Z)

(PH Giao Thong Van Tai 1992)

Giai: Ta dat t = tan x thi

2t
1+ ¢t2

sin2x =
T
Véix € [0; Z) thi t € [0; 1). Khi d6
t2+ 142t t+1

=gty =————(a+1).—+
, v =80 t2+1-2t (a )t—l “
Ta viét lai thanh
t+1\° t+1
y=90 = (=) +@+Dig+a

bat _ t €[0;1)
au_t_ll I}

’

D (t 1) = ——2 <0 u € (—oo; —1] xét ham sb
= e . .
0 P— =12 ; ['a xét ham so

h(w) =u?+ (a+ Du+a; u € (—o; —1]
h'(u) =2u+a+1
a+1

2
Gia tri nho nhat caa £ (x) la gia tri nhoé nhat cia h(w). Ta co cac trudng hop sau

h(u=0su=-—
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. a+1 . .
Néua < 1thi— 5 > —1 nén ham so nghich bién trén (—oo; —1]

= min fx)=h(-1)=0

XE sz
, a+1
Néu a > 1thi—T< -1
u —00 _ = -1
2
h'(u) — 0 +
+ 0o
0
h(uw) \ _ (a—1)2 /
4

Dua vao bang bién thién, ta duoc

(_a+1):_(a—1)2

rr[lir}r fx)=nh > Y

XE O;Z

- BAI TAP TU LUYEN
8.2.1. Cho ham s
mcosx +sinx —1

i ) y—f(x,)— 2 —sinx
Tim m @¢€ gia tri nho nhat cua ham s6 16n hon —2 véi moi x € R.
8.2.2. Bién luan theo m, tim gid tri 16n nhat, gia tri nho nhat cua ham sb
y = f(x) = sin* x + cos* x + msin x cos x

8.2.3. Cho ham s

y=f(x)=sin*x +mcos?x — 1
DPinh m dé £ (x) = 0 véi moi x € R.
8.2.4. Cho ham s6

y = f(x) = 2(sin* x + cos* x) + 3msinxcosx —2m + 1
Tim m dé f(x) > 0 véi moi x € R.
8.2.5. Cho ham s6
—2cosx +msinx + 2

= xX) =
y=f&) cosx+sin3§—2
Tim m @¢€ gia tri I6n nhat cia ham so6 dat gia tri nhé nhat.
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- GQI Y GIAI BAI TAP TU LUYEN
8.2.1. Gia tri ciam can tim lam € (—2v2;2v2).
8.2.2. Ta bién doi

1 m
y=f(x)=1 —zsm2 2x+751n2x
Pt t = sin 2x; |t| < 1. Ta xét ham sb

1 m
g = 1—5152 + =t

2
Ta duoc,
1—|m
( Zl |;Im|>2
k S iml <
1—-|m
min f(x) = 2' |

8.2.3. Giatri ctam cantim la m > 2.
8.2.4. Ta bién ddi

3
y = f(x) = — sin? 2x+§msin2x—2m+3
Pit t = sin 2x; |t| < 1. Ta xét ham sé
3
g(t) = —t? +§mt—2m+ 3>0;vte[-1;1]

m t?-—3

o =<K Vte|—1;1
, 2 "3t—4 [=1;1]
Ta xét ham so
R = t? —3
‘ C3t—4
Ta tim duoc gia tri can tim cia m
4
m<-—
7

8.2.5. O bai toan nay, ta can tinh giéi han sau

_ - 3m*+4m+4— (m+ 2)?
lim (\/3m2+4m+4—m—2)= lim
m->co m=w \3m2 +4m+ 4 +m+ 2

2m?

= lim
m-o+\3m2 +4m+4+m+ 2

Giatrimcantimla: m = 0.

= OO




Chuong 8 : Tim gia tri 16n nhat, gia tri nho nhat

1. TIM GIA TRI LON NHAT, GIA TRI NHO NHAT HAM LUQNG GIAC
TRONG TAM GIAC
- Ciing giéng nhu CUC TRI HAM LUGNG GIAC CHUA THAM SO, dang toan
nay thuong nam trong nhiing cau phan loai thi sinh caia dé thi. Tuy nhién, ching ta
it khi dwa vao nhiitng phuong phap giai cia CUC TRI HAM LUONG GIAC ma ta
thuong sir dung cac dang thic, bat diang thire da duoc khéai quat & CHUONG 3 dé
tim gia tri 16n nhat, gia tri nho nhat caa biéu thace di cho.
- Dang nay ciing duoc coi la thuoc mot dang nho cia CHUONG 3.

Bai 1: Cho tam giac ABC. Tim gi4 tri nho nhat cua biéu thtc

1 1 1
M = +
2+c052A+2+c052B 2 —cos 2C

(PH Mo-bia Chét 1999)

Giai: Theo bit dang thirc Cauchy, ta c6 :

1 1 1 3
>

(

I + + >

4 2+cos2A  2+4cos2B  2—cos2C  3/(2 + cos2A)(2 + cos 2B)(2 — cos 2C)
|

2+ cos2A+ 2+ cos2B+ 2 —cos?2C

V(2 + cos2A)(2 + cos 2B) (2 — cos 2C) <

3
9
=M=
6+ cos2A + cos 2B — cos 2C
Ma
6 + cos 2A + cos 2B — cos2C = 6 — 2 cosCcos(A —B) — (2cos?C—1)
1 1 2 1 15
= 7+§cosz(A—B) - 2[cosC+§cos(A— B)| < 7+§cosz(A— B) < 5
Do do,
M>6
-5
Vay

2+ cos2A =2+ cos2B=2—cos?2C
1 —_ N — 200
S cosC + Ecos(A —B)=0 = {Ac_=Bl_203<?
cos?(A—B) =1

Bai 2: Cho tam giac ABC. Tim gi4 tri Ién nhét caa biéu thic

minM =

ull o

sin® A + sin? B + sin? C
" cos2A + cos?B + cos2C

46
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Giai: Taco:
3 — (cos? A + cos? B + cos? C) 3
M = = —
o cos? A + cos? B + cos2C cos? A + cos? B + cos? C
Ma theo bat dang thirc co ban, tacé :
2 2 2 3
cos® A + cos® B + cos CZZ
Do do,
M<3
Vay

max M = 3 < tam giac ABC déu

Bai 3: Cho tam giac ABC c6 cac goc théa man C < B < A < 90°. Tim gia tri nho nhét
cua biéu thirc

A A-B A B
= COS ) Sin 2 Sin 2
(PH Kién Trac Ha Noi 1999)
Giai: Ta co:
A= ( A+B)_1< 2A—B A—B A+B)
COS > = > COS 5 COS > CoSs >
1
=7 [1+ cos(A—B) — (cosA + cosB)]
Mat khac,

1
sin C cos(A — B) = sin(A + B) cos(A — B) = 3 (sin 2A + sin 2B)

= sinAcos A + sin Bcos B

nA sin B
.COSA + —
C sin

= cos(A—B) = .cos B

Theo gia thiét :
C<B<A<O90°
{sinA >sinB >sinC>0
cosA=0,cosB=>0

sinA sinB
=

sinC ~ sinC —
Do do,
cos(A — B) = cosA + cosB
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Suy ra

e B

N>

Vay

1

minN = . N Tam giac ABC déu

[Tam giac ABC vuong can tai A

Bai 4: Cho tam giac ABC nhon. Bat T = min{tan A ; tan B; cot A + cot B}. Tim gia tri
Ién nhét cua T.

Giai: Ta dat
a=tanA , |
, 7 {bztanB(a’b>O)
Khdng mat tinh tong quat; gia sit a = b. Do do,
1 1
T=min{b;—+—}
, a b
Neéu
T '{b1+1} LR
= T — — T — —2— J—
min a b) a b a b~
Ma
1+1<2
a b~ b
- b >+2thi
1 1 2
—+-<-<V2
a b b V2
- b <+2thi
1 1
—+—-<b<V2
a b
Tom lai,
1 1
T=min{b;—+—}=—+—sﬁ
a b a b
Do do,

maxT=V2 S a=b=+2
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Néu
1 1
T=min{b;—+—}=b=—+—2b
a b a
Ta c6 2 truong hop
1 1
—+ES\/§ﬁbS\/§
a
1 1 2 1 1
—+-2V2=_->—+-=2V2=b<V2
a b b a b

Tom lai,

maxT=V2 S a=b=v2

Bai 5: Cho tam giac ABC nhon. Tim gia tri nho nhit cua biéu thuc

tan® A + tan® B + tan® C
" tanA+tanB + tanC

Giai: O bai nay, ta st dung dang thirc va bat dang thic co ban

{tanA+tanB +tanC =tanAtan Btan C
tanA+tanB + tan C > 3V3

Do tam gi4c ABC nhon nén tan A, tan B, tan C > 0. Theo bt dang thtc Cauchy, ta c6 :

tan® A + tan® B + tan® C > 33/(tan Atan Btan C)5

Mat khac

/(tan Atan Btan C)5 = tan A tan Btan C i/ (tan A tan B tan C)2
2
> (tan A + tan B + tan C)3 (3\/5) = 3(tan A + tan B + tan C)

Do do,

tan® A + tan® B + tan® C
tanA + tan B + tan C

A

Vay

min K = 9 <& Tam giac ABC déu
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Bai 6: Cho tam giac ABC nhon. Tim gia tri Ién nhat cua biéu thic

T =tan* A 4+ tan* B 4+ tan* C

Giai: O bai nay, ta str dung dang thiic va bat dang thac co ban

{tanA+tanB +tanC =tanAtan Btan C
tanA + tan B + tan C > 33

Theo bat ding thic Cauchy, ta c6 :

tanAtanBtanC = tanA + tan B + tan C > 3Vtan Atan Btan C

= tanAtanBtanC > 3V3

Lai theo bét ding thirc Cauchy, ta c6

4
T = tan* A + tan? B + tan* C > 3}/ (tan A tan Btan C)* > 33’(3\/5) =27

Do do,

minT = 27 < Tam giac ABC déu

Bai 7: Cho tam giac ABC thoa mén hé thuc

tA+2 tB 23 tC—O
co2 co2 COZ—

Tim gi4 tri nho nhat cua cos C.

(Bé nghi Olympic 30-4, 2006)

Giai: Tur gia thiét ta bién doi

11 o2 4 cor) + 12 corS + cor) = 13 ot + cor)
CO2 CO2 CO2 C02— C02 CO2

S 1L—F—¢ “C__ A A B
SIHZSlnz SIHZSIHZ SanSlnz
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A C
=11 —sin—+ 12 —sin—=1 —sin—
coszsm2+ coszsm2 3coszsm2

< 11sinA+12sinB = 13sinC
Theo dinh Iy ham sé sin, ta dugc
11la +12b =13c
& (11a + 12b)? = 169¢?
Theo dinh ly ham sé cos, ta dugc
121a? + 144b? + 2.132ab = 169(a? + b? — 2ab cosC)
& 2ab(132 + 169 cos C) = 48a? + 25b?

Theo bt dang thirc Cauchy, ta co

48a? + 25b2 > 40v/3ab

Do do,
s 20v/3 — 132
oSt ="769
Vay
20v/3 — 132
min cos C ZT(:) 4v/3a = 5b

Bai 8: Cho tam giac ABC, tim gia tri I6n nhat cua biéu théc

. A . B
_ \/§sm751n7

’ 5
51n2

P

(Pé nghi Olympic 30-4, 2007)

o1
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Giai: Theo bat dang thic Bunyakovsky, ta o :

1 V5 4 5
—1+V5.—<— 1+ c
\/§ . C \/§ sin =
sin= 2
2
. C
5 1 V3 sin5
<=4 1+ ~1|= <

bl AL B C 1( A-B _c)_c<1(1 _c)_c
ey —_ —_ —_ _—= — —_ - —_ ] — —_ —_
_551n251n2 SlI’l2 10 COS > Sll’l2 Sll’lz_lo Sll’l2 Sll’l2

C C C\>
2 — sin= < sipn= in =
C (1 sm2+1 sin +251n2) 4

C
2 < _ . _ . _ < ——
= 100P~“ < (1 sin 2) sm2 < 01 7

(Theo bt dang thirc Cauchy)

Do do,
P<\/§
45
Vay
/3 (A=B
maxP =—— < C 1

45 sm§=z
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- BAI TAP TU LUYEN
8.3.1. Cho tam giac ABC nhon, tim gia tri nho nhat cua biéu thuc
_ Vtan8 A + tan® B + tan8 C

B tan A tan B tan C
8.3.2. Cho tam giac ABC, tim gia tri nho nhat cua biéu thic
2n—a 2p—b 2p—c
_ p n p n p
2p+a 2p+b 2p+c

B

8.3.3. Cho tam giac ABC, tim gia tri 16n nhat cuaa biéu thtc

A B B C C A
C= 1+tan§tanz+ 1+tan—tan5+ 1+ tan—tan—

2 2 2

8.3.4. Cho tam giac ABC, tim gié tri nho nhat cua biéu thuc
D = sin? A + sin? B — sin? C

8.3.5. Cho tam giac ABC cd dién tich S, cac canh a = BC, b = CA, ¢ = AB va tam giac

A1B1C1 Cé dlén tlICh Sl’ Cé.C Canh a, = Blcl, b1 = ClAl’ C1 = AlBl' T‘lm glé. trl nh() nhé.t

cua biéu thirc

- a?(b? + ¢ — a?) + b*(c? +a? — b?) + c*(a? + b? — c?)
B SS;

8.3.6. Cho tam giac ABC c6 cac gdc thoa man diéu kién max{A, B, C} > 90°. Tim gi4 tri

nhé nhét cua biéu thuc

A—B B—C C—A
C0S —— C0S —5—C0S —

S A B_C
SII’I?SIHESIHE
8.3.7. Cho tam giac ABC. Tim gi4 tri nho nhat cua biéu thic
a b c
G= +

+
p—a p-b p-c
8.3.8. Cho tam giac ABC. Tim gia tri nho nhat cua biéu thic
c0s2992 A + c0s2%92 B + c0s2%%2 C

- 05?099 A + 052999 B + 05299 C ’
8.3.9. Cho tam giac ABC thoa dieéu kién A > B > C. Tim gia tri nho nhat caa

X —sinA x —sinB
f(x)z\/x—sinC_I_\/x—sinC_1
Tir d6 suy ra phuong trinh sau chi ¢6 duy nhat mot nghiém
Vx —sinA + vVx —sinB = Vx —sin C
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- GQI Y GIAI BAI TAP TU LUYEN
8.3.1.minA =3
8.3.2. Ta bién doi
b+c a+c a+b

=ttt @inr0+r0  Gro+ 010

Ta duoc,
minB = =
2

8.3.3. maxC = 2\/§
8.3.4. Ta bién doi

1 21 1
D= [cosC+Ecos(A— B) —Zcosz(A— B) > a4

Ta duoc,
1
minD = —-
8.3.5. Theo dinh ly ham sé cos, ta c6 :
a?(b? + ¢ — a?) = (b? + ¢? = 2bccos A)2b,c, cos A,
b2(c? + a? — b?) = b%(2c¥ — 2byc; cosA,)
c?(a? + b? — c?) = c*(2b? — 2byc  cos A;)
= a?(b? + ¢ — a?) + b2(c? +a? — b?) + c%(a? + b? — ¢?)
= 2(b2c} + c?b?) — 4bch ¢y cosAcos A,
Mt khac, theo bit dang thiic Cauchy, ta co :
2(b%c? + c?b#) — 4bchycq cos Acos A
> 4bcbyc; — 4[bcbici(cos(A — A;) —sinAsinA;)]
=4bcb,c;[1 —cos(A—A;)] + 165S, = 16S5S,
Do do,
minE = 16 < Tam giac ABC va A, B, C, dong dang
8.3.6. Ta bién doi
(sinA + sinB)(sin B + sin C)(sin C + sin A)
k= sinAsinBsinC

Theo dinh ly ham sé sin, ta c6
(a+b)(b+c)(c+a)
F =
’ 7 abc
Khoéng mat tinh tong quat, gia sit ¢ = max{a, b, c}
Theo dinh ly ham sé cos va bat dang thic Cauchy, ta co :
c?=a%?+b%?—-2abcosC = a?+ b? > 2ab

c
= Vab < —
V2
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Mit khac,
b a a+b ¢ c ab sla+b ¢ ¢ 312¢Vab
F=2+(—+—)+( +—+—)22+2 ——+3 —.—=>4+3
a b c a b b a c ab ab
>4+43V2
Do do,

min F = 4 + 3v2 & Tam gidc ABC vudng cin
8.3.7. Theo bat dang thirc Cauchy, ta c6 :

a N b - ab
p—a p—-b |[(p—a)(p-Db)

Ma
Jo-ap-n<2 B ¢
a b 4Jab

= + =
p—a p-b>b c

Tuong tu, ta dugc

(b c 4\bc
| + >
gp—b p—c a
| ¢ a 4ca

+ =
kp—c p—a b
vab +bc +ca

+ + > 6

c a b

:GZZ(

Do do,
minG =6
8.3.8. Ta chizng minh bét dang thuc sau :
Cho n, k la c4c s6 nguyén duong va cac s thuc ay, a,, ..., a; théa man
a,+a,+ .. +a, =k

Thi

alt'+altt+ L+ alttzal+al + .. +af
Ta di tir

(@i -D@-D20=a* —af 2a, -1
Ap dung bat dang thic trén cho
a, = (2cosA)?, a, = (2cosB)?,a; = (2cosC)?,n = 1000
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= [(2 cos A)*]*%° + [(2 cos B)?]'9° + [(2 cos C)?]*°%°
< [(2 cos A)*]*°" + [(2 cos B)?]**%" + [(2 cos €)?]'°*
c0s2992 A + c0s2%92 B + cos2002C 22000 1

—Y > = —
c0s2000 A 4 c0s2000 B 4 52000 C — 22002 4

Do do,
_ 1
minH = —

8.39.Do0A>B >CnénsinA >sinB > sinC
MXD: D = (—oo,sinC) U (sinA, +0)

Taco:
" )_sinA—sinC x—sinC+sinB—sinC x—sinC>O
Jrix - 2(x —sinC0)?" |x —sinA  2(x —sin )2’ Jx —sinB

Ta xét bang bién thién va dya vao do, ta c6 :

in F(x) = f(sinA) = sinA —sin B 1
min f(x) = f(sinA) = sinA —sinC

Ta xét phuong trinh Vx — sin A + Vx — sin B = vx — sin C c6 MXD: [sin A, +)

X —sSin A X —sin B
- + - —-1=0
x —sin C x —sinC
S fx)=0

Véi diédu kién x > sin A. Ciing tir bang bién thién cua f(x) ta suy ra phuong trinh c6
nghiém duy nhét.
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Chuong 9 : Phuong phap lugng giac hoa dé giai mot s6 bai toan dai s6

CHUONG 9

PHUONG PHAP LUQNG GIAC HOA BE GIAI MOT
SO BAI TOAN PAI SO

TOM TAT MOT SO KY THUAT THUONG DUNG
X =asint,t € [—g,g]

x =acost,t € [0; 7]

1. Néu |x| < a (a = 0),ta dat

x =asint,t € [0;%]

—Néu 0 < x < a,tadat T
X =acost,t € [O;E]

x =asint,t € [—g;O]

—Néu — a < x <0, ta dat T
X =acost,t € [E;n]

x=——te|-Z2]\(0)
X =$,t € [O;n]\{g}

2. Néu |x| = a (a = 0),ta dat

a
x=_—t,tE (0;m)

—Néux > a > 0, ta dit p S
o= st < (55)
cost

2°2

a
x=——,t € (—m;0)
—Néux < —a < 0, ta dat sin ¢

= = : a e(n Sn)
x = - —
22

cost’

=tant,t Tz
3. Néu x khong bi rang budc (x € R), ta dat [x— ant, e(_Z'Z)
x = cott,t € (0;m)

X =tant,t € [0;%)

—Néu x > 0,ta dat &
X = cott,t € (O;E]
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T
) x=tant,t€(—5;0]
—N¢éu x < 0,ta dat T
X = cott,t € [E;n)

(x —a) N 6% —2,3)

4. Néu — =R*(a,b,R > 0),
a b
X =a+aRsint
5 {y=,8+bRcost’te[0'2n]
ta dat _
{x—a+aRcost t € [0; 271]
y =p +bRsint’ ot

5. Néu trong bai c6 biéu thirc (ax)? + b? (a,b > 0),

b T T
x =—tant,t € (—E,E)
ta dit a

x =—cott,t € (0;m)
a

a+x

,taditx = acos2t,t € (0;m)
6. Néu trong bai c6 bi¢u thuc a—x

T
_ a_l_x,tadétx = acos2t,t € [O;H]\{E}

7. Néu trong bai c6 biéu thirc \/(x —a)(b—x),
taditx =a+ (b —a)sin?t,t € [0; ]

rx+y

1—xy
xX—y
1+ xy
2x

£ NP B 5 _(x=tana T
8. Néu trong bai cd biéu thirc 2y ,tadat {y=tan,6’ a,,[i’e(—— —)
1—x2
1—x?
14 x2
3x — x3
|1 — 3x?
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Il.  PHUONG PHAP LUONG GIAC HOA TRONG CHUNG MINH PANG
THUC PAI SO
- Phuong phap lugng giac hda véi muc dich thay ddi hinh thirc cua bai toan tir viéc
phai chimg minh dang thtrc dai s6 thanh viéc ching minh dang thirc lugng giac.
- Trong phan nay, cac ban can xem lai chuwong 2 dé nam dwoc mot sé cach bién doi
luong giéc.

x,y,z>0

Bai 1: Cho {xy tyz+zx=1

Chuang minh rang

xju+yau+za+yjm+zau+xa+zju+xau+ya:2

1+x2 1+ y? 1+ z2
Gii: Ta dat
x =ftana o
iy = tanf (a,ﬂ,y € (0; —))
— 2
zZ =tany

Do xy + yz + zx nén ta cd thé suy ra rang
A
a+[)’+y=§

Khi do,

1 1
j(l +y2)(1 + 22) j(l 4 tan? B)(1 + tan? y) os7F cosTy
X = tana = tana

14 x2 14 tan?a 1
cos?a

sina cos(B +y)

" cosfcosy cosBcosy

=1—tanftany

Tuong tu vay, taco :

(|1 +2)A +x2)
y =1-—tanytana
14 y2
\
1+ x2)(1+y?
z ( )(2 y)=1—tanatan,8
L 1+2z
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Do do,
1+y3)(A+2z?) (1+2z2)(1+x3?) 1+x)1+y?)
x +y +z
1+ x? 1+y? 1+ z2
=3 —(tanatanf + tanftany + tany tana) = 2
s 0<ab,c<1 s
Bai 2: Cho ! . Chang minh ran
- {a2+b2+c2+2abc:1 g g

abc+ 1= c\/(l —a?)(1-b%)+ a\/(l —-b3)(1—-c%)+ b\/(l —c2)(1-a?

Giai: Ta dat
a=cosa T
ib = COSﬁ (a{,ﬁ,y € (O)—))
c =cosy 2
Khi do,

a?+ b? + c? + 2abc =1
& cos?a + cos? f + cos?y + 2cosacosfcosy = 1

1 1
= 5(1 + cos 2a) +§(1 + cosB) + cos?y + [cos(a + ) + cos(a — B)] cosy =1

& cos(a + B) + cos(a — B) + cos?y + cos(a + B) cosy + cos(a — B) cosy =0
& [cos(a + B) + cosy][cos(a — B) + cosy] =0
< cos(a+B)+cosy =0
Sa+f+y=nm
Do d6, dang thuc can chimg minh dua vé dang
cosacosfcosy + 1
= cosy\/(l —cos?a)(1 —cos?B) + cosa\/(l — cos? B)(1 — cos?y)
+ cosﬁ\/(l —cos?y)(1 — cos? )
& cosacosfcosy +1=cosysinasinf + cosasinf siny + cosf sina siny
< cos(a+ B)cosy —sin(a + B)siny+1=0
& cos(a + B +vy)+1=0(dang)
Viy ta c¢6 diéu phai ching minh.

Bai 3: Cho cac s a, b théa man |b| < |a|. Chitng minh rang

|a+b|+|a—b|=|a+M|+|a—M|
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Giai: Ta x¢ét truong hop
- Néua = 0thi b = 0, khi d6 dang thirc can chimg minh ludn dung.
- Néu a # 0, ta bién d6i ding thirc can chiztng minh vé dang

b b2 b2
+|1——|=1+ 1-=|+[1- [1-=
a a a

Khi do, tadatb = acost,t € [0;r]. Ta duoc
|1+ cost|+ |1 —cost|=]1+sint|+ |1 — sint]
& 1+4+cost+1—cost=1+sint+1—sint (dung)
Vay ta c6 diéu phai ching minh.

b
142
a

Bai4: Choa + b + ¢ — abc = 1 — ab — bc — ca. Chang minh ring

1—a® 1-5b? 1—02_(1—a2)(1—b2)(1—c2)

a + b + C 4abc
Giai: Ta dat
a=tana
T T
{b:tanﬂ(a,ﬁ,yE(—E;ED
c =tany

T gia thiét, ta c6 :
tana +tanf +tany —tanatanftany = 1 —tanatanf —tanftany —tany tana
Ta xét truong hop

- Néul-tanatanf —tanBtany — tany tana = 0, ta duoc

[
{tanatanﬁ+tan,8tany+tanytanoc= 1 =>[a+ﬁ+y =—+km

tana + tan f + tany = tan a tan f tany C¥+,3+yiln (k,l € Z)

Diéu nay mau thuan.
- Néul-tanatanf —tan S tany — tany tan a # 0, gia thiét twong duong voi

tana +tanf +tany —tana tan f§ tany

=1
1—tanatanf —tanftany —tany tana
stan(a+p+y)=1

T
<=>a+[>’+y=z+kn(kEZ)
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T
<=>2a+2,8+2y=5+l7t(lEZ)

& tan 2atan 2 + tan 2B tan 2y + tan 2y tan 2a = 1
& cot2a + cot2f + cot2y = cot2a cot 23 cot 2y (x)

Mat khac, ta co :

( o _cotoz—tanoz_l—a2
cot2a = > =~
< 2 1— b2
cot2p = b
, 1—c?
\ cos 2y = —-

Thay vao (), ta c6 duoc ding thic can ching minh.

Bai 5: Gia sir xy, x5, x3 la nghiém cua phuong trinh x3 + ax? + x+ b =0 (b # 0).
Chang minh rang

T N

Giai: Tur gia thiét, ta co :

{xlxz + x2x3 + x3x1 == 1
X1, X9,X%3 # 0

Ta dat
X, = tana _—
ixz = tanﬁ (a,ﬂ,y € (—E,E)>
X3 = tany

Do do,

tanatanff +tanftany +tanytana = 1
/[
<:>a+[)’+y=z+kn(kEZ)

Mt khac, diéu can ching minh tuong duong voi
(tana — cota)(tan f — cotB) + (tan B — cot B)(tany — coty)
+ (tany — coty)(tana — cota) = 4
& cot2a cot2f + cot2f cot2y + cot2y cot2a =1
& 2a+ 2B + 2y = + k2m (dang)
Viy ta c¢6 diéu phai ching minh.
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- BAI TAP TU LUYEN
a+b+c=abc
9.1.1.Cho {ab +bc+ca+1
a(b? + c?) + b(c? + a?) + c(a? + b?)
ab+bc+ca—1
9.1.2. Cho ab + bc + ca = 1. Chung minh rang
4abc =a(1-b>)A1—-c?)+b(A1—-c®>)(A —a?) +c(1 —a®>)(1 - b?)

9.1.3.Cho a + b + ¢ = abc. Chang minh rang

3a—a3+3b—b3+3c—c3 _3a-a® 3b-b® 3c—c®

1-3a? 1-3b%> 1-3c2 1-3a?"1-3b%"1—3c?
9.1.4. Cho ab + bc + ca = 1. Chiing minh rang

a+ b+ c—3abc =a(b? + c?) + b(c? + a?) + c(a? + b?)

Chutng minh rang

abc =

9.1.5.
1+x 1+y 14+z 1+x1+y 1+z
Cho 1—x+1—y+1—z_1—x'1—y'1—z
x,y,z*+1

Chung minh rang
x+y+z+xy+yz+zx=1+xyz

I1l.  PHUONG PHAP LUQNG GIAC HOA TRONG CHUNG MINH BAT
DANG THUC
- O dang nay, ta ciing s& chuyén vé dang bat dang thirc ham luong giac. Tuy nhién,

can chi y rang bat dang thire ham luong giac nay sé khac doi chit so véi bat dang
thizc hé thirc lugng trong tam giac da dugc dé cap & chuong 3. Nhung cac ban van
phai xem lai cac bat dang thirc Cauchy, Bunyakovsky, Jensen... Ngoai ra, két hop
cac phuong phap tim cyc tri ham luong giac da néu 6 chuong 8 dé cé thé nhanh
chéng tiép can phuong phap nay.

Bai 1: Chiing minh rang véi moi x,y,z € R

lx — | N ly — z|
V2008 + 2007x2.,/2008 + 2007y /2008 + 2007y2.4/2008 + 200722
|x — 2|

=
V2008 + 200722.4/2008 + 2007x2
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Giai: Ta dat
p
_ |2008,
x = |oog7@na
2008
= P € -
|? = 2007 F <a pre( 2)>
_ [2008
T Jzo07 Y
Taco
|x =yl
= cos a cos 8 [tana — tan S|
V2008 + 2007x2.,/2008 + 2007y? V2007
1
= sin(a — B)
\/2007| 2
Tuong tu, ta co :
( ly — 2| .
| - [sin(8 = )|
{\/2008 +2007y2.4/2008 + 200722 V2007
| |x — z| _ _
|sin(y — )

, k)/2008 +‘200722.\/2008 + 2007x2 B V2007
Nhu vay, bat dang thic can chirmg minh tuong duong vai
|sin(a — B)| + [sin(B —y)| = |sin(y — a)|
Mat khac,
Isin(y — a)| = |sin(@ — B + f — ¥)|
= |sin(a — f) cos(B —y) + sin(B — y) cos(a — p)|
< |sin(a — ) cos(B — y)| + Isin(B —y) cos(a — B)|
< |sin(a — B)| + [sin(B — y)|
Do d6, ta c6 diéu phai chiing minh.

Bai 2: Chiing minh rang

|4[a3—m1—3(a—mn§\/§

Giai: biéu kién : |a| < 1. Ta dat
a = cost,t € [0; ]
Khi d6, bat dang thic can ching minh twong duong véi

|4 [cos3t — /(1 — cos? t)B] -3 (cost _m)l <2
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& |4(cos3t —sin3 t) — 3(cost —sint)| < V2
& |cos 3t + sin 3t| < V2
= |cos (3t —E)| < 1 (dung)
4

Vay ta c6 diéu phai ching minh.

Bai 3: Cho {aa-’i—bbz—ol' Chung minh ring
2 a b
=< + <
37 1+b 1+a

Khi nao dau dang thuc xay ra?

<1

(PH Téng Hop Tp.HCM 1996)

Giai: Tur gia thiét, ta dat

(5 2ot (e [03])

t +sin*t + sin®? t + cos?t

Khi do,
a N b cos®t N sin? t _cos4
1+4b 14a 1+sin?t 1+cos®t 1+sin?t+ cos?t + sin?tcos?t
2—%sin22t
=1—Sl
Lin2
2+4sm 2t
{a—O
Déu " = " xay ra khi v chi khi sin2t = 0 & | 2 =1
=0
Mat khac,
b b 2 2—%sin22t 2

1+b+1+a 3
4

Do d6, ta c6 diéu phai chitng minh
Dau " = " xay ra khi va chi khi

2 — 2sin? 2t

2 +asin?22t S 3 (2 + = sin? Zt)

4

1

sin2t=1<:>a=b=z
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Bai 4: Cho |a| = 1. Chang minh rang
5—12va?% -1
< <9

2

a

Giai: Ta dat

1 s
,t €10;=
o . cost [ 2)
Khi d6, bat dang thtrc can ching minh tuong duong vai

lal =

512 |— -— 1
4 < oS <9
1
cos?t
= <5-12 —-1<
cos?t cos?t cos?t

& —4(tan®t+1) <5-—12tant < 9(tan’t + 1)
{4tan2t—12tant+92 0
9tan’t + 12tant+4 >0
(2tant —=3)2=>0 .,

d
{(3 tant +2)?> >0 (ding)

Vy ta c6 diéu phai ching minh.

Bai 5: Chtrng minh rang véi moi x,y € R

T
x*+ (x —y)? = 4(x?* + y?) sin® T

_27'[_3—\/§
0T 8

Do d6, ta can chizng minh
3-+5
2

x2+(x—y)? = (x2 +y?)
Ta xét truong hop

- Néu x? + y? = 0 thi bat dang thuc hién nhién dung.

- Néu x? + y? > 0 thi ta dat

{x =/x%+ y?cost

~ (teo;2n])
y =+/x%+y?sint
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Khi @6, bat dang thic can chimg minh twong duong véi

3-4/5
2

cos?t + (cost — sint)? >

& cos2t — 2sin 2t > _\/E

Bat ding thic trén hién nhién dung theo bat dang thuc Bunyakovsky

|cos 2t — 2sin 2t] < /12 + (=2)2 =5

Vay ta c¢6 diéu phai ching minh.

Bai 6: Chang minh rang véi moi a, b € R
1 —

_1_ (a+b)(1 —ab) Sl
27 (1+a>)A+b%) " 2

d.

1 2—b*)(1 — a®b?
1_(a (A —a’h?) _

1
b. — —
47 (1+a®)?*(1+b%? " 4

a=tana T
{b =tanf (a,ﬂ € (_E’E)>
Khi d6,
(a+b)(1 —ab)
(1+a?)(1+b?)
sin(a + B)
~ cosa cos B

= (tan a + tan B)(1 — tan a tan B) cos? a cos? B

(cosa cos B — sina sin ) cos a cos 8
1 11

= sin(a + B) cos(a + B) = zsin 2(a+ B) € [_E;E
b. Tuong tu vay, taco :
(a? — b?)(1 — a?b?)

(14 a?)?(1 + b?)?

= sin(a + B) sin(a — B) cos(a + B) cos(a — B)

1 _ 1
=Zsm2(a+ﬁ)sm2(a—[>’) € [——

= (tan? a — tan? B)(1 — tan? a tan? B) cos* a cos*

1
4’ 4
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Bai 7: Cho céc sé duong a, b, ¢ théa man diéu kién

1 1 1 2 .
G+ B+ e+ T Gr DO DD

Chang minh rang : abc > 1

Giai: Tur diéu kién cua bai toan, ta suy ra

1 1 1 € (0: 1)
7 a+1'hb+1'c+1 ’
Do do, ta c6 thé chon 3 gbc nhon A, B, C sao cho

( A 1
COSA =

a+1

< B !
cosB=——
b+1

C 1
cosC =——
\ c+1

Thay vao gia thiét, ta duoc
cos?A + cos?B + cos?C+2cosAcosBcosC =1

Nhu ta da chirng minh & bai 2, phan II. Ta c6
A+B+C=m

Nhu vay, A, B, C 1a 3 goc cua tam gidc ABC nhon. Ta bién doi
(- 1 —cosA

cos A
1—cosB

< b=
cos B

1 —cosC

c =
\ cos C

Ta dua bat dang thirc can chimg minh twong duong véi
(1 —=cosA)(1 —cosB)(1 —cosC) = cosAcosBcosC
1—cosA) (1 —cosB) (1 —cosC
<=>( . ).( - ).( - )ZcotAcothotC
sin A sin B sin C

A B C
& tan—tan—tan— = cot AcotBcotC

A B C
< tanAtanBtanC > cotzcotzcotz

A B C
< tanA+tanB+tanC > cotz + cotz + cotz (dang)

Viy ta c¢6 diéu phai ching minh.
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Bai 8: Cho x, y thoa man 3x + 4y = 7. Chang minh rang

49
2 25 27
x“+y = 5%
Giai: Taco
3 X 4 y
7=3x+4y=5\/x2+y2<—. +-. )
5 /x2+y2 5 /x2+y2
Ta thay
[ @
{ 5 5/
X 2 y 2
(=) (=) =
k x2+y2 x2+y2
Do @0, ta dat
_ 3
smazg
4(aE(O,27T))
cosoz—5
Va
|smﬁ=\/%
x“+y [
! x~ (pefo3])
lcosff = —
Jx2 +y?
Khi do,
3 X 4 y _
7 =5x?+y?|= +-. = 5/x%2 + y%.sin(a + B) < 5/ x2% + y?
5 x2 4+ y2 5 /x2+y2
Suy ra
2+ 22_
VXt 4y c
Hay
49
242> 2
R TS

Viy ta c¢6 diéu phai ching minh.
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Bai 9: Cho a, b > 1. Ching minh rang

1 1 2
+ >
1+a?2 1+b%2 1+ab

Giai: Ta dat

f-“N

(g (w8 (-53))

ab>1
S tanatanf =1
S cos(a+B)<0
Khi d6, bat diang thic can chimg minh twong duong véi
2
1+ tanatanf
2cosacosf
cos(a — B)
< cos(a — B) [1 + cos(a + B) cos(a = )] = cos(a + B) + cos(a — B)
& [cos?(a —B) — 1] cos(a+ B) =0
& cos(a + B) sin?(a — B) < 0 (ding)
D4u " = " xay ra khi va chi khi
cos(a +B)=0 ab=1
[sin(a—ﬂ)=0 = [a=b
Vy ta c6 diéu phai ching minh,

Taco:

cos?a + cos? B =

& cos?a + cos? B >

Bai 10: Cho a, b, ¢ > 0. Chttng minh rang
(a? +2)(b?>+2)(c? +2) =9(ab + bc + ca)

(Bé nghi Olympic 30-4, 2010)

Giai: Ta dat
a = \/Etanx
VA
b=+V2tany |x,y,z € (0;§)>
c = \/Etanz

Khi @6, bat dang thirc can chiing minh tré thanh

4

cos x cosy cos z (cos x siny sin z + sinx cos y sinz + sin x sin y cos z) < 5
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Talaico:
cos(x +y+ z) = cosxcosycosz— cosxsinysinz
—sinx cosysinz — sinx siny cos z
Do d6, bat dang thiic can chimg minh tuong duong voi

4

cosx cosycosz[cosxcosycosz—cos(x +y+2z)] < 5

Theo bt dang thirc Cauchy va bat dang thirc Jensen, ta c6 :
cosx + cosy + cos z\3 S(Xxty+z
) < cos (—)

COSXCOSycosz < (

3 3
Khi do, ta dat
t_x+y+z
‘ 3
Ta can chung minh
4
cos®t (cos3t — cos3t) < 3
& cos*t (1 —cos?t) < A
o =27
That vay, theo bat dang thac Cauchy, ta c6 :
cos?t cos?t
cos*t (1 —cos?t) =4 AN 5 .(1 —cos?t)
2 2 3
CO; t+CO§ L+ 1—cos?t 4
<4 - —
3 27
Dau " = " xay ra khi va chi khi
1
tanx =tany=tanz=—&a=b=c=1
g V2

Viy ta c¢6 diéu phai ching minh.

Bai 11: Chting minh rang, tir 4 s6 cho trude ta ludén tim dugc 2 s6 a, b trong 4 s6 d6
sao cho

b—a

1+ ba

0< <1

Giai: Ta c6 thé gia sir 4 s6 cho trudc laa < b < ¢ < d. Khi d6 ton tai x, y, z, t théa man
T T
——<x<y<z<t<-=—
2 Y 2

a=tanx;b =tany;c=tanz;d =tant

, T .
Cac diém y, z, t chia [x; E] thanh 4 doan bang nhau
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. [
Do d6, trong 4 doan nay phai c6 it nhat mdt doan c6 do dai khéng qua T

Vitan(x + ) = tan x va vai tro 4 doan ndy nhu nhau, nén ta c6 thé chon

0< <z
Sy-x<7

=0<tan(y—x) <1
tany —tan x

=0 <
1+tanytanx

=0 <1
1+ ba

Vay ta c6 diéu phai ching minh.

Bai 12: Cho x, y théa mén
14xy + 23x% — 25x2 — 24 =0

Chang minh rang : x% + y% > 1

Giai: Ta dat

{x =asint (t € [0; 27])

y =acost
Khi d6, ta can chiing minh : a? > 1
Va gia thiét trong duong voi
14a?sintcost +23a?sin® t — 25a% cos?t —24 =0
< a?(7sin2t —24cos2t —1) = 24

Ta thay :
7 sin 2t — 24 cos 2t — 1 < \/[7% + (—24)2](sin? 2t + cos2 2t) — 1 = 24
Do do,
24a? > a?(7sin 2t — 24 cos2t — 1) = 24
Suy ra

a’>1
Viy ta c¢6 diéu phai ching minh.

x,y,z>0

x+y+z=1 Chang minh rang

Bai 13: Cho{

X y z

9
+ + <-
x+yz y+zx z+xy 4
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Giai: Ta dat
( yz_t a
x anz
’zx p s
< 7—tanz <a,,8,y€(0;5)>
Xy Y
L 7—tan2
Do
Z |zx zx [x X Z
. /—+ /—. iy S v
x |y y z z X
Nén

a a
tanEtang + tangtang+ tangtan-z— =1

Do @6, a, 8,y la 3 goc cia mot tam giac nhon.
Ta dua bat dang thirc can ching minh thanh

1 N 1 . 1
1+tan2% 1+tan2§ 1 + tan?

9
S_
4

o NI

a B 14
& c0s?—+ cos? =+ cos? =<
2 2 2

Day la bit dang thirc co ban trong tam giac.
Vy ta c6 diéu phai ching minh.

Bai 14: Cho a, b, ¢ > 0 théa man ab + bc + ca = 1. Ching minh ring

a b 3c
+ + < V10
1+a2 1+b2 \/1+C2

Giai: Tuong tu ¢ Cac cau trén, véi A, B, C la 3 goc cua tam giac ABC, ta dat

s . A
a= an2
b = tans
—an2
_ C
kC—tal’lz

Khi d6, bat dang thic can ching minh twong duong véi
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tan% tang 3tan%
+ + <10

A B
1+tan2§ 1+tan2§ /1+tan2%

C
< sinA + sinB + 6sinES 2v10

Taco:

C
( sinA+sinBSZcosE

C C
< \/(32 +12) (sin2 5 + cos? E) =10

Nl O

{ 3 si C +
k sin > cos
Do d06, ta duoc

C
sinA + sinB + 6sin§ < 2v10

DAu " = " xay ra khi va chi khi

A=B N,
tanz= c=23

Thay vao hé thiac ab + bc + ca = 1, ta dugc
{a =bh=+10-3
‘ c=3
Vay ta c6 diéu phai ching minh.

Bai 15: Cho a, b, ¢ > 0 théa man abc + a + ¢ = b. Ching minh ring

2 2 3 10

- + <
1+a?2 1+b%2 1+c? 3

Giai: Ta bién doi gia thiét trg thanh

a C

ac+E+E=1

Khi d6, vai A, B, C 1a 3 goc cua tam gidcABC ta dat
( . A

a= an2

<1—t B

b Ny

B C

kC—tal’lz

Bat dang thic can ching minh tuong dwong voi
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2 2 4 3 <10
1+tanZé 1+LB 1+tan2%_3

2 tanz E

10

C
< (cosA+ 1)—(1—cosB)+3<1—sinZE) S?

2_C (A—B) 3_2C<1
= - — —<-
smzcos > sin 5 =3
Taco:

)i © (A—B) 2628 <5 gin &g 2C
Sln2 COS > Sin 5= Sin Sin >

Do d6, ta can ching minh

W =

2 si 3 sin® ‘o
‘ sin 7 sin” > <
That vay, dicu do tuong duong voi
3(sins-12) <0
sin; -z =
Nhu vay,

)i (A—B
SIHZCOS >

Dau " = " xay ra khi va chi khi

A—B
cos( )=1 A=B ab=1
2 (:,[ C_ { 1

) painzCena € gy 2C 1
Sin 5= Sll’l2 Sin 5 =3

le
C 1 sin— = — c=——
in= =< 2 2v/2
sm2 Y V2
Thay vao hé thirc da cho, ta duoc

V2

=3

b =2

1

\* =%

2vV2

Viy ta c¢6 diéu phai ching minh.

Bai 16: Cho a, b, ¢ = 0 théa man a? + b? + c? + abc = 4. Chtrtng minh rang

a+b+c=abc+?2
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Giai: Tu gia thiét, tasuy ra a, b, ¢ € [0;2]. Do d6, ton tai cac goc nhon A, B, C sao cho

a=2cosA
b = 2cosB
c =2cosC

Suy ra, gia thiét twong dwong voi
cos?A + cos?B + cos?C+ 2cosAcosBcosC =1
Nhu vay, A, B, C 1a 3 goc cua tam giac nhon ABC.
Ta dua bat dang thirc can chitng minh thanh
cosA+cosB+cosC=>4cosAcosBcosC+ 1

Theo dang thirc co ban, ta c6

A B  C

cosA + cosB + cosC = 4sinzsinzsin5+ 1

Do d6, bat dang thirc can chimg minh twong duong voi

2 ginl i C> AcosB C
sin - sin> sin> = cos A cos B cog

Theo bt dang thirc Cauchy, ta co

cos A + cos B\? . ,C (A-B
> ) = sin Ecos (

cosAcosB < (
Tuong tu, ta dugc

cos Bcos C < sin? >

B
cos Ccos A < sin? >

Nhan theo tirng Vvé, ta c6 dugc

i sin C> AcosB C
smzsmzsmz_cos cos B cos

Dau " = " xay ra khi va chi khi tam giac ABC déu.
Viy ta c¢6 diéu phai chang minh,

Bai 17: Chang minh rang vai moi s6 thuc duong x, y, z thoéa man
x(x+y+z)=3yz
Thi
x+y)2P+@x+23+3xc+y)(y+2)(z+x) <5k +2)3

(Tuyén sinh khdi A 2009)
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Giai: V&i a, b, c 1a cac s6 duong. Ta dat
a=x+Yy
b=y+z
C=zZ+Xx

Khi do,
( _b+c—a
T
c+a-—»>b

2

a+b—c
=T
Ta dua bai toan vé 3 sé dwong a, b, ¢ thoéa man

a? =b?+c?—bc
Do d6, ta c6 thé coi a, b, ¢ 1a 3 canh cua tam giac ABC véi goc A = 60°.
Bat ding thirc can chirng minh tuong duong véi
b3 + ¢3 + 3abc < 5a
& (b + ¢)(b? — bc + ¢?) + 3abc < 5a3
& a?(b +¢) + 3abc < 5a3
< a(b +¢) + 3bc < 5a?
Theo dinh ly ham sé sin, ta c6
& sinA(sinB +sinC) + 3sinBsinC < 5sin? A

& 2v/3(sinB +sinC) + 12sinBsinC < 15

<y:

Mat khac, ta co :
A
sinB+ sinC < 2cosE= V3

_ _ (sinB+sinC)? 3
sinBsinC < 2 < Z

Do dé, ta dugc

2v/3(sin B + sinC) + 12sinBsinC < 15
Dau " = " xay ra khi va chi khi tam gi4c ABC déu, khi d6 x = y = z.
Viy ta c¢6 diéu phai ching minh.

Bai 18: Cho a, b, ¢ € (0; 1) thoa man ab + bc + ca = 1. Chitng minh rang

_l_
a b C

>
1—a2+1—b2+1—cz_4

a b c 3<l—a2 1 — b? 1—cz>

7
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Giai: Tuong tu nhitng bai trudc, ta dat

( . A
a =tan—
2

i1b =t B
—an2

_ C

kc—tanz

Tuy nhién, do a, b,c € (0;1) nén A, B, C la 3 goc cua tam giac nhon ABC.
Ta dua bat dang thirc can chiing minh tro thanh

1 N 1 N 1)
tanA tanB tanC

3 T
,X€E0;=
nx x ( 2)
N tan® x + 1
flx) =tan®x+1+3.———>0
tan? x

Do d6, ham sb f(x) dong bién. Theo bat dang thic Jensen, ta duoc

+B+C
fA)+fB)+f(C) = 3f(—) = 3£(60°) =0

tanA+tanB+tanC23<

Ta xét ham sd

f(x) =tanx G

Suy ra

1 1 1
tanA+tanB+tanC23< + + )
tanA tanB tanC

D4u " = " xay ra khi va chi khi tam giac ABC déu, khidéa = b = c.
Vy ta c6 diéu phai ching minh.

Bai 19: Cho x,y,z > 0. Ching minh rang

y+z z+x x+y 16(x +y + z)3
3x+y)(y+2)(z+x)

Giai: Bat dang thuc can chimg minh twong duong véi

(y+Z)\/(x+y)(Z+x)+(Z+x)j(x+y)(y+z)+(x+y)\/(y+z)(z+x)

x(x+y+2) y(x +y+2) zx+y+2)

4
>—x+y+2)

\/_
Ta dat
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a=y+z xX=s—a
b=z+x y=s-—b>b
= —
c=x+Yy z=S5—¢C
Ss=x+y+z S=x+y+z
Mt khac, ta thiy rang

\/(x+y)(z+x)_j bc J(x+y)(y+z)_ ca

x(x+y+2z) . y(x+y+z) S(S—b);

s(s—a)’
y+2)z+x) ab
zx+y+z) s(s—c)

Péu > 1 va ta dé y rang trong tam gi4c ABC

bc _ 1
P(P —a) COSZ%
nén ta duoc
( bc B 1
s(s —a) cosé
2
ca 1
< =
s(s = b) cosE
2
ab B 1
s(s —¢) cos%

Vai A, B,C la 3 goc; a, b,c la 3 canh; s la nira chu vi cia tam giac ABC.
Ta dua bai toan tro thanh

a N b N c - 4s
A B C=f3
COS» COSm  COS%H

Theo dinh ly ham sé sin, bat dang thirc trén twong duong véi

A B - C_ sinA+sinB+sinC
sm§+sm§+51n52 \/§
V3 A B ¢ A A B B € C
@7(51n§+51n5+51n5)2smzcosz+smzcosz+sm§cos§
Theo bt dang thire co ban, ta co :
A B C 3V3
COSE+COSE+COSEST
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; C X .
Ap dung bat dang thirc Chebyshev cho ham s6 sin 2 dong bién trén [0; ]

., X .
va ham so cos nghich bién trén [0; ]. Ta duoc

1 A B C A B C A A
—(sin— + sin— + sin—) (cos—+ cos—+ cos—) > Z sin —cos —

3\ 2 2 2 2 2 2 22
Do do, ta co:
x/§(,A+,B+_c)>_A A, B B . C C
5 Sll’l2 Sll’l2 Sll’l2 _SlIlZCOS2 51n2c052 SIHZCOS2

DAu " = " xay ra khi va chi khi tam giac ABC déu, khi d6 x = y = z.
Vay ta c6 diéu phai ching minh.

Bai 20: Cho a, b, ¢ > 0 théa man a + b + ¢ = 1. Chting minh rang

a?+b?+c?+2V3abc <1
(Poland 1999)

Giai: Vai A, B, C la 3 goc cua tam giac ABC, ta dat

( ) At B
a = tan S an 5
ib=t Bt ¢
= tan 5 an 5
_ C A
o ‘ LC = tan Etan E
Khi d6, bat dang thirc can ching minh tuong duong vai
A B B C C A A B C
tan? Etan2 > + tan? > tan? 5 + tan? Etan2 > + 2v/3 tan Etan Etan 2 <1

(t t +t Bt C+t Ct )2+2\/3t t t ¢
= — — — — — — — — —
al’l2 <':1I’12 anz anz anz anz an2 an2 an2
<1+2t t Bt C(t +t +t C)
= anz anz an2 an2 an2 an2

A B C
= tan5+tan§+tan§ = \/§

Pay chinh 13 bat dang thic co ban, dau " = " xay ra khi va chi khi tam giac ABC déu, khi
dba=b=c.
Vay ta c¢6 diéu phai ching minh.
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Bai 21: Cho a, b, ¢ > 0 théa man h¢ thirc
a+b+c+1=4abc
Chang minh rang
1 1 1
\/%-'_\/E-F\/a <3

Giai: Gia thiét tuong duong voi
1 4 1 4 1 4 1
4bc * 4ca  4ab  4abc

1

Voix,y,z > 0. Ta dat

s 1
X =
2vbc
1
< =
Y= e
1
Z =
\ 2vVab

Ta dua gia thiét tré thanh
x2+y?+z2+ 2xyz=1
Nhu vay, vai A, B, C la 3 goc caa tam giac nhon ABC. Ta co

X = cos A
y = cosB
z =cosC

Bat dang thirc can ching minh turong duong véi
3
cosA+cosB+cosC< 5

Pay la bat dang thirc co ban, do d6 dau " = " xay ra khi va chi khi tam giac ABC déu, khi
dba=0>b=c.
Vay ta co diéu phai chang minh.

Bai 22: Cho x,y,z > 1 théa mén hé thuc

1 1 1
—t+—4+=-=2
X y z

Chungminhrang: vVx —1+,y—1+Vz—-1< /x+y+z

(Iran 1997)
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Giai: Voi a,b,c > 0. Ta dat

x=a+1
y=b+1
z=c+1

Khi 6, gia thiét twong duong voi
ab + bc + ca+ 2abc =1
Va bat dang thirc can chimg minh twong duong véi
Va+Vb++ve<vVa+b+c+3

3
& Vab +Vbe + casz

Véi A, B, C 1a 3 gc bat ky thuoc (0; ). Ta dit

s A
b = sin? =
a Sin >
b = sin?>
Cc = SIn >
C
— cin2
LCCl—SlI’l 5
Pua gia thiét trg thanh
oA GBL L C AL B C
sin sin® - + sin® 7 sin > sin > sin- =
. A+B A-B _.C ( A+B A—B) C_
=1- o — g
COS ——C0s— sin®= — | cos cos—— ) sinz
A-B A+B ., C A+B_C A-B_C_
= < = == 5=
CoS ——cos— sin® - + cos——sin 7 — cos——sin -
( A+B _ C)( A—B+ _ C) 0
= —sin- 5=
cos = sinz ) { cos— sin 7
A-B  C
& cos = sin—

2
<A+B+C=nm
Nhu vay, A, B, C 1a 3 goc cua tam giac ABC. Khi d6, bat dang thac can chiing minh tro
thanh bat dang thtic co ban
A B C 3

sm§+ sz+ sz < >
Dau " = " xay ra khi va chi khi tam gi4c ABC déu, khi d6 x = y = z.
Viy ta c¢6 diéu phai ching minh.
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Bai 23: Cho x,y,z > 0. Chting minh ring
X A
+ Y + <
x+\/(x+y)(x+z) y+\/(y+z)(y+x) Z+\/(z+x)(z+y)

Giai: Bat dang thac can ching minh tuong dwong véi
1 1 1

+ + <
1+\/(x+y£§x+z) 1+j(y+2)gy+x) 1+\/<Z+’2§Z+”

y
Khong mat tinh tong quét, ta gia sir rang xy + yz + zx = 1. Khi do, v6i A, B, C 1a 3 gdc
cua tam giac ABC. Ta dat

( ) A
X = tan >
1y =t B
y = tan >
_ C
\Z = tal’lz
Suy ra
x+y)x+2) B (tan7+ tani) (tan7+ tani) _ 1
X B 284 LA
. ‘ tan® = sin? 5
Nhu vay, ta dua bat dang thic can chitng minh tré thanh
. A _ _
sinz sin= sin=
2 +—2 o —2.<1
1+51n7 1+51n7 1+51n§
= + + =2

. A . B :
o 1+51n7 1+51n7 1+sm§
Theo bat dang thirc Bunyakovsky, ta c6 :

! + ! + ! (1+'A+1+'B+1+'C)>9
sin— sin — sin—| =
1+siné 1+sinE 1+ sin=s 2 2 2
2 2 2
1 1 1 9
= + + CZ

. A . B ) . A . B . C
o 1+sm7 1+sm7 1+smz 3+sm7+sm§+sm7
Theo bat dang thirc co ban, ta co :

A B C_3
Sln2 Sll’l2 SlI‘lZ_2
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Do do,

1 1 L
+ + -2

. A . B :
’ 1+sm§ 1+sz 1+51n7
Dau " = " xay ra khi va chi khi tam gidc ABC déu, khi d6 x = y = z.

Vay ta c¢6 diéu phai ching minh.

Bai 24: Cho a, b, ¢ > 0 thdoaman a + b + ¢ = 1. Chang minh ring

1 1 1 1 1 1
—— 1 |==1+ |==1 |-=1+ |-—1. |--126

(Ukraine 2005)

Giai: Tur gia thiét, véi A, B, C 1a 3 goc cua tam gic ABC, ta dit

( =t At B
a= anz anz
i1b=t t S
= anz anz
C A

LC = tanztani

Khi do,

Tuong ty, ta co :

B
51n2

sinssin =
2 2

Bat dang thizc can chiing minh tré thanh bat dang thire co ban
1 N 1 N 1 -
sin B sin ¢ sin A~
2 2 2

Dau " = " xay ra khi va chi khi tam gi4c ABC déu, khidéoa = b = c.
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0<ab+bc+ca—abc<?2

Bai 25: Cho a, b, ¢ = 0 sao cho a? + b% + ¢? + abc = 4. Chitng minh rang

(USAMO, 2001)

Giai: Giasira, b, c > 1, khi d6 a® + b? + ¢? + abc > 4 (vo ly). Do do6
Gia thiét twong duong voi
2

2 p\? b
@) +() +Q) +23335=1

Véia, B,y € [0; ] sao cho a + B + y = m.Ta dit

(a =2 sing
B 2
B
1b =2sin—
sm2
4
C = 2 smz
Bat ding thirc can chting minh tré thanh
a a a
0< 4sinEsin§ + 4sin§sin% + 4sin%sin§ - 85inEsin§

a a

,tachona < 1.

14
in- <2
Sll’l2

a 1
=08 sinEsin£+ sinésinz+ sinzsin—— ZSin—sinEsing < E

) 2 2 2 2 2
Ta thay
a a
, sinE(sin§+sin%)+sin§sing(1—25inz)20
Dau " = " xay ra khi va chi khi

. a .
smg—smE—O{:{a:b:O

Y
in- =1
Sln2

Péi v6i bat dang thire thir hai, ta xét a, 8,y € (0; ). Ta thay

a

a a
ab = 4sinEsinE = stinatanzsinﬁtanzs sinatan'[2—3+ sinBtanE

a+

: |
= sin a cot +sin 8 cotﬁ

2
Tuong tu, ta dugc
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a +a
bc = 4sin§sing < sin 8 cot + sinycoty >
Y a . a+p
ca = 4sin=sin— < siny cot + sin a cot
2 2 2
Suy ra
ab + bc + ca
+ a
< (sina + siny) coty + (sina + sin B) cot'B >
+
+ (sin B + siny) coty 5 p
Ta c6 thé coi @, B,y 1a 3 goc cua tam giac nhon bt ky.
a— +a a— +a — -
ab + bc + ca < 2 cos Zycosy2 + 2 cos ZﬁCOSﬁZ +2cos'82ycotyzﬁ

a
& ab + bc+ ca < 2(cosa + cosf + cosy) = 6—4<sin2-2—+sin2§+sinzz)

2
=6—(a?+b?>+c?)=2-abc
Diu" = "xay rakhivachikhia =b =c = 1.

- BAITAP TU LUYEN
9.2.1. Cho |a| < 1. Chiing minh rang véi moin € N,n > 2
A-a)"+@Q+a)* <2

Ja?z —1++/3 < 2|q
9.2.3. Cho 4a? + 9bh? = 25. Chang minh rang
|6a + 12b| < 25

9.2.2. Chtng minh rang

9.2.4. Chting minh rang
|av1 =57 + b1 - a? +V3[ab — /AT = aD)A - bD)]| < 2

9.2.5. Chting minh rang

1441 — 22 A+ 27 = T =207 < 2v2 -2 - 27
9.2.6. Chting minh rang véi a € [0; 2]
|\/2a—a2 —\/§a+\/§| <2

9.2.7.Cho a, b, c thbamin 0 < ¢ < a va ¢ < b. Chang minh rang

\/(a—c)c+\/(b—c)cS\/E

9.2.8. Chting minh rang
|\/§(2a2 — 1) +2ay1 - a2| <2
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9.2.9. Cho |al, |b| < 1. Chttng minh ring
1 1 2
+ =
1-a®* 1-b* 1-—ab
9.2.10. Cho a, b, x, y la céc s6 duong sao cho

a b
—+-=1
x y

Chung minh rang

x+y = (Va+vb)
9.2.11. Cho x, y théa man x2 + y? = 1. Chiing minh rang
V3x
2+y
9.2.12. Chou,v,x,y theaminu? + v2 = x2 +y2 =1
Chang minh rang

<1

lu(x + ) + v(x —y)| < V2
9.2.13. Cho x, y théa mén x2 + y? — 2x — 4y + 4 = 0. Chirng minh rang
|x?2 —y2 + 2vV3xy —2(1 + 2V3)x + (4 =2V3)y =3 + 4V3| < 2
9.2.14. Cho x, y thoéa man |3(x? — y?) + 8xy 4+ 14x + 2y + 8| = 5. Chitng minh rang
x2+y?+2(x+y)+1=0
9.2.15.Choa; < a, < ... < a;3. Chang minh ring ton tai k,1 € {1; 2; ...; 13} sao cho

ap — q < 2—\/§
1+ aq; 243
9.2.16. Pitx, = 0vax; > 0Vé6ii = 1;n saocho

0<

Chuang minh rang

(Dé nghi Olympic 30-4, 2008)
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- GQI Y GIAI BAI TAP TU LUYEN
9.2.16. Ta dat
( xo = sin0 = sin a
Xo + x4 = sinaq
Xo + x4 + x5, = sina,
9 Xo+x, + -+ x =sing;

s
(Yot X+ Xy = sinz = sina,
s

V6i0=agy < a; < .. <an=5

Bat dang thuc can chang minh tro thanh

n . . n 2 i y
z sina; — sina;_, _ Z cos———=Lsin——
i 1 +sina;_;./1—sina;_; 4 COS @; 4
T
voix € (0; E] thi

{Hém s6 y = cos x nghich bién

sinx < x
Do do,
n a;+a;_q1 . a; —a;_ n a; —a;_ n
2 cos——- L sin = 5 1 2cosai_1.‘TL1 T
y < =Y e =2
. cosa;_q , cosa;_q . 2
1=0 1=0 1=0

IV. PHUONG PHAP LUQNG GIAC HOA TRONG GIAI PHUONG TRINH
- O dang nay, ta ciing s& chuyén vé dang giai phuong trinh lwong giac. Cac ban can
6n lai cac phuong phap giai phuong trinh luong giac & chuong 5 dé c6 thé nhanh
chéng tiép can phuong phap nay.

Bai 1: Giai phuong trinh sau

a. 4x3—3x=+1—x2

b. /1+\/1—x2=x(1+2 1—x2)

 4x3 —3x ==
C X X >
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Giai:
a. biéu kién : |x| < 1. Tadat x = cost,t € [0; 7] (%)
Khi d6, phuong trinh duoc chuyén vé dang

4cos®t —3cost =+/1—cos?t

& cos 3t =sint

& cos 3t = cos (g— t)

R B s

o T kn t—g x—cos§
3t—E—t+k2TE t=§+7 %) 51 5w

= T (keZ) e - (kez) s t:?@ X = cos—o-
3t:t—5+k2n t:_Z+kn t_3” B 3
IR\Y X = cos—

b.  Didukién: x| <1

T T
Ta dat x = sint,t € [— > E] (*).Khi d6, phuong trinh tuwong dwong vé6i

\/1+ 1—sin2t=sint(1+2 1—sin2t)
< V14 cost=sint(1+ 2cost)

t
= \/Ecoszz sint + sin 2t

t 3t
= \/Ecos§<1 —ﬁsin;) =0

t_o T
{cosz— ) t:E le
< 3t ﬁ@t m < 2
[sm?=7 =35 x=1
C. Taco:
1_ _ (n+2 )_ (ni6n>
2—cos =cos|(==+ 2w ) = cos 3

Nhan xét rang
cosE = cos (3 E) = 4cos3z— 3 cosE
3 9/ 9 9

/[
Do do,x = cos§ la mot nghiém cia phuong trinh
Danh gia tuong tu, ta suy ra

5n 7
cos r cos 5 la 2 nghiém con lai cua phuong trinh
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Bai 2: Giai phuong trinh sau

a. 8x(2x? - 1)(B8x*—8x2+1) =1

2
C. 1+§\/x—x2=\/§+\/1—x

Giai:
a. Ta xét cac trueong hop
- x > 1,khi dé 8x(2x% — 1)(8x* — 8x2 + 1) > 1. Do d6, phuong trinh v6 nghiém
- x < —1,suyra8x(2x? — 1)(8x* — 8x%2 + 1) < 0. Do d6, phuong trinh vo
nghiém
- |x|] < 1.Patx = cost,t € (0;m) (x). Khi d6, phwong trinh tr¢ thanh

8cost(2cos?t—1)(8cos*t —8cos?t+1)=1
& 8costcos2tcos4dt =1

& 8sintcostcos 2t cos4dt =sint

8t=t+ k2n

<=>sin8t=sint(=>[8t_n_t+k2n

() 2w 4m 6w w W 5w 7w
@tE{ ; ; ST ) }
7 7 7°93 9" 9

2T 41 61 T T 51t 7T
S x € {cos—;cos—;cos—;cos—;cos—;cos—;cos—}
7 7 7 9 3 9 9

b. Diéu kién : x > 1. Ta dat

1 e (0 7T) (%)
= ;= *
x cost’ "2
Khi do, phuong trinh cé dang
. 1
n cost — 22
cost 1
cos?t

& sint + cost = 2V2sintcost
Patsint + cost =u,u € [1;\/5].Suyra25intcost=u2 -1
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Khi d6, phuong trinh tré thanh

u=172
V2ul—u—-V2=0e u__i@sint+cost=\/§
V2

VA T T (%) T
& si —-)l=1< -—=—= 2 El)ot=—Sx=V2
‘Sln(t+4) t+7 2+k1'[(k =Y’ 7o V2
C. Diéu kién : x € [0; 1]

s
Ta diat x = cos?t,t € [0; E] (*).Khi d6 phuong trinh tré thanh

2
1+§\/coszt—cos4t=\/coszt+\/1—coszt
< 3+ 2sintcost = 3(cost + sint)

batsint +cost =u,u € [1;\/2]. Suyra2sintcost =u?—1
Khi d6 phuong trinh c6 dang

u2—3u+2:O(:)[Zié(:)sint+cost:1
- == s s =
(:)Sln(t+4)_\/§(:)[t=§+k2ﬂ (kel)s t=§(:)[x:0

Bai 3: Giai cac phuong trinh sau

a. x3+/(1—x2)3 =x/2(1 —x2)

x2+1_ (x2 +1)?
2x  2x(1—x?)

c. /1+J1—x2[J(1—x)3—J(1 +x)3] =24++/1—x2

b. Vx2+1+

Giai:
a. biéukién: |x| <1

T
Ta datx = sint,t € |—=;=| (*).Khi dé phuong trinh cé dan
507 g g

sin®t 4+ /(1 — sin?t)3 = sint+/2(1 — sin?t)
& sindt +cos3t =V2sintcost
& (sint + cost)3 —3sintcost (sint + cost) = V2sint cost
Patsint + cost =u,u € [—\/7;\/7]. Suyra2sintcost =u?—1
Khi d6, phuong trinh twrong duong véi
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u3+u2\/§—3u—\/§=0=}[ u=v2

u=1-+2
- Véiu=+2
. . m ¢ o V2
smt+cost—\/§<=)sm(t+z)—1(:)t—Z(:)x—7
- VWoiu=1-+2

sint+cost=1—\/2(:>cost=1—\/§—sint

(:){ 0<1—-+v2-sint<1
2
(1-v2—sint) +sin?t =1

o sint <1-v2
2sin?t —2(1—v2)sint+2-2V2=0

&S x =sint =

1-v2-y2v2-1
2

b.  Diéu kién : x € R\{0; +1}

T T [
Ta datx = tant,t € (_E ; E) \{O; iz} (*). Khi d6 phuong trinh c6 dang
T 2t_l_te1n2t+1_ (tan? t + 1)?
an 2tant  2tant (1 — tan?t)
1 1 1

+3— = , ,
cost 2sintcost 2cost(cos?t—sin?t)sint
& 2sintcos2t —2sin?t =0

. T[+k27'[
T =T
(:)cosZt:cos(E—t)<:> 67_[ 3 (k ez
t=——-+k2m
2
(*)t T 1
St=—69x =—
6 V3

C. Diéu kién : |x| < 1. Tadat x = cost,t € [0; ]. Khi d6
V1 +sint[\/(1 —cost)3 —\/(1 +cost)3] =2 +sint

(s cosg) [ (2oneg) = |(zeossg) | =2 4sn
@ —_— - —_— —_— —_ =
SlIl2 COS2 sin > CosS > Sin
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t t t t
= (sinz + cos E) 242 (sin3 5 cos?3 E) =2 +sint
o 2V2 (sian cos? E) (1 + sinfcos E) =2 +sint
2 2 2 °2)
& —V2cost(2+sint) =2 +sint

V2

&S x =cost = ——
2

Bai 4: Giai cac phuong trinh sau
a. x3+1=333x-1 b. x3—3x =Vx +2
(Dé nghi Olympic 30-4, 2006)

1
c. —+ =2V2
x VI—x2
(Dé nghi Olympic 30-4, 2007)
Giai:
a. Tadatu = V3x — 1 & u® + 1 = 3x. Khi d6, ta c6 hé phuong trinh

3 _
{x +1_3u:>x3—u3=3(u—x)

u?+1=3x
sShk-uwkl+u!+ux+3)=0=x=u
Nhu vay, phuong trinh da cho tuong duong voi
x3—-3x+1=0
Ta xét ham s
fx)=x*-3x+1,x€ER
fl(x)=3(x%*-1)
Néu x > 2 thi-ham sé f(x) dong bién. Do do,
x>2=fx)>f2)=3>0
Suy ra phuong trinh vd nghi¢m.
Néu x < —2 thi ham sé f (x) dong bién. Do do,
x<-2=fx)<f(-2)=-1<0
Suy ra phuong trinh vd nghi¢m.
Ta xét phuong trinh trén [—2; 2], ddtx = 2 cost,t € [0; ] ()
Khi d6, phuong trinh twong duong véi
2(4cos3t—3cost)+1=0
1 2w k2w

Scost=—-—t=+—+— (kEL
cos > _9+ 3 ( )
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(*)te{Zn 41 8n} E{Z 2T ) 41t ) Sn}
S —_—— — — —
5° 979 b Cosg,cosg,cos9

b. bieu kién: x > -2

- Néux>2thix® =3x=24+x(x%2—-4) >x>\V2x>Vx + 2.
- Néu-2<x<2, taditx = 2cost,t € [0;7] (%). Khi do,

8cos3t —6cost =+V2cost + 2

t
& 2(4cos®t—3cost) = ZCOSZE

t = x =2
i t o= 2 cos T
& cos3t=cos—=3t=+-—+k2n(ke) &S| 5 o x = 2cos c
? 2 . 4m ) 4m
|t = |x = cos —

C. biéu kién : x € (—1; 1)\{0}.

T
Tadatx = cost,t € (0;m)\ {E} (*).Khi d6, phuong trinh c6 dang
1 1
+—=2V2 & sint+cost = 2V2sintcost
cost sint
batsint +cost =u,u € [—\/7,\/7] Suyra2sintcost = u? -1
Phuong trinh tré thanh

u=1+2
V2u—u—-V2 =0 u——i
V2
Néu u = V2 thi sint + cost =+/2
T A ) T V2
@cos(t—z)=1<:>t=z+k2n(kEZ)<:)t=Z<=>x=7
Né ! thi sint + cost !
éuu = —— thi sin cost= ——
V2 V2
LU
T 1 = T ) 117 —1—-+/3
(:)cos(t——)=——<:> 12 kel)eot=—ox=———
4 2 Sm 12 242
t=—E+k27T
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- BAI TAP TU LUYEN
9.3.1. Giai cac phuong trinh sau
a. 8x3+24x*+6x—1=0
b. x*—6x24+1=0

14 2xV1 —x?
C. =1 — 2x?
2

d. |2x -1 —4x2| = V2(8x2 — 1)

3x
e. X+ =\/§

Vx2+3

i 1 1 443

+ =
1—-Vl—-x 1+V14+x +V1—x
L 6x+8y1—x2=5(\1+x+V1l—x)
h. 64x% —112x* + 56x% — 7 = 24/1 — x2

1
i 32x(x?2—-1)(2x%*—-1) + 2= 1

aQ

V. PHUONG PHAP LUQNG GIAC HOA TRONG GIAl HE PHUONG TRINH
- O dang nay, ta ciing s& chuyén vé dang giai hé phwong trinh lugng giac. Cac ban
can 6n lai cac phuong phép giai phuong trinh lugng giac & chuong 6 dé cé thé
nhanh chéng tiép can phuong phap nay.
- Pay la dang it khi xuat hién trong cac dé thi chung, thudng xuat hién trong cac dé
thi chuyén.

Bai 1: Giai cac hé phuong trinh sau

(2 _
{x+ 1—-y2=1 X {1_3,2_"
a. :
y+1-x2=1 | 2 _,
1—x?
x2+yt=1
. 3 d {x\/l—y2+y\/1—x2=1
k(x—y)(1+4xy)= 5 1-x)1+y)=2
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Giai:
a.  Diéukién: |x|,|y| < 1. Ta dat

b =g (@8e[-3:3) ©

Hé phuong trinh tré thanh

sina+cosf =1 sing+cosf =10 sina+cosff =1
{Sinﬁ-l—cosa:l {Sin(a+,8):0 S [a+/3=0
atp=m
a=-
PR sma+cos(—7c;)_1@\(1_,3_2(:)&_},_(1)

b.  Diéukién: x,y # +1. Ta dit
= mw T T
{iztiﬁfﬁ (@pe(-55)\x3) @

Hé phuong trinh trd thanh

( 2tan
{1_tanzﬁ:tana(:){tanZﬂztana(:){Zﬂ=a+k7r Ul e )
2tan tan 2a = tan f§ 2a =L+ I "’
\m——=—-=tanp
1—tan‘a
x=y=0
(= LXET N(x=v3
3 - — _
= In+k2m |V T V3
> —3 {xz—\/§
y=+3
C. Ta dat
x =sint
b 2 oot €€ (027D

H¢é phuong trinh tr¢ thanh
3
(sint —cost)(1 +4sintcost) = \/;

(3t n) V3 E{1371 177 377w 41m 61m 65n}

@ —_— — __c) . . . . .

cos 4 2 36 ° 36 36 36 36 36

13w 137‘[) ( 17m 177t> ( 37m 37
; ;| sin

o (x;y) € {(sm TRAET: Sin—=;cos—— 3¢ 053¢

(. 41 4177) ( 61lm 61n> < 651 65n)
sin—==;cos ——|;| sin 5= cos = ;| sinZ; cos == }
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d.  Diéukién: |x|;|y| < 1. Tadat
X = Co0Sa
() = cosp @B €0

Hé phuong trinh tré thanh
{cosasinﬂ+cosﬁsina=1 { sinflea+8) =1
(1 —cosa)(1+cosB) =2 (1—-cosa)(1+cospB) =2

s
a+p== _T
= Zn (:){ 'B_E_a
(1 —cosa) [1+cos(z—a)] =2 sina —cosa =1+sinacosa
Taditt =sina — cosa, |[t| <V2va1l—t? = 2sinacosa. Khidd

t?24+2t—-3=0 t=1 sina —cosa =1

Bai 2: V6i a, b 1a cac hang s6 khéc 0 cho truéc. Giai hé phuong trinh

x?+a’>=y?+b* =(x—-b)*+(y—a)?

Giai: Ta dat

x2+a?=y?+b? =(x—-b)*+(y—a)>=R*(R>0)

Khi d6, hé phuong trinh twong duong voi
X =Rcosa;a=Rsina
y=Rcosf;b=Rsinf (a; B € [0; 2m])
R%(cos a — sin3)? + R?(cos f — sin a)? = R*?
x =Rcosa;a=Rsina
=R ;b = R si
- y cosf; 1smﬁ
sin(a + B) = 3
Ta xét truong hop :

. /s
Néua+ﬂ=g+k2n(kEZ)thi

a

x+§ x=2b+aV3
=3

y =2a+ bV3

. 5t
Néua+ﬂ=?+k2n(kEZ)thi
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(—R 5t _ V3 a
y = cos(?—a)——7x+§ {x=2b—a\/§
=
b= Rs (57r )_x+\/§ y =2a—bV3
k = Rsin 3 a =3 2a
Bai 3: Giai h¢ phuong trinh sau
x=y4-y)
y=2z(4—2z)
z=x(4—x)

Giai: Cong ting vé tuong tmg cic phuong trinh di cho cua hg, ta co
B3x+y+z)=x*+y*+z22=>x+y+2z=>0
Nén phai cd it nhat mot s6 khdng am, ta cé thé gia st 1a z. Ta co
x(4—-x)=z=>20=>0<x<4

Do vay, ta dat
T
— A cin2 L
x = 4sin t,tE[O,Z] (%)

Tasuy ra
7z = 4sin?t (4 — 4sin®t) = 4 sin? 2t
= y = 4sin? 2t (4 — 4 sin? 2t) = 4 sin® 4t
= x = 4sin? 4t (4 — 4 sin? 4t) = 4 sin® 8t
Vay t la nghiém ctia phuong trinh
sin? 8t = sin® t & cos 16t = cos 2t

(%) n w2t 2 w 4w 37w
e }

Vay Vi t lay tir mot trong cac gid tri trén, hé phuong trinh ¢ cac nghiém sau

x = 4sin?t
y = 4sin? 4t
7z = 4sin? 2t

Bai 4: Cho a, b, c 1a cac s6 duong cho trudc. Hay xac dinh tat ca cac s6 duong x, v, z
sao cho

{ x+y+z=a+b+c
4xyz — (a®*x + b%y + c*z) = abc

Giai: V6i 4xyz — (a?x + b%y + c?z) = abc, ta bién doi
a’> b?* ¢* abc

b=—4—+—+—

yz zx Xy XyZ
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V6i xq,y1,2; > 0, ta dat

a
(L _ .
\YZ
4 b =
\/g_yl
c
VXY

Do do,
xt+yEi4z2+x.y12, = 4
Vi A, B, C la 3 gbc cua tam giac nhon ABC, ta lai dat

( 5 si A
X, = sm2
{ 2 si B
Vi = Slnz

- C
k21=251n§

Khido,tux+y+z=a+b +c,tasuyra

B A\? B A 2
(\/Ecos—— ycos—) +<\/§sin—+ ysin——x/E) =0
2 2 2 2
Do do,
Vxsi B+[' 2oV
x sin; ysing = vz

Suy ra

_a+b

T
Tuong tu, ta co :

( _b+c

)" T2

_c+a

A
Nhu vay, nghiém duy nhat cia hé phuong trinh 1a

( _b+c

T

) _c+a

Y=

_a+b

S 2
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Bai 5: Giai h¢ phuong trinh sau
x(4—y?) =8y
y(4 —z?) =8z
z(4 — x?) = 8x
Giai: Ta thdy x,y,z # +2. Khi d6
rx_ 8y
4 —y2
o 8z
Y 4 — z2
_ 8x
S
_ T T o
Volte(—E,E)(*)tadatx—Ztant
Suy ra
zZ = 2tan2t
[yzZtanélt
x = 2tan 8t
Do do,
tan 8t =tant
km T 2m  3m
<=>t=—(kEZ)<:)tE{O+7 i7,i7}

2T 3
(:)xE{O 2tan+— 2tan+—;2tan + }
7 7 7

Bai 6: Giai hé phuong trinh
xy=1
x(1-y*) =2y
x(1—2%) =2z
Giai: Tathdy y,z # +1, do do
Xy =
2y
X =T )2
2z

Khi do, ta dat
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X =tanu -
{y_= tan v <u,v,w€ (_E§)> (%)
Z = tanw

Hé phuong trinh tré thanh

tanw = tan 2v

{ tanu = cotv
tanu = tan 2w

Khi do,
w=2v+km . _
{u=2w+ln (k;l €EZ) = u = 4v + 2km + I
Do do,
tan(4v + 2km + lm) = cotv
5 7T+ (m e Z) 7T+mn(*) {+n+3n}
= = — Sv==—F+—sv=3{+—;+—
vEgmmram VS0 s TV T 1ET0’ T 10
Nhu vay
¢ 21 4 T _ T
X = ans,y— anlo,z— an5
_ 2T _ T - T
X = anS,y— anlO’Z_ an5
. T 4 3 _y 3
x—anS,y—anlo,Z— an5
_ T . 37 _ 4 3
| x = anS,y— anlO'Z_ an5

Bai 7: Giai hé phuong trinh

x—3z—-3z’x+2z3=0
y—3x—3x*y+x3=0
z—3y—3y%z+y*=0

(Bé nghi Olympic 30-4, 2008)

Giai: H¢ phuong trinh twong duong voi
x(1—-3z%)=3z-23
y(1 —3x2) =3x — x3
z(1-3y*) =3y -y?

1

+—,dodé6
V3

Ta théy X, V,Z *
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( _32—23
X T 1322
!, _ 3x — x3
Y= 1 — 3x2
3y — y°
Z =
" 1-—3y?
Ta dat
T i
x =tant,t € (_E;E)\{ig} (*)
Khi do,
km
tan27t=tant(:>t:% (k ez
Nhu vy voi diéu kién (+) thi nghiém cua hé 1a
( ¢ km
X = tan o
3k
1y = tan—n (k=0;%1;..;£12)
26
. 9km
(z = tan—
. 1
Nghiém trén thoa diéu kién cua y,z # + —
gnic S y NE

Bai 8: Giai hé phuong trinh sau:

1
%2+ xy)(y +22) = 5

(
|
4 3(x<0<y<
|x2+y2+3xy+4xz+2yz=__(x y<2)

4
x+y+z=0
Giai: Taco:
x2+y?+3xy+4xz+2yz=x(x+y)+ (x+y)(y+22z) + x(y + 22)
Do do, ta dat
u=x
[v=x+y
w=y+2z

H¢ phuong trinh twong duong voi
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( 1
uvw = —
8
3u<u<v<w)
uv +vw +wu = ——

k 4
ut+tv+w=0
Theo dinh ly Viete, ta c6 u, v, w la nghiém cua phuong trinh

3 1
X2 —=-X—==
4 8
T 7T
X = COS— (u = COS?
S4X3-—3X=—-=|X=cos— =<, — o
> 9 % cos9
P 7T B T
—cos9 kW—cos9
( _ 7T
x—cos9
Ny _ 5w 7T
y—cos9 cos9
_1( T 57'[+ 77'[)
LZ—2 cos9 cos9 cos9

Bai 9: Giai hé phuong trinh

(4 =a(y+ D) =s(z+d)

xy+yz+zx =1

Giai: Ta nhan xét rang néu (x, y, z)1a nghiém thi (- x, —y, —z) ciing 1a nghiém ctia h¢
phuong trinh va x, y, z phai ciing dau. Do dé, ta ¢ thé gia sir rang x, y, z > 0.
cung voi xy + yz + zx = 1, ta dat

s . A
X = an2
1V =t B
y = tan-

_ C
kz—tanz

Vi A, B, C la 3 goc cua tam giac ABC.
Taco:

1 1 1 x?+1 y2+1 zZ+1
(v e D)= a(y+ D) =5 (4 d) o 3(EE) 2o (LED) s
X vy z 2x 2y 2z
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3 _ 4 _ 5
) i sinA‘_sinB_sinC
Theo dinh ly ham s6 sin, ta ¢ thé gia su rang d6 dai 3 canh ciatam gidclaa = 3,b =
4,c¢ = 5. Khi d6 tam giac ABC vuéng tai C. Taco :

=

4
A 1—cosA_ 1—§

=t —_= - —
X =g sin A 3 3
5
3
B 1-cosB 1-% 1
Y= T TsinB 4
5
—tans = tan 2 = 1
Z—anz—an4—

Vay nghiém cua hé phuong trinh 1a

(32 = £ (555:1)
x;y;Z - = 3)2)

- BAI TAP TU LUYEN
9.4.1. Giai c&c hé phuong trinh sau
. {x3(1 +3y) =8
“lx(y3 -1 =6
x2+y?2=1
b.
x + \/§y < -2
XJ1—=y2+yJ1=x%=1
C. 1
X1 —=y% —y/1—x2 =5
(1 —yz
14+ y2
1—x2
\1 + x?2
( yz -1
X = 2
x?—1
2x

=X

=Y

V=
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VI. PHUONG PHAP LUQNG GIAC HOA TRONG TIM GIA TRI LON NHAT,

GIA TRI NHO NHAT
- O dang nay, ta ciing s& chuyén vé dang tim gia tri I6n nhat, gié tri nho nhat cua
ham luong giac. Cac ban can 6n lai cac phuong phéap tim gia tri 16n nhat, gia tri
nhé nhét & chuong 8 dé cd thé nhanh chdng tiép can phuong phap nay.

Bai 1: Cho cac s6 x, y,u, v théa mén hé thic

(x2+y2=p2
{u2+vz=q2
xu + yv = pq
p>0,9g>0

Tim gia tri I6n nhat, gia tri nho nhat cia A = x + v.

Giai: Ta dat

(a; B € [0; 2m])

X =psina;y =pcosa
{uzqsinﬂ;vzqcosﬂ
Khi do,
xu+yv=psina.qsinf +pcosa.qcosf = pqcos(a —f) <pq
Vixu+yv=pgnéncos(a —pB) =1 a=p+k2n(k €Z)
Taco:
X+v=psina+qcosf =psina +qcosa

Suy ra
lx +v| < /p?+q*
Do do,
sina cosa sina = P
maxA =+p?+q* = p q =3 pqq
psina + qcosa = \/p? + ¢? kcosa=ﬁ
. . p
sina  cosa sing = ————
— / 2_|_ 2
minA = —\/p?+q¢? & p q =3 pqq
psina + qcosa = —/p? + g2 kcosa=—ﬁ

Bai 2: Cho x, y thay d6i, thoa a®x? + b?y? = c? (a, b, ¢ > 0). Tim gia tri 16n nhat

B=|x—yl
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Giai: Ta bién dbi

x y
a2t
a’? b?
Nén ta dat
c
X =—cost
p (¢t € [0; 2m])
= —sint
Y=
Khi do,
lx —y| = |£cost—£sint| <
Y= a b -
Nhu vay,

c
(|—cost——smt| —+
maxB = —+—(:>4 a
| a b

N
N

CZ

k —cost = ——sint

C

C

c2
_+b_2

(Isin t] =

Ucos t| =

a? + b2

Nproay

Bai 3: Cho a, b thoa man hé thic

{az +

b>=aa+pb+c
4¢ > a® + b?

Tim gi4 tri 16n nhat, gié tri nho nhat cua biéu thtc

C=ma+nb(mmn>0)

Giai: Hé thuc da cho viét lai thanh

-9+ 0-9) ~e-5-F

1
V6iR = E\/4c — (a% + B?).Tach
a

a——=Rcost

B
b—C=Rsint
> Sin

(t € [0;2m])

a B .
=>C=m(E+Rcost)+n E+Rsmt

maoa +
= C—
2
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Do do,
ma+n
|C—Tﬁ|SR m?2 + n?
Nhu vay,
cost sint
ma+n =
maxC =R m2+n2+—'8(=> m n
ma + nf
C=R m2+n2+T
cost sint
ma + nb =
minC=—-Rym?+n2+ — m n
) ma +nf
C=-R m2+n2—T

Bai 4: Cho x,y > 0 thoa mén
lngz_I_yz(x + y) =>1
Tim gia tri I6n nhat cua biéu thic

D=ax+ by (a,b>0)

Giai: Ta xét truong hop
x% + y? > 1 khi d6, gia thiét trong dwong véi x + y > x2 + y?

Do do, ta co hé sau

x2+yr>1
(r-3) +(-3) =3
*73 Y=3) =3

Va6i R > 0, ta dat

1 .
x=—+4+Rsint

2 (t € [0; 21])
y=§+Rcost

Suy ra
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a+b a+b a+b +Va?+ b?
= ax + by =——+ R(asint+ bcost) < ——+ Rya? + b? < +
2 2 2 V2
Nhu vay,
1
(L
1 2
a+b +a?+ b2 { R_ﬁ . a
maxD = + = ) & < sint =
2 V2 sint cost a? + b?
2 b
a b cost = ———
Ny
- x?+y?<1,tadugcx,y <1.Suyra
fby<atp<iib Y Ab
ax a
Toém lai,
| _ath VAR
maxD =
2 V2
Bai 5: Cho x,y > 0 véi x + y < 1. Tim gi4 tri nho nhét cua biéu thirc
= s
Cx24 9?2 xy Xy

(PH Ngoai Thuong Ha Noi 1995)

Giai: Ta dat
x = Rcos?t T
. <
{yzRSinzt(tE[O,Z],R>0)=>R_1
Khi do,
Be et hyr——> 13
X2+ 9?2 4xy X dxy ~ x2+y?  4xy
Hay

1 3

E> + +2
R?(cos*t +sin*t) 4R?sin?tcos?t
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- 1 N 3 Lo 6 — sin? 2t
T _Lg2ge sin?2t 7 (2 —sin?2t)sin? 2t
2

+2>8-—-sin?2t>7

Nhu vay,

_ 1
R=1 -1

mmE=7‘:’{sin2t=1 2

Bai 6: Tim gia tri 16n nhat va gié tri nho nhat caa biéu thtc

4xy — 4y?
F= x? 4+ y?

Giai: Ta xét truong hop

- y=0thiF=0.
-y # 0, ta chia tir va mau cho y?2. Khi d6
“y—x—4
F—x2
F+1
D“tx tant tE( T T[) (¥).Tacd
at— = , - = )
Y 22
4tant — 4 T
F=—=4sintcost—4coszt=2\/§sin(2t——)—2
tan?t + 1 4
Do do,

T 3
maxF=2\/§—2<:>sin(2t—Z)=1<=>t=?+kn(kEZ)

() 3n X 3
St=—&& —=tan—
8 y

i T
minF=—2\/§—2<:>sin(2t—Z)=—1<=>t=—§+kn(kEZ)

(%) T X . [
= —tan—
8 y 8

)
W
|
|
0
|
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Bai 7: Cho x,y,z > 0 sao cho x + y + z = 1. Tim gia tri I16n nhat cua

X y xXyz
G= + +
x+yz y+zx zZ+Xxy

(Dé nghi Olympic 30-4, 2006)

Giai: Ta thay

,x ’xz ,Z ,x ,zx ,Z
l=x+y+z= _y —+ y_ y_+ —. ied
z y X z y \x

Do @6, vai A, B, C la 3 goc cua tam giac ABC. Ta dat

(VZ 2A
=t —
X anz
zZX B
{— = tan’ -
y 2
Xy 2C
L;—tanz
C
1 1 tanz A B 1
=G = AT gt =COSZE+COSZE+ESIHC
1+tan?= 1+tan’= 1+tan?=
2 2 2
—1+1( A+ B+'c+'”) v3
= 5 cos cos sin sm3 2
01 s
> \/§+ A+B A-B _ C+z C-3
< 2 cos 5 cos 5 sin 5 cos 5
- \/§+ A+B+ A+B—C+%<1 \/§+2 T
=1-— cos 5 cos 2 < 2 cos6
3v3

Nhu vay,
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Bai 8: Tim a, b @& ham sb

ax +b
Cx241

y

Nhan gié tri Ién nhat bang 4 va gia tri nho nhat bang —1.

Giai: Ta dat
T T
x=tant,t€(—z;z)
Suy ra
_atant+b 1 '2t+1b 2t+b
Y S Gantr+ 1 oSmetTppeosat Ty
Taco:
1 1 1
|Easin2t+5bc052t|Szx/a2+b2
Do do,
1 b _
S 24— — a=4
maxy—2 a“+b +2—4 {b+ a2+b2:8(:) b =3
1 b / _ a=-—4
minyz—z a2+b2+5=—1 b—+a?+b? = =2 {b:3

~ BAITAP TU LUYEN
9.5.1. Tim gi tri 16n nhat cua ham sb véi x € [—1;1]

y — (1 + x)2004- + (1 _ x)2004
xx_’l_yy>=01. Tim gi4 tri nho nhat cua
P=x*+y*+ xiz +3%

9.5.3. Tim gia tri I6n nhat va gia tri nho nhat cua ham sb
1+ x*
9.5.4. Tim gia tri 16n nhat va gia tri nho nhat cua ham sb
3+ 8x2 + 12x*
(1 4+ 2x2)?
9.5.5. Cho x, y thoa man hé thic 4x2 4+ 9y? = 16. Tim gia tri 16n nhat va gié tri nho nhat
cta biéu thuc

9.5.2. V6 x, y thay déi thoa man {

y:

y:

H = 2x + 3V3y + 13
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9.5.6.Choa,b > 0 va x,y > 0 thoa hé thac x% + y? = 1. Tim gia tri 16n nhat va gia tri
nhé nhét cua biéu thic
S=ax + by

9.5.7.Cho x,y = 0 théa x + y = 1. Tim gié tri Ién nhét va gié tri nhoé nhat cua biéu thirc

T=x+y—kxy(k+0)
9.5.8.Cho4sba,b,c,dthéaa?+b2+1=2(a+b)vac®+d?+36=12(c+d).
Tim gi4 tri 16n nhat, gié tri nho nhét cua biéu thic

F=v@—02+ (b—d)?

(Dé nghi Olympic 30-4, 2008)

9.5.9. Cho x,y,z > 0 théa mén xz — yz — xy = 1. Tim gié tri I6n nhat cua biéu thic

2
Q:

2x? 2y 3z2
T+x2 1+y2 1+22
9.5.10. Cho a, b, ¢ > 0 va 2006ac + ab + bc = 2006. Tim gia tri Ién nhat cua biéu thic
2 2b? 3
K= 21 P +20002 T 241
9.5.11. Cho a, b,c > 0 va a? + b% + c? + 2abc = 1. Tim gia tri nho nhat cua biéu thic
1 1

M = + +i—(2+b2+ 2)
T1—az 1-pz 2 ¢ ¢

- GOl Y GIAI BAI TAP TU LUYEN

95.1.
max y = 22004
9.5.2.
_ 17
minP = >
9.5.3.
maxy =1
-
miny = >
9.5.4.
maxy =
-
miny = >
9.5.5.
maxy = 21
{ miny =
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9.5.6.

9.5.7.

9.5.8.

9.5.9.

9.5.10.

9.5.11.

max S = +/a? + b?
minS = a
minS =b

T=1-—-
max 4

minT =1
k<O
maxT =1

minT=1—-—-—

4
k>0

{masz 5vV2 + 7
minF = 5vV2 — 7

_10
maxQ—3
K_10
max =3
_M_13
min =7
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