Phan |
TOM TAT VE PHUONG TRINH BAC HAI
VA TAM THUC BAC HAI

I. Pinh nghia va cach giai

Phuong trinh: ax® + bx + ¢ = 0 (a # 0) goi la phuong trinh bac 2
(PTBH).

Pa thirc: f(x) = ax” + bx + ¢ = 0 duoc goi 14 tam thirc bac 2 (TTBH).

* Nghiém ctia PTBH (néu c6) ciing dugc goi 12 nghiém cua TTBH.

*Dang chinh tic ctia TTBH:

2
ax? +bx + ¢ = af(x + )7 - 2 —4ac 1)
2a 4a
Tur dang (1) ta dua ra cach giai va cdng thic nghiém nhu SGK da trinh bay.

Il. Sw phan tich TTBH

Néu A > 0 thi f(x) = ax® + bx + ¢ = a(X - X1)(X - X2) Vi x4, X, 1a cac nghiém.

111 Pinh Iy Vi-ét

Néu A > 0 thi phuong trinh f(x) = ax’* + bx + ¢ = 0 ¢6 2 nghiém phan biét
va: {S:xl+x2:-g

P=xx,=

oo

Nguoc lai: Néu x + y =S vax.y = P thi x, y 1a cic nghiém cta phuong trinh
bac hai: * - St+P =0
IV. Pd thi ham sb béc 2:

a<o0
A>0
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V. GTLN, GTNN:
Néua>0=>f(x) > -2 = Min f(x) = -~
4a 4a

Néua <0 = f(x) < _ A - Max f(x)=_ﬁ
4da 4a

GTLN (GTNN) dat duoc <> x= -b/2a

VI. Dau tam thirc béc 2:
Cho f(x) = ax* + bx + ¢ (a = 0)
Néu A < 0 thi af(x) >0 V x eR.
Néu A = 0 thi af(x)> 0 V x € R. Pang thirc khi x = -b/2a
NéuA >0thi  af(x) <0V X e(Xg;Xy).
af(x) >0 V X € (-00; X1] U [Xy; +0)

Pao lai:
1) Néu 3 a sao cho: af(a) < 0 thi f(x) c6 2 nghiém phan biét va X;< a. <X,
2) (af(a) >0 af(a) >0

A>0 S X< X < O A>0 S a<X1<Xz

—<a E>a

Hé qua tryec tiép:
1" Cho a. < B, f(x) = ax?® + bx + ¢ (a = 0)
X1<o<X<P
[ a<X;< B < Xy
2)a<x1<x<B&| A>0
af(a) > 0
af(B) >0
a<%<ﬁ
Trén day 13 6 noi dung co ban nhat vé PTBH va TTBH ma SGK BS-10 ¢4

trinh bay kha ky.
Sau day la cac vi du ing dung.

& (o). f(B) < 0

K éPHR

PHUONG PHAP TAM THUC BAC 2 2



] . ~ Phanli ]
CAC BAI TOAN UNG DUNG CO BAN

1.GIAI VA BIEN LUAN PHUONG TRINH BAC HAI

Phép giai phuong trinh bac 2 véi hé s0 bang s6 kha don gian. O ddy ta chi
dé cap dén cac phuong trinh chira tham s0. Mot chi y quan trong ¢ déy 1a: Ta
thwong quén mdt khéng xét dén trieong hop hé sé6 a = 0.

VD1: Cho phuong trinh:
(M? -4 +2(m+2)x+1=0 (1)
a) Tim m dé phuong trinh (1) ¢6 nghiém.
b) Tim m dé phuong trinh (1) c6 nghiém duy nhat.

Giai: a) Thong thuong HS hay méc sai 1am 1a chi xét dén truong hop: A > 0
ma bo quén truong hopa=0
* Néu m? - 4 = 0 < m = +2. Gi tri m = -2 khong thoa man.
* Néu m # +2:
pt(1) cé nghiém < [ m=+2
e
Tom lai pt(1) c6 nghiém < m > -2

& 2<m#2

b) pt(1) c6 nghiém duy nhét trong 2 trudng hop:

*Tru’(‘mghc_ypl{a:O em=2

b0

*Truong hop 2{& =0 o { m = +2 (Truong hop nay khdng xay ra)
A'=0 m=-2

Vay véi m = 2 pt(1) c6 nghiém duy nhat.

VD2: Bién luan theo m s6 nghiém pt:
X3+ m(x +2) +8 = 0@
Taco: x> +8-m(x+2)=(x+2)(xX*-2x+4-m)=0
Pit f(x) = x* - 2X + 4 - m = s6 nghiém pt (2) phu thudc sé nghiém cia f(x).
=m-3,f(-2)=12-m
Do d¢ ta co:
1) A'<0 < m< 3= f(x) VN = pt(2) c6 1 nghiém duy nhat x = -2
2) A'=0< m= 3. Khidé f(-2) = 12 - m = 0 nén f(x) co 1 nghiém khac -2
= pt(2) c6 nghiém phéan biét (x; =-2; X, = 1)
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A >0=m>3
*Néu { M>3  _ py(2) c6 3 nghiém phan biét.
m =12
* Néu m =12 = pt(2) c6 2 ngh 2 nghiém: 1 nghiém don va mot nghiém
kép.

'VD3: Cho ham sé: y = (x - 2)(x* + mx + m” - 3) (3) c6 db thi (C). Tim m
de:
a) (C) cit Ox tai 3 diém phan biét.
b) (C) tiép xUc véi Ox.
Giai tom tit: Dat f(x) = x* + mx + m*- 3
a) (C) cit Ox tai 3 diém phan biét <  A>0

{ f(2) 0
b) (C) tiép xuc véi Ox < rf(2) =0

A=0

VD4: Chimg minh rang: Néu a, b, ¢ 1a do dai 3 canh ciia mot tam giac thi
phuong trinh a’x* + (a° + b? - ¢®)x + b> = 0 (4) v6 nghiém
Thatvay: A = (a’+b?- c?)?- 4ah®
= (a? + b? - ¢? - 2ab)(a® + b - ¢*+ 2ab)
=[(a-b)*-c*J[(a+hb)*-¢’]
=(@a-b-c)a-b+c)la+b-c)a+b+c)<0

BAI TAP:
1.1. Giai phuong trinh:
e+ (Ix] -2) =-2
1.2. Gia st x; VA X, la cac nghiém cua phuong trinh: ax? + bx + ¢ = 0. Hay
thiét 1ap phuong trinh Vi cac nghiém 14: y, = % vay, = xi
2

1.3. Tim tat ca cac gié tri cua k dé phuong trinh:
x> —2x +3
X -1
c0 nghiém kép khong am
1.4. Tim tat ca cac gia tri ctia p dé parabol:
y=x*+2px + 13
co dinh cach géc toa do mot khoang béng 5

— k(x -3)
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2. BIEU THU'C POI XUNG CUA HAI NGHIEM
HE THUC GIUA CAC NGHIEM PTBH

Dat S, = x/ +x3, XX, =P
Taco S;=X;+X, =S

S, = x2+x2 = (X + Xo)* - 2X1%, = S - 2P

S, dugc tinh theo cong thirc truy hoi sau:
a.Sn + bSn_l + CSn-2 = ( )

Ta ching minh (*) nhu sau: Goi x3, X, 1a nghiém cta phuong trinh:

=

ax’+bx+c=0

(1)
@)

ax; +bx, +c=0

ax? +bx, +c=0

Nhan hai vé cia (1) va (2) lan lugt voi x™2va xi2 (neZ, n > 2) Ta co:

VD5:

VD6:

VD7:

2 _o®

axy +bx; ™t +cx)? =0 @

Cong (3) va (4) vé véi vé ta duge

a(x] +x) +b(x +x; ) +e(x P +x572) =0
Ta c6 diéu PCM.

ax; +bx,™" +cx;

Cho A=(1++/3)° +(1-+/3)°>.Chtng minh A € Z
HS: A =S5 =152

Cho f(x) = 2x* + 2(m+1)x + m* + 4m + 3

Goi x1, Xp la nghiém cua f(x). Tim Max A
A=| X1X5 - 2Xy - 2X; |

Gidi: Dé I X, X, thiA> 0 -5<m=<-1 1)

m® +8m+7
2
Xét ddu cuia A ta co: m® +8m + 7 < O VX thoa man (*)
-m?-8m-7 9 (m+4)
2 2 2
Tim diéu kién can va du dé phuong trinh ax’ +bx+c=0(a=0)
¢6 2 nghiém va nghiém nay gap k lan nghiém kia.
Giai: Xét: M = (X1 - kKxp)(X2- kxg) =.... ..

Khido: A=

:> MaxA—g
2

= A=
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= (k + 1)%ac - kb®
— Piéu kién can: Néu x; = kx, hodc x, = kx; =M =0
& (k + 1)%ac = kb?
Diéu kién du: Néu (k + 1)’ac = kb* © M =0 < X, = kx,

, Xo = KX
VD8: Biét a, b, ¢ thoa mén: { a@+b*+cf=2 (1)
ab+bc+ca=1 (2)
Chtng minh: —% <a,b,c< % (3)

Nhan xét: Ttr (1) va (2) ta thdy vai trd cia a, b, ¢ binh dang nén ta chi
can ching minh 1 trong 3 s6 a, b, ¢ thoa méan (3).
bat: S=a+b
P=ab Tu (1) va (2) ta co:
S2-2P=2-¢ (4)
P+cS=1 (5)
Tu (5) = P =1-cSthay vao (4) taco
32 2(1-¢S)=2-c*<=S*+2cS+c*-4=0
[S =-C+2
S=-c-2
*NéuS=-c+2=P=c’-2c+1 = a, b langhiém cua phuong trinh:
t?-(2-c)t+c®-2c+1=0  Phuong trinh ndy phai c6 nghiém
<SA>20<0<c<4/3
*NéuS=-Cc-2 Tuongtutaco: -4/3<c<0

Tom lai: Ta cd —gga,b,csg

VD9: Tim m dé d6 thi ham s6 y = x° - 4x + m cét Ox tai 2 diém phan biét
A, B sao cho: OA=30B
HD: OA = | Xa|; OB = | Xg| va xét 2 truong hop:
Xa= 3Xg
va Xa= - 3Xg

BAI TAP:

2.1. Tim tat ca cac gia tri cia m dé tong cac binh phuong cac nghiém cua
phuong trinh: X*-mx+m-1 = 0 dat gia tri nho nhat.
2.2. Gia su (x, y) 1a nghiém cua hé phuong trinh:
{ Xx+y=2a-1
xX*+y*=a*+2a-3
Xac dinh a dé tich xy nho nhét
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3. QUAN HE GIUA CAC NGHIEM CUA HAI PTBH

1) Hai phuong trinh ax* + bx+c=0vaax* + b'x+¢c=0
c6 nghiém chung < Hé ax’+bx+c=0

ax’+bx+c=
Ta c6 thé giai hé (1) bang phuwong phap thé. Tuy nhién néu ta giai theo

phuong phép sau ddy thi don gian hon nhiéu:
Pit x* = y ta co: {ay+bx:-c @)
ay+bx=-c

= He¢ (1) co nghiém < { H¢ (22) c6 nghiém

y=X

0 (1) cbnghiém

D=0 D=0

<D D? = D2
_y= Z Dy: X
D D D

VD10: Ching minh riang néu 2 phuong trinh x> + pyx + g, = 0
vax’+pXx+q,=0

c6 nghiém chung thi: (qs - 42)* + (1 - P2)(G2P1 - Aipz) = 0

HD: Str dung phuong phap da trinh bay ¢ trén.

2) Hai phwong trinh bdc 2 twong duong.
Chu y: HS hay bo sot truong hop: Néu 2 phwong trinh cung vo nghiém thi
tuwong dwong (trén tdp nao do)

VD11: Tim m dé hai phuong trinh x> -mx +2m-3=0
va X-(m+m-4)x+1=0
tuong duong
*Truong hop 1A <0
{A2<0
*Truong hop 2: St dung Vi-ét

3) Hai phuong trinh c6 nghiém xen ké nhau.

Chl y rang: Moi phirong trinh ax? + bx + ¢ = 0 (a = 0) bao gio ciing dua
duoe vé dang: x* +px +q =0

Do d6 ta c6 bai toan: Véi diéu kién ndo caa p, g, p', q' dé 2 phuong trinh:
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X2+ px +q=0vax*+px+q =0 c6 nghiém xen k& nhau.

Ta xét 2 kha nang:

* Khd ndng 1. Néu p = p'

Khi d6: Néu q=q = 2 d0 thi tring nhau (khong thoa man)

Néu q # q' = D0 thi ndy 12 tinh tién ctua dd thi kia doc theo duong thang

X = —g nén cling khong thoa man.

* Kha ndng 2: Néu p = p' = 2 parabol cit nhau tai diém c6 hoanh do
1 1 2 1
xozw;qzyoz[wij +p(q,;ﬂ+q:
i pP—p p-p p-p
bé 2 phuong trinh ¢6 nghiém xen k& nhau thi y,< 0
< (@-9)° +p@-q)p -p)+a(P-p)° <0

VD12: Tim m d 2 phuong trinh X* + 3x + 2m = 0 va x> + 6x + 5m = 0 ¢6
nghiém xen k& nhau.
bS:me (0;1)

BAI TAP:

3.1. Cho hai phuong trinh:

X -2x+m=0vax’+2x-3m=0

a). Tim m dé 2 phuong trinh ¢4 nghiém chung.

b). Tim m dé 2 phuong trinh tuong dwong.

c). Tim m dé 2 phuong trinh ¢ cac nghiém xen k& nhau.

3.2. Tim m dé hai phuong trinh sau ¢6 nghiém chung:
X*-mx+2m+1=0vamx’-(2m+1)x-1=0

3.3. Tim m va n dé hai phuong trinh twong duong:
X*-(2m+n)x-3m=0vax’ - (m+3n)x-6=0

3.4. Tim m dé phuong trinh sau c6 4 nghiém phan biét:
(G -mx +1)(x*+x+m) =0

K éPHR
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4. SU" TON TAI NGHIEM CUA PTBH
1) Sir dung: PT ax’ + bx + ¢ = 0 ¢4 nghiém < A > 0

VD13: Chimng minh rang: Néu aj.a, > 2(by + by) thi it nhat 1 trong 2
phuong trinh X*+ax+b =0 (1)
X*+aXx+b,=0 (2) c6nghiém
Gidi: Ay = af —-4b; A, =a’-4h,
Do d6: Ay + A, = af +aZ —4(b, +b,)>a’ +a’ —2aa, >0

A 20
= = DPCM
A, >0

2 =

VD14: Chitng minh rang: Trong 3 phuong trinh sau:
x* + 2ax+bc =0
x>+ 2bx + ca=0
X +2cx +ab =0

C6 it nhat mot phuong trinh ¢ nghiém

Gii: Taco: A+ Ay + Ay = %[(a—b)z +(b-c)’ +(c-a)’]>0

= ¢0 it nhat 1 biéu thirc khong 4am = DPCM

2) Str dung dinh 1y vé dau tam thirc bac hai:
* Néu af(a) <0 = X; < o < X,
* Néu fla)f(B) <0 = pxi<a <X, <P
[Oﬂ <X <P <X
Diéu quan trong 1 viéc chon o, B sao cho hop 1y.

VD15: Chirng minh rang: Phuong trinh:
f(xX) =(x-a)(x-b)+(x-b)(x-c)+(x-c)(x-a)=0
Véia<b <cludn co 2 nghi¢ém phan biét thoa man:
a<xi<b<x;<c
Giai: R6 rang f(x) 14 1 TTBH c6 hé sb cua x* 12 3 va:
f(b)=(b-c)(b-a)<0via<b<c
= f(x) ¢6 2 nghiém va x; <b <X,
f(a) = (a- b)(a-c)>0via<b<cnénanim ngodi [X; ; X;] maa<b
=a<Xi<h<x
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f(c) = (c - a)(c - b) > 0 nén ¢ nam ngodi [X1;X,] Ma ¢ > b nén a< x;< b <X,< ¢

VD16: Ching minh: Néu | a+c | <| b | thi pt: ax® + bx + ¢ = 0 ¢6 nghiém.
Giai: *Néua=0=]|c|<|b|=b=0= phuong trinh tré thanh:
bx + ¢ =0 co6 nghiém x = - ¢/b
*Néua=0thi|atc|<|b|< (a+c)’ <b?
< (@+c-b)a+c+b)<0e f(-1)f(1) <0 = f(x) = ax’* + bx + ¢ ludn ludn
co nghiém e (0;1)

VD17: Biét: 2a +3b + 6¢ = 0
Chimg minh: Phuong trinh ax? + bx + ¢ = 0 ¢6 it nhat mot nghiém e (0;1)

Giéi:*NéuazO:>3b+60=O<:>b.% +¢=0= x = 1/2 1a nghiém ciia

phuong trinh (va 1/c € (0;1) )

*Néua=0=2a+3b+6¢c="f(1)+ f(0) + 4f(1/2) =0

Nhung f(0), f(1), f(1/2) khéng thé dong thoi bang 0 vi néu nhu vay thi
phuong trinh bac 2 ¢6 3 nghiém phan biét (!). Diéu d6 chung to: Trong 3 biéu
thize £(0), f(1), f(1/2) phai ton tai 2 biéu thirc trai dau

= f(x) c6 it nhat 1 nghiém e (0;1)

BAI TAP:

4.1. Cho a, b, ¢ 1a 3 s6 khac nhau va khac 0. Chimg minh rang: phuong
trinh sau luén c6 nghiém:
ab(x-a)(x-b)+bc(x-b)(x-c)+ca(x-c)(x-a)=0

4.2.Chom>0vaa, b, cla 3 sb thoa man:
a b C

+ +—=0

m+2 m+1 m

Chutng minh rang: Phuong trinh ax? + bX + ¢ =0 cd nghiém trong (0;1)
4.3. Chirng minh rang phuong trinh: ax’ + bx + ¢ = 0 ¢6 nghiém néu mot
trong hai diéu kién sau duoc thoa man:
a(a+2b+4c)<0
5a+3b+2c=0
4.4. Biét rang phuong trinh: X* + ax + b + ¢ = 0 v nghiém. Chimg minh
rang phuong trinh: X* + bx - a - ¢ = 2 ¢ nghiém.

4.5. Chtrng minh rang phuong trinh: Lt mes nghiém v&i moi m.
sinx  cosX
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5. TAM THU'C BAC HAI VA BAT PANG THU'C

1) Dang 4p dung truc tiép ddu TTBH:
VD18: Cho A ABC chimg minh ring:

2

1+ X? > CosA + x(CosB + CosC) vxeR

2
Xét f(X) = X? - X(COSB + COSC) +1-cosA>0 VXxeR
_,A_ ,B-C
AX = (COSB + COSC)2 _ 2(1 _ COSA) - —4Sin ESln <0
= bPCM

Déu dang thirc x4y ra < A = B = C hay tam gidc ABC déu.
Chu y: Néu x= 1 = cosA + cosB + cosC < g la 1 bt dang thirc quen thudc

2) Dang ap dung nguworc lai:
Gia sw: Can phdi ching minh dang: A <0 ta ching minh f(x) khong doi
ddu khi d@6 ta viét A <0 thanh dang: b° - 4ac dé xdc dinh f(x).

VD19: Chtrng minh bat ding thirc Bunhiacopxky:
a2y e >(Yahf (@ i=Ln
Bat dang thirc < (Zaibi ) - > atdbhi<o (2
*Néu a=aH=..... = a, = 0 = bt dang thic (1) hién nhién dang.
Néu > a? =0 Ta xét tam thuc:

fx) = (Z:ai2 )Xz - Z(Z ab, Jx+ 2.0
Taco f(x) = > (ax-b)* >0 V¥xeR= A'<0 chinh 1a DPCM.
Db "= s x=
a'i
VD20: C4c s6 a, b, ¢, d, p, q thoa man:
p2+q2‘a2'b2'02‘d2>0 (1)
Chimg minh: (p” - @° - b?)(q? - ¢® - d®) < (pq - ac - bd)* (2)

Giai:  Vi(l)nén: (p°-a’-b?) +(q°-c*-d?) >0
= 3 1 trong 2 s6 hang khac 0 va duong. Khong mat tinh tong
quét, gia su: p>-a*-b?>>0
Xét tam thuc: f(x) = (p° - a* - b?)x* - 2 (pq - ac - bd)x + (g° - ¢* - d?)
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Ta c6 f(x) = (px - )* - (ax - ¢)* - (bx - d)?
Snéux=3=fd)=-@d-c)2-pI-d)2 <0
p p p p

ma (p° - @ - b%) > 0 nén: af(%) < 0 = f(x) c6 nghiém = A' > 0 = DPCM

BAI TAP: ‘
5.1. Cho a° > 36 va abc = 1. Chimg minh rang:

2
a
?+b2+c2>ab +bc +ca

HD:a®>36 =a>0va abc=1 = hc = i Pua bit ding thirc vé dang:

2
(b + )2 - a(b+c) - g +2-50 VA xét tam thite bc hai:

2
f(x) = X2 -ax - > +&
a 3
5.2. Cho a, b, ¢ 1a ba canh ctia mot tam giac. Ba s x, y, z thoa min diéu
Kién:
ax + by + cz =0.
Chirng minh: xy + yz+zx <0

ax+by

HD: Trax+by+cz=0 vadoc=0(vic>0)néncdz= - . Ta viét

lai bat dang thirc dudi dang sau:
Xy - ax:by (x +y) < 0. Bién d6i bdt nay vé dang:
ax? +xy(a+b - c) + by? > 0.
Xét tam thire bac hai:
f(t) = at® + y(a+ b - ¢)t + by? véia>0.

5.3. Cho a >0 va n 1a s6 nguyén duong. Chirng minh ring:

\/a+\/a+11a+...+ a <$
- /

YL
n dau can

HD: bat \/a+\/a+ a+..+Ja =U,.

Via>0nén U, > U,; . Miat khac: U2 = a + U, suy ra; U2 < a + U, hay
U.Z - U, + a < 0. Xét tam thire bac hai: f(x) =x*-x - a

54.Choc>b>a>0.
Pitd’=a’+b?+c?;P=4(a+b+c);S=2(ab+bc + ca)
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Chung minh rang:
a<léP— W—ES)<1éP+ W—ES)<C
34 2 34 2
HD: Xét tam thic bac hai:
1 1 P?

1
f)=x%- ZPx + = (— —d’+=S
() 6 9(m 2 )

6. TAM THUC BAC HAI VA PHUONG TRINH, BAT PHUONG TRINH
HE PHUONG TRINH, HE BAT PHUONG TRINH

. HE doi ximg kiéu I: )
La hé phuong trinh ma néu doi vai tro x va y cho nhau thi moi phuong trinh
khong thay doi. 7
Phuong phap giai hé doi xtmg kiéu I 1a:
PitS=x+y,P=xy = S*>4P
Giai hé tim S, P cudi cing giai phuong trinh: X*- SX + P =0tim X, y.
x\/y + y\/— =30
x+/X + y\/y =35
it Vx=u>0, [y =v>0 Hé tr¢ thanh:
u?v+viu =30 PS =30
=
u®+v?=35 S®-3PS =35

{x:4 {X:Q

j—t \4

y=9 y=4

VD22: Biét (x,y) 12 nghiém cua hé:
X+y=m
X +y?=-m*+6

Tim GTNN, GTLN cua biéu thtec:

M =Xy +2(x +Y)
Giai: Hé dugc viét thanh:

VD21: Giai hé: {

=S=5P=6

{ISD : ::2 3 = X, y la nghiém cta phuong trinh: - mt+m*-3=0 (*)
= D¢ hé c6 nghiém thi phuong trinh (*) ¢6 nghiém < A>0< | m|<2
Khi d6 M =P +2S =m” + 2m - 3
Bai toan tro thanh: Tim GTLN, GTNN cua M trong [-2;2] (Pay la bai toan

co ban)

M(-2) =-3, M(2) =5, M(-1) =4
= MaxM =5, MinM = -4
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Chi y: HS rat dé gap sai 1am 1a xét M = m® + 2m - 3 trén R khi d6 chi ¢6
GTNN chu khong ¢6 GTLN.

VD23: Cho x, y thoa man x + y = 2. Tim GTNN cua
F=xC+y°
Giai: Bai toan quy vé tim tap gia tri caa F Hay:

N 7\ A X+ 4 A
Tim F dé h¢{ s s c6 nghiém.
X*+y’ =
o [s=2 =2
H¢ trg thanh: < = 8—F
S®-3PS=F P:T

= X, y la nghiém cya phuong trinh: t* - 2t + % =0 (%)

Hé c6 nghiém < phuong trinh (*) ¢ nghiém < A'>0< F>2
= MinF =2 (khix=Yy)
I1. Tam thirc bac 2 véi phwong trinh, bat phwong trinh
VD24: Tim a sao cho bét dang thuc:
1
25y° + = > x- — 25x?
oy 100 > X —axy + y — 25x [0

dugc nghiém dung V cap (x;y) thoamén | X |=|y |
Giai: Ta xét 2 truong hop:

Truong hop 1: x=y (1) = (a+50)%’ - 2x +ﬁzo
a+50>0
< a=5h0
ot

Trudng hop 2: x = -y (1):>(50-a)x2+ﬁzo =a<50 (3)

Pé (1) dung véi V (X;y) thi phai thoa mdn cax =y vax =-y = a =50
VD25: Tim m dé hé {Xz maxam=<0

- x> +4x-m<0 (2)

c6 nghiém duy nhat.

Giai: Cong 2 bit phuong trinh ta ¢6: 2x* + 2x < 0 < -1<x < 0 (3)
= Nghiém cua hé phai thoa man (3)

Xét cac tam thire & vé trai. Ta co: (1) va (2) ¢6 nghiém <

A,20 [1-m=>0
, & & -4<m<l
A, >0 4+m=>0
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Ta c6 cac kha nang sau:

a) Bpt (1) c6 nghiém duy nhét va ciing 1 nghiém cua (2):
Bpt (1) c6 nghiém duy nhit < m = 1 = x = 1 khong thoa méan (3)

b) Bpt (2) c6 nghiém duy nhat va ciing 1a nghiém caa (1):
Bpt (2) c6 nghiém duy nhat < m = -4 = x = -2 khdng thoa mén (3)

c) Bpt(l) ©x;=1-VI-m<x<x,=1+/1-m
Bpt (2) © X3=-2- J4-m<x<x, =-2++4+m

Vé6i-4<m<1

BAI TAP:
6.1. Cho h¢ phuong trinh:

ax’+bx+c=y
{ ay’ +by +c=z
az’ +bz+c=x
Trong d6: a = 0 va (b - 1) - 4ac < 0. Chirg minh rang hé phwong trinh trén
v6 nghiém.
HD: Xét a > 0 (truong hop a <0 ly luan tuong tu)
Phan chimg, gia str hé trén c6 ngiém (X, Yo, Zo). Khi do:
ax? +bx + ¢ = yp
{ay2+by+c:zo
az’ +bz +c =X,
Cong timg vé ba phuong trinh trén ta co:
[axo” + (b-1)%o + ] + [ayo” + (b-1)yo + c] + [azo” + (b-1)z + c] = 0.
Xét tam thirc: f(t) = at® + (b-1)t + ¢ thi f(xo) + f(yo) + f(Xo) = 0
ma A = (b - 1)* - 4ac < 0 nén af(t) > 0 véi moi t thudc R tir d6 suy ra miu
thuan.

6.2. Tim m sao cho v&i moi x ciing déu nghiém ding it nhat mot trong hai
bat phuong trinh:
x* + 5m” + 8m > 2(3mx + 2)
X2 +4m® > m(4x + 1)
HD: Pua hai bpt trén vé dang tam thic bac hai d6i véi x va xét cac kha
nang co thé c¢é ciia cac biét thirc A;va A,

6.3. Goi L 1a chiéu dai cac doan nghiém trén truc sb cua hé bpt:
2< XP+px+q <2
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Ching minh rang: L <4 véi moi p, q
HD: Xét cac kha nang cia A;va A,

6.4. Giai va bién luan theo a bpt:
2X —a\x-1>a-1
HD: Pitt= /x—1 >0, chuyén vé mot vé bpt trén va xét tam thirc vé trai.

6.5. Cho hai phuong trinh:
x>+ 3x+2m=0
X* +6x +5m =0
Tim m dé mdi phuong trinh ¢6 2 nghiém phén biét va gitta hai nghiém cua
phuong trinh nay c6 dting mot nghiém cua phuong trinh Kia.
HD: St dung dinh 1y déo.

6.6. Tim m sao cho phuong trinh:
X*+mx+x°+mx+1=0
c6 khong it hon 2 nghiém d&m khéc nhau.
HD: Nhan xét rang x = 0 khong phai 12 nghiém phuong trinh di m nhan gié tri

ndo. Piat: t=1+1 vaxétf(t) = 2+ mt- 1 véi |t] >2.
X

6.7. Cho phuong trinh f(x) = ax’ + bx + ¢ =0 (1)

1. Gia su |a\ > b| + ‘C‘ Chtrng minh rﬁng trong khoang (-1;1)
phuong trinh (1) c6 hai nghiém hoac khong c6 nghiém nao.

2. Gia su |b| > |a| + ‘C‘ Chtrng minh rﬁng trong khoang (-1;1)
phuong trinh (1) c6 dang 1 nghiém.

3. Gia st |c| > |al + |b]. Chtng minh rang trong khoang (-1;1)
phuong trinh (1) vo nghiém.

6.8. Tim m dé phuong trinh sau ¢ nghiém:
xX*+mx+2mx* +m+1

6.9. Tim m dé phuong trinh sau c6 nghiém:
J2X2—2(m + 4)x +5m +10 +3-x=0
HD: Dé can thac riéng mot vé va bién déi tuong duong.

6.10. Giai va bién luan theo m bpt:

X—+/X—=m >2m
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7. TAM THU'C BAC HAI VA TUONG GIAO PO THI

Trong cac bai toan vé tuong giao dd thi c6 st dung cac kién thirc vé tam
thirc bac hai 1 thuong cac van dé sau:

1. Tim giao diém ciia hai d6 thi: Quy vé gidi hé phwong trinh

2. Tim tiép tuyén: Diéu kién phwong trinh c6 nghiém kép

3. Tim quy tich: Sir dung biéu thirc giita cdc nghiém ciia phirong trinh

4. Chitng minh tinh doi xvmg (truc, tdm), tinh vuéng goc.

Tuy nhién néu st dung thém cac kién thirc vé dao ham thi ta c¢d cac bai toan
phtrc tap hon va hay hon nhiéu.
Sau day ta xét mot so vi du:

VD?26:

Chung minh rang dudng thang: y = -x lubn cét parabol:
Cy=x-2(m+2x+mi+3m
tai 2 diém phan biét va khoang cach gitra 2 diém d6 khong phu thudc vao m.

Giai: Hoanh dg giao diém 1a nghiém phwong trinh:
X2 -2(m+ 2)x + m? + 3m = -x
o X-@2m+3)x+m*+3m=0 (*)
Ta co: A = (2m + 3)* - 4(m* + 3m) = 9 > 0 nén phuong trinh (*) ludn c6 2
nghiém phan biét véi moi m = duodng thang ludn cat parabol tai 2 diém phan
biét.
Gia str 2 diém d6 12 A(Xa; Ya) VA B(Xg; V&)
Trong d6: xa=mva Xg=m+3 (m va m + 3 la hai nghiém cua phuong
trinh (*).
=Ya=-Xa=-M;Yyg=-Xg=-M-3
Taco: AB = \/(XA —X5)2 + (Y, — ¥g)? =418 =342 khong phu thudc m.

VD27:

2
Cho ham so: y = X" = 2x

a). Chirng minh rang: Puong thang (d): y = - x + k ludn cit d6 thi (P) tai hai
diém phan biét A, B.

c6 d6 thi (P).

b). Tim k &¢ OA L OB
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Gidi:
Hoanh d¢ giao diém cua (d) va (P) 1a nghiém ciia phuong trinh:
2
X —ix =-x+k < 2¢-(k+3)x+k=0 (¥
X —
D& thay x = 1 khong phai 12 nghiém cta (*)
A = (k - 1) + 8 > 0 v&i moi k nén phuong trinh (*) luén ¢6 2 nghiém phan biét
Vo1 moi k = a) dugce chiing minh.

Mat khac:  Hé sb goc ciia OA 1 a= YA = —Xatk
XA XA

Hé s6 goc ctia OB 1a: b = Yo _ X *+K
XB XB

—Xatk —Xg + K XaXg = K(X, + Xg) + kP

OA 1L OB < ab = - =-1
X, Xq X, Xg
**)
Theo Vi-ét thi:
Xa + Xg = kgs : Xa.Xg = k?Thayvao (**)taco: k=1

Viy: OALOB< k=1
BAI TAP:

7.1. Chung minh rang: Puong thang y = x + 2 1a tryc doi xung cta do thi ham
x-1
X+1

sb:  y=

HD: Pudng thang y = x + 2 1a truc doi ximg ctia d6 thi y = X—_l (P) < céac
X +

duong thang vudng goc voi duong thang y=x+ 2 cat (P) tai ha1 diém phan
biét A, B sao cho trung diém I cia AB nam trén duong thang y =x + 2.

2
7.2. Cho ham sé: y = = [ <o do thi (P). Tim 2 didm A, B trén dd thi (P) va

d6i xtmg nhau qua duong thangy =x - 1
HD: Tuong tu bai 7.1
ax® +3ax +2a+1

7.3. Tim a dé dd thi ham sd: y = > tiép xuc véi duong thang:
X +

y=a
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7.4. Chimg minh rang dudng thing y = -x + m ludn cit dd thi ham sé

2X *21 tai hai diém phan biét A, B. Tim m dé AB ngén nhét.
X +

7.5. Viét phuong trinh tiép tuyén chung cta hai parabol:
y=x"-5x vay=-x"+3x-10

7.6. Tim cac diém trén truc tung tir d6 co thé ké duoc 2 tiép tuyén toi do thi

N £ 1 . . X £ N A ; , .
ham so y=Xx+ —Va 2 tlep tuyen nay vuong goc vo1 nhau.
X

7.7. Tim m dé duong thing y = x + m cit parabol y = x* tai 2 diém phan biét
A, B sao cho OA 1OB

2 \
X = X7 6 @ thi (P)
x—-1

7.8.Chohamsd: y =

a). Xac dinh tiép tlgyén di qua diém (1;-4) o 7
b). Ching minh rang duong thang y = 3x + a ludn cat do thi (P) tai 2 diém
phan biét A, B. Tim gi4 tri nho nhét cta biéu thirc d = | Xa - XB |

&l
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