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8 | 11
= flx)==x,Vxe[-—;=].
flx) - [2 3]
Thr lai thay ddng.

Nhdn xét. Qua cdch giai trén ta thay diéu
dau tién 1a gia thi€t x € [-% ;%] 1a khong can
thiét, ta c6 thé md& rong tap xdc dinh la
[-1;1] ma két qua khong thay d6i. Thi hai,
gid thiét A ciling c6 thé khai qudt thanh 1 da
thitc. Nhu vay, ta c6 thé khdi quét nhu sau:

Bai toan 2a. Cho g(x) la da thiic bdc n co
tdp  xdc  dinh la [-1;1]. Tim
ham f :[-1;11—> R, lién tuc trén R va thoa

o L X
man - f(x) -2 f(5) = 1)

Céc ban hay thtr tim diéu kién cho g(x)
néu ta muoén khai quit g(x) thanh mot ham
lién tuc bat ki.

Tro lai bai todn vi du 1, v6i cdch giai
trinh bay & bai toan vi du 2, ta hoan toan cé
thé thay ddi gia thiét f{x) - 2xf(x°) = 0 boi
f(x)-2x f(¥) = g'(x).

Cédc ban hay dua ra mot dé bai ¢6 cic
diéu kién rang buoc cho g(x) dé tao thanh
mot bai todn hoan chinh.

Két hop cdc huéng téng qudt trén, toi xin
dé xudt mot bai todn téng quat hon:

3. Vidu3.

Cho cdc ham so g [0;,11— R,
f:[0:1] = [0;1] trong dé g, h c6 dao ham
trén [0;1], h(0) =0, h(l) =1 va g la da thiic
bdc n Tim ham f: [0;1] — R, thoa man:

Jx) - W(x) flh(x)) = g(x).

Moi cédc ban hdy giai bai todn nay va ti€p
tuc! Sau day 1a bai tap dé cdc ban tu luyén:

Bai tap. Cho f(x) ¢6 dao ham trong (0,1),
lién tuc trong [0;1], ngoai ra f{0) = f(1) = 0.
Chitng minh rdang ton tai mot sé ¢ € (0;1)
thoa man diéu kién:

fle) = 1996 f (c).

Chic céc ban thanh cong!
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Xung Quanh Bdi Todn Bt Ddng Thii
THI TOAN QUOC TE 2005

NGUYEN ANH TUAN
CHUYEN TOAN K97-00
Sv. Lop D2000VT, Hoc vién Cong nghé
Buu chinh Vién théng.

< Trong ky thi Olympic Todn Quéc t€ lan
thi 46 16 chifc tai Mexico c6 bai toan vé bat
dang thic (BDT) nhu sau:

Bdi todn 1. Cho 3 s6 thuc duong x, y, z thoa
man diéu kién xyz > 1. Chitng minh rdng:

oy ys_yz

5 2 2 + 5 2 2 +

X +y +z yV 4z +x
-z

- 20 (1)

Z+x +y

Loi giai 1. BDT (1) tuong duong véi:
(¥ +y°+27)=(F+»" +2)

5 2 2 +
¥ +y +z
(P +22+57)= (" +)" +2)
" Y +z2+x? "
N (25+x2+;\/2)—2(x2;l-y2+22) 50
Z4+x+y

1 1
o + +

¥+y +zr Y+ +x?

| 3
+ < 2
2 +x+y’ X+ 4z @)

Ta s€ ching minh:
3(v*+2?

1 S (" z )
2(x2+y2+22)

x4y + 2 20

That vay, theo gia thiét xyz > [ ta c6:

5 12 7 £ 3 1 <
X + +Zz X

Yy —+y2+22
yz
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1 2 2 o
T 3) —+z +x
2x 2, 2 1 Y 5
2 2+y +z 5 2 2 = 2 va
y +z y otz +x (x2+y2+zz)
Ap dung BDT Bunhiacopxky ta c6: 1
2 —+x*+y’
2, 2 1
Y *e +y°+2° X ST S z 2
2 Y Xty (x2+y2+zz)
v TaSU}il‘aZ |
2x 2, 2
X +y 420 | 2 + +
[ y2+22j Yoz Y+ 4z Y+ +x
1
- <
2(x2+y2+22)2 +Zs+x2_|_y2 =
2 2
1 < 3(}’ tz ) 4 l+l+l+2(x2+yz+zz)
A 7 = 5 e @ x y z
2x +7+2° 2(x +y +Z) < 2
T (3) va (4) suy ra Mat khéc tur gia thiét xyz > /
2 2
1 < 3(y +Z) ' :>l+l+l Syz+zx+xy <
X +yi+z? 2(xz+yz+22)2 vl
. < x*+y*+z%, do dé tir BDT trén suy ra (2)
Ciing tuong tu:
., = chm.
1 < 3(2 +x) Pang thic xayra © x=y=z=1.
Vaziexr T 2(x2+y2+22 )2 Bing cdch 2, ta chiing minh dugc bai toan

2

1 y 3(x2+y2)
2

Z+xt4yt 2(x +y2+zz)

Cong theo v€ ciac BDT trén ta thu duoc

(2) = dpcm.
Pang thitc xdyra & x=y=z=1

Loi giai 2.
Ap dung BDT Bunhiacopxky ta cé:
(x*+57 +22)(l+y2 +sz >

X
2 (x2 +y 42’ )2
| 1, 4z

< & .

Xtz (xz+v2+zz)2

Thém hai BDT tuong tu nita:
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téng quat sau:

Bai todn 2. Cho n so thuc duong x,,x,,..., X,
(n23) thod mdn diéu kién xx,..x, = I.

Chitng minh rdng:

2n+1 n

|
2n+1 + n + n + .+ n +
Xl X2 X3 .. X”
x22n+1 _xzn
2n+1+ n+ n+ + n t..oF
X2 Xl X3 . X”
X 2n+1 —x n

n n >0 (5)

2n+1 n

x4 xS x|
Chitng minh. Theo BDT Co-si va gia thiét

2n
x
z 2n+1
xx,..x, = ltacx™" 2 ——2
Xy Xy X,

(n-1) x>

- n n n
X" x ot x,

(6)

6
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Mat khéic, dp dung BDT Bunhiacopxky ra

2
n n
, X, +..+x
co: 1’2—1,1 +x,"++x" | X
n_

2

(n—l)xlz"

— | +x "+ x| 2
n n 2 n
X, +...+xn

2
> (xl” +x," +...+xn")

1
A 2n S
(n_l)xl + n+ n+ + n
. x2 x3 x”
X, +..+x,
n (xz”+...+xn”)
= 1 n n n)? (7)
n (x1 +x," +..+Xx, )
Tur (6) va (7) suy ra:
1
2n+l+ n+ n + .+ n S
xl xz x3 x”
1
<
- (n_l)xlzn n n n -
— T X, tX +.tx,
X, +..+x,
- n (xz”+...+xn")

>
n—1 (xl" +x," +...+xn”)
Cung véi n -1 BDT tuong tu khac, cong
v€ v6i vE€ ta thu duoc:

1
2n+1 n n n
xS

1
2n+1+ n+ n+ + n
xz xl x3 xn

1
2n+l n n n
X, x5 +xX ot x

+

+ ...+

<

n
n n n
XX+t X,

<

n n n
X x4t x,

2n+1 n n n
e x

n n n
X" x4,

2n+l n n n
xS xS

n n n
XX+,

2n+l n n n
X, x5 +xX ot x

<n
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n n n
X +x, +...+X
2n+11 n2 n - n _1 +
xS xS+

n n n
X +x, +..tXx
+ 2}1-*—11 n2 n - n _1 Tt
X, +x +X t.tX,
x'+x"+. . +x"
1 2 n
+ [ 2n+1 + n + n + + n _1 S 0
)Cn )Cl xz xn_l
S
bang thic xayra < x, = x, =...= x, =1

Mot dang tong quat khdc cua Bai toan 1
nhu sau:
Bai toan 3. Cho s0 tw nhién n 2 3 va 3 s0
thuc duong x, y, z thod mdn diéu kién
xyz 2 1. Chitng minh rang:

xn_xz yn_yz Zn_ZZ
n 2 2 + n 2 2 + n 2 2
X +y +z y +tz +x z +x"+y
>0 (8
N 1 1
Hayla: ————+ ———— +
Xty +z y +tzi+x
12 2 < 2 32 2
"+ x4y X +y 4z

Bang phuong phdp tuong tu nhu 16i giai 2
ching ta c6 thé chimg minh dugc Bai todn 3
ding v6i n < 8. Sau day ta chimg minh
trong truong hop n==6:

Ap dung BDT Bunhiacépxky téng quat ta
c6: (x4 )7 +27)(1+ 7 +27 ) (1+ 7 +27) 2

= ()c2+);2+22)3

1 3 (1+y2+22)2

= —
x*+ P4zt

3.

- (¥*+3*+2)
Thém hai BDT tuong tu nita, suy ra

! + ! +
X+ Y+ X
+ 6 12 2 S
2P4+x’+y

3 (14224 2) (1422 +02) +(142 4)2)

9
(x2 +y2 +z° )3 ©

Ta s€ ching minh
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(1+y2+Zz)2+(1+Zz+x2)2+(l+x2+y2)2
< 3(F 4 +22) (10)

batu = X, v= yz,t= z* thi ta c6 (10)
o (1+u+v) + (1+v+) +
+ (1+t+u) < 3(utvre)
S 3+4(y+v+e) +2(uv+vi+ou) +
+2(u2+v2+t2) < 2(u2+v2+t2) +

+4(uv+ve+w) + (u+v+t)2

o (u+v+e) -4(y+ver) +

+2(uv+vt+m)-320 (1)
Tu gia thi€t xyz > /, suy ra uv+vt+tu 2

> 33(uvt) = 3(wz) 2 3, do d6 (11)

ding va ta ¢6 (10). Vay tu (9) va (10) ta c6
dpcm.

Toi du doan rang BDT (8) ding véi moi
n, mong cic ban cung quan tam tGi viéc
chiing minh bai todn nay. Sau day la mot bai
todn mé6i ma to1 da phdt hién ra trong qua
trinh md& rong bai todn trén.

Tim tdt cd cdc sO nguyén n sao cho bdt
ding thitc (BPT) sau diing véi moi x, v, z
khac khong:

(& +xy+0?) + (3 +yz+27) +

+(2+m+x?) <3(FP+y7+27) (12)
Loi gidi. V6i n = 0 thi BDT (12) hién nhién
ding v6i moi x, y, - #0. Ta xét cic trudng

hop sau:
1) V6i n<0.DPatn = -m (m > 0), khi dé
BDT (12) tré thanh:
1 1
-+ ,
(P +v+y?)" (P +yz+2)
1 < 3

(22 +zx+ 17 ) - (x2 +y? 422 )

BDT nay khong ding véi moi x, y, z #0.
That vay, c6 dinh x sao cho y—0, z — 0 thi
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V€ trdi — +oo, trong khi d6 vé& phdi — ——
X

vo ly.
i) Voi n = 1. Khi d6 (12) c6 dang:
(¥ +xy+37)+ (37 +yz+27)+
+(zz+zx+x2)s3(x2+y2+zz)
& xy+yz+zx<x’+y*+z°. BPT ndy
ding v6i moi x, y, z = (12) dung.
i) Véoin = 2. BDT (12) ¢6 dang:
(¥ +xp+)° )2 +(y* +yz+2 )2 +
+(zz+zx+xz)2S3(xz+yz+zz)2
<:>2(x3y+y3x+y3z+z3y+z3x+x3z)S
S(x4+y4+z4)+3(x2y2+y222+22x2)
1 4 1 4 1 4
& —(x=y) +=(y—z) +=(z—x) 20
L)+ 1 (r-2)' 2 (e-x)
BDT cu6i ding = BDT (12) ding véi
n=2.
iii) V6i n >3, ta sé ching minh rang khi d6
(12) khong dung. That vay, ta c6 (12) <

X+ xy+ oy’ y +yz+z N
¥ +y +z e

2 2 n
+[LJ <3 (13)
X +y +z

Chonx =1, l;yzl'z:Olthitacéz
o+t y +yz+z2 "+
X +y +z° X+ 4zt
2+ zx+x° ! X +)cv+y2 "
T 2 2| 2 -
X +y +z Xy 4z

— (231} 5140,
2,22

Bing quy nap ta ching minh duogc
1,49" >3 v6i moi n=3. Tir dé suy ra (13)
khong ding v6i moi x, y, - > 0 = dpcm.

Tu nhitng phan tich trén & céc tru’o‘ng
hop trén ta di dén két luan: tdr cd cdc sé
nguyén n phdai timlan =20, 1, 2.




