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UNG DUNG PHUONG PHAP TOA PO TRONG

HINH HOC

LKién thirc co ban :
1.Kién thitc : (Theo chuong trinh Hinh Hoc 10 nang cao)
v' Toa do clia diém, véc to trong mat phang va céc kién thifc lién quan.
v Pudng thang.
v" Dudng tron.
v Céc duong Conic : Elip, Hyperbol, Parabol.
2.Cac dang bai toan ap dung :
.Bai toan hinh hoc khé dp dung dugc cho céc tinh chat hinh hoc thuan tuy (hinh hoc ¢6 dién) .
.Bai todn hinh hoc ma viéc chitng minh hodc tinh toan qua phiic tap.
.Bai toan hinh hoc chita dung céac yéu t6 : toa do, vécto, duong Conic . . .
3.Nhan dang :
.Dang 1: bai todn hinh giai tich thuan tuy (chita dung san c4c yéu t6 vé hinh giai tich)
.Dang 2: bai todn hinh c6 dién chuyén vé bai todn véc to (khong str dung toa do)
.Dang 3: bai todn hinh c6 dién chuyén vé bai toan toa do.
4.Phuong phap ap dung :
.Chon hé truc toa do thich hop (hé toa do Décac hoac Afin) tlly theo bai todn sao cho viéc tinh todn don gian, dé
biéu dién.
.Tim toa do cac doi tuong da cho va cac doi tuong lién quan.
Tt d6 rit ra cac tinh chat hinh hoc cin tim theo yéu ciu cua bai toan.
I1.Cac bai toan minh hoa :
Bai 1: ( Pé thi hoc sinh gidi quoc gia 2006-2007)
Cho tam gidc ABC ¢6 hai dinh B, C ¢6 dinh va dinh A thay déi. Goi H, G l4n luot 12 truc tim va trong tam clia
tam gidac ABC. Tim quy tich diém A, biét rang trung diém K ctia HG thuoc dudng thang BC.
Giai :
Chon hé truc Oxy v6i O trung diém BC va truc Ox 1a dudng thang BC
bat BC =2a>0. Khi dé toa do B(-a,0) ; C(a,0). Gia su
A(X,,Y,) Yo # 0. Khi do truc tam H 1a nghiém hé phuong trinh

- 2 _ 2
O X=X, 0 H%(O,a XOE
Ax+a)(@a-x,)- oy =0 Yo

2 2 - 2 + 2
.Tr(_)ng tam GBXB—O,%H suy ra trung diem K FP;(O : 3a 3XO Yo
[ U

H 6Y, %
K thuoc dudng théng BC khi va chi khi /
2

3a2—3x2+ 2_0 Xo_yg =1 ( ?'-'0) B
0T Y = ‘E’; 3 Yo
2 2

Vay qu§ tich A 1a hyperbol = - é =1 bo di hai diém B, C
a

Bai 2 : (Pé thi OLYMPIC Lé Hong Phong 2008-2009) Cho tam gidc ABC ¢6 hai dinh B, C ¢6 dinh va dinh A
thay ddi. Qua B dung dudng thing d vuong géc véi BC, d cat duong trung tuyén Al ctia tam gidc ABC tai K.Goi
H 1a truc tam cta tam gidc ABC. Tim quy tich diém A, biét ring IH song song v6i KC.

Giai :
Chon hé truc Oxy véi O triung I va truc Ox 1a dudng thiang BC.
biat BC =2a>0.Khi d6toadd B(-a; 0) ; C(a; 0)
Gia st toa do diém A(X,; Y,) V6i Yy, 20
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.Khi d6 truc tam H la nghiém hé phuong trinh

2 _ 2
| X=X, 0 H%(O; a~ —Xg E Ny
{x+a)(@-%) Yoy =0 Yo X
K =d n (Al) la nghiém h¢ phuong trinh

%X'_ y H
x 0 KE—a a—OEvéi X, #0
é/ XO Xo B s C

> X
Theo gia thiét, ta c6
2 2 7

a —X .

IH ciing phuong KC < ayo -2a. D = .
Xo Yo L
YO - It
a2 2a’
K

Vay quy tich A la ehp XO Zyo =1 bo di 4 diém B, C,
a

A (0 —av2), A (O; a\/2_) 12 4 dinh cta elip
Bai 3: Trong mat phing cho dudng tron (O,R) va mot diém A c¢6 dinh. I 1a diém di dong trén (O). Pudng tron
tam I luon di qua A. Chitng minh ring truc dang phuong ctia hai duong tron (O) va (I) ludn tiép xiic v6i mot
duong tron ¢6 dinh .
Giai :
Chon h¢ truc (Oxy) nhu hinh v€ (OA 1a truc Oy) . Ta c6 A(0,b) , (O) :
2 2 2
X“+y°=R".
GoiI(m:;n) 0(0) O M’ +n®=R*vi1A%=m?+(b-n)Z.
Vay () : (x—m)® +(y-n)* =m* +(n-b)*.
Hay x> +y? —2mx - 2ny + 2nb — b® = 0. Suy ra phuong trinh clia
truc dang phuong ctia (O) va(l) 1 (d) : 2mx + 2ny — 2nb
+b*+R*=0.

\2nb— 2nb +b? - Rz\ B \bz - RZ\

2Vm? +n? - R

Taco d(A,d) =

Bai 4: Cho tam gidc ABC c6 dudng cao CH. Goi I, K 14n luot 1a trung diém ctia cdc doan AB, CH. Mot dudng
thiang d di dong luon luon song song véi canh AB cit canh AC tai M va
cat canh BC tai N. Dung hinh chit nhat MNPQ véi hai diém P, Q nim
trén canh AB. Goi J 1a tam hinh chit nhat MNPQ. Chitng minh ba diém
I, J, K thang hang.

y
Cio)

Giai :
Chon hé truc Oxy sao cho O = H , céc diém A, B nidm trén Ox, di€ém C !
nam trén Oy M ) g NN
Ta c6 toa do cac diém H(0; 0), C(0; c) , A(a; 0) , B(b; 0). Yl
Puong thag d c6 phuong trinh y = m (0O<m<c) / ;
(AC) : cx+ay-ac =0 va (BC):cx+by =0 oo 5 - X

M=dn ACO MW;m)@mmgm NEED (C;m);mH Afa;0)

C
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Piém P 1a hinh chi€u vuong géc ctia N trén Ox 0 PW;OE

C
J 12 trung diém ctia doan PM O J : a+bj(c-m) ;EH

2c 20
Trdé taco IK = - 270.CHyy 13 =F m@+b). my
0 2 2L O 2c 2

Vay IK ciing phuong 13, nén ba diém 1, J, K thing hang.
Bai 5 : Cho tam gidc ABC déu c6 canh bing 2a va (d) 1a duong thang tlly ¥ cit cdc dudng thang BC, CA, AB.
Goi x, y, z tuong ting 1a céc goc gilta dudong thang (d) va cdc dudng thang BC, CA, AB. Chiing minh :
sin® x.sin” y.sin? z+ cos® x.cos® y.cos® z = %
Giai :
Chon hé truc toa do sao cho A(0; a\/§), B(—a;0),C(a;0) . Khi d6

AB = (—a;—a\/S_),CfA =(-a; a\/§) , BC = (28;0) .

Goi u= (u;;u,) 1a véc to chi phuong ctia dudng thang (d). Ta ¢6 :
2 2
u . u
cos’x=—=2— 1[0 sin’x=——2—
ul +u2 ul +u2
2 2
2., — (ul _uz\/é) s 2 (ul\/§_u2)
oS’ y=" 5 oy 0 SNTY=S o
Auy +u;) 4(u; +u;)
2 2
+ —
COSZZ:MD sn?z=4 ? u;
Auy +u;) Auy +u;)

S=sin?x.sin® y.sin® z+ cos’ x.cos’ y.cos’ z
2 2
_ufu? -3ug) rusfaur -up) _up+auful +3utul vup 1
- 3 - 3 TS
16(u12 + u§) 16(u12 + u§) 16
Bai 6 : Cho duong d trén d6 1ay mot diém A. Cho trudc hai s6 duong a, b sao cho a>b. Xét tat ca cac diém P, Q

O
sao cho AP = a, AQ = b va duong thang d 12 phan gidc cia PAQ . ting v6i méi cap diém P,Q xét diém sao cho

AM = AP+ AQ.Tim quy tich diém M.

Giai :
Chon hé tuc toa do nhu sau : 1ay A lam goc toa do, truc hoanh Ia
d.Goi M(x; y)Ta c6

1?

R L OX = Xp + Xq
PAM = AP+AQ = (XY) = (Xp;¥e) +(Xgi Yg) = H=vety a
= Yo+ Vg
) i}
2+ 2: 2
Do AP =avid AQ =b nén @(Z y'; a2(2)
5(Q+yQ:b

Néu phuong trinh (AP): y =kx thi (AQ):y = -kx
@(2 + k2X§ = a2

Tir (2 ,
U (2) suy ra @%+kzxé b
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O a+h)’
x2=x§+xé+2xPxQ=( )

2

[ 1+k2 X2 ' y —
k“(a—b a+b2 a b2
@/2 - yg ' yé ' 2ypr — :E kz) ( ) ( )

Vay quy tich M 1a mot elip
Bai 7: Trén dudng thang d cho trudc, cho ba diém A, B, C trong d6 B nim giita A va C. V& vong tron tiép xiic
v6i d tai B. Goi M 1a giao diém ctia hai ti€p tuyén v6i vong tron trén vé tir A va C. Tim quy tich diém M.

Giai :

Goi cic ti€p diém nhu hinh V&, ta ¢6

IMA-MC| =|BA-BC| =hang s6 (1)

Néu B 1a trung diém ctia AC thi tir (1) 0 MA=MC : quy tich
M Ia trung truc cta AC.

Néu B khong 1a trung diém ctia AC thi tir (1): quy tich M la
hyperbol nhan A, C 1am tiéu diém (nhu hinh v&)

Bai 8 : Cho dudng thang d va mot diém A c6 dinh khong niam trén d. P va Q 13 hai diém di dong trén d
nhung PQ = a (trong d6 a la s6 duong cho trude). Goi M la tam duong tron ngoai ti€p tam gidc APQ. Tim
quy tich di€ém M.
Giai :

Dung hé truc toa do nhu hinh vé
Goi M (x; y), gia sit khoang cach tir A dé€n d 1a h, khi d6 A(0O; h)
Ta c6

2 ,_a 2 s o @ 1., h @&
MA“ - MH 4<:»x+(yh) y 4«:»y2hx+2 ah
Vay quy tich diém M la mot Parabol

Bai 9: Qua tam O clia hai duong tron déng tam vé hai duong thiang vuong géc d, va d,. Pudng thiang d di dong
quay quanh O vé cliing mot huéng cét céc vong tron nho va 16n 1dn luot tai A va B. Qua A vé dudng thang
d, song song d,va qua B v& dudng thang d; song song d,. Tim quy tich diém M =d, n dJ.

Giai :
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Lap hé truc toa do nhan d,, d, a truc Ox va Oy.
Gia str duong thiang d c6 phuong trinh y = kx, A(X, ; y) , B(Xg ; Yg)-
Tir gia thiét, tacO X =Xz, Y = ya

Ox2 +y2 =r? = kx
Tacé [ , yZA , Va %VA A
Xs *¥s =R Ve = KXg dy
M
& [ /.
2 2

L v

_'_'_'_.__.-"

i

D Xy =— = 0
s TR AT Ik y
2 2 2 2
X "
Ttrdéta06?+y—2:R—Bz+y—§: ‘%
r r

NG yz //

Vay quy tich diém M la Elip = +2 =
r

Bai 10: Cho tam gidc ABC vuong can tai C. Trén cac Canh BC, CA, AB lan luot 14y cac diém M, N, P sao cho
MB _NC :E. Chdng minh ring CP O MN va CP = MN
MC NA PB

Giai :
Chon hé truc Oxy sao cho O =C, tia Ox = CA vatia Oy= CB
Ta c6 toa do cac diém C(0; 0) , A(1; 0), B(O; 1).

B(0:1)
Tir gia thiét ta dat 0 = NC _PA_
MC NA PB '
D " 1 = D MB-) 1 H P
Do d6 [ CN :LCSA O % N k ;OH o N A(1:0)
0 L 1+k ) B M+k 0O
P=_~ CA+—CB H1 .k
% 1+k 1+k EDDL'FI(’]."‘k@
Tirdé MN.CP = — K K _ _o0 cPOMN

@+? @+K)7?
L2 2 L2
MN = K +12 =
@+k)
Bai 11: Cho tam gidc ABC vuong tai A. Goi At Ia tia phan gidc ciia géc A. Qua trung di€ém M cuia canh huyén
BC ta dung dudng thang vuong géc véi tia At cit cdc dudng thang AB va AC lan luot tai E va F. Chitng minh BE
= CF.

Giai :
Chon hé truc Oxy sao cho O = A, tiaOx = ABvatia Oy= AC Y i
Ta c6 toa do cac diém A(0; 0) , B(b; 0) , C(0; ¢). ‘

Dé dang ta tim duoc toa do EM;OHVQ FB);b+CH '
O 2 L O 2 C

fl

Tir d6 suy ra BE :‘C;Zb‘ vi CF = b;zc
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Bai 12: Cho hai diém A, B c6 dinh va mot dudng thang d vuong géc véi AB, nhung khong di qua A, B. Mot
diém M chay trén d.Tim tap hop giao diém N clia cdc dudng thang vuong géc v6i MA, MB tai AvaB.

Giai :
Chon hé truc Oxy saocho O=d n AB, tiaOx = ABvatiaOy=d
Ta c6 toa do cac diém A(a; 0) , B(b; 0) , M(0; m).Goi N(x; y) A

+my=0
Khi dé %\/LANA 0 _ m@a-x+my=

EMB.NB =0 " Bbb-x+my=0
Giai hé ta dugc x = a+b. Vay tap hop giao diém N 13 dudng thang

vuong géc Ox tai H ¢6 hoanh do OH =a+b.

Bai 13: Cho tam gidc ABC ndi tié€p dudng tron tam I. Goi D 1a trung diém ctia canh AB, E 1a trong tAm ctia tam
gidc ADC. Chitng minh rang AB = AC thi IE vuong géc véi CD.

Giai :
Ta c6 thé chon hé truc toa df_) Oxy sao cho O tring véi trung diém BC, A thuoc Oy vé6i A(0; a) , B(-c; 0) , C(c;
0).Khi dé ta cé DB— [ EBC—aH )
Pé tinh toa do tam I (O, Y,),tacod A
2 2
IA=IC = (a-Y,)? =c?+y20 y, =2 —°
(@a=Yo) Yo Yo =—
Hé s6 géc duong thang IE 1a k = Yeo¥ 3¢
Xg =X a
Yo" Y __2a

Heé s6 géc duong thing CD1a k/ =

Xp — Xc 3c
Tacé kk/ =-10 IEOCD.
Bai 14: Tim quy tich nhitng diém M trén mat phang c6 téng khodng
dén mot diém c6 dinh I va mot duong thang co6 dinh A bing mot s6 a
duong cho trudc.

Giai :

.Chon h¢ truc toa do vuong géc Oxy sao cho
+ O=|
+ Ox[A va A c6 phuong trinh x =d> 0
.Ta phai tim quy tich nhiing diém M(x ; y) sao cho

VXY % od a()
Néu x 2d thi (x*+y*+ [x 8 % »° d

Néu x <d thi \/x*+y’+ |x ¢ +d («;&2 -y’> x) d

Nhu vay céc truong hop xay ra la

d>a: quy tich M 1a tap rong

d=a:trlyluantrén (1) = ¥ 0, 0<x< a: quy tich M doan thang néi
tir [ dé€n chan duong vuong géc hatrI1én A.
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d<a:Khi x>d,tr(1) 0 y2 2a d)(a;_d X)
. . a-d
Khi x <d,tr (1) 0 y* 2fa d)(—z-— X)

Nhu vay quy tich M 1a 2 nhanh cua 2 Parabol(khoang gitta S1,S2) c6 phuong trinh nhu trén.
Bai 15: Cho hai duong thang cit nhau a va b . Tim tap hop nhitng diém M sao cho téng khoang céch tir d6 t6i
a va b luon luon bing s6 1 khong déi .

Giai :
Ta chon hé truc toa do Oxy véi O 1a giao diém ciaava b, Ox
12 duong thang a sao cho dudng thiang b c6 phuong trinh y =
kx (k> 0)
Gia st M(x ; y) 1a diém nao d6 , ké MA Oa, MBOb .
Khi d6 , ta c6 thé tinh dugc cac khoang cich MA va MB :

MA:|y|,MB:M
k?+1
Vav v diu kien bai todn I loc—y| _ .
ay,vmdleuklcnbaltoanla|y|+——1(1).Tach1a
k? +1

cac truong hop sau :
a) y=0 va y<kx . Dé thay rang khi d6 M nam trong géc
xOz .
M - 3y XY 4 (\&2 1 1)y 1 0

Vk® +1
Nhu vay , tap hop M 12 phin dudng thing (2) nim trong géc xOz , tic 12 doan PQ  (hinh vé) .
b) y=0 va y=kx .Khidé6 M nam trong géc zOx’ va :
M - y Y 4 Kk +(<¢k2 ] 1)4y k1 0 (3

Vk? +1
Nhu vay tap hop M 1a phan duong thang (3) nim trong zOx’, tifc 12 doan thang PR (hinh v&) .
Dé thdy ring tich vo huong cta hai vecto phdp tuyén :

o :(k; Ko+ & 1) s —( ko k3 1 1) bing 0 , tic 1a PQ PR

Tuong tu nhu truong hop a) va b) , ta xét cic truong hop :
¢) y<O0 va y<kx
d) y<0 va y=kx,
Ta di dén két luan :Tap hop cac diém M 1a mot hinh chit nhat QPRS c6 tam 1a O va hai dudng chéondm trén a va
b.
Bai 16: Cho hai diém A, B ¢6 dinh, AB = a khong déi va hai diém C, D di dong sao cho CD = b khong déi, AB
cung huéng CD, AC + BD = 2(a+b). Tim qui tich giao diém M cta AD va BC.
V& ME// AC,MF //BD (E,F OAB)
., MB_AB_a MA AB a
Ta co: = = —; = = —
MC CD b ™MD CD b




| :°é" UNG DUNG PHUONG PHAP TOA PO VAQ HINH HOC
"BE_MB_ a . AF. AM a

Suy ra: — = ;
BA BC a+b AB AD atb
2 2
0BE >, a
a+b at b
Suy ra: E va F c6 dinh.

. ME_BM_ a  MF AM a
Vi = ; nén
AC BC a+b BD AD athb

ME:a'AC, ME= a.BD
a+b at b

Suy ra: ME + MF= a.(AC—++BD): 2a khong doi.
a

Chon hé truc Oxy nhu hinh v&, véi O 1a trung diém ctia EF.
Ta ¢6 tap hop diém M 1a mot Elip nhan E va F 1am hai tiéu
diém, c6 do dai truc 16n 12 2a

Bai 17: Hinh binh hanh ABCD thay ddi trong d6 A va D ¢6 dinh thoa: % = % Tim tap hop diém B va C.
Giai :

Trong mit phang Oxy, chon A=0(0;0); D(a;0) v6i AD =a (khong ddi)

Theo gia thiét hinh binh hanh ABCD thay d6i nén 1ay B(x;y) va C(x+a;y) bat ky vé6i diéu kién y#0.

Khi do: 'Y
AC_BD < AC.BA AD.BD

AD BA € B
“ i Yy S anl(xra)’ Y .
- (F ¥ 2ax a){x® =vy®) af.(x¢ y* 2ax a’)
= (F yF 2ax@x® ¥°) 2a’x a' 0 (*) E
((*) 1a phuong trinh bac hai véi 4n (32 + y?)) :
Tinh A'= (ax)* (2a3x &) fa® ax)’
K2 + y2=_ ax (_az ax)
*)=0, 7, , e
X +y=— ax (a° ax) (voly)
= ¥ 28x y° a’
o (K a}2 :yz 232
Vay tap hop diém B 12 dudng tron (C) c6 tam |(-a;0), ban kinh R, =av/2, bé hai diém (—a(ﬁ+ 1);0) va
(a(v2-1):0)
Do t gidc ABCD 12 hinh binh hanh, ta c6 BC = AD. Vay tap hop diém C 1a dudng tron (C') 12 &nh cta dudng
tron (C) qua phép tinh tién theo AD . Puong tron (C') c6 tam A=0(0;0), ban kinh R, = av/2, bo hai diém
(—aﬁ;o) va (a\/E;O).
Bai 18: Cho dudng tron (C) tam O va tiép tuyén d tiép xtic v6i (C) tai mot diém A c¢d dinh trén (C). M 1a mot
diém trén mat phang, ké tiép tuyén MT véi (C) va ha MH vuéong géc véi d.
1.Tim quy tich cdc diém M théa MT = MH.

2. Ching minh cic dudng tron tam M ban kinh MT luén ti€p xtc v6i mot duong tron ¢6 dinh.
Giai :
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1.Chon hé truc Oxy sao cho A 1a goc toa do, tia Ox = AO va tia Oy =
d.Khi d6 O(R; 0), gia sit M(x; y)
Tacé MH =MT O MH? =MT? = MO? -R?
= x> =(x-R)?*+y*-R?* = y? = 2RX. Vay qu§ tich M Ia parabol
2.Theo dn cua parabol, ta c6 MF = MH, = MH + R/2

Suy ra MF = MT + R/2, di€u nay chiing té duong tron tam M ban
kinh MT ti€p xuc dudng tron co dinh tam F ban kinh R/2.
Bai 19: Cho hinh vuong c6 dinh. Tim tap hop nhitng diém M trong

hinh vuong dé va thoéa min diéu kién: Tich hai khoang cach tir diém
M dén hai canh ctia hinh vudéng ciing xuét phat tir mot dinh bang binh
phuong khoing cdch tir diém M dén dudng chéo ctuia hinh vuong
khong di qua dinh do6.

Giai :
Khong giam tinh t6ng quét, xét hinh vuong c6 canh J2.
Pat hinh vuong ABCD 1én mit phang cé hé truc toa do Oxy sao cho
A(0;1), B(-1;0), C(0;-1), D(1;0).Goi M(x;y) 1a diém & trong hinh vuong
ABCD, ha MN,MP, MQ lan lugt vuong goc véi BD, DA, ABtai N, P, Q.
Do d6: MP.MQ = MN? (1) ( xét 2 canh hinh vuong phat xuat tir dinh A)
AB:x—-y+1=0, AD:x+y—-1=0.

IX=y+ 1] |[x & 1] 2 2 2 2

(1) NG Iy Ax= (= D[ 2y
M(x;y) & trong hinh vuongnénx —y+ 1>0,vax+y—1<0.
Dodé: x> —(y—1=(x—-y+ Dx+y—1)<0nén (1) = x*—(y—1)*=-
2y? o X2+ (y+1)*=2
Vay tap hop cdc diém M Ia cung BD, cung # duong tron C, ban kinh
R = /2 .Tirkét qué trén ta két luan: Tap hop cdc diém M 12 4 cung #

dudng tron tam 12 cdc dinh cua hinh vuodng va ¢ ban kinh bang canh clia hinh vuong.

Bai 20: Cho dudng thang c6 dinh a va mot diém A c6 dinh trén a. Goi (C) 12 dudng tron luu dong & trong mot

nita mat phang (0) c6 bd a. (C) c6 ban kinh khong déi R va luon tiép xic véi a, goi M 1a tiép diém. Goi I 12 tam
ctia duong tron (C).Chitng minh ring trong mat phang chita duong tron (C), 6 mot parabol (P) ¢6 dinh sao cho
truc déng phuong clia (C) va dudng tron dudng kinh Al luon luén tiép xtc (P) khi M thay ddi trén a.

Giai :

Trong mit phang chon hé truc toa do Dé-c4c vuong géc Oxy, v6i Ox triing
v6i a, nita mat phang o 1a nita mat phang y > 0, O tring A. Dat M(m;0) c6
tam I(m;R).
Phuong trinh cua (C) la:

(O): (x - m)* + (y - R)* =R* hay

O): x> +y*—2mx — 2Ry + m* = 0.
Phuong trinh dudng tron duong kinh Al la:

m® + R?

(C): (x =m/2)’ + (y = R/2)’ = 7 hay

(C): x*+y*—mx—Ry=0.
Phuong trinh truc dang phuong cia hai duong tron (C) va (C’) 1a:

m2

(d): mx + Ry —m*=0 o (d):yzf(x):-gx+ﬁ.

1
Xét ham sO vy = o(x) = —— Xx2.
y = g(x) R

L’

(<
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Om_ m 1,

 H00=g00 Dﬁﬁx” R R Hx-2m)’= 0

X

2R

2m.
" H00=g00 " m_
7R

Vay Parabol y = f(x) = —%Xz ludn tiép xtic véi truc dang phuong (d).

Hé
X=2m

Bai 21: Cho tam gidc véi 3 canh a, b, ¢ ma 3 dinh c6 toa d6 nguyén. Goi R 1a ban kinh duong tron ngoai ti€p
tam gidc. CMR: abc = 2R.

Giai :
: PN NI abc

Goi tam giac la A|A,A; nhu hinh V€S, , , =S= R y A
A 1

|

Do d6 yéu céu bai todn = ching minh S> % I

|

Glé Sﬁ: Al (Xl’ yl), A2 (Xz, yz), A3 (X3,y3).GOI A’l’ A’z ) A’3 l\a hiIlh Chiéll il. AS i

cia A, , A,, A;lén Oy. RO |

. 2 _ _ !

Taco: S =S un "Sana” Sama N G S L

L CHALAL L FAAL o+ ' - | ! !

:AlAZDAlAl AA, AAL] AA 2A3A3 ALA) AA+ AA, o i ! !

| I I

1

Y=

= (Y1 —Y2) (Xi +X2) - (1 —¥3) (Xq +X3) - (y5—Y2) (X2 +x3) (¥)VE trdi
(*) 1a s6 nguyén (do dé bai cho x, , y; nguyén)] 2S1a s6 nguyén [0 2S >
10 S=>#
Bai 22 : Trén mat phang xét mot hinh vuong ABCD va mot tam gidc déu EFG cét nhau tao thanh mot that gidc
16 MBNPQRS.Chting minh ring néu SM =NP=QR - MB=PQ va BN =RS.

Giai :
Chon hé truc Axy nhu hinh v&. Goi a la canh cta hinh vuong.
Ta c6 A(0; 0), B(a; 0), C(a; a), D(0; a),M(m; 0), N(a; n), P(p; a),
Q(q; a), R(0; 1), S(0; s)
.Néu SM = NP =QR

Tacé SM =kEF , NP=kFG , QR=KkGE véi k:%

et
Lad
=
]
=

Tacé EF+FG+EG =00 SM+NP+QR=0

+p-a-q=0 -m=p- B=P
g gn+p-a-q=0, [» p-d, MB=PQ
]-S—-n+r=0 O n=r-s BN = RS

Néii MB = PQ vi BN = RS thi MB+PQ =0 , BN+RS=0 két

hop SM + MB+ BN+ NP+ PQ+ QR+ RS = 0
0 SM+NP+QR=0
i xI§F+yIEG+z(§E:6
0 (x—z)EﬂFz(z—y)FHG
Vi O EF , FG khong cung phuong nén[] x=y=z[0 SM=NP = QR.
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II1.Cac bai tap tu giai :

Bai 1: Cho tam gidc ABC nhon. (D) 12 mot dudng thang thay ddi. Goi D, E, F 1an luot 14 hinh chiéu vuong géc
ctia A, B, C lén (D). Biét ring AD?tan A+ BE” tan B + CF * tanC = 2S,,. . X4c dinh vi trf clia dudng thiang (D)

dé AD 16n nhat.

Giai:
.Chon hé truc nhu hinh vé (b, ¢ >0)
.Tacé tanB=§,tanC:E y
b C Aga
tanB+tanC _ a(b+c) F (d)
tanB.tanC-1 a®-bc e
2S,c =a(b+c) D
.Gia str phuong trinh (d) : x.Sina +y.cosa +d =0 B C y
AD =d(A,d) =|acosa +d| b o c
BE =d(B,d) =|-bsina +d|
CF =d(C,d) = |Csina +d|

Theo gi thiét AD? tan A+ BE? tanB+CF2tanC = 2S,.

tan A=

(ac05a+d)2&+bc)+ (-bsing +d)* += (csma+d) =a(b+c)
-bc

242
« bc.cos® a + 2ad.cosa + abc =0

- E.cosw+d =0
a

.Diéu nay chiing t6 (d) di qua H @); be @ la tryc tam tam gidac ABC.
a

.Vay AD max = AH, khi (d) di qua H va song song vé6i BC.
Bai 2: Cho hinh vuong ABCD ¢6 E trung diém BC. M 1a diém di dong trén canh AB. Goi N, P lan luot 1a giao
diém ctia MD va MC v6i AE. Goi H 1a giao diém ctia NC va DP, I 1a giao diém ctia dudng trung truc doan DH
v6i dudng thang vuong géc v6i AH tai H. Chitng minh khi M di dong trén canh AB thi I di dong trén mot duong
tron co dinh.
.Chon hé truc nhu hinh v&, ta c6 M (m;0)
Tacé (AE):x-2y=0, (DM):x+my-m=0, oy
(CM):x+(m-1)y-m=0 D c
N=AEnMDO NE2™ H P=AEnMCO PREM. M [
On+2 m+2[ Om+1 m+1C
Tudé (DP):x+2my-2m=0, (NC):2x+(m-2)y-m=0 .
H=DPnNCO HEAM . 3m P
[Bm+2 3m+2[
Suy ra H [0(d):3x—=4y =0 c¢6 dinh. B
.Theo gia thiét ta c6 ID =1H =d(l,d), suy ra I thuoc parabol (P) cé tiéu
diém 1a D va dudng chuén (d).
Bai 3: (Pé thi HSG quoc gia 2007-2008)
Cho tam gidc ABC, trung tuyén AD .Cho dudng thing (d) vudng géc vé6i dudng thang AD. Xét diém M trén (d).
Goi E, F 1an luot 12 trung diém ctia MB va MC. Duong thang di qua E va vuong géc véi (d) cat dudong thang AB
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tai P, dudng thang di qua F va vuong géc véi (d) cat dudong thang AC tai Q. Chiing minh ring dudng thang di
qua M va vuong géc véi PQ luon di qua mot diém c6 dinh, khi M di dong trén (d).

Giai:
.Chon h¢ truc nhu hinh vé O = D,0y = DA.Khi d6 Oxsong song (d), A(0;a), B(b; ¢) , C(-b; -¢)
Phuong trinh dudng thang

AB:(a-c)x+by-ab=0 y

AC:(a+c)x—by+ab=0 A
M (x,;d)

+ —

Khi d6 (d,): x =2 2><M . (d):x="2 ZXM ¢
Judésuyratoaddo P=d, n AB, Q=d, n AC
.Suy ra dudng thang di qua M va vuong géc PQ c6 phuong trinh D F g

b25< IOCB—(ax ~be) d+— . i

-\ @
, C b? "

.Suy ra dudng thang di qua diém c6 dinh % . d —;E

Bai 4: Cho tam gidc ABC c6 hai dudng phan gidc trong va ngoai géc A cat canh BC tai D va E. Ching minh
ring néu AD = AE thi AB® + AC? =4R? (trong d6 R 1a ban kinh dudng tron ngoai ti€p tam gidac ABC).
.Chon hé truc nhu hinh vé

Theo gia thiét tam giac ADE vuong can tai A. fy

.Khi d6 OA = OE = OD nén B(b;0), A(0;a), D(a;0), E(-a;0),C(c;0)
2 2 A
.Theo tinh chat duong phan giac DB _ AB O DB 5= AB 5
DC AC DC AC
(b-a)’ _b’+a’ 202 4 A2 2( 2 4 2 a’
= = = (b-a)°(cc+a‘)=(c-a)‘(b"+a°) = c=—
(a7 ral (b-a)"( )=(c-a)( ) b
E o B D C

4 2 2
Tacoé AB? + AC? =(a® +b?) +(a’ +22) %g

.Goi I(x;y) la tam duong tron ngoai ti€p tam giac ABC, ta ¢
Al =Bl %x b2 +ta’

%I =cl 2
2 2
Suy ra 4R? = 4A! 2 +(a-a)? [Pt
2b B b

Tt d6 suy ra AB? + AC? = 4R?

BAI TAP : UNG DUNG HINH HOC GIAI TICH THUAN TUY
Bai 1 : Trong mat phang Oxy cho tam gidc ABC c6 B(1; 2). Pudng phan gidc trong A clia géc A c6 phuong
trinh 2x + y -1 = 0, khoang céch tir C dén A bang 2 14n khoang céch tir B dén A. Tim toa do cuia A va C, biét
rang C nam trén truc tung.
Bai 2 : Cho diém A(1; 0) va hai duong tron (C,): x> +y* =2, (C,):x*+y? =5. Xét tam gidc ABC c6 BO(C,)
va C(C,). Tim toa do B, C dé dién tich tam gidc ABC 16n nhat.
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Bai 3 : Cho dudng thang A:3x+4y-25=0, diém M chay trén A. Trén tia OM lay N sao cho OM.OM = 1.
Chitng minh N chay trén duong tron cd dinh, viét phuong trinh dudng tron do.
Bai 4 : Cho parabol y =-x*(P) va duong thiang y = —mx -1 (d) . Chitng minh khi m thay d&i duong thing
(d) luon cat (P) tai 2 diém phan biét M, N. Tim quy tich tAm dudng tron ngoai ti€p tam gidc OMN.
Bai 5 : Cho duong tron (C): x* + y* =1. Puodng tron (C) cit truc tung & A(1; 0) va B(-1; 0). Pudng thing
y=m(0#|m<1) cit (C) tai J va S. Dudng thang qua A, J cat dudng thing qua B, S tai P. Tim tap hop cdc diém
P khi m thay déi.
B2i 6 : Cho elip (E) c6 tieu diém F. Ba tia xuat phat tir F cit (E) tai M, N, P. Chtng minh % , % , %
khong ddi khi M, N, P thay déi.
Bai 7 : Trén mp Oxy cho ba duong thing d, :3x-y—-4=0, d,:x+y-6=0, d,: x+3y-3=0. Tim cdc do
céc dinh cua hinh vuong ABCD biét ring A va C thudc d,, B thuoc d, , D thuoc d,.
Bai 8 : Tréen mp Oxy cho ba duong thang d, : x—-2y—-2=0, d, : 2x+3y —-11=0.Pudng thang d di qua giao

N 1
OA? OB?

nho

diém ctia d,,d, cit hai tia Ox, Oy lan luot tai A, B. Viét phuong trinh dudng thiang d sao cho

nhat.

BAI TAP : UNG DUNG HINH HOC GIAI TICH VAO BAI HINH HOC TONG HOP

Bai 1 : Cho tam gidc ABC nhon c6 trong tam G va truc tam H khong trang nhau. Chiing minh ring
GH//BC < tanB+tanC =2tan A.

Bai 2 : Cho tam gidc ABC déu canh a. Tim tap hop cic diém M thdéa man : 4MA? — 2MB? - MC? = 6a°
Bai 3 : Trén doan AD c6 dinh, dung hinh binh hanh ABCD sao cho % = % Tim quy tich diém B.
Bai 4 : Cho hinh vuong ABCD canh bing 2. Goi M la trung diém canh CD, N 1a diém di dong trén canh BC sao
cho BC =n (0<n<1) vaPladiém nim trén canh AB sao cho DP song song v6i MN. Chitng minh dudng thing
PN luon tiép xic v6i mot duong tron co dinh.
Bai 5 : Cho tam gidc ABC nhon. (D) 12 mot dudng thang thay déi. Goi D, E, F 14n luot 12 hinh chiéu vuong géc
ctia A, B, C lén (D). Bié¢t raing AD*tan A+ BE” tan B + CF *tanC = 2S,,. . Xéc dinh vi trf clia dudng thang (D)
dé AD 16n nhat.
Bai 6 : Cho tam gidc ABC c¢6 hai duong phan gidc trong va ngoai géc A cét canh BC tai D va E. Chiing minh
ring néu AD = AE thi AB? + AC? = 4R? (trong d6 R 1a ban kinh dudng tron ngoai tié€p tam gidac ABC).
Bai 7 : Cho tam gidc ABC, trung tuyén AD .Cho duong thang (d) vudng géc véi dudng thang AD. Xét diém M
trén (d). Goi E, F 1an luot 12 trung diém clia MB v MC. Puong thang di qua E va vuong géc véi (d) cat dudong
thang AB tai P, dudng thang di qua F va vuong géc véi (d) cat dudong thang AC tai Q. Chitng minh ring dudng
thang di qua M va vuong géc v6i PQ ludn di qua mot diém c6 dinh, khi M di dong trén (d).
Bai 8 : Cho tam gidc ABC c6 hai dudng phan gidc trong va ngoai géc A cat canh BC tai D va E. Ching minh
ring néu AD = AE thi AB? + AC? =4R? (trong d6 R 12 ban kinh dudng tron ngoai ti€p tam gidc ABC).

NGUYEN VAN TRUNG
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